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1. Introduction
A large part of numerical simulation is the area of computational fluid dynamics (CFD) which
covers many scientific applications from small to large scales ([A95], [AB17]).
Atmospheric modeling and simulations like in the filed of numerical weather prediction (NWP)
also take a big part within CFD. The set of governing partial differential equations (PDEs) in
NWP describes for example the change in the thermodynamics of the atmosphere, the motion
and the temperature ([KMS20], [BTB15]).
In this thesis, we are focusing on the linear advection-diffusion equation, which describes the
physical phenomena which transfers particles or other physical quantities due to the processes
of advection and diffusion within a physical system.
A model application of these processes is the transport of (ash) particles or gases released after
a volcanic eruption ([TCF11], [HHG15], [HRG16]).
The PDEs in NWP are mainly derived from several conservation laws like the conservation of
mass or momentum.
The atmospherics variables, whose values and partial derivatives described by the PDEs, are
considered at fixed (geographical) points and change over time. Generally, these variables are
highly complex, which makes it unfeasible or even impossible to derive an analytical solution.
Hence, an approximation with the help of numerical schemes is sought-after ([KMS20]).

Many common numerical methods employ a mesh or a grid which discretizes the physical or
geographical domain into fixed points in space at which the underlying PDEs are evaluated in
order to define an approximation of the solution. Popular choices for methods which rely on an
underlying mesh are finite difference methods, finite volume methods, finite element methods,
and discontinuous Galerkin methods ([HRX19], [L02], [CDG17]).
The mesh consists of elements, most commonly of triangles, quadrilaterals, tetrahedrons, and
hexahedrons, whereas triangles and tetrahedrons are generally better suited to accurately model
complex physical domains ([S15]). On the other hand, using quadrilaterals and hexahedrons en-
ables us to exploit several simplifications due to their tensor product structure ([BL89]).

In contrast to an uniform mesh, an adaptive mesh enables us to focus on specific parts of the
mesh (which are of interest, for example regions with a high computational error, shocks, or
complex geometries) with a fine mesh, and simulate with a coarser mesh in regions where we
are able to "afford" a coarser resolution without suffering a loss of accuracy of the simulation.
Generally, adaptive meshes may reach the same accuracy of a simulation as a uniform mesh,
with fewer elements than the uniform mesh ([GBG05]).

If dynamic simulations, with moving phenomena are considered, like simulating the dispersion of
an ash cloud in the atmosphere after a volcanic eruption, the mesh may have to be (re-)adapted
at every single time step in order to capture this local event of the eruption. Therefore, if a
mesh, representing the whole earth’s atmosphere, is considered and we want to simulate the ash
cloud over a given time period, adaptive mesh refinement (AMR) suggests itself as an efficient
approach to continuously capture this relatively local event with a high resolution near the cloud
and with a coarser mesh in other areas "far away" from the event.
In contrast to uniform mesh refinement, in which all elements of the mesh are refined to the same
"refinement level", which results in a structured mesh, AMR refines and coarsens certain parts
of mesh based on a given refinement criterion, this may lead to unstructured and eventually
even non-conforming meshes ([H18]).
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However, even if the solver for the problem is capable of calculating on an adaptive mesh, it is
not trivial to efficiently adapt the underlying mesh of the simulation frequently.
In order to incorporate adaptive meshes in the simulation, different approaches to AMR have
been made, like block-structured AMR [BO84] and unstructured AMR [O98]. Another efficient
approach is tree-based adaptive mesh refinement.
Tree-based mesh refinement utilizes a coarse mesh which adequately resembles the geometry of
the underlying domain, on which we want to simulate a given problem.
Each of these coarse elements within the coarse mesh is considered as the root element of a
refinement tree.
Subject to a predefined refinement rule, each of these elements is refined recursively. This defines
a refinement hierarchy and a parent-child-relation of the elements, since the parent (coarser) el-
ement is replaced by its children (finer) elements which cover the same area of the mesh as their
parent element ([H18]).
The coarse elements and, therefore, the refinement trees, may have different refinement rules,
because they do not need to necessarily have the same geometrical shape, i.e. the coarse mesh
may consist of hexahedrons and tetrahedrons.
We call a collection of these refinement trees a forest.

Figure 1.1: (Left:) A refined coarse mesh element; element ordering by SFC (red). (Right:) Cor-
responding refinement tree; SFC connects the (refined) elements which are currently
present in the tree (they are called leaves).

The parallel adaptive mesh refinement library t8code ([t8code], [H18]) implements tree-based
mesh refinement using space-filling curves (SFC). t8code extends p4est ([p4est]), which focuses
on quadrilaterals in 2D and hexahedrons in 3D, by further geometrical element shapes and scales
up to several 100, 000 MPI ranks while sustaining excellent parallel efficiency in terms of weak
and strong scaling ([HKB21]).

The space-filling curve defines a linear order of the elements within a refinement tree by an
indexing scheme.
It has to be distinguished between analytical and numerical space-filling curves. An analytical
SFC generally represents a continuous mapping sfc : I 7→ Rn from a compact set (often, a unit
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interval) into an n-dimensional volume, whereas a numerical SFC maps from an finite index set,
which resembles an analytical SFC discretely ([H18]).
Starting from a root element in a refinement tree, the numerical SFC corresponds to a discrete
SFC on this element which is uniformly refined to a maximum refinement level.
Based on this SFC describing a (computational) maximum uniform refinement, the elements are
ordered by a so called SFC-index.

All elements which are currently present in an adaptive mesh are called leaves of a refinement
tree. Accordingly, due to t8code’s implementation, replacing a parent element (leaf) with its
child elements changes the SFC-index only locally.
The implementation of space-filling curves provides an effective way to store and access the
leaves of a refinement tree. Moreover, this enables us to easily partition the grid over several
parallel processes.
A "cheap" computational way to partition the mesh is of great importance, especially in an
AMR context. Because after an adaption step, the partitioned mesh may not be load-balanced
across processes anymore, due to local refinement and coarsening in the mesh. But maintaining
load-balance is important in order to achieve good parallel scaling behavior.
Repartitioning the mesh with the help of space-filling curves reduces this NP-hard problem to
an approximation within linear runtime ([H18]). Therefore, if repartitioning steps have to be
performed frequently, SFC partitioning is a common choice (e.g. [GZ99]).

t8code implements space-filling curves for lines, triangles, quadrilaterals, tetrahedrons, hexahe-
drons, prisms, and pyramids ([BH16], [K17], [K20]).
Therefore, hybrid meshes consisting of these element types are supported by t8code.
However, in this thesis we focus on quadrilaterals and hexahedrons as elements in order to make
use of the tensor-product structure of these elements.

t8dg ([t8dg], [D21]) is a solver for the linear advection diffusion equation built on top of t8code
and utilizing a local discontinuous Galerkin discretization in a matrix-free fashion.
It is designed to calculate on adaptive meshes produced and managed by t8code.

