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Abstract

Mantle convection plays a fundamental role in the long-term thermal evolution of terrestrial planets like
Earth, Mars, Mercury and Venus. Yet, key parameters and initial conditions of the partial differential
equations governing mantle convection are poorly constrained. This often requires a large sampling
of the parameter space to determine which combinations can satisfy certain observational constraints.
Traditionally, 1D models based on scaling laws used to parameterize convective heat transfer, have
been used to tackle the computational bottleneck of high-fidelity forward runs in 2D or 3D. However,
these are limited in the amount of physics they can model (e.g. depth dependent material properties are
difficult to incorporate into these models) and predict only mean quantities such as the mean mantle
temperature. In the first study, feed-forward neural networks (FNN) are trained on a large number of 2D
simulations of a Mars-like planet to overcome these limitations. Given five key parameters governing
mantle convection, the FNNs can reliably predict the evolution of the entire 1D laterally-averaged
temperature profile in time. The five parameters that are varied throughout the thesis are: reference
viscosity (which controls the overall vigor of convection), activation energy and activation volume
of the diffusion creep rheology (which accounts for the pressure- and temperature-dependence of the
viscosity, respectively), an enrichment factor for radiogenic elements in the crust (which controls the
partitioning of the radiogenic elements in the mantle and the crust), and the initial radial distribution of
the mantle temperature.

In a related study, machine learning is used for probabilistic inversion. Using Mixture Density
Networks (MDN), various sets of synthetic present-day observables for a Mars-like planet are inverted
to infer the same five mantle convection parameters. It is shown that the constraints on a parameter can
be quantified using the log-likelihood value, the negative of which is used as the loss function to train an
MDN. The crustal enrichment factor of radiogenic heat sources can be constrained the best, followed by
reference viscosity, when all the observables are available: core-mantle-boundary heat flux, surface heat
flux, radial contraction, melt produced and duration of volcanism. The initial mantle temperature can
be constrained if the radial contraction is available with at least some parts of the temperature profile.
Activation energy of diffusion creep can only be weakly constrained, while the activation volume of
diffusion creep cannot be constrained at all in the present setup. Different levels of uncertainty were
also emulated in the observables and it was found that constraints on different parameters loosen with
varying rates, with initial temperature being the most sensitive. The marginal MDN is modified to
obtain a joint probability model, which captures the cross-correlations among all parameters.

Finally surrogate modeling is revisited, but for predicting the full 2D temperature field, which
contains more information in the form of convection structures such as rising hot plumes and sinking
cold downwellings. Deep learning techniques are able to produce reliable parameterized surrogates
(i.e. surrogates that predict state variables such as temperature based only on input parameters) of the
solution of the underlying partial differential equations. First, convolutional autoencoders are used to



compress the size of each temperature field and retain only the most important features in form of
a latent space. Then, FNNs and long-short term memory networks (LSTM) are used to predict the
compressed fields from the five mantle convection parameters. Proper orthogonal decomposition of the
LSTM and FNN predictions shows that despite a lower mean relative accuracy, LSTMs capture the flow
dynamics better than FNNs.
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Zusammenfassung

Die Mantelkonvektion spielt eine grundlegende Rolle in der langfristigen thermischen Entwicklung von
terrestrischen Planeten wie Erde, Mars, Merkur und Venus. Es ist jedoch schwer, die Schlüsselparameter
und Anfangsbedingungen der partiellen Differentialgleichungen, die die Mantelkonvektion steuern,
einzuschränken. Dies erfordert häufig eine große Stichprobe des Parameterraums, um zu bestimmen,
welche Konvektionsparameter mit den Beobachtungen übereinstimmen. Traditionell wurden 1D-
Modelle verwendet, um den rechnerischen Aufwand von High-Fidelity-Vorwärtsläufen in 2D oder
3D zu erleichtern. Diese basieren auf Skalierungsgesetzen, die den konvektiven Wärmetransport
parametrisieren. Solche 1D-Modelle können aber nur eine begrenzte Menge an physikalischen
Prozessen modellieren (z. B. lassen sich tiefenabhängige Materialeigenschaften nur schwer in diese
Modelle integrieren) und nur durchschnittliche Ergebnisse wie der Mittelwert der Manteltemperatur
vorhersagen. In der ersten Studie werden Feed-Forward Neural Networks (FNN) mit einer großen
Anzahl von 2D-Simulationen eines marsähnlichen Planeten trainiert, um diese Einschränkungen
zu überwinden. Angesichts von fünf Schlüsselparametern, die die Mantelkonvektion bestimmen,
können die FNNs zuverlässig die zeitliche Entwicklung des gesamten seitlich gemittelten 1D-
Temperaturprofils vorhersagen. Die fünf Parameter, die während der gesamten Arbeit variiert werden,
sind: Referenzviskosität (die die Gesamtstärke der Konvektion steuert), Aktivierungsenergie und
Aktivierungsvolumen der Diffusionskriechrheologie (die jeweils die Druck- und Temperaturabhängigkeit
der Viskosität berücksichtigen), ein Anreicherungsfaktor für radiogene Elemente in der Kruste (der die
Verteilung der radiogenen Elemente im Mantel und in der Kruste steuert) und die anfängliche radiale
Verteilung der Manteltemperatur.

In einer verwandten Studie wird maschinelles Lernen zur probabilistischen Inversion von
Beobachtungen verwendet, um die Mantelkonvektionsparameter eines marsähnlichen Planeten
einzuschränken. Mithilfe von Mixture Density Networks (MDN) werden verschiedene Datensätze
heutiger synthetischer Observablen für einen marsähnlichen Planeten invertiert, um auf dieselben fünf
Parameter zu schließen. Es wird gezeigt, dass die Einschränkungen eines Parameters unter Verwendung
des Log-Likelihood-Werts quantifiziert werden können. Der Negativwert des Log-Likelihoods wird
als Verlustfunktion zum Trainieren eines MDN verwendet. Der Krustenanreicherungsfaktor kann am
besten bestimmt werden, gefolgt von der Referenzviskosität, wenn alle Observablen verfügbar sind:
Kern-Mantel-Grenzwärmefluss, Oberflächenwärmefluss, radiale Kontraktion, produzierte Schmelze und
Dauer des Vulkanismus. Die anfängliche Manteltemperatur kann bestimmt werden, wenn die radiale
Kontraktion und zumindest einige Teile des Temperaturprofils verfügbar sind. Die Aktivierungsenergie
des Diffusionskriechens kann nur schwach eingeschränkt werden, während das Aktivierungsvolumen
des Diffusionskriechens in der vorliegenden Studie überhaupt nicht bestimmt werden kann. In den
Beobachtungen wurden auch unterschiedliche Unsicherheitsgrade emuliert, und es wurde festgestellt,
dass sich die Einschränkungen für verschiedene Parameter unterschiedlich schnell lockern, wobei die



Anfangstemperatur am empfindlichsten ist. Die marginale MDN wird modifiziert, um ein gemeinsames
Wahrscheinlichkeitsmodell zu erhalten, das die Kreuzkorrelationen zwischen allen Parametern erfasst.

Schließlich wird die Surrogatemodellierung erneut aufgegriffen, jedoch für die Vorhersage des
vollständigen 2D-Temperaturfelds, das mehr Informationen in Form von Konvektionsstrukturen wie
heißen Schwaden und kalten Abwärtsströmungen enthält. Deep-Learning-Algorithmen sollen in der
Lage sein, zuverlässige parametrisierte Surrogate (d. h. Surrogate, die Zustandsvariablen wie Temperatur
nur auf der Grundlage von Parametern vorhersagen) zu erzeugen. Zunächst werden Convolutional-
Autoencoder verwendet, um die Größe jedes Temperaturfelds zu komprimieren. Dann werden FNNs
und Long-Short-Term Memory Netze (LSTM) verwendet, um die komprimierten Felder aus den fünf
Mantelkonvektionsparametern vorherzusagen. Die Proper Orthogonal Decomposition der LSTM- und
FNN-Vorhersagen zeigt, dass LSTMs trotz einer geringeren durchschnittlichen relativen Genauigkeit
die Strömungsdynamik besser erfassen als FNNs.
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1
Introduction

1.1 Thermal evolution of rocky planets

Figure 1.1: The basic interior struc-
ture of a terrestrial planet: a silicate
mantle is sandwiched between a hot
metallic core below and a colder
chemically distinct thin crust on top.
Solid-state mantle convection, the
slow creeping �ow of rocks in the
mantle plays a key role in the long-
term thermal evolution of such plane-
tary bodies.

How do rocky planets like Mercury, Venus, Earth and Mars

evolve over their 4.5-billion-years-long lifetime?Answering

this question requires a detailed understanding of how heat is

transported via solid-state convection and conduction from the

mantle and the crust to the surface where it is ultimately radiated

to space (e.g. Schubert et al., 2001). The mantle is a rocky

(silicate) layer sandwiched between a metallic, iron-rich core and

a thin crust, which is also rocky but chemically distinct from the

mantle (Fig. 1.1). This interior structure is the result of processes

linked to the early planet formation.

The gravitational collapse of a giant molecular cloud is

believed to have led to the formation of the Sun and a disk of

gas and dust approximately4•57 billion years ago (e.g., Bouvier

and Wadhwa, 2010). This protoplanetary disk is the source of

material from which planets are formed through accretion, a

process which can take up to a few tens of millions of years (e.g.,

Nimmo et al., 2018). At the end of accretion, or even during,

a second important process kicks in: di�erentiation of the core

from the mantle. The relatively short timescales that have been

inferred for core-mantle di�erentiation (e.g., Kleine and Walker,

2017) require metals such as iron and nickel to at least be partially molten to be able to separate e�ciently

from silicates. The heat required for melting the metals and possibly also the silicate compounds comes

from three main sources: (1) conversion of kinetic energy into heat during accretion, (2) decay of

short-lived radioactive isotopes (26Al and 26Fe), and (3) the release of gravitational potential energy

from core-mantle di�erentiation itself (e.g., Rubie et al., 2015). This leads to a chemically di�erentiated

liquid metallic core and at least a partially molten silicate mantle. The radiogenic heat sources in the

1



1. Introduction

mantle along with the hot core contribute to convection in an already hot mantle, which in turn, leads to

cooling of the core and the solidi�cation of its inner part. If the liquid part of the core is cooled at a

su�ciently high rate, core convection can lead to the generation of a magnetic �eld, also known as

dynamo generation (e.g. Breuer and Moore, 2015). The signi�cant amount of heat generated from giant

collisions during the later stages of accretion can lead to global melting of the upper mantle, resulting in

a magma ocean. Depending on how the magma-ocean solidi�es, it can sometimes lead to the formation

of a primordial crust if lighter elements accumulate upwards forming a ��otation crust� as in the case of

the Moon (e.g., Warren, 1985; Elkins-Tanton, 2012). After the mantle has largely solidi�ed, a di�erent

source of crustal formation can kick in - namely volcanism. The partial melting of the silicate mantle

leads to the formation of basalt-rich secondary crust and is likely the predominant type of present-day

crustal material on, for example, Mars (e.g., Schubert et al., 2001; Tosi and Padovan, 2021).

Mantle convection has several far-reaching consequences for a planet such as the presence of

volcanism, the generation of a magnetic �eld through cooling of the metallic core and plate tectonics

(e.g. Breuer and Moore, 2015; Schubert et al., 2001; Tosi et al., 2014) and is thus, a determining factor

in whether a planet can support life or not (e.g., Southam et al., 2015; Tosi, N. et al., 2017; Dehant

et al., 2019). The solid silicate rocks in the mantle behave like a highly viscous �uid over geological

timescales of millions to billions years, despite their temperature being well below the melting point.

