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Abstract

In (dynamic) adaptive mesh refinement (AMR) an input mesh is refined or coarsened to the need

of the numerical application. This refinement happens with no respect to the originally meshed

domain and is therefore limited to the geometrical accuracy of the original input mesh. We

presented a novel approach to equip this input mesh with additional geometry information, to

allow refinement and high-order cells based on the geometry of the original domain.

We already showed a limited implementation of this algorithm. Now we evaluate this prototype

with a numerical application and we prove its influence on the accuracy of certain numerical

results. To be as practical as possible, we implement the ability to import meshes generated

by Gmsh and equip them with the needed geometry information. Furthermore, we improve the

mapping algorithm, which maps the geometry information of the boundary of a cell into the cell’s

volume.

With these preliminary steps done, we use out new approach in a simulation of the advection of

a concentration along the boundary of a sphere shell and past the boundary of a rotating cylinder.

We evaluate the accuracy of our approach in comparison to the conventional refinement of cells to

answer our research question: How does the performance and accuracy of the hexahedral curved

domain AMR algorithm compare to linear AMR when solving the advection equation with the

linear finite volume method?

To answer this question, we show the influence of curved AMR on our simulation results and

see, that it is even able to outperform far finer linear meshes in terms of accuracy. We also see

that the current implementation of this approach is too slow for practical usage. We can therefore

prove the benefits of curved AMR in certain, geometry-related application scenarios and show

possible improvements to make it more feasible and practical in the future.
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1 Introduction

The accurate modeling of partial differential equations (PDEs) is an always relevant problem in

the modern industry. An example is the calculation of stress in structural components or fluid

forces on a vehicle. Nowadays, it is possible to model these problems with limited computing

power on modern workstations, but there is an everlasting strive to get even more accurate results

or to model even more complex problems on comparable hardware [1, 2].

This strive is not limited to the industry. Research fields like earth system modeling [3, 4] or

direct and turbulent flow simulations [5, 6] simulate vast systems on thousands of computing

cores while having computing time restrictions. Hence, it is useful to improve the models and

make them more efficient.

One technique, which has led to more efficiency, is the usage of high-order meshes. High-order

meshes increase the number of nodes on the cell boundary and inside the cell’s volume. These

can be used to generate polynomials, which describe the solution and geometry of the cell more

accurately. Because of the more accurate cells, it is generally possible to use coarser meshes and

therefore to save computational power or to have faster simulations [7].

The construction of high-order meshes from linear meshes is an ongoing topic in research

because of the possible generation of self-intersecting cells. Generally, high order meshes are

constructed by the generation of additional nodes on the cell’s edges, faces, and in its volume.

If the face or edge lies on a geometry, these nodes follow the curvature of the geometry (see

Fig. 1.1). More on that in Sec. 3.3.

This approach approximates the geometry better than linear cells, but it is still an approximation,

and information is lost. Furthermore, this approximation is static. If a high-order mesh is

generated, the order of the mesh is not able to change during a simulation [1, 8].

In [9, 10], we proposed a novel approach which mitigates these problems. We defined a

hexahedral volume map, which can link cell faces and edges to computer aided design (CAD)

geometries like curves and surfaces and map the deformations generated by these geometries into

the cell volume. A two-dimensional example of this is shown in Fig. 1.2. In this example, an edge

of the cell is linked to a spline and the refinement of this cell happens with respect to that. The

volume map even maps the deformation generated by the spline into the volume of that cell.
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1 Introduction 1 Introduction

Figure 1.1: Construction of a high-order curved mesh (right) from a linear mesh (left). The edges
of the two-dimensional mesh get curved to the boundary of the geometry. Even edges, which do
not lie on the boundary of the geometry, get curved to avoid invalid cells. By courtesy of Per-Olof
Persson taken from [8].

Figure 1.2: Level 0 - 3 refinement of a quadrilateral cell. The cell has a one edge linked to a
spline and the volume map influences the whole two-dimensional space inside the cell during the
refinement.

This process of creating sub-elements is called adaptive mesh refinement (AMR) and is another

way to save computational resources. With AMR, we can refine the cells of an input mesh and can

therefore increase the spatial discretization anywhere needed. This leads to less computational

overhead in regions, where the solution does not need to be as accurate [11]. More on that in

Sec. 2.1. The resulting mesh management can refine high-order, geometry-linked cells and is for

that reason able to provide the numerical application with even more options than before.

With the proposed approach, which combines high-order, curved meshes with the usage of

AMR, no information is lost, because we directly link the geometries to the cells and are hence

always able to generate new points during a simulation. This could be used to refine or coarsen

elements or to reduce the order of an element, all while staying true to the original geometry.
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1 Introduction 1.1 Research question

1.1 Research question

The in [9, 10] constructed volume map was created to generate geometry-accurate meshes, with

the expectation, that this would benefit the accuracy of simulations. Now have to evaluate if these

expectations hold true. Therefore, we are going to evaluate the accuracy and performance of the

curved hexahedral AMR with a numerical application.

The hexahedral volume map was implemented in t8code [12, 13, 14], a parallel mesh man-

agement library, which can perform tree-based, dynamic AMR on hybrid meshes. In summary,

this means that t8code uses a mesh generated by a third-party application and manages it during

a numerical simulation. The management consists of mesh alteration, like the refinement of cells

or the partitioning of the mesh data across processes. More on that in Sec. 2.1.

Currently, the t8code developers provide two solvers together with t8code. A linear finite

volume (FV) solver for the advection equation and the discontinuous Galerkin (DG) solver

t8dg [15, 16] for the advection-diffusion equation. Both solvers can use the features of t8code,

but not to the same extent. Because the advection solver is a linear FV solver, it cannot take

advantage of the high-order mesh elements t8code can provide. But it can take advantage of the

curved AMR, which describes the geometry with linear elements as best as possible.

Contrary to that, t8dg can take advantage of the high-order mesh capabilities. But t8dg has

other drawbacks. Due to the simultaneous development of t8code and t8dg, not all features

in t8code are usable in t8dg. One of these features is the implementation of different cell

geometries. t8dg has its own geometry implementation and hence can not use the geometry

implementation of t8code.

To use the geometry implementations from t8code, the functionality of t8code has to be

expanded. t8dg for example needs to know the orientation of a cell to its neighboring cells so

that the nodes and polynomials on the cell faces align with each other. This is for example not

necessary for the linear advection solver because it only computes the surfaces of the faces and

uses this to calculate the flux to a neighboring cell, no matter the orientation.

Moreover, t8dg needs to evaluate the Jacobian of the cell geometry, to calculate determinants,

gram determinants, and the normal vectors of the cell faces. The Jacobian of the cell volume

description could be evaluated numerically with the difference quotient. But it is to assume,

that the numerical evaluation of the Jacobian with a difference quotient is more expensive than

an analytical definition. Furthermore, the approximation with difference quotients can be too

inaccurate and relies on the definition of step sizes, which are not easy to define, if the volume of

an element changes with each refinement level. Therefore an analytic calculation of the Jacobian

should be the goal.
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1 Introduction 1.2 Methodology

Additionally to the setup of the solver and the actual simulations for the evaluation of curved

hexahedral AMR, we have to implement two more features. The first feature is the import and

geometry linking algorithm for meshes generated by a mesh generator.

Currently, t8code can import linear meshes in Gmsh’s [17] msh format of version 2.x. But to

take full advantage of the curved hexahedral AMR, we have to implement the import of Gmsh’s

newest msh 4.x format, which supports parametric nodes, which enable us to use the curved

hexahedral AMR on it. More on that in Sec. 3.1. With this, we can use more complex and

therefore more practical meshes for our evaluation.

The second feature we have to implement is an improvement of the hexahedral cell volume

description proposed in [9, 10]. Due to the import of parametric meshes from Gmsh, some flaws

in the cell volume description become observable and need to be addressed, which is explained in

more detail in Sec. 3.2.

Due to the aforementioned features, which have to be implemented additionally to the evalua-

tion, the adaptation and usage of t8dg are beyond the scope of this thesis. We expect to obtain

sufficient results from the usage of the advection solver, which is already capable of using the cell

geometry description, which also benefits from the curved hexahedral AMR. Hence, the research

question can be defined as:

How does the performance and accuracy of the hexahedral curved domain AMR algorithm
compare to linear AMR when solving the advection equation with the linear FV method?

1.2 Methodology

To answer this research question, we will give a short overlook of all needed fundamental concepts

like AMR and geometry representations in Chapter 2.

After that, in Chapter 3, we are going to look at the preliminary works introduced in Sec. 1.1.

These have to be performed before the actual evaluation can start. This includes the import of

Gmsh’s parametric meshes in the msh version 4.x file format and the improvement of the cell

volume description. After we looked into these topics, we can also look at different high-order

mesh generation implementations. We will look at the problems high-order mesh generation

faces, and how other implementations deal with them.

Then, we will define and perform the actual evaluation in Chapter 4. This includes the definition

of our application scenarios, which have to be based on the usage of CAD geometries and their

influence on an advected concentration of particles. The scenarios will be fairly limited in their

complexity, due to meshing and flow field restrictions. But we can see them as a simplified form

of engineering problems like the mixing of two components in chemical machines or the mixing

of gas and air in carburetors.

4



1 Introduction 1.2 Methodology

Furthermore, we will define a metric, which we use to rate the performance and accuracy of

curved hexahedral AMR. We then set the simulations up and evaluate the results with the a priori

defined metric.

In Chapter 5 we will give an overlook where curved hexahedral AMR is applicable and if we

get any benefits like a higher accuracy from it. Last, in Chapter 6, we will conclude our results

and give an outlook of the research that will be conducted subsequently to this thesis.
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2 Fundamental concepts

In this chapter, we will take a look at the fundamental concepts needed later on. First, we will

give a brief introduction into AMR and the AMR library t8code [13, 18]. After that, we will

examine which geometry representation we use in our hexahedral cell volume description and the

geometry library OpenCASCADE Technology (OCCT) [19]. Last, we explore how the advection

solver of t8code works.

2.1 Adaptive mesh refinement

For many numerical applications (e.g. for solving PDEs), a mesh is needed to describe the

computational domain Ω and the geometries therein. The adaptation of this mesh to the need of

the numerical application is called adaptive mesh refinement (AMR). Adaptation means here

that the elements of the mesh are not restricted to one size and can therefore adapt their size to a

priori defined criteria. Often used criteria are for example the distance to a certain geometry, the

curvature of a geometry, different terms in the solution of a PDE in this element or discontinuities

in the solution of a PDE [20, 21].

There are different concepts for AMR, but because of their relevance for t8code we want

to describe unstructured and tree-based AMR in particular; an example for each can be seen in

Fig. 2.1.

Unstructured adaptive mesh refinement

Unstructured AMR describes the gradually varying size of mesh cells in an unstructured mesh.

The variation in mesh size can for example be defined wit the proximity of this cell to an geometry

or a specific region in the mesh.

These unstructured meshes are usually constructed by mesh generators, which use different

methods for this mesh generation. One method for example is the technique blockMesh and

snappyHexMesh, two mesh generators of OpenFOAM [22], use.

blockMesh creates a block-structured hexahedral background mesh. The shape of this mesh is

defined in a dictionary, from which blockmesh builds the mesh. This step happens without any

geometry, the user defines parameters for the mesh and then it gets generated.

6



2 Fundamental concepts 2.1 Adaptive mesh refinement

Figure 2.1: Two different examples of AMR. Unstructured AMR (left) is able to alter its mesh
size in accordance to a a priori defined criterion, here the distance to the quarter circle. Tree-based
AMR (right) changes its mesh size through refinement, here in the form of quadtrees. The
different colors show how often an element is refined, its refinement level r. By courtesy of
Johannes Holke taken from [13].

This background mesh is already usable, but it is often necessary to adapt it to a geometry.

snappyHexMesh loads a geometry into the background mesh and then removes all cells, which

are either inside or outside of the geometry. In further steps, snappyHexMesh can refine user-

defined cells of the mesh as octrees (a hexahedral cell, refined into eight hexahedral subelements,

two in each direction) to enhance the discretisation of the domain. Moreover, snappyHexMesh

can snap the exposed nodes of the mesh to the geometry and inflate boundary layers around the

geometry, to enhance the geometry discretisation and boundary layer.

The resulting mesh is unstructured, which means that it cannot be saved efficiently in two- or

three-dimensional arrays and the neighborhood relations between the cells have to be expressed

explicitly. Furthermore, this mesh is nonconforming, so hanging nodes, edges and faces occur.

We call a node, edge or face hanging when it does not align with the nodes, edges or faces

around it. A hanging node therefore lies on an edge or a face of a cell. This is observable in the

right picture of Fig. 2.1. Hanging nodes, edges, and faces are not generally supported by every

numerical application. PDE solvers need to be adapted to handle them and hence a mesh is more

applicable if it is conforming.