Discontinuous Galerkin methods (DG) enjoy a great popularity in a broad range of scientific ap-
plications ([GW21]), e.g. compressible flows, meteorology, geophysics and many more ([BHG18],
[GR08],[GWK16], [B00], [SWR21], [KBB21]).
In the first place, Reed and Hill used a discontinuous Galerkin type discretization in order to
model neutron transport ([RH73]).
In several papers Cockburn and Shu extended the discontinuous Galerkin approach and ap-
plied it to non-linear hyperbolic conservation laws and introduced the Runge Kutta discontinuous
Galerkin methods (RKDG) ([CHS90], [CW91], [CS98], [CS981]).
DG methods connect ideas from finite element methods as well as from finite volume methods.
The approximation space consists of piecewise polynomials on each grid cell and the method
allows (and in fact, incorporates) discontinuities across cell interfaces.
Naturally, DG methods implement high order discretizations, while maintaining a minimal local
stencil, because only data at the interface between neighboring elements needs to be exchanged.
Due to this locality, DG methods are highly parallelizeable ([HGA12]) and the elements are
weakly coupled via numerical fluxes at the element interfaces like in finite volume methods.

For the time being, t8dg is equipped with explicit time-stepping methods, which complete the
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spatial discretization by the means of a discontinuous Galerkin ansatz, in order to perform the
time integration and simulate linear advection diffusion problems.
Explicit time-stepping methods demand a high restriction on the size of the time steps. Gen-
erally, these methods require very small time steps in order to produce stable approximations
during the simulation. The restriction of the size of the time step is enforced by the Courant-
Friedrichs-Lewy condition (CFL number). In exchange, the application and computational
complexity per time step is rather cheap.

On the other hand, we have implicit time-stepping methods which do not restrict the choice of
the size of the time steps. But this relaxation of constraints comes with a cost. Their application
per time step demands a solution to a (non-linear) system of equations, in some cases even the
solution to several implicit systems of equations ([L06]).
If large simulations are considered, these systems and the computational complexity per time
step becomes huge. However, implicit time stepping methods may have advantages over explicit
ones, because of the omission of strong restrictions on the time steps and if stiff problems are
considered.
Generally, the additional cost which comes along with an implicit discretization pays off if the
enforced time step by the CFL for an explicit method is "relatively small" in comparison to an
"interesting/meaningful" physical time step, but this highly depends on the underlying physical
problem.
The implicit systems arising from these time stepping methods can be preconditioned in order
to enhance their solvability as well as robustness of the solver.

In this thesis, we examine different preconditioning techniques in order to enhance iterative
solvers which solve linear systems of equations, arising from implicit time-stepping methods
which were applied to a semi-discretization of the linear advection diffusion equation.
Within this work, we extended t8dg by a set of implicit time-stepping methods and precondi-
tioners.
We coupled t8dg with the "Portable, Extensible Toolkit for Scientific Computation" (PETSc)
([B21]) in order to use its implementations of Krylov subspace methods (i.e. GMRES) for solv-
ing the systems of equations resulting from our discretization of the linear advection diffusion
equation.
Regarding the preconditioners, we focus especially on geometric multigrid preconditioners.
Multigrid methods ([BHM00], [BL11]) represent a class of fast iterative numerical algorithms
in order to solve huge sparse linear systems of equations. These methods are characterized by
their asymptotically optimal complexity and have been applied on adaptive meshes for a long
time ([HKM06]). The parallel implementation of geometric multigrid methods in combination
with adaptive tree-based mesh refinement, on so called quadtree- (2D) and octtree- (3D) grids,
have been realized, e.g. in [TK19], [RVH13]. The concept of space-filling curves enables and
simplifies the parallelization of adaptive mulitgrid methods, i.e. managing the coarse grids in
parallel ([GZ99]).
A geometric multigrid preconditioner in a matrix-free fashion has been efficiently applied on
adaptive meshes in parallel which even yield more robust results and better weak scaling than
algebraic multigrid preconditioners for a Stokes problem [CH21].

Therefore, geometric multigrid preconditioners suggest themselves as an interesting and efficient
choice as a preconditioner, which we are going to examine further throughout this thesis.
Additionally, we analyze the performance of block-preconditioners and compare their effect and
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performance in regards to the CPU-time and the reduction of iterations which the iterative
solver needs in order solve the implicit systems.

In chapter 2 we focus on the local Discontinuous Galerkin method and derive a spatial dis-
cretization of the linear advection diffusion equation.

After we obtained the spatial discretization, we discuss the time integration by the means of
implicit time-stepping methods in chapter 3. These methods enable us to simulate our problem
of interest within a given time interval.

In chapter 4 we present different iterative solvers, we are focusing especially on Krylov subspace
methods. With the help of iterative solvers we are able to solve the linear system(s) of equations
which results from our discretization and obtain an approximation of the solution at a single
time step.

The implicit systems arising are often large and sparse. This may lead to large amount of iter-
ations needed by the iterative solver in order to solve the linear system of equations sufficiently.
In chapter 5 we are focusing on preconditioning techniques, which may reduce the computational
complexity of the linear system and enhance the iterative solver.

Afterwards, we connect all components and perform numerical experiments in chapter 6. We
examine the effect of different preconditioners in all three spatial dimensions.

Finally, we summarize the results and provide an outlook on further opportunities and investi-
gations in chapter 7.

2. Discontinuous Galerkin Method for the Linear
Advection-Diffusion Equation

In the following chapter we will derive a semi-discretization of the linear advection-diffusion
equation by the means of the local discontinuous Galerkin method (LDG). This means, we are
aiming only at a spatial discretization by the LDG method which uses discontinuous finite ele-
ments. The derivation substantially follows [CS98], [G20] and [D21].

The LDGmethod is a generalization of the Runge Kutta discontinuous Galerkin method (RKDG).
The RKDG method is designed for non-linear hyperbolic systems of the form

ut +∇f (u) = 0, in Ω× (t0, T ) . (2.0.1)

The idea of the LDG method, in order to discretize the linear advection-diffusion equation 2.0.2,
is to rewrite the system into a larger, degenerate first order system, which is discretized by the
means of the discontinuous Galerkin method (DG) afterwards.

Therefore, let us first consider a formulation of the linear advection-diffusion equation. We
suppose a physical domain Ω ⊂ Rd, a divergence-free flow velocity ~c : Ω 7→ Rd, a scalar diffusion
coefficient d ∈ R≥0, and (time-dependent) source- and sink-terms g : Ω × [t0 , T ) 7→ R (with
T > t0 ∈ R≥0) as given information.
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We want to solve
ut +∇ (~cu− d∇u) = g, in Ω× (t0, T ) (2.0.2)

with periodic boundary conditions and an initial condition u (t0) ≡ uinit : Ω 7→ R on our physical
domain.
For example, the solution u := u (~x, t) may represent the temperature or the concentration of a
specific chemical (depending on the underlying transfer processes) at the point ~x ∈ Ω in space
at the time t0 ≤ t ∈ R.

We need an underlying mesh, which resembles the physical domain Ω for our discontinuous
Galerkin approach. Let Q` ⊂ Ω denote a subset of our physical domain. Q` will resemble one
element domain of the initial underlying grid Ωh.