This �ow of solids due to the movement of crystalline defects is called subsolidus convection and is

also observed, for example, in the �ow of crystalline ice in glaciers.

As a highly viscous �uid that advects heat in response to buoyancy forces due to temperature

variations, mantle convection is quanti�ed through conservation equations of mass, momentum and

energy. With a very few exceptions for simple analytical cases, these partial di�erential equations

(PDEs) are solved numerically using dedicated �uid dynamics codes (e.g. Tackley, 2008; Zhong et al.,

2008; Kronbichler et al., 2012; Hüttig et al., 2013). However, several key parameters and initial

conditions to the PDEs that are inputs to mantle convection simulations are poorly constrained. Instead,

one can vary the parameters and study how these a�ect the outputs of the simulations. Outputs like

the temperature �eld can be processed to arrive at quantities of interest such as the crustal thickness,

duration of volcanism and surface heat �ux. These quantities can then sometimes be related to actual

geophysical and geochemical data obtained via planetary space missions.

The issue of poorly constrained parameters poses a fundamental challenge to our understanding

of mantle convection. The sheer number of parameters and their ranges can lead to a wide spectrum

of di�erent evolutionary paths that a planet can follow, depending on how it heats up and cools down

over billions of years. It is not hard to imagine why the mantle convection parameters for terrestrial

planets are poorly constrained. This is true to some extent for Earth because one cannot directly observe

the interior and must instead rely on indirect inferences, for example, using seismic tomography (see

Rawlinson et al. (2010) for an overview), but it is especially true for other planets like Mercury, Venus

and Mars, where observational data from telescopes, satellites and on-site measurements is scarcer.

1.2 Machine learning for mantle convection

Machine learning has permeated into several scienti�c �elds due to its ability to tackle complex tasks

involving high-dimensional inputs and outputs. It has been used for a variety of supervised and

unsupervised tasks in, for example, bioinformatics (Larrañaga et al., 2006), quantum chemistry (Keith

2



1.2 Machine learning for mantle convection

Figure 1.2: (Agarwal et al., 2021b) An overview of ML methods used to learn forward and inverse mappings
between parameters and outputs of mantle convection simulations. (a) Input parameters are randomly
sampled from a �at distribution and then fed to the forward convection model. (b) The PDEs are solved using
the �nite volume code GAIA (Hüttig et al., 2013). (c) The outputs of the simulations are processed down to
low-dimensional �observables� such as (d) the laterally-averaged 1D temperature pro�les or (e) more global
quantities such as the surface heat �ux, elastic lithospheric thickness and duration of volcanism. Machine
learning can be used to obtain fast forward surrogates in (f) 1D or (h) 2D and to (g) invert observables in a
probabilistic manner.

et al., 2021), �uid dynamics (Brunton et al., 2020) and geophysics (Yu and Ma, 2021). In this work,

machine learning is used for regression tasks involving inputs to and outputs of mantle convection

simulations.

A typical mantle convection study is outlined in Fig. 1.2. Some parameters of interest and their

�reasonable� ranges are identi�ed (Fig. 1.2a). Several thermal evolution simulations are run using a

mantle convection code (Fig. 1.2b) with parameters drawn either from a random �at distribution (as in

this thesis) or hand-picked by domain experts. One then examines the outputs of these simulations, such

as the temperature �elds (Fig. 1.2c), which can then be processed down further to, for example, the 1D

temperature pro�le (Fig. 1.2d). Some quantities of interest can be further extracted (Fig. 1.2e) such as

the surface heat �ux, radial contraction and the elastic lithospheric thickness, which can sometimes be

inferred from remote-sensing measurements.

Due to the sparsity of the observables available, this becomes an ill-conditioned problem: many

combinations of parameters can lead to the same end thermal state. Thus, the challenge is to identify

all the combinations of parameters that can satisfy the given observational constraints. Unfortunately,

the computational cost of running 2D and 3D forward models prohibits a comprehensive evaluation

of the parameter space. It is often impractical to run several hundred thousands of simulations to

determine which ones �t a set of observational constraints. One can formulate the study as aforward

problem, where a computationally cheaper forward relation between input parameters and outputs is

3



1. Introduction

approximated (these are called surrogates in this thesis), or as aninverse problem, where the observables

are directly inverted to retrieve the input parameters. A popular approach in mantle convection has

been to use parameterized thermal evolution models based on a simple energy balance equation (e.g.,

Gurnis, 1989; Stevenson et al., 1983). These are a lower-�delity alternative to solving the �ow in 2D or

3D and rely instead on �scaling laws�, which characterize the convective heat �ux based on certain

parameters (e.g., Reese et al., 1998; Dumoulin et al., 1999; Solomatov and Moresi, 2000; Deschamps

and Sotin, 2001). With these parameterized models, one can then use Markov Chain Monte Carlo

methods to e�ciently explore the parameter space (e.g., Korenaga and Jordan, 2003; Grott et al., 2011;

Drilleau et al., 2021). However, parameterized models based on scaling laws are limited in the amount

of physics they can capture and the spatial information they can predict. Thus, there has been a growing

interest in machine learning (ML) methods for learning non-linear forward as well as inverse mappings

between inputs and outputs of simulations (e.g. Meier et al., 2007; Atkins et al., 2016; Shahnas et al.,

2018; Baumeister et al., 2020; Shahnas and Pysklywec, 2020; Magali et al., 2020; Zhang and Curtis,

2021; R¼al et al., 2021).

Fig. 1.2 highlights some such machine learning methods used in this thesis for solving both, the

forward problem (Fig. 1.2f,h) and the inverse problem (Fig. 1.2g). All algorithms are trained using 2D

thermal evolution simulations for a Mars-like planet. In the interest of generating a sizeable dataset,

relatively simple forward models are considered in comparison to more state-of-the-art forward models

of Mars (e.g., Plesa et al., 2018). Potential improvements to the current 2D thermal convective model

are discussed in Chapter 2, although it is by no means trivial as it amalgamates multiple physical

processes (also explained in Chapter 2). Furthermore, the machine learning methods used in the thesis

are applicable to not only more sophisticated models of Mars, but probably also to other terrestrial

bodies as long as the underlying physical model is suitable.

1.3 Description of chapters

This thesis is structured as follows.

ˆ Chapter 2 describes the general setup of the dataset of mantle convection simulations used in all

three studies. It introduces the key physical processes and equations used to model the thermal

evolution for a Mars-like planet.

ˆ Chapter 3 shows how feedforward neural networks (FNN) can be used as surrogate models to

predict the evolution of the 1D temperature pro�le over 4.5 Gyr (Fig. 1.2f). Given �ve key

parameters, the temperature pro�les can be predicted with a mean relative accuracy of99•7%.

ˆ Chapter 4 shows how Mixture Density Networks (MDNs) can be used for inverting observables

to constrain the same �ve mantle convection parameters as in the previous chapter. Using

synthetic observables, the chapter establishes a probabilistic framework to investigate which

observables need to be measured with what accuracy to constrain the model parameters (Fig.

1.2g). Furthermore, joint MDNs are also proposed to capture the cross-correlations among all

the parameters.

ˆ Chapter 5 demonstrates how 2D spatio-temporal forward surrogates of a Mars-like planet can

be learned. First convolutional autoencoders are used to reduce the size of each temperature �eld

4



1.4 Main contributions of the thesis

by a factor of142, making it possible to easily test di�erent prediction algorithms and neural

network architectures. The compressed representation is then learned using FNNs and and long

short-term memory networks (LSTMs) from the �ve key mantle convection parameters (Fig.

1.2h). Results show that while the FNNs achieve a slightly higher mean relative accuracy, LSTMs

ultimately capture the �ow dynamics better.

ˆ Chapter 6 summarizes the main �ndings of the thesis and discusses some potential follow-ups

to this work such as improvements to the physical thermal evolution model, use of explainable

arti�cial intelligence for the inverse problem and physics-based machine learning for more

e�cient and accurate surrogate modeling.

1.4 Main contributions of the thesis

The main contributions of the thesis are as follows.

ˆ FNN-based 1D forward surrogates that can account for more parameters and physics than the

traditional approach and predict the entire 1D temperature pro�le instead of global averages based

on scaling laws.

ˆ A probabilistic inversion framework to determine the observables needed for constraining mantle

convection parameters based on MDNs (marginal and joint).

ˆ LSTM-based surrogates that can model the 2D evolution of a planet's convective thermal evolution

for a wide range of parameters.

1.5 Relation to previously published work

This thesis is the culmination of the following three peer-reviewed papers. I am grateful to the co-authors

for being able to use parts of texts and �gures of these papers:

ˆ S. Agarwal, N. Tosi, D. Breuer, S. Padovan, P. Kessel, and G. Montavon (2020). A machine-

learning-based surrogate model of Mars' thermal evolution. Geophysical Journal International,

222(3), 1656-1670.https://doi.org/10.1093/gji/ggaa234

ˆ S. Agarwal, N. Tosi, P. Kessel, S. Padovan, D. Breuer, and G. Montavon (2021). Towards

constraining Mars' thermal evolution using Machine Learning. Earth and Space Science, 8,

e2020EA001484.https://doi.org/10.1029/2020EA001484

ˆ S. Agarwal, N. Tosi, P. Kessel, D. Breuer, and G. Montavon (2021). Deep learning for surrogate

modeling of two-dimensional mantle convection. Physical Review Fluids, 6, 113801, doi:

https://doi.org/10.1103/PhysRevFluids.6.113801

1.6 Conference and workshop presentations

The candidate was invited to give a tutorial on FNN-based regression for predicting the evolution of

temperature pro�les from mantle convection simulations at the following workshop:
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1. Introduction

ˆ G. Morra, H. Tufo, M. Knepley, D. Yuen, and S. Agarwal. Workshop: progresses on High-

Performance Computing in Geosciences. American Geophysical Union Fall Meeting, 12 Dec.

2021.

and presented the results of this thesis in the following conferences:

1. S. Agarwal, N. Tosi, D. Breuer, S. Padovan, P. Kessel, and G. Montavon. Unravelling interior

evolution of terrestrial planets using Machine Learning. Arti�cial Intelligence in Astronomy at

ESO, Garching, Germany, 22-26 July 2019. Oral presentation.

2. S. Agarwal, N. Tosi, D. Breuer, P. Kessel, and G. Montavon. Using machine learning to predict

1D steady-state temperature pro�les from compressible mantle convection simulations. 72nd

Annual Meeting of the APS Division of Fluid Dynamics, Seattle, USA, 23-26 November 2019.

Oral presentation.

3. S. Agarwal, N. Tosi, P. Kessel, D. Breuer, S. Padovan, and G. Montavon. Mars' thermal evolution

from machine-learning-based 1D surrogate modelling. EGU General Assembly, Online, 7 May

2020. Oral presentation.

4. S. Agarwal, N. Tosi, P. Kessel, D. Breuer, S. Padovan, and G. Montavon. Learning high

dimensional surrogates from mantle convection simulations. 73rd Annual Meeting of the APS

Division of Fluid Dynamics, Online, 23 November 2020. Oral presentation.

5. S. Agarwal, N. Tosi, P. Kessel, S. Padovan, D. Breuer, and G. Montavon. Towards constraining

Mars' thermal evolution using machine learning. EGU General Assembly, Online, 19-30 Apr

2021, EGU21-4044, https://doi.org/10.5194/egusphere-egu21-4044. Oral presentation.

