
Unraveling the interior evolution of
terrestrial planets through machine

learning

vorgelegt von
M. Sc.

Siddhant Agarwal
ORCID: 0000-0002-0840-2114

an der Fakultät IV - Elektrotechnik und Informatik
der Technischen Universität Berlin

zur Erlangung des akademischen Grades

Doktor der Ingenieurwissenschaften
- Dr.-Ing. -

genehmigte Dissertation

Promotionsausschuss:
Vorsitzender: Prof. Dr. Volker Markl
Gutachter: Prof. Dr. Klaus-Robert Müller
Gutachter: Prof. Dr. Jörg Schumacher
Gutachter: Dr. Nicola Tosi
Tag der wissenschaftlichen Aussprache: 21. Juni 2022

Berlin 2022





Abstract

Mantle convection plays a fundamental role in the long-term thermal evolution of terrestrial planets like
Earth, Mars, Mercury and Venus. Yet, key parameters and initial conditions of the partial differential
equations governing mantle convection are poorly constrained. This often requires a large sampling
of the parameter space to determine which combinations can satisfy certain observational constraints.
Traditionally, 1D models based on scaling laws used to parameterize convective heat transfer, have
been used to tackle the computational bottleneck of high-fidelity forward runs in 2D or 3D. However,
these are limited in the amount of physics they can model (e.g. depth dependent material properties are
difficult to incorporate into these models) and predict only mean quantities such as the mean mantle
temperature. In the first study, feed-forward neural networks (FNN) are trained on a large number of 2D
simulations of a Mars-like planet to overcome these limitations. Given five key parameters governing
mantle convection, the FNNs can reliably predict the evolution of the entire 1D laterally-averaged
temperature profile in time. The five parameters that are varied throughout the thesis are: reference
viscosity (which controls the overall vigor of convection), activation energy and activation volume
of the diffusion creep rheology (which accounts for the pressure- and temperature-dependence of the
viscosity, respectively), an enrichment factor for radiogenic elements in the crust (which controls the
partitioning of the radiogenic elements in the mantle and the crust), and the initial radial distribution of
the mantle temperature.

In a related study, machine learning is used for probabilistic inversion. Using Mixture Density
Networks (MDN), various sets of synthetic present-day observables for a Mars-like planet are inverted
to infer the same five mantle convection parameters. It is shown that the constraints on a parameter can
be quantified using the log-likelihood value, the negative of which is used as the loss function to train an
MDN. The crustal enrichment factor of radiogenic heat sources can be constrained the best, followed by
reference viscosity, when all the observables are available: core-mantle-boundary heat flux, surface heat
flux, radial contraction, melt produced and duration of volcanism. The initial mantle temperature can
be constrained if the radial contraction is available with at least some parts of the temperature profile.
Activation energy of diffusion creep can only be weakly constrained, while the activation volume of
diffusion creep cannot be constrained at all in the present setup. Different levels of uncertainty were
also emulated in the observables and it was found that constraints on different parameters loosen with
varying rates, with initial temperature being the most sensitive. The marginal MDN is modified to
obtain a joint probability model, which captures the cross-correlations among all parameters.

Finally surrogate modeling is revisited, but for predicting the full 2D temperature field, which
contains more information in the form of convection structures such as rising hot plumes and sinking
cold downwellings. Deep learning techniques are able to produce reliable parameterized surrogates
(i.e. surrogates that predict state variables such as temperature based only on input parameters) of the
solution of the underlying partial differential equations. First, convolutional autoencoders are used to



compress the size of each temperature field and retain only the most important features in form of
a latent space. Then, FNNs and long-short term memory networks (LSTM) are used to predict the
compressed fields from the five mantle convection parameters. Proper orthogonal decomposition of the
LSTM and FNN predictions shows that despite a lower mean relative accuracy, LSTMs capture the flow
dynamics better than FNNs.
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Zusammenfassung

Die Mantelkonvektion spielt eine grundlegende Rolle in der langfristigen thermischen Entwicklung von
terrestrischen Planeten wie Erde, Mars, Merkur und Venus. Es ist jedoch schwer, die Schlüsselparameter
und Anfangsbedingungen der partiellen Differentialgleichungen, die die Mantelkonvektion steuern,
einzuschränken. Dies erfordert häufig eine große Stichprobe des Parameterraums, um zu bestimmen,
welche Konvektionsparameter mit den Beobachtungen übereinstimmen. Traditionell wurden 1D-
Modelle verwendet, um den rechnerischen Aufwand von High-Fidelity-Vorwärtsläufen in 2D oder
3D zu erleichtern. Diese basieren auf Skalierungsgesetzen, die den konvektiven Wärmetransport
parametrisieren. Solche 1D-Modelle können aber nur eine begrenzte Menge an physikalischen
Prozessen modellieren (z. B. lassen sich tiefenabhängige Materialeigenschaften nur schwer in diese
Modelle integrieren) und nur durchschnittliche Ergebnisse wie der Mittelwert der Manteltemperatur
vorhersagen. In der ersten Studie werden Feed-Forward Neural Networks (FNN) mit einer großen
Anzahl von 2D-Simulationen eines marsähnlichen Planeten trainiert, um diese Einschränkungen
zu überwinden. Angesichts von fünf Schlüsselparametern, die die Mantelkonvektion bestimmen,
können die FNNs zuverlässig die zeitliche Entwicklung des gesamten seitlich gemittelten 1D-
Temperaturprofils vorhersagen. Die fünf Parameter, die während der gesamten Arbeit variiert werden,
sind: Referenzviskosität (die die Gesamtstärke der Konvektion steuert), Aktivierungsenergie und
Aktivierungsvolumen der Diffusionskriechrheologie (die jeweils die Druck- und Temperaturabhängigkeit
der Viskosität berücksichtigen), ein Anreicherungsfaktor für radiogene Elemente in der Kruste (der die
Verteilung der radiogenen Elemente im Mantel und in der Kruste steuert) und die anfängliche radiale
Verteilung der Manteltemperatur.

In einer verwandten Studie wird maschinelles Lernen zur probabilistischen Inversion von
Beobachtungen verwendet, um die Mantelkonvektionsparameter eines marsähnlichen Planeten
einzuschränken. Mithilfe von Mixture Density Networks (MDN) werden verschiedene Datensätze
heutiger synthetischer Observablen für einen marsähnlichen Planeten invertiert, um auf dieselben fünf
Parameter zu schließen. Es wird gezeigt, dass die Einschränkungen eines Parameters unter Verwendung
des Log-Likelihood-Werts quantifiziert werden können. Der Negativwert des Log-Likelihoods wird
als Verlustfunktion zum Trainieren eines MDN verwendet. Der Krustenanreicherungsfaktor kann am
besten bestimmt werden, gefolgt von der Referenzviskosität, wenn alle Observablen verfügbar sind:
Kern-Mantel-Grenzwärmefluss, Oberflächenwärmefluss, radiale Kontraktion, produzierte Schmelze und
Dauer des Vulkanismus. Die anfängliche Manteltemperatur kann bestimmt werden, wenn die radiale
Kontraktion und zumindest einige Teile des Temperaturprofils verfügbar sind. Die Aktivierungsenergie
des Diffusionskriechens kann nur schwach eingeschränkt werden, während das Aktivierungsvolumen
des Diffusionskriechens in der vorliegenden Studie überhaupt nicht bestimmt werden kann. In den
Beobachtungen wurden auch unterschiedliche Unsicherheitsgrade emuliert, und es wurde festgestellt,
dass sich die Einschränkungen für verschiedene Parameter unterschiedlich schnell lockern, wobei die



Anfangstemperatur am empfindlichsten ist. Die marginale MDN wird modifiziert, um ein gemeinsames
Wahrscheinlichkeitsmodell zu erhalten, das die Kreuzkorrelationen zwischen allen Parametern erfasst.

Schließlich wird die Surrogatemodellierung erneut aufgegriffen, jedoch für die Vorhersage des
vollständigen 2D-Temperaturfelds, das mehr Informationen in Form von Konvektionsstrukturen wie
heißen Schwaden und kalten Abwärtsströmungen enthält. Deep-Learning-Algorithmen sollen in der
Lage sein, zuverlässige parametrisierte Surrogate (d. h. Surrogate, die Zustandsvariablen wie Temperatur
nur auf der Grundlage von Parametern vorhersagen) zu erzeugen. Zunächst werden Convolutional-
Autoencoder verwendet, um die Größe jedes Temperaturfelds zu komprimieren. Dann werden FNNs
und Long-Short-Term Memory Netze (LSTM) verwendet, um die komprimierten Felder aus den fünf
Mantelkonvektionsparametern vorherzusagen. Die Proper Orthogonal Decomposition der LSTM- und
FNN-Vorhersagen zeigt, dass LSTMs trotz einer geringeren durchschnittlichen relativen Genauigkeit
die Strömungsdynamik besser erfassen als FNNs.
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1
Introduction

1.1 Thermal evolution of rocky planets

Crust

Mantle

Inner core

Outer core

Figure 1.1: The basic interior struc-
ture of a terrestrial planet: a silicate
mantle is sandwiched between a hot
metallic core below and a colder
chemically distinct thin crust on top.
Solid-state mantle convection, the
slow creeping flow of rocks in the
mantle plays a key role in the long-
term thermal evolution of such plane-
tary bodies.

How do rocky planets like Mercury, Venus, Earth and Mars
evolve over their 4.5-billion-years-long lifetime? Answering
this question requires a detailed understanding of how heat is
transported via solid-state convection and conduction from the
mantle and the crust to the surface where it is ultimately radiated
to space (e.g. Schubert et al., 2001). The mantle is a rocky
(silicate) layer sandwiched between a metallic, iron-rich core and
a thin crust, which is also rocky but chemically distinct from the
mantle (Fig. 1.1). This interior structure is the result of processes
linked to the early planet formation.

The gravitational collapse of a giant molecular cloud is
believed to have led to the formation of the Sun and a disk of
gas and dust approximately 4.57 billion years ago (e.g., Bouvier
and Wadhwa, 2010). This protoplanetary disk is the source of
material from which planets are formed through accretion, a
process which can take up to a few tens of millions of years (e.g.,
Nimmo et al., 2018). At the end of accretion, or even during,
a second important process kicks in: differentiation of the core
from the mantle. The relatively short timescales that have been
inferred for core-mantle differentiation (e.g., Kleine and Walker,
2017) require metals such as iron and nickel to at least be partially molten to be able to separate efficiently
from silicates. The heat required for melting the metals and possibly also the silicate compounds comes
from three main sources: (1) conversion of kinetic energy into heat during accretion, (2) decay of
short-lived radioactive isotopes (26Al and 26Fe), and (3) the release of gravitational potential energy
from core-mantle differentiation itself (e.g., Rubie et al., 2015). This leads to a chemically differentiated
liquid metallic core and at least a partially molten silicate mantle. The radiogenic heat sources in the
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1. Introduction

mantle along with the hot core contribute to convection in an already hot mantle, which in turn, leads to
cooling of the core and the solidification of its inner part. If the liquid part of the core is cooled at a
sufficiently high rate, core convection can lead to the generation of a magnetic field, also known as
dynamo generation (e.g. Breuer and Moore, 2015). The significant amount of heat generated from giant
collisions during the later stages of accretion can lead to global melting of the upper mantle, resulting in
a magma ocean. Depending on how the magma-ocean solidifies, it can sometimes lead to the formation
of a primordial crust if lighter elements accumulate upwards forming a “flotation crust” as in the case of
the Moon (e.g., Warren, 1985; Elkins-Tanton, 2012). After the mantle has largely solidified, a different
source of crustal formation can kick in - namely volcanism. The partial melting of the silicate mantle
leads to the formation of basalt-rich secondary crust and is likely the predominant type of present-day
crustal material on, for example, Mars (e.g., Schubert et al., 2001; Tosi and Padovan, 2021).

Mantle convection has several far-reaching consequences for a planet such as the presence of
volcanism, the generation of a magnetic field through cooling of the metallic core and plate tectonics
(e.g. Breuer and Moore, 2015; Schubert et al., 2001; Tosi et al., 2014) and is thus, a determining factor
in whether a planet can support life or not (e.g., Southam et al., 2015; Tosi, N. et al., 2017; Dehant
et al., 2019). The solid silicate rocks in the mantle behave like a highly viscous fluid over geological
timescales of millions to billions years, despite their temperature being well below the melting point.
This flow of solids due to the movement of crystalline defects is called subsolidus convection and is
also observed, for example, in the flow of crystalline ice in glaciers.

As a highly viscous fluid that advects heat in response to buoyancy forces due to temperature
variations, mantle convection is quantified through conservation equations of mass, momentum and
energy. With a very few exceptions for simple analytical cases, these partial differential equations
(PDEs) are solved numerically using dedicated fluid dynamics codes (e.g. Tackley, 2008; Zhong et al.,
2008; Kronbichler et al., 2012; Hüttig et al., 2013). However, several key parameters and initial
conditions to the PDEs that are inputs to mantle convection simulations are poorly constrained. Instead,
one can vary the parameters and study how these affect the outputs of the simulations. Outputs like
the temperature field can be processed to arrive at quantities of interest such as the crustal thickness,
duration of volcanism and surface heat flux. These quantities can then sometimes be related to actual
geophysical and geochemical data obtained via planetary space missions.

The issue of poorly constrained parameters poses a fundamental challenge to our understanding
of mantle convection. The sheer number of parameters and their ranges can lead to a wide spectrum
of different evolutionary paths that a planet can follow, depending on how it heats up and cools down
over billions of years. It is not hard to imagine why the mantle convection parameters for terrestrial
planets are poorly constrained. This is true to some extent for Earth because one cannot directly observe
the interior and must instead rely on indirect inferences, for example, using seismic tomography (see
Rawlinson et al. (2010) for an overview), but it is especially true for other planets like Mercury, Venus
and Mars, where observational data from telescopes, satellites and on-site measurements is scarcer.

1.2 Machine learning for mantle convection

Machine learning has permeated into several scientific fields due to its ability to tackle complex tasks
involving high-dimensional inputs and outputs. It has been used for a variety of supervised and
unsupervised tasks in, for example, bioinformatics (Larrañaga et al., 2006), quantum chemistry (Keith

2



1.2 Machine learning for mantle convection

Observables
Surface heat flux
CMB heat flux
Radial contraction
Melt produced
Elastic lithospheric 
thickness
Duration of volcanism

Parameters
ηref ϵ [1019, 1022] Pa s
Λ ϵ [1, 50] 
Tiniϵ [1600, 1800] K
E ϵ [105, 5x105] J mol-1

V ϵ [4x10-6, 10x10-6] m3 mol-1 s
1(a) (b) (c) (d)

(e)

(g)

T0

Agarwal et al. (2021a)

T19...

...

T20

LSTM LSTM

(f)

(h)

Convection Model

z

Chapter 5

Chapter 3

Chapter 4

Figure 1.2: (Agarwal et al., 2021b) An overview of ML methods used to learn forward and inverse mappings
between parameters and outputs of mantle convection simulations. (a) Input parameters are randomly
sampled from a flat distribution and then fed to the forward convection model. (b) The PDEs are solved using
the finite volume code GAIA (Hüttig et al., 2013). (c) The outputs of the simulations are processed down to
low-dimensional “observables” such as (d) the laterally-averaged 1D temperature profiles or (e) more global
quantities such as the surface heat flux, elastic lithospheric thickness and duration of volcanism. Machine
learning can be used to obtain fast forward surrogates in (f) 1D or (h) 2D and to (g) invert observables in a
probabilistic manner.

et al., 2021), fluid dynamics (Brunton et al., 2020) and geophysics (Yu and Ma, 2021). In this work,
machine learning is used for regression tasks involving inputs to and outputs of mantle convection
simulations.

A typical mantle convection study is outlined in Fig. 1.2. Some parameters of interest and their
“reasonable” ranges are identified (Fig. 1.2a). Several thermal evolution simulations are run using a
mantle convection code (Fig. 1.2b) with parameters drawn either from a random flat distribution (as in
this thesis) or hand-picked by domain experts. One then examines the outputs of these simulations, such
as the temperature fields (Fig. 1.2c), which can then be processed down further to, for example, the 1D
temperature profile (Fig. 1.2d). Some quantities of interest can be further extracted (Fig. 1.2e) such as
the surface heat flux, radial contraction and the elastic lithospheric thickness, which can sometimes be
inferred from remote-sensing measurements.

Due to the sparsity of the observables available, this becomes an ill-conditioned problem: many
combinations of parameters can lead to the same end thermal state. Thus, the challenge is to identify
all the combinations of parameters that can satisfy the given observational constraints. Unfortunately,
the computational cost of running 2D and 3D forward models prohibits a comprehensive evaluation
of the parameter space. It is often impractical to run several hundred thousands of simulations to
determine which ones fit a set of observational constraints. One can formulate the study as a forward
problem, where a computationally cheaper forward relation between input parameters and outputs is

3



1. Introduction

approximated (these are called surrogates in this thesis), or as an inverse problem, where the observables
are directly inverted to retrieve the input parameters. A popular approach in mantle convection has
been to use parameterized thermal evolution models based on a simple energy balance equation (e.g.,
Gurnis, 1989; Stevenson et al., 1983). These are a lower-fidelity alternative to solving the flow in 2D or
3D and rely instead on “scaling laws”, which characterize the convective heat flux based on certain
parameters (e.g., Reese et al., 1998; Dumoulin et al., 1999; Solomatov and Moresi, 2000; Deschamps
and Sotin, 2001). With these parameterized models, one can then use Markov Chain Monte Carlo
methods to efficiently explore the parameter space (e.g., Korenaga and Jordan, 2003; Grott et al., 2011;
Drilleau et al., 2021). However, parameterized models based on scaling laws are limited in the amount
of physics they can capture and the spatial information they can predict. Thus, there has been a growing
interest in machine learning (ML) methods for learning non-linear forward as well as inverse mappings
between inputs and outputs of simulations (e.g. Meier et al., 2007; Atkins et al., 2016; Shahnas et al.,
2018; Baumeister et al., 2020; Shahnas and Pysklywec, 2020; Magali et al., 2020; Zhang and Curtis,
2021; Rĳal et al., 2021).

Fig. 1.2 highlights some such machine learning methods used in this thesis for solving both, the
forward problem (Fig. 1.2f,h) and the inverse problem (Fig. 1.2g). All algorithms are trained using 2D
thermal evolution simulations for a Mars-like planet. In the interest of generating a sizeable dataset,
relatively simple forward models are considered in comparison to more state-of-the-art forward models
of Mars (e.g., Plesa et al., 2018). Potential improvements to the current 2D thermal convective model
are discussed in Chapter 2, although it is by no means trivial as it amalgamates multiple physical
processes (also explained in Chapter 2). Furthermore, the machine learning methods used in the thesis
are applicable to not only more sophisticated models of Mars, but probably also to other terrestrial
bodies as long as the underlying physical model is suitable.

1.3 Description of chapters

This thesis is structured as follows.

• Chapter 2 describes the general setup of the dataset of mantle convection simulations used in all
three studies. It introduces the key physical processes and equations used to model the thermal
evolution for a Mars-like planet.

• Chapter 3 shows how feedforward neural networks (FNN) can be used as surrogate models to
predict the evolution of the 1D temperature profile over 4.5 Gyr (Fig. 1.2f). Given five key
parameters, the temperature profiles can be predicted with a mean relative accuracy of 99.7%.

• Chapter 4 shows how Mixture Density Networks (MDNs) can be used for inverting observables
to constrain the same five mantle convection parameters as in the previous chapter. Using
synthetic observables, the chapter establishes a probabilistic framework to investigate which
observables need to be measured with what accuracy to constrain the model parameters (Fig.
1.2g). Furthermore, joint MDNs are also proposed to capture the cross-correlations among all
the parameters.

• Chapter 5 demonstrates how 2D spatio-temporal forward surrogates of a Mars-like planet can
be learned. First convolutional autoencoders are used to reduce the size of each temperature field
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1.4 Main contributions of the thesis

by a factor of 142, making it possible to easily test different prediction algorithms and neural
network architectures. The compressed representation is then learned using FNNs and and long
short-term memory networks (LSTMs) from the five key mantle convection parameters (Fig.
1.2h). Results show that while the FNNs achieve a slightly higher mean relative accuracy, LSTMs
ultimately capture the flow dynamics better.

• Chapter 6 summarizes the main findings of the thesis and discusses some potential follow-ups
to this work such as improvements to the physical thermal evolution model, use of explainable
artificial intelligence for the inverse problem and physics-based machine learning for more
efficient and accurate surrogate modeling.

1.4 Main contributions of the thesis

The main contributions of the thesis are as follows.

• FNN-based 1D forward surrogates that can account for more parameters and physics than the
traditional approach and predict the entire 1D temperature profile instead of global averages based
on scaling laws.

• A probabilistic inversion framework to determine the observables needed for constraining mantle
convection parameters based on MDNs (marginal and joint).

• LSTM-based surrogates that can model the 2D evolution of a planet’s convective thermal evolution
for a wide range of parameters.

1.5 Relation to previously published work

This thesis is the culmination of the following three peer-reviewed papers. I am grateful to the co-authors
for being able to use parts of texts and figures of these papers:

• S. Agarwal, N. Tosi, D. Breuer, S. Padovan, P. Kessel, and G. Montavon (2020). A machine-
learning-based surrogate model of Mars’ thermal evolution. Geophysical Journal International,
222(3), 1656-1670. https://doi.org/10.1093/gji/ggaa234

• S. Agarwal, N. Tosi, P. Kessel, S. Padovan, D. Breuer, and G. Montavon (2021). Towards
constraining Mars’ thermal evolution using Machine Learning. Earth and Space Science, 8,
e2020EA001484. https://doi.org/10.1029/2020EA001484

• S. Agarwal, N. Tosi, P. Kessel, D. Breuer, and G. Montavon (2021). Deep learning for surrogate
modeling of two-dimensional mantle convection. Physical Review Fluids, 6, 113801, doi:
https://doi.org/10.1103/PhysRevFluids.6.113801

1.6 Conference and workshop presentations

The candidate was invited to give a tutorial on FNN-based regression for predicting the evolution of
temperature profiles from mantle convection simulations at the following workshop:

5

https://doi.org/10.1093/gji/ggaa234
https://doi.org/10.1029/2020EA001484
https://doi.org/10.1103/PhysRevFluids.6.113801


1. Introduction

• G. Morra, H. Tufo, M. Knepley, D. Yuen, and S. Agarwal. Workshop: progresses on High-
Performance Computing in Geosciences. American Geophysical Union Fall Meeting, 12 Dec.
2021.

and presented the results of this thesis in the following conferences:

1. S. Agarwal, N. Tosi, D. Breuer, S. Padovan, P. Kessel, and G. Montavon. Unravelling interior
evolution of terrestrial planets using Machine Learning. Artificial Intelligence in Astronomy at
ESO, Garching, Germany, 22-26 July 2019. Oral presentation.

2. S. Agarwal, N. Tosi, D. Breuer, P. Kessel, and G. Montavon. Using machine learning to predict
1D steady-state temperature profiles from compressible mantle convection simulations. 72nd
Annual Meeting of the APS Division of Fluid Dynamics, Seattle, USA, 23-26 November 2019.
Oral presentation.

3. S. Agarwal, N. Tosi, P. Kessel, D. Breuer, S. Padovan, and G. Montavon. Mars’ thermal evolution
from machine-learning-based 1D surrogate modelling. EGU General Assembly, Online, 7 May
2020. Oral presentation.

4. S. Agarwal, N. Tosi, P. Kessel, D. Breuer, S. Padovan, and G. Montavon. Learning high
dimensional surrogates from mantle convection simulations. 73rd Annual Meeting of the APS
Division of Fluid Dynamics, Online, 23 November 2020. Oral presentation.

5. S. Agarwal, N. Tosi, P. Kessel, S. Padovan, D. Breuer, and G. Montavon. Towards constraining
Mars’ thermal evolution using machine learning. EGU General Assembly, Online, 19-30 Apr
2021, EGU21-4044, https://doi.org/10.5194/egusphere-egu21-4044. Oral presentation.

6. S. Agarwal, N. Tosi, P. Kessel, D. Breuer, and G. Montavon. Deep learning for surrogate
modelling of 2D mantle convection. German-Swiss Geodynamics Workshop 2021, Bad Belzig,
29 Aug–1 Sep 2021. Oral presentation.

7. S. Agarwal, N. Tosi, P. Kessel, D. Breuer, and G. Montavon. Deep learning for surrogate modelling
of 2D mantle convection. Europlanet Science Congress 2021, Online, 13-24 September 2021.
Oral presentation.

8. S. Agarwal, N. Tosi, P. Kessel, D. Breuer, and G. Montavon. Deep learning for surrogate modelling
of 2D mantle convection. 74th Annual Meeting of the APS Division of Fluid Dynamics, presented
online, 21-23 November 2021. Oral presentation.

9. S. Agarwal, N. Tosi, P. Kessel, D. Breuer, and G. Montavon. A machine learning framework for
constraining mantle convection parameters. American Geophysical Union Fall Meeting, New
Orleans, 13-17 December 2021. Oral presentation.

1.7 Common abbreviations

The following abbreviations are used frequently through the thesis:

• ML: machine learning
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1.7 Common abbreviations

• FNN: feedforward neural network

• MDN: mixture density network

• LSTM: long short-term memory network

• PDE: partial differential equations

• CMB: core-mantle boundary

• HPC: high-performance computing
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2
Setup of mantle convection simulations

2.1 A Mars-like planet

As mantle rocks are heated from below by a hot metallic core and from within by radiogenic (heat
producing) elements, they tend to rise due to lower density. At the same time, the colder heavier
rocks near the surface tend to descend. The ensuing circulation in the gravitationally unstable mantle
due to thermal expansion and contraction is called convection and is a key driver of the thermal
evolution of planetary interiors (e.g., Schubert et al., 2001). Convection patterns in the mantle are
largely characterized by hot quasi-cylindrical material rising - called upwellings - and cold material
sinking - called downwellings. Downwellings tend to be sheet-like closer to the surface and become
more cylindrical with depth (Bercovici et al., 1989). Plumes and downwellings are depicted in 2D in a
snapshot from a thermal evolution simulation of a Mars-like planet in Fig. 2.1.