Definition 2.1. Ωh describes the geometrical division of the physical domain Ω into nelem ∈ N
non-overlapping elements Q` ⊆ Ω, for ` = 1, . . . , nelem, such that Ω = ∪nelem

`=1 Q`

An 1D example grid Ωh, in which the physical domain Ω is divided into five elements Q` =[
x`−1/2, x`+1/2

]
with cell midpoints x`, for ` = 1, . . . , 5, is shown in figure 2.1.

Q1 Q2 Q3 Q4 Q5

x1 x2 x3 x4 x5

Ω

⊆ Ωh

Figure 2.1: Division of the 1D physical domain Ω into the grid Ωh, which consists of the elements
Q`, ` = 1, . . . , 5 with cell midpoints x`.

In the next step we describe the discretization of the problem by the means of the discontinuous
Galerkin approach, therefore, we will reformulate the problem in the style of the LDG method.

Regarding the d-dimensional case, we introduce new scalar variables qi = ε ∂
∂xi
u with ε =

√
d

for i = 1, . . . , d.
With the help of these variables that represent the gradient of u, we can rewrite 2.0.2 to the
following system 2.0.3.

ut +
d∑
i=1

∂

∂xi
(ciu− εqi)︸ ︷︷ ︸

=:fi(u,q)

= g (2.0.3a)

qi − ε
∂

∂xi
u = 0 (2.0.3b)

Similar to the finite element method, the starting point of the DG method is the variational
formulation of the problem.
For that reason, we consider the test functions φ := φ (~x) and ψ := ψ (~x) from a trial space
(which is defined later), for now, we assume that these test functions are arbitrarily differentiable.
Let us consider one element of the mesh Ωh, say Q`

(
∈ Ωh

)
. In order to obtain the variational

formulation of our problem 2.0.3, we multiply the partial differential equation (PDE) with the
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arbitrary test function φ (and the second equation of the system 2.0.3 with ψ) and integrate
over the element domain of Q`.∫

Q`

utφd~x+
d∑
i=1

∫
Q`

∂

∂xi
fi (u, q)φ~x =

∫
Q`

gφ d~x (2.0.4a)

∫
Q`

qiψ d~x−
∫
Q`

ε
∂

∂xi
ψ d~x = 0, i = 1, . . . , d (2.0.4b)

Within the formulation 2.0.4 the divergence of f (u, q) is required. This is considered as a rather
strong formulation.
We want to receive a weaker formulation of the problem, which will be obtained if we formally
apply a spatial integration by parts and, in a manner of speaking, "move the derivation over to
the test functions".
The integration by parts introduces surface integrals and the weak formulation corresponds to

∫
Q`

utφd~x+
∮
∂Q`

~f (u, q) ◦ ~nφ ds−
d∑
i=1

∫
Q`

∂

∂xi
fi (u, q)∇φd~x =

∫
Q`

gφ d~x (2.0.5a)

∫
Q`

qiψ d~x−
∮
∂Q`

(εu)ni ψ ds+
∫
Q`

(εu)∇ψd~x = 0, i = 1, . . . , d (2.0.5b)

in which ~n denotes the outward unit normal (and ni the i-th component of it) regarding the
element Q` at ~x ∈ ∂Q` the element boundary.

The base of the DG method is the weak formulation of the considered problem which is regarded
element-wise. As described above in definition 2.1, we divide the physical domain Ω into non-
overlapping elements Q`, for ` = 1, . . . , nelem and obtain our underlying mesh Ωh. In order to
approximate the solution on each element Q`, we have to define an approximation space, out of
which the approximation uQ` (~x, t) for each element is drawn.
We choose polynomials of degree p as the approximation on each element. The ansatz reads

u (~x, t)
∣∣
Q`
≈ uQ` (~x, t) :=

N(p,d)∑
j=1

uQ`
j (t)ϕQ`

j (~x) (2.0.6)

in which
{
uQ`
j (t)

}
j=1,...,N

with N := N (p, d) represents the unknown time-dependent coeffi-
cients (which are also referred to as the degrees of freedom). The approximation is defined as
the linear combination of the degrees of freedom and the basis functions

{
ϕQ`
j

}
j=1,...,N

, which
are in Pp (Q`) (the space of polynomials of degree at most p over the domain of the element).
The amount of degrees of freedom on a element does not only relate to the degree of the basis
functions of the approximation but also on the dimension and on the shape of the element (e.g.
triangle, square, etc.).
Therefore, the approximation space corresponds to piece-wise polynomials. We define the ap-
proximation space as

V h :=
{
u ∈ L2 (Ω) : u

∣∣
Q`
∈ Pk (Q`) ∀` = 1, . . . , nelem

}
. (2.0.7)

In the same manner, we approximate the variable q and the source- and sink-terms g (2.0.10).
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This choice guarantees a smooth approximation within each element. In contrast to the finite
element method, DG methods generally result in discontinuities (or jumps) at the faces of ad-
jacent elements.
An example of a discontinuity at the element interface of the approximations on adjacent ele-
ments is shown in figure 2.2.

Ω

Q`−1 Q`

u+

u−

Figure 2.2: Discontinuity at the element interface between approximations on Q`−1, Q` ∈ Ωh.
u− denotes the value of the approximation on Q`−1 at the element interface, and u+

the value of the approximation of Q`, respectively.

This is problematic, because of the discontinuities at the element interfaces, the surface integrals
in our weak formulation 2.0.5 are not uniquely defined.
In order to remedy for this, we introduce a tool which is also used in finite volume methods - the
numerical flux. The numerical flux only depends on the values at both sides of the discontinuity
(at the element interface). An approximation at the interface of the non-linear flux is obtained
if we regard these different values as initial values to a Riemann problem which we have to solve
(approximately), for example with Godunov’s scheme. Let f∗ (and f̃∗) denote the approximation
of the solution of the Riemann problem. The approximation of the non-linear flux at the element
interface is then given by

~f (u, q) ◦ ~n = (~cu− ε~q) ◦ ~n
∣∣
∂Q`

≈
(
f∗
(
u−, u+

)
− f̃∗

(
q−, q+

))
◦ ~n

=: f∗
(
u−, u+, q−, q+

)
◦ ~n (2.0.8a)

(εu)ni
∣∣
∂Q`

≈ f̃∗
(
u−, u+

)
ni, i = 1, . . . , d (2.0.8b)

The numerical flux is defined at the interface of neighboring grid cells and only depends on the
numerical approximation on both sides of the interface (e.g. u− and u+ in figure 2.2).
If conservation laws are considered, we should choose a monotone flux as the numerical flux
([C09]).

Definition 2.2. A monotone flux f∗
(
u−, u+) satisfies the conditions:

• It is consistent, f∗ (u, u) = ~f (u).

• It is locally Lipschitz continuous in both arguments u−, u+.
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• It is monotone, i.e. f∗
(
u−, u+) is a function which is non-decreasing in the first variable

and non-increasing in the second.

A commonly used monotone flux is the Lax-Friedrich flux

f∗LF

(
u−, u+

)
= 1

2
(
f
(
u−
)

+ f
(
u+
))
− C

2
(
u+ − u−

)
(2.0.9)

in which C denotes an upper bound on the global flow speed of the system (commonly, C = ∆x
∆t ).