6. S. Agarwal, N. Tosi, P. Kessel, D. Breuer, and G. Montavon. Deep learning for surrogate

modelling of 2D mantle convection. German-Swiss Geodynamics Workshop 2021, Bad Belzig,

29 Aug�1 Sep 2021. Oral presentation.

7. S. Agarwal, N. Tosi, P. Kessel, D. Breuer, and G. Montavon. Deep learning for surrogate modelling

of 2D mantle convection. Europlanet Science Congress 2021, Online, 13-24 September 2021.

Oral presentation.

8. S. Agarwal, N. Tosi, P. Kessel, D. Breuer, and G. Montavon. Deep learning for surrogate modelling

of 2D mantle convection. 74th Annual Meeting of the APS Division of Fluid Dynamics, presented

online, 21-23 November 2021. Oral presentation.

9. S. Agarwal, N. Tosi, P. Kessel, D. Breuer, and G. Montavon. A machine learning framework for

constraining mantle convection parameters. American Geophysical Union Fall Meeting, New

Orleans, 13-17 December 2021. Oral presentation.

1.7 Common abbreviations

The following abbreviations are used frequently through the thesis:

ˆ ML: machine learning
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1.7 Common abbreviations

ˆ FNN: feedforward neural network

ˆ MDN: mixture density network

ˆ LSTM: long short-term memory network

ˆ PDE: partial di�erential equations

ˆ CMB: core-mantle boundary

ˆ HPC: high-performance computing
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2
Setup of mantle convection simulations

2.1 A Mars-like planet

As mantle rocks are heated from below by a hot metallic core and from within by radiogenic (heat

producing) elements, they tend to rise due to lower density. At the same time, the colder heavier

rocks near the surface tend to descend. The ensuing circulation in the gravitationally unstable mantle

due to thermal expansion and contraction is called convection and is a key driver of the thermal

evolution of planetary interiors (e.g., Schubert et al., 2001). Convection patterns in the mantle are

largely characterized by hot quasi-cylindrical material rising - called upwellings - and cold material

sinking - called downwellings. Downwellings tend to be sheet-like closer to the surface and become

more cylindrical with depth (Bercovici et al., 1989). Plumes and downwellings are depicted in 2D in a

snapshot from a thermal evolution simulation of a Mars-like planet in Fig. 2.1.

Because of this �uid-like behavior over geological time scales of several thousands of years and

larger, the highly viscous silicate rocks in the mantle are typically modeled as a �uid with negligible

inertia (e.g., Zhong et al., 2007). A key component of the �uid dynamics model are the rheological

properties of mantle rocks. How rocks in the mantle deform in a plastic manner, depends on a number of

factors, the most important and widely studied of which are stress, temperature, pressure, water content

and grain-size (see Karato (2013) for an overview). It is because of the high temperature-dependence of

the mantle viscosity, that low temperatures close to the surface lead to a sti� lid that remains immobile

during the length of the evolution (Fig. 2.1), but whose thickness can change in response to temperature

variations. Mars, Mercury, the Moon and at least present-day Venus operate in such a �stagnant lid�

regime (Solomatov and Moresi, 1997), as opposed to Earth, which has a mobile lid split into multiple

tectonic plates (e.g. Schubert et al., 2001; Breuer and Moore, 2015). The fact that Earth is the only

known planet with plate tectonics has inspired much research into the exact rheological mechanisms that

can result in a sti� lid �breaking� into distinct plates (e.g., Moresi and Solomatov, 1998; Tackley, 2000;

Höink et al., 2012; Bercovici, 2003; Karato, 2013). After all, the plate tectonics mode of convection

provides a far more e�cient cooling mechanism by enabling the cold tectonic plates to sink into the

mantle at subduction zones, as compared to the stagnant lid. In the latter, thermal convection is primarily

driven by hot upwelling plumes and cold downwellings occurring at the base of the lid (Fig. 2.1) (e.g.,
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2. Setup of mantle convection simulations

Figure 2.1: (Agarwal et al., 2021b) A quarter-cylindrical domain in two dimensions illustrating the
main features of mantle convection in a Mars-like planet. It is colored according to the non-dimensional
temperature �eld of an example simulation.

Solomatov and Moresi, 1997). Nevertheless, since stagnant lid is the dominant mode of convection in

the solar system (with Earth being the only exception) and since detecting plate tectonics on exoplanets

has been impossible and remains challenging (e.g., Misra et al., 2015; Meier et al., 2021), improving

our understanding of how planets with stagnant lid evolve remains a worthwhile endeavor.

Simulations for a Mars-like planet (i.e. a stagnant lid planet) are used throughout this thesis. The

setup of these simulations is similar to some previous studies on Mars' thermal evolution (e.g. Plesa

et al., 2015). The following subsections summarize the key assumptions and building blocks of the

model.

2.2 Governing equations for an anelastic liquid

The �uid-like behavior of the highly viscous silicate rocks in the mantle (the dynamic viscosity of rocks

is of the order of� 1020 Pa s) is quanti�ed using conservation equations of mass, momentum and

thermal energy for a �uid with negligible inertia (technically with an in�nite Prandtl number). Instead

of showing a detailed derivation of the (mostly) incompressible mantle convection equations, they are

simply presented along with key assumptions and approximations following King et al. (2010), while

their derivations and more elaborate explanations are available in, for example, Schubert et al. (2001)

and Jarvis and Mckenzie (1980).

The conservation of mass equation is

md
mC

¸ r � ¹duº = 0– (2.1)
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2.2 Governing equations for an anelastic liquid

whered is the density,Cis the time andu is the velocity. The conservation of momentum equation is

D¹duº
DC

= �r ? ¸ r � g ¸ dg• (2.2)

Here, D
DC �

�
3
3C ¸ r�

�
is the material derivative,? is the total pressure,g the acceleration due to gravity

and3 the deviatoric stress tensor, which can be related to the strain-rate tensor&¤ and the dynamic

viscosity[ as:

3 = 2[ &¤• (2.3)

For a newtonian �uid (i.e., the approximation used in this thesis),[ is not a function of&¤. Furthermore,

a zero bulk viscosity is assumed (Stokesian �uid) because volume changes occur at timescales greater

than107 years (Jarvis and Mckenzie, 1980). Thus,

3 = [
�
r u ¸ ¹r uºT

�
�

2
3

[ r � u I– (2.4)

whereI is the identity tensor. Finally, the conservation of energy equation is

d2?
D)
DC

� U)
D?
DC

= r � ¹: r ) º ¸ d� ¸ � • (2.5)

Here,) is the temperature,2? is the speci�c heat capacity at constant pressure,U the coe�cient of

thermal expansion,: the thermal conductivity and H is the rate of internal heat production.� is the

viscous dissipation

� =
1
2

3 : &¤– (2.6)

where,: is the double-dot product. The density of the mantle is to a �rst order a function of temperature

and pressure. Since, the density variations due to pressure and temperature changes are small compared

to the averaged mantle density, a linearized equation of state is used (Schubert et al., 2001):

d = d�
�
)� – ?�

�
¸ d0– (2.7)

where the overbarred quantities indicate the reference state, which is time-independent. The prime

symbol represents a perturbation. Similarly, temperature and pressure are decomposed into a reference

state and a perturbation:

? = ?� ¸ ?0 (2.8)

) = )� ¸ ) 0• (2.9)

The reference pressure must satisfy the hydrostatic approximation:

r ?� = d� 6• (2.10)

For reference temperature and reference density, the Adams�Williamson equations of state are used

(Birch, 1952):

d� ¹I º = dm exp
�

Uref6
Wref2?m

I
�

– (2.11)
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2. Setup of mantle convection simulations

)� ¹I º = ) 0 exp
�
Uref6
2?m

I
�

• (2.12)

I is the vertical coordinate,dm is the reference mantle density,Uref is the reference thermal expansivity,

Wref is the reference value for the Grüneisen parameter (describing the e�ect of temperature on the

dynamics of the crystal lattice) and2?m is the mantle heat capacity and is kept constant (Table 2.2).

For numerical stability, the conservation equations Eqs.(2.1), (2.2), (2.5)are non-dimensionalized

(indicated by an� ) by scaling the primitive variables (u, ? and) ) and the time (C) as follows:

u� = u
dm2?m �

: ref
– (2.13)

?� = ?
dm2?m � 2

[ ref: ref
– (2.14)

) � =
) � ) 0

� )
– (2.15)

and

C� = C
: ref

dm2?m � 2
• (2.16)

Here,� � ' p � ' c is the mantle thickness (' p and' c are the planet and core radius, respectively);: ref

is the reference thermal conductivity,[ ref the reference viscosity and� ) the temperature drop across

the mantle atC= 0.

The non-dimensionalization of the conservation equations (Eqs. 2.1, 2.2, 2.5) and the equation of

the state (Eq. 2.7) further leads to four dimensionless numbers. The Prandtl number (%A) is the ratio of

momentum di�usivity to thermal di�usivity and is of the order1023 for Earth (Schubert et al., 2001):

%A=
[ ref2?m

: ref
• (2.17)

The Rayleigh number ('0 ) describes the vigor of convection and is de�ned as the ratio of the buoyancy

forces due to thermal expansion (which drive convection) to viscous forces (which suppress convection).

time scale for di�usive thermal transport to the time scale for convective thermal transport:

'0 =
d2

m2?mUref6� ) � 3

[ ref: ref
• (2.18)

The internal heating Rayleigh number ('0 & ) quanti�es the contribution of internal heat sources to the

vigor of convection:

'0 & =
d3

m2?mUref6� 0� 5

[ ref: 2
ref

– (2.19)

where� 0 is the initial rate of mantle heat production due to radiogenic elements. Finally, the dissipation

number�8 is a measure of the impact of compressibility in mantle convection:

�8 =
Uref6�

2?m

• (2.20)

For the mantle, the square of characteristic velocity divided by the square of the mantle sound speed

("0 2; "0 is known as Mach number in aerodynamics) is of the order10� 33 (Schubert et al., 2001).
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2.3 The thermal evolution model for a Mars-like planet

Furthermore, the relative volume change due to temperature, given byUref� ) , is much lower than

1 (e.g., Schubert et al., 2001; King et al., 2010). In this case, the elastic waves can be ignored

from the hydrodynamic equations leading to the approximation of an anelastic liquid (ALA) (e.g.,

Jarvis and Mckenzie, 1980), because seismic waves occur on a scale of minutes compared to mantle

convection which takes place at signi�cantly longer time scales. This means, that the �rst term in

the non-dimensionalized version (not shown here, see Schubert et al. (2001) for the derivation) of

conservation of mass equation (Eq. 2.1) drops out, resulting in the following ALA conservation of

mass equation:

r � � ¹d� � u� º = 0• (2.21)

For readability,� is no longer shown and it can be assumed that all the variables in mantle convection

equations are non-dimensionalized. In this readable form, the above equation can be written as:

r � ¹d� uº = 0• (2.22)

Furthermore, in the limits of%A! 1 as well as" 2%A� 1 andUref� ) � 1, the non-dimensional

ALA conservation of momentum equation becomes:

0 = �r ?0¸ r � 3 ¸ �8
d� 2?mĝ

 BWref2Em

?0 � '0d� Urefĝ) 0– (2.23)

where most noticeably, the inertial forces on the left hand side of Eq.(2.2)has been dropped due to

the in�nite Prandtl number.Uref is assumed to not depend on the reference state.ĝ is the unit vector

in the direction of gravity, B is the isothermal bulk modulus and2Em is the speci�c heat capacity at

constant volume. In Eq.(2.23), the �rst two terms on the right hand side are the net surface forces

acting on a parcel of �uid. In addition there are two buoyancy force terms: due to pressure-induced

density variations (third term) and due to temperature-induced density variations (fourth term). Finally,

the non-dimensional ALA conservation of energy equation is

d� 2?m

�) 0

�C
¸ �8d� UrefDA) 0 = r 2) 0¸ d� � ¸ �

�8
'0

¸ �8 2)� • (2.24)

Here,DA is the radial component of the velocity. The �rst term on the left hand side of Eq.(2.24)

comprises the rate of change of temperature and thermal advection. The second term represents work

done against gravity. On the right hand side, the �rst term is thermal conduction, the second term

accounts for internal heating, the third term is viscous dissipation and the last term is e�ectively a

time-independent, depth-dependent internal heat source (King et al., 2010).