Another way to generate meshes with unstructured AMR is used by the mesh generator

Gmsh [17]. Gmsh can use different meshing algorithms, but here we focus on the advancing front

algorithms [23, 24]. First, Gmsh sets a node on each zero dimensional entity, which refers to the

vertices of the geometry. To influence the mesh size, the user can determine a mesh size at these

vertices and Gmsh accounts for this mesh size in the following meshing process.

7



2 Fundamental concepts 2.1 Adaptive mesh refinement

Then, Gmsh places nodes and one dimensional elements (line elements) on the one dimensional

entities (curves) in accordance with the defined mesh sizes at the points. After that, an advancing

front algorithm is used to place nodes and two-dimensional elements (triangles and quadrilaterals)

on the two-dimensional entities (surfaces). Last, Gmsh uses a three-dimensional advancing front

algorithm to generate nodes and the three-dimensional elements (tetrahedra, hexahedra, prisms

and pyramids) in the volumes.

We yield an unstructured mesh, but this time it is conforming and therefore does not have any

hanging nodes, edges, and faces. Such a mesh is shown in the left picture of Fig. 2.1.

One drawback of unstructured AMR is that each cell, its nodes and relations to other cells

have to be saved and accessed every time the cell is evaluated. This can become a problem with

large-scale meshes, where the memory does not suffice. With structured meshes for example, we

can deduct information like that from their storage arrangement in two- or three-dimensional

arrays.

Generally, unstructured AMR is static. That means, that the geometry of the mesh is constant

throughout the whole simulation. But there are methods like mesh morphing or a moving mesh,

which allow to alter it during a simulation, without the need to re-mesh the whole domain [25, 26].

Furthermore, unstructured AMR can be equipped with a dynamic AMR structure like tree-based

AMR, to dynamically change the local mesh size during a simulation.

Tree-based adaptive mesh refinement

Tree-based AMR is based on refinement trees. A refinement tree is a type of data structure, which

saves the subelements of a cell. Picture a cell shaped like the unit square (see Fig. 2.2). We call

this cell the root of the refinement tree. We can split the cell into four smaller square-shaped,

non-overlapping elements, which we can also split independently into smaller square-shaped

elements. By doing this, we get a finer mesh and increase the number of elements. All these

elements grow as branches out of the root or their ancestral elements and we obtain a tree-like

structure, which is depicted on the right of Fig. 2.2. We denote this structure a quadtree. The

three-dimensional form of this is called an octree [11, 13].

But the elements are not saved in the tree-like structure. They are transformed into a one-

dimensional array with the help of a space-filling curve (SFC). The array includes all elements at

the outermost end of each branch. This has many advantages for the mesh management, which

is important during the numerical computation later on. It is for example not necessary to save

the coordinates of the nodes of each element, because they can be computed from the node

coordinates of the cell every time the element’s geometry is accessed. Furthermore, it is easier to

partition the elements on different Message Parsing Interface (MPI) ranks because of their storage

in an array. More on the advantages of this form of storage can be found in [11, 13, 27].

8



2 Fundamental concepts 2.1 Adaptive mesh refinement

Figure 2.2: A refinement tree is a data structure, which saves the subelements of a root cell inside
a space-filling curve (SFC). By courtesy of Johannes Holke taken from [13].

Generally, there are two types of practical implementations of tree-based AMR. The first

one uses one single refinement tree and cell for the whole domain. This cell is refined to the

necessary level at the boundaries of the geometries inside the domain. After that, all cells inside

the geometry are discarded (see left of Fig. 2.3) [28]. The second way uses an input mesh

generated by a mesh generator and uses each cell of this input mesh as a root for a refinement

tree (see right of Fig. 2.3). This way no elements have to be cut out and the geometry is already

approximated by the initial mesh [13, 29, 30].

Implementation in t8code

t8code is a scalable, parallel mesh management library built on the concept of tree-based AMR

and uses a conforming input mesh to compute its trees. We denote this input mesh a coarse mesh

or short cmesh. Because of the often interchangeable usage of the words cell and element, we

want to clarify that we use the word cell to refer to the cell/tree of a coarse mesh and we use the

word element to refer to a cells descendant. This is important, because the cell includes the tree,

the nodes, their coordinates and its sub-elements. The cell’s geometry is used to calculate the

element’s geometry.

t8code expands the concept of quad- and octrees to more element types and provides SFCs

for them. t8code supports vertices, lines, triangles, quadrilaterals, tetrahedra, hexahedra, prisms

and pyramids as element types.

Furthermore, t8code provides management algorithms like mesh adaptation (adapt), 2:1

balancing (balance), load balancing (partition) and ghost layer creation (ghost). The adapt

algorithm refines or coarsens the mesh in accordance with a user defined refinement function.

The balance algorithm balances the mesh, so that neighboring elements have maximum level

difference of one. partition redistributes the workload among different MPI ranks, so that

each rank has a maximum of one more or less element than the other MPI ranks. Last, the ghost

algorithm searches for neighboring elements across cell faces and across MPI ranks. It ensures

9



2 Fundamental concepts 2.2 Geometry representation

Figure 2.3: Tree-based AMR can be adapted in two different ways. The left image shows an
adaptation, which uses only one tree and discards every element, which is not part of the domain.
The colors show the refinement level of each element. The right image shows a coarse mesh
generated by an external mesh generator. Each cell of the coarse mesh now houses its own
refinement tree. By courtesy of Johannes Holke taken from [13].

that every element has access to all its neighbors. More on these algorithms can be found in [13,

14, 27]

t8code also provides auxiliary functions like a reader for msh files generated by the mesh

generator Gmsh, [vtk] file output, different cell geometry representations, and cell and element

data management. More on that in the tutorials and examples of t8code [18].

2.2 Geometry representation

In this section, we want to take a look on the management of our geometries. We use the

OpenCASCADE Technology (OCCT) [19] CAD library for this task, hence we will focus on the

geometry representation used in this library. Due to the complexity and size of the geometry

library, we will only give a brief summary of the aspects relevant for our concepts.

To prevent misunderstandings while mentioning OCCT topologies and curves, we will refer to

them as OCCT faces, OCCT surfaces, OCCT edges and so forth. This is necessary, because parts of

mesh elements have the same name (faces, edges and vertices).

OCCT uses the boundary representation to represent shapes. This means that the shapes are

represented by their limits, their boundary. A shape contains topological components like an

10



2 Fundamental concepts 2.2 Geometry representation

OCCT vertex K, OCCT edge Γ and OCCT face Ξ and these hold their geometrical components; OCCT

points κ , OCCT curves γ and OCCT surfaces ξ [31].

The geometrical components describe the spatial shape in our domain: An OCCT point is of

dimension zero, therefore it can be defined with its coordinates. An OCCT curve is of dimension

one and is a map

γ : Ωγ := [umin, umax]→R3,

u 7→γ(u)

and an OCCT surface is of dimension two and also a map

ξ : Ωξ := [umin, umax]× [vmin, vmax]→R3,

(u, v) 7→ξ (u, v).

Contrary to that, solids of dimension three are not a map and have no geometry.

The topological components describe the relations and the spatial extent of the geometric

components. A volume is represented by its boundary; a set of connected OCCT faces. This set of

connected OCCT faces sets the points inside the solid apart from points outside of the solid. The

same applies to OCCT faces and edges. An OCCT face is a surface bounded by OCCT edges, while

an OCCT edge is a curve bounded by OCCT vertices. An OCCT vertex is defined by its OCCT point.

Furthermore, solids, OCCT faces and OCCT edges know which shapes they are bounded by and

what their neighboring shapes are.

The geometries itself are represented via different analytic models, dependent on their proper-

ties. A cylindrical OCCT surface is, for example, defined via a cylindrical coordinate system and

is therefore not bounded. Both parameters have no limits. The u-parameter has a period of 2π

and is defined in radians, whereas the v-parameter defines the axial position.

But the geometries implemented are not limited to elementary curves and surfaces like for

example parabola, circles, planes and spheres. There are also more complex geometries like

B-spline curves and surfaces or non-uniform rational B-spline (NURBS) curves and surfaces.

These parametric geometries are controlled via points and piece-wise defined basis functions and

have a much broader flexibility and application areas. The generation and the implementation of

these are huge topics on their own and we recommend the NURBS book by Les Piegl and Wayne

Tiller as a further reference [32].

These are the basic concepts needed for the next chapters. But as already stated, OCCT is

a huge software library and there are many more algorithms for handling and working with
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geometries, we therefore encourage the reader to look into the OCCT documentation1 for more

information.

2.3 Advection solver of t8code

t8code features its own solver for the advection equation. Due to the usage of this solver for

evaluating the curved hexahedral AMR, we give a brief overview of this solver. Note, that the

solver is already existent and that this chapter is based on [13, 18].

2.3.1 Advection equation and the finite volume method

The solver uses the linear finite volume (FV) method to solve the advection equation

∂φ

∂ t
+∇ · (φ u⃗) = 0,

which tracks, how a given quantity of φ is advected by a flow u⃗. In our case the flow u is

divergence free, therefore we can simplify the equation to

∂φ

∂ t
+ u⃗ ·∇φ = 0.

To adapt the equation to our FV mesh, we integrate the equation over each volume and after

applying the Gaussian divergence theorem∫∫∫
V
(∇ ·F)dV =

∫∫
A
(F · n⃗)dA

with the normal vector n⃗, we get

∂

∂ t

∫∫∫
V

φ (⃗x, t)dV +
∫∫

A
(φ(s, t )⃗u(s, t) · n⃗(s))dA = 0.

We can now discretize the domain Ω ∈ R3 into non-overlapping elements E with i faces F .

Moreover, we approximate φ (⃗x, t) with the constant value φE, t which holds for each element

E. We also introduce the flux ψ(E, E ′j; F j) through face F j into the neighboring element E ′j.

1https://dev.opencascade.org/doc/overview/html/
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The flux is always orthogonal to the face and the magnitude of the flux is determined by the flow

u⃗F j, t at the midpoint of the face F j and the area A of the face:

ψ(E, E ′j; F j) =

φE, t u⃗F j, t · n⃗(F j)A(F j) for u⃗F j, t · n⃗(F j)≥ 0

φE ′j, t u⃗F j, t · n⃗(F j)A(F j) for u⃗F j, t · n⃗(F j)< 0.

For faces without hanging nodes ψ(E, E ′j; F j) = −ψ(E ′j, E; F j) is true. But if a face has

hanging nodes, the flux has to be computed with the area and flow of the sub-face F ′. More on

this and the challenges of finding face neighbors of a different refinement level can be found

in [13].

When we apply this to our mesh we get

∂

∂ t

∫∫∫
E

φE, tdV +
i−1

∑
j=0

∫∫
F j

(φE, t u⃗F j, t · n⃗(F j))dA = 0. (2.1)

After the spatial discretisation, we can discretize in time. For this we use the difference quotient

and the volume of an element V. We yield

0 = V(E)
φE, t+∆t −φE, t

∆t
+

i−1

∑
j=0

ψ(E, E ′j; F j)

⇔ φE, t+∆t = φE, t −
∆t

V(E)

i−1

∑
j=0

ψ(E, E ′j; F j).

This equation is solved for each time step ∆t for each element E and their faces F .

2.3.2 Courant–Friedrichs–Lewy number

The Courant–Friedrichs–Lewy (CFL) number originally described how many identical rectangular

elements E with the length len(E) an event with the velocity u can pass in a given time step

∆t:

CFL = ∆t
u

len(E)
.

It is stated, that the solution of a finite difference equation is not able to converge with the solution

of the corresponding differential equation, if CFL > 1 [33].
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In our case, the elements E are not identical, they are not even all rectangular and the flow

u⃗E, t has different magnitudes throughout t and Ω. Hence, we use an adapted version of the CFL

number, which is defined for each element at each time separately:

CFLE, t = ∆t
|⃗uE, t |

V(E)1/d .

Here, V(E) is the volume of en element E and V(E)1/d resembles the mean diameter of the ele-

ment of dimension d. The global CFL number is the maximum CFL number of all elements.

In practicality, the global CFL number we use to define the length of out time steps ∆t needs

to be much smaller than 1 to ensure stability. One reason for that could be the ever changing

volumes of our elements during refinement or coarsening.

2.3.3 Level-set function and refinement criterion

The advection solver solves the advection equation for a domain Ω. At the start of the simulation

we want to have two different sub-sets, one for the advected concentration Ω1, t=0 and one for

the remaining space Ω2, t=0. Together they form the whole domain Ω1, t ∪Ω2, t = Ω. We can

distinguish them in their value of φE, t . An appropriate initial condition would be

φE, 0 =

 dist(Ω1, 0∩Ω2, 0) for E ∈Ω1, 0

−dist(Ω1,0∩Ω2, 0) for E ∈Ω2, 0,

where dist(Ω1, 0∩Ω2, 0) is the distance of the element from the interface between both subsets

Ω1, 0 and Ω2, 0.