The implementation of the Lax-Friedrich flux is simple and the evaluation is quickly calculated.
The flux is (rather strong) dissipative, which prevents oscillations near the discontinuities, but
also "smears" the discontinuities rather strongly, hence, a finer grid is needed in order to achieve
a given accuracy in comparison to Godunov’s scheme ([G20]).
The literature provides many methods which may be used alternatively as the numerical flux,
for a broard overview of approximate Riemann solvers see [T09].
Regarding the formulation 2.0.8, for the advective flux f∗

(
u−, u+) the Lax-Friedrich flux repre-

sents a good choice.

For the diffusive fluxes (f̃∗
(
q−, q+) and f̃∗ (u−, u+)) may an upwinding principle, when choosing

the fluxes, not be sufficient. An alternating flux represents an "attractive" choice for the diffusion
fluxes ([C09]). For this approach, it is important to choose the diffusive flux values (for u and q)
from different directions/sides at the interface, for example f̃∗

(
q−, q+) = q+ and f̃∗

(
u−, u+) =

u−.
We form the approximation of the remaining variables in the same manner as in 2.0.6. For each
element Q`, ` = 1, . . . , nelem, we interpolate the variables onto the approximation space V h,
resulting in

qi (u (~x, t))
∣∣
Q`

≈ qQ`
i (~x, t) :=

N∑
j=1

qQ`
ij

(t)ϕQ`
j (~x) , i = 1, . . . , d (2.0.10a)

g (~x, t)
∣∣
Q`

≈ gQ` (~x, t) :=
N∑
j=1

gQ`
j (t)ϕQ`

j (~x) . (2.0.10b)

This notation implies that each element needs its own basis functions
{
ϕQ`
j

}
j=1,...,N

for ` =
1, . . . , nelem and in fact, it is true, because each element represents a different and unique part
of the physical domain. However, if we define a reference element onto which each element of
the grid Ωh is mapped, the basis functions and their operations only have to be defined once for
the reference element. Although, each element needs a mapping between its physical element
domain and the reference element domain, this approach is advantageous, because it boosts the
efficiency of the implementation and saves a lot of storage requirements.

Due to the Galerkin formulation, we choose the same polynomial basis functions of the ansatz
(2.0.6) as test functions in our weak formulation (2.0.5). Therefore, it holds φ, ψ ∈

{
ϕQ`
j

}
j=1,...,N

.
So, we obtain N test functions and consequently N equations in order to calculate N polynomial
coefficients for each element Q` ∈ Ωh, for ` = 1, . . . , N , (for the approximations uQ` and qQ`

i ,
respectively). Because of this, the approximation space equals the trial space V h (2.0.7).
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Incorporating the above formulations leads to the discretized system∫
Q`

uQ`
t ϕQ`

j d~x+
∮
∂Q`

f∗
(
u−, u+, q−, q+

)
~nϕQ`

j ds

−
d∑
i=1

∫
Q`

(
ciuQ` − εqQ`

i

) ∂

∂xi
ϕQ`
j dx =

∫
Q`

gQ`ϕj d~x (2.0.11a)

∫
Q`

qQ`
i ϕQ`

j d~x −
∮
∂Q`

f̃∗
(
u−, u+

)
niϕ

Q`
j ds

+
∫
Q`

(εu) ∂

∂xi
ϕQ`
j d~x = 0, i = 1, . . . , d (2.0.11b)

for j = 1, . . . , N and all elements Q` with ` = 1, . . . , nelem.

If we rearrange the terms and write out the approximation of the variables in full, the equations
comply with 2.0.12 (from now on, instead of using the subscript �t as the time-derivative, it is
represented by �̇).

N∑
k=1

u̇Q`
k

∫
Q`

ϕQ`
k ϕQ`

j dx = −
∮
∂Q`

f∗
(
u−, u+, q−, q+

)
~nϕQ`

j ds

+
d∑
i=1

N∑
k=1

(
ciu

Q`
k − εq

Q`
ik

) ∫
Q`

ϕQ`
k

∂

∂xi
ϕQ`
j dx+

N∑
k=1

gQ`
k

∫
Q`

ϕQ`
k ϕQ`

j dx

(2.0.12a)

N∑
k=1

qQ`
ik

∫
Q`

ϕQ`
k ϕQ`

j dx = +
∮
∂Q`

f̃∗
(
u−, u+

)
niϕ

Q`
j ds

−
N∑
k=1

(
εuQ`

k

) ∫
Q`

ϕQ`
k

∂

∂xi
ϕQ`
j dx, i = 1, . . . , d (2.0.12b)

for j = 1, . . . , N and all elements Q` with ` = 1, . . . , nelem.

In order to computationally solve for the unknown time dependent coefficients in our approxi-
mations, uQ` and qQ`

i , for i = 1, . . . , d, we formulate an element-wise matrix system of 2.0.12.
Therefore, we are introducing the following definitions.

Definition 2.3. Let Q` be an element of Ωh equipped with its basis functions
{
ϕQ`
j

}
j=1,...,N

.
We define the element mass matrix MQ` ∈ RN×N by its entries as

MQ`
i,j =

∫
Q`

ϕQ`
i ϕQ`

j d~x. (2.0.13)

Definition 2.4. Furthermore, we define the element stiffness matrix AQ` ∈ RN×N for an
element Q` ∈ Ωh and its local basis functions in the one dimensional case by

AQ`
i,j =

∫
Q`

ϕQ`
i

∂

∂x
ϕQ`
j dx. (2.0.14)
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If more than one dimension is considered, we obtain a directional stiffness matrix for each
dimension k = 1, . . . , d

Ak,Q`
i,j =

∫
Q`

ϕQ`
i

∂

∂xk
ϕQ`
j d~x. (2.0.15)

Regarding the formulation 2.0.12, we split up the numerical flux within the surface integral into
components of each face of the element Q` ∈ Ωh. Therefore, we formulate the numerical flux as
the sum over each face. Similarly, to the aforementioned approximation on the domain of the
elements, we define the numerical flux as the linear combination of Nf face basis functions. For
each face fQ`

i ∈ ∂Q`, such that ∪ifQ`
i = ∂Q`, we receive

(~cu− ε~q) ◦ ~n
∣∣
f Q`
i

≈ f∗
(
u−, u+, q−, q+

)
◦ ~n ≈

Nf∑
j=1

h
f Q`
i
j ϕ

f Q`
i
j (2.0.16a)

(εu)nk
∣∣
f Q`
i

≈ f̃∗
(
u−, u+

)
nk ≈

Nf∑
j=1

h̃
f Q`
i
k,j ϕ

f Q`
i
j , k = 1, . . . , d (2.0.16b)

By the means of this representation of the numerical flux, we can define additional matrices.

Definition 2.5. The face mass matrix M fi ∈ RNf×Nf of a face fi := fQ`
i of the element Q`

with the face basis functions
{
ϕfi
j

}
j=1,...,Nf

is given by

M fi
k,j =

∫
fi
ϕfi
kϕ

fi
j d~x. (2.0.17)

In order to calculate the surface integrals which also depend on the test functions and, therefore,
on the element basis functions

{
ϕQ`
j

}
j=1,...,N

, we still need a connection between face and element
basis functions.