2.3 The thermal evolution model for a Mars-like planet

2.3.1 Conservation equations under extended Boussinesq approximation with phase
transitions

Eqs. (2.22)� (2.24)can be further simpli�ed if compressibility does not play a large part, i.e., if the

dissipation number is relatively low. For Mars, the dissipation number is approximately0•13, if

calculated using Eq.(2.20) for typical values considered in the literature (Table 2.2). In fact, the

hydrostatic pressure at the base of Mars' mantle using parameters in Table 2.2 would go up to22 GPa,
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2. Setup of mantle convection simulations

which is signi�cantly lower than for Earth (� 136GPa). Thus, the so-called extended Boussinesq

approximation (EBA) is used for the mantle convection equations of a Mars-like planet (e.g., Plesa

et al., 2015; Plesa et al., 2018). In the classical Boussinesq approximation, the density changes are only

considered in the buoyancy force term and assumed constant elsewhere. In the EBA formulation, the

terms associated with�8 are retained in the energy equation (work done against gravity and viscous

dissipation), as opposed to the Boussinesq formulation. As it will be seen later, the term scaling with

�8 2 is, however, dropped from the energy equation. To arrive at the EBA formulation from ALA

equations, the third term on the right hand side in Eq.(2.23)is also dropped, which leads to a form

also known as truncated anelastic approximation (e.g., Jarvis and Mckenzie, 1980; King et al., 2010).

Furthermore, the reference state is changed so thatd� = 1 and)� = 0.

The standard EBA equations are modi�ed to include phase transitions following the approach of

Christensen and Yuen (1985). Two solid-solid phase transitions in the olivine system,U to V-spinel and

V to W-spinel are included in the model (Christensen and Yuen, 1985). The temperature-dependent

depth of the;-th phase boundariesI ; ¹) º is calculated as:

I ; ¹) º = I 0
; ¸ W; ¹) � ) 0

; º• (2.25)

Here,I 0
; is the reference transition depth,W; the Clapeyron slope and) 0

; the corresponding reference

temperature. The phase-transition function‰; is expressed as:

‰; =
1
2

�
1 ¸ tanh

�
I � I ; ¹) º

3;

� �
– (2.26)

where,3; is the phase transition width. Thus, the non-dimensional conservation of mass, momentum

and energy equations under EBA become:

r � u = 0– (2.27)

�r ?0¸ r �
h
[

�
r u ¸ ¹r uºT

� i
¸

 

'0 U ) 0 �
2Õ

;=1

'1 ; ‰;

!

ĝ = 0– (2.28)

�) 0

�C
� r � ¹: r ) 0º � �8 U ¹) 0¸ ) 0º DA �

�8
'0

� �
2Õ

;=1

�8
'1 ;

'0
�‰;

�C
W; ¹) 0¸ ) 0º �

'0 &

'0
= 0– (2.29)

respectively. In Eq.(2.28), ) 0 is the surface temperature. Furthermore,'1 ; is the Rayleigh number

associated with the;-th phase transition:

'1 ; =
dm2?m� d;6� 3

[ ref: ref
– (2.30)

where,� d; is the density contrast across the;-th phase-transition.
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2.3 The thermal evolution model for a Mars-like planet

2.3.2 Pressure- and temperature-dependent variables

A pressure- and temperature-dependent Newtonian viscosity is calculated using the Arrhenius law for

di�usion creep (Hirth and Kohlstedt, 2003), whose dimensional form reads:

[ ¹)– %º = [ ref exp
�
� ¸ %+

)
�

� ¸ %ref+
) ref

�
• (2.31)

The reference viscosity[ ref is attained at reference temperature) ref = 1600K and reference pressure

%ref = 3 GPa, respectively.%is the hydrostatic pressure,� is the activation energy, and+ is the

activation volume.[ ref, � and+ are three of the �ve key parameters varied in the dataset. While

[ ref, through its relation to the Rayleigh number, has an e�ect on the overall vigor of convection (e.g.,

Schubert et al., 2001),� controls the degree to which the viscosity depends on the temperature and

thereby the lid thickness (e.g., Solomatov, 1995).+ quanti�es the pressure dependence of the viscosity,

which a�ects vigor and wavelength of convection at depth.

Furthermore, temperature- and pressure-dependent thermal expansivity and conductivity are used.

Following the parametrizations of Tosi et al. (2013a), the dimensional coe�cients of temperature- and

pressure-dependent thermal expansivity and conductivity are calculated as follows:

U¹)– %º =
�
00 ¸ 01) ¸ 02) � 2

�
exp¹� 03%º– (2.32)

: ¹)– %º = ¹20 ¸ 21%º
�
300
)

� 22

• (2.33)

Here,00– • • • – 03 and20– • • • – 22 are dimensional coe�cients based on experimental data for Magnesium-

rich olivine and are listed in Table 2.2. The dimensional equations(2.32)and(2.33)are then scaled

using reference valuesUref and: ref.

2.3.3 Radiogenic heat production

The presence of radiogenic isotopes of uranium, thorium and potassium in the mantle of terrestrial

bodies leads to internal heat production (e.g., Schubert et al., 2001). The present-day uranium is

composed of99•28%238U and0•71%235U by weight. Thorium is100%232Th and natural potassium

consists of0•0019%40K. The half-life of an isotopeC1•2 is the time it takes an isotope do decay in half

and relates the concentration� of a radioactive isotope at timeC� measured backward from the present

to the present-day concentration� 0:

� = � 0 exp
�
C� ln 2
C1•2

�
• (2.34)

Then, the past rate of heat production can be calculated using the heat production rate of individual

isotopes:

� ¹C� º = �
238U
0 exp©

­
«

C� ln 2

C238U
1•2

ª
®
¬

�
238U ¸ �

235U
0 exp©

­
«

C� ln 2

C235U
1•2

ª
®
¬

�
235U

¸ � Th
0 exp

 
C� ln 2

CTh
1•2

!

� Th ¸ �
40K
0 exp

 
C� ln 2

C40K
1•2

!

�
40 

(2.35)
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2. Setup of mantle convection simulations

Table 2.1: The present-day rates of heat production (� 8) and half-lives (C8
1•2) of radiogenic isotopes heating

up the mantle.� 0, the bulk concentrations for a Mars-like planet, are taken from Wänke and Dreibus (1994).

Isotope H»W kg� 1 ¼ C1•2 »yr ¼ � 0 »kg kg� 1 ¼
238U 9•46� 10� 5 4•47� 109 15•88� 10� 9

235U 5•69� 10� 4 7•04� 108 11•52� 10� 7

232Th 2•64� 10� 5 1•40� 1010 56� 10� 9

40K 2•92� 10� 5 1•25� 109 39•04� 10� 3

The present-day rates of heat production of the isotopes (� 8) above and their half-lives (C8
1•2) are given

in Table 2.1 (Schubert et al., 2001) along with the overall concentrations (� 8
0) for Mars (Wänke and

Dreibus, 1994).

2.3.4 Partial melting and depletion of heat-producing elements

When the local temperature in the mantle exceeds the solidus temperature (the highest temperature

at which a material is completely solid), it can lead to volcanism. For stagnant-lid bodies such as

Mars and Mercury, volcanism plays a de�ning role in forming the crust and depleting the mantle of

heat-producing elements, which has further consequences for the thermal evolution of these terrestrial

bodies (e.g., Schubert et al., 2001). In turn, the fact that the crust on stagnant-lid bodies does not

go under recycling like on the Earth, provides a unique opportunity to derive clues about the interior

thermal state of the planet, possibly over billions of years (e.g., Tosi and Padovan, 2021). Hence a

simple approach to account for partial melting in the convection code is included and the total amount

of melt produced throughout the evolution is used as an observational constraint.

It has been suggested that the bulk of Mars' crust formed within100Myr of the planet formation,

which led to the extraction of a large amount of radiogenic elements from the mantle into the crust

(e.g., Nimmo and Tanaka, 2005; Plesa et al., 2018). Assuming an initial crustal thickness of3cr, an

enrichment factor� is used to modify the bulk abundance of heat-producing elements� 0 in the mantle

(based on Wänke and Dreibus (1994)) to a new depleted composition� depleted:

� depleted=
" m� 0

" cr ¹� � 1º ¸ " m
• (2.36)

Here," m is the mass of the mantle:

" m = dm
4
3

c
�
' 3

cr � ' 3
c

�
– (2.37)

and" cr is the mass of the crust:

" cr = dcr
4
3

c
�
' 3

p � ' 3
cr

�
• (2.38)

' cr = ' p � 3cr is the radius of the base of the crust.

Partial melting is included using the approach of Padovan et al. (2017). When the temperature in

computational cell8at a given time step exceeds the solidus temperature) sol, the local super-solidus

energy becomes:

� B = 2?m ¹) 8 � ) solº (2.39)
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2.3 The thermal evolution model for a Mars-like planet

This energy is used for two processes: (1) for the latent heat needed to melt a fraction of the cell volume

(i 8) and (2) for the heat required to change the temperature of the unmolten fraction (1 � i 8) from ) sol

to ) 0
8. This leads to the following equation:

� B = ! < i 8 ¸ 2? ¹) 0
8 � ) solº ¹1 � i 8º – (2.40)

where! m is the latent heat of melting. The new temperature) 0
8 after melt extraction will equal

) 0
8 = ) sol ¸ i 8

�
) liq � ) sol

�
– (2.41)

where) liq is the liquidus temperature: temperature above which a material is completely liquid. Inserting

Eq. (2.41) into Eq. (2.40) and equating the resulting formula with Eq. (2.39) yields

2? ¹) 8 � ) solº = ! < i 8 ¸ 2?m i 8
�
) liq � ) sol

�
¹1 � i 8º • (2.42)

Solving Eq. (2.42) fori 8 allows us to set the new temperature) 0
8 in Eq. (2.41).

The following solidus and liquidus parameterizations of Herzberg et al. (2000) and of Zhang and

Herzberg (1994), respectively are used:

) sol = 40 ¸ 41%¸ 42%2 ¸ 43%3 ¸ 44%4– (2.43)

) liq = 50 ¸ 51%¸ 52%2 ¸ 53%3 ¸ 54%4– (2.44)

where) sol and) liq are the dimensional solidus and liquidus temperatures, respectively.%is the

dimensional hydrostatic pressure. Numerical coe�cients40– • • • – 44 and 50– • • • – 54 are listed in Table

2.2.