Because of this fluid-like behavior over geological time scales of several thousands of years and
larger, the highly viscous silicate rocks in the mantle are typically modeled as a fluid with negligible
inertia (e.g., Zhong et al., 2007). A key component of the fluid dynamics model are the rheological
properties of mantle rocks. How rocks in the mantle deform in a plastic manner, depends on a number of
factors, the most important and widely studied of which are stress, temperature, pressure, water content
and grain-size (see Karato (2013) for an overview). It is because of the high temperature-dependence of
the mantle viscosity, that low temperatures close to the surface lead to a stiff lid that remains immobile
during the length of the evolution (Fig. 2.1), but whose thickness can change in response to temperature
variations. Mars, Mercury, the Moon and at least present-day Venus operate in such a “stagnant lid”
regime (Solomatov and Moresi, 1997), as opposed to Earth, which has a mobile lid split into multiple
tectonic plates (e.g. Schubert et al., 2001; Breuer and Moore, 2015). The fact that Earth is the only
known planet with plate tectonics has inspired much research into the exact rheological mechanisms that
can result in a stiff lid “breaking” into distinct plates (e.g., Moresi and Solomatov, 1998; Tackley, 2000;
Höink et al., 2012; Bercovici, 2003; Karato, 2013). After all, the plate tectonics mode of convection
provides a far more efficient cooling mechanism by enabling the cold tectonic plates to sink into the
mantle at subduction zones, as compared to the stagnant lid. In the latter, thermal convection is primarily
driven by hot upwelling plumes and cold downwellings occurring at the base of the lid (Fig. 2.1) (e.g.,
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2. Setup of mantle convection simulations

Figure 2.1: (Agarwal et al., 2021b) A quarter-cylindrical domain in two dimensions illustrating the
main features of mantle convection in a Mars-like planet. It is colored according to the non-dimensional
temperature field of an example simulation.

Solomatov and Moresi, 1997). Nevertheless, since stagnant lid is the dominant mode of convection in
the solar system (with Earth being the only exception) and since detecting plate tectonics on exoplanets
has been impossible and remains challenging (e.g., Misra et al., 2015; Meier et al., 2021), improving
our understanding of how planets with stagnant lid evolve remains a worthwhile endeavor.

Simulations for a Mars-like planet (i.e. a stagnant lid planet) are used throughout this thesis. The
setup of these simulations is similar to some previous studies on Mars’ thermal evolution (e.g. Plesa
et al., 2015). The following subsections summarize the key assumptions and building blocks of the
model.

2.2 Governing equations for an anelastic liquid

The fluid-like behavior of the highly viscous silicate rocks in the mantle (the dynamic viscosity of rocks
is of the order of ∼ 1020 Pa s) is quantified using conservation equations of mass, momentum and
thermal energy for a fluid with negligible inertia (technically with an infinite Prandtl number). Instead
of showing a detailed derivation of the (mostly) incompressible mantle convection equations, they are
simply presented along with key assumptions and approximations following King et al. (2010), while
their derivations and more elaborate explanations are available in, for example, Schubert et al. (2001)
and Jarvis and Mckenzie (1980).

The conservation of mass equation is

𝜕𝜌

𝜕𝑡
+ ∇ · (𝜌u) = 0, (2.1)
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2.2 Governing equations for an anelastic liquid

where 𝜌 is the density, 𝑡 is the time and u is the velocity. The conservation of momentum equation is

D(𝜌u)
D𝑡

= −∇𝑝 + ∇ · 𝜏 + 𝜌g. (2.2)

Here, D
D𝑡 ≡

(︂
𝑑
𝑑𝑡

+ ∇·
)︂

is the material derivative, 𝑝 is the total pressure, g the acceleration due to gravity
and 𝝉 the deviatoric stress tensor, which can be related to the strain-rate tensor 𝝐 and the dynamic
viscosity [ as:

𝝉 = 2[𝝐 . (2.3)

For a newtonian fluid (i.e., the approximation used in this thesis), [ is not a function of 𝝐 . Furthermore,
a zero bulk viscosity is assumed (Stokesian fluid) because volume changes occur at timescales greater
than 107 years (Jarvis and Mckenzie, 1980). Thus,

𝝉 = [

(︂
∇u + (∇u)T

)︂
− 2

3
[∇ · u I, (2.4)

where I is the identity tensor. Finally, the conservation of energy equation is

𝜌𝑐𝑝
D𝑇
D𝑡

− 𝛼𝑇D𝑝
D𝑡

= ∇ · (𝑘∇𝑇) + 𝜌𝐻 +Φ. (2.5)

Here, 𝑇 is the temperature, 𝑐𝑝 is the specific heat capacity at constant pressure, 𝛼 the coefficient of
thermal expansion, 𝑘 the thermal conductivity and H is the rate of internal heat production. Φ is the
viscous dissipation

Φ =
1
2
𝝉 : 𝝐 , (2.6)

where, : is the double-dot product. The density of the mantle is to a first order a function of temperature
and pressure. Since, the density variations due to pressure and temperature changes are small compared
to the averaged mantle density, a linearized equation of state is used (Schubert et al., 2001):

𝜌 = �̄�
(︁
�̄� , �̄�

)︁
+ 𝜌′, (2.7)

where the overbarred quantities indicate the reference state, which is time-independent. The prime
symbol represents a perturbation. Similarly, temperature and pressure are decomposed into a reference
state and a perturbation:

𝑝 = �̄� + 𝑝′ (2.8)

𝑇 = �̄� + 𝑇 ′. (2.9)

The reference pressure must satisfy the hydrostatic approximation:

∇ �̄� = �̄�𝑔. (2.10)

For reference temperature and reference density, the Adams–Williamson equations of state are used
(Birch, 1952):

�̄� (𝑧) = 𝜌m exp
(︃
𝛼ref𝑔

𝛾ref𝑐𝑝m

𝑧

)︃
, (2.11)
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2. Setup of mantle convection simulations

�̄� (𝑧) = 𝑇0 exp
(︃
𝛼ref𝑔

𝑐𝑝m

𝑧

)︃
. (2.12)

𝑧 is the vertical coordinate, 𝜌m is the reference mantle density, 𝛼ref is the reference thermal expansivity,
𝛾ref is the reference value for the Grüneisen parameter (describing the effect of temperature on the
dynamics of the crystal lattice) and 𝑐𝑝m is the mantle heat capacity and is kept constant (Table 2.2).

For numerical stability, the conservation equations Eqs. (2.1), (2.2), (2.5) are non-dimensionalized
(indicated by an ∗) by scaling the primitive variables (u, 𝑝 and 𝑇) and the time (𝑡) as follows:

u∗ = u
𝜌m𝑐𝑝m𝐷

𝑘ref
, (2.13)

𝑝∗ = 𝑝
𝜌m𝑐𝑝m𝐷

2

[ref𝑘ref
, (2.14)

𝑇∗ =
𝑇 − 𝑇0
Δ𝑇

, (2.15)

and
𝑡∗ = 𝑡

𝑘ref

𝜌m𝑐𝑝m𝐷
2 . (2.16)

Here, 𝐷 ≡ 𝑅p − 𝑅c is the mantle thickness (𝑅p and 𝑅c are the planet and core radius, respectively); 𝑘ref

is the reference thermal conductivity, [ref the reference viscosity and Δ𝑇 the temperature drop across
the mantle at 𝑡 = 0.

The non-dimensionalization of the conservation equations (Eqs. 2.1, 2.2, 2.5) and the equation of
the state (Eq. 2.7) further leads to four dimensionless numbers. The Prandtl number (𝑃𝑟) is the ratio of
momentum diffusivity to thermal diffusivity and is of the order 1023 for Earth (Schubert et al., 2001):

𝑃𝑟 =
[ref𝑐𝑝m

𝑘ref
. (2.17)

The Rayleigh number (𝑅𝑎) describes the vigor of convection and is defined as the ratio of the buoyancy
forces due to thermal expansion (which drive convection) to viscous forces (which suppress convection).

time scale for diffusive thermal transport to the time scale for convective thermal transport:

𝑅𝑎 =
𝜌2

m𝑐𝑝m𝛼ref𝑔Δ𝑇𝐷
3

[ref𝑘ref
. (2.18)

The internal heating Rayleigh number (𝑅𝑎𝑄) quantifies the contribution of internal heat sources to the
vigor of convection:

𝑅𝑎𝑄 =
𝜌3

m𝑐𝑝m𝛼ref𝑔𝐻0𝐷
5

[ref𝑘
2
ref

, (2.19)

where 𝐻0 is the initial rate of mantle heat production due to radiogenic elements. Finally, the dissipation
number 𝐷𝑖 is a measure of the impact of compressibility in mantle convection:

𝐷𝑖 =
𝛼ref𝑔𝐷

𝑐𝑝m

. (2.20)

For the mantle, the square of characteristic velocity divided by the square of the mantle sound speed
(𝑀𝑎2; 𝑀𝑎 is known as Mach number in aerodynamics) is of the order 10−33 (Schubert et al., 2001).
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2.3 The thermal evolution model for a Mars-like planet

Furthermore, the relative volume change due to temperature, given by 𝛼refΔ𝑇 , is much lower than
1 (e.g., Schubert et al., 2001; King et al., 2010). In this case, the elastic waves can be ignored
from the hydrodynamic equations leading to the approximation of an anelastic liquid (ALA) (e.g.,
Jarvis and Mckenzie, 1980), because seismic waves occur on a scale of minutes compared to mantle
convection which takes place at significantly longer time scales. This means, that the first term in
the non-dimensionalized version (not shown here, see Schubert et al. (2001) for the derivation) of
conservation of mass equation (Eq. 2.1) drops out, resulting in the following ALA conservation of
mass equation:

∇∗ · ( �̄�∗u∗) = 0. (2.21)

For readability, ∗ is no longer shown and it can be assumed that all the variables in mantle convection
equations are non-dimensionalized. In this readable form, the above equation can be written as:

∇ · ( �̄�u) = 0. (2.22)

Furthermore, in the limits of 𝑃𝑟 → ∞ as well as 𝑀2𝑃𝑟 ≪ 1 and 𝛼refΔ𝑇 ≪ 1, the non-dimensional
ALA conservation of momentum equation becomes:

0 = −∇𝑝′ + ∇ · 𝝉 + 𝐷𝑖
�̄�𝑐𝑝m ĝ

𝐾𝑠𝛾ref𝑐𝑣m

𝑝′ − 𝑅𝑎�̄�𝛼ref ĝ𝑇 ′, (2.23)

where most noticeably, the inertial forces on the left hand side of Eq. (2.2) has been dropped due to
the infinite Prandtl number. 𝛼ref is assumed to not depend on the reference state. ĝ is the unit vector
in the direction of gravity, 𝐾𝑠 is the isothermal bulk modulus and 𝑐𝑣m is the specific heat capacity at
constant volume. In Eq. (2.23), the first two terms on the right hand side are the net surface forces
acting on a parcel of fluid. In addition there are two buoyancy force terms: due to pressure-induced
density variations (third term) and due to temperature-induced density variations (fourth term). Finally,
the non-dimensional ALA conservation of energy equation is

�̄�𝑐𝑝m

𝐷𝑇 ′

𝐷𝑡
+ 𝐷𝑖�̄�𝛼ref𝑢𝑟𝑇

′ = ∇2𝑇 ′ + �̄�𝐻 +Φ
𝐷𝑖

𝑅𝑎
+ 𝐷𝑖2�̄� . (2.24)

Here, 𝑢𝑟 is the radial component of the velocity. The first term on the left hand side of Eq. (2.24)
comprises the rate of change of temperature and thermal advection. The second term represents work
done against gravity. On the right hand side, the first term is thermal conduction, the second term
accounts for internal heating, the third term is viscous dissipation and the last term is effectively a
time-independent, depth-dependent internal heat source (King et al., 2010).

2.3 The thermal evolution model for a Mars-like planet

2.3.1 Conservation equations under extended Boussinesq approximation with phase
transitions

Eqs. (2.22)–(2.24) can be further simplified if compressibility does not play a large part, i.e., if the
dissipation number is relatively low. For Mars, the dissipation number is approximately 0.13, if
calculated using Eq. (2.20) for typical values considered in the literature (Table 2.2). In fact, the
hydrostatic pressure at the base of Mars’ mantle using parameters in Table 2.2 would go up to 22 GPa,
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2. Setup of mantle convection simulations

which is significantly lower than for Earth (∼ 136 GPa). Thus, the so-called extended Boussinesq
approximation (EBA) is used for the mantle convection equations of a Mars-like planet (e.g., Plesa
et al., 2015; Plesa et al., 2018). In the classical Boussinesq approximation, the density changes are only
considered in the buoyancy force term and assumed constant elsewhere. In the EBA formulation, the
terms associated with 𝐷𝑖 are retained in the energy equation (work done against gravity and viscous
dissipation), as opposed to the Boussinesq formulation. As it will be seen later, the term scaling with
𝐷𝑖2 is, however, dropped from the energy equation. To arrive at the EBA formulation from ALA
equations, the third term on the right hand side in Eq. (2.23) is also dropped, which leads to a form
also known as truncated anelastic approximation (e.g., Jarvis and Mckenzie, 1980; King et al., 2010).
Furthermore, the reference state is changed so that �̄� = 1 and �̄� = 0.

The standard EBA equations are modified to include phase transitions following the approach of
Christensen and Yuen (1985). Two solid-solid phase transitions in the olivine system, 𝛼 to 𝛽-spinel and
𝛽 to 𝛾-spinel are included in the model (Christensen and Yuen, 1985). The temperature-dependent
depth of the 𝑙-th phase boundaries 𝑧𝑙 (𝑇) is calculated as:

𝑧𝑙 (𝑇) = 𝑧0
𝑙 + 𝛾𝑙 (𝑇 − 𝑇0

𝑙 ). (2.25)

Here, 𝑧0
𝑙

is the reference transition depth, 𝛾𝑙 the Clapeyron slope and 𝑇0
𝑙

the corresponding reference
temperature. The phase-transition function 𝛤𝑙 is expressed as:

𝛤𝑙 =
1
2

(︃
1 + tanh

(︃
𝑧 − 𝑧𝑙 (𝑇)

𝑑𝑙

)︃)︃
, (2.26)

where, 𝑑𝑙 is the phase transition width. Thus, the non-dimensional conservation of mass, momentum
and energy equations under EBA become:

∇ · u = 0, (2.27)

−∇𝑝′ + ∇ ·
[︂
[

(︂
∇u + (∇u)T

)︂]︂
+

(︄
𝑅𝑎 𝛼 𝑇 ′ −

2∑︂
𝑙=1

𝑅𝑏𝑙 𝛤𝑙

)︄
ĝ = 0, (2.28)

𝐷𝑇 ′

𝐷𝑡
− ∇ · (𝑘∇𝑇 ′) − 𝐷𝑖 𝛼 (𝑇 ′ + 𝑇0) 𝑢𝑟 −

𝐷𝑖

𝑅𝑎
Φ −

2∑︂
𝑙=1

𝐷𝑖
𝑅𝑏𝑙

𝑅𝑎

𝐷𝛤𝑙

𝐷𝑡
𝛾𝑙 (𝑇 ′ + 𝑇0) −

𝑅𝑎𝑄

𝑅𝑎
= 0, (2.29)

respectively. In Eq. (2.28), 𝑇0 is the surface temperature. Furthermore, 𝑅𝑏𝑙 is the Rayleigh number
associated with the 𝑙-th phase transition:

𝑅𝑏𝑙 =
𝜌m𝑐𝑝mΔ𝜌𝑙𝑔𝐷

3

[ref𝑘ref
, (2.30)

where, Δ𝜌𝑙 is the density contrast across the 𝑙-th phase-transition.
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2.3 The thermal evolution model for a Mars-like planet

2.3.2 Pressure- and temperature-dependent variables

A pressure- and temperature-dependent Newtonian viscosity is calculated using the Arrhenius law for
diffusion creep (Hirth and Kohlstedt, 2003), whose dimensional form reads:

[(𝑇, 𝑃) = [ref exp
(︃
𝐸 + 𝑃𝑉
𝑇

− 𝐸 + 𝑃ref𝑉

𝑇ref

)︃
. (2.31)

The reference viscosity [ref is attained at reference temperature 𝑇ref = 1600 K and reference pressure
𝑃ref = 3 GPa, respectively. 𝑃 is the hydrostatic pressure, 𝐸 is the activation energy, and 𝑉 is the
activation volume. [ref , 𝐸 and 𝑉 are three of the five key parameters varied in the dataset. While
[ref , through its relation to the Rayleigh number, has an effect on the overall vigor of convection (e.g.,
Schubert et al., 2001), 𝐸 controls the degree to which the viscosity depends on the temperature and
thereby the lid thickness (e.g., Solomatov, 1995). 𝑉 quantifies the pressure dependence of the viscosity,
which affects vigor and wavelength of convection at depth.

Furthermore, temperature- and pressure-dependent thermal expansivity and conductivity are used.
Following the parametrizations of Tosi et al. (2013a), the dimensional coefficients of temperature- and
pressure-dependent thermal expansivity and conductivity are calculated as follows:

𝛼(𝑇, 𝑃) =
(︂
𝑎0 + 𝑎1𝑇 + 𝑎2𝑇

−2
)︂

exp(−𝑎3𝑃), (2.32)

𝑘 (𝑇, 𝑃) = (𝑐0 + 𝑐1𝑃)
(︃
300
𝑇

)︃𝑐2

. (2.33)

Here, 𝑎0, . . . , 𝑎3 and 𝑐0, . . . , 𝑐2 are dimensional coefficients based on experimental data for Magnesium-
rich olivine and are listed in Table 2.2. The dimensional equations (2.32) and (2.33) are then scaled
using reference values 𝛼ref and 𝑘ref .

2.3.3 Radiogenic heat production

The presence of radiogenic isotopes of uranium, thorium and potassium in the mantle of terrestrial
bodies leads to internal heat production (e.g., Schubert et al., 2001). The present-day uranium is
composed of 99.28% 238U and 0.71% 235U by weight. Thorium is 100% 232Th and natural potassium
consists of 0.0019% 40K. The half-life of an isotope 𝑡1/2 is the time it takes an isotope do decay in half
and relates the concentration 𝐶 of a radioactive isotope at time 𝑡− measured backward from the present
to the present-day concentration 𝐶0:

𝐶 = 𝐶0 exp
(︃
𝑡− ln 2
𝑡1/2

)︃
. (2.34)

Then, the past rate of heat production can be calculated using the heat production rate of individual
isotopes:

𝐻 (𝑡−) = 𝐶238U
0 exp ⎛⎜⎝ 𝑡

− ln 2
𝑡

238U
1/2

⎞⎟⎠𝐻238U + 𝐶235U
0 exp ⎛⎜⎝ 𝑡

− ln 2
𝑡

235U
1/2

⎞⎟⎠𝐻235U

+ 𝐶Th
0 exp

(︄
𝑡− ln 2
𝑡Th
1/2

)︄
𝐻Th + 𝐶40K

0 exp

(︄
𝑡− ln 2
𝑡

40K
1/2

)︄
𝐻

40𝐾

(2.35)
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2. Setup of mantle convection simulations

Table 2.1: The present-day rates of heat production (𝐻𝑖) and half-lives (𝑡𝑖1/2) of radiogenic isotopes heating
up the mantle. 𝐶0, the bulk concentrations for a Mars-like planet, are taken from Wänke and Dreibus (1994).

Isotope H [ W kg−1 ] 𝑡1/2 [ yr ] 𝐶0 [ kg kg−1 ]
238U 9.46 × 10−5 4.47 × 109 15.88 × 10−9

235U 5.69 × 10−4 7.04 × 108 11.52 × 10−7

232Th 2.64 × 10−5 1.40 × 1010 56 × 10−9

40K 2.92 × 10−5 1.25 × 109 39.04 × 10−3

The present-day rates of heat production of the isotopes (𝐻𝑖) above and their half-lives (𝑡𝑖1/2) are given
in Table 2.1 (Schubert et al., 2001) along with the overall concentrations (𝐶𝑖0) for Mars (Wänke and
Dreibus, 1994).

2.3.4 Partial melting and depletion of heat-producing elements

When the local temperature in the mantle exceeds the solidus temperature (the highest temperature
at which a material is completely solid), it can lead to volcanism. For stagnant-lid bodies such as
Mars and Mercury, volcanism plays a defining role in forming the crust and depleting the mantle of
heat-producing elements, which has further consequences for the thermal evolution of these terrestrial
bodies (e.g., Schubert et al., 2001). In turn, the fact that the crust on stagnant-lid bodies does not
go under recycling like on the Earth, provides a unique opportunity to derive clues about the interior
thermal state of the planet, possibly over billions of years (e.g., Tosi and Padovan, 2021). Hence a
simple approach to account for partial melting in the convection code is included and the total amount
of melt produced throughout the evolution is used as an observational constraint.

It has been suggested that the bulk of Mars’ crust formed within 100 Myr of the planet formation,
which led to the extraction of a large amount of radiogenic elements from the mantle into the crust
(e.g., Nimmo and Tanaka, 2005; Plesa et al., 2018). Assuming an initial crustal thickness of 𝑑cr, an
enrichment factor Λ is used to modify the bulk abundance of heat-producing elements 𝐶0 in the mantle
(based on Wänke and Dreibus (1994)) to a new depleted composition 𝐶depleted:

𝐶depleted =
𝑀m𝐶0

𝑀cr (Λ − 1) + 𝑀m
. (2.36)

Here, 𝑀m is the mass of the mantle:

𝑀m = 𝜌m
4
3
𝜋

(︂
𝑅3

cr − 𝑅3
c

)︂
, (2.37)

and 𝑀cr is the mass of the crust:

𝑀cr = 𝜌cr
4
3
𝜋

(︂
𝑅3

p − 𝑅3
cr

)︂
. (2.38)

𝑅cr = 𝑅p − 𝑑cr is the radius of the base of the crust.
Partial melting is included using the approach of Padovan et al. (2017). When the temperature in

computational cell 𝑖 at a given time step exceeds the solidus temperature 𝑇sol, the local super-solidus
energy becomes:

𝐸𝑠 = 𝑐𝑝m (𝑇𝑖 − 𝑇sol) (2.39)
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2.3 The thermal evolution model for a Mars-like planet

This energy is used for two processes: (1) for the latent heat needed to melt a fraction of the cell volume
(𝜑𝑖) and (2) for the heat required to change the temperature of the unmolten fraction (1 − 𝜑𝑖) from 𝑇sol

to 𝑇 ′
𝑖
. This leads to the following equation:

𝐸𝑠 = 𝐿𝑚𝜑𝑖 + 𝑐𝑝 (𝑇 ′
𝑖 − 𝑇sol) (1 − 𝜑𝑖) , (2.40)

where 𝐿m is the latent heat of melting. The new temperature 𝑇 ′
𝑖

after melt extraction will equal

𝑇 ′
𝑖 = 𝑇sol + 𝜑𝑖

(︁
𝑇liq − 𝑇sol

)︁
, (2.41)

where𝑇liq is the liquidus temperature: temperature above which a material is completely liquid. Inserting
Eq. (2.41) into Eq. (2.40) and equating the resulting formula with Eq. (2.39) yields

𝑐𝑝 (𝑇𝑖 − 𝑇sol) = 𝐿𝑚𝜑𝑖 + 𝑐𝑝m𝜑𝑖
(︁
𝑇liq − 𝑇sol

)︁
(1 − 𝜑𝑖) . (2.42)

Solving Eq. (2.42) for 𝜑𝑖 allows us to set the new temperature 𝑇 ′
𝑖

in Eq. (2.41).
The following solidus and liquidus parameterizations of Herzberg et al. (2000) and of Zhang and

Herzberg (1994), respectively are used:

𝑇sol = 𝑒0 + 𝑒1𝑃 + 𝑒2𝑃
2 + 𝑒3𝑃

3 + 𝑒4𝑃
4, (2.43)

𝑇liq = 𝑓0 + 𝑓1𝑃 + 𝑓2𝑃
2 + 𝑓3𝑃

3 + 𝑓4𝑃
4, (2.44)

where 𝑇sol and 𝑇liq are the dimensional solidus and liquidus temperatures, respectively. 𝑃 is the
dimensional hydrostatic pressure. Numerical coefficients 𝑒0, . . . , 𝑒4 and 𝑓0, . . . , 𝑓4 are listed in Table
2.2.

Using the sum of melt produced in all cells at time-step 𝑡, 𝜑𝑡 , the internal heating Rayleigh number
is adjusted to account for the extraction of heat-producing elements due to melting as follows:

𝑅𝑎𝑄𝑡
= 𝑅𝑎𝑄𝑡−1 (1 − Λ𝜑𝑡 ) , (2.45)

2.3.5 Boundary and initial conditions

The simulations are carried out in a 2D quarter cylindrical domain. The domain boundaries are
impermeable and free-slip. The surface temperature is kept fixed at 250 K throughout the evolution.
Latitudinal variations of the surface temperature, like those on Mars (Kieffer, 2013) do not have a
significant impact on the long-term evolution of the planet and its large scale dynamics (Plesa et al.,
2016). There is no heat flux across the side walls of the computational domain, i.e. they are assumed to
be insulating (Fig. 2.1).

An isothermal boundary condition is imposed at the core-mantle boundary whose temperature 𝑇c

evolves according to a cooling equation (e.g. Stevenson et al., 1983):

𝑐𝑝c𝜌c𝑉c
d𝑇c
d𝑡

= −𝑞c𝐴c. (2.46)
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2. Setup of mantle convection simulations

Here 𝑐𝑝c is the specific heat-capacity of the core, 𝑉c the volume of the core, 𝑞c the average heat flux at
the core-mantle boundary (CMB), and 𝐴c the outer area of the core.

The initial temperature field is prescribed using a 1D temperature profile. The profile consists of a
potential temperature, given by the parameter 𝑇ini and supplemented by two 300-km-thick boundary
layers. A small random perturbation is added to the 2D temperature field to initiate convection.