This way, we can distinguish them during the whole simulation by their sign:

Ω1, t = {E ∈Ω|φE, t ≥ 0} ,

Ω2, t = {E ∈Ω|φE, t < 0} .

With this distinction, it is possible to use the value of φE, t as a refinement criterion. This way we

get a higher resolution for the interface between both subsets and it is easier to track it. The used

refinement criterion consists of a parameter b and h, which is defined as the average diameter of

an element h = V(E)1/d , where d is the dimension of the element. We refine an element if

|φE, t |< hb

is true. The parameter b steers, how thick the refinement band around the interface is.
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Before we begin the evaluation of curved hexahedral AMR, we have to implement some prelimi-

nary features. These features help us in the set up of the simulations later on. First, we have to

enable t8code to read parametric meshes. This enables us to use an external mesh generator

and therefore to use more practical and complex meshes. Second, we have to improve the cell

volume description we introduced in [9] due to occurring inaccuracies. Last, we will look at

other implementations of high-order curved meshes and what we can learn and adapt from these

implementations. But because the adaptation is not yet required and beyond of the scope of this

evaluation, it remains fully theoretical.

3.1 Import of Gmsh’s parametric meshes

In this section, we will take a look at the import of parametric meshes generated by the mesh

generator Gmsh [17]. This includes the extension of the existing mesh reader of t8code to the

newest mesh format and addition of the ability to parse geometry information. Furthermore, we

will introduce a short example of how to use this new file reader.

3.1.1 Update to msh format 4.x

t8code can already import meshes in Gmsh’s msh version 2.x format1. This format is sufficient

for the pure import of nodes and cells. But with the introduction of the geometric cell volume

description, we have new requirements. These requirements can be met by the msh version 4.x

format2. It supports the storage of additional geometry information, which we can use for this

cell volume description. More on the import and processing of this information in Sec. 3.1.2.

Here in this section, we give a brief overlook on what changed and what we have to adapt. We

will not get into much detail, due to the triviality of the node and cell import.

The msh format uses different sections, which are defined via a start and an end tag. We need

the section with the nodes and the section with the cells. The section with the cells is called

”elements” in the msh file, but due to our in Sec. 2.1 introduced distinction between cells and

1https://gmsh.info/doc/texinfo/gmsh.html#MSH-file-format-version-2-_0028Legacy_0029
2https://gmsh.info/doc/texinfo/gmsh.html#MSH-file-format
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elements, we will refer to this section as the cells section. The other sections carry information

we do not need or whose usage is not yet implemented in t8code.

First, we have to adapt the file reader to the changed node section. In msh version 2.x, the first

line gives the total amount of nodes in this file. Each following line then holds a node index and

the coordinates of the node. This changes in msh version 4.x due to the introduction of geometries,

called entities by Gmsh. The nodes are now sorted by the dimension of the entity they lie on. First,

all nodes on one-dimensional entities are listed. After that, all nodes on two-dimensional entities

are listed. The nodes are also clustered by their specific entity. This means, that all nodes on

curve 1 are clustered, then all on curve 2 and so on.

To parse the msh version 4.x format, we first have to parse the first line of the section. It

describes how many clusters and nodes there are and what the smallest and biggest node index

is. We can use this information later on to control if the parsing was successful or if any errors

occurred.

After that, we can iterate over each cluster and parse the information therein. Due to Gmsh

always saving cells of all dimensions (0D: point; 1D: line; 2D: triangle, quadrilateral; 3D: tetrahe-

dron, hexahedron, prism, pyramid), we can omit the clusters of the unwanted dimension.

The clusters comprise a description of the entity the nodes lie on. This is relevant for the

linkage with the OCCT geometries described in Sec. 3.1.2. Hence we save this information for each

node in this cluster. After that, the node indices and the node coordinates and parameters follow.

The parameters are also relevant for Sec. 3.1.2 and are saved along the other information.

After the parsing, we now have a list of all relevant node indices, their entities, parameters

and coordinates. For easier searchability, which is relevant in the next step, we store these nodes

inside a hash table with their index modulo the total amount of nodes as hash.

Now we can import the cells from the cells section of the msh file. Just like in the nodes section,

the cell section is clustered by the entities the cells are generated on. But since we already saved

this information with our nodes, we can ignore it here.

The first line again comprises the number of clusters, number of cells and the min and max cell

index. We can use this information for error checking, just like in the nodes section.

After that, there are the clusters in which the cells are stored. Each cell has an index and its

nodes, but the index is irrelevant for us. We can use the hash table with the nodes to quickly find

all nodes of the cell. We then use the node coordinates to build a coarse mesh cell in our cmesh.

We also save a list of the msh node indices for each cmesh cell for later usage.

Furthermore, we can also retrieve the geometry information of the nodes and use our algorithm

described in Sec. 3.1.2, to link the geometries to our coarse mesh cell.

Lastly, after the import of all cells in the msh file, we have to link the faces of neighboring cells

together. This is needed to store the face connectivity of the mesh. This algorithm does not need
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to be modified for the import of msh version 4.x files, but we briefly discuss this step for the sake

of completeness.

For this, we can use the list of msh node indices of each cmesh cell which we saved beforehand.

We know that the neighboring faces have the same msh node indices and therefore, we can iterate

over each cmesh cell and all their faces. The cmesh cell id and face id are stored in another hash

table, using the sum of the msh node indices as hash value.

During the iteration over each cell face, the hash table can tell us, if the corresponding neighbor

face was already saved. The hash table checks this via the hash value (neighboring faces have

the same nodes and therefore the same hash) and compares the nodes of each face with the same

hash value. Last, we can compute their orientation and link them together.

3.1.2 Parsing and processing of the geometry information

As already stated, Gmsh has the ability to export parametric meshes in the msh format. In this

format, each node has information about the geometry it was generated on. The information

includes an index and dimension of the geometry and the parameters on the geometry. The nodes

on an OCCT vertex have no parameters, because no parameters are needed on a zero-dimensional

object. Nodes on OCCT edges have one parameter u and nodes on OCCT faces have two parameters

u,v. Nodes generated inside a solid are also labeled with the respective geometry index and

dimension, but due to the lack of three-dimensional parameters in the boundary representation,

no parameters are given. But we do not need them because of the already mentioned and

implemented cell volume description.

The cell volume description interpolates between the parameters of a geometry to evaluate

how the space inside the cell has to be curved. Let us assume a hexahedral cell with a OCCT

surface linked to one of its faces. If we want the coordinates of an arbitrary point on a cell face,

we normally interpolate bilinearly between the coordinates of the four nodes of the face. But

in case of our curved cell, we also have the parameters of the four nodes on the OCCT surface.

This means that we obtain the coordinates C of a node N if we evaluate the OCCT surface ξ

with the parameters P of the node C = γ(PN ). But in case of our quadrilateral, geometry-linked

face, we interpolate between the parameters of the four nodes and evaluate the OCCT surface with

these interpolated parameters. This way we retrieve the coordinates of an arbitrary point on the

geometry-linked cell face. The already implemented cell volume description then uses this point

and maps it inside the cell, so that we are also able to evaluate points inside the cell volume.

To import a parametric mesh generated by Gmsh we have to convert the data supplied by

Gmsh into the data the cell volume description needs. We already mentioned the processing

of the coordinates and cells in Sec. 3.1.1. But now we discuss the processing of the geometry
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information. Note, that the proposed algorithms are valid for all cells, not only hexahedra. This

way they do not have to be adapted to other cell types in the future.

The cell volume description needs to know, which geometries each edge and face of the cell has

to be linked to. And if an edge or face is linked to a geometry, the cell volume description needs

the parameters of the edge and face nodes on said geometry. This poses a problem, because this

information is not always given directly by Gmsh. Since a node can only contain the information

about one geometry, while lying on more than one geometry, too few parameters are provided.

An illustration of this problem is shown in Fig. 3.1.

Ξ
a

b

c

node on vertex node on curve node on surface

Figure 3.1: Shown is an OCCT face Ξ and different exemplary cell faces a, b, c generated on Ξ.
The nodes of the cell faces are not always on the surface, but some are on vertices or curves.

Here we can see a OCCT face Ξ and some exemplary cell faces a, b, c generated on this OCCT

face. We see that the nodes of face a lie on different geometries. The node on the OCCT vertex has

no parameters, the two nodes on the OCCT edge have one parameter on their respective OCCT edge

and the node on the OCCT face has two parameters. This means we cannot interpolate between

the OCCT face parameters, because three of the four nodes do not know their parameters on the

OCCT face.

Moreover, we do not even know, that face c was generated on the OCCT face, because no node

of c has parameters on the OCCT face, and therefore, the nodes only tell us about the OCCT edges

they were generated on.

We can solve both of these problems algorithmically using OCCT. OCCT provides us with

functions to retrieve the parameters of an OCCT vertex on an OCCT edge or OCCT face and there

is also a function to convert an OCCT edge parameter into an OCCT face parameters. Due to the

existence of multiple functions, which could be used to convert these parameters, we give a short

discussion about them in Appendix A.

Moreover, we can use OCCT to explore the topology of the OCCT vertices, edges, and faces of

the meshed shape. The topology tells us, on which OCCT edges an OCCT vertex lies and on which
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OCCT faces an OCCT edge lies. We can use this functionality to look at which OCCT face both of

the OCCT edges of face c lie on. Then we can convert the curve parameters of the nodes of c into

the OCCT face parameters and provide them to the cell volume description.

Algorithm for the linking of faces

The used algorithm, which covers all possible generation scenarios for faces is shown in Alg. 3.1.1.

It uses, as mentioned before, OCCT to access the topology information of our shape and to retrieve

and convert parameters.

Algorithm 3.1.1: t8 link faces (Nodes N of a cell from the msh file, a cmesh cell C)

Result: The resulting cell C with geometry-linked faces
1 for each face F of C do
2 for each node NF of the face F do
3 if Ξ in N then
4 store Ξ in F
5 break

6 if no Ξ in F then
7 for each node NF of the face F do
8 search and save different Γ

9 for each two neighboring nodes NF1, NF2 of the face F do
10 if two different vertices K in NF1, NF2 and the two K share a Γ then
11 save Γ

12 if found two different Γ and the two Γ share a Ξ then
13 store Ξ in F

14 if Ξ in F then
15 for each node NF of the face F do
16 if NF has parameters P on Ξ of F then
17 store P in F
18 else
19 if NF is on Ξ then
20 use OCCT to get P of NF on Ξ

21 store P in F

22 else
23 remove Ξ and all P from F
24 break
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It gets a cmesh cell C and iterates over each face F of C. It then iterates over each node NF

of F and checks if any node has information about an OCCT face Ξ. If so, it saves the OCCT face

in F . This way we already know on which OCCT face the faces a and b from Fig. 3.1 lie. But if

no node lies on an OCCT face, like face c from Fig. 3.1, we still have no information about the

OCCT face.

Therefore, we then again iterate over each node NF of F and look for two different OCCT

edges Γ. In face c we would find two different OCCT edges, but if a face’s nodes would lie only

on OCCT vertices, we still would not have identified two different OCCT edges. Hence, we again

iterate over each node and search for two different OCCT vertices K. If we have found them we

can look if they share an OCCT edge Γ and save this OCCT edge. After we have identified two

different Γ, we can finally look, if they share an OCCT surface Ξ.

Now, in line 14, we know if the cmesh face F lies on an OCCT face Ξ. But we still have to

check, if all nodes are really on this OCCT face, and if so, we have to retrieve their parameters and

save them in F . To do this, we iterate once more over each NF . In this loop, we check for each

NF if it already has parameters P on Ξ. If true, we save them in F . If not, we firstly check, if

NF lies on Ξ. If true, we use OCCT to convert or retrieve its parameters and then we save them in

F . But if NF does not lie on Ξ, we remove Ξ and all saved parameters from F , because a face

can only be linked, if all nodes lie on the OCCT face. Therefore we then break the loop and start

with the next face of C.

Algorithm for the linking of edges

The algorithm for the linking of edges (Alg. 3.1.2) works similarly to the algorithm to link faces.

We iterate over each edge E of the cell C to search for the appropriate OCCT edges Γ. We search

by looking at both nodes NE 1, NE 2 of E and if at least one of them has information about an

OCCT edge, we save this edge. If both of the nodes do not have information about an OCCT edge,

we look if both nodes have information about two different OCCT vertices K and if these vertices

share an OCCT edge. If that is the case, we save this OCCT edge.

We now know which OCCT edge the cell edge could be linked to, but we still have to look, if

both nodes really are on this OCCT edge and maybe we have to retrieve their parameters. We

check this for each node separately. First, we look if the node already has a parameter P on Γ. If

that is the case, we can store this parameter in our edge. If not, we have to retrieve the parameter.