Using the sum of melt produced in all cells at time-stepC, i C, the internal heating Rayleigh number

is adjusted to account for the extraction of heat-producing elements due to melting as follows:

'0 & C = '0 & C� 1 ¹1 � � i Cº – (2.45)

2.3.5 Boundary and initial conditions

The simulations are carried out in a 2D quarter cylindrical domain. The domain boundaries are

impermeable and free-slip. The surface temperature is kept �xed at250K throughout the evolution.

Latitudinal variations of the surface temperature, like those on Mars (Kie�er, 2013) do not have a

signi�cant impact on the long-term evolution of the planet and its large scale dynamics (Plesa et al.,

2016). There is no heat �ux across the side walls of the computational domain, i.e. they are assumed to

be insulating (Fig. 2.1).

An isothermal boundary condition is imposed at the core-mantle boundary whose temperature) c

evolves according to a cooling equation (e.g. Stevenson et al., 1983):

2?c dc+c
d) c

dC
= � @c � c• (2.46)
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2. Setup of mantle convection simulations

Here2?c is the speci�c heat-capacity of the core,+c the volume of the core,@c the average heat �ux at

the core-mantle boundary (CMB), and� c the outer area of the core.

The initial temperature �eld is prescribed using a 1D temperature pro�le. The pro�le consists of a

potential temperature, given by the parameter) ini and supplemented by two 300-km-thick boundary

layers. A small random perturbation is added to the 2D temperature �eld to initiate convection.

Since the mantle convection simulations are carried out in a 2D cylindrical shell geometry, a

geometric rescaling of the core radius is applied in order to better match the temperature �eld that

would be obtained in a 3D spherical shell. The radius of the core of the cylinder (' cyl
2 ) is re-scaled in so

that the core-to-planet radius ratio is the same as the core-to-planet surface ratio of a sphere (Van Keken,

2001):

�
' c

' p

� 2

=
' cyl

c

' cyl
p

–

' cyl
p � ' cyl

c = 1•

(2.47)

Here,' cyl
p is the radius of the cylindrical planet.

The values of parameters �xed across all simulations are listed in Table 2.2.

2.4 Limitations of the thermal evolution model

Despite the numerous components presented in Sec. 2.3, the thermal evolution model remains relatively

far from the state-of-the-art (e.g., Plesa et al., 2016; Plesa et al., 2018) and is therefore unsuitable for

direct comparison with data from Mars. In the interest of generating a su�cient amount of data to train

machine learning algorithms, some simpli�cations were made, which can be addressed in the future.

For example, the melting model does not account for the redistribution of the extracted heat-producing

elements into an insulating crust in a self-consistent manner. This could have a signi�cant impact on

the shallow temperature pro�le. Furthermore, no secondary crust is formed incrementally during the

evolution in the thermal model, but simply calculated as a post-processing step in Chapter 4.

Since, this dataset was generated before the results of the InSight mission, a smaller core was used

than what the Insight mission has now seismically detected: Mars has a core radius of1830� 30

km (Stähler et al., 2021) instead of the1700km used in this study. Thus, the computational domain

would need to be adjusted accordingly. Finally, the 2D geometry can be upgraded from a cylinder to a

spherical annulus - �rst proposed by Hernlund and Tackley (2008) - to more accurately match the 3D

simulations. Hernlund and Tackley (2008) note that a 2D spherical annulus retains the same scaling of

the relative volume of material at the top and bottom as that of a full 3D sphere. However, ideally one

would run the simulations in 3D to be able to relate the computations to real data from Mars. However,

for now, running10–0003D thermal evolution models of Mars with a setup similar to Plesa et al. (2018)

remains computationally intractable.
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2.4 Limitations of the thermal evolution model

Table 2.2: Values of �xed parameters shared by all simulations.

Parameter Physical meaning Value Unit

� ) C=0
1Initial temperature di�erence between core and surface2000 K

) 0
1Surface temperature 250 K

dc
1Core density 7000 kg m� 3

6 1Acceleration due to gravity 3.7 m s� 2

dm
1Mantle density 3500 kg m� 3

2?c
1Core speci�c heat capacity 850 J kg� 1 K � 1

2?m
1Mantle speci�c heat capacity 1200 J kg� 1 K � 1

: ref
1Reference thermal conductivity 4 W m� 1 K � 1

Uref
1Reference thermal expansivity 2•5 � 10� 5 K � 1

' c
1Outer radius of the core 1700 km

' p
1Planetary radius 3400 km

3cr Thickness of the crust 64•3 km
I ref Reference depth for viscosity 232 km
) ref

1Reference temperature for viscosity 1600 K
I 0

UV
1Reference depth forU to Vspinel 1020 km

I 0
VW

1Reference depth forVto Wspinel 1360 km
� d0

UV
1Density di�erence forU to Vspinel 250 kg m� 3

� d0
VW

1Density di�erence forVto Wspinel 150 kg m� 3

WUV
1Clapeyron slope forU to Vspinel 3 � 106 Pa

WVW
1Clapeyron slope forVto Wspinel 5•1 � 106 Pa

) UV
1Reference temperature forU to Vspinel 1820 K

) VW
1Reference temperature forVto Wspinel 1900 K

3;
1Width of phase transitions 20 km

00
2Coe�cient of thermal expansivity 3•15� 10� 5 K � 1

01
2Coe�cient of thermal expansivity 1•02� 10� 8 K � 2

02
2Coe�cient of thermal expansivity � 0•76 K

03
2Coe�cient of thermal expansivity 3•63� 10� 2 GPa� 1

20
2Coe�cient of thermal conductivity 2•47 Wm� 1 K � 1

21
2Coe�cient of thermal conductivity 0•33 Wm� 1 K � 1 GPa� 1

22
2Coe�cient of thermal conductivity 0•48

40
3Coe�cient for solidus parameterization 1400 K

41
3Coe�cient for solidus parameterization 149•5 K GPa� 1

42
3Coe�cient for solidus parameterization � 9•4 K GPa� 2

43
3Coe�cient for solidus parameterization 0•313 K GPa� 3

44
3Coe�cient for solidus parameterization � 0•0039 K GPa� 4

50 4Coe�cient for liquidus parameterization 1977 K
51 4Coe�cient for liquidus parameterization 64•1 K GPa� 1

52 4Coe�cient for liquidus parameterization � 3•92 K GPa� 2

53 4Coe�cient for liquidus parameterization 0•141 K GPa� 3

54 4Coe�cient for liquidus parameterization � 0•0015 K GPa� 4

1(Plesa et al., 2015)2(Tosi et al., 2013a)3(Herzberg et al., 2000)4(Zhang and Herzberg, 1994)
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3
Learning one-dimensional surrogates

from mantle convection simulations

3.1 Motivation

As mentioned in Sec. 1.1, the high computational cost of running mantle convection simulations in

2D and 3D domains makes an e�cient exploration of the poorly constrained parameter space di�cult.

Therefore, this chapter will demonstrate how an NN-based regression algorithm can ameliorate this

problem by learning the mapping from input parameters to low-dimensional outputs from a few hundred

to a few thousand 2D evolution simulations for a Mars-like planet.

But before delving into deep FNNs, it is worth mentioning a popular alternative to high-

�delity simulations that has been extensively used and studied in the mantle convection community:

parameterized evolution models. One may think of these as a way of stacking several steady-state

convective solutions, where the heat transfer law is derived either from the boundary layer theory

(Howard, 1966) or from numerical simulations. The thermal state of a planet is then advanced in time

by solving an ordinary di�erential equation formulating a global energy balance between heat generated

from core and radiogenic elements, and the heat lost at the surface via convection and conduction (e.g.,

Gurnis, 1989; Stevenson et al., 1983). Often, this is coupled to another ordinary di�erential equation

governing the cooling of the core by transfer of heat to the mantle (e.g., Schubert et al., 1979). The

steady-state solutions are expressed in terms of �scaling laws�. A scaling law is an empirical relation

between the convection parameters (such as the Rayleigh number,'0 ) and the ratio of convective to

total heat �ux at the surface (the Nusselt number,#D) (e.g., Reese et al., 1998; Dumoulin et al., 1999;

Solomatov and Moresi, 2000; Deschamps and Sotin, 2001). When using numerical simulations, such a

'0 -to-#D scaling law is obtained using a one-to-one linear regression approach.

While, a computationally e�cient alternative to 2D and 3D simulations, parameterized models

based on scaling laws can be limited in the amount of physics they can capture and the spatial information

they can predict. It remains di�cult to simultaneously account for a large number of parameters

associated with pressure- and temperature-dependent processes such as viscosity, thermal expansivity

and conductivity. These limitations are already signi�cant for the spectrum of terrestrial planets of
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3. Learning one-dimensional surrogates from mantle convection simulations

the Solar System but especially severe in the case of massive rocky extrasolar planets, or the so-called

super-earths. The extended pressure and temperature ranges in the interior of these planets make it

imperative to account for the in�uence of the above parameters (e.g., Stamenkovi¢ et al., 2012; Wagner

et al., 2012; Tackley et al., 2013). The literature on extending scaling laws to account for pressure-

and temperature-dependent processes is vast. For example, ƒíºková et al. (2017), used a Cartesian 2D

convection model to investigate the impact of compressibility through an additional non-dimensional

number: the dissipation number�8 . They derived di�erent'0 -to-#D scaling relationships (linear

regression models) for di�erent values of�8 . This approach, however, quickly becomes impractical as

the number of parameters begins to grow. Of course, one can also express scaling laws as functions of

parameters. Deschamps et al. (2010) used numerical experiments to derive scaling laws as a function of

internal heating. Dumoulin et al. (1999) �tted scaling laws to numerical simulations with three di�erent

values of a parameter quantifying the temperature-dependence of viscosity and with two di�erent values

of a parameter quantifying the pressure-dependence of viscosity. Thiriet et al. (2019) used numerical

simulations in a 3D spherical geometry to determine best-�t parameters for a'0 -to-#D scaling for

stagnant-lid bodies, which accounts for'0 , temperature-dependence of viscosity and internal heating.

Stamenkovi¢ et al. (2012) included the pressure-dependence in their parameterized 1D evolution

models by scaling the boundary layer thickness as a function of a �local� viscosity (which contains

the pressure-dependence term). The convective heat �ux, however, is scaled as if the system were

isoviscous (with no pressure- and temperature- dependence). The extent to which this approximation

holds has not been well-established. Furthermore, parameterized thermal evolution models typically

assume a theoretical adiabatic temperature pro�le and cannot account for chemical heterogeneities such

as the location and shapes of phase transitions.

Therefore, a di�erent approach based on machine learning is worth exploring, although it would

likely need more data (simulations) than what is typically used to derive scaling laws. Ideally, a

machine-learning-based forward surrogate would be able to account for more physics (via input

parameters) and predict more than global averages or simpli�ed 1D temperature pro�les. This motivates

the use of multivariate regression methods such as FNN, which through �deep� architectures are able to

approximate non-linear mappings (e.g., Bishop, 1996). A couple of studies preceding Agarwal et al.

(2020) had presented forward surrogates in mantle convection, albeit in a limited fashion. For example,

Atkins (2017) showed that the mean mantle temperature and the degree of lateral heterogeneity can

be predicted from mantle convection simulations of Earth using MDNs. Gillooly et al. (2019) used

convection simulations with plate-like behavior together with Generative Adversarial Networks to

interpolate plate boundaries in unresolved regions. A study by Shahnas and Pysklywec (2020), published

around the same time as Agarwal et al. (2020), compared linear and polynomial regression to FNNs for

predicting the surface heat �ux and mean temperature from parameters such as the Rayleigh number for

variable (i.e., they can be switched o� and on) physical processes such as melting from steady-state

simulations. In yet another related study, Magali et al. (2020) inverted surface wave dispersion curves

to infer temperature and viscosity �elds using Markov Chain Monte Carlo random walks, which sample

from a forward surrogate model based on an FNN. Indeed the use of machine learning in the broader

�uid dynamics community has grown dramatically in the last few years, but this is covered later in

Chapter 5, where higher dimensional surrogates are introduced.