Definition 2.6. The face interpolation matrix Rfi ∈ RN×Nf restricts an element basis
function ϕQ`

j onto a face fi := fQ`
i of the element Q` ∈ Ωh. The coefficients of the linear

combination of face basis functions, in order to represent an element basis function on this face,
are collected in the jth-row of Rfi. Therefore, the face interpolation matrix is defined by

ϕQ`
j

∣∣
fi

=
Nf∑
k=1
Rfi
j,k ϕ

fi
k , j = 1, . . . , N. (2.0.18)

With the help of the aforementioned definitions of matrices, we are able to formulate a matrix
system on each element in order to solve for the time-dependent coefficients of our approx-
imations. We define these element-wise coefficients as a vector uQ`

h =
(
uQ`

1 , . . . , uQ`
N

)t
and

qQ`
k,h =

(
qQ`
k,1, . . . , q

Q`
k,N

)t
, for k = 1, . . . , d. Analogously, we represent the coefficients of the linear

combination of the face basis functions in order to approximate the numerical flux as vectors

hf
Q`
i =

(
h
f

Q`
i

1 , . . . , h
f

Q`
i
Nf

)t
, h̃f

Q`
i
k =

(
h̃
f

Q`
i
k,1 , . . . , h̃

f
Q`
i
k,Nf

)t
, as well as the coefficients of the interpo-

lated source- and sink-terms gQ`
h =

(
gQ`

1 , . . . , gQ`
N

)t
.
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Now, we receive the following system of size N ×N on each element Q`, for ` = 1, . . . , nelem

u̇Q`
h =

(
MQ`

)−1
·
(

d∑
k=1

Ak,Q`

(
cku

Q`
h − εq

Q`
k,h

)
−

∑
fi∈∂Q`

(
Rfi

)t
Mfihfi + MQ`gQ`

h

)
(2.0.19a)

qQ`
k,h =

(
MQ`

)−1
·
(

Ak,Q`

(
εuQ`

h

)
+

∑
fi∈∂Q`

(
Rfi

)t
Mfi h̃fi

k

)
, k = 1, . . . , d

(2.0.19b)

If we collect the coefficients of all elements in global vectors, e.g. Uh ∈ R(N ·nelem)×(N ·nelem) with

Uh =


uQ`

1
uQ`

2
...

uQ`

nelem

 , (2.0.20)

based on the element ordering within the grid Ωh, we can formulate a global system for the
time-dependent coefficients

U̇h = R (Uh (t) , t) (2.0.21a)

Qh,k = R̃k (Uh (t) , t) , k = 1, . . . , d (2.0.21b)

in which R (Uh (t) , t) and R̃k (U (t) , t) correspond to the global operators of 2.0.19.
Since we are considering a linear problem, the DG operators are also linear, and can be formu-
lated in terms of a (global) matrix A ∈ R(N ·nelem)×(N ·nelem), e.g.

R (Uh (t) , t) = A · Uh (t) . (2.0.22)

We obtain a first order system, which is solved for the gradient within the linear advection-
diffusion equation first, and used afterwards to calculate the approximation of the time deriva-
tive U̇h.

After we have obtained the underlying spatial discretization, we are able to apply a time-stepping
scheme 3, in order to advance the approximation in time and simulate our problem in a time
interval of interest [t0, T ], starting from a given spatial initial function uinit, which describes the
initial state of our problem at t0.

But there are still some unanswered questions, which we need to address. For example, which
and how many basis functions should be chosen or which numerical quadrature should be used.

As mentioned before, it is convenient to consider a reference element Qref (for each element ge-
ometry/shape within the grid), and for each element in the physical grid Ωh a mapping from the
reference element to the physical domain. An example of an one and two dimensional reference
element is shown in figure 2.3.
This enables us to define the basis functions and matrices once for this reference element, instead

12



of defining different basis functions on each physical element Q` ∈ Ωh, ` = 1, . . . nelem.

1−1

Qref

ξ

η

ξ
1−1

1

−1

Qref

~ξ` (ξ)

Ωh

x
Q`

Ωh

Q`

x2

x1

~ξ` (ξ, η)

Figure 2.3: (Top): 1D reference element Qref on a reference coordinate system and the mapping
~ξ` : Qref 7→ Q` from this reference element to the physical element Q` ∈ Ωh.
(Bottom): Analogously, a 2D example of a reference element and its mapping onto
the element Q` ∈ Ωh

Another important aspect is the numerical quadrature, which is used to calculate the integrals
numerically. Because we are calculating on a reference element, we have to transform the partial
differential equations into the reference space first and then define the numerical quadrature as
well as the basis functions of our approximation in the reference space.
For a detailed description of the application and the implementation of the transformation, we
refer to ([G20], [D21]).

Numerical integration is based on a set of nodes {ξj}j=0,...,N within an (specific) interval and a
set of weights {ωj}j=0,...,N . In order to approximate an integral of an arbitrary function p (ξ),
we sum up ∫ 1

−1
p (ξ) dξ ≈

N∑
j=0

ωjp (ξj) . (2.0.23)

A convenient choice, which we will consider too, is the Legendre-Gauss-Lobatto quadrature
(LGL). It is based on the Gauß-Lobatto points lying within the interval [−1, 1].
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Definition 2.7. These nodes {ξj}j=0,...,N are calculated as the zeros of the first derivation of
the N th Legendre polynomial: P ′N (ξ).
The following three term recurrence holds for the Legendre polynomials,

Pj+1 (ξ) = 2j + 1
j + 1 ξPj (ξ)− j

j + 1Pj−1 (ξ) (2.0.24)

with P0 (ξ) = 1 and P1 (ξ) = ξ.
The derivation of the Legendre polynomials satisfies

(2j + 1)Pj (ξ) = P ′j+1 (ξ)− P ′j−1 (ξ) . (2.0.25)

The corresponding weights {ωj}j=0,...,N are defined by

ωj = 2
j (j + 1)PN (ξj)2 . (2.0.26)

Lemma 2.8. The LGL quadrature with N nodes computes polynomials of degree at most 2N−3
exactly.

In the figure 2.4 we see the distribution of seven N = 7 LGL nodes.

−1 10

Figure 2.4: Distribution of seven LGL points (red) lying within the 1D interval [−1, 1]

If we consider more than one dimension, we are able to use a tensor product structure of the
1D LGL points.
As suggested in the figure 2.4, the LGL points are symmetrically distributed around the ori-
gin and become more dense towards the boundary of the interval [−1, 1] and, especially, the
boundary points are also included. This is useful, because this facilitates the computation of
the numerical fluxes, which live on the boundaries of the elements. Otherwise, if the boundary
points are not included, the approximation on the elements has be extrapolated to the boundary
first, in order to calculate the numerical fluxes.

The way the basis functions
{
ϕQ`
j

}
j=1,...,N

are chosen is important. We want an easy to invert
element mass matrix MQ` , because the inverse of it is needed in order to extract the time de-
pendent coefficients of the approximation, such that we can apply a time-stepping scheme.