For this, we check if the OCCT vertex K of the node lies on the OCCT edge Γ. If so, we use OCCT

to retrieve its parameter and store it in E . If not, we know, that this edge E is not linked to any

OCCT edge and therefore we remove Γ and all already saved parameters from E . We then repeat

this process with the next edge of the cell.
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Algorithm 3.1.2: t8 link edges (Nodes N of a cell from the msh file, a cmesh cell C)

Result: The resulting cell C with geometry-linked edges
1 for each edge E of C do
2 if Γ in NE 1 or Γ in NE 2 then
3 save Γ in E
4 else
5 if K in NE 1 and K in NE 2 and both K share a Γ then
6 save Γ in E

7 if Γ in E then
8 for each node NE of the edge E do
9 if NE has parameters P on Γ of E then

10 store P in E
11 else
12 if NE is on Γ then
13 use OCCT to get P of NE on Γ

14 store P in E

15 else
16 remove Γ and all P from E
17 break

By using the aforementioned algorithms, we now can import Gmsh’s parametric meshes.

One such imported mesh is shown in Fig. 3.2a and the level r = 2 refined mesh is shown in

Fig. 3.2b.
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(a) Coarse mesh from msh file . (b) Level r = 2 refined sphere
shell using the improved cell vol-
ume description G() (Eqn. 3.3).

(c) Level r = 2 refined sphere
shell using the cell volume de-
scription g() (Eqn. 3.2).

(d) Level r = 2 refined sphere
shell using the cell volume de-
scription g() (Eqn. 3.2), but
with the first improvement from
Fig. 3.5.

Figure 3.2: Shown is the mesh of a sphere shell which is imported from a msh file and then all
cells are refined to level r = 2. The refinement was performed with different versions of the cell
volume description.

3.1.3 NACA airfoil example

To show some of the new capabilities enabled by the import of parametric msh files, we imple-

mented example code3. In this code, we use Gmsh to generate a NACA 6412 airfoil profile and

mesh it structurally with hexahedral cells. We can now use the by Gmsh generated msh and brep

file to generate a geometry-linked cmesh in t8code and show some explanatory applications.

The first application is a general adaptation and balancing of the curved geometry. t8code

enables us to define a refinement criterion for the adapt algorithm. For this, we use a wall, which

3https://github.com/sandro-elsweijer/t8code/blob/masters_thesis_elsweijer/example/

geometry/t8_occ_naca.cxx
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moves through our cmesh in a user-specified amount of time steps. Every element in user-defined

proximity now gets refined and every element outside of that proximity gets coarsened.

After running the balance algorithm to ensure a 2:1 balancing of the mesh we can export it

via the VTK [34] application programming interface (API). As we can see in Fig. 3.3, the elements

of the geometry-linked approach (right) are curved to the geometry and the refinement happens

with respect to the initial NACA geometry. The unlinked approach on the left has no geometry

information and can therefore not produce curved elements or refine with respect to the NACA

geometry.

Figure 3.3: Output of the NACA moving wall example. A wall moves through a cmesh and every
element in a certain proximity to it gets refined. We can see, that the geometry-linked approach
on the right produces curved elements as well as a better geometry representation as the unlinked
approach on the left.
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The second application of the NACA airfoil example shows how the user can use the geometry

data of the cells to define a refinement criterion. In this example, we use Gmsh to get the surface

indices of all surfaces of the airfoil. We can then define a refinement criterion, which looks at the

linked geometries of a cell and checks if a specific surface is linked.

To do this, we check if the element we are looking at is touching a linked face. We have to

look at this first, because refinement happens to elements, but the geometries are linked to the

cells. We can now look, which geometry it is linked. This way we can refine our mesh based

on the geometries the elements touch. This is shown in Fig. 3.4, where we refined the ventral

side of the airfoil to level 2 and the dorsal side to level 3. Note, that this is only possible with a

geometry-linked cmesh, because the unlinked, linear cmeshes have no geometry information.

Due to the linkage to OCCT, we can also use all geometry evaluation tools provided by it to

generate refinement criteria. We could use them for example to evaluate the curvature of the

geometry at specific points and refine based on that curvature.

Figure 3.4: Output of the NACA surface index example. We can see, that the elements touching
specific surfaces of the NACA profile are refined. This is only possible, because the cmesh cells
know, which geometries they are linked to. This cannot be reached with the unlinked approach,
because no geometry information is available.
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3.2 Improvement of the cell volume description

During the testing of the aforementioned import algorithm for parametric meshes, some inaccura-

cies in the cell volume description from [9] became apparent. These inaccuracies only happen due

to specific circumstances which apply in the import of geometries. An example of the inaccuracy

can be seen in Fig. 3.2c.

The level r = 2 refined sphere has some slits along the volume boundaries. The cause of

this misrepresentation is how the boundary representation of OCCT works. Fig. 3.5 shows what

currently happens and what should happen. Here we can see a surface ξ and its bounded section

Ξ. The parameters of the corners of ξ are denoted. On Ξ are two cell faces, shown in black.

The faces of the refined level r = 1 elements are shown in red. We can see, that the red nodes

generated by bilinear interpolation of the parameters of the black nodes are not on the bounding

OCCT edges. Therefore, we have to calculate a factor to correct the misrepresentation of the

bilinear interpolation of the surface parameters. We denote this the parameter error correction

∆pF .

From now on, we will refer to the correction factors to counteract the errors we make with

a (tri-/bi-)linear interpolation as error corrections. There will be coordinate error corrections

∆c responsible for the representation of the geometries and parameter error corrections ∆p

responsible to mitigate the misrepresentation shown in Fig. 3.2c and Fig. 3.5.

ξ Ξ

0,0 1,0

0,1 1,1

•
•

•

•••

• •

•

••

• •• •

(a) Linear interpolation between OCCT surface pa-
rameters

ξ Ξ

0,0 1,0

0,1 1,1

• •
•

••

• •• •

•
•

•

•••

(b) Linear interpolation between OCCT surface pa-
rameters and correction with OCCT curve parameters

Figure 3.5: Shown are two versions of the surface interpolation. In Fig. 3.5a we can see two faces
(black) generated on the bounded OCCT face Ξ of the OCCT surface ξ . After the refinement, the
emerging new nodes (red) are not on the boundary of Ξ, due to the usage of linear interpolations.
In Fig. 3.5b we can see the improved interpolation, which takes the OCCT edges of the OCCT face
Ξ into account.

Furthermore, all error corrections are of a similar structure. Generally, they consist of a

projection of the input coordinates X ∈ [0,1]3 onto the edges or faces of the linear cell and onto

the geometries, which are linked to these edges and faces. This is shown in a two-dimensional
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3 Preliminary works 3.2 Improvement of the cell volume description

example in Fig. 3.6. To yield the coordinate error correction ∆c1, we interpolate linearly between

the coordinates C of the nodes N2 and N3. Furthermore, we also interpolate between the

parameters P of the OCCT curve γ1 of the same nodes. We use this parameter to evaluate γ1 and

the difference between this evaluation of γ1 and the linear interpolation of the node coordinates is

our coordinate error correction ∆c1.

■
X

g(X)

N0 N1

N2 N3

■

γ1(L1(PN2+3
, Xx))

■

L1(CN2+3
, Xx)

∆c1

■

γ2(L1(PN0+2
, Xy))

■
L1(CN0+2

, Xy)

∆c2 ■
γ3(L1(PN1+3

, Xy))
■

L1(CN1+3
, Xy)

∆c3

■
L2(CN0−4

,X)

∑∆C

■
g(X)

y

x

Figure 3.6: Mapping of the unit square to the actual, geometry-deformed cell volume. The map
is based on linear (L1) and bilinear (L2) interpolations and the coordinate error corrections ∆c
induced by the linked surfaces and linked edges. The error corrections correct the error we make,
if we interpolate linearly between the node coordinates.

Since the influence of the geometry should decrease with the distance of X from the cell face

or edge and reach zero on the opposite side of the cell, we scale the obtained coordinate error

correction with all coordinates of X , which are orthogonal to the edge or face we are looking at.

In this case, we scale ∆c1 with Xy to yield the scaled coordinate error correction ∆C1. We would

scale ∆c2 with (1−Xx) and ∆c3 with Xx, because they are on opposite sides of the cell.

In addition to the already mentioned misrepresentation, a second inaccuracy becomes apparent.

The second inaccuracy occurs only if two neighboring faces carry an OCCT surface. It is visualized

in Fig. 3.7 on the left. Due to ∆CF being the error correction for a bilinear interpolation between

the face nodes, some of the scaled coordinate error correction of neighboring faces overlaps

(orange volumes on the left). This can also be observed in Fig. 3.2d. Here the overlap leads to a

buckling effect at each linked face which at least on neighboring face, which is also linked.
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3 Preliminary works 3.2 Improvement of the cell volume description

g()

←
G()

→

Figure 3.7: Shown is a hexahedral cell (middle), which has two OCCT faces (orange) and an
OCCT edge (green) linked to it. The old cell volume description (left) is a sum of the trilinear
interpolation in the hexahedral cell (blue) and the error corrections of the OCCT faces (orange).
The new cell volume description (right) is a sum of the trilinear interpolation (blue) the error
correction from the OCCT edge (green) and the error corrections of the OCCT faces (orange).

The old cell volume description g(X) is defined as

g(X) = L3(X)+
5

∑
F=0

∆CF (X), (3.2)

where L3(X) is a trilinear interpolation between the cell nodes (blue volume).

To counteract the overlap of the error corrections, we remove it from each face and add it back

later. The overlap is the scaled coordinate error correction ∆CE of the edge (green volume on the

right), which is in between both faces (green line). The resulting geometry description is

G(X) = L3(X)+
5

∑
F=0

(
∆CF (X)−

3

∑
E F=0

(∆CE F (X))

)
+

11

∑
E=0

(∆CE (X)) . (3.3)

Alg. 3.2.1 shows how the improved geometry description G(X) is implemented. The algorithm

maps the volume of a reference unit cube X ∈ [0,1]3 to the cell volume in the computational

domain Y ⊂Ω ∈ R3. It includes the scaled coordinate and parameter error corrections according

to the OCCT curves γ and OCCT surfaces ξ linked to the cell edges E and cell faces F .

Line 1, in accordance to Fig. 3.7, is the trilinear interpolation L3() between the node coordinates

C using X . The following line starts the calculation of the scaled coordinate error correction of

each face F . We iterate over each face and check, if an OCCT surface ξF is present. If not, we

can skip this face.

To be able to correct the errors addressed in Fig. 3.5 and Fig. 3.7, we then iterate over each

edge EF of the face and check in line 5 if an OCCT curve γE F is present. If not we can skip the

edge. But if an OCCT curve is present, we calculate the scaled coordinate error corrections ∑∆CF
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3 Preliminary works 3.2 Improvement of the cell volume description

Algorithm 3.2.1: t8 geom evaluate (coordinates in the reference unit cube X ∈ [0,1]3)

Result: The mapped coordinates Y of the cell in the computational domain
1 Y = L3(C, X)
2 for each face F do
3 if no ξF in F then continue /* skip if no surface is present */

4 ∑∆CF = 0
5 ∑∆PF = 0
6 for each edge EF of face F do
7 if no γE F in EF then continue /* skip if no OCCT curve is present

*/

/* Coordinate error correction induced by the face edge */

8 ∑∆CF+= (L1 (CE F , X)− γE F (L1 (PE F , X))) · (X · (nF ×dE ))
/* Parameter error correction induced by the face edge */

9 ∑∆PF+=
(
L1 (PF∩E , X)− γξE F (L1 (PE , X))

)
· (X · (nF ×dE ))

/* Coordinate error correction induced by the face */

10 ∑∆C+= (L2 (CF , X)−ξF (L2 (PF , X)+∑∆PF )−∑∆CF ) · (X ·nF )

11 for each edge E do
12 if no γE in E then continue /* skip if no OCCT curve is present */

/* Coordinate error correction induced by the edge */

13 ∑∆C+= (L1 (CE , X)− γ (L1 (PE , X))) · (X ·nE 1) · (X ·nE 2)

/* Apply all error corrections to the trilinear interpolation result

*/

14 Y+= ∑∆C

(green volume on the right in Fig. 3.7) induced by the edges of the face. These correspond to the

term ∑
3
E F=0 (∆CE F (X)) from Eqn. 3.3.

We can subtract this later on from the scaled coordinate error correction of the face to

get ∑
5
F=0

(
∆CF (X)−∑

3
E F=0 (∆CE F (X))

)
from Eqn. 3.3 (orange volumes on the right of

Fig. 3.7).

For the computation of ∑∆CF , we use X to interpolate linearly (L1()) between the coordinates

of the nodes of the edge CE F . From this, we subtract the the coordinates we obtain by evaluating

γE F with the interpolated parameters PE F of the nodes of the edge. Lastly, we scale everything

with the component of X , which is orthogonal to the normal vector n of F and the direction d of

E in the reference element. The scaling factor (X · (nF ×dE )) is swapped to (1−X · (nF ×dE ))

if E lies on the opposite site on F .