This chapter is based on Agarwal et al. (2020), where FNNs are used to predict the 1D temperature

pro�le from �ve input parameters in time from thermal convective evolution simulations of a Mars-like
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3.2 Dataset of 1D temperature pro�les

planet (Fig. 1.2(f)). The structure of the chapter is as follows. Sec. 3.2 presents the dataset used for

training FNNs. In Sec. 3.3, the speci�cs of how FNNs are trained are presented. Sec. 3.4 shows how

the trained FNNs can be used to calculate the thermal evolution of a Mars-like planet. Sec. 3.5 follows

this up by showing another application of such a trained surrogate: rapid evaluation of the parameter

space. In Sec. 3.6, the advantages as well as the limitations of this approach are discussed.

3.2 Dataset of 1D temperature pro�les

A dataset of10–453evolution simulations using the setup described in Chapter 2 was generated using

approximately200–000CPU hours on a high-performance computing (HPC) cluster. Several single-core

simulations on a quarter-cylindrical 2D grid were run in parallel, leading to approximately 2 TB of data.

As shown in Fig. 1.2, �ve parameters are drawn randomly from individual uniform distributions: the

reference viscosity[ ref 2 »1019–1022¼Pa s, the enrichment factor� 2 »1–50¼, the initial temperature

) 8=82 »1600–1800¼K, the activation energy of di�usion creep� 2 »105–5 � 105¼J mol� 1 and the

activation volume of di�usion creep+ 2 »4� 10� 6–10� 10� 6¼m3 mol� 1. As shown by previous studies

on the thermal evolution of Mars (e.g., Grott and Wieczorek, 2012; Plesa et al., 2015; Plesa et al., 2018),

these �ve parameters strongly in�uence the long-term evolution but are not well-constrained.

For each set of parameters, a thermal evolution simulation was run for4•5 Gyr. However, not all

simulations reached4•5 Gyr. Certain combinations of parameters can render the convection extremely

vigorous, making the systems of linear equations to solve particularly sti� to the point that for some

simulations, the linear solver did not converge. Such simulations were �ltered out by considering the

root mean square of the magnitude of the velocity in the mantleDrms. An empirical upper bound of

20000for Drms ensures su�cient accuracy while at the same time, not losing too many simulations.

9–524out of10–453simulations satis�ed the criterion ofDrms � 20000. All the time steps from

these9–524simulations are used, including from simulations that did not �nish. The number of time

steps available for each simulation can vary. This is because while running the simulations, an output

was saved every4000-th iteration of the solver as well as after every90Myr of time in the evolution.

This way, at least some time steps could be stored even for the sti�er simulations. On average,35 time

steps are available for each simulation.

The parameter distribution is plotted in Fig. 3.1. Here, all the training inputs have been normalized

to be between0 and1 using the maximum and minimum values of each parameter, as is common

practice in ML. The parameter space is well covered, except for some corners. For example, some

simulations with low reference viscosity and high activation energy (i.e., leading to highly vigorous

convection) were discarded under the �ltering criterion. Furthermore, from the �rst row, one sees the

same phenomenon where not as many simulations with low reference viscosity, high activation energy

and to some extent, low activation volume reached the end time. Due to this scarcity of data, one can

expect less prediction accuracy at the later time steps.

Fig. 3.2 shows the evolution of (a) the CMB temperature, (b) the mean mantle temperature, (c) the

CMB heat �ux and (d) the surface heat �ux. Fig. 3.2e shows the present-day temperature pro�les from

the simulations that did reach the end-time of4•5 Gyr. Here, all the curves are plotted according to just

one parameter:[ ref. Since a lower reference viscosity leads to more vigorous convection, the planet

cools more e�ciently as can be seen from the lower mean mantle temperature (Fig. 3.2a) and the lower

CMB temperature (Fig. 3.2b). Lower reference viscosity (or equivalently, higher Rayleigh number

23



3. Learning one-dimensional surrogates from mantle convection simulations

Figure 3.1: (Agarwal et al., 2020) Distribution of the non-dimensionalized parameters from the �ltered
simulations. These correspond to the following dimensional values:[ ref 2 »1019–1022¼Pa s,� 2 »1–50¼,
) 8=82 »1600–1800¼K, � 2 »105–5 � 105¼J mol� 1, + 2 »4 � 10� 6–10� 10� 6¼m3 mol� 1

.
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3.3 Training feedforward neural networks

Figure 3.2: (Agarwal et al., 2020) Evolution of the (a) CMB temperature, (b) mean mantle temperature, (c)
CMB heat �ux and (d) surface heat �ux. Panel (e) shows the temperature pro�les at the end of the evolution
from the simulations that reached4•5 Gyr. All the curves are color-coded by reference viscosity ([ ref).

'0 ) also leads to higher heat �uxes (Fig. 3.2(c,d)), resulting in an ultimately cooler pro�le and steeper

thermal gradient near the surface (Fig. 3.2e).

In addition to the scaling of parameters to be between0 and1, the output is also downsized by

two-third to accelerate training. The 1D temperature pro�les are coarsened by taking every third point

in the pro�le except at the surface and at the CMB. The temperature at the surface and the next two

points of the numerical grid are taken as they are to ensure the same precision as that of the numerical

simulations at the boundaries; the same applies to the CMB.

The FNN-based surrogate is trained on80%of the entire dataset.10%of the data is used for cross-

validation: to try di�erent network architectures and prevent over-�tting. The remaining10%serves as

the test set to evaluate the accuracy of the trained forward surrogate. For a total of337–848samples

(simulations� time steps), this results in a train-validation-test split of270–278� 33–785� 33–785.

3.3 Training feedforward neural networks

Fig. 3.3 shows how an FNN is used as a surrogate model for predicting the 1D temperature pro�le at

any given time during the evolution from the �ve input parameters and time as an additional input.

The FNN connects inputs to outputs via multiple neuron functions organized into multiple layers. If

8and 9are the indices for neurons of two consecutive layers of the MDN, then the activation for neuron

9in the intermediate layer depends on input8from the previous layer:

09 = 6

 
Õ

8

08F8 9¸ 19

!

– (3.1)

whereF8 9are �weights� that can be learned from the data and6¹º is the nonlinear activation

function. Here,tanh¹º is used as the activation function.19 are �biases� added to each neuron9in

the given layer; these are also learned from the data and enable the network to translate the activation

function to the left or to the right so that the origin of the activation function is no longer �xed at zero.
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3. Learning one-dimensional surrogates from mantle convection simulations

Figure 3.3: (Agarwal et al., 2020) A schematic of a feedforward neural network used as a forward surrogate
model. The input nodes are connected to the output nodes via neurons �hidden layers�. Each connection
is an adjustable weight, which is optimized over several iterations by back-propagating the error in NN
prediction. The trained network can predict the temperature pro�le at timeC, given the inputsC, [ ref, � , ) ini ,
� and+, as well asCas an additional input. The FNN can be evaluated at multiple values ofCto produce an
entire evolution from0 to 4•5 Gyr.

FNNs are thus able to approximate highly complex nonlinear maps through the interconnection of

several such neurons (Baum and Haussler, 1989).

Once the forward graph of the FNN has been de�ned, one can then use back-propagation to optimize

the weights (e.g., Werbos, 1982; Rumelhart et al., 1986). The gradient of the error (expressed here as

mean-squared error (MSE)) is obtained via back-propagation through all the hidden layers using the

principles of chain rule for di�erentiation. The derivatives of errors with respect to weights are used to

update the adjustable parameters in a hidden layer at each iteration. This process is called gradient

descent. There are several variants of gradient descent. We use a popular stochastic gradient descent

optimizer called Adam (Kingma and Ba, 2014) (adaptive moment estimation).

The derivatives needed during gradient descent are calculated by Automatic Di�erentiation (AD),

now o�ered by several ML libraries. TensorFlow (Abadi et al., 2015) is used here, where one only needs

to set up the computational graph by de�ning the NN architecture and specifying the cost function. Two

techniques are used to prevent over-�tting. First,! 2- regularization is used. Second, an early-stopping

criterion is de�ned, such that the training stops when the MSE on the validation set starts increasing

beyond a certain threshold:

CA08= F�8;4MSEvalidation¹4?>2�º � MSEvalidation¹4?>2� � 0•054?>2�º• (3.2)

An epoch corresponds to one optimization iteration over all the training samples. After some trial

and error of a few di�erent FNN architectures, it seemed that relatively small architectures of two

to three hidden layers containing a total of200neurons between them performed the best. All the

following results are shown with one such trained FNN containing»90–60–30¼neurons in the hidden

layers. The FNN ran for approximately4•4 million epochs before hitting the criterion de�ned in Eq.

(3.2). Since the network(s) must only be trained once, such a high number of epochs required is not a

huge concern. Still, if faster training is desired, some optimization tricks like using a scheduled learning

rate, mini-batching or thermometer coding (e.g., Yunho Jeon and Chong-Ho Choi, 1999; Montavon

et al., 2013) can be used. In fact, retraining the networks in mini-batches of32 (not presented in the

thesis) shows that comparable accuracy can be achieved in less than100epochs, which take a few

minutes.
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3.4 Predicting the thermal evolution of a Mars-like planet

On average, any point of the temperature pro�les is predicted with a relative error of0•2604%on

the test set and0•2609%on the training set.

As a further check to see how the FNN performs if fewer simulations were available for training,

the results from an FNN trained with only3000simulations are presented in Fig. 3.4. The test set now

consists of temperature pro�les from6000unseen simulations. Some temperature pro�les from the test

set in their dimensional form (see Eq.(2.15)) and the corresponding FNN predictions are plotted. The

comparisons show a remarkable agreement between predicted pro�les and the pro�les not seen by the

network during training and cross-validation. This suggest that using FNNs as forward surrogates in

prediction of low-dimensional outputs is a robust approach that is feasible even with a relatively small

number of simulations. As Fig. 3.5 shows, for this particular prediction task of predicting67numbers

from a6-dimensional input vector, no signi�cant improvement is achieved beyond1000simulations.

In general, one sees in Fig. 3.4b that the spatial error peaks around the upper thermal boundary

layer. This is likely because the lateral temperature variations are typically largest at the base of the

lithosphere, thereby introducing a higher uncertainty and an ultimately larger prediction error. This

can be somewhat observed in Fig. 3.2e, where the top part of the temperature pro�les exhibit a less

obvious color pattern than the rest. This suggests that the surface heat �ux is more ill-conditioned,

i.e. a broader range of parameters can lead to the same heat �ux. Finally, it is also possible that the

numerical precision is smeared by the act of averaging the 2D temperature �eld to a 1D pro�le of points

connected by linear elements and even further by reducing the size of the temperature pro�les through

linear coarsening.

On the temporal distribution of the error in Fig. 3.4c, one sees that the error increases in time.

This is perhaps slightly counter-intuitive from a physical standpoint, as the planet tends to cool and

undergo less vigorous convection during the late stages of an evolution (Fig. 3.2b). However, from an

ML standpoint, this phenomenon of increasing error with increasing time has a trivial explanation; the

relative dearth of data towards later time steps for certain parameter ranges (Fig. 3.1) means that the

FNN simply has fewer training examples to learn from.