Since the mantle convection simulations are carried out in a 2D cylindrical shell geometry, a
geometric rescaling of the core radius is applied in order to better match the temperature field that
would be obtained in a 3D spherical shell. The radius of the core of the cylinder (𝑅cyl

𝑐 ) is re-scaled in so
that the core-to-planet radius ratio is the same as the core-to-planet surface ratio of a sphere (Van Keken,
2001): (︃

𝑅c
𝑅p

)︃2
=
𝑅

cyl
c

𝑅
cyl
p
,

𝑅
cyl
p − 𝑅cyl

c = 1.

(2.47)

Here, 𝑅cyl
p is the radius of the cylindrical planet.

The values of parameters fixed across all simulations are listed in Table 2.2.

2.4 Limitations of the thermal evolution model

Despite the numerous components presented in Sec. 2.3, the thermal evolution model remains relatively
far from the state-of-the-art (e.g., Plesa et al., 2016; Plesa et al., 2018) and is therefore unsuitable for
direct comparison with data from Mars. In the interest of generating a sufficient amount of data to train
machine learning algorithms, some simplifications were made, which can be addressed in the future.
For example, the melting model does not account for the redistribution of the extracted heat-producing
elements into an insulating crust in a self-consistent manner. This could have a significant impact on
the shallow temperature profile. Furthermore, no secondary crust is formed incrementally during the
evolution in the thermal model, but simply calculated as a post-processing step in Chapter 4.

Since, this dataset was generated before the results of the InSight mission, a smaller core was used
than what the Insight mission has now seismically detected: Mars has a core radius of 1830 ± 30
km (Stähler et al., 2021) instead of the 1700 km used in this study. Thus, the computational domain
would need to be adjusted accordingly. Finally, the 2D geometry can be upgraded from a cylinder to a
spherical annulus - first proposed by Hernlund and Tackley (2008) - to more accurately match the 3D
simulations. Hernlund and Tackley (2008) note that a 2D spherical annulus retains the same scaling of
the relative volume of material at the top and bottom as that of a full 3D sphere. However, ideally one
would run the simulations in 3D to be able to relate the computations to real data from Mars. However,
for now, running 10, 000 3D thermal evolution models of Mars with a setup similar to Plesa et al. (2018)
remains computationally intractable.
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Table 2.2: Values of fixed parameters shared by all simulations.

Parameter Physical meaning Value Unit
Δ𝑇𝑡=0

1Initial temperature difference between core and surface 2000 K
𝑇0

1Surface temperature 250 K
𝜌c

1Core density 7000 kg m−3

𝑔 1Acceleration due to gravity 3.7 m s−2

𝜌m
1Mantle density 3500 kg m−3

𝑐𝑝c
1Core specific heat capacity 850 J kg−1 K−1

𝑐𝑝m
1Mantle specific heat capacity 1200 J kg−1 K−1

𝑘ref
1Reference thermal conductivity 4 W m−1 K−1

𝛼ref
1Reference thermal expansivity 2.5 × 10−5 K−1

𝑅c
1Outer radius of the core 1700 km

𝑅p
1Planetary radius 3400 km

𝑑cr Thickness of the crust 64.3 km
𝑧ref Reference depth for viscosity 232 km
𝑇ref

1Reference temperature for viscosity 1600 K
𝑧0
𝛼𝛽

1Reference depth for 𝛼 to 𝛽 spinel 1020 km
𝑧0
𝛽𝛾

1Reference depth for 𝛽 to 𝛾 spinel 1360 km
Δ𝜌0

𝛼𝛽
1Density difference for 𝛼 to 𝛽 spinel 250 kg m−3

Δ𝜌0
𝛽𝛾

1Density difference for 𝛽 to 𝛾 spinel 150 kg m−3

𝛾𝛼𝛽
1Clapeyron slope for 𝛼 to 𝛽 spinel 3 × 106 Pa

𝛾𝛽𝛾
1Clapeyron slope for 𝛽 to 𝛾 spinel 5.1 × 106 Pa

𝑇𝛼𝛽
1Reference temperature for 𝛼 to 𝛽 spinel 1820 K

𝑇𝛽𝛾
1Reference temperature for 𝛽 to 𝛾 spinel 1900 K

𝑑𝑙
1Width of phase transitions 20 km

𝑎0
2Coefficient of thermal expansivity 3.15 × 10−5 K−1

𝑎1
2Coefficient of thermal expansivity 1.02 × 10−8 K−2

𝑎2
2Coefficient of thermal expansivity −0.76 K

𝑎3
2Coefficient of thermal expansivity 3.63 × 10−2 GPa−1

𝑐0
2Coefficient of thermal conductivity 2.47 Wm−1 K−1

𝑐1
2Coefficient of thermal conductivity 0.33 Wm−1 K−1 GPa−1

𝑐2
2Coefficient of thermal conductivity 0.48

𝑒0
3Coefficient for solidus parameterization 1400 K

𝑒1
3Coefficient for solidus parameterization 149.5 K GPa−1

𝑒2
3Coefficient for solidus parameterization −9.4 K GPa−2

𝑒3
3Coefficient for solidus parameterization 0.313 K GPa−3

𝑒4
3Coefficient for solidus parameterization −0.0039 K GPa−4

𝑓0
4Coefficient for liquidus parameterization 1977 K

𝑓1
4Coefficient for liquidus parameterization 64.1 K GPa−1

𝑓2
4Coefficient for liquidus parameterization −3.92 K GPa−2

𝑓3
4Coefficient for liquidus parameterization 0.141 K GPa−3

𝑓4
4Coefficient for liquidus parameterization −0.0015 K GPa−4

1(Plesa et al., 2015) 2(Tosi et al., 2013a) 3(Herzberg et al., 2000) 4(Zhang and Herzberg, 1994)
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3
Learning one-dimensional surrogates
from mantle convection simulations

3.1 Motivation

As mentioned in Sec. 1.1, the high computational cost of running mantle convection simulations in
2D and 3D domains makes an efficient exploration of the poorly constrained parameter space difficult.
Therefore, this chapter will demonstrate how an NN-based regression algorithm can ameliorate this
problem by learning the mapping from input parameters to low-dimensional outputs from a few hundred
to a few thousand 2D evolution simulations for a Mars-like planet.

But before delving into deep FNNs, it is worth mentioning a popular alternative to high-
fidelity simulations that has been extensively used and studied in the mantle convection community:
parameterized evolution models. One may think of these as a way of stacking several steady-state
convective solutions, where the heat transfer law is derived either from the boundary layer theory
(Howard, 1966) or from numerical simulations. The thermal state of a planet is then advanced in time
by solving an ordinary differential equation formulating a global energy balance between heat generated
from core and radiogenic elements, and the heat lost at the surface via convection and conduction (e.g.,
Gurnis, 1989; Stevenson et al., 1983). Often, this is coupled to another ordinary differential equation
governing the cooling of the core by transfer of heat to the mantle (e.g., Schubert et al., 1979). The
steady-state solutions are expressed in terms of “scaling laws”. A scaling law is an empirical relation
between the convection parameters (such as the Rayleigh number, 𝑅𝑎) and the ratio of convective to
total heat flux at the surface (the Nusselt number, 𝑁𝑢) (e.g., Reese et al., 1998; Dumoulin et al., 1999;
Solomatov and Moresi, 2000; Deschamps and Sotin, 2001). When using numerical simulations, such a
𝑅𝑎-to-𝑁𝑢 scaling law is obtained using a one-to-one linear regression approach.

While, a computationally efficient alternative to 2D and 3D simulations, parameterized models
based on scaling laws can be limited in the amount of physics they can capture and the spatial information
they can predict. It remains difficult to simultaneously account for a large number of parameters
associated with pressure- and temperature-dependent processes such as viscosity, thermal expansivity
and conductivity. These limitations are already significant for the spectrum of terrestrial planets of
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3. Learning one-dimensional surrogates from mantle convection simulations

the Solar System but especially severe in the case of massive rocky extrasolar planets, or the so-called
super-earths. The extended pressure and temperature ranges in the interior of these planets make it
imperative to account for the influence of the above parameters (e.g., Stamenković et al., 2012; Wagner
et al., 2012; Tackley et al., 2013). The literature on extending scaling laws to account for pressure-
and temperature-dependent processes is vast. For example, Čížková et al. (2017), used a Cartesian 2D
convection model to investigate the impact of compressibility through an additional non-dimensional
number: the dissipation number 𝐷𝑖. They derived different 𝑅𝑎-to-𝑁𝑢 scaling relationships (linear
regression models) for different values of 𝐷𝑖. This approach, however, quickly becomes impractical as
the number of parameters begins to grow. Of course, one can also express scaling laws as functions of
parameters. Deschamps et al. (2010) used numerical experiments to derive scaling laws as a function of
internal heating. Dumoulin et al. (1999) fitted scaling laws to numerical simulations with three different
values of a parameter quantifying the temperature-dependence of viscosity and with two different values
of a parameter quantifying the pressure-dependence of viscosity. Thiriet et al. (2019) used numerical
simulations in a 3D spherical geometry to determine best-fit parameters for a 𝑅𝑎-to-𝑁𝑢 scaling for
stagnant-lid bodies, which accounts for 𝑅𝑎, temperature-dependence of viscosity and internal heating.
Stamenković et al. (2012) included the pressure-dependence in their parameterized 1D evolution
models by scaling the boundary layer thickness as a function of a “local” viscosity (which contains
the pressure-dependence term). The convective heat flux, however, is scaled as if the system were
isoviscous (with no pressure- and temperature- dependence). The extent to which this approximation
holds has not been well-established. Furthermore, parameterized thermal evolution models typically
assume a theoretical adiabatic temperature profile and cannot account for chemical heterogeneities such
as the location and shapes of phase transitions.

Therefore, a different approach based on machine learning is worth exploring, although it would
likely need more data (simulations) than what is typically used to derive scaling laws. Ideally, a
machine-learning-based forward surrogate would be able to account for more physics (via input
parameters) and predict more than global averages or simplified 1D temperature profiles. This motivates
the use of multivariate regression methods such as FNN, which through “deep” architectures are able to
approximate non-linear mappings (e.g., Bishop, 1996). A couple of studies preceding Agarwal et al.
(2020) had presented forward surrogates in mantle convection, albeit in a limited fashion. For example,
Atkins (2017) showed that the mean mantle temperature and the degree of lateral heterogeneity can
be predicted from mantle convection simulations of Earth using MDNs. Gillooly et al. (2019) used
convection simulations with plate-like behavior together with Generative Adversarial Networks to
interpolate plate boundaries in unresolved regions. A study by Shahnas and Pysklywec (2020), published
around the same time as Agarwal et al. (2020), compared linear and polynomial regression to FNNs for
predicting the surface heat flux and mean temperature from parameters such as the Rayleigh number for
variable (i.e., they can be switched off and on) physical processes such as melting from steady-state
simulations. In yet another related study, Magali et al. (2020) inverted surface wave dispersion curves
to infer temperature and viscosity fields using Markov Chain Monte Carlo random walks, which sample
from a forward surrogate model based on an FNN. Indeed the use of machine learning in the broader
fluid dynamics community has grown dramatically in the last few years, but this is covered later in
Chapter 5, where higher dimensional surrogates are introduced.

This chapter is based on Agarwal et al. (2020), where FNNs are used to predict the 1D temperature
profile from five input parameters in time from thermal convective evolution simulations of a Mars-like
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planet (Fig. 1.2(f)). The structure of the chapter is as follows. Sec. 3.2 presents the dataset used for
training FNNs. In Sec. 3.3, the specifics of how FNNs are trained are presented. Sec. 3.4 shows how
the trained FNNs can be used to calculate the thermal evolution of a Mars-like planet. Sec. 3.5 follows
this up by showing another application of such a trained surrogate: rapid evaluation of the parameter
space. In Sec. 3.6, the advantages as well as the limitations of this approach are discussed.

3.2 Dataset of 1D temperature profiles

A dataset of 10, 453 evolution simulations using the setup described in Chapter 2 was generated using
approximately 200, 000 CPU hours on a high-performance computing (HPC) cluster. Several single-core
simulations on a quarter-cylindrical 2D grid were run in parallel, leading to approximately 2 TB of data.
As shown in Fig. 1.2, five parameters are drawn randomly from individual uniform distributions: the
reference viscosity [ref ∈ [1019, 1022] Pa s, the enrichment factor Λ ∈ [1, 50], the initial temperature
𝑇𝑖𝑛𝑖 ∈ [1600, 1800] K, the activation energy of diffusion creep 𝐸 ∈ [105, 5 × 105] J mol−1 and the
activation volume of diffusion creep𝑉 ∈ [4× 10−6, 10× 10−6] m3 mol−1. As shown by previous studies
on the thermal evolution of Mars (e.g., Grott and Wieczorek, 2012; Plesa et al., 2015; Plesa et al., 2018),
these five parameters strongly influence the long-term evolution but are not well-constrained.

For each set of parameters, a thermal evolution simulation was run for 4.5 Gyr. However, not all
simulations reached 4.5 Gyr. Certain combinations of parameters can render the convection extremely
vigorous, making the systems of linear equations to solve particularly stiff to the point that for some
simulations, the linear solver did not converge. Such simulations were filtered out by considering the
root mean square of the magnitude of the velocity in the mantle 𝑢rms. An empirical upper bound of
20000 for 𝑢rms ensures sufficient accuracy while at the same time, not losing too many simulations.

9, 524 out of 10, 453 simulations satisfied the criterion of 𝑢rms ≤ 20000. All the time steps from
these 9, 524 simulations are used, including from simulations that did not finish. The number of time
steps available for each simulation can vary. This is because while running the simulations, an output
was saved every 4000-th iteration of the solver as well as after every 90 Myr of time in the evolution.
This way, at least some time steps could be stored even for the stiffer simulations. On average, 35 time
steps are available for each simulation.

The parameter distribution is plotted in Fig. 3.1. Here, all the training inputs have been normalized
to be between 0 and 1 using the maximum and minimum values of each parameter, as is common
practice in ML. The parameter space is well covered, except for some corners. For example, some
simulations with low reference viscosity and high activation energy (i.e., leading to highly vigorous
convection) were discarded under the filtering criterion. Furthermore, from the first row, one sees the
same phenomenon where not as many simulations with low reference viscosity, high activation energy
and to some extent, low activation volume reached the end time. Due to this scarcity of data, one can
expect less prediction accuracy at the later time steps.

Fig. 3.2 shows the evolution of (a) the CMB temperature, (b) the mean mantle temperature, (c) the
CMB heat flux and (d) the surface heat flux. Fig. 3.2e shows the present-day temperature profiles from
the simulations that did reach the end-time of 4.5 Gyr. Here, all the curves are plotted according to just
one parameter: [ref . Since a lower reference viscosity leads to more vigorous convection, the planet
cools more efficiently as can be seen from the lower mean mantle temperature (Fig. 3.2a) and the lower
CMB temperature (Fig. 3.2b). Lower reference viscosity (or equivalently, higher Rayleigh number
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Figure 3.1: (Agarwal et al., 2020) Distribution of the non-dimensionalized parameters from the filtered
simulations. These correspond to the following dimensional values: [ref ∈ [1019, 1022] Pa s, Λ ∈ [1, 50],
𝑇𝑖𝑛𝑖 ∈ [1600, 1800] K, 𝐸 ∈ [105, 5 × 105] J mol−1, 𝑉 ∈ [4 × 10−6, 10 × 10−6] m3 mol−1

.
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(a)

(c)
(e)

(d)

(b)

Figure 3.2: (Agarwal et al., 2020) Evolution of the (a) CMB temperature, (b) mean mantle temperature, (c)
CMB heat flux and (d) surface heat flux. Panel (e) shows the temperature profiles at the end of the evolution
from the simulations that reached 4.5 Gyr. All the curves are color-coded by reference viscosity ([ref).

𝑅𝑎) also leads to higher heat fluxes (Fig. 3.2(c,d)), resulting in an ultimately cooler profile and steeper
thermal gradient near the surface (Fig. 3.2e).

In addition to the scaling of parameters to be between 0 and 1, the output is also downsized by
two-third to accelerate training. The 1D temperature profiles are coarsened by taking every third point
in the profile except at the surface and at the CMB. The temperature at the surface and the next two
points of the numerical grid are taken as they are to ensure the same precision as that of the numerical
simulations at the boundaries; the same applies to the CMB.

The FNN-based surrogate is trained on 80% of the entire dataset. 10% of the data is used for cross-
validation: to try different network architectures and prevent over-fitting. The remaining 10% serves as
the test set to evaluate the accuracy of the trained forward surrogate. For a total of 337, 848 samples
(simulations × time steps), this results in a train-validation-test split of 270, 278 − 33, 785 − 33, 785.

3.3 Training feedforward neural networks

Fig. 3.3 shows how an FNN is used as a surrogate model for predicting the 1D temperature profile at
any given time during the evolution from the five input parameters and time as an additional input.

The FNN connects inputs to outputs via multiple neuron functions organized into multiple layers. If
𝑖 and 𝑗 are the indices for neurons of two consecutive layers of the MDN, then the activation for neuron
𝑗 in the intermediate layer depends on input 𝑖 from the previous layer:

𝑎 𝑗 = 𝑔

(︄∑︂
𝑖

𝑎𝑖𝑤𝑖 𝑗 + 𝑏 𝑗

)︄
, (3.1)

where 𝑤𝑖 𝑗 are “weights” that can be learned from the data and 𝑔() is the nonlinear activation
function. Here, tanh() is used as the activation function. 𝑏 𝑗 are “biases” added to each neuron 𝑗 in
the given layer; these are also learned from the data and enable the network to translate the activation
function to the left or to the right so that the origin of the activation function is no longer fixed at zero.
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Figure 3.3: (Agarwal et al., 2020) A schematic of a feedforward neural network used as a forward surrogate
model. The input nodes are connected to the output nodes via neurons “hidden layers”. Each connection
is an adjustable weight, which is optimized over several iterations by back-propagating the error in NN
prediction. The trained network can predict the temperature profile at time 𝑡, given the inputs 𝑡, [ref , Λ, 𝑇ini,
𝐸 and 𝑉 , as well as 𝑡 as an additional input. The FNN can be evaluated at multiple values of 𝑡 to produce an
entire evolution from 0 to 4.5 Gyr.

FNNs are thus able to approximate highly complex nonlinear maps through the interconnection of
several such neurons (Baum and Haussler, 1989).

Once the forward graph of the FNN has been defined, one can then use back-propagation to optimize
the weights (e.g., Werbos, 1982; Rumelhart et al., 1986). The gradient of the error (expressed here as
mean-squared error (MSE)) is obtained via back-propagation through all the hidden layers using the
principles of chain rule for differentiation. The derivatives of errors with respect to weights are used to
update the adjustable parameters in a hidden layer at each iteration. This process is called gradient
descent. There are several variants of gradient descent. We use a popular stochastic gradient descent
optimizer called Adam (Kingma and Ba, 2014) (adaptive moment estimation).

The derivatives needed during gradient descent are calculated by Automatic Differentiation (AD),
now offered by several ML libraries. TensorFlow (Abadi et al., 2015) is used here, where one only needs
to set up the computational graph by defining the NN architecture and specifying the cost function. Two
techniques are used to prevent over-fitting. First, 𝐿2- regularization is used. Second, an early-stopping
criterion is defined, such that the training stops when the MSE on the validation set starts increasing
beyond a certain threshold:

𝑡𝑟𝑎𝑖𝑛 𝑤ℎ𝑖𝑙𝑒 MSEvalidation(𝑒𝑝𝑜𝑐ℎ) ≤ MSEvalidation(𝑒𝑝𝑜𝑐ℎ − 0.05 𝑒𝑝𝑜𝑐ℎ). (3.2)

An epoch corresponds to one optimization iteration over all the training samples. After some trial
and error of a few different FNN architectures, it seemed that relatively small architectures of two
to three hidden layers containing a total of 200 neurons between them performed the best. All the
following results are shown with one such trained FNN containing [90, 60, 30] neurons in the hidden
layers. The FNN ran for approximately 4.4 million epochs before hitting the criterion defined in Eq.
(3.2). Since the network(s) must only be trained once, such a high number of epochs required is not a
huge concern. Still, if faster training is desired, some optimization tricks like using a scheduled learning
rate, mini-batching or thermometer coding (e.g., Yunho Jeon and Chong-Ho Choi, 1999; Montavon
et al., 2013) can be used. In fact, retraining the networks in mini-batches of 32 (not presented in the
thesis) shows that comparable accuracy can be achieved in less than 100 epochs, which take a few
minutes.
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3.4 Predicting the thermal evolution of a Mars-like planet

On average, any point of the temperature profiles is predicted with a relative error of 0.2604% on
the test set and 0.2609% on the training set.

As a further check to see how the FNN performs if fewer simulations were available for training,
the results from an FNN trained with only 3000 simulations are presented in Fig. 3.4. The test set now
consists of temperature profiles from 6000 unseen simulations. Some temperature profiles from the test
set in their dimensional form (see Eq. (2.15)) and the corresponding FNN predictions are plotted. The
comparisons show a remarkable agreement between predicted profiles and the profiles not seen by the
network during training and cross-validation. This suggest that using FNNs as forward surrogates in
prediction of low-dimensional outputs is a robust approach that is feasible even with a relatively small
number of simulations. As Fig. 3.5 shows, for this particular prediction task of predicting 67 numbers
from a 6-dimensional input vector, no significant improvement is achieved beyond 1000 simulations.

In general, one sees in Fig. 3.4b that the spatial error peaks around the upper thermal boundary
layer. This is likely because the lateral temperature variations are typically largest at the base of the
lithosphere, thereby introducing a higher uncertainty and an ultimately larger prediction error. This
can be somewhat observed in Fig. 3.2e, where the top part of the temperature profiles exhibit a less
obvious color pattern than the rest. This suggests that the surface heat flux is more ill-conditioned,
i.e. a broader range of parameters can lead to the same heat flux. Finally, it is also possible that the
numerical precision is smeared by the act of averaging the 2D temperature field to a 1D profile of points
connected by linear elements and even further by reducing the size of the temperature profiles through
linear coarsening.

On the temporal distribution of the error in Fig. 3.4c, one sees that the error increases in time.
This is perhaps slightly counter-intuitive from a physical standpoint, as the planet tends to cool and
undergo less vigorous convection during the late stages of an evolution (Fig. 3.2b). However, from an
ML standpoint, this phenomenon of increasing error with increasing time has a trivial explanation; the
relative dearth of data towards later time steps for certain parameter ranges (Fig. 3.1) means that the
FNN simply has fewer training examples to learn from.

3.4 Predicting the thermal evolution of a Mars-like planet

With the high accuracy of trained FNNs established, one can now use these to predict the entire
evolution from 0 to 4.5 Gyr. To check whether some geophysical trends can be seen, a small batch of
20 simulations with “hand-picked” parameters is run, as shown in Table 3.1. In these simulations only
one parameter is varied at a time, while keeping the rest fixed to isolate the impact each parameter has
on the output.

Fig. 3.6 shows a comparison of the evolution of the CMB temperature, the mean mantle temperature
and the present-day 1D temperature profiles for all the simulations in Table 3.1. The FNN is able to
capture the trends well, if not perfectly. For example. Fig. 3.6c shows that with increasing reference
viscosity, the planet ends up hotter due to sluggish convection and a thicker stagnant lid. Similarly,
Fig. 3.6l shows the impact of radiogenic elements in the mantle. A lower enrichment factor means
that the mantle convects vigorously due to the higher amount of internal heat generated by radiogenic
elements leading to an overall hotter profile. Fig. 3.6o also shows a commonly known phenomenon
called the “thermostat effect” (Tozer, 1967). The initial temperature becomes less important with time
(after ∼ 2 billion years) due to this self-regulating mechanism: when the mantle is hot, the viscosity
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3. Learning one-dimensional surrogates from mantle convection simulations

(a)

(b) (c)

Figure 3.4: (Agarwal et al., 2020) Comparison of a few randomly selected temperature profiles from the
6000 unseen GAIA simulations at any time (blue solid lines) and the corresponding prediction by the neural
network (red dashed lines) along with the absolute error in the predictions (grey solid line, top axis). (b) The
average absolute error for the prediction of the temperature at each point along the radius for all temperature
profiles in the test set (top axis in grey) and radial distribution of the average relative error (bottom axis). (c)
The temporal distribution of the mean relative error in predicting a temperature profile.
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3.4 Predicting the thermal evolution of a Mars-like planet

Figure 3.5: (Agarwal et al., 2021b) Average relative error in the prediction of any point of temperature
profiles in the test set as a function of the total number of simulations available for training.

Table 3.1: (Agarwal et al., 2020) Values of input parameters to 20 additional GAIA simulations used for
comparing evolution. Simulation 8 crashed because of the particular combination of parameters and was
discarded.

.

Simulation number [ref [Pa s] 𝐸 [J mol−1] 𝑉 [m3 mol−1] Λ 𝑇ini [K]
1 1019 2 × 105 6 × 10−6 20 1700
2 1020 2 × 105 6 × 10−6 20 1700
3 1021 2 × 105 6 × 10−6 20 1700
4 1022 2 × 105 6 × 10−6 20 1700
5 1020 1 × 105 6 × 10−6 20 1700
2 1020 2 × 105 6 × 10−6 20 1700
6 1020 3 × 105 6 × 10−6 20 1700
7 1020 4 × 105 6 × 10−6 20 1700
8 1020 5 × 105 6 × 10−6 20 1700
9 1020 2 × 105 4 × 10−6 20 1700
10 1020 2 × 105 5 × 10−6 20 1700
2 1020 2 × 105 6 × 10−6 20 1700
11 1020 2 × 105 8 × 10−6 20 1700
12 1020 2 × 105 10 × 10−6 20 1700
13 1020 2 × 105 6 × 10−6 1 1700
14 1020 2 × 105 6 × 10−6 10 1700
2 1020 2 × 105 6 × 10−6 20 1700
15 1020 2 × 105 6 × 10−6 30 1700
16 1020 2 × 105 6 × 10−6 40 1700
17 1020 2 × 105 6 × 10−6 20 1600
18 1020 2 × 105 6 × 10−6 20 1650
2 1020 2 × 105 6 × 10−6 20 1700
19 1020 2 × 105 6 × 10−6 20 1750
20 1020 2 × 105 6 × 10−6 20 1800
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3. Learning one-dimensional surrogates from mantle convection simulations

decreases, leading to more vigorous convection and thereby, more efficient cooling. On the contrary,
when the mantle is cooler at latter stages in the evolution, it becomes more viscous and therefore, cools
less efficiently.