There are mainly to ways to achieve this. Either we choose a modal or a nodal basis ansatz. If we
choose Lagrange basis functions, we need a set of N nodes on our reference element {ξj}j=1,...N
in order to define N Lagrange basis functions (hereafter, denoted as li (ξ) for i = 1, . . . , N .
Regarding the Lagrange basis functions and the underlying set of nodes which defines these
functions, a Kronecker delta property is satisfied,

li (ξj) = δij =
{

1, if i = j
0, if i 6= j

. (2.0.27)
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Therefore, the coefficients of the approximation (degrees of freedom) are immediately equal to
the values of the approximation at these exact nodes.
This approach with Lagrange basis functions is called nodal ansatz.
If we use the LGL points as collocation points, thus, choosing these points as the interpolation
nodes for the approximation and as integration nodes in our numerical quadrature, we obtain a
diagonal element mass matrixMQ` , due to mass lumping, which occurs because of the Kronecker
delta property of the Lagrange basis functions.
We also note that the numerical integration during the computation of the element mass matrix
is not exactly calculated by the LGL quadrature, because the integrand li (ξ) · lj (ξ), consisting of
the product of Lagrange polynomials, is a polynomial of degree 2N−2 by construction (because
of N interpolation nodes), but the LGL quadrature only calculates integrals of degree at most
2N − 3 (2.8) exactly (for N LGL points). However, this is reasonable considering the efficiency,
which comes along by this choice.
Another approach in order to obtain an easily invertible mass matrix, is a modal ansatz, in which
the basis functions are chosen to be mutually orthogonal and leading therefore, to a diagonal
element mass matrix.

Now, after we discussed the semi-discretization, i.e. spatial discretization, of the linear advection-
diffusion equation 2.0.2 which leads us to a linear system of equations, which we need to solve for
the time-derivation of the coefficients of our approximation. We perform the time integration,
starting from the initial value function uinit at time t0, and simulate along the time axis until
we reach the end time T . In order to advance the simulation, we calculate the next consecutive
point in time with a time-stepping scheme.

3. Time-Stepping Methods
Let us consider an initial value problem

u̇ = f (t, u) , u (t0) = uinit, (3.0.28)

e.g. resulting from the semi-discretization of the linear advection-diffusion equation. Our goal
is to find an approximate solution u : [t0, T ] 7→ Rn in a time span of interest t ∈ [t0, T ] (for
t0 < T , n ∈ N). The right-hand-side f (t, u) is a function f : [t0, T ] × Rn 7→ Rn describing the
(time) derivation of our wanted solution u ∈ Rn, which corresponds to the degrees of freedom
in our approximation (2.0.19) .

In order to obtain an approximate solution, we may apply an explicit or implicit time-stepping
method, but even hybrid techniques are possible. Either of these methods has its advantages as
well as its drawbacks.
Generally speaking, explicit time-stepping methods calculate the approximate solution (of the
next time step) only based on the approximations of previous time steps. Therefore, they are
rather inexpensive per time step regarding computational complexity and they are easier to
implement than implicit methods. The main issue, however, is that the size of the time step, in
order to advance the simulation further in time, is constrained by the Courant-Friedirchs-Levy
condition (CFL) resulting in rather small time steps. If the CFL condition is rejected and a
bigger time step is chosen nevertheless, the approximate solution might become numerical un-
stable, yielding to non-physical "solutions".
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On the other hand, (certain) implicit time stepping methods overcome this obstacle, therefore,
they are not demanding any constraints regarding the size of the time step. In exchange, calcu-
lating the approximate solution (of the next point in time) is much more expensive, because of
the fact, that the approximation already relies on the future approximations.
Therefore, the approximation of the next time step is given implicitly. In order to obtain the
solution, we have to solve a system of equations, in which these implicit methods result. Solving
such a system, especially if it is large, is usually complex and costly.
Therefore, the use cases for these methods may vary. If for example a steady-state solution is
sought-after, we may prefer large time steps in order to advance the simulation faster towards
the steady-state, ergo an implicit time-stepping method may be superior to an explicit one. On
the other hand, if the time interval of interest already has a high resolution (eventually because
of other physical constraints), an explicit time-stepping method may be more suited.

3.1. Implicit Euler Method
The most basic implicit scheme of order one is the implicit Euler method (also referred to as
the backward Euler method).
Let us consider a discretization of the time interval [t0, T ] into discrete points in time tk,
k = 0, . . . , N with tN+1 = T and a (not necessarily equidistant) time step of size (∆t)k = tk+1−tk
between two consecutive points in time.

Let uk denote the approximate values of u (tk), ergo, uk corresponds to the current approxima-
tion of the solution at the time step tk. We assume, that we do know the approximation uk,
which is given in the first place at time t0 by the initial value function uinit.
In order to advance the approximation in time, we have to calculate the approximation uk+1 at
the next point in time (tk+1).

The implicit Euler method is described by the equation ([H09], p. 73)

uk+1 = uk + (∆t)k f (tk+1, uk+1) . (3.1.29)

We notice that the values uk+1 of the next point in time are given implicitly, because in the
equation 3.1.29 the right-hand-side, describing uk+1, depends on these exact same values of the
next point in time within the evaluation of f (tk+1, uk+1), which are unknown to us.
So, in order to solve the equation and advance a time step, we rearrange the formulation and
obtain

uk+1 − (∆t)k f (tk+1, uk+1) = uk. (3.1.30)
If we consider a linear operator f (tk+1, uk+1), we may introduce a matrix Ãtk+1 which is capable
of representing this operator.
In this case, we are able to define the values of the next point in time implicitly by(

In×n − (∆t)k Ãtk+1

)
uk+1 = uk. (3.1.31)

This system of equations is described by the matrix
(
In×n − (∆t)k Ãtk+1

)
and we need to solve

for the unknowns uk+1.

Lemma 3.1. The implicit Euler method is a first-order accurate and L-stable (3.3) method
([KC16], p. 69).
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Let us define the following linear stability concepts of DIRK-type methods (3.3).
The implicit Euler method also accounts for a DIRK-type method, as we will see, when we
define DIRK methods.

Linear Stability Speaking of Stability of DIRK-type methods, a scalar test equation is consid-
ered. Namely,

u̇ = λu, u (t0) = uinit. (3.1.32)
Furthermore, R ((∆t)λ) denotes the rational function resulting from the application of a
diagonal implicit Runge-Kutta method to the test equation 3.1.32, so that

uk+1 = R ((∆t)λ)uk. (3.1.33)

This function R ((∆t)λ) is also referred to as the stability function regarding a specific
DIRK method. Let z = (∆t)λ.
Important stability concepts of these methods are ([KC16], p. 17f)

Definition 3.2. The method (3.2) is called A-stable if |R (z)| ≤ 1 for Re (z) ≤ 0.

Definition 3.3. If the method is A-stable and, additionally, if limz→−∞R (z) = 0 holds,
it is called L-stable.

These are favorable stability properties, which we should consider when choosing an im-
plicit time stepping method, especially, if stiff problems are concerned.
A-stability ensures us that this method is stable, no matter how large we choose the time
step, and it suppresses the development of oscillations. Beyond that, L-stability helps
us reducing and damping local oscillations in the approximation fast (which may occur,
although A-stability is satisfied).