In line 9, we do almost the same we did in the previous line, but this time we interpolate

between the OCCT surface parameters PF∩E of the two nodes, which the OCCT curve lies on. From

this, we subtract the OCCT surface parameters we obtain from γξE F . γξ converts a parameter on
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3 Preliminary works 3.3 High-order curved mesh generation

an OCCT curve to the corresponding parameters on an OCCT surface. Into γξE F , we put the linear

interpolation between the OCCT curve parameters PE . After that, we scale similar to line 8 and

accumulate all scaled parameter error corrections for this face in ∑∆PF . We use these in the

next line to mitigate the problem described in Fig. 3.5.

Next, we step out of the loop over each edge of the face and calculate the scaled coordinate

error corrections for the OCCT surfaces (orange volumes on the right of Fig. 3.7) and accumulate

them in the sum of all scaled coordinate error corrections ∑∆C. This is done similarly to the

other calculations. But this time we evaluate ξF with the sum of the parameters we obtain by

a bilinear interpolation L2() between the parameters of the nodes of the face and the sum of

the scaled parameter error corrections ∑∆PF of the edges. We subtract the from ξF obtained

coordinates from the coordinates obtained by bilinear interpolation of the coordinates of the face

nodes. Moreover, we subtract the sum of the scaled coordinate error corrections ∑∆CF of the

edges from it. After that, we scale the result with X and the normal vector n of F .

After calculating ∑
5
F=0

(
∆CF (X)−∑

3
E F=0 (∆CE F (X))

)
, which is represented by the orange

volumes on the right in Fig. 3.7, we have to calculate ∆CE , which is represented by the green

volume. We did this step already in line 8 to subtract it from the scaled coordinate error corrections

from the OCCT surfaces. To add them back in we iterate over each edge and check if an OCCT

curve is present. If that is the case, we do the same as in line 8 and add the value to the sum of all

scaled coordinate error corrections ∑∆C.

Lastly, we add ∑∆C to Y and Y now contains the output value of our cell volume descrip-

tion.

3.3 High-order curved mesh generation

After taking a detailed look at the principles of the msh import and the mapping algorithm, we can

look at other implementations of high-order meshes. Due to the similarities of our curved AMR

approach to classical high-order meshes, we will eventually face the same challenges. Hence we

will take a look at the challenges of high-order mesh generation and at approaches to overcome

them.

The generation and usage of high-order meshes have led to a significant decrease in run times,

but with comparable numerical accuracy. This is achieved by combining the principles of the

finite volume (FV) method with the cell polynomials of finite element (FE) method. This lead to

the development of the discontinuous Galerkin (DG) method by Reed and Hill [35] and the further

improvement by Cockburn and Shu [36, 37, 38, 39, 40], which can achieve a high numerical

accuracy even with coarser meshes in comparison to the FV method, due to the polynomials

inside the mesh cells.
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3 Preliminary works 3.3 High-order curved mesh generation

To get the maximum accuracy of the DG method for a given mesh, the additional nodes of the

high-order cells should curve with the geometry the domain describes. There are two methods to

generate these curved high-order meshes. The first is a direct approach [41], where the mesh is

generated directly as a high-order curved mesh.

The second is an a posteriori approach [1, 8, 42, 43, 44, 45, 46, 47]. First, a linear, first-order

mesh is created. Then, the cells of the mesh get their additional nodes. In the cell, which has an

edge or a face on a geometry, these additional nodes get placed with respect to the geometry.

Both approaches have their advantages and disadvantages, but here we want to focus on the

second approach because it is more similar to ours. The biggest challenge for the construction of

a high-order mesh from a linear mesh is called mesh tangling. It describes the phenomenon when

valid linear cells become invalid due to the addition of curvature. Invalidation can be caused by

near tangent edges (faces) or the intersection of edges (faces). This is shown in Fig. 3.8.

Valid
linear cell

Valid
curved cell

Invalid curved
cell (near

tangent edges)

Invalid curved
cell (self-

intersecting)

Valid
curved cell
(deformed)

Valid
curved cell

Figure 3.8: Shown are different cells, which lie on the same geometry (gray). The curved cell
constructed from a linear cell is not always valid, but the invalid cells can be corrected via a
deformation of the edges or faces, which are not linked to a geometry. Inspired by [1].

There are different approaches to untangle the mesh. Generally, they all move the curvature of

the boundary cells into the domain. This means, that, if necessary, also the edges and faces, which

do not lie on a boundary, are curved as well (see Fig. 3.9). Sometimes triangular or tetrahedral

cells are converted to quadrilaterals or hexahedra, because they have a higher sum of interior

angles and are therefore less prone to getting tangled. Some triangular or tetrahedral approaches

even try to swap as many invalid edges and faces to a valid state as possible, to minimize the

number of edges and faces, which have to be curved.

Since the self-intersection of mesh cells can also happen in our case, we have to take this into

account. Due to the higher internal angles of hexahedral cells, we currently have a lower risk of

near tangent edges and faces. Furthermore, we have to structurally mesh our geometries due to

the limited three-dimensional hex-only meshing capabilities of Gmsh (more on that in Sec. 4.2).

In our case, this leads to more control over the coarse mesh cells and helps us to eliminate the

risk of generating self-intersecting cells.
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3 Preliminary works 3.3 High-order curved mesh generation

Figure 3.9: Untangling of a high-order curved mesh. The curvature of the boundary cells gets
mapped into the volume, so that no overlapping of cells happens. By courtesy of Per-Olof Persson
taken from [8].

For this evaluation, it is therefore not necessary to develop an algorithm to curve faces and

edges, which do not contact the boundary of the geometries, but it has to be implemented in the

future. This application of curvature can be a preprocessing step along with the coarse mesh

import. In this step, the invalid edges and faces, which do not already have a curvature, get

an analytically defined curvature, which is determined by the already curved edges and faces.

This way the application of curvature has to be performed one time before the simulation and

remains during each refinement or coarsening in the numerical application. Suggestions for the

calculation of these curvatures can be found in [8, 42, 46, 47, 45].
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4 Evaluation

In this chapter, we are going to select the application scenarios for the evaluation of curved

hexahedral AMR and define the metrics we want to use for the evaluation. After that, we build

the models for the chosen application scenarios. This includes the construction and meshing of

our flow domain, the definition of our flow field u⃗(⃗x), and the setup of each simulation. Last, we

will run and compare the simulations.

4.1 Application scenarios

We start with the definition of our application scenarios. From the fact, that only hexahedra

are supported and from the chosen advection solver (see Sec. 2.3) as well as the chosen mesh

generator (see Sec. 3.1), we can derive two requirements for our application scenarios. The first

requirement is, that the domain has to be meshable with hexahedra only. Gmsh can generate

hex-only meshes, but only in specific circumstances. We will address this during the construction

and meshing of our domains in Sec. 4.2.

The second requirement is the flow field u⃗(⃗x). Although it is possible to set up a computational

fluid dynamics (CFD) analysis for the given domain, we want to use analytical definitions for

u⃗(⃗x). First of all, would it require additional resources to set up a CFD analysis, which would not

benefit the informative value of this evaluation. Furthermore, would it limit the resolution of u⃗(⃗x)

to discrete values. To make sure, that the resolution is fine enough even with high refinement

levels of the advection mesh, we would be obliged to use an overly fine mesh throughout the

whole CFD analysis.

One application scenario, which fulfills these requirements, is the flow around a sphere shell.

The sphere shell is meshable hex-only in Gmsh and an analytical flow field without in- and outflow

can be defined. More on this in Sec. 4.2 and Sec. 4.3. As a metric for the quality of the resolution

of the geometry we propose the tracking of the volumes of the subdomains Ω1, t , Ω2, t over time.

Due to the flow field having no in- and outflow, there should be no flux across the geometry

boundary and the volume of both subdomains should remain constant over time:
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4 Evaluation 4.1 Application scenarios

V(Ω1, t) = V(Ω1, t+∆t),

V(Ω2, t) = V(Ω2, t+∆t).
(4.4)

To test if this conservation is preserved, we will put Ω1, t near the boundary of the sphere

and observe, if the volume changes. If the geometry resolution is poor, we expect some in- and

outflow of the domain, because the flow is only parallel to the geometry, as shown in Fig. 4.1.

We will test this for the convex, as well as the concave boundary of the sphere, to check if any

differences become apparent.

Moreover, we would expect the shape of both subdomains to remain the same, because they

rotate around the origin with a constant angular velocity. But the poor geometry resolution leads

to an uneven flow distribution (see Fig. 4.1), which could affect the shape of the subdomains.

This will be the second metric we check with this application scenario.

Figure 4.1: The analytically defined flow around a circle is applied to a circular mesh with poor
geometry resolution. Due to the poor geometry resolution, we could get some in- and outflow of
the domain. Moreover, the poor geometry resolution leads to an uneven distribution in the flow
magnitude.

The second application scenario, we are going to use to evaluate curved hexahedral AMR,

is the advection of Ω1, t past a cylinder with a translational and angular velocity around its

symmetry axis. A rectangular domain with a cylindrical hole is also meshable hex-only in Gmsh

and an analytic flow field is also definable. In this scenario, we can check the same metrics as

before.
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4 Evaluation 4.2 Geometry and mesh

4.2 Geometry and mesh

The construction and the meshing of the geometries are done in Gmsh because it can use the OCCT

geometry kernel and is, therefore, able to export the geometry in the needed brep file format.

Moreover, we can read in the parametric meshes in the msh file format from Gmsh and link them

back to the original geometry provided by the brep file, as shown in Sec. 3.1.

Gmsh has many functions to build a hex-only mesh, but some of these features are unsuitable

for our use case. The way our msh file input works is, that we read in our mesh nodes with the

geometry information, like the geometry indices and we then retrieve the geometries from our

OCCT brep file. This only works if the geometry indices of the msh and brep refer to the same

geometries. This is only the case, if we load the brep file into Gmsh, mesh it, and then export the

parametric mesh.

If we construct the geometry at the same time as we define the mesh, Gmsh changes the indices

of the geometries, but the already defined nodes keep their geometry indices and the geometry

then gets mismatched by our file reader. This means, that we are limited to the post-construction

meshing algorithms Gmsh supplies.

Due to the absence of unstructured hex-only meshing algorithms in Gmsh, we have to use the

structured algorithm based on transfinites. We can use this algorithm by specifying the number

of points, which Gmsh then places on the specified OCCT curve. This is what Gmsh specifies as

creating a transfinite curve. We have to transfinite all OCCT curves before going over to the next

step.

After that, we can transfinite the OCCT surfaces. This is done automatically by Gmsh. We only

have to specify four corner points of the OCCT surface (the OCCT surface itself can have more than

four corners, this can be seen in Fig. 4.2). Gmsh then checks, if the specified amount of transfinite

points of the opposite transfinite curves match and creates a transfinite surface. This transfinite

surface can then be meshed with triangles or if we recombine it (that is how Gmsh names this

process), we are also able to mesh it with quadrilaterals.

Last, we can automatically transfinite the volumes. Currently, it is not supported to transfinite

volumes with more than six faces (Gmsh version 4.8.4). This means, that we are limited to

constructing six-faced volumes only.

The first geometry, the sphere shell, hence consists of six equal sections. All of them have six

faces and it is possible to use the transfinite algorithm for hexahedral meshing. Each section is

then meshed with 2 by 2 by 2 cells, this is shown in Fig. 3.2a.

Gmsh supports a 1 : 8 refinement of each hexahedral cell and with this refinement, we can

create coarse meshes with different geometry resolutions. But during the first simulations, it

became apparent, that the mesh obtained by 1 : 8 refinement is of a lower quality than the mesh
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Figure 4.2: Gmsh’s transfinite algorithm is a structured meshing algorithm which can generate
quad-only and hex-only meshes. It converts each surface into a quadrilateral and structurally
meshes it using triangles or quads. Volumes can only be meshed if they have six faces. In this
case we can see an OCCT face, which comprises six OCCT edges and is meshed with the transfinite
algorithm.

obtained by re-meshing the whole domain with more cells. This led to numerical inaccuracies,

which could be traced back to the mesh refinement of Gmsh. Our goal is to give a fair comparison

and therefore we use the more practical scenario and re-mesh the domain to get finer coarse

meshes. In the next finer mesh we hence use 4 by for by 4 cells per section, then 8 by 8 by 8, and

so on.

The second geometry, the flow domain around a cylinder, is also divided into sections with

six faces and is meshed just like the sphere shell. The geometry and coarse mesh are shown in

Fig. 4.3.