3.5 Rapid evaluation of the parameter space

In addition to predicting the entire evolution for a Mars-like planet, another application of rapid
surrogates is presented in this section. Fig. 3.7 shows the rapid evaluation of the parameter-space to
calculate two quantities of interest, derived from the temperature profiles that can be linked to observed
data.

One, the CMB temperature (𝑇cmb) is evaluated with respect to two parameters at a time, while
keeping the rest of the parameters fixed. 𝑇cmb provides an insight into the thermal state of the core,
which has implications for its mode of solidification (e.g., Breuer et al., 2015) and for the tidal response
of the planet (e.g., Plesa et al., 2018; Khan et al., 2018).

Two, the upper mantle temperature 𝑇lid is also plotted on the upper-right of Fig. 3.7. 𝑇lid can be
compared with inferences from petrological studies and used to predict the thermal state of the mantle
(such as the mean mantle temperature at given times during the evolution) (e.g., Filiberto and Dasgupta,
2015).

For both quantities of interest in Fig. 3.7, [ref and Λ have the strongest effect, followed by 𝐸 and
then 𝑉 . As expected, 𝑇ini has almost no correlation with the observables due to the thermostat effect.
One can draw further insights. For example, lower values of reference viscosity lead to lower 𝑇lid and
𝑇cmb. Similarly, a higher enrichment factor Λ means that the mantle is more depleted in heat-producing
elements and therefore cooler.

Using such plots, one can also draw some inferences regarding the correlations between different
parameters. In this model of a Mars-like planet, for 𝑇cmb to decrease, a low-reference viscosity in
combination with a high activation energy is necessary. A higher activation energy equals a higher
temperature dependence of viscosity, which leads to more vigorous convection and a more efficient
cooling. One may also compare two parameters in terms of the impact they have on an observation.
For example, the plot of 𝑇lid as a function of Λ and [ref shows that [ref plays a more dominant role in
determining the lid temperature.

3.6 Summary and discussion

An FNN-based 1D forward surrogate to predict the thermal convective evolution of a Mars-like planet
was presented in this chapter. The data to train the FNN came from ∼ 10, 000 mantle convection
simulations. The trained FNN is available on Github1 and is capable of predicting the 1D laterally-
averaged temperature profile at any point in the 4.5 Gyr evolution. A comparison of the FNN predictions
with unseen GAIA simulations shows that the network captures the trends accurately and matches the
GAIA simulations well with an average accuracy of 99.7%.

This study shows the potential of ML-based algorithms for studying non-trivial mantle convection
problems involving multiple parameters and physical processes. There are several advantages to this
approach:

1https://github.com/agsiddhant/ForwardSurrogate_Mars_1D
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n) (o)

Figure 3.6: Comparison of evolution results from the trained surrogate (dashed lines) and GAIA simulations
(solid lines). Evolution of the CMB temperature (a,d,g,j,m) and mean mantle temperature (b,e,h,k,n), as well
as the final temperature profiles (c,f,i,l,o) for simulations from Table 3.1. (a-c) Simulations (1,2,3,4), (d-f)
simulations (5,2,6,7), (j-l) simulations (9,10,2,11,12), (g-i) simulations (13,14,2,15,16), (m-o) simulations
(17,18,2,19,20).
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3. Learning one-dimensional surrogates from mantle convection simulations

Figure 3.7: (Agarwal et al., 2020) Upper-right: Present-day values of the upper mantle temperature (𝑇lid).
Lower-left: Present-day values of the CMB temperature (𝑇cmb). Unless varied, the parameters remain fixed
at these values: [ref = 1020 Pa s, Λ = 20, 𝑇ini = 1700 K, 𝐸 = 2 × 105J mol−1, 𝑉 = 6 × 10−6 m3 mol−1.
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3.6 Summary and discussion

1. FNN-based surrogates are able to capture more physics than scaling laws, such as temperature-
and pressure-dependent thermodynamic and transport properties.

2. The forward surrogate is able to predict the entire 1D temperature profile including the shapes and
locations of phase transitions, whereas parametrized evolution models typically operate under the
assumption of a theoretical adiabatic temperature profile.

3. By training directly in time, one can also circumvent constructing evolution models with energy
balance equations. The FNN implicitly learns the relations between the initial values of parameters
and their evolution with time, eliminating the need to track how different parameters such as the
Rayleigh number are evolving.

4. Trained surrogates like this can be easily downloaded from online repositories and used to conduct
an extensive evaluation of the parameter-space, thanks to their ability to make near-instantaneous
predictions. For reference, recreating the plot in Fig. 3.7 via numerical modeling codes alone
would require 25, 000 simulations. This number explodes to 1.25 Million, if one wants to explore
parameter combinations in three dimensions.

5. This can also elevate FAIR (Findability, Accessibility, Interoperability, and Reuse) practices in
the research community. Different groups can use surrogates to examine the underlying results
instead of just possibly highly processed end results.

At the same time, the following limitations remain to be addressed:

1. The prediction of the full 1D temperature profiles, while a significant advance to scaling laws,
still loses some information about the dynamics of the mantle flow. For example, the formation
and subsidence of hot plumes and cold downwellings are not captured. The number and size of
such features is an indicator of how vigorously the mantle is convecting. This is later addressed
in Chapter 5.

2. It was established that approximately 1000 simulations are sufficient for training a 1D forward
surrogate for this particular setup of five parameters. This is still quite a high number and one
could investigate more efficient dimensionality reduction techniques like autoencoders to reduce
the size of the temperature profiles even further. Unless one can train this surrogate with one to
few hundred simulations, it quickly becomes necessary to use HPC resources, which are not as
readily available as desktop computers.

3. The FNN in this dataset is limited to the physics included in the convection simulations which
were used as training data. Once the parameters and the physical model are decided, they are
essentially “frozen” and cannot be changed trivially. A potential solution could be to include
not only simulation parameters, but also different physical processes (e.g. melting (Shahnas
and Pysklywec, 2020), number of phase transitions and compressibility) in the input vector, as
well as computational domains of different sizes. While, the former could be achieved easily
if there is a large enough dataset available, it is not so obvious how different computational
domain sizes or physical sizes (e.g. radii for different planets) could be incorporated into a single
learning problem. Thus, for now, this approach remains limited to treating one planet at a time (a
Mars-like planet in this case).
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4
A probabilistic framework for

constraining mantle convection
parameters

4.1 Motivation

Constraining the key parameters and initial conditions of the thermal evolution of terrestrial planets
from observational data is an inverse problem. Measurements such as those of topography, gravity,
magnetic and seismic fields, surface spectra and surface images, as well as meteoritic data can all be
used in some shape or form to put constraints on mantle convection (see Tosi and Padovan (2021) for a
review). This inverse problem is often studied using probabilistic inversion due to ill-posedness: several
combinations of parameters can lead to the same sparse outputs.

Since the forward forward models are computationally expensive, standard Markov Chain Monte
Carlo (MCMC) (see Sambridge and Mosegaard (2002) for an overview) are not typically used. In
geodynamics, a broad spectrum of probabilistic inversion approaches has instead been proposed that
ranges from using modified MCMC such as a neighborhood algorithm (Sambridge, 1999a; Sambridge,
1999b) all the way to completely bypassing it. The latter has been predominantly achieved via an
increasing use of Mixture Density Networks (MDNs). One of the first studies can be traced back to
Meier et al. (2007), who used MDNs to invert surface waves data for obtaining constraints on crustal
thickness. Wit et al. (2013) inverted body-wave travel-times to constrain the Earth’s radial seismic
structure using MDNs. Atkins et al. (2016) inverted reduced representations of 2D temperature fields of
simulations of the Earth’s mantle to constrain convection parameters such as reference mantle viscosity,
lithospheric yield stress and initial temperature. Both Atkins et al. (2016) and Käufl et al. (2016) note
that under the assumption of smooth probability distributions between training samples, MDNs need
significantly fewer simulations than MCMC methods and use simulations only prior to the inversion
for constraining mantle convection parameters. Baumeister et al. (2020) applied MDNs to extrasolar
planets by predicting the distribution of the possible interior structures from given mass and radius.
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Some other ML methods have also appeared in the recent geophysical literature. For example,
Baumann (2016) applied an unsupervised classification algorithm called self-organizing map (Vesanto
and Alhoniemi, 2000) to the problem of constraining the dynamics and rheology of the lithosphere
in collision zones. Shahnas et al. (2018) used support-vector machines to estimate the magnitude of
the spin transition-induced density anomalies that can cause flow stagnation at midmantle depths from
mantle temperature fields (see Morra et al. (2020) for a recent review on the application of data science
techniques in geodynamics).

This chapter is based on Agarwal et al. (2021a), where MDNs are used to study how well the
parameters and initial conditions of the thermal evolution of a Mars-like planet can be constrained using
synthetic observables. By demonstrating that the loss function used to train MDNs (log-likelihood)
provides a good estimate of how well a parameter can be constrained, it is shown that a robust
probabilistic inversion framework can be built to quantitatively answer a broader question in planetary
physics: what needs to be measured and with what precision, in order to constrain (i.e. produce an
interval of confidence) specific parameters governing mantle convection? This is the main reason for
formulating this study as an inverse problem; one can directly test different numbers and combinations of
observables as inputs as well as add noise to them to emulate the uncertainty associated with measuring
them. A side benefit of directly using simulations instead of a forward surrogate is that one does not
have to worry about how accurate the predictions of the ML-based forward surrogate are. The example
of a Mars-like planet with five unknown parameters is used along with various synthetic observables
derived from the outputs of the forward numerical simulations: crustal and elastic lithosphere thickness,
duration and timing of volcanism, surface heat flux, amount of accumulated radial contraction, surface
concentration of radioactive elements, or evolution of the mantle potential temperature. While all these
quantities are available to some degree for Mars, due to some limitations of the 2D forward model, only
synthetic simulation-based observables are used.

This work builds upon some previous MDN studies in geodynamics, in particular upon the seminal
paper by Atkins et al. (2016). In addition to considering a planet with different mode of convection
(stagnant lid for Mars vs. mobile lid with plate tectonics for Earth), this study uses present-day
observables after 4.5 Gyr of evolution (instead of outputs after 3 Gyr) and only considers quantities
that could potentially be measured for a Mars-like planet, instead of a reduced representation of the
entire temperature field as done by Atkins et al. (2016). The reduced representations can still contain
rich information about the convection structures, while not being realistically observable for planets
like Mars. Finally, since the original MDN, as first proposed by Bishop (1994) only outputs marginal
probability distributions, a modified MDN model is proposed that computes the joint probability
distribution: to our knowledge, a first in the research on mantle convection.

The outline of this chapter is as follows. Sec. 4.2 presents the dataset of simulations used as well as
the computation and visualization of the synthetic observables. In Sec. 4.3, the basics of marginal and
joint MDNs are presented. In Sec. 4.4, marginal MDNs are used to study which observables are needed
to constrain certain parameters and how uncertainty in the observations can deteriorate the strength
of those constraints. Sec. 4.5 shows some results of training the joint MDNs. Sec. 4.6 discusses
the next steps needed to use actual observational data for Mars. Finally, the results of the chapter are
summarized and the strengths and weaknesses of this approach are discussed.
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4.2 Dataset of synthetic observables for a Mars-like planet

The setup of the mantle convection simulations for a Mars-like planet was explained in Chapter 2.
However, for the inverse study in this chapter and for the two-dimensional surrogate modeling in
Chapter 5, a different dataset was generated than the one used for one-dimensional surrogate modeling
in Chapter 3. The new dataset was run on a finer computational grid of 302 radial layers times 392
cells per layer. This helped overcome the convergence issues for parameter combinations with vigorous
convection to some extent as compared to the previous resolution of 200× 263. Using the same filtering
criterion of 𝑢rms ≤ 20000 as in Chapter 3 for the previous dataset, 10, 040 out of 10, 080 simulations
can now be retained. Overall, the new dataset is 10 TB large and took approximately 1.7 million CPU
hours to generate.

To calculate the synthetic observables, which will be used to constrain mantle convection parameters,
the outputs of the numerical simulations such as velocity, temperature and viscosity are typically
post-processed. The following subsections show the details of these calculations.

4.2.1 Surface and CMB heat flux

The mean surface heat flux 𝑄s is calculated from the laterally-averaged 1D temperature profile 𝑇 (𝑟, 𝑡),
which varies with radius 𝑟 and time 𝑡:

𝑄s(𝑡) = 𝑘s
𝑇 (𝑅p − Δ𝑅, 𝑡) − 𝑇 (𝑅p, 𝑡)

Δ𝑅
. (4.1)

Similarly, the CMB heat flux 𝑄c is calculated as

𝑄c(𝑡) = 𝑘c
𝑇 (𝑅c, 𝑡) − 𝑇 (𝑅c + Δ𝑅, 𝑡)

Δ𝑅
. (4.2)

Here, 𝑘s and 𝑘c are the thermal conductivity at the surface and at the CMB, respectively. Δ𝑅 is the
radial distance between two neighboring shells, which is constant in this dataset and 𝑅p and 𝑅c are the
planet and the core radius, respectively.

4.2.2 Radial contraction and expansion

The thermally-induced radial contraction and expansion of a planet are calculated from the temperature
profile (e.g., Grott et al., 2011; Tosi et al., 2013b):

Δ𝑅th(𝑡) = 𝛼c(𝑇 (𝑅c, 𝑡) − 𝑇 (𝑅c, 0))
𝑅3

c

3𝑅2
p
+ 1
𝑅2

p

∫ 𝑅p

𝑅c

𝛼m(𝑟, 𝑡) (𝑇 (𝑟, 𝑡) − 𝑇 (𝑟, 0)) 𝑟2 𝑑𝑟. (4.3)

Here, 𝛼m(𝑟, 𝑡) and 𝛼c are the coefficients of thermal expansion of the mantle and the core, respectively.

4.2.3 Elastic lithopheric thickness

The elastic lithospheric thickness is calculated using the strength-envelope formulation of McNutt
(1984). First, the temperature 𝑇e at which the lithosphere loses its mechanical strength is calculated:

𝑇e =
𝑄𝑖

𝑅gas

(︃
log

(︃
𝜎
𝑛𝑖
𝐵
𝐴𝑖

𝜖

)︃)︃−1

, (4.4)
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where 𝑄𝑖 , 𝐴𝑖 and 𝑛𝑖 are rheological parameters for a crust with a diabase rheology and for the mantle,
𝑅gas is the gas constant, 𝜎𝐵 is a bounding stress, and 𝜖 is the strain rate. The values for these parameters
are taken from Grott and Breuer (2010). Second, eq. (4.4) is used to compute the mechanical thickness
of the crust 𝐷e,cr and the mantle 𝐷e,m. The effective elastic thickness is given by:

𝐷e =


𝐷e,m if 𝐷e,cr > 𝑑cr(︂ (︁
𝐷e,m − 𝑑cr

)︁3 + 𝐷3
e,cr

)︂ 1
3 otherwise

(4.5)

where 𝑑cr is the assumed crustal thickness (see Table 2.2 for the value).

4.2.4 Duration of volcanism and melt produced

In addition to the temperature profile, the melt produced during the evolution is used to calculate two
observables (see Sec. 2.3.4 in Chapter 2 for details on how melt production is accounted for). First, the
total duration of volcanism (𝑡volc) is considered as an observable. It is essentially the last time step at
which melt is formed.

Second, the cumulative amount melt produced is calculated as an equivalent thickness (𝐷melt).
𝑅melt can be obtained by solving the following equation:

𝑉melt(𝑡) =
𝜋

4

(︂
𝑅2

p − 𝑅2
melt

)︂
, (4.6)

where, 𝑉melt(𝑡) is the melt volume. 𝐷melt is then calculated as 𝐷melt(𝑡) = 𝑅p − 𝑅melt.
It is worth noting that this melting model is strongly simplified. For example, the heat sources

depleted at each time step due to melt extraction are not redistributed into a “new” crust. Lower parts of
this new crust would then ideally also be at least partly recycled into the mantle during the thermal
evolution, something the used model is not equipped to calculate. Also, there is no crust present during
the evolution in that there is no layer with a lower thermal conductivity present (e.g., Plesa et al., 2018).

The evolution of the synthetic observables is now plotted in Fig. 4.1. Here, the curves are plotted
by one parameter: reference viscosity. Intuitively, higher reference viscosities lead to more sluggish
convection and thereby, less efficient heat transfer: the mantle heats up with respect to its initial state
most cases. Fig. 4.1 also shows that while some observables like the surface heat flux and the CMB
temperature exhibit a color-pattern, some others like elastic lithospheric thickness, radial contraction
and melt produced show almost no correlation to reference viscosity. There is no obvious pattern that
transitions when going from low to high values of the parameter or vice-versa.

To keep the number of machine learning tasks manageable, only the present-day observables
are considered. Therefore, the 6130 simulations that reached the end-time of 4.5 Gyr are split into
three parts: training (80%), test (10%) and validation (10%). The parameters and observables are
non-dimensionalized to be between 0 and 1 using their respective maxima and minima to ensure that all
the parameters are of the same order of magnitude, as well as to make the error function used to train
MDNs comparable across different parameters. Fig. 4.2 plots each of the five parameters (across five
columns) with respect to the synthetic observables (along rows). The degeneracy of the problem is
evident from the plot: a broad range of parameters can lead to the same observation. In the last row
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Figure 4.1: (Agarwal et al., 2021a) The evolution of (a) CMB temperature, (b) mean mantle temperature,
(c) CMB heat flux and (d) surface heat flux, (e) elastic lithospheric thickness, (f) thermally-induced radial
contraction, and (h) equivalent melt thickness produced from 10, 040 thermal evolution simulations of a
Mars-like planet. In panel (g) the present-day 1D temperature profiles are plotted for the 6130 simulations
that reached the end-time of 4.5 Gyr. All the curves are colored by the value of the reference viscosity [ref
going from dark purple (low) to bright yellow (high).

of Fig. 4.2, the 1D temperature profiles at 4.5 Gyr are also plotted. They are colored from purple to
yellow: from the minimum value of that parameter to its maximum. [ref and Λ exhibit stronger patterns
when compared to the other parameters.

4.3 Training Mixture Density Networks

For ill-posed problems, where there is not a single point solution but a range of possible solutions, all of
which need to be identified, Bishop (1994) suggested modifying the traditional FNNs such as those used
in Sec. 3.3 to predict a probability distribution instead of a point estimate, thereby resulting in MDNs.
Using MDNs one can directly estimate the posterior probability 𝑝(parameters|observables), which is
hereafter abbreviated as 𝑝(p|o). Bishop (1994) models 𝑝(p|o) using a mixture of distributions:

𝑝(p|o) =
𝑚∑︂
𝑖=1

𝛼𝑖 (o) 𝜙𝑖 (p|o). (4.7)

Here, 𝑚 is the number of mixtures, 𝛼𝑖 (o) are the weighting coefficients, such that:

𝑚∑︂
𝑖=1

𝛼𝑖 (o) = 1, (4.8)

and 𝜙𝑖 (p|o) is the kernel function representing the conditional density. While, many choices for the
kernel function are possible, only Gaussian kernels are used in this study, since theoretically a mixture of
Gaussian distributions can approximate any given density distribution (Mclachlan and Basford, 1988):

𝜙𝑖 (p|o) =
1

(2𝜋)𝑐/2𝜎𝑖 (o)𝑐
exp

{︃
− ∥p − `𝑖 (o)∥2

2𝜎𝑖 (o)2

}︃
. (4.9)
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Figure 4.2: (Agarwal et al., 2021a) histograms of the non-dimensionalized present-day observables
and the five parameters: reference viscosity ([ref), activation energy (𝐸), activation volume (𝑉), crustal
enrichment factor (Λ) with respect to a given bulk composition of radiogenic elements, and initial temperature
(𝑇ini). Their corresponding dimensional values are: [ref ∈ [1019, 1022] Pa s, 𝐸 ∈ [105, 5 × 105] J mol−1,
𝑉 ∈ [4× 10−6, 10× 10−6] m3 mol−1, Λ ∈ [1, 50], 𝑇ini ∈ [1600, 1800] K. The observables are CMB heat flux
(𝑄c), surface heat flux (𝑄s), thermally-induced radial contraction (Δ𝑅th), elastic lithospheric thickness (𝐷e),
cumulative melt produced (𝐷melt) and duration of volcanism (𝑡volc). For better visualization, the colorscale
representing the number of simulations is normalized to each panel and is on a log scale. In the last row, 1D
temperature profiles are plotted. These are colored by the value of the parameter in the column: going from
purple to yellow, i.e. from low to high values of the parameter.
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Figure 4.3: (Agarwal et al., 2021a) Using a marginal Mixture Density Network to constrain mantle
convection parameters one at a time. The network predicts three components per Gaussian component:
mean `, variance 𝜎 and weight 𝛼. Here, three mixtures (colored magenta, red, blue) are added to arrive at
the combined probability distribution (black).

Here, `𝑖 (o) is the mean of mixture 𝑖 and 𝜎𝑖 (o) is its standard deviation. 𝑐 is the dimension of vector
p. MDNs are used as opposed to Gaussian Mixture Models because MDNs can be trained in a
supervised manner to learn the parameters of the mixture of Gaussian distributions given a certain input
(observables in our case).

4.3.1 Marginal Mixture Density Networks

The first few learning problems are formulated using marginal MDNs and solved for one parameter at a
time. Thus, in Eq. (4.9), 𝑐 equals 1. As Fig. 4.3 shows, the marginal MDN outputs three quantities per
mixture 𝑖: 𝑝𝛼

𝑖
, 𝑝`

𝑖
and 𝑝𝜎

𝑖
. The sum of 𝑝𝛼

𝑖
must equal 1 (Eq. 4.8), which is achieved using a softmax

function:
𝛼𝑖 = softmax(𝑝𝛼𝑖 ) =

exp(𝑝𝛼
𝑖
)∑︁𝑚

𝑗=1 exp(𝑝𝛼
𝑗
) . (4.10)

The mean `𝑖 is taken directly as one of the MDN outputs:

`𝑖 = 𝑝
`

𝑖
, (4.11)

and the variance is taken as the exponential of the associated MDN output:

𝜎𝑖 = exp(𝑝𝜎𝑖 ). (4.12)

The loss function used to optimize the weights of an MDN is the log-likelihood (Bishop, 1994):

L(o, p) = ln

{︄
𝑚∑︂
𝑖=1

𝛼𝑖 (o) 𝜙𝑖 (p|o)
}︄
, (4.13)

and its negative is minimized, yielding the following error function:

E =
∑︂
𝑞

−L(oq, pq), (4.14)
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Figure 4.4: (Agarwal et al., 2021a) Joint Mixture Density Network invert for all five mantle convection
parameters. For 𝑚 mixtures and 𝑐 parameters, the network predicts mixture weights 𝛼 ∈ R𝑚, means
` ∈ R𝑚×𝑐 and 𝑙 non-zeros components of a lower-diagonal matrix 𝜎 ∈ R𝑚×𝑙 , where 𝑙 is the sum of 𝑐
diagonal components and 𝑐 (𝑐−1)

2 non-diagonal components. These components are used to calculate the
mixture of the multivariate normal distributions. The mixture of normal distributions can then be visualized
as a 2D joint probability distribution for two parameters (pi, pj) at a time, conditioned on the observables o
and visualized at the means of the remaining parameters pk≠i,j = `pk . With joint MDNs, observables such
surface heat flux 𝑄s and elastic lithospheric thickness 𝐷e are considered along with two points 𝑇pt,1 and
𝑇pt,2 from the temperature profile at phase transition locations.

where 𝑞 is a running index over the number training examples.
As in Chapter 3, TensorFlow (Abadi et al., 2015) is used to set up the forward graph. TensorFlow

then does all the heavy lifting by using Automatic Differentiation to calculate the necessary derivatives
such as those of error (Eq. 4.14) with respect to the outputs of the MDN and the weights of the MDN
(via backpropagation). To prevent over-fitting, weight decay is used following the suggestion of Hjorth
and Nabney (1999):

E =

{︄∑︂
𝑞

−L(oq, pq)
}︄
+ 0.5𝛾 ∥w∥2 , (4.15)

where, the second term is the 𝐿2 norm of the weights and facilitates regularization (known as weight
decay). The regularization parameter 𝛾 is another hyperparameter of the network.

4.3.2 Joint Mixture Density Networks

For a second class of learning problems, joint MDNs are used. Joint MDNs can invert for all five mantle
convection parameters at once and account for the cross-covariances among them. As shown in Fig. 4.4,
some modifications to the marginal MDN are necessary. This, however, comes at the cost of increased
number of outputs that the MDN now has to predict. For 𝑚 mixtures and 𝑐 parameters, the network
predicts mixture weights 𝛼 ∈ R𝑚, means ` ∈ R𝑚×𝑐 and 𝑙 non-zeros components of a lower-diagonal
matrix 𝜎 ∈ R𝑚×𝑙, where 𝑙 is the sum of 𝑐 diagonal components and 𝑐 (𝑐−1)

2 non-diagonal components.
Since 3 mixtures and 5 parameters are considered throughout this study, the total number of trainable
parameters becomes 3 × (1 + 5 + (5(5 − 1)/2 + 5)) = 63.

The covariance matrix is constructed in a specific manner to ensure numerical stability of the training
procedure. MultivariateNormalFullCovariance from the TensorFlow Probability library (Dillon et al.,
2017) is used to define a mixture of high-dimensional probability distributions during the construction
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Figure 4.5: (a) Different numbers and combinations of observables are inverted using marginal MDNs. (b)
The network is trained until the defined early stopping criteria for the loss function is met. (c) The trained
network is used to obtain the marginal probability of a parameter for given observables and plotted along the
y-axis for each true value of the parameter along the x-axis.

of the forward graph. This function uses Cholesky decomposition on the covariance matrix 𝚺, such that

𝚺 = 𝜎𝜎T, (4.16)

where 𝜎 is a lower-diagonal matrix. Thus, the MDN outputs a lower-diagonal matrix 𝜎, which is then
multiplied by its transpose to compute the covariance matrix. This ensures that 𝚺 is a positive-definite
matrix, a requirement for Cholesky decomposition. Also, before multiplying 𝜎 by its transpose, the
exponential of its diagonal elements is taken to ensure their positivity, as suggested by Kruse (2020).