3.4 Predicting the thermal evolution of a Mars-like planet

With the high accuracy of trained FNNs established, one can now use these to predict the entire

evolution from0 to 4•5 Gyr. To check whether some geophysical trends can be seen, a small batch of

20simulations with �hand-picked� parameters is run, as shown in Table 3.1. In these simulations only

one parameter is varied at a time, while keeping the rest �xed to isolate the impact each parameter has

on the output.

Fig. 3.6 shows a comparison of the evolution of the CMB temperature, the mean mantle temperature

and the present-day 1D temperature pro�les for all the simulations in Table 3.1. The FNN is able to

capture the trends well, if not perfectly. For example. Fig. 3.6c shows that with increasing reference

viscosity, the planet ends up hotter due to sluggish convection and a thicker stagnant lid. Similarly,

Fig. 3.6l shows the impact of radiogenic elements in the mantle. A lower enrichment factor means

that the mantle convects vigorously due to the higher amount of internal heat generated by radiogenic

elements leading to an overall hotter pro�le. Fig. 3.6o also shows a commonly known phenomenon

called the �thermostat e�ect� (Tozer, 1967). The initial temperature becomes less important with time

(after� 2 billion years) due to this self-regulating mechanism: when the mantle is hot, the viscosity
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3. Learning one-dimensional surrogates from mantle convection simulations

Figure 3.4: (Agarwal et al., 2020) Comparison of a few randomly selected temperature pro�les from the
6000unseen GAIA simulations at any time (blue solid lines) and the corresponding prediction by the neural
network (red dashed lines) along with the absolute error in the predictions (grey solid line, top axis). (b) The
average absolute error for the prediction of the temperature at each point along the radius for all temperature
pro�les in the test set (top axis in grey) and radial distribution of the average relative error (bottom axis). (c)
The temporal distribution of the mean relative error in predicting a temperature pro�le.
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3.4 Predicting the thermal evolution of a Mars-like planet

Figure 3.5: (Agarwal et al., 2021b) Average relative error in the prediction of any point of temperature
pro�les in the test set as a function of the total number of simulations available for training.

Table 3.1: (Agarwal et al., 2020) Values of input parameters to 20 additional GAIA simulations used for
comparing evolution. Simulation 8 crashed because of the particular combination of parameters and was
discarded.

.

Simulation number [ ref [Pa s] � [J mol� 1] + [m3 mol� 1] � ) ini [K]
1 1019 2 � 105 6 � 10� 6 20 1700
2 1020 2 � 105 6 � 10� 6 20 1700
3 1021 2 � 105 6 � 10� 6 20 1700
4 1022 2 � 105 6 � 10� 6 20 1700
5 1020 1 � 105 6 � 10� 6 20 1700
2 1020 2 � 105 6 � 10� 6 20 1700
6 1020 3 � 105 6 � 10� 6 20 1700
7 1020 4 � 105 6 � 10� 6 20 1700
8 1020 5 � 105 6 � 10� 6 20 1700
9 1020 2 � 105 4 � 10� 6 20 1700
10 1020 2 � 105 5 � 10� 6 20 1700
2 1020 2 � 105 6 � 10� 6 20 1700
11 1020 2 � 105 8 � 10� 6 20 1700
12 1020 2 � 105 10� 10� 6 20 1700
13 1020 2 � 105 6 � 10� 6 1 1700
14 1020 2 � 105 6 � 10� 6 10 1700
2 1020 2 � 105 6 � 10� 6 20 1700
15 1020 2 � 105 6 � 10� 6 30 1700
16 1020 2 � 105 6 � 10� 6 40 1700
17 1020 2 � 105 6 � 10� 6 20 1600
18 1020 2 � 105 6 � 10� 6 20 1650
2 1020 2 � 105 6 � 10� 6 20 1700
19 1020 2 � 105 6 � 10� 6 20 1750
20 1020 2 � 105 6 � 10� 6 20 1800
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decreases, leading to more vigorous convection and thereby, more e�cient cooling. On the contrary,

when the mantle is cooler at latter stages in the evolution, it becomes more viscous and therefore, cools

less e�ciently.

3.5 Rapid evaluation of the parameter space

In addition to predicting the entire evolution for a Mars-like planet, another application of rapid

surrogates is presented in this section. Fig. 3.7 shows the rapid evaluation of the parameter-space to

calculate two quantities of interest, derived from the temperature pro�les that can be linked to observed

data.

One, the CMB temperature () cmb) is evaluated with respect to two parameters at a time, while

keeping the rest of the parameters �xed.) cmb provides an insight into the thermal state of the core,

which has implications for its mode of solidi�cation (e.g., Breuer et al., 2015) and for the tidal response

of the planet (e.g., Plesa et al., 2018; Khan et al., 2018).

Two, the upper mantle temperature) lid is also plotted on the upper-right of Fig. 3.7.) lid can be

compared with inferences from petrological studies and used to predict the thermal state of the mantle

(such as the mean mantle temperature at given times during the evolution) (e.g., Filiberto and Dasgupta,

2015).

For both quantities of interest in Fig. 3.7,[ ref and� have the strongest e�ect, followed by� and

then+. As expected,) ini has almost no correlation with the observables due to the thermostat e�ect.

One can draw further insights. For example, lower values of reference viscosity lead to lower) lid and

) cmb. Similarly, a higher enrichment factor� means that the mantle is more depleted in heat-producing

elements and therefore cooler.

Using such plots, one can also draw some inferences regarding the correlations between di�erent

parameters. In this model of a Mars-like planet, for) cmb to decrease, a low-reference viscosity in

combination with a high activation energy is necessary. A higher activation energy equals a higher

temperature dependence of viscosity, which leads to more vigorous convection and a more e�cient

cooling. One may also compare two parameters in terms of the impact they have on an observation.

For example, the plot of) lid as a function of� and[ ref shows that[ ref plays a more dominant role in

determining the lid temperature.

3.6 Summary and discussion

An FNN-based 1D forward surrogate to predict the thermal convective evolution of a Mars-like planet

was presented in this chapter. The data to train the FNN came from� 10–000 mantle convection

simulations. The trained FNN is available on Github1and is capable of predicting the 1D laterally-

averaged temperature pro�le at any point in the4•5 Gyr evolution. A comparison of the FNN predictions

with unseen GAIA simulations shows that the network captures the trends accurately and matches the

GAIA simulations well with an average accuracy of99•7%.

This study shows the potential of ML-based algorithms for studying non-trivial mantle convection

problems involving multiple parameters and physical processes. There are several advantages to this

approach:

1https://github.com/agsiddhant/ForwardSurrogate_Mars_1D

30



3.6 Summary and discussion

Figure 3.6: Comparison of evolution results from the trained surrogate (dashed lines) and GAIA simulations
(solid lines). Evolution of the CMB temperature (a,d,g,j,m) and mean mantle temperature (b,e,h,k,n), as well
as the �nal temperature pro�les (c,f,i,l,o) for simulations from Table 3.1. (a-c) Simulations (1,2,3,4), (d-f)
simulations (5,2,6,7), (j-l) simulations (9,10,2,11,12), (g-i) simulations (13,14,2,15,16), (m-o) simulations
(17,18,2,19,20).
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3. Learning one-dimensional surrogates from mantle convection simulations

Figure 3.7: (Agarwal et al., 2020) Upper-right: Present-day values of the upper mantle temperature () lid).
Lower-left: Present-day values of the CMB temperature () cmb). Unless varied, the parameters remain �xed
at these values:[ ref = 1020 Pa s,� = 20, ) ini = 1700K, � = 2 � 105J mol� 1, + = 6 � 10� 6 m3 mol� 1.

32



3.6 Summary and discussion

1. FNN-based surrogates are able to capture more physics than scaling laws, such as temperature-

and pressure-dependent thermodynamic and transport properties.

2. The forward surrogate is able to predict the entire 1D temperature pro�le including the shapes and

locations of phase transitions, whereas parametrized evolution models typically operate under the

assumption of a theoretical adiabatic temperature pro�le.

3. By training directly in time, one can also circumvent constructing evolution models with energy

balance equations. The FNN implicitly learns the relations between the initial values of parameters

and their evolution with time, eliminating the need to track how di�erent parameters such as the

Rayleigh number are evolving.

4. Trained surrogates like this can be easily downloaded from online repositories and used to conduct

an extensive evaluation of the parameter-space, thanks to their ability to make near-instantaneous

predictions. For reference, recreating the plot in Fig. 3.7 via numerical modeling codes alone

would require25–000simulations. This number explodes to1•25Million, if one wants to explore

parameter combinations in three dimensions.

5. This can also elevate FAIR (Findability, Accessibility, Interoperability, and Reuse) practices in

the research community. Di�erent groups can use surrogates to examine the underlying results

instead of just possibly highly processed end results.

At the same time, the following limitations remain to be addressed:

1. The prediction of the full 1D temperature pro�les, while a signi�cant advance to scaling laws,

still loses some information about the dynamics of the mantle �ow. For example, the formation

and subsidence of hot plumes and cold downwellings are not captured. The number and size of

such features is an indicator of how vigorously the mantle is convecting. This is later addressed

in Chapter 5.

2. It was established that approximately1000simulations are su�cient for training a 1D forward

surrogate for this particular setup of �ve parameters. This is still quite a high number and one

could investigate more e�cient dimensionality reduction techniques like autoencoders to reduce

the size of the temperature pro�les even further. Unless one can train this surrogate with one to

few hundred simulations, it quickly becomes necessary to use HPC resources, which are not as

readily available as desktop computers.

3. The FNN in this dataset is limited to the physics included in the convection simulations which

were used as training data. Once the parameters and the physical model are decided, they are

essentially �frozen� and cannot be changed trivially. A potential solution could be to include

not only simulation parameters, but also di�erent physical processes (e.g. melting (Shahnas

and Pysklywec, 2020), number of phase transitions and compressibility) in the input vector, as

well as computational domains of di�erent sizes. While, the former could be achieved easily

if there is a large enough dataset available, it is not so obvious how di�erent computational

domain sizes or physical sizes (e.g. radii for di�erent planets) could be incorporated into a single

learning problem. Thus, for now, this approach remains limited to treating one planet at a time (a

Mars-like planet in this case).
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4
A probabilistic framework for

constraining mantle convection

parameters

4.1 Motivation

Constraining the key parameters and initial conditions of the thermal evolution of terrestrial planets

from observational data is an inverse problem. Measurements such as those of topography, gravity,

magnetic and seismic �elds, surface spectra and surface images, as well as meteoritic data can all be

used in some shape or form to put constraints on mantle convection (see Tosi and Padovan (2021) for a

review). This inverse problem is often studied using probabilistic inversion due to ill-posedness: several

combinations of parameters can lead to the same sparse outputs.