4.3 Flow field

The flow of the sphere shell is rather simple, as we define it in polar coordinates. We place the

center of the sphere shell at the origin and we want a steady flow rotating around the z-axis with

an equal angular velocity ω at every point. For this, we use the function

ur = 0,

uθ =
ω

2π
r,

with the radial coordinate r, angular coordinate θ , the velocity ur in radial direction and uθ being

the velocity perpendicular to that.
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Figure 4.3: Shown is the geometry (thick) and mesh (thin) of the flow domain with a cylindrical
cutout. Due to the requirement of structured hex-only meshing, the channel is divided into
multiple sub-volumes.

Due to ur always being zero, the flow is always parallel to the boundary of the sphere shell.

This should result in no in- and outflow of both subsets, which is required by Eqn. 4.4.

The flow around a rotating cylinder can be modeled with a combination of three different

two-dimensional solutions for Laplace’s equation [48]. The solutions consist of the velocity

potential φvp and the stream function ψsf, whereby the velocity field u⃗ can be obtained by

ur =
∂φvp

∂ r
,

uθ =
1
r

∂φvp

∂θ
,

(4.5)

for irrotational flows ∇× u⃗ = 0. If the flow is source and sink free ∇ · u⃗ = 0, the velocity field can

be obtained by

ur =
1
r

∂ψsf

∂θ
,

uθ =
∂ψsf

∂ r
.

(4.6)

Note, that the symbols φ and ψ are already used in this thesis and therefore we label them with

vp for velocity potential and sf for stream function.

First, we start with the constant and inviscid potential flow past a circle with radius R. The flow

is a combination of two basic flows. The first flow is a uniform flow in x-direction (see Fig. 4.4a)

with the velocity potential φvp uniform = ur sin(θ), the stream function ψsf uniform = ur cos(θ) and
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(a) Uniform flow (b) Doublet flow (c) Vortex flow

Figure 4.4: Shown are three different two-dimensional flows, which satisfy Laplace’s equation.
The uniform flow has a velocity field which is constant everywhere. The doublet flow consists of
a source (inlet) and a sink (outlet) infinitely close together. The vortex flow has a constant angular
velocity around its center and has no radial velocity.

the velocity u. The second flow is a flow of a doublet (see Fig. 4.4b) with the velocity potential

φvp doublet =−k sin(θ)/r, the stream function ψsf doublet = k cos(θ)/r and the strength k. The

flow of a doublet is the flow induced by a sink and a source of equal strength infinitely close

together.

We want the flow at the boundary of the circle r =R to be parallel to said boundary ur(R, θ)= 0.

Due to the combination of both flows being irrotational ∇× u⃗uniform + doublet = 0 we can use

Eqn. 4.5 and get

ur uniform + doublet(R, θ) =
∂φvp uniform + doublet

∂ r
= ucos(θ)− k cos(θ)

r2 = 0,

⇔ k = ur2 = uR2.

Applying this to our velocity components ur uniform + doublet and uθ uniform + doublet we get

ur uniform + doublet =
∂φvp uniform + doublet

∂ r
= u

(
1− R2

r2

)
cos(θ),

uθ uniform + doublet =
1
r

∂φvp uniform + doublet

∂θ
=−u

(
1+

R2

r2

)
sin(θ).

(4.7)

The resulting velocity field is shown in Fig. 4.5a. This is the analytical solution to the inviscid,

incompressible, two-dimensional potential flow past a circle [48].

To make this flow field a little more complex, we add the flow of a vortex (Fig. 4.4c) to simulate

the rotation of our circle. This is no longer the analytical solution to the potential flow past a
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circle because it is not rotation free. Moreover, the rotation of a circle would not have any effect

on the flow, because the potential flow is inviscid.

The vortex flow has the velocity potential φvp vortex =
ωθ

2π
and the stream function

ψsf vortex =−ωθ

2π
ln(r) with the angular velocity ω . Due to u⃗vortex being not rotation free ∇× u⃗ ̸= 0,

we have to use Eqn. 4.6 to retrieve the velocity field and add it to u⃗uniform + doublet. We get the

resulting velocity field u⃗uniform + doublet + vortex:

ur uniform + doublet + vortex = u
(

1− R2

r2

)
cos(θ),

uθ uniform + doublet + vortex =−u
(

1+
R2

r2

)
sin(θ)− ω

2π
r.

(4.8)

The velocity field is visualized in Fig. 4.5b.

Due to ur uniform + doublet + vortex = 0 for r = R the flow is always parallel to the boundary at

the circle. If we let Ω1, t only near the circle boundary and keep a distance from the remaining

boundaries of the flow domain, Eqn. 4.4 holds true.

(a) Potential flow past a circle (Eqn. 4.7) (b) Flow past a rotating circle (Eqn. 4.8)

Figure 4.5: Shown are flows past a circle. The first flow is the potential flow past a circle. It is a
combination of the uniform flow (Fig. 4.4a) and the doublet flow (Fig. 4.4b). The second flow is
the same combination, but here we added a vortex flow (Fig. 4.4c) as well. Due to its rotation it is
not longer a potential flow.
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4.4 Simulation

After the setup of our evaluations, we are going to perform them. For the sphere shell evaluations,

we decide to create four different cmeshes. The coarsest cmesh is the cmesh described in Sec. 4.2.

We re-mesh the geometry with different resolutions to yield four different geometry representation

accuracies. We measure the geometrical accuracy with the amount of cmesh cells the meshes use

to approximate the circular cutout we get if we slice the meshes. The accuracies reach from 8

to 64 and the respective amount of cmesh cells in the whole mesh can be seen in Tab. 4.1 and

Tab. 4.2.

Our main goal is to compare the results of the curved geometry mapping to the linear geometry

mapping. Generally, we expect no difference in accuracy between curved geometry simulations

with different cmesh resolutions, because the geometrical accuracy of the curved geometry

mapping will always be as accurate as it can be.

But in [9] we have seen, that the run time of two simulations with different cmesh resolutions

varies, due to the varying ratio of curved and linear cells (the curved cells are slower to compute

than the linear ones). The finer a cmesh is, the more cells are completely inside the volume and

are therefore linear. To verify this expectation, we will do two runs with the curved geometry

mapping, one with the cmesh of resolution 8 and one with the cmesh resolution 16.

The runs with the linear geometry mapping will be done with each cmesh resolution. This

should give us enough data to compare it to the curved geometry mapping. Note, that we reduce

the refinement level if we use a finer cmesh. This way the smallest elements have the same size,

we have roughly the same amount of elements in each simulation and we have the same amount

of time steps for a given simulation time and CFL number.

Since the output of the mesh data for visual analysis can affect the run times, we will run each

simulation twice. One simulation without VTK file output to evaluate the run time and accuracy

and one simulation for the VTK file output itself.

The evaluation runs for the sphere shell evaluations are conducted using the tag

masters thesis elsweijer1 of t8code and one computing node with two Intel Xeon Gold

6130 and 192 GB of RAM. The command to run the sphere shell simulation with the concentration

at the convex boundary is as follows:

mpirun -n 32 ./t8_advection -u4 -l0 -r<refinement level> \

-f<path/to/msh/file> -d3 -C0.5 -b4 -X1.1 -Y0 -Z0 -R0.3 -T0.25 \

(-o for no file output) (-O for curved geometry)

And the command for the concentration at the concave boundary:

1https://github.com/sandro-elsweijer/t8code/releases/tag/masters_thesis_elsweijer
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mpirun -n 32 ./t8_advection -u4 -l0 -r<refinement level> \

-f<path/to/msh/file> -d3 -C0.5 -b4 -X1.9 -Y0 -Z0 -R0.3 -T0.25 \

(-o for no file output) (-O for curved geometry)

The simulations with the rotating cylinder are conducted similarly. We use the mesh introduced

in Sec. 4.2 and re-mesh it with different resolutions to get different geometrical accuracies.

But this time we run the simulations also with different refinement levels. This way, we can

comprehend, if a higher geometric accuracy or a higher mesh resolution has more influence on

the accuracy of the results.

Note, that we run out of memory with the aforementioned computing node. This happens,

because the partitioning of the OCCT geometries is not yet implemented and we are therefore not

able to partition the cmesh. This leads to one instance of the whole cmesh and geometry being

reserved in the memory for each MPI rank. The partitioning of the cmesh would partition this

data for each MPI rank so that each rank has only the information it needs.

If we partition the cmesh anyway, we get memory errors. Because of cross-references and

reference counters in OCCT, it is not trivial to partition the OCCT geometries and this is why the

partitioning of the geometry-linked cmesh is out of the scope of this thesis.

The cmesh partitioning would also enable us to take a look at the memory usage and compare

it to the usage of the linear mapping algorithm. But with the current state of the algorithm, the

results would become invalid as soon as the curved cmesh partitioning is implemented.

The not yet implemented cmesh partitioning for curved meshes is why we switch the hardware

configuration and use one computing node with two AMD EPYC 7702 and 1024 GB of RAM.

Despite the higher core count of this computing node we still use 32 MPI ranks to save memory.

We use the following command and parameters to start the simulation:

mpirun -n 32 ./t8_advection -u7 -l0 -r<refinement level> \

-f<path/to/msh/file> -d3 -C0.5 -b4 -X-0.7 -Y0 -Z0 -R0.3 -T1 \

(-o for no file output) (-O for curved geometry)

4.5 Results

After performing the simulations we take a look at the results. We apply our previously defined

metrics and look if any differences between the results of the two application scenarios arise.

Results of the sphere shell evaluations runs

In Tab. 4.1 we can see the result of the sphere shell simulations, where the concentration is

advected along the inner, convex boundary. In Fig. 4.6, we can see a visualization of the run with
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curved geometry and a cmesh resolution of 16 as a reference. A visualization of the last time step

of each simulation can be seen in Fig. B.1.

Table 4.1: Shown are the results of the sphere shell evaluation runs, where the concentration is
placed at the inner, convex boundary of the sphere shell. The circle resolution describes how
many cmesh cells are used to approximate the circular section. C is the amount of cmesh cells, E
the mean amount of elements per time step and r the max refinement level. Artifacts shows the
presence of numerical anomalies.

geometry
mapping

circle
res

C E r
volume

loss
arti-

facts
run time

curved 8 48 2.71e5 6 16.1 % yes 2.447e3 s
curved 16 384 2.46e5 5 15.9 % no 1.042e3 s
linear 8 48 2.89e5 6 14.5 % yes 0.097e3 s
linear 16 384 2.48e5 5 15.5 % no 0.084e3 s
linear 32 3072 2.39e5 4 14.7 % no 0.077e3 s
linear 64 24576 2.46e5 3 14.4 % no 0.094e3 s

As already mentioned, we ran two curved and four linear simulations. We expect two curved

simulations to have the same accuracy, but different run times. But this is not what we see. If

we take a look at Fig. B.1a, we can see, that in the curved simulation, with a resolution of 8,

some artifacts occur, which seem to be induced by the poor resolution of the cmesh. The curved

geometry only affects the boundaries of the cmesh cells and the space between the inner and outer

boundary, where no geometry is present, is unaffected. This results in sudden changes in the

orientation of the elements and the solver are not able to resolve these changes accurately.

Due to the higher cmesh cell count in the cmesh with a resolution of 16, these artifacts do not

occur. This shows us, that the curved geometry description of the cells is not able to correct a

poor cmesh, it is only able to correct inaccurate geometry representations. The cmesh still has to

meet certain quality standards.

Although the volume losses are, unlike expected, not the same, the run time of the mesh with

the higher cmesh resolution is reduced massively. This is because of the higher ratio of linear

cells in the cmesh. This is the same result as we have seen in [9].

If we move on to the comparison to the linear simulations, we can see, that the volume losses

do not vary much. Over all simulations (curved and linear), we have a variation of 1.7 percentage

points. If we exclude the linear, resolution 8 run due to its artifacts, we can see a downwards trend

in volume loss with higher resolutions. But if we compare the volume losses of the linear runs to

the curved runs, we see, that the linear runs have less volume loss in general. This contradicts our

expectations and we will have a look at this in the next evaluation scenarios as well.
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We now move on to the comparison of the results of the runs, where the concentration moves

along the outer, concave border of the domain. The results are shown in Tab. 4.2 and an exemplary

visualization is shown in Fig. 4.7. A visualization of the last time step of each simulation can be

seen in Fig. B.2.