The joint normal distribution 𝜙𝑖 (p|o) for mixture 𝑖 now becomes:

𝜙𝑖 (p|o) =
1

(2𝜋)𝑐/2 |𝚺𝑖 |1/2 exp
{︃
−1

2
(p − `𝑖)T 𝚺−1

𝑖 (p − `𝑖)
}︃
. (4.17)

4.4 Results from the marginal Mixture Density Networks

Different combinations of observables are inverted to obtain constraints on one parameter at a time. Fig.
4.5 shows how the training works. For given observables, weights of the MDN are optimized till the
following stopping criterion is reached:

train while: lossvalidation(epoch) − lossvalidation(⌊0.99 epoch⌋) ≤ 0 (4.18)

Since epoch is an integer, the floor of the product of 0.99 with the number of epochs that have elapsed
is taken. A value of 10−4 for the learning rate delivered optimal results, with higher learning rates
sometimes leading the network to miss the minimum during optimization by stopping prematurely.
Then, one can visualize the marginal probability distributions of a parameter for each example 𝑝(p|o),
as shown by Atkins et al. (2016). For each true value along the x-axis in Fig. 4.5, the predicted
probability distribution functions (PDFs) are plotted along the y-axis. For a perfectly constrainable
parameter, such a contour plot would yield a diagonal line.
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4. A probabilistic framework for constraining mantle convection parameters

Figure 4.6: (Agarwal et al., 2021a) Training marginal MDNs to invert all observables to constrain each
parameter. Row 1 shows the evolution of the log-likelihood over epochs. It is the negative of the loss function
and the higher it is, the better a parameter can be constrained. In row 2, all the probability distributions
from the test set for each of the five parameters are visualized. In rows 3-6 some individual probability
distributions (colored in magenta, blue and red) from the three mixtures are plotted together with the
combined (sometimes multi-modal) distribution (colored in black). The real values of each parameter are
indicated by the vertical gray line.
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Figure 4.7: The mean (upper number) and variance (lower number) of the log-likelihood for five runs on
the cross-validation set for different MDN architectures in the case of constraining [ref from all the available
observables.

While plots such as in Fig. 4.5c are a convenient way to visualize the strength of constraints
on a parameter, examining several hundreds of these quickly becomes intractable. Instead, a more
concise quantification of how well a parameter can be constrained for several combinations of network
architectures, observables, uncertainties etc., is needed. This is achieved with the help of the log-
likelihood (the negative of the error function in Eq. 4.14).

Rows 1 and 2 in Fig. 4.6 show that the higher the log-likelihood value, the better can a parameter
be constrained. In rows 3-6, some examples from the test set are plotted. The individual probability
distributions are colored in magenta, blue and red, the combined distribution in black and the actual
corresponding value is indicated by the vertical gray line.

4.4.1 Architecture selection

All the learning tasks with the marginal MDN are performed with a relatively small architecture of two
hidden layers containing 12 and 6 neurons and outputting parameters for 3 mixtures. Given the small
dataset of 6130 examples, it makes sense to use smaller architectures. This is evident from a small
test with different architectures for the case where all observables are used to constrain one parameter:
[ref . In Fig. 4.7, the mean log-likelihood of five runs on the cross-validation set is plotted. Within the
variance of different runs, the architecture choice is largely inconsequential except for at extreme ends
of too few or too many neurons.

Hence, the [12, 6] architecture with 3 mixtures is used as the “center” of all the valid architectures.
Ideally, one would want to compare the cross-validation log-likelihood of the 35 different architectures
on all the 1010 learning tasks that stem from different parameters, numbers and combinations of
observables, etc. However, that would take several months with the computational resources at hand.
Therefore, a network architecture that performs well on this case, while still having a reasonable amount
of expressivity to be able to handle any unforeseen non-linearities seems like a reasonable compromise.

Furthermore, in Fig. 4.8(a), the distribution of the simulations that reached 4.5 Gyr is shown with
respect to the five mantle convection parameters. A Gaussian Mixture Model is used to calculate the
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(a)

(b)

(c)

Figure 4.8: (a) The distribution of the simulations that reached 4.5 Gyr. (b) Prior training distribution
obtained for different number of mixtures in Gaussian Mixture Model. (c) The training and cross-validation
log-likelihoods with respect to number of mixtures.
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Figure 4.9: (Agarwal et al., 2021a) Constraints on each parameter (x-axis) for some selected combinations
of observables (y-axis) as defined by the log-likelihood. The mean (upper number) and variance (lower
number) of the log-likelihood for five runs on the test set are given. 𝑇prof stands for the complete 1D
present-day temperature profile.

prior distribution and the resulting mixtures are plotted in Fig. 4.8(b). This was done with the help
of scikit-learn’s Gaussian Mixture Model (Pedregosa et al., 2011). The prior likelihoods correspond
to the case when no observables are available and are used as reference for comparing the posterior
likelihoods to. The training and cross-validation log-likelihoods in Fig. 4.8(c) show that at 6 mixtures,
asymptotic behavior is achieved. Nevertheless, in the paper, 3 mixtures are used to calculate the prior
for all cases, so as to avoid over-fitting in cases with very few simulations (for example, 56). The
marginal improvement in the log-likelihood from 3 to 6 mixtures is due to the fact that more gaussians
can capture steeper distributions around the edges. However, one has to consider the trade-off between
higher precision and the chances of over-fitting.

4.4.2 Observational constraints on different parameters

Keeping in mind the choice of log-likelihood as a metric to evaluate how well a parameter can be
constrained, the availability of different observables is explored in Fig. 4.9. An exhaustive list of all the
combinations is available in Appendix A. For reference, Fig. 4.9 also lists the log-likelihood of the prior
distributions as being the equivalent of the case when “no observables” are available for inference. As
can be seen in Fig. 4.8, the prior distributions of most parameters are not flat. This is because while the
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(a)
(b)

Figure 4.10: (Agarwal et al., 2021a) Constraints on parameters from different parts of the temperature
profile: (a) starting from the top, or (b) starting from the bottom. The mean and variance of the log-likelihood
for five runs on the test set are given.

input parameters to the mantle convection simulations are sampled from a flat distribution, the resulting
distribution is no longer flat because, for some parameter combinations, the simulations did not reach
the end time of 4.5 Gyr at which the observables are evaluated. Thus, the prior log-likelihood provides
a starting point from which one can gauge how much the network has learned.

Fig. 4.9 shows that [ref and Λ can be constrained well in this setup. This makes sense in view of the
patterns shown in Fig. 4.2. The activation volume𝑉 , for example, seems to have no correlation with any
of the observables, while 𝐸 exhibits a weak correlation. Furthermore, 𝑇ini cannot be constrained from
just the present-day temperature profiles due to the “thermostat effect” (Tozer, 1967). The tendency
of the mantle temperature to converge to similar mean values due the temperature dependence of the
viscosity can prevent inferences of 𝑇ini from the final state of the system. It is only when both, the
temperature profile and the radial contraction (Δ𝑅th) are available that the initial mantle temperature
can be well constrained. Radial contraction provides a clue as to the relative change between the initial
and the final state of the planet, enabling the MDN to trace it from the present-day temperature profile.

Not surprisingly, Fig. 4.9 shows that adding more observables generally improves the constraint on
a parameter. As more observables are included in the inversion, such as 𝑄s, 𝑄c and 𝐷e, they bring in
different parts of the temperature profile, thereby providing a clearer picture of the thermal state of the
interior.

The impact of including different parts of the temperature profile is further explored in Fig. 4.10,
where different percentages of the temperature profile, either starting from the surface (4.10a) or from
the core-mantle boundary (4.10b) are inverted.

Row 3 of Fig. 4.9 and row 2 of Fig. 4.10a confirm that the surface heat flux is a very weak constraint.
This goes back to the increased degeneracy of the temperature profiles near the surface. As also seen in
Fig. 3.2e, the color pattern of the profiles with respect to reference viscosity is less evident than at the
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(a)

(b)

Figure 4.11: (Agarwal et al., 2021a) (a) The probability density functions calculated by MDN on
the test set for a few selected cases and the average standard deviation of the combined mixture. (b)
±2𝜎/range of parameter vs. log-likelihood for a parameter.

lower radial locations. The top 20% of the temperature profile is sufficient for constraining Λ. However,
𝐸 and [ref benefit from larger portions of the temperature profile, especially from the inclusion of the
entire thickness of the upper thermal boundary layer. In general, while the peripheral parts of the
temperature profiles such as surface heat flux, CMB heat flux and CMB temperature provide some
constraints, more information vastly improves the inference of parameters. This is especially true for 𝐸
and to some extent for [ref . Their observational signatures seem to be distributed throughout the mantle
rather than being radially confined to within certain ranges. In terms of real world data, this additional
information can be provided in the form of specific depth-temperature values or other related quantities
such as elastic lithospheric thickness and potential temperature (see Sec. 4.6 for a discussion on using
actual data from Mars).

For illustration purposes, the predicted vs. true plots for some selected cases from Fig. 4.9 are
plotted in Fig. 4.11a. For each test set, the average standard deviation (�̄�) of the combined mixture
of the probability distributions is also displayed. Since for a normal distribution, ∼ 95% of the data
is typically contained within ` ± 2𝜎, Fig. 4.11b shows the corresponding ±2𝜎 values divided by
the entire range of the given parameter for different log-likelihoods. For the case where only 𝑄𝑠 is
available, ±2𝜎 spans 87% of the entire range of [ref and 74% of the entire range of Λ. However, if all
the observables are available, one can constrain [ref within 32% of its range, Λ within 15% and 𝑇ini

to within 39%. 𝐸 can be weakly constrained within 80% when all observables are available, while 𝑉
cannot be constrained at all.
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Figure 4.12: (Agarwal et al., 2021a) Impact of noise in observables on the constraints on parameters. This
is for the case where all observables are available including the temperature profile. The mean and variance
of the log-likelihood for five runs on the test set are given.

4.4.3 Emulating uncertainty in observations

Observations will have some uncertainty associated with them due to limited precision of measurement
devices as well as due to the underlying approximations when inferring observables indirectly. The
framework of feeding observables as inputs to an MDN lends itself to emulating such an uncertainty
by adding synthetically generated noise. For the case where all the observables are available, noise
is added with a normal distribution N(0, (noise × 𝜎o)2). Here 𝜎o is the standard deviation of each
observable in o. The log-likelihoods from constraining parameters using noisy observables is plotted in
Fig. 4.12, where the standard deviation of the noise is indicated on the y-axis. As expected, increasing
uncertainty in observables loosens the constraints on parameters, but at different rates. At 0.5𝜎o, for
example, the initial temperature can no longer be constrained, whereas one can still infer 𝐸 and [ref and
Λ to a certain extent. This framework, thus allows us to answer not only what needs to be measure,
but also how well. Of course, for a potential real-world application, the noise will need to be added
according to the proper uncertainty specifications (magnitude, distribution, etc.) of each observable.

4.4.4 Availability of observables and number of simulations

Finally, one further factor is examined that can impact the ML task of inferring mantle convection
parameters: number of training examples. Fig. 4.13 lists the log-likelihood as a function of number of
training examples (y-axis) vs. the number of observables (x-axis) for each parameter.

Not surprisingly, both – more observables as well as more simulations – help tighten the constraints.
For, [ref , 𝐸 and 𝑉 an asymptotic value for the posterior log-likelihood is achieved at approximately 120
simulations, whereas for Λ and 𝑇ini, that number would be approximately 500.
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Figure 4.13: (Agarwal et al., 2021b) Constraints on parameters for different observables (y-axis) and
varying number of training examples (x-axis). The mean and variance of the log-likelihood for five runs on
the test set are given.
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4. A probabilistic framework for constraining mantle convection parameters

Comparing the posterior log-likelihood with the prior log-likelihood (i.e., with no observables)
shows that both the quantity and quality of training data play an important role in how well an MDN
performs. The prior log-likelihood of 56 simulations for most parameters is noticeably lower, suggesting
that the distribution of training simulations in this dataset is not as representative as the distribution
of the entire dataset. For Λ, the posterior log-likelihood for all observables (last row) increases by
0.45 ± 0.2 in going from 56 to 126 simulations. This is comparable to an increase of 0.34 in prior
log-likelihood for the same case. So, the log-likelihood increase in this case can be attributed in large
part to the improvement of the distribution of the training data.

However, after the underlying training distribution has reached a certain threshold of prior log-
likelihood and has become representative enough, then the number of simulations also plays a role.
Again for Λ in the last row of Fig. 4.13, the prior log-likelihood only increases by 0.03, when going
from 126 to 504 simulations, but the posterior log-likelihood increases by 0.74 ± 0.19. This effect is
even more pronounced for 𝑇ini, where the prior-likelihood of 2016 simulations is higher than that of 56
simulations by 0.14, while the log-likelihood given all observables improves by 2.98 ± 0.57.

As a side note, it is worth stressing that the single log-likelihood number over the entire test set does
not provide insights into the sub-spaces with lacking data. For example, Fig. 4.5c shows that the MDN
struggles to constrain low values of the reference viscosity, because fewer simulations are available at
these ranges, but this is not revealed by the global log-likelihood number.

Nevertheless, it is a good idea to plot the log-likelihood as a function of number of simulations to
gauge if asymptotic values are reached or not, before investing significant computational resources. For
this study, it indeed seems to be the case, that adding more simulations with a similar distribution would
not help. However, the making the underlying distribution of the mantle convection parameters more
balanced (flatter) could certainly affect the constraints on the parameters (e.g. Baumeister et al., 2020).

4.5 Results from the joint Mixture Density Network

Marginal MDNs are sufficient for constraining one parameter at a time. However, as Atkins et al. (2016)
and Wit et al. (2013) note, if one wishes to obtain a join probability density with correlations among the
different parameters, the cross-covariances among the parameters must be accounted for.

Wit et al. (2013) showed that instead of trying to directly calculate the joint probability distribution
for 29 parameters - which would make the number of quantities to predict explode - one can achieve the
same by iteratively multiplying a lower dimensional marginal distribution with a higher-dimensional
conditional distribution. For example, multiply the 1D distribution 𝑝([ref |o) with a 2D conditional
distribution 𝑝(𝐸 |o, [ref) would yield the 2D distribution 𝑝(𝐸, [ref |o).

However, for this study, where only vary five parameters are considered, it is indeed feasible, just
as powerful as the iterative approach and more convenient from a programming perspective to train
the MDN on the joint five-dimensional probability distribution. For convenience, a customized Keras
(Chollet et al., 2015) layer is used to construct the forward graph and train the MDN. Specifically, an
MDN layer provided by Martin (2018) is modified by replacing the multivariate normal distribution
whose covariance matrix contains only diagonal elements with the that of a full covariance matrix, as
detailed in Sec. 4.3.2. The code can be accessed via Github1.

1https://github.com/agsiddhant/Inverse_Modelling_Mars_1D
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4.5 Results from the joint Mixture Density Network

Figure 4.14: (Agarwal et al., 2021a) Log-likelihood values on the entire test set obtained using a joint MDN
visualized with respect to two parameters at a time. The darker a dot, the higher the log-likelihood value.
The predicted probability distributions for example 1 (indicated by a blue cross) and example 2 (indicated by
a red plus) are plotted in Fig. 4.15a and 4.15b, respectively.
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4. A probabilistic framework for constraining mantle convection parameters

(a)

(b)

Figure 4.15: Examples of high-dimensional probability distributions from the test set. The actual values of
the parameters are indicated by a blue cross (a) and a red plus sign (b). The background is shaded by the
prior log-likelihood, whereas, the contour plot of posterior log-likelihood is given by the viridis colormap.
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4.5 Results from the joint Mixture Density Network

The MDN is trained in mini-batches of 32 for 50000 epochs. To help prevent over-fitting, the
network is only saved after each epoch, if the cross-validation loss decreases. Testing a few different
architectures showed that increasing the number of layers as well as neurons per layer as compared to
the marginal MDN was helpful. This makes sense because for 3 mixtures, the network is now predicting
63 outputs. Thus, a “large enough” architecture with three hidden layers of [60, 60, 60] neurons is
chosen with 3 mixtures to train on 5517 training examples. The input to the network consists of all the
present-day observables: CMB heat flux (𝑄c), surface heat flux (𝑄s), radial contraction (Δ𝑅th), elastic
lithospheric thickness (𝐷e), equivalent thickness of the cumulative melt produced (𝐷melt) as well as
duration of volcanism (𝑡volc). In addition, two temperature points at the reference depth of the phase
transitions (𝑇pt,1 and 𝑇pt,2) are also used for the inversion. While, the full 1D temperature profile for
other planets such as Mars is not available, seismic data from ongoing and future missions could reveal
certain temperature-pressure points associated with the discontinuities.

For this trained MDN, the log-likelihood values on the entire test set are plotted in Fig. 4.14. Each
point is the log-likelihood value evaluated for one example of a specific combination of five parameters.
There seems to be no obvious pattern and the MDN seems to perform well on the entire parameter
range, except, of course where there are no examples at to low values of [ref . Still, one can cautiously
observe higher than usual clustering of the darkest dots at higher values for [ref : for example, in 𝐸 − [ref

and Λ − [ref plots. The most likely explanation for this phenomenon is that the increased availability of
data for a less vigorously convecting mantle makes inference at high [ref values easier.

The joint probability distributions for two examples from the test set (indicated by blue and red dots
in Fig. 4.14 are plotted in Fig. 4.15). For reference, the background is shaded by the prior distribution
of the training data – obtained using a 3-mixture Gaussian Mixture Model. Since visualizing a contour
plot in more than 2 dimensions is challenging, only 2D slices of the joint probability distribution for
each combination of parameters are plotted in Fig. 4.15. The 2D contours here are essentially slices
taken from a higher-dimensional space at the predicted mean of each parameter not represented in that
panel. Furthermore, while the probabilities are plotted down to machine-precision, any mixture with a
weight below 10−8 is discarded. Gaussian mixtures below extremely low values can be dominated by
the variances and cause visual artefacts in the plots. This occurred in 1 out of the 3 mixtures in both the
examples.

Fig. 4.15 shows that the predicted probability distributions capture the actual value (marked by a
blue cross or red plus sign). For parameters that are difficult to constrain such as 𝐸 or 𝑉 , the probability
distributions are expectedly “stretched” along these parameters: a wide range of the these parameters can
satisfy an observation. Similarly, for better-constrained parameters such as [ref and Λ, the probability
distributions are smaller “discs”.

Furthermore, these high-dimensional probability distributions capture the inter-parameter
correlations and the associated degeneracy. For example, the 𝑇ini − [ref plot in Fig. 4.15b shows that
to reach the provided end state, one has a disc of options to pick from. For the planet to reach the
specified end state, it can start from a lower reference viscosity as long as one compensates for that with
a higher initial temperature. Alternatively, if the planet was cooler at the beginning, it would need to
convect sluggishly to maintain a certain heat budget at the end of its thermal evolution. In this way,
the joint MDNs provide a more comprehensive picture of all the evolution scenarios that fit the given
observational constraints.
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4.6 Towards using real data from Mars as Observables

Throughout this study only synthetic observables derived from the outputs of the simulations were
considered. There are two main reasons for not inverting actual observations that already exist for Mar.

First, the 2D thermal evolution models employed here would need to be improved in certain aspects
before comparing them with real data for Mars. The limitations of the forward model - as explained in
Sec. 2.4 - include the loss of extracted radiogenic heat sources, lack of secondary crust production
in a self-consistent manner, use of a smaller core than what the InSight mission has revealed and the
computational domain which does not approximate the 2D simulations as well as a spherical annulus
and which does not account for the crustal dichotomy, for which ideally a full 2D geometry would be
needed. Once the 2D model has been improved, certain observables, which have a global character, can
be used. Examples of such observables would be accumulated contraction recorded by compressive
geological features (Mueller and Golombek, 2004; Knapmeyer et al., 2006; Nahm and Schultz, 2011)
or the mantle potential temperature at a certain time in the past, as inferred from petrological analyses
of meteorites (Filiberto and Dasgupta, 2015). These can be inverted using either 1D parameterized
convection models (e.g., Grott and Breuer, 2010; Morschhauser et al., 2011; Thiriet et al., 2018) or
using averaged 2D models such as the one in this study.

Second, most other observables that can be useful in constraining the thermal evolution of Mars are
highly localized in space and time. Examples are i) the thickness of the elastic lithosphere associated
with the loading of surface features (e.g., McGovern et al., 2002; Phillips et al., 2008; Broquet et al.,
2020); ii) the surface heat flux; iii) the local thickness of the crust, which can be inferred from gravity
and topography data (e.g., Wieczorek and Zuber, 2004; Goossens et al., 2017), or detected seismically,
as done by the InSight mission (Knapmeyer-Endrun et al., 2021), along with possibly additional seismic
discontinuities providing clues as to the interior temperature; and iv) indications of past volcanic activity
at specific locations (e.g., Werner, 2009; Hauber et al., 2011).

In order to invert these localized observations, the MDNs would need to be trained on 3D data
generated with simulations. The 100 3D models used by Plesa et al. (2018) would provide a suitable
starting point. However, to create a 3D dataset thousands of simulations spanning and covering the
broad range of parameters as used in this study remains a daunting computational challenge. That said,
if such a dataset could be generated, it would provide an opportunity to place tighter constraints on key
model parameters. Observations of the same quantity such as the elastic lithosphere at multiple locations
on a planet could implicitly capture more information about the convection structures underneath. This
would be especially helpful for the less well constrained parameters such as activation energy and
activation volume of the diffusion creep. One can probably use MDNs to invert the 3D simulations
in space and time, however, the feed-forward layers would need to be modified. Incorporating prior
knowledge of the data into the neural network architecture generically leads to both a more accurate and
faster training process as well as to better generalization (Mitchell, 1980). Convolutional architectures
(such as a convolutional neural network) are well suited to maintaining the spatial correlations in inputs
to the network. Similarly, recurrent neural networks are suitable candidates for tackling the temporal
aspect of the simulations (see Goodfellow et al. (2016) for a review).

With an appropriate dataset and a suitable machine learning architecture for the inversion, the
final consideration that remains would be the noise in the observables. For each synthetic observable
considered in this study, Table 4.1 shows the dimensional values of the corresponding noise levels.
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Table 4.1: (Agarwal et al., 2021a) Dimensional noise levels for all synthetic observables.

Observable 0.01𝜎o 0.1𝜎o 0.3𝜎o 0.5𝜎o 0.8𝜎o 1.0𝜎o
𝑄c [mW m−2] 0.01 0.1 0.4 0.6 1.0 1.3
𝑄s [mW m−2] 0.02 0.2 0.7 1.1 1.8 2.2
Δ𝑅th [km] 0.14 1.3 4.1 6.8 10.8 13.5
𝐷e [km] 0.5 5.4 16.3 27.2 43.4 54.3
𝐷melt [km] 1.0 10.0 29.0 48.3 77.3 96.6
𝑡volc [Gyr] 0.02 0.2 0.6 0.9 1.6 2.0
𝑇pt,1 [K] 1.0 10.0 29.5 49.1 78.6 98.3
𝑇pt,2 [K] 1.1 10.7 32.2 53.7 86.0 107.0

Temperature estimates with uncertainties between ±50 and ±100 K, corresponding to noise levels
between ∼ 0.5 and 1𝜎0, can be considered realistic not only for the Earth (e.g., Boehler, 1996; Katsura
et al., 2010), but also for Mars (Filiberto and Dasgupta, 2015). Similar to the temperature, determining
the thickness of the elastic lithosphere to within 0.5 − 1𝜎0 and the accumulated radial contraction could
be possible (Grott and Breuer, 2010; Nahm and Schultz, 2011). However, measuring the surface heat
flux with an accuracy of less than a couple of mW/m2 (i.e. to within 1𝜎0) would not be within reach of
the HP3 experiment even if the InSight mission had been successful (the expected uncertainty of the
experiment was in fact ±5 mW/m2 (Spohn et al., 2018)).

Despite the limitations cited earlier in this subsection regarding the simplicity of the model and
the need for inverting 3D observables, an inversion of noisy observables is carried out. Estimates for
the constraints on all parameters is provided, under the assumption of knowing only four observables:
the two temperature points, radial contraction and elastic lithosphere thickness. For these quantities,
a conservatively realistic noise level of 1.0𝜎o is added and compared with noise levels of 0.1𝜎o and
0.5𝜎o for reference. Fig. 4.16 shows the individual probability distributions along with the average
standard deviation for each estimated parameter. For an uncertainty of 1.0𝜎o, [ref can approximately be
constrained to within 52%, 𝐸 within 75%, Λ within 54%. 𝑉 cannot be constrained, and, as expected,
the constraints on 𝑇ini are also lost at 1.0𝜎o due to the noise.

4.7 Summary and discussion

This chapter was dedicated to building a probabilistic framework which inverts observables to constrain
key parameters governing the thermal evolution of rocky planets. Mixture Density Networks (MDNs)
were used to invert several synthetic observables from outputs of mantle convection simulations for a
Mars-like planet. A log-likelihood was used as the loss function to optimize the weights of the MDN as
well as to quantify the degree to which a parameter can be constrained. The data to train, validate and
test MDNs came from a subset of 10, 040 thermal evolution simulations, run on a 2D quarter cylindrical
grid. To keep the number of computations tractable, only 6130 simulations that reached the end time of
4.5 Gyr were used.

Results showed that given all observables (surface and CMB heat fluxes, elastic lithospheric
thickness, radial contraction, duration of volcanism and amount of melt produced) reference viscosity
and enrichment factor could be constrained the best. Initial mantle temperature could also be traced
back to a high accuracy as long as radial contraction was available was an input to the MDN in addition
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Figure 4.16: (Agarwal et al., 2021a) The conditional 1D probability distributions on mantle convection
parameters obtained by inverting four noisy observables: thermally-induced accumulated radial contraction
(Δ𝑅th), elastic lithospheric thickness (𝐷e), and two temperature points at reference depths for the phase
transitions (𝑇pt,1 and 𝑇pt,2).

to the present-day thermal state. However, activation energy of the diffusion creep could only be weakly
constrained and activation volume of the diffusion creep remains unconstrained in the current setup.