3.2. Runge-Kutta Methods
Generally, an s-stage Runge-Kutta method for an initial value problem (3.0.28) is given by
([L06], p. 2110)

uk+1 = uk + (∆t)k
s∑
i=1

bif (tk + ci (∆t)k , uk,i) , (3.2.34)

in which uk,i describes the approximation of u (tk + ci (∆t)k), i = 1, . . . , s.

A Runge-Kutta method is defined by its coefficients and these coefficients are conveniently
displayed in a Butcher-Tableau 3.2.36. In order to obtain the approximations uk,i, we have to
(eventually) solve a set of implicit equations.

uk,i = uk + (∆t)k
s∑
j=1

aijf (tk + ci (∆t)k , uk,j) , i = 1, . . . , s. (3.2.35)

The Butcher-Tableau of a Runge-Kutta method is portrayed as

c1 a11 · · · a1s
...

... . . . ...
cs as1 · · · ass

b1 · · · bs

(3.2.36)
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3.3. DIRK Methods
A fully implicit Runge-Kutta method is described by a full, dense matrix according to the con-
text of the Butcher-Tableau.
Therefore, in each step of the method we would require a solution of n · s implicit (potentially
non-linear) equations - corresponding to a problem size n and a number of stages s within the
Runge-Kutta method - in order to obtain the (approximate) solution uk+1 of the next point in
time.

DIRK is an acronymmeaningDiagonal ImplicitRunge-Kutta method. ADIRK(stages, order)
method is an implicit Runge-Kutta method, specified by a lower triangular matrix, regarding
the context of a Butcher-Tableau.
Therefore, the iteration over s stages in order to obtain the (approximate) solution of the next
point in time simplifies as follows

uk,i = uk + (∆t)k
i∑

j=1
aijf (tk + cj (∆t)k , uk,j) , i = 1, . . . , s. (3.3.37)

uk+1 = uk + (∆t)k
s∑
i=1

bif (tk + ci (∆t)k , uk,i) (3.3.38)

Because of the description by a lower triangular matrix, there is no need to solve a linear (or
potentially non-linear) system of n · s equations per step. Instead, is suffices if we consecutively
solve a set of n equations per stage.
This is due to the fact, that in stage i ∈ [1, s] all former uk,j with j = 1, . . . , i− 1 were already
calculated in prior stages.

Accordingly, a DIRK method requires the solution of s systems of problem size n per time step
in order to obtain the (approximate) solution of the next consecutive point in time.
Furthermore, a DIRK method is characterized by providing equal values aii for i = 1, . . . , s on
the main diagonal in the Butcher-Tableau.

The DIRK(stages, order) methods which we consider in this work are DIRK(2, 2), with 2
stages and of order 2, and on the other hand DIRK(3, 3), with 3 stages and of order 3, respec-
tively, as described in [A77].

The corresponding Butcher-Tableau of the DIRK(2, 2) method ([A77], p. 1012) at hand equals

α α 0
1 1− α α

1− α α

(3.3.39)

in which α = 1− 1
2 ·
√

2.

The DIRK(3, 3) method ([A77], p. 1012) is associated with the following Butcher-Tableau,

α α 0
τ2 β α 0
1 b1 b2 α

b1 b2 α

(3.3.40)
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with the respective coefficients ([A77], p. 1012) (mainly depending on α1)

α ≈ 0.43586652
τ2 = (1 + α) /2
β = τ2 − α
b1 = −

(
6α2 − 16α+ 1

)
/4

b2 =
(
6α2 − 20α+ 5

)
/4

(3.3.41)

As stated in [A77], we can formulate the following lemma.

Lemma 3.4. The introduced methods DIRK(2,2) and DIRK(3,3) are A-stable as well as L-
stable.

3.4. ESDIRK Methods
The DIRK methods, which we consider, are also referred to as SDIRK methods (meaning "singly
diagonal implicit Runge Kutta" methods).
Another class of implicit time-stepping methods is given by the ESDIRK methods.
They correspond to a SDIRK method, but before the SDIRK scheme is applied, an explicit stage
is executed. Therefore, an ESDIRK scheme is similar to one of a SDIRK method (3.3.37), besides
that the entry a1,1 = 0, within the Butcher-Tableau (which describes the ESDIRK method).
Because, as stated above, an explicit scheme does not need to solve a linear system within its
stages, because it only relies on former approximations. For that reason, the diagonal entry of
corresponding to the explicit stage vanishes.

DIRK-type methods may have a property which is called stiffly-accurate, this may be advanta-
geous if stiff problems are considered. This property is established if the last row of the Butcher
tableau describing an s-stage method (a1,s, . . . , as,s) is equal to (b1, . . . , bs) ([BBB16], p. 1404).

Examined by Kennedy and Carpenter [KC16], a high stage order within the method as well
as L-stability and being stiffly-accurate lead to effective methods regarding stiff problems. But
they stated, that the stage order of DIRK-type methods if they are constructed to be stiffly-
accurate and L-stable, may not exceed two, which limits these methods if low error tolerances
are required, but this limitation is often inconsequential.

SDIRK methods result in a stage order of one. By additionally performing an explicit first stage,
ESDIRK methods may achieve a stage order of two. However, if a method of stage order greater
than two is desired, fully implicit Runge Kutta schemes may be considered, but these are much
more costly to implement ([KC16], p. 4).
A more detailed discussion on this topic is found in [KC16].

3.5. Formulation of the System of Equations
After the definition of the coefficients of the different implicit time-stepping methods, let us
reconsider the equation 3.3.37

uk,i = uk + (∆t)k
i∑

j=1
aijf (tk + cj (∆t)k , uk,j) , i = 1, . . . , s. (3.5.42)

1α equals the root of x3 − 3x2 + 3
2x− 1

6 = 0 lying between
(

1
6 ,

1
2

)
([A77], p. 1012)
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Rearranging the terms leads us to the following system of equations within the ith stage,

uk,i − (∆t)k aiif (tk + cj (∆t)k , uk,i) = uk + (∆t)k
i−1∑
j=1

aijf (tk + cj (∆t)k , uk,j) . (3.5.43)

If the operator f (t, u) represents a linear operator, it may described by a matrix Ãt. Therefore,
we are able to display the equation in a matrix-wise fashion.

uk,i − (∆t)k aiiÃtk,i
uk,i = uk + (∆t)k

i−1∑
j=1

aijÃtk,j
uk,j . (3.5.44)

This yields a linear system of equations which has to be solved for uk,i during each stage
i = 1, . . . , s of a DIRK method.

(
In×n − (∆t)k aiiÃtk,i

)
︸ ︷︷ ︸

=:Ai

uk,i = uk + (∆t)k
i−1∑
j=1

aijÃtk,j
uk,j︸ ︷︷ ︸

=:fi

(3.5.45)

in which In×n corresponds to the identity matrix of size n× n.
Except for uk,i, the vector of unknowns, all values are already known from prior stages. There-
fore, within a time step k, we obtain a linear system of the form

Aiuk,i = fi, (3.5.46)

which we need to solve during each stage i of the DIRK method.