Since the forward forward models are computationally expensive, standard Markov Chain Monte

Carlo (MCMC) (see Sambridge and Mosegaard (2002) for an overview) are not typically used. In

geodynamics, a broad spectrum of probabilistic inversion approaches has instead been proposed that

ranges from using modi�ed MCMC such as a neighborhood algorithm (Sambridge, 1999a; Sambridge,

1999b) all the way to completely bypassing it. The latter has been predominantly achieved via an

increasing use of Mixture Density Networks (MDNs). One of the �rst studies can be traced back to

Meier et al. (2007), who used MDNs to invert surface waves data for obtaining constraints on crustal

thickness. Wit et al. (2013) inverted body-wave travel-times to constrain the Earth's radial seismic

structure using MDNs. Atkins et al. (2016) inverted reduced representations of 2D temperature �elds of

simulations of the Earth's mantle to constrain convection parameters such as reference mantle viscosity,

lithospheric yield stress and initial temperature. Both Atkins et al. (2016) and Käu� et al. (2016) note

that under the assumption of smooth probability distributions between training samples, MDNs need

signi�cantly fewer simulations than MCMC methods and use simulations only prior to the inversion

for constraining mantle convection parameters. Baumeister et al. (2020) applied MDNs to extrasolar

planets by predicting the distribution of the possible interior structures from given mass and radius.
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4. A probabilistic framework for constraining mantle convection parameters

Some other ML methods have also appeared in the recent geophysical literature. For example,

Baumann (2016) applied an unsupervised classi�cation algorithm called self-organizing map (Vesanto

and Alhoniemi, 2000) to the problem of constraining the dynamics and rheology of the lithosphere

in collision zones. Shahnas et al. (2018) used support-vector machines to estimate the magnitude of

the spin transition-induced density anomalies that can cause �ow stagnation at midmantle depths from

mantle temperature �elds (see Morra et al. (2020) for a recent review on the application of data science

techniques in geodynamics).

This chapter is based on Agarwal et al. (2021a), where MDNs are used to study how well the

parameters and initial conditions of the thermal evolution of a Mars-like planet can be constrained using

synthetic observables. By demonstrating that the loss function used to train MDNs (log-likelihood)

provides a good estimate of how well a parameter can be constrained, it is shown that a robust

probabilistic inversion framework can be built to quantitatively answer a broader question in planetary

physics:what needs to be measured and with what precision, in order to constrain (i.e. produce an

interval of con�dence) speci�c parameters governing mantle convection?This is the main reason for

formulating this study as an inverse problem; one can directly test di�erent numbers and combinations of

observables as inputs as well as add noise to them to emulate the uncertainty associated with measuring

them. A side bene�t of directly using simulations instead of a forward surrogate is that one does not

have to worry about how accurate the predictions of the ML-based forward surrogate are. The example

of a Mars-like planet with �ve unknown parameters is used along with various synthetic observables

derived from the outputs of the forward numerical simulations: crustal and elastic lithosphere thickness,

duration and timing of volcanism, surface heat �ux, amount of accumulated radial contraction, surface

concentration of radioactive elements, or evolution of the mantle potential temperature. While all these

quantities are available to some degree for Mars, due to some limitations of the 2D forward model, only

synthetic simulation-based observables are used.

This work builds upon some previous MDN studies in geodynamics, in particular upon the seminal

paper by Atkins et al. (2016). In addition to considering a planet with di�erent mode of convection

(stagnant lid for Mars vs. mobile lid with plate tectonics for Earth), this study uses present-day

observables after 4.5 Gyr of evolution (instead of outputs after 3 Gyr) and only considers quantities

that could potentially be measured for a Mars-like planet, instead of a reduced representation of the

entire temperature �eld as done by Atkins et al. (2016). The reduced representations can still contain

rich information about the convection structures, while not being realistically observable for planets

like Mars. Finally, since the original MDN, as �rst proposed by Bishop (1994) only outputs marginal

probability distributions, a modi�ed MDN model is proposed that computes the joint probability

distribution: to our knowledge, a �rst in the research on mantle convection.

The outline of this chapter is as follows. Sec. 4.2 presents the dataset of simulations used as well as

the computation and visualization of the synthetic observables. In Sec. 4.3, the basics of marginal and

joint MDNs are presented. In Sec. 4.4, marginal MDNs are used to study which observables are needed

to constrain certain parameters and how uncertainty in the observations can deteriorate the strength

of those constraints. Sec. 4.5 shows some results of training the joint MDNs. Sec. 4.6 discusses

the next steps needed to use actual observational data for Mars. Finally, the results of the chapter are

summarized and the strengths and weaknesses of this approach are discussed.
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4.2 Dataset of synthetic observables for a Mars-like planet

The setup of the mantle convection simulations for a Mars-like planet was explained in Chapter 2.

However, for the inverse study in this chapter and for the two-dimensional surrogate modeling in

Chapter 5, a di�erent dataset was generated than the one used for one-dimensional surrogate modeling

in Chapter 3. The new dataset was run on a �ner computational grid of302radial layers times392

cells per layer. This helped overcome the convergence issues for parameter combinations with vigorous

convection to some extent as compared to the previous resolution of200� 263. Using the same �ltering

criterion ofDrms � 20000as in Chapter 3 for the previous dataset,10–040out of10–080simulations

can now be retained. Overall, the new dataset is10TB large and took approximately1•7 million CPU

hours to generate.

To calculate the synthetic observables, which will be used to constrain mantle convection parameters,

the outputs of the numerical simulations such as velocity, temperature and viscosity are typically

post-processed. The following subsections show the details of these calculations.

4.2.1 Surface and CMB heat �ux

The mean surface heat �ux&s is calculated from the laterally-averaged 1D temperature pro�le) ¹A– Cº,

which varies with radiusAand timeC:

&s¹Cº = : s
) ¹ ' p � � '– Cº � ) ¹ ' p– Cº

� '
• (4.1)

Similarly, the CMB heat �ux&c is calculated as

&c¹Cº = : c
) ¹ ' c– Cº � ) ¹ ' c ¸ � '– Cº

� '
• (4.2)

Here,: s and: c are the thermal conductivity at the surface and at the CMB, respectively.� ' is the

radial distance between two neighboring shells, which is constant in this dataset and' p and' c are the

planet and the core radius, respectively.

4.2.2 Radial contraction and expansion

The thermally-induced radial contraction and expansion of a planet are calculated from the temperature

pro�le (e.g., Grott et al., 2011; Tosi et al., 2013b):

� ' th¹Cº = Uc¹) ¹ ' c– Cº � ) ¹ ' c–0ºº
' 3

c

3' 2
p

¸
1

' 2
p

¹ ' p

' c

Um¹A– Cº¹) ¹A– Cº � ) ¹A–0ººA2 3A• (4.3)

Here,Um¹A– Cº andUc are the coe�cients of thermal expansion of the mantle and the core, respectively.

4.2.3 Elastic lithopheric thickness

The elastic lithospheric thickness is calculated using the strength-envelope formulation of McNutt

(1984). First, the temperature) e at which the lithosphere loses its mechanical strength is calculated:

) e =
&8

' gas

�
log

�
f =8

� � 8

n¤

� � � 1

– (4.4)
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4. A probabilistic framework for constraining mantle convection parameters

where&8, � 8 and=8 are rheological parameters for a crust with a diabase rheology and for the mantle,

' gas is the gas constant,f � is a bounding stress, andn¤is the strain rate. The values for these parameters

are taken from Grott and Breuer (2010). Second, eq.(4.4) is used to compute the mechanical thickness

of the crust� e–cr and the mantle� e–m. The e�ective elastic thickness is given by:

� e =

8>><

>>
:

� e–m if � e–cr ¡ 3 cr
� �

� e–m � 3cr
� 3 ¸ � 3

e–cr

� 1
3

otherwise
(4.5)

where3cr is the assumed crustal thickness (see Table 2.2 for the value).

4.2.4 Duration of volcanism and melt produced

In addition to the temperature pro�le, the melt produced during the evolution is used to calculate two

observables (see Sec. 2.3.4 in Chapter 2 for details on how melt production is accounted for). First, the

total duration of volcanism (Cvolc) is considered as an observable. It is essentially the last time step at

which melt is formed.

Second, the cumulative amount melt produced is calculated as an equivalent thickness (� melt).

' melt can be obtained by solving the following equation:

+melt¹Cº =
c
4

�
' 2

p � ' 2
melt

�
– (4.6)

where,+melt¹Cº is the melt volume.� melt is then calculated as� melt¹Cº = ' p � ' melt.

It is worth noting that this melting model is strongly simpli�ed. For example, the heat sources

depleted at each time step due to melt extraction are not redistributed into a �new� crust. Lower parts of

this new crust would then ideally also be at least partly recycled into the mantle during the thermal

evolution, something the used model is not equipped to calculate. Also, there is no crust present during

the evolution in that there is no layer with a lower thermal conductivity present (e.g., Plesa et al., 2018).

The evolution of the synthetic observables is now plotted in Fig. 4.1. Here, the curves are plotted

by one parameter: reference viscosity. Intuitively, higher reference viscosities lead to more sluggish

convection and thereby, less e�cient heat transfer: the mantle heats up with respect to its initial state

most cases. Fig. 4.1 also shows that while some observables like the surface heat �ux and the CMB

temperature exhibit a color-pattern, some others like elastic lithospheric thickness, radial contraction

and melt produced show almost no correlation to reference viscosity. There is no obvious pattern that

transitions when going from low to high values of the parameter or vice-versa.

To keep the number of machine learning tasks manageable, only the present-day observables

are considered. Therefore, the6130simulations that reached the end-time of4•5 Gyr are split into

three parts: training (80%), test (10%) and validation (10%). The parameters and observables are

non-dimensionalized to be between0 and1 using their respective maxima and minima to ensure that all

the parameters are of the same order of magnitude, as well as to make the error function used to train

MDNs comparable across di�erent parameters. Fig. 4.2 plots each of the �ve parameters (across �ve

columns) with respect to the synthetic observables (along rows). The degeneracy of the problem is

evident from the plot: a broad range of parameters can lead to the same observation. In the last row
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Figure 4.1: (Agarwal et al., 2021a) The evolution of (a) CMB temperature, (b) mean mantle temperature,
(c) CMB heat �ux and (d) surface heat �ux, (e) elastic lithospheric thickness, (f) thermally-induced radial
contraction, and (h) equivalent melt thickness produced from10–040thermal evolution simulations of a
Mars-like planet. In panel (g) the present-day 1D temperature pro�les are plotted for the6130simulations
that reached the end-time of 4.5 Gyr. All the curves are colored by the value of the reference viscosity[ ref
going from dark purple (low) to bright yellow (high).

of Fig. 4.2, the 1D temperature pro�les at4•5 Gyr are also plotted. They are colored from purple to

yellow: from the minimum value of that parameter to its maximum.[ ref and� exhibit stronger patterns

when compared to the other parameters.

4.3 Training Mixture Density Networks

For ill-posed problems, where there is not a single point solution but a range of possible solutions, all of

which need to be identi�ed, Bishop (1994) suggested modifying the traditional FNNs such as those used

in Sec. 3.3 to predict a probability distribution instead of a point estimate, thereby resulting in MDNs.

Using MDNs one can directly estimate the posterior probability?¹parametersjobservablesº, which is

hereafter abbreviated as?¹pjoº. Bishop (1994) models?¹pjoº using a mixture of distributions:

?¹pjoº =
<Õ

8=1

U8¹oº q8¹pjoº• (4.7)

Here,< is the number of mixtures,U8¹oº are the weighting coe�cients, such that:

<Õ

8=1

U8¹oº = 1– (4.8)

andq8¹pjoº is the kernel function representing the conditional density. While, many choices for the

kernel function are possible, only Gaussian kernels are used in this study, since theoretically a mixture of

Gaussian distributions can approximate any given density distribution (Mclachlan and Basford, 1988):

q8¹pjoº =
1

¹2cº2•2f 8¹oº2
exp

�
�

kp � ` 8¹oºk2

2f 8¹oº2

�
• (4.9)
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