Using MDNs and their log-likelihood function allows one to answer not only what needs to be
measured, but also how well. Uncertainty in measuring observables was emulated by adding Gaussian
noise as a function the variance of the distribution of the observable (𝜎o). The key result was that while
all parameters lose their constraints at high levels of noise, some are particularly susceptible. Initial
temperature was the most sensitive parameter.

Finally, another factor that can impact the constraints was considered: namely, the amount of data
available to train the MDNs. Indeed, the results show that training MDNs requires both a good quality
(as captured by the prior log-likelihood) as well as a good quantity of data: with the number for the
latter being ∼ 2000 simulations for the most conservative case for the 1D marginal MDNs.

A key contribution of this chapter is the extension of marginal MDNs, first proposed by Bishop
(1994), to joint MDNs. The joint inversion for all parameters showed that by accounting for the
correlations and trade-offs among different parameters, joint MDNs provide a more comprehensive
picture of all the evolution scenarios that can fit the given observational constraints.

Thus, in many ways this work builds upon some previous inverse studies in geodynamics (e.g.,
Atkins et al., 2016; Wit et al., 2013). However, many limitations still remain to be addressed, making
this a “proof-of-concept” in many regards:

1. As stated in Sec. 4.6, this dataset of mantle convection simulations for a Mars-like planet is
not appropriate for comparison with actual data from Mars. At the very least, the 2D model
here needs to be improved with respect to how melting is treated, what mantle to core radius
ratio is used, how crustal dichotomy cannot be accounted for in a quarter-cylindrical geometry,
and how a cylinder is not the most appropriate 2D approximation of 3D simulations. However,
ideally, one should use 3D simulations (e.g., Plesa et al., 2018) as several key observables such
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as the elastic lithospheric thickness, surface heat flux and volcanic activity at certain times and
certain locations are highly localized in space. These observables are also highly localized in
time. While huge computational resources are needed for generating several hundred 3D mantle
convection simulations, at the same time it would also provide an opportunity to place tighter
constraints on the parameters.

2. Given that some parameters can only be poorly or not at all constrained (e.g. activation volume
of the diffusion creep), one can consider searching for new observables in space and time, as well
as in other fields than simply temperature and melt. For example, one could also invert seismic
velocities and gravity measurements.

3. In this study, only five parameters were varied. However, Wit et al. (2013) inverted for 29
parameters and Atkins et al. (2016) varied 59 parameters. Thus, it remains to be seen how much
the inclusion of other parameters would weaken the constraints on the current five parameters.
More parameters increase the degeneracy of the problem by making the observation space larger.
This is probably the reason Atkins et al. (2016) found it difficult to constrain most parameters even
after 3 Gyr of the evolution and despite using (reduced representations of) the 2D temperature
fields instead of sparse global quantities. Although, they considered Earth, which has a different
mode of convection than Mars, making direct comparisons between the two studies is non-trivial.

4. A more efficient formulation of the inverse learning problem of finding observables that can
constrain mantle convection parameters is desirable. Already in this study, by explicitly treating
each set of observables as a different learning problem, 1010 networks had to be trained. To
train on all 127 combinations of observables times 5 parameters times 8 sizes of datasets times 9
levels of noise times 5 repetitions times 35 time steps per simulation would take approximately
30 years to train on the 17 GPUs that were available for this study. This does not even include
architecture selection or searching for specific temperature-pressure points in the 1D, 2D or 3D
temperature fields! Instead of going through several millions of such combinations, one could
consider more elegant approaches. One idea would be to apply some recent work in explainable
artificial intelligence to identify which points from observations in space and time are needed
(see Montavon et al. (2019) for an overview of layerwise relevance propagation techniques).
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5
Learning two-dimensional surrogates
from mantle convection simulations

5.1 Motivation

The inversions of point (“0D”) and 1D observables in Chapter 4 showed that more information about
the thermal state of a planet might be needed for constraining certain parameters and initial conditions.
For example, using the rich convection structures such as plumes and downwellings as observables
could help constrain activation energy and the activation volume of the diffusion creep, among other
parameters. Of course, actually observing such structures for Mars is likely to remain out of reach for
the foreseeable future.

The inversion of the 2D temperature fields could also be carried out using MDNs. However, one
disadvantage of inverse models is that they might not preserve some physical insights. So, an end
user could correctly understand that a higher present day heat flux hints at a lower reference viscosity,
but they would still not be able to visualize the vigorous convection patterns that this lower reference
viscosity leads to in the underlying mantle. Hence, providing fast forward surrogates in the form of
trained networks could be valuable. These surrogates could then be used for inversion: either by
generating data to then invert (e.g., using MDNs) or to plug into an MCMC algorithm (e.g., Magali
et al., 2020).

Therefore, in this chapter, surrogate modeling is revisited, but for predicting the entire 2D temperature
fields instead of simply the 1D temperature profile (Chapter 3). Using the same five parameters used
throughout this thesis, the spatio-temporal thermal convective evolution of a Mars-like planet is
predicted. With respect to the thermal evolution of terrestrial planets, the 2D temperature distributions
can be used to calculate a number of fields of interest and relate them to various quantities that can be
inferred from actual observations. Lateral variations in the heat flux are important for estimating the
elastic lithospheric thickness (e.g., Plesa et al., 2016). Spatio-temporal variations in the heat flux at the
core-mantle boundary affect the generation and morphology of the magnetic field (e.g., Amit et al.,
2015). The formation of plumes and downwellings is important for calculating the amount of melt

61



5. Learning two-dimensional surrogates from mantle convection simulations

produced during the thermal evolution and to relate this to estimates of the thickness of the crust (e.g.,
Plesa and Breuer, 2014).

As noted in Chapter 3, machine learning for approximating forward mappings from parameters to
outputs of simulations has found somewhat limited attention in mantle convection thus far (Atkins, 2017;
Shahnas and Pysklywec, 2020; Gillooly et al., 2019; Magali et al., 2020; Agarwal et al., 2020). However,
in the broader field of fluid dynamics, machine learning for predicting flows is an active research area.
For example, Nonnenmacher and Greenberg (2021) showed how “emulators” can be trained to model
the dynamics of the chaotic Lorenz-96 simulator. Pandey and Schumacher (2020) demonstrated that a
direct numerical simulation of two-dimensional turbulent Rayleigh-Bénard convection can be modeled
using reservoir computing.

Another data-driven study learns the dynamics of a 3D direct numerical simulation (Mohan et al.,
2020b). They compressed the velocity fields using convolutional autoencoders (Masci et al., 2011).
Convolutional autoencoders successively down-size the original field (or image) into a bottleneck, from
where they are reconstructed back to the original size. In this way, the dimensionality of the original
high-resolution fields can be decreased and made more computationally efficient to work with. Mohan
et al. (2020b) then predicted these compressed time steps using a convolutional long short-term memory
(LSTM) network (Shi et al., 2015). LSTMs are an example of a broader class of algorithms called
recurrent neural networks, which are used for training on sequential or temporal data. LSTMs learn to
modify the previous time steps to predict the next one, thereby allowing one to learn the attractor for the
underlying dynamics.

In the above studies, the time steps of the same, single simulation are split into training and test sets.
Although, for mantle convection, one needs to model all the time steps of different simulations. At least
in 2D, it is possible to generate a relatively large number (few hundreds to few thousands) of mantle
convection simulations, each of which takes anywhere between 20 and 500 CPU hours depending on
the combination of parameters. One can use the term “parameterized” to describe such surrogates
which can predict a flow given certain parameters, as opposed to, for example, Pandey and Schumacher
(2020) and Mohan et al. (2020b). As an example of parameterized surrogates, Bhatnagar et al. (2019)
used a convolutional encoder-decoder architecture for predicting pressure and temperature fields around
airfoils, given the spatial grid as well as two additional parameters (angle of attack and Reynolds
number). Similarly, Kim et al. (2019) proposed a generative algorithm, which among other things, could
predict flows with different parameters. Brunton et al. (2020) provides an overview of machine learning
techniques that have been used for dimensionality reduction, prediction and optimization and control in
fluid dynamics. Some other paradigms of machine learning in fluid dynamics (e.g., physics-informed
neural networks) will be discussed towards the end of the chapter as possible directions for future work.

The chapter, based on Agarwal et al. (2021b), is structured as follows. The dataset of 2D mantle
convection simulations for a Mars-like planet are introduced in Sec. 5.2. In Sec. 5.3, the 2D temperature
fields are compressed using convolutional autoencoders. The compressed fields are then predicted using
FNNs in Sec. 5.4.1 and using LSTMs in Sec. 5.4.2. The FNN and LSTM predictions are compared
in Sec. 5.4.3. The chapter ends with a summary of the results and a discussion on potential ideas to
improve the efficiency and accuracy of surrogate modeling.
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5.2 Dataset of convective two-dimensional thermal evolution simulations

5.2 Dataset of convective two-dimensional thermal evolution simulations

The dataset used in this study has the same setup in terms of the physics and the computational grid as
the one used in Chapter 4. However, the unfinished simulations in the dataset were run for longer using
GAIA (Hüttig et al., 2013) to generate more time steps for vigorously convecting simulations. As a
result of investing approximately 300, 000 more CPU hours – bringing the overall total to 2 million
CPU hours – 7, 274 simulations reached the end time of 4.5 Gyr, as compared to 6, 130 in the previous
chapter. Although, like with 1D surrogate modeling in Chapter 3, all the available time steps are used
here to train the machine learning algorithms.

Given the challenging learning task of predicting temperature fields with dimension 302 × 394 =

118, 988, 98% of the data is used for training. 1% of the remaining data is used for cross-validation and
the other 1% is used for testing. Their distribution is plotted in Fig. B.1 (in Appendix B).

To give an idea of the variety of flows that a surrogate model would ideally be able to predict,
the time-series of the temperature field of two end-member GAIA simulations in the test set are
plotted in Fig. 5.1. The sluggishly convecting simulation in Fig. 5.1a has the following parameters:
[ref = 3.6 × 1021 Pa s, 𝐸 = 1.6 × 105 J mol−1, 𝑉 = 4.4 × 10−6 m3 mol−1, Λ = 15.3 and 𝑇ini = 1634
K. The downwellings created are larger and their convective transport is slower as compared to the
simulation in Fig. 5.1b. The second simulation has the following parameters: [ref = 5.0 × 1019 Pa s,
𝐸 = 1.5 × 105 J mol−1, 𝑉 = 7.6 × 10−6 m3 mol−1, Λ = 30.7 and 𝑇ini = 1705 K. It also has a thinner lid,
as is characteristic of more vigorously convecting simulations which develop steeper thermal gradients
at their boundaries.

5.3 Compression of temperature fields using Convolutional Autoen-
coders

Since directly predicting the 302 × 394 dimensional temperature fields could introduce a lot of trainable
parameters and increase the risk of over-parameterization, they are first compressed. Compressing
them could also alleviate the memory requirements, since the temperature fields alone account for
approximately 1 TB – more than what most computers can hold in memory. Data-generators can be
used to read the simulation data and prepare batches on the fly, thereby bypassing the need to hold the
data in the CPU memory. Yet, these data-generators must be carefully programmed to ensure that the
data can be efficiently read and fed to the CPU or the GPU; in practice, reading data during training
is all but guaranteed to be slower than accessing already loaded data from memory. Hence, using
data-generators at the compression stage of huge datasets could later help in quickly scanning through
different prediction algorithms and architectures, provided that the compressed dataset can indeed fit in
the computer’s memory while at the same time retaining enough features after the compression.

Proper orthogonal decomposition (POD) has been the go-to reduced order modeling technique in
fluid dynamics. After flattening each time step of a simulation and arranging all the flattened time steps
into an array, singluar value decomposition can be used to decompose the array. The resulting singular
values (eigenvalues) show which are the most important modes for retaining the dynamics of the flow.
POD can thus be used for truncating high-fidelity simulations using the most dominant modes (Lumley,
1967). It is an effective tool when considering a single simulation (e.g., Pandey and Schumacher,
2020). However, when considering different simulations with multiple parameters, the orthonormal
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(a)

(b)
Figure 5.1: Non-dimensional temperature fields for two end-member thermal evolution simulations in the
test set: (a) sluggishly convecting mantle (b) vigorously convecting mantle. The colorbar is clipped below
0.5 to enhance the contours of the convection structures at the base of the lid.
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302,394,15,7,24302,394,1

(

Original temperature field 
(GAIA)

Reconstructed temperature field 
(ConvAE)

(a)

(b)

*( 𝑏tanh

h01 h02 ⋯

h11 h12 ⋯

⋮ ⋮ ⋱
+ =

Figure 5.2: (Agarwal et al., 2021b) Convolutional autoencoders for reducing the dimensionality of the
2D temperature fields from GAIA simultions. (a) Filters with trainable parameters (w) move across the
computational domain with specified strides. After the convolution operation (∗), the bias 𝑏 is added to it
before applying a non-linear activation function (e.g. tanh()), resulting in the entries for the next hidden
layer h. (b) Several layers are used to reduce the size of the original field (302 × 394 × 1) until a desired
encoding or latent space representation is obtained (5 × 7 × 24). Deconvolution operations are then used to
reconstruct the latent space back to its original dimensions (302 × 394 × 1).

bases of one simulation do not generalize well onto those of another and often require non-trivial
basis interpolation. (e.g., Friderikos et al., 2020). Recently, Mohan et al. (2020b) demonstrated that
convolutional autoencoders (ConvAE) (Masci et al., 2011) provide a powerful non-linear tool for
compressing flow fields, bypassing the need for calculating POD modes. Still, POD is later revisited as
a diagnostic tool in Sec. 5.4.3.

A ConvAE uses convolutional filters instead of fully connected layers in an FNN. This dramatically
reduces the number of trainable parameters due to sharing of the weights and enables the network to
retain spatial correlations because of the 2D structure of a convolutional filter (Masci et al., 2011). Fig.
5.2(a) shows a filter with trainable weights w, which moves across the state variable field (temperature
in this case) as specified by a hyperparameter called “stride”. A stride of 2, for example, means that
the filters move two units (two numerical grid cells) horizontally and then when a row is completed,
two units vertically. In this study, a filter with height 5 and length 7 (also hyperparameters) convolves
with the temperature field at strides of 2 in both 𝑥− and 𝑦−direction. The tanh() activation function is
applied to the sum of the bias and the convolution product, which returns the output for the next hidden
layer which can then be convolved on and so on. In this manner, convolutional layers successively
compress the original temperature field to a latent space representation of desired size (Fig. 5.2(b)).
Then, the deconvolution operation can be used to restore the compressed state back to the original size.
With the forward graph set up, the difference between the original and reconstructed 2D temperature is
minimized by back-propagating the derivative of the error with respect to the network weights.

The ConvAEs are trained using Keras (Chollet et al., 2015). Given the size of the entire training set
(∼ 1 TB), the GPU is fed mini-batches of 16 temperature fields (i.e. time steps of any simulation) during
training. L2 regularization and early-stopping by manually monitoring the validation loss (mean-squared
error) are used to prevent over-fitting and the optimization is carried out using Adam (Kingma and
Ba, 2014). Since the computer cannot hold the entire training-set in memory, a data-generator is used.
Keras’ fit-generator has multi-processing built in for creating multiple batches in parallel. Each batch is
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(a)

(b)

Figure 5.3: (Agarwal et al., 2021b) Two examples of compression and reconstruction from the test set
for different architectures of convolutional autoencoders. The error between the original temperature field
(GAIA) and the reconstructed field (ConvAE) is plotted in the third column, along with the horizontally-
averaged 1D temperature profiles in the fourth column: GAIA (blue), ConvAE (red), difference difference
between the two profiles (grey). The size of the latent space is indicated in the title of the reconstructed plots
in the second column.
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then populated using multi-threading with the help of Joblib (Joblib Development Team, 2020). It takes
around 6 hours for one epoch to complete due to the cost of reading data and supplying it to the GPU.
Fortunately, after 5–10 epochs, acceptable results are obtained.

Fig. 5.3(a) and 5.3(b) show reconstructed temperature fields from two different examples in the test
set for three different ConvAE architectures with different dimensionality of the latent space. The more
the temperature fields are compressed, the less accurate the reconstruction is. In all the plots of the
temperature field in this chapter, the non-dimensionalized temperature and the non-dimensionalized
radius are plotted and the colorbar is clipped below 0.5 and above 1.0 to enhance the visualization of
plumes and downwellings. The ConvAE with a latent space size of 840 (or width × height × channels =
5× 7× 24) offers an excellent compression factor of 142, while being able to reconstruct the temperature
fields with a mean relative accuracy of 99.80% on the test set. To calculate the mean relative accuracy,
the dimensionalized temperature fields are used in order to avoid division by zeros at the surface. In
comparison, ConvAEs with 1620- and 7600-dimensional latent spaces are 99.88% and 99.90% accurate,
respectively. Therefore, the 840 ConvAE is picked for compressing the dataset.

In the following subsections, two different prediction algorithms are used to predict the 840-
dimensional compressed fields, which are then reconstructed back to the original dimensions of
302× 394 using the trained decoder for comparison. The data to be trained on is now 7 GB, instead of 1
TB. While the 1620- and 7600-dimensional encodings are able to capture the smaller downwellings
far better than the 840-dimensional encoding, they are not used for training LSTMs. An LSTM cell
has 8 times as many trainable parameters as a dense FNN layer and having to predict two or nine
times as many numbers would explode the number of free weights. Training FNNs on the 1620- and
7600-dimensional outputs, on the other hand showed no improvement in the quality of the temperature
fields predicted. At best, the largest scale convection structures could be captured irrespective of the
encoding size, suggesting that a lot more data would be required, before medium and smaller convection
structures could be accurately predicted.

It is also worth mentioning that the computational grid is structured, but not uniform, as is so often
the case in computer vision applications. This makes the results of the simple ConvAE encouraging.
The different filters in the ConvAE seem to be capable of capturing features at different spatial
scales. However, accounting for the curvilinear nature of the mesh and potentially achieving a higher
compressibility ratio and better accuracy would make for interesting future research.

5.4 Prediction of the compressed temperature fields

5.4.1 Feedforward neural networks for predictions

With the size of each 2D temperature field compressed from 302 × 394 down to 840, the task of
predicting the latent space representation solely from the five parameters remains. Since the FNNs did
well in predicting the 1D temperature profile from the same parameters in Chapter 3, they provide a
good starting point.

As Fig. 5.4 shows, five parameters, which are inputs to the mantle convection simulations, are
taken as inputs for the FNN, including the time at which the temperature field is being predicted as a
sixth input. For computational efficiency, the FNNs are trained using the Adam optimizer with small
mini-batches of 16 compressed temperature fields. Scaled Exponential Linear Unit (SELU) is used as
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Figure 5.4: (Agarwal et al., 2021b) (a) Using FNNs to predict the compressed temperature fields from the
five simulation parameters The five parameters governing mantle convection and time are used to predict the
compressed temperature fields. Skip connections add the output of each hidden layer after activation to the
output of each of the following hidden layers before activation. (b) After the training is complete, the trained
decoder from ConvAE is used to reconstruct the temperature field back to its original dimensions.

the activation function (Klambauer et al., 2017):

𝑆𝐸𝐿𝑈 (𝑥) = _
{︄

𝑥 if 𝑥 > 0
𝛼𝑒𝑥 − 𝛼 if 𝑥 ≤ 0

, (5.1)

because it seemed to slightly outperform tanh. In Eq. (5.1), 𝛼 = 1.67326324 and _ = 1.05070098 are
pre-defined based on the original paper (Klambauer et al., 2017). The learning rate is scheduled to
decrease by a factor of 10 after 200 epochs and then again by a factor of 10 after the next 300 epochs.
During the training, the network is saved only if the validation loss drops. Furthermore, a dropout of
5% after each hidden layer is used for regularization. Once the training has finished, the 2D fields are
reconstructed back to their original dimensions from the predicted latent states as a post-processing step
using the already trained decoder part of the ConvAE (Fig. 5.4b).

Different FNN architectures with fully connected dense layers were tested, whose mean squared
error (MSE) on the training and the cross-validation data is plotted in Fig. 5.5. The cross-validation
losses for different networks converge to very similar values. The same seems to be true for the loss
on the training set, although perhaps the lower MSE of the deepest network with eight hidden layers
of 400 neurons might suggest slight over-fitting. Since some deep architectures such as those with
five hidden layers with 800 neurons each and eight hidden layers with 400 neurons each are trained,
skip connections are used. Each hidden layer is added to every following hidden layer before applying
the activation function to it. Using skip connections made it easier to train FNNs, in agreement with
the study by Li et al. (2018), where the authors demonstrated that adding skip connections makes the
optimization landscape smoother. Fairly wide and deep architectures were used given the challenging
task of predicting a 840–dimensional vector. Therefore, in addition to skip connections, the SELU
activation function was used to alleviate the problem of vanishing and exploding gradients typically
observed in deep networks (Klambauer et al., 2017).

To evaluate how the FNN predictions compare to the original GAIA simulations, the same two cases
from the test set are taken as in Fig. 5.1. The FNN with 8 hidden layers of 400 units each is used to predict
the thermal convective evolution of a sluggish mantle in Fig. 5.6 and that of a mantle characterized
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Figure 5.5: (Agarwal et al., 2021b) The evolution of the mean-squared error (MSE) on the training data and
on the cross-validation data for different FNN architectures. The legend shows the number of hidden layers
as well as the number of neurons per layer of a given FNN architecture. For example, 4 × 1800 means the
network has four hidden layers with 1800 neurons each. The step-like drop after 200 epochs is a result of the
decrease in the learning rate.

by vigorous convection in Fig. 5.7. In both the figures, the 1D profiles show good agreement, as also
previously observed in Chapter 3. This shows that predicting the 1D temperature profile is a relatively
easy learning task. However, when it comes to predicting the richer 2D structures, the FNN does not
fare so well. In particular, cold, sub-lithospheric downwellings, which are a fundamental feature of
the planform of stagnant-lid convection, tend to be lost by the FNN prediction. This is observed at
later stages of the evolution for Fig. 5.6 at 3.0 Gyr, for example. For Fig. 5.7, these structures are lost
much earlier, i.e., already at 1 Gyr. Furthermore, if one looks at animations of these simulations, the
FNN predictions fail to capture the vigor of convection. Even when the FNN captures a downwelling
early on in the evolution, its lateral transport is not captured and instead the predictions look like a very
slow collage of snapshots which only match the true solution to the order of the 1D temperature profile.
This defeats the purpose of 2D modeling. On average, the 2D temperature fields predicted by FNN are
99.30% accurate (mean relative accuracy of dimensionalized temperature fields) with respect to GAIA
and 99.35% with respect to ConvAE. Since the upwellings and downwellings are small with respect
to the overall mantle, the failure of FNNs in predicting them is not as punishing for the mean relative
accuracy as one might expect.

5.4.2 Long short-term memory networks for predictions

The failure of the FNNs to capture the dynamics of mantle convection, especially downwellings, can be
attributed to the fact that the temporal snapshots of any given simulation are disconnected. By treating
time only as an additional input variable and shuffling time steps of different simulations (but within the
training/validation/test sets), the details of the dynamics of the flow are somehow lost. This motivates
a look at recurrent neural networks that have been shown to be successful for a variety of Natural
Language Processing tasks. Recurrent architectures such as LSTM (Hochreiter and Schmidhuber, 1997)
provide a back-propagation mechanism acting through a sequence of inputs (such as time steps of a
simulation), thereby allowing the network to learn temporal dynamics (e.g., Mohan et al., 2020b; Eivazi
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Figure 5.6: (Agarwal et al., 2021b) Example of a sluggishly convecting simulation from the test set (same
as in Fig. 5.1a). The temperature field from GAIA and its equivalent FNN prediction are shown in column
1 and 2, respectively. The third column shows the difference between the two. Column 4 shows the
horizontally-averaged 1D temperature profiles from GAIA (solid blue) and FNN (dashed red), as well as the
difference between the two (grey).
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Figure 5.7: (Agarwal et al., 2021b) Example of a vigorously convecting simulation from the test set,
same as in Fig. 5.1b. The temperature field from GAIA and its equivalent FNN prediction are shown in
column 1 and 2, respectively. The third column shows the difference between the two. Column 4 shows the
horizontally-averaged 1D temperature profiles from GAIA (solid blue) and FNN (dashed red), as well as the
difference between the two (grey).
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Figure 5.8: Adapted from Agarwal et al. (2021b). A comparison of (a) FNNs and (b) an “unrolled”
many-to-one LSTMs for predicting compressed temperature field 𝑇𝑡 . The input to each LSTM cell comprises
of the compressed temperature field at time 𝑡𝑖−1 and some other parameters: a mask for whether the next
time step exists, the difference between the time step used as input and the one being predicted (Δ𝑡), the five
mantle convection parameters ([ref , 𝐸 , 𝑉 , Λ and 𝑇ini), as well as the time itself 𝑡𝑖−1 of the input compressed
temperature field. In practice, the mask is used by the data-generator to decide whether to provide the next
time step as output to train the LSTM on. (c) An illustration of an LSTM cell with three main gates: forget
(Eq. 5.2), update (Eq. 5.3–5.5) and output (Eq. 5.6).

et al., 2020). Furthermore, by using the previous states as inputs for predicting the future state, recurrent
architectures simplify the learning task to learning only an update to the previous time step.

Mohan et al. (2020b) break the time-series of their direct numerical simulation into several, smaller
training examples by using 3-to-3 LSTMs: 3 time steps are used to predict the next 3 time steps.
However, after trying many different variants for this problem, such as 3-to-3, 40-to-40, 400-to-400,
10-to-1, 20-to-1 and 30-to-1, it was found that many-to-one architectures performed the best. Training
on the full time-series of 400-to-400 did not deliver optimal results, despite the fact that LSTMs are
designed to overcome vanishing gradients and retain information over longer time intervals than RNNs.
This is probably because of the wide disparities in the number of time steps available per simulation,
but also because breaking the time-series into smaller parts simplifies the learning task greatly and
provides more training examples to learn from. On the contrary, smaller many-to-many LSTMs were
easier to train, but showed a problematic pattern, which can be best described as a “beating heart”. For
a 40-to-40 LSTM, for example, after every 40 time steps, the simulation would not transition smoothly
and show a blip, as if the time-series was almost restarting. This problem could not be alleviated even
by decreasing the temporal stride to 1, i.e., by taking 40-to-40 time steps and then 41-to-41 and so on.