We again start with the curved runs. In this case, the run with the lower cmesh resolution has

less volume loss, contrary to the last scenario and there are no artifacts in the run with the lower

Figure 4.6: Shown is a visualization of the curved sphere shell simulation with a resolution of 16
and where the concentration moves along the inner, convex boundary.
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Table 4.2: Shown are the results of the sphere shell evaluation runs, there the concentration is
placed at the outer, concave boundary of the sphere shell. The circle resolution describes how
many cmesh cells are used to approximate the circular section. C is the amount of cmesh cells, E
the mean amount of elements per time step and r the max refinement level. Artifacts shows the
presence of numerical anomalies.

geometry
mapping

circle
res

C E r
volume

loss
arti-

facts
run time

curved 8 48 1.02e5 6 31.6 % no 0.937e3 s
curved 16 384 1.11e5 5 32.9 % no 0.367e3 s
linear 8 48 0.87e5 6 33.4 % yes 0.040e3 s
linear 16 384 1.10e5 5 32.7 % no 0.048e3 s
linear 32 3072 1.17e5 4 33.5 % no 0.049e3 s
linear 64 24576 1.34e5 3 33.9 % no 0.054e3 s

cmesh resolution. But just like in the scenario before, the difference in the volume loss is not that

significant and the run time with the higher cmesh resolution is reduced.

We now move on to the results of the linear runs. We can see, just like in the convex scenario,

that in the run with the linear geometry and the cmesh resolution of 8, artifacts occur. Furthermore,

we can see an upwards trend in the volume loss with rising cmesh resolution. This is again

contrary to the results of the last scenario.

In the convex scenario, we had an increase in volume loss with the curved geometry mapping

in comparison to the linear geometry mapping. Here, with the concave boundary, we have the

opposite effect. An explanation could be, that the misrepresented boundary results in a gain in

volume at the concave boundary and loss of volume at the convex boundary. This results in these

opposite effects and suggests, that the curved geometry mapping produces results without volume

gain or loss generated by the misrepresentation of the geometry. But with the given solver and

the volume loss it generates, this theory cannot be proven.

The second metric, we defined for this scenario, is the deformation of the shape of the advected

concentration. If we look at Fig. B.1 and Fig. B.2, we cannot determine any significant differences

in the shape of the advected concentrations, apart from the obvious differences, where artifacts

occur. Maybe a longer simulated time span would reveal some differences, but this is not possible

because of the high volume loss of the advection solver. We get 100 % volume loss during one

full rotation around the sphere shell.

Last, we take a look at the run times. It is visible, that the curved geometry runs are much

slower. The curved runs with circle resolution 8 are about 25 times slower than their linear

pendants and the curved runs with the circle resolution of 16 are around 8 to 12 times slower. The
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curved runs even get outperformed in comparison to the much finer cmesh with a resolution of

64.

In conclusion, the sphere shell evaluation scenario may show a benefit of the curved hexahedral

AMR over the linear AMR in the form of not gaining or losing volume through the boundary. But

this is only a theory. The uneven distribution of the flow magnitude shown in Fig. 4.1 does not

lead to a significant deformation of the shape of the advected concentration. With the inconclusive

Figure 4.7: Shown is a visualization of the curved sphere shell simulation with a resolution of 16
and where the concentration moves along the outer, concave boundary.
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improvements in accuracy and the massively increased run times, it may not be advisable to use

the curved domain AMR in this application scenario.

Results of the rotating cylinder evaluations runs

We now move on to the results of the rotating cylinder scenario. We had to re-run these simulations

because we initially set the magnitude of the analytic flow field inside the cylinder to zero. This

resulted in elements with a flow magnitude of zero in the runs with the linear cell geometry.

This was because they were positioned inside the cylinder, due to the misrepresentations of the

geometry. This led to a divergence of the numerical results (see Fig. 4.8) and the runs were not

comparable. This was no problem for the runs with the curved geometry, because of the exact

placement of the mesh elements at the boundary of the cylinder.

Figure 4.8: The simulations with a linear geometry and a circle resolution of 8 and 16 diverge
when the magnitude of the flow field is set to zero inside the geometric cylinder. The curved
simulations had no such problems.

We can see the results of the re-run with the continuous velocity field in Tab. 4.3 and we can

see a visualization of the results in Fig. 4.9. The results of the last time step are depicted in

Fig. B.3. In this scenario, we ran three different simulation sets. In the simulations of the same

set, the smallest elements have the same size and therefore we have an approximately similar

amount of time steps in each simulation.

We first look at the linear runs. Here we can see, that the number of elements rises with a

higher resolution of the cmesh. Furthermore, we can see, that the linear simulations with lower

circle resolutions produce some artifacts, which are the first sign of inaccurate results. The better

the cmesh resolution gets, the fewer artifacts we get. In the last two simulation sets only the

simulations with a circle resolution of 64 produce results without artifacts.

This is a contrast to the sphere shell evaluations. Here we only had artifacts with a circle

resolution of 8. This means, that the application scenario has an influence on how important the

resolution of the geometry is.

Furthermore, we can see, that the circle resolution, as well as the refinement level, have an

influence on the volume loss. But we have to be careful with these conclusions because most of
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Table 4.3: Shown are the results of the rotating cylinder evaluation runs. Just like before, the
circle resolution shows how many cmesh cells are used to approximate the circular section. C is
the amount of cmesh cells, E the mean amount of elements per time step and r the max refinement
level. Artifacts shows the presence of numerical anomalies.

geometry
mapping

circle
res

C E r
volume

loss
arti-

facts
run time

curved 8 500 0.103e6 4 46.6 % no 0.285e3 s
linear 8 500 0.102e6 4 63.7 % yes 0.036e3 s
linear 16 4000 0.102e6 3 48.3 % yes 0.028e3 s
linear 32 32000 0.115e6 2 48.3 % no 0.039e3 s
linear 64 256000 0.314e6 2 46.8 % no 0.064e3 s

curved 8 500 0.294e6 5 27.7 % no 1.169e3 s
linear 8 500 0.237e6 5 −2.5 % yes 0.179e3 s
linear 16 4000 0.284e6 4 30.9 % yes 0.163e3 s
linear 32 32000 0.304e6 3 28.2 % yes 0.175e3 s
linear 64 256000 0.503e6 3 28.3 % no 0.308e3 s

curved 8 500 0.994e6 6 19.4 % no 6.552e3 s
linear 8 500 0.813e6 6 13.5 % yes 1.168e3 s
linear 16 4000 0.959e6 5 21.2 % yes 0.987e3 s
linear 32 32000 0.986e6 4 19.5 % yes 0.972e3 s
linear 64 256000 1.195e6 4 19.4 % no 1.412e3 s

the simulations produce artifacts and this can have an influence on the volume loss. In the case

of the linear simulation with a circle resolution of 8 and a refinement level of 5, we even gain

volume. But in general, we can say, that a higher refinement level in combination with a high

circle resolution leads to more accurate results.

If we compare these results with the curved geometry evaluations we can see, that the curved

evaluations have less or at least equal volume loss than every other simulation in their set.

Moreover, they never produce any artifacts.

From the results, we can assume, that there are at least two factors influencing the amount

of volume loss. One is the refinement level, which influences the size of the elements and the

number of time steps. The other influence is the accuracy of the geometry. We cannot get to zero

volume loss without a perfect geometry representation of the mesh (this is what we do with the

curved cell geometry) and we also cannot get to zero percent volume loss without infinitesimal

small elements and therefore infinitesimal small time steps. With the curved geometry, we can at

least influence and max out one of these two requirements. But we still get an error of the other

requirement.
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We now move on to the shape our advected concentration has at the end of each simulation. In

Fig. B.3, we can see a visualization of the last time step of each simulation from the first set. We

stick to the first simulation set because the shape of the concentration does not change visibly

with a higher refinement level.

First, we can observe the artifacts produced in the linear simulations with a circle resolution

of 8 and 16. Second, we can see, that the concentration in the curved geometry sticks less to

Figure 4.9: Shown is a visualization of the rotating cylinder evaluation. On the left we can see
three time steps of the curved geometry simulation with a circle resolution and a refinement level
of 4. On the right we can see the linear pendant. It is clearly visible, that the curved geometry
evaluation is much more accurate.
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the boundary of the cylinder. Only five elements of the concentration still touch the boundary

of the cylinder in the section of the curved simulation (Fig. B.3e). In contrast, 7 elements stick

to the boundary in the simulation with a resolution of 64 and 8 elements in the simulation with

a resolution of 32. So even if the volume loss is nearly the same, the shape of the advected

concentration is still different.

Last, we look at the run times of the simulations. We can see, that the run times with the linear

geometry mapping do not always increase with the number of mean elements per time step. The

anomalies are the linear simulations with a coarser cmesh and can be traced back to the uneven

distribution of the concentration due to the artifacts. It leads to more balance rounds and also

more time steps. But in general, we can say that a higher cmesh resolution leads to more elements

and therefore longer run times.

Due to the linear simulations with a circle resolution of 64 being the only simulations with

comparable accuracy, we can only compare their run times with the run times of the curved

simulations. We can see, that the linear simulations are around 3.8 to 4.6 times faster than the

respective curved simulations. In comparison to the results of the sphere shell evaluation, this is

much more comparable. But this time the curved simulations are still more accurate, than the

linear simulations with higher cmesh resolutions.

In conclusion, we can see a clear difference between the sphere shell and the rotating cylinder

evaluation. While the curved geometry mapping had an inconclusive influence in the sphere shell

simulations and increased the run time by up to a factor of 25, it had a measurable influence in

the rotating cylinder example. It was even more accurate than linear simulation which had 512

times as many cmesh cells while being 3.8 to 4.6 times slower.

A short look at the run times per process

As we could see, the run times with the curved AMR are significantly longer than with the linear

AMR. This can be partly attributed to the more complex cell geometry computation, but not all

of it. This is why we want to take a short look at the run times per process.

We recorded the max and min run times of different algorithms per MPI rank. We monitored the

main two algorithms, the solver and the AMR algorithms, which consist of the adapt, balance,

partition, and ghost algorithm. Due to the AMR algorithms’ need to wait for each other for

the data exchange, we have to give the quotients of the AMR algorithms per time step. The solver

quotient is given for the whole simulation.

If we look at the quotients of these max and min run times in Tab. 4.4, we can identify another

reason for the long run times of the curved geometry mapping.

As we can see, the quotients of the max and min AMR run times in the curved simulations are

up to 10 times higher than in the linear simulations and the same applies to the solver run time
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Table 4.4: Shown are the quotients of the max and min run times of different algorithms during
the curved and linear rotating cylinder runs with a circle resolution of 8.

geometry
mapping

r
max AMR run time per time step /
min AMR run time per time step

max total solver run time /
min total solver run time

curved 4 1.291e4 2.640
linear 4 0.128e4 1.167
curved 5 0.765e4 2.091
linear 5 0.202e4 1.191
curved 6 0.656e4 1.923
linear 6 0.266e4 1.191

quotients, which are up to 2.3 times higher. This indicates a less optimal load distribution across

the processes for the curved runs. This means, that processes are being earlier ready with their

calculations than other processes. But due to the processes’ need to communicate in each time

step, this leads to processes waiting for each other and having downtime, which has an increase

in run times as result.

This is probably caused by the partitioning of the elements across the processes. Currently,

the elements are distributed evenly across the processes, so that one process can only have a

maximum of one element more or less than another process. But this partitioning does not

consider how much computational effort is necessary to compute the geometry of that element.

This can lead to one process having only elements of a cell with multiple linked edges and faces

and another process having only elements of a linear cell.
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After performing the evaluation runs with our two application scenarios we can answer our

research question:

How does the performance and accuracy of the hexahedral curved domain AMR algorithm
compare to linear AMR when solving the advection equation with the linear FV method?

As we have seen in the previous chapter, the evaluations of the application scenarios had vastly

different results. While we were not able to fully attribute the differences in terms of accuracy in

the sphere shell scenario, we found significant differences in the rotating cylinder scenario. This

means we have to answer the research question as differentiated as the results are.

The profit of curved hexahedral AMR hugely depends on the application scenario and has

to be assessed for each scenario separately. Curved hexahedral AMR can have an influence in

boundary-critical scenarios, like the scenarios we tested here. If the boundary is not that relevant

or is not even curved, curved hexahedral AMR will produce no significant differences to linear

AMR.

But in general, we cannot deduct specific guidelines for its usage. We have proven the existence

of a profit in using a geometrically more accurate mesh and the possible profits from curved,

high-order elements remain untested. But in some cases, this geometrical accuracy can also be

achieved by a finer cmesh resolution, like in our rotating cylinder scenario.

But this stands in contrast with one of the top priorities of tree-based AMR: Memory efficiency.

When dealing with large meshes it is often not possible to use cmeshes with a high geometry

resolution and this is, where curved hexahedral AMR could reach its true potential. It is built on

the principles of tree-based AMR and can use its memory efficiency.

But it is to say, that the not yet working cmesh partitioning leads to huge memory inefficiencies

and the performance of the current implementation is far too slow to be practical under the

tested circumstances. The run times of the rotating cylinder scenario with the curved geometry

mapping were between 3.8 to 4.6 times slower than the run times of the linear run with the highest

geometry resolution and comparable accuracy. But the implementation of the curved geometry

mapping is still designed as a proof of concept; there was no focus on execution speed during the

implementation. This means, that there are multiple places, where we can optimize the execution

speed.
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The first possible optimization is the geometry evaluation itself. Currently, we repeat the

process of retrieving OCCT curve parameters, interpolating between them, and using them to

evaluate an OCCT curve for each linked edge and each neighboring linked face. This means that it

is possible to do this process 36 times, even if our cell has only 12 edges that can be linked.