However, many-to-one LSTMs (Fig. 5.8b) were able to overcome the “beating heart” pattern by
optimizing the trainable weights based on the difference between only one true and predicted time step
as opposed to many. Although, it remains an open question, as to why that is the case. After some
trial and error, 20 time steps seemed to serve as a rich-enough input to the LSTM to predict the 21-st
compressed temperature field.

Many-to-one LSTMs learn the compressed temperature field at time 𝑡 from previous 20 time steps
and some additional parameters: a mask for whether the next time step exists, difference between the
time step used as input and the one being predicted (Δ𝑡), the five mantle convection parameters ([ref ,
𝐸 , 𝑉 , Λ and 𝑇ini), as well as the time itself 𝑡𝑖−1 of the input compressed temperature field. Since the
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time steps for simulations were stored after a specified number of iterations of the numerical solver, as
well as at every physical time-interval of 100 million years of planetary evolution, this resulted in a
non-uniform time-series. Hence, a “masking” parameter is used, as done for example by Che et al.,
2018, to specify if there is a time step to predict (𝑚𝑎𝑠𝑘 = 1) or not (𝑚𝑎𝑠𝑘 = 0). Most of the simulations
have less than 200 time steps, although 9 simulations exceed 400. When 20 previous inputs are not
available, say for time step 10, then time steps 0 through 9 are filled with the initial state (step 0). This
way, the thermal evolution of a planet can be simulated based purely on the initial mantle temperature.

For completeness, the equations for an LSTM cell are provided here. Referring to Fig. 5.8(c), an
LSTM cell has three main blocs. The “forget” gate 𝑓𝑡 determines how much information from the
previous cell-state 𝐶𝑡−1 should be retained given the input vector 𝑥𝑡 and the previous hidden state ℎ𝑡−1:

𝑓𝑡 = 𝜎
(︁
𝑊 𝑓 𝑥𝑡 +𝑈 𝑓 ℎ𝑡−1 + 𝑏 𝑓

)︁
. (5.2)

Here, 𝜎 is the sigmoid activation (𝜎(𝑥) = (1/(1+ 𝑒−𝑥)),𝑊 𝑓 ∈ R𝑛×𝑚 is an array of trainable parameters,
𝑛 is the number of LSTM cells, 𝑚 is the size of the input vector 𝑥𝑡 . 𝑈 𝑓 ∈ R𝑛×𝑛 is another array of
trainable parameters and 𝑏 𝑓 ∈ R𝑛 is a set of biases. The subscript 𝑓 in𝑊 𝑓 and 𝑏 𝑓 is associated with
the forget gate.

Then, in the “update” bloc, a sigmoid layer decides which values should be updated:

𝑖𝑡 = 𝜎 (𝑊𝑖𝑥𝑡 +𝑈𝑖ℎ𝑡−1 + 𝑏𝑖) , (5.3)

while the 𝑆𝐸𝐿𝑈 layer creates new values �̃�𝑡 to be added to the state:

�̃�𝑡 = 𝑆𝐸𝐿𝑈 (𝑊𝑐𝑥𝑡 +𝑈𝑐ℎ𝑡−1 + 𝑏𝑐) . (5.4)

𝑊𝑖 and 𝑊𝑐 are the weights for the input connections, where subscript 𝑖 denotes the weights used to
update values and subscript 𝑐 denoted the weights used to create new values. Similarly,𝑈𝑖 and𝑈𝑐 are
weights for the recurrent connections and 𝑏𝑐 and 𝑏𝑖 are biases.

Using Eq. (5.2)–(5.4), we can now update the cell state 𝐶𝑡 :

𝐶𝑡 = 𝑓𝑡 ⊙ 𝐶𝑡−1 + 𝑖𝑡 ⊙ �̃�𝑡 , (5.5)

where, ⊙ is an element-wise (Hadamard) product.
Finally, a last sigmoid layer decides the amount of cell state to be outputted via the dot product of

output 𝑜𝑡 with the 𝑆𝐸𝐿𝑈 () of the cell state:

ℎ𝑡 = 𝜎 (𝑊𝑜𝑥𝑡 +𝑈𝑜ℎ𝑡−1 + 𝑏𝑜) ⊙ 𝑆𝐸𝐿𝑈 (𝐶𝑡 ), (5.6)

where,𝑊𝑜,𝑈𝑜 and 𝑏𝑜 are the final set of trainable input weights, recurrent weights and output biases,
respectively.

As with the ConvAE and the FNN, the LSTMs are trained in Keras. The four different gates with
two sets of weights each in an LSTM cell mean that there are 8 times as many trainable parameters
per hidden layer as a regular dense layer in an FNN. Therefore, only a limited number of LSTM
architectures were tested as shown in Fig. 5.9. For computational efficiency, 𝑆𝐸𝐿𝑈 was used instead of
tanh as activation function (Phankokkruad and Wacharawichanant, 2019) in the update gate. Still, such
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Figure 5.9: (Agarwal et al., 2021b) Evolution of the MSE on the training data and the cross-validation data
for different LSTM architectures. The legend shows the number of hidden layers as well as the number of
LSTM cells per layer. For example, 4 × 900 means the network has four hidden layers with 900 cells each.
The step-like drop after 50 epochs is a result of the decrease in the learning rate. The 5 × 900 LSTM was
prone to exploding gradients because of the depth of the architecture.

models can take up to 2 weeks on a Tesla V100 GPU to reach asymptotic loss values. The following
strategies to prevent over-fitting are used: (1) Storing the weights only if the validation loss drops, (2)
using a dropout of 5% for each hidden layer, and (3) training on mini-batches of 16. The input shape
of each mini-batch is, thus, (simulations= 16, time steps= 20, input= 848) and the output shape is
(simulations= 16, time steps= 1, output= 840).

Fig. 5.9 shows the MSE loss for few different architectures. The difference between the loss curves
is quite small, especially given the stochasticity associated with training of neural networks. However,
the loss curve for the LSTM with five hidden layers of 900 cells each would be an exception because it
diverged around epoch 20, only to find its way back a few epochs later. This indicates that such a deep
architecture with roughly 33 million trainable parameters is prone to exploding gradients and one must
use a smaller learning rate (less than 0.0001). A learning rate scheduler decreases the initial learning
rate by a factor of 10 after the first 50 epochs and then by another factor of 10 after the next 150 epochs.

Fig. 5.9 shows that the LSTM is able to reach a lower MSE loss than the FNN (Fig. 5.5). However,
unlike the FNN, the LSTM prediction depends on the previous 20 time steps. When training the LSTMs,
the highly accurate temperature fields are taken as inputs, which only differ from the ground truth in
that there is some loss of information when compressed. Thus, in calculating a thermal evolution from
scratch, i.e. in inference mode, the trained LSTM would be used to iteratively predict the next time step
and use this prediction as inputs for the next time step and so on. This could lead to a less accurate
result than what the MSE during the training stage indicates, because in inference mode, the LSTM
will take its own previous predictions and this error can sometimes even accumulate. For a better
comparison between the FNN and the LSTMs, the mean relative accuracy for all the simulations in the
cross-validation and test sets is calculated by (1) obtaining the evolution of the compressed temperature
fields in purely inferential mode, (2) by reconstructing the LSTM predictions to the original temperature
field and (3) by dimensionalizing the non-dimensional temperature fields to avoid division by zero in
Table 5.1.
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5.4 Prediction of the compressed temperature fields

Table 5.1: (Agarwal et al., 2021b) Mean relative accuracy of different LSTM architectures on the cross-
validation (CV) and the test sets, when computed in inference mode. For reference, mean relative accuracy
for the FNN architecture [8 × 400] is also presented. For all the cases, the mean and standard deviation are
calculated over all the simulations in the particular dataset.

Architecture Accuracy w.r.t. GAIA (%) Accuracy w.r.t. ConvAE (%)
2 × 900 Test 98.182 ± 9.853 98.237 ± 9.854
2 × 900 CV 96.542 ± 15.041 96.597 ± 15.049
3 × 900 Test 99.222 ± 0.515 99.278 ± 0.513
3 × 900 CV 99.109 ± 0.602 99.164 ± 0.605
4 × 900 Test 99.226 ± 0.524 99.285 ± 0.525
4 × 900 CV 99.082 ± 0.674 99.141 ± 0.682
5 × 900 Test 99.199 ± 0.537 99.257 ± 0.537
5 × 900 CV 99.051 ± 0.680 99.108 ± 0.687
4 × 600 Test 99.221 ± 0.495 99.281 ± 0.495
4 × 600 CV 99.081 ± 0.665 99.140 ± 0.671

2 × 1200 Test 98.275 ± 8.313 98.328 ± 8.317
2 × 1200 CV 97.364 ± 11.352 97.416 ± 11.356
2 × 1800 Test 98.561 ± 6.446 98.616 ± 6.445
2 × 1800 CV 98.326 ± 7.376 98.379 ± 7.380

FNN Test 99.297 ± 0.433 99.354 ± 0.422
FNN CV 99.207 ± 0.482 99.262 ± 0.475
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Figure 5.10: Spatially averaged MSE for FNN (8 × 400) and LSTM (4 × 600) vs. physical time for each
simulation in the test set.
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5. Learning two-dimensional surrogates from mantle convection simulations

Table 5.1 shows that while during training, the [1800, 1800] LSTM with 46.5 million trainable
parameters attained the lowest MSE, in inference mode it had the third lowest mean relative accuracy of
all architectures. In contrast, the [600, 600, 600, 600] LSTM with 12.7 million trainable parameters,
achieved a higher accuracy on the cross-validation set and on the test set. This is because there simply
is not enough data to fit 46.5 million weights without over-fitting. The high standard deviation of
mean relative accuracy on test and cross-validation sets shows that the [1800, 1800] LSTM generalizes
poorly. In inference mode, the errors over time can accumulate to the point where a simulation diverges.
This happened in approximately one out of 100 simulations. Luckily, this behavior is not observed
in smaller architectures like the [600, 600, 600, 600] LSTM, which incidentally also has the lowest
standard deviation of absolute relative accuracy.

Fig. 5.10 shows the averaged MSE with respect to time for different simulations in the test set for
both - the FNN and the [600, 600, 600, 600] LSTM. As the mantle typically starts cooling after some
point in the thermal evolution, the convection should get slightly less vigorous. This means that the
upwellings and downwellings should have a longer wavelength and therefore, become slightly easier to
predict. However, the lack of data towards the end of the evolution due to the unfinished simulations
leads to an increase in error with time for the FNN (as also observed for 1D surrogate modeling in
Chapter 3) as well as for the LSTM. In case of LSTMs, though, the error can be further exacerbated by
the accumulation of error.

Table 5.1 also suggests that the FNNs are slightly more accurate than the LSTMs, when mean
relative accuracy is considered. Fig. 5.11 and Fig. 5.12 show the reconstructed predictions of the
[600, 600, 600, 600] LSTM for the same two examples from the test set as in subsection 5.4.1. LSTMs
do a better job of capturing the convection structures. This is especially true for the more sluggish
simulations such as the one in Fig. 5.11, where a large downwelling is not only formed at 2 Gyr (second
row), but also maintained and transported towards the left boundary in time, unlike the FNN. Even for
more vigorously convecting simulations such as the one in Fig. 5.12, the LSTM still predicts a richer
structure than the FNN. For example, a big downwelling is captured at 1 Gyr to the right of the domain
at radius of 0.83 to 1.1 and an upwelling at the same radial location, but towards the middle of the
domain, both representing an improvement over the smudged-out prediction of the same simulation by
an FNN in Fig. 5.7. Three further example simulations from the test set are available in Appendix C,
which show the original GAIA temperature field, its reconstruction and the corresponding FNN and
LSTM prediction. In all cases, the FNN fares poorly in predicting beyond the 1D structure.

Even though LSTMs are better at predicting sharper structures such as downwellings as well as the
dynamics of their transport, they achieve a slightly lower relative mean accuracy in inference mode
compared to FNNs. One reason for this is that the movement of plumes and downwellings, while
captured by LSTMs, can be longitudinally off. For example, the downwelling captured in Fig. 5.11
(rows 2 and 3) are slightly shifted in the angular direction. The same can be seen in all the difference
plots of Fig. 5.12, at radial locations of 0.5 − 0.83 for a downwelling and 0.83 − 1.2 for a plume in the
longitudinal center.

Examining the 1D temperature profiles obtained by horizontally averaging the 2D temperature fields
(column 4 in Fig. 5.6, Fig. 5.7, Fig. 5.11, Fig. 5.12), they generally seem to match the temperature
profiles from the GAIA simulations well. The LSTM predicted temperature profiles have a mean relative
absolute accuracy of 99.42%, while those of FNN are 99.71%. The fact that the LSTM temperature
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Figure 5.11: (Agarwal et al., 2021b) Example of a sluggishly convecting simulation from the test set, same
as in Fig. 5.1a and Fig. 5.6. The temperature field from GAIA and its equivalent LSTM prediction are
shown in column 1 and 2, respectively. The third column shows the difference between the two. Column 4
shows the horizontally-averaged 1D temperature profiles from GAIA (solid blue) and FNN (dashed red), as
well as the difference between the two (grey).
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5. Learning two-dimensional surrogates from mantle convection simulations

Figure 5.12: (Agarwal et al., 2021b) Example of a vigorously convecting simulation from the test set, same
as in Fig. 5.1b and Fig. 5.7. The temperature field from GAIA and its equivalent LSTM prediction are
shown in column 1 and 2, respectively. The third column shows the difference between the two. Column 4
shows the horizontally-averaged 1D temperature profiles from GAIA (solid blue) and FNN (dashed red), as
well as the difference between the two (grey).
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5.4 Prediction of the compressed temperature fields

Figure 5.13: (Agarwal et al., 2021b) Mean relative accuracy (expressed as a percentage) of LSTM predictions
of the temperature fields for all the simulations in the test set with respect to the original GAIA simulations.
The mean relative accuracy is plotted with respect to two parameters at a time. The x- and y-axis indicate the
units in which the parameters are measured. The example in Fig. 5.11 is circled in blue, while the example
in Fig. 5.12 is circled in magenta.

fields capture some, but not all the downwellings in cases of vigorous convection (Fig. 5.12) can throw
the horizontal mean off and decrease the prediction accuracy.

In fact, finding an error metric that is invariant to longitudinal shift of plumes and downwellings is
non-trivial. Fienup (1997), for example, show how modified versions of normalized root-mean-square
(NRMSE) can be computed that are invariant to certain effects such as multiplication by a constant,
or phase shift for image reconstruction. Since the magnitude of the temperature field is important,
one could attempt to find similar shift- or rotation-invariant metrics but in terms of MSE, instead of
NRMSE. Furthermore, one must consider whether to use the modified MSE expression to only evaluate
the error, or also to optimize the weights of the machine learning architectures. For now, though, it
seems that the MSE metric is capable of learning some non-trivial dynamics of mantle convection, as
long as the underlying machine learning algorithm is suitable. This is later demonstrated by comparing
the POD coefficients of the GAIA simulation and those of the LSTM and FNN predictions.

Fig. 5.13 plots the the mean relative accuracy for all the simulations in the test set. The method
works across the entire range of parameters. Although, low reference viscosity and low activation
energy for the diffusion creep seem to be correlated to a higher error. A low reference viscosity tends
to lead to more vigorous convection, thereby inducing small-scale convection structures, which the
LSTM finds difficult to predict. Similarly, a low activation energy or a low temperature-dependence of
viscosity has the same qualitative effect of reducing viscosity.
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(a) (b)

(d)(c)

Figure 5.14: (Agarwal et al., 2021b) (a) POD coefficients and (b) their cumulative distribution for example
simulation 1 in the test set. (c) and (d) correspond to example simulation 2.

5.4.3 Comparison of prediction algorithms using Proper Orthogonal Decomposition

Despite a slightly lower relative mean accuracy, LSTMs seem to predict richer convection structures
in the temperature fields than the FNNs do. If one examines the thermal evolution as an animation,
the LSTM predictions seem to be far more energetic; the FNN predictions look more like a collage
of disconnected time steps that just capture the mean 1D structure, but fail to learn any small-scale
convecting heterogeneities in terms of plumes and downwellings.

Can this behavior be quantified, or must one create and inspect animations of hundreds of
simulations? Fortunately, POD (proper orthogonal decomposition) coefficients can help as a diagnostic
tool, even though they are not used for dimensionality reduction in this study. Following Brunton and
Kutz (2020), the Singular Value Decomposition of a “tall” simulation matrix 𝑋 ∈ R𝑝×𝑞 (spatial points
× time steps) is calculated as

𝑋 = 𝑈Σ𝑉∗. (5.7)

This returns the spatial modes𝑈 ∈ R𝑝×𝑟 , complex conjugate 𝑉∗ of temporal modes 𝑉 ∈ R𝑟×𝑞 and the
POD coefficients or eigenvalues Σ ∈ R𝑟×𝑟 , where 𝑟 is determined by the minimum of 𝑝 and 𝑞.

Fig. 5.14a, shows the eigenvalues for the simulation in Fig. 5.6 and Fig. 5.11, whereas Fig. 5.14c
shows the eigenvalues for the simulation in Fig. 5.7 and 5.12. The eigenvalues of an FNN-predicted
temperature field evolution decay very rapidly after the first three to five modes. Hence, the cumulative
distribution function (CDF) of the FNN predictions is the steepest, reaching most of its energy within
the first few modes, as opposed to the other CDFs, where latter modes also carry non-negligible energy.
This confirms the behavior seen in the animations, where the FNN predictions are simply not “energetic”
enough. The POD coefficients of the simulations predicted by LSTM decay less rapidly, even when,
occasionally, the decay is desired (Fig. 5.14(a), modes 40–76). However, in the case of vigorous
convection, Fig. 5.14(b) shows that LSTMs, while better than FNNs, still do not fully capture the energy
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characteristics of the GAIA simulation. On average, the sum of eigenvalues of the FNN predictions
on the entire test set amounts to 96.51% of the the sum of eigenvalues of the GAIA predictions. For
LSTM-predicted temperature fields, the sum of POD coefficients increases to 97.66% relative to those
of GAIA simulations. Thus, LSTMs capture the dynamics of the simulations better. For reference,
the animations of five test set simulations from GAIA, ConvAE, FNN and LSTM are available in the
supplemental material of Agarwal et al. (2021b) at this link1.

5.5 Summary and discussion

Deep learning techniques are used to model parameterized surrogates of two-dimensional mantle
convection simulations. The dataset comprises of 10, 525 mantle convection simulations of a Mars-like
planet, run on a 2D quarter-cylindrical grid using GAIA (Hüttig et al., 2013). To make the learning
task of predicting a 302 × 394 dimensional output feasible, temperature fields were first compressed
using convolutional autoencoders (Masci et al., 2011). Considering the trade-off between accuracy and
compressibility, the size of each temperature field was compressed to a latent space representation with
size 840, i.e., temperature fields were compressed by a factor of 142 from 1 TB to 7 GB.

Next, two regression algorithms for predicting the compressed temperature fields from five key
parameters are compared: reference viscosity (linked to the Rayleigh number), activation energy and
activation volume of the diffusion creep, an enrichment factor for radiogenic elements in the crust and
the initial mantle temperature (see Fig. 1.2a). Feedforward neural networks (FNNs) like the ones used
in Chapter 3 were able to predict the temperate fields with a reasonable mean accuracy relative to the
ground truth GAIA simulations (99.30%), but often failed to predict the richer convection structures
such as plumes and downwellings. FNNs also failed to emulate the dynamics of the simulations because
the temporal snapshots were disconnected from each other. To alleviate this, a recurrent neural network
algorithm was considered: long-short term memory (LSTM) (Hochreiter and Schmidhuber, 1997).
In contrast to the FNNs, LSTMs achieved a lower mean relative accuracy (99.22% with respect to
GAIA), but were able to generate more plumes and downwellings. Two factors are mainly responsible
for the lower mean accuracy of the LSTMs: (1) the convection structures were longitudinally shifted
and (2) the prediction error can accumulate in time. Furthermore, the LSTMs were able to capture the
dynamics of the simulations better than the FNNs. The eigenvalues obtained through proper orthogonal
decomposition (POD) show that the FNN predictions decay too rapidly after the first three to five
modes, while the LSTM modes do not show this behavior. When summed, the eigenvalues from FNN
predictions and the eigenvalues from LSTM predictions amount to 96.51% and 97.66% relative to those
obtained through POD of the original simulations, respectively.

Hence, this study serves as a first-proof of a parameterized two-dimensional surrogate model from
mantle convection simulations. Given five parameters, the complete spatio-temporal evolution of the
temperature field can be predicted up to a reasonable accuracy, i.e. the longer wavelength structures
such as the 1D temperature profile and larger plumes and downwellings as well as their lateral transport
can be captured, albeit not perfectly. A JupyterNotebook to predict the entire spatio-temporal evolution
of the 2D temperature field from five parameters is available on Github2 along with the rest of the code
used in this chapter.

1http://link.aps.org/supplemental/10.1103/PhysRevFluids.6.113801
2https://github.com/agsiddhant/ForwardSurrogate_Mars_2D
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5. Learning two-dimensional surrogates from mantle convection simulations

Parameterized surrogates such as the ones presented in this paper are primarily useful for performing
parameter-studies - be it placing constraints on the evolution of a planet like Mars, or optimizing
an airfoil to achieve the target aerodynamic performance (e.g., Du et al., 2022; Tesfahunegn et al.,
2015). This is different from applications where the time steps of the same simulation can be split into
training and test sets (e.g., Mohan et al., 2020b; Raissi et al., 2019; Pandey and Schumacher, 2020).
On the one hand, the latter is easier from a machine learning perspective, because the dynamics of a
single simulation will likely exist on a smaller manifold than multiple simulations with a wide range
of parameters. On the other hand, the simplicity of the flow in the simulations used in this thesis
(e.g. no turbulence, limited compressibility and 2D flow instead of 3D) begs the question if learning
parameterized surrogates for more complex flows is computationally feasible.

Particularly challenging would be the computational cost of generating a dataset of more complex
3D simulations. Running 10, 000 3D mantle convection simulations with a similar setup to the thermal
evolution model in this study would be intractable. Worse yet, 10, 000 simulations could be an order
of magnitude less than what might be needed to learn spatio-temporal dynamics in 3D. While the 2D
convection models provide significantly more information than 0D (e.g., Stevenson et al., 1983; Gurnis,
1989; Schubert and Spohn, 1990; Hauck II et al., 2004; Korenaga, 2011; Morschhauser et al., 2011;
Tosi et al., 2013b; O’Rourke and Korenaga, 2015) or 1D evolution models (Agarwal et al., 2020), they
still cannot be used to constrain parameters based on localized observational constraints in 3D such as
crustal thickness, elastic lithospheric thickness or surface heat flux. In that sense, this work is only a
stepping-stone.

This leads to several open questions and significant limitations of this approach, even in 2D:

1. The mean relative accuracy of 99.22% still leaves a lot to be desired. Even if the longitudinal
shift of the predicted downwellings is ignored, a number of features are often simply missing.
This is especially true for small to mid-sized downwellings as seen, for example, in Fig. 5.12.
While some of the loss of information can be attributed to the compression of the original
GAIA simulations, Fig. C.1–C.3 show that the LSTMs do not predict even the reconstructed
temperature fields extremely accurately. These inaccuracies can impact, for example, local melt
production. Similarly, LSTM’s longitudinally shifted plumes compared to the true simulations
can result in slightly different looking crustal distributions. It is not straightforward to predict
how consequential these errors would be in constraining the parameters. For that, one should
conduct an inverse study to test the sensitivity of uncertainties in the observables resulting from
the surrogate model and/or instrumentation (as done in Sec. 4.4.3).

2. The computational cost of training an LSTM (on the order of a week) prohibited an extensive
hyperparameter search to select the optimal architecture. Since hyperparameter optimization
algorithms have been shown to achieve state-of-the-art results (e.g., Tan and Le, 2019), one could
consider using a hyperparameter tuner (e.g., O’Malley et al., 2019). Furthermore, LSTM is only
one example of a recurrent algorithm. Indeed one can look to try other recurrent networks such
as a gated recurrent unit network (Margenberg et al., 2021; Margenberg et al., 2022), which has
fewer trainable parameters than an LSTM. Or, one can even try attention-based models like a
transformer for temporal modeling (Han et al., 2022).

3. Once a reliable fast forward surrogate is available, one can proceed to inversion using a vast array
of techniques such as a Monte carlo Markov Chain method or any of the other methods that have
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been developed under the umbrella term of simulation-based inference (see Cranmer et al. (2020)
for a review).

4. It is important to stress again that the mantle convection equations (2.27)–(2.29) solve not only for
temperature, but also for dynamic pressure and two component of velocity (in two dimensions).
Thus, a complete forward surrogate would also need to predict the other state variables. These
were left out in the study to keep the learning task manageable and because it was not clear
how to scale these to be on the same order of magnitude as the temperature fields. In fact,
the non-dimensional pressure and the non-dimensional velocity fields are orders of magnitude
higher than the temperature fields. On top of that, velocity fields can be orders of magnitude
different from one simulation to the other; same is true for the pressure field. Because of such
vast differences, scaling the fields to be between 0 and 1 with the overall minimum and maximum
on the entire set meant that the these could not even be accurately compressed using autoencoders.
However, working with some simpler numerical experiments (not shown in this thesis) has shown
that the minimum and maximum of the pressure and velocity fields of each simulation is indeed
a function of the convective parameters ([ref in the simpler experiments, which was the only
parameter varied). Thus, one could try to find the minimum and maximum of pressure and
velocity fields for each simulation in this study as a function of the convective parameters ([ref ,
𝐸 , 𝑉 , Λ) using a regression algorithm. With these individual minimum and maximum values, the
pressure and velocity fields can then be scaled to be between 0 and 1 and included in the learning
problem.

5. Once the previous point is addressed and a suitable learning algorithm is able to predict all the
state variables, one can then look to take advantage of the recent advances in physics-based
machine learning. Including the constraints of the underlying PDEs as hard constraints has the
potential to reduce the number of simulations needed and improve the accuracy of the predictions.
One example is how the divergence-free condition (Eq. 2.27) can be enforced by predicting a
field (a stream function) whose curl outputs different components of the velocity (e.g., Kim et al.,
2019; Mohan et al., 2020a; Wandel et al., 2020). One could also think about using basis functions
to simplify the learning task. Although POD bases were not appropriate for this problem because
they do not generalize well among simulations with different parameters, the idea of finding a set
of basis functions, that one only needs to learn the coefficients to, remains an attractive one (e.g.,
Brockherde et al., 2017; Hamzi et al., 2021; Margenberg et al., 2021; Pandey and Schumacher,
2020). Physics-based machine learning is discussed further in Chapter 6.
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Summary and outlook

The aim of this thesis was to use machine learning to explore the high-dimensional parameter spaces
governing mantle convection and therefore, the long-term thermal evolution of rocky planets like
Mars. The datasets to train machine learning algorithms came from approximately 10, 500 simulations
for a Mars-like planet, which were created specifically for this project using the finite volume code
GAIA (Hüttig et al., 2013). Under the assumption of nearly incompressible convection, equations of
conservation of mass, momentum and energy were solved numerically for highly viscous fluid (silicate
rocks) over 4.5 billion years (Sec. 2.2). The mathematical model of the thermal convective evolution of
a Mars-like planet was presented along with its key components (Sec. 2.3). In addition, the limitations
of the model were also discussed in Sec. 2.4.

This thesis is a culmination of three main studies. Chapter 3, based on Agarwal et al. (2020),
demonstrates that one can directly learn the temporal evolution of the horizontally-averaged 1D
temperature profile from evolution simulations of a Mars-like planet. Five key parameters are varied
to generate the dataset and fed as input to a feedforward neural network (FNN). The FNN is able to
predict the temperature profiles with a mean relative accuracy of 99.7% on the test set. It is further
established that approximately 1000 simulations are sufficient for training the FNN and reaching an
asymptotic value of error. Nevertheless, the possibility of obtaining better results with a lower number
of simulations cannot be ruled out if one considers other approaches such as kernel ridge regression.

Chapter 4, based on Agarwal et al. (2021a), uses Mixture Density Networks (MDNs) to build a
probabilistic inversion framework. One of the main aims of the study was to quantify how well a
parameter can be constrained, or, equivalently, what needs to be measured and with what level of
precision to be able to constrain each parameter governing mantle convection. The log-likelihood loss
function of the MDNs served as a robust metric for quantifying the constraints on parameters, which
paved the way for a number of explorations such as the impact that uncertainty in observations has on
the constraints. The original marginal MDN, first proposed by Bishop (1994), was also modified to
return the joint probability distribution of all parameters. The joint MDN is thus able to account for
cross-correlations among different parameters and provide a more complete picture of all the parameter
combinations that can lead to the specified thermal state in this ill-posed inverse problem. Particularly
interesting was the fact that that while reference viscosity, crustal enrichment factor and initial mantle
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temperature could all be constrained to a certain extent, it was more difficult to constrain the activation
energy and impossible to constrain the activation volume of diffusion creep from the low-dimensional
features. Thus, a robust quantitative framework is available for inverting observations to infer key
parameters of mantle convection simulations. Besides the limitations of the current 2D forward model,
the need for 3D simulations to make direct comparisons with real data from Mars and the small number
of parameters varied (only five), the most challenging task was the need to train 1010 different MDNs.
It was pointed out that treating each set of observables lead to a large number of “mini” learning tasks.
If an exhaustive combination of all observables, parameters, noise levels, repetitions, time steps and
dataset sizes were to be considered, one would need to train approximately 8 million MDNs. Thus, a
more efficient formulation of this inverse study is desirable. Particularly interesting to explore could be
recent advances in explainable artificial intelligence to identify which features in the input lead to a
particular interval of confidence on a parameter (see Montavon et al. (2019) for an overview of layerwise
relevance propagation techniques). Explainable artificial intelligence could also be a first step towards
examining correlations within inputs (e.g., Bach et al., 2015; Ribeiro et al., 2016; Samek et al., 2017).
In the context of simulations, the generated data can lead to a certain distribution of observables which
might differ from actual data for Mars. This is problematic for deep learning methods such as neural
networks, which are good at learning correlations between inputs and outputs but often fail to learn
causation, leading to poor generalization on out-of-distribution test examples (Schölkopf et al., 2021).

Finally, Chapter 5, based on Agarwal et al. (2021b), extends the surrogate modeling approach from
1D temperature profile (Chapter 3) to the 2D temperature field, which contains more interesting features
such as hot plumes and cold downwellings. Physical insights such as the distribution and evolution of
such convection structures can we worth preserving for the end user in form of fast forward surrogates.
Furthermore, since the inverse study in Chapter 4 revealed that parameters like activation volume of
diffusion creep are difficult to constrain from limited information about the mantle, such as the 1D
temperature profile, it makes sense to learn 2D surrogates, which could then potentially be plugged into
a Markov chain Monte Carlo framework for inversion. It is worth noting that such observations do not
exist for Mars. Following some of the recent advances in machine learning for fluid dynamics (e.g.,
Bhatnagar et al., 2019; Mohan et al., 2020b), the study was split into two parts. First, convolutional
autoencoders were used to compress the dimensionality of each temperature field. As a compromise
between the information retained and the dimensionality reduction achieved, each temperature field
was compressed by a factor of 142. Second, long-short term memory networks (LSTMs) were used to
predict the compressed temperature fields. LSTMs were able to predict richer convection structures as
compared to the smudged out output of the FNN, but achieved a slightly lower relative mean accuracy
than the FNNs with respect to the original GAIA simulations in the test set (99.22% vs 99.30%).
However, proper orthogonal decomposition of the LSTM and FNN predictions revealed that the LSTMs
do indeed capture the flow dynamics better. The sum of the eigenvalues of the LSTMs amounted to
97.66% of those of GAIA, whereas this number equals 96.51% for the FNN. This study demonstrated
that convolutional autoencoders and LSTMs can be used to construct reliable parameterized surrogates
of mantle convection simulations.

Towards the end of each chapter, the specific strengths and weaknesses of each method were
discussed. However, an overarching area of improvement would be the complexity of the forward
model of a Mars-like planet. Not only can the 2D simulations be made more realistic by treating melt
production more self-consistently, using a spherical annulus (Hernlund and Tackley, 2008) instead of a
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cylinder, but also these forward models can be run in 3D for the forward and inverse problem. However,
running thousands of simulations in 3D is not computationally tractable at the moment. Worse yet, one
might need tens of thousands of simulations in 3D to be able to learn forward and inverse mappings
using the methods demonstrated in this thesis.

Nevertheless, before venturing into three dimensions, it would be worth improving the learning
approaches considered in this thesis. In particular, the use of solvers like GAIA to simply generate
data might not be the most efficient approach. There is a rapidly growing literature on including the
physics as described by the partial differential equations (PDEs) into the learning problem. Under the
umbrella term of “physics-based machine learning”, one can consider a spectrum of approaches that
range from purely data-driven (e.g., Agarwal et al., 2020; Shahnas and Pysklywec, 2020; Mohan et al.,
2020b; Pandey and Schumacher, 2020; Agarwal et al., 2021b; Nonnenmacher and Greenberg, 2021) to
hybrid (e.g., Raissi et al., 2019; Kim et al., 2019; Mohan et al., 2020a; Lu et al., 2021; Margenberg
et al., 2022) to directly solving the PDEs via machine learning (e.g., Tompson et al., 2017; Wandel
et al., 2020; Gao et al., 2021; Özbay et al., 2021; Wandel et al., 2021a; Wandel et al., 2021b).

The unsupervised learning end of the spectrum of machine learning in fluid dynamics is particularly
fascinating because one can potentially solve the PDEs using machine learning. For example, Wandel
et al. (2020), trained a convolutional network to solve incompressible Navier-Stokes equations with not
only varying flow conditions, but also variable initial conditions and boundary conditions; this was done
by purely training on the PDEs embedded into the loss function. The authors of the study borrowed
from classical numerical methods such as finite differences discretization of the spatial domain and
numerical integration in time. By integrating the predictions of the network in time, one no longer
needs a recurrent neural network. Thus, there is significant potential in combining well understood
numerical methods with machine learning to tackle complex learning problems (Thuerey et al., 2021).
Since, physics-based machine learning is a new field, a lot of details need to be ironed out. On the one
hand, machine learning solvers such as the one by Wandel et al. (2021a) show clear potential in the
diversity of parameters and geometries they can incorporate. On the other hand, one might wonder if it
is re-inventing the wheel, when classical numerical solvers already exist and have been optimized for
decades. Some studies have instead suggested that machine learning based solvers could instead be used
to accelerate classical solvers by using the approximate predictions of the network as pre-conditioners
for iterative numerical solvers to significantly reduce the number of iterations needed to converge (e.g.,
Özbay et al., 2021; Tompson et al., 2017). For example, a 3D machine learning based solver (Wandel
et al., 2021a) could be trained with no data and used as a pre-conditioner to GAIA to generate a large
number of 3D simulations. However, the starting point for such a study in mantle convection would
probably be from simpler 2D benchmarks (Blankenbach et al., 1989) or even analytical cases (Trubitsyn
et al., 2006). Thuerey et al. (2021) point out that solving the PDEs using neural networks can be prone
to numerical issues. Therefore, they propose using solvers based on classical numerical techniques
within the training framework so that all the necessary gradients for the inverse problem at hand can be
computed. This approach is called “differentiable physics”.

Regardless of the opportunities and the challenges ahead, the combination of scientific machine
learning, modern supercomputing and ever-increasing data from planetary space missions has the
potential to greatly enhance our understanding of how rocky planets like Mercury, Venus, Earth and
Mars evolve over their 4.5-billions-years-long lifetime.
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A. Exhaustive list of log-likelihoods for all observable-parameter combinations from Mixture Density
Networks

ref E V Tini

Parameters

No observables

Qc

Qs

Rth

De

Dmelt

tvolc

Tprof

Qc, Qs

Qc, Rth

Qc, De

Qc, Dmelt

Qc, tvolc

Qc, Tprof

Qs, Rth

Qs, De

Qs, Dmelt

Qs, tvolc

Qs, Tprof

Rth, De

Rth, Dmelt

Ob
se

rv
ab

le
s

-0.21 -0.15 -0.09 -0.09 -0.06

0.59 0.07 -0.04 0.37 -0.06

0.20 0.16 -0.03 0.41 -0.03

0.11 0.03 -0.03 1.00 0.01

0.26 0.18 -0.03 0.33 -0.02

0.10 0.02 -0.03 0.55 -0.06

0.12 0.04 -0.03 0.58 -0.05

1.48 0.66 0.08 1.28 0.25

0.92 0.18 -0.04 1.16 -0.01

0.96 0.03 -0.03 1.18 0.15

1.04 0.23 -0.03 1.17 -0.03

0.67 0.01 -0.04 0.65 -0.04

0.75 0.05 -0.03 0.69 -0.05

1.47 0.69 0.09 1.42 0.52

0.46 0.19 -0.03 1.05 0.47

0.22 0.17 -0.03 1.02 -0.02

0.44 0.16 -0.03 0.75 -0.02

0.53 0.17 -0.03 0.73 -0.02

1.48 0.64 0.09 1.33 0.26

0.56 0.21 -0.03 1.06 0.43

0.12 0.03 -0.03 1.39 0.37

±0.00 ±0.00 ±0.00 ±0.00 ±0.00

±0.00 ±0.00 ±0.00 ±0.01 ±0.00

±0.03 ±0.00 ±0.00 ±0.00 ±0.00

±0.00 ±0.00 ±0.00 ±0.01 ±0.04

±0.03 ±0.00 ±0.00 ±0.00 ±0.00

±0.02 ±0.00 ±0.00 ±0.00 ±0.01

±0.00 ±0.00 ±0.00 ±0.00 ±0.00

±0.03 ±0.02 ±0.01 ±0.02 ±0.05

±0.00 ±0.02 ±0.00 ±0.00 ±0.00

±0.01 ±0.02 ±0.00 ±0.05 ±0.02

±0.02 ±0.00 ±0.00 ±0.02 ±0.01

±0.01 ±0.01 ±0.01 ±0.01 ±0.00

±0.00 ±0.00 ±0.00 ±0.00 ±0.01

±0.04 ±0.01 ±0.01 ±0.02 ±0.08

±0.01 ±0.00 ±0.00 ±0.01 ±0.03

±0.01 ±0.02 ±0.00 ±0.06 ±0.00

±0.05 ±0.00 ±0.00 ±0.00 ±0.00

±0.01 ±0.00 ±0.00 ±0.01 ±0.00

±0.02 ±0.03 ±0.01 ±0.01 ±0.06

±0.03 ±0.00 ±0.00 ±0.01 ±0.02

±0.00 ±0.01 ±0.00 ±0.05 ±0.04
0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Log likelihood (
±

)

Figure A.1: (1/6) The list of constraints on each parameter (x-axis) for different observables (y-axis) as
defined by the log-likelihood. The mean (above) and variance (below) of the log-likelihood for five runs on
the test set are given. Here, 𝑇prof is an abbreviation for the complete 1D present day temperature profile.
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ref E V Tini

Parameters

Rth, tvolc

Rth, Tprof

De, Dmelt

De, tvolc

De, Tprof

Dmelt, tvolc

Dmelt, Tprof

tvolc, Tprof

Qc, Qs, Rth

Qc, Qs, De

Qc, Qs, Dmelt

Qc, Qs, tvolc

Qc, Qs, Tprof

Qc, Rth, De

Qc, Rth, Dmelt

Qc, Rth, tvolc

Qc, Rth, Tprof

Qc, De, Dmelt

Qc, De, tvolc

Qc, De, Tprof

Qc, Dmelt, tvolc

Ob
se

rv
ab

le
s

0.12 0.04 -0.03 1.17 0.30

1.52 0.63 0.07 2.17 2.13

0.36 0.18 -0.03 0.71 -0.02

0.60 0.19 -0.03 0.67 -0.02

1.49 0.65 0.06 1.30 0.28

0.12 0.04 -0.03 0.77 -0.06

1.50 0.63 0.09 1.36 0.24

1.49 0.66 0.09 1.29 0.32

0.99 0.19 -0.04 1.62 1.12

1.04 0.23 -0.03 1.49 -0.02

1.05 0.18 -0.03 1.38 0.01

1.07 0.17 -0.03 1.29 0.01

1.46 0.67 0.08 1.47 0.53

1.11 0.27 -0.03 1.64 1.10

0.98 0.05 -0.03 1.70 0.46

0.96 0.06 -0.03 1.43 0.35

1.53 0.69 0.16 2.18 2.05

1.04 0.24 -0.03 1.34 0.01

1.09 0.25 -0.03 1.26 -0.01

1.48 0.67 0.09 1.40 0.54

0.77 0.06 -0.03 0.87 -0.04

±0.00 ±0.00 ±0.00 ±0.05 ±0.01

±0.04 ±0.03 ±0.05 ±0.04 ±0.17

±0.00 ±0.00 ±0.00 ±0.00 ±0.00

±0.00 ±0.00 ±0.00 ±0.01 ±0.01

±0.01 ±0.03 ±0.05 ±0.02 ±0.04

±0.00 ±0.00 ±0.00 ±0.01 ±0.01

±0.04 ±0.04 ±0.01 ±0.02 ±0.03

±0.02 ±0.03 ±0.01 ±0.02 ±0.07

±0.02 ±0.01 ±0.00 ±0.01 ±0.03

±0.01 ±0.00 ±0.00 ±0.03 ±0.01

±0.01 ±0.02 ±0.00 ±0.00 ±0.01

±0.00 ±0.01 ±0.00 ±0.00 ±0.05

±0.03 ±0.03 ±0.00 ±0.03 ±0.06

±0.04 ±0.00 ±0.00 ±0.04 ±0.03

±0.01 ±0.01 ±0.00 ±0.01 ±0.03

±0.02 ±0.00 ±0.00 ±0.02 ±0.02

±0.02 ±0.03 ±0.05 ±0.09 ±0.10

±0.05 ±0.00 ±0.00 ±0.00 ±0.01

±0.01 ±0.00 ±0.00 ±0.02 ±0.02

±0.02 ±0.02 ±0.01 ±0.02 ±0.07

±0.00 ±0.00 ±0.00 ±0.01 ±0.02 0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

Log likelihood (
±

)

Figure A.2: (2/6) As in Fig. A.1.
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A. Exhaustive list of log-likelihoods for all observable-parameter combinations from Mixture Density
Networks

ref E V Tini

Parameters

Qc, Dmelt, Tprof

Qc, tvolc, Tprof

Qs, Rth, De

Qs, Rth, Dmelt

Qs, Rth, tvolc

Qs, Rth, Tprof

Qs, De, Dmelt

Qs, De, tvolc

Qs, De, Tprof

Qs, Dmelt, tvolc

Qs, Dmelt, Tprof

Qs, tvolc, Tprof

Rth, De, Dmelt

Rth, De, tvolc

Rth, De, Tprof

Rth, Dmelt, tvolc

Rth, Dmelt, Tprof

Rth, tvolc, Tprof

De, Dmelt, tvolc

De, Dmelt, Tprof

De, tvolc, Tprof

Ob
se

rv
ab

le
s

1.46 0.69 0.10 1.50 0.51

1.47 0.69 0.09 1.40 0.52

0.70 0.20 -0.03 1.82 0.81

0.61 0.19 -0.03 1.58 0.80

0.60 0.19 -0.03 1.24 0.68

1.52 0.68 0.11 2.26 2.20

0.63 0.17 -0.03 1.21 -0.02

0.77 0.19 -0.03 1.27 -0.01

1.48 0.65 0.06 1.35 0.28

0.64 0.17 -0.03 0.89 -0.01

1.50 0.69 0.10 1.43 0.31

1.51 0.67 0.10 1.34 0.26

0.67 0.21 -0.03 1.57 0.74

0.69 0.21 -0.03 1.26 0.59

1.55 0.67 0.08 2.23 2.27

0.13 0.04 -0.03 1.54 0.51

1.54 0.70 0.11 2.37 2.20

1.55 0.70 0.15 2.22 2.05

0.70 0.20 -0.03 0.85 -0.02

1.52 0.69 0.07 1.35 0.25

1.50 0.62 0.09 1.30 0.30

±0.03 ±0.02 ±0.01 ±0.03 ±0.06

±0.01 ±0.04 ±0.01 ±0.02 ±0.05

±0.01 ±0.00 ±0.00 ±0.03 ±0.03

±0.02 ±0.00 ±0.00 ±0.00 ±0.02

±0.00 ±0.00 ±0.00 ±0.05 ±0.01

±0.03 ±0.01 ±0.02 ±0.06 ±0.09

±0.01 ±0.01 ±0.00 ±0.01 ±0.00

±0.01 ±0.00 ±0.00 ±0.01 ±0.01

±0.03 ±0.04 ±0.05 ±0.01 ±0.03

±0.03 ±0.00 ±0.00 ±0.02 ±0.01

±0.03 ±0.02 ±0.01 ±0.02 ±0.03

±0.02 ±0.02 ±0.01 ±0.02 ±0.03

±0.01 ±0.00 ±0.00 ±0.02 ±0.05

±0.00 ±0.00 ±0.00 ±0.03 ±0.03

±0.02 ±0.02 ±0.06 ±0.05 ±0.18

±0.00 ±0.00 ±0.00 ±0.04 ±0.01

±0.04 ±0.02 ±0.01 ±0.13 ±0.15

±0.02 ±0.02 ±0.03 ±0.05 ±0.04

±0.00 ±0.00 ±0.00 ±0.01 ±0.00

±0.03 ±0.02 ±0.05 ±0.02 ±0.07

±0.03 ±0.02 ±0.00 ±0.02 ±0.05 0.0

0.5

1.0

1.5

2.0

Log likelihood (
±

)

Figure A.3: (3/6) As in Fig. A.1.
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ref E V Tini

Parameters

Dmelt, tvolc, Tprof

Qc, Qs, Rth, De

Qc, Qs, Rth, Dmelt

Qc, Qs, Rth, tvolc

Qc, Qs, Rth, Tprof

Qc, Qs, De, Dmelt

Qc, Qs, De, tvolc

Qc, Qs, De, Tprof

Qc, Qs, Dmelt, tvolc

Qc, Qs, Dmelt, Tprof

Qc, Qs, tvolc, Tprof

Qc, Rth, De, Dmelt

Qc, Rth, De, tvolc

Qc, Rth, De, Tprof

Qc, Rth, Dmelt, tvolc

Qc, Rth, Dmelt, Tprof

Qc, Rth, tvolc, Tprof

Qc, De, Dmelt, tvolc

Qc, De, Dmelt, Tprof

Qc, De, tvolc, Tprof

Qc, Dmelt, tvolc, Tprof

Ob
se

rv
ab

le
s

1.50 0.69 0.07 1.34 0.29

1.10 0.25 -0.04 2.18 1.20

1.10 0.23 -0.03 2.14 1.22

1.10 0.23 -0.03 1.85 1.19

1.57 0.71 0.12 2.29 2.23

1.06 0.23 -0.03 1.58 0.11

1.10 0.25 -0.03 1.57 0.01

1.47 0.69 0.10 1.52 0.61

1.09 0.23 -0.03 1.41 0.06

1.48 0.70 0.08 1.58 0.50

1.46 0.69 0.07 1.45 0.51

1.07 0.29 -0.03 2.10 1.25

1.15 0.28 -0.03 1.76 1.14

1.53 0.72 0.17 2.23 2.18

1.00 0.07 -0.03 1.84 0.57

1.56 0.72 0.20 2.49 2.08

1.58 0.74 0.23 2.09 2.19

1.12 0.27 -0.03 1.35 0.04

1.49 0.71 0.10 1.53 0.59

1.46 0.71 0.11 1.40 0.64

1.48 0.70 0.09 1.47 0.59

±0.01 ±0.04 ±0.05 ±0.02 ±0.03

±0.01 ±0.02 ±0.00 ±0.04 ±0.04

±0.04 ±0.01 ±0.00 ±0.03 ±0.08

±0.01 ±0.01 ±0.00 ±0.05 ±0.03

±0.04 ±0.05 ±0.12 ±0.04 ±0.10

±0.02 ±0.00 ±0.00 ±0.01 ±0.09

±0.00 ±0.04 ±0.00 ±0.01 ±0.00

±0.02 ±0.03 ±0.01 ±0.03 ±0.04

±0.01 ±0.03 ±0.00 ±0.00 ±0.02

±0.02 ±0.01 ±0.06 ±0.04 ±0.09

±0.01 ±0.03 ±0.06 ±0.01 ±0.04

±0.06 ±0.02 ±0.00 ±0.01 ±0.04

±0.02 ±0.01 ±0.00 ±0.01 ±0.04

±0.02 ±0.02 ±0.03 ±0.07 ±0.07

±0.01 ±0.00 ±0.00 ±0.00 ±0.02

±0.02 ±0.03 ±0.02 ±0.06 ±0.12

±0.01 ±0.03 ±0.01 ±0.09 ±0.10

±0.00 ±0.00 ±0.00 ±0.01 ±0.03

±0.03 ±0.03 ±0.02 ±0.03 ±0.06

±0.02 ±0.01 ±0.02 ±0.02 ±0.04

±0.03 ±0.03 ±0.06 ±0.02 ±0.09 0.0

0.5

1.0

1.5

2.0

Log likelihood (
±

)

Figure A.4: (4/6) As in Fig. A.1.
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A. Exhaustive list of log-likelihoods for all observable-parameter combinations from Mixture Density
Networks

ref E V Tini

Parameters

Qs, Rth, De, Dmelt

Qs, Rth, De, tvolc

Qs, Rth, De, Tprof

Qs, Rth, Dmelt, tvolc

Qs, Rth, Dmelt, Tprof

Qs, Rth, tvolc, Tprof

Qs, De, Dmelt, tvolc

Qs, De, Dmelt, Tprof

Qs, De, tvolc, Tprof

Qs, Dmelt, tvolc, Tprof

Rth, De, Dmelt, tvolc

Rth, De, Dmelt, Tprof

Rth, De, tvolc, Tprof

Rth, Dmelt, tvolc, Tprof

De, Dmelt, tvolc, Tprof

Qc, Qs, Rth, De, Dmelt
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Figure A.5: (5/6) As in Fig. A.1.
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Figure A.6: (6/6) As in Fig. A.1.
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B
Parameter distribution of dataset used for

two-dimensional surrogate modeling

Fig. B.1 plots the distribution of the parameters of the simulations in the training, cross-validation and
the test set.
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B. Parameter distribution of dataset used for two-dimensional surrogate modeling

Figure B.1: (Agarwal et al., 2021b) 2D histograms showing the distribution of the simulation parameters in
the training, cross-validation and test sets.
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C
Three more example simulations of

two-dimensional surrogate modeling

Fig. C.1, C.2 and C.3 show three further examples to supplement the two cases studied in Chapter
5. Here, the original temperature field from GAIA, its reconstruction by the ConvAE, as well as the
corresponding predictions from LSTM and FNN are shown.
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C. Three more example simulations of two-dimensional surrogate modeling

Figure C.1: An example simulation from the test set. The temperature fields from GAIA are shown in
the first column. The reconstructed field ConvAE is shown in the second column. In the third and fourth
columns, LSTM and FNN predictions are shown, respectively. In practice, the LSTM and the FNN predict
the compressed temperature field first, which are then restored to the original dimensions using the trained
decoder.
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Figure C.2: An example simulation from the test set. The temperature fields from GAIA are shown in
the first column. The reconstructed field ConvAE is shown in the second column. In the third and fourth
columns, LSTM and FNN predictions are shown, respectively. In practice, the LSTM and the FNN predict
the compressed temperature field first, which are then restored to the original dimensions using the trained
decoder.

115



C. Three more example simulations of two-dimensional surrogate modeling

Figure C.3: An example simulation from the test set. The temperature fields from GAIA are shown in
the first column. The reconstructed field ConvAE is shown in the second column. In the third and fourth
columns, LSTM and FNN predictions are shown, respectively. In practice, the LSTM and the FNN predict
the compressed temperature field first, which are then restored to the original dimensions using the trained
decoder.
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