Another possible optimization is the partitioning of the elements across processes, as shown

in the previous chapter. Currently, the elements are distributed evenly across the processes. But

with the curved geometry evaluation, the computational load of two distinctive elements can be

vastly different. Therefore, a weighted distribution of elements across the processes would be

more optimal. The weight of an element could then be influenced by the number of geometries

linked to the ancestral cell of that element.

With these and possibly some more optimizations, this technique can become essential in the

toolbox for large-scale numerical simulations and can even find an industry-relevant application.

But until then, this technique remains a work in progress and can be improved by further works

presented in the next chapter.
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After the evaluation of curved hexahedral AMR and the proof, that it has a measurable effect

on the accuracy of certain scenarios, we are convinced to continue our work and improve this

approach. Hence we present some subsequent works, which can advance this approach. We can

distinguish between optimizations of the curved AMR in t8code itself and works, which serve a

more broadened spectrum outside of t8code.

Improvements of curved AMR in t8code

Some of these works were already mentioned in the previous chapter: The cmesh partitioning,

the mapping speed, and load balancing. These three not yet optimal algorithms are the main

obstacles, which have to be addressed to make the new approach practical.

The non OCCT specific data types, like the node parameters and the information, which OCCT

geometry is linked to which part of a cell, are already saved along with the cells. This means, that

the cmesh partitioning algorithm can already partition this data. But due to the many dependencies

between the OCCT datatypes themselves, it was not yet possible, to save them with the cells.

To implement this, a deeper knowledge of the data structures and inner workings of OCCT is

needed.

In contrast, the increase in the performance of the mapping speed should be fairly easy to

achieve. It is a matter of performance engineering and the restructuring of code, so that operations,

which are now performed multiple times, only have to be performed once. This caching of interim

results would result in higher memory usage, but only during the geometry evaluation itself. After

the geometry evaluation, all interim results would be freed. Therefore no data has to be stored for

a long period of time and this caching could be made optional, for the usage of memory critical

applications.

The last, but also critical improvement, the load balancing across processes, can be optimized

using a weight system for the partitioning of the elements. With this system, an element, which

is influenced by a lot of OCCT geometries, can get a higher weight than an element, which is

not influenced by any OCCT geometry. But this weight is highly dependent on the numerical

application. Not only the geometry evaluation run time has an influence on the overall calculation
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run time. It is also influenced by the run time of the solver itself, the number of geometry

evaluations the solver needs, the memory latency and speed of the hardware, and so on.

Hence, defining weights for an element is not trivial and involves a lot of testing and even

after testing, the weights are only valid for this specific use case. This is why we propose an

adaptive weighting algorithm, which determines a weighting function in the first time step and

then applies this function in the next time steps. This way only the first time step has an imperfect

load balancing, but the subsequent time step would have the optimal load balancing for this

use case. And additionally, the weighting function has to be set up only once in the whole

computation.

Moving on, we take a look at more optional works to improve curved AMR. The first work is

the extension of the geometry mapping to the other supported cell geometries of t8code; lines,

triangles, quadrilaterals, tetrahedra, prisms, and pyramids. To do this, we do not have to start

over, many of the approaches used in the curved hexahedral mapping can also be used in the

other element shapes. For example, the concept of the coordinate and parameter error corrections

defined in Sec. 3.2, the parametric msh import and the storage of the geometry information can

be reused. Mainly the actual mapping of the coordinate error corrections inside the volume of the

cell has to be developed.

The last improvement of curved AMR we want to propose here, is the in Sec. 3.3 mentioned

implementation of a mesh untangling algorithm. At best, this algorithm is also able to quantify

the mesh quality, another relevant metric for accurate simulations. The mesh untangling algorithm

will be even more necessary with the introduction of triangular and tetrahedral elements, due to

their lower sum of interior angles and their capability to form unstructured meshes. With these

elements, an intersection between element edges (faces) or near tangent edges (faces) becomes

much more common. And when constructing an unstructured mesh, less attention is paid to the

shape and position of the mesh elements themselves.

More general concepts for future works

We can also take a broader look at this topic and even depict some works in combination with

third-party software. The first work is the linkage of the t8code cell geometry and the t8dg

solver. The necessary steps for this linkage were the already mentioned: The implementation of

the Jacobian for the cell geometry and the orientation of the cells to align the polynomials on the

element edges and faces. With this coupling, we will be able to expand the evaluation we did in

this work to high-order meshes and we can measure if curved AMR leads to higher performance

and if so, in which application scenarios.

Last, we want to look at is a whole framework or even suite, which combines a complete

simulation chain in a robust and automated manner. Starting with the creation of geometries,
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which is followed by the meshing process and ending with the actual simulation with mesh

management and a high-order solver. Every chain link is already developed in its own way and

efforts to link these links together have already started.

Due to the usage of OCCT for the geometry handling, it would be advantageous, if the other

links, which use geometries, at least support OCCT as well. The creation of the geometries can

therefore be handled by TiGL [49], a computational geometry library for parametric aircraft

design which also uses the OCCT kernel and the CPACS [50] format for generating geometries.

A look at the automated meshing of these geometries was already taken by Paul Putin in [51].

Here, Gmsh was used to mesh geometries. The last link in the chain, besides t8code, are the

high-order solvers implemented in Trixi [52, 53]. The linkage of these solvers is already in

planning and will be performed in the Ph.D. thesis of David Knapp.

It is safe to say, that this evaluation is only the beginning of a series of subsequent works

to advance this topic and may end in a whole software package for the parametric design of

aircraft.
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[44] S. J. Sherwin and J. Peiró. “Mesh generation in curvilinear domains using high-order

elements”. In: International Journal for Numerical Methods in Engineering 53.1 (2002),

pp. 207–223. DOI: 10.1002/nme.397.

[45] Zhong Q. Xie et al. “The generation of arbitrary order curved meshes for 3D finite

element analysis”. In: Computational Mechanics 51.3 (Mar. 2013), pp. 361–374. DOI:

10.1007/s00466-012-0736-4.

[46] S. Dey, R. M. O’Bara, and M. S. Shephard. “Towards curvilinear meshing in 3D: the

case of quadratic simplices”. In: Computer-Aided Design 33.3 (2001), pp. 199–209. DOI:

10.1016/S0010-4485(00)00120-2.

[47] Thomas Toulorge et al. “Robust untangling of curvilinear meshes”. In: Journal of Compu-

tational Physics 254 (Dec. 2013), pp. 8–26. DOI: 10.1016/j.jcp.2013.07.022.

[48] G. K. Batchelor. An Introduction to Fluid Dynamics. Cambridge Mathematical Library.

Cambridge University Press, 2000. ISBN: 978-0-511-80095-5.

[49] Martin Siggel et al. “TiGL: An Open Source Computational Geometry Library for Paramet-

ric Aircraft Design”. In: Mathematics in Computer Science 13.3 (Sept. 2019), pp. 367–389.

DOI: 10.1007/s11786-019-00401-y.

[50] Marko Alder et al. “Recent Advances in Establishing a Common Language for Aircraft

Design with CPACS”. In: Aerospace Europe Conference 2020. 2020. URL: https://

elib.dlr.de/134341/ (visited on 03/19/2022).

59

https://doi.org/10.1006/jcph.1998.5892
https://doi.org/10.1007/978-3-030-50417-5_6
https://doi.org/10.1007/978-3-030-50417-5_6
https://doi.org/10.1007/s00366-004-0295-1
https://doi.org/10.1007/s00366-004-0295-1
https://doi.org/10.1016/j.finel.2009.06.016
https://doi.org/10.1016/j.finel.2009.06.016
https://doi.org/10.1002/nme.397
https://doi.org/10.1007/s00466-012-0736-4
https://doi.org/10.1016/S0010-4485(00)00120-2
https://doi.org/10.1016/j.jcp.2013.07.022
https://doi.org/10.1007/s11786-019-00401-y
https://elib.dlr.de/134341/
https://elib.dlr.de/134341/


Bibliography Bibliography

[51] Paul Putin. “Parametrische CFD-Netzgenerierung im Flugzeugvorentwurf”. bachelor.

Hochschule Bonn-Rhein-Sieg, Feb. 2019. URL: https://elib.dlr.de/147200/

(visited on 03/20/2022).

[52] Hendrik Ranocha et al. “Adaptive numerical simulations with Trixi.jl: A case study of

Julia for scientific computing”. In: Proceedings of the JuliaCon Conferences 1.1 (2022),

p. 77. DOI: 10.21105/jcon.00077.

[53] Michael Schlottke-Lakemper et al. “A purely hyperbolic discontinuous Galerkin approach

for self-gravitating gas dynamics”. In: Journal of Computational Physics 442 (June 2021).

DOI: 10.1016/j.jcp.2021.110467.

60

https://elib.dlr.de/147200/
https://doi.org/10.21105/jcon.00077
https://doi.org/10.1016/j.jcp.2021.110467


A Conversion of parameters

As already mentioned in Sec. 3.1.2, we have to use OCCT’s functionality to retrieve the parameters

of OCCT vertices on OCCT edges and OCCT faces or to convert OCCT edge parameters into OCCT

face parameters.

OCCT provides us with multiple functions to do so and we tried different solutions and yielded

different results. The first classes we tried were the GeomAPI ProjectPointOnCurve1 and

GeomAPI ProjectPointOnSurf2 class. Both of these get three-dimensional coordinates and

try to find parameters of a point on the OCCT edge or OCCT face, which is an orthogonal projection

of the input coordinates.

But due to the fact, that we only try to project boundary points (like the endpoints of an OCCT

edge or points on the edges of an OCCT face) onto the OCCT edge or OCCT face, we do not always

get a result. We however know, that there is a solution to this because our point does lie on the

geometry.

We get better results, if we first use the aforementioned classes and if no parameters were re-

trieved, we try the same process again with ShapeAnalysis Curve3 or

ShapeAnalysis Surface4. This does not seem like the intended usage the OCCT develop-

ers thought of and it generates some problems with our geometry mapping.

Mainly, these problems occur with OCCT curves and OCCT surfaces, which have periodic

parameters, like circles and cylinders. If the period T of a parameter of an OCCT curve is, for

example, 2π , and the parameter we are searching for is π , then 3π , 5π and even−π are also valid

parameters to describe this point. And if our geometry mapping then interpolates between the

parameters of nodes, it is relevant, that we have the right parameter. Therefore, we convert all

projected parameters into [0, T ], but we still get deformed cells from the geometry mapping.

The last solution we test and which works with our algorithm is the usage of the BRep Tool5

class, which can access the topology information. With this topology information, the class can

1https://dev.opencascade.org/doc/refman/html/class_geom_a_p_i___project_point_on_curve.

html
2https://dev.opencascade.org/doc/refman/html/class_geom_a_p_i___project_point_on_surf.

html
3https://dev.opencascade.org/doc/refman/html/class_shape_analysis___curve.html
4https://dev.opencascade.org/doc/refman/html/class_shape_analysis___surface.html
5https://dev.opencascade.org/doc/refman/html/class_b_rep___tool.html
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convert the parameters rather than project points onto the geometry. This also solves the issue

with periodic parameter spaces.
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B Visualizations of the evaluation runs

(a) curved, cmesh resolution 8 (b) curved, cmesh resolution 16

(c) linear, cmesh resolution 8 (d) linear, cmesh resolution 16

(e) linear, cmesh resolution 32 (f) linear, cmesh resolution 64

(g) legend

Figure B.1: Shown are visualizations of the last time step of each evaluation run where the
concentration is advected along the inner, convex boundary of the sphere shell.
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B Visualizations of the evaluation runs B Visualizations of the evaluation runs

(a) curved, cmesh resolution 8 (b) curved, cmesh resolution 16

(c) linear, cmesh resolution 8 (d) linear, cmesh resolution 16

(e) linear, cmesh resolution 32 (f) linear, cmesh resolution 64

(g) legend

Figure B.2: Shown are visualizations of the last time step of each evaluation run where the
concentration is advected along the outer, concave boundary of the sphere shell.
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B Visualizations of the evaluation runs B Visualizations of the evaluation runs

(a) linear, cmesh resolution 8, refinement level 4

(b) linear, cmesh resolution 16, refinement level 3

(c) linear, cmesh resolution 32, refinement level 2
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B Visualizations of the evaluation runs B Visualizations of the evaluation runs

(d) linear, cmesh resolution 64, refinement level 1

(e) curved, cmesh resolution 8, refinement level 4

(f) legend

Figure B.3: Shown are visualizations of the last time step of each rotating cylinder evaluation
run of the first set.
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