The application of one of these (implicit) methods to a partial differential equation leads to a
linear system of equations (or even several systems) (3.1.31, 3.5.45), which we need to solve
during each time step in order to obtain an approximation of the solution at the next point in
time. These systems may be solved explicitly or could be approximately solved iteratively.

4. Iterative Solvers
Let us consider a linear system of equations, which may result from the application of an implicit
time-stepping method, denoted by

A · u = f, (4.0.47)

with a coefficient matrix A ∈ Rn×n and a right-hand-side f ∈ Rn. We seek for an approximate
solution uapprox ∈ Rn, matching the exact solution uexact = A−1 · f precisely, except for a small
tolerance.
Computing the inverse matrix of A explicitly becomes unfeasible for large linear systems, there-
fore, an approximate solution to 4.0.47 is aimed at using iterative solvers.

4.1. Krylov Subspace Methods
A popular class of iterative solvers regarding (sparse) linear systems arising from the discretiza-
tion of partial differential equations are the so called Krylov subspace methods ([PP20], p. 1).
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As a type of projection methods, the attempt is to calculate approximations uj for j = 1, . . . , n
(of the solution of the linear system) lying within the affine subspace u0 + Kj , in which u0
denotes an initial guess of the solution of the linear system and Kj represents a j-dimensional
subspace of Rn ([BD17], p. 38).

Generally, j constraints must be imposed in order to obtain an approximation uj . Therefore,
the residual usually gets constrained to be orthogonal to j linearly independent vectors defining
a second j-dimensional subspace of Rn, namely, L - the so called subspace of constraints ([S03],
p. 122).
Accordingly, within iteration j ∈ [1, n] the approximation uj of the solution is chosen so that
the residual complies with

rj = f −Auj ⊥ Lj . (4.1.48)

This condition is also called Petrov-Galerkin condition ([BD17], p. 38).
Before we regard different Krylov subspace methods, let us first define a Krylov subspace ([H16],
p. 179).

Definition 4.1. The Krylov subspace concerning a given matrix A ∈ Rn×n and a vector
v ∈ Rn is defined by

Kj (A, v) := span
{
v,Av,A2v, . . . , Aj−1v

}
, m ∈ N, (4.1.49)

with K0 (A, v) := {0}.

Choosing Kj and Lj as Krylov subspaces results in Krylov subspace methods. Different choices
of Krylov subspaces lead to different Krylov subspace methods.

Let us note some significant features of these methods ([BD17] p. 38).

Lemma 4.2. Consecutive Krylov subspaces are nested, meaning:

Kj (A, v) ⊆ Kj+1 (A, v) . (4.1.50)

Furthermore, a Krylov subspace method will terminate, in terms of exact arithmetic, in at most
n steps if the Petrov-Galerkin condition holds 4.1.48.

Within the class of Krylov subspace methods, it is distinguished between hermitian and non-
hermitian problems. Solvers regarding hermitian problems are for example the CG-Method or
MINRES. An option in the non-hermitian case is GMRES, an extension of MINRES, or methods
like BiCGstab or QMR, which are based on bi-orthogonalization ([PP20], p. 4).
We will present the different Krylov subspace methods stated above in the course of this chapter.
But firstly, we would like to focus on the core of these methods.

The core of a Krylov subspace method is a Krylov process which produces a basis of the cor-
responding Krylov subspace, in which the approximation is searched for. The scope of the
application of these methods (e.g. applicable to hermitian or non-hermitian problems) is con-
strained by the underlying Krylov process.

For example, the core of the GMRES algorithm is the Arnoldi process, which produces an
orthonormal basis of the Krylov subspace Kj .
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4.2. Arnoldi Process
The Arnoldi process was first described by Arnoldi [A51] as an iterative solver for the matrix
eigenvalue problem. The Arnoldi process is a type of the Gram-Schmidt process applied to a
Krylov sequence, which spans a Krylov subspace.
In a classical Gram-Schmidt orthogonalization variant, we can define the algorithm as follows
(4.1).

Input: A ∈ Rn×n, initial vector r ∈ Rn, grade m of basis v
Output: orthonormal vectors {v1, . . . , vm} with span{v1, . . . , vj} = Kj (A, r) for j = 1, . . . ,m

initialize v1 = r/ ‖r‖
for j = 1, . . . ,m
....for i = 1, . . . , j
........hi,j = 〈Avj , vi〉
....end
....ṽj+1 = Avj −

∑j
k=1 hk,jvk

....hj+1,j = ‖ṽj+1‖

....if (hj+1,j == 0) then stop

....vj+1 = ṽj+1/hj+1,j

end

Algorithm 4.1 Arnoldi Process

At each step 1 ≤ j ≤ m, the previous basis vector vj gets multiplied by the matrix A and is
orthonormalized afterwards. The orthonormalization is performed against all other previous
basis vectors.

More conventional than the implementation of the Arnoldi algorithm with the classical Gram-
Schmidt process, is using the Modified-Gram-Schmidt (MGS) orthogonalization. Because of
the occurrence of computational rounding errors, the vectors are not precisely orthogonal and
this may lead to numerical instabilities ([LS12], p. 27). The MGS is more reliable and yields
smaller errors while being mathematically equivalent to the classical method, in terms of exact
arithmetic.
In the algorithm 4.2, we formulate the Arnoldi process in the Modified-Gram-Schmidt version
([A03], p. 271).

Due to the rounding errors, which still occur during the floating point operations, the orthogo-
nality will continuously deteriorate. An advancement would be to perform a second orthogonal-
ization step if the deterioration gets too severe. This additional step may be applied after the
intermediate vectors ṽj+1 are calculated ([S03], p. 162).

Let us remark the following lemma ([W07], p. 371)

Lemma 4.3. The generated basis vectors {v1, . . . , vj} of the Arnoldi process are orthogonal if
and only if the coefficients are chosen as hi,j = 〈Avj , vi〉.
The algorithm terminates if hj+1,j = 0, which happens only if it produces an Avj ∈ Kj (A, r).
In this case Kj (A, r) = span {v1, . . . , vj} is A-invariant.

22



Input: A ∈ Rn×n, initial vector r ∈ Rn, grade m of basis v
Output: orthonormal vectors {v1, . . . , vm} with span{v1, . . . , vj} = Kj (A, r) for j = 1, . . . ,m

initialize v1 = r/ ‖r‖
for j = 1, . . . ,m
....ṽj+1 = Avj

....for i = 1, . . . , j

........hi,j = 〈ṽj+1, vi〉

........ṽj+1 = ṽj+1 − hi,jvi

....end

....hj+1,j = ‖ṽj+1‖

....if (hj+1,j == 0) then stop

....vj+1 = ṽj+1/hj+1,j

end

Algorithm 4.2 Arnoldi Process - MGS

As carried out in [LS12] (p. 28f), we may consider a matrix notation, therefore, let the matrix
Vj ∈ Rn×j contain the orthonormal basis vectors {v1, . . . , vj} column-wise. And the matrix
H ∈ Rj×j represents the upper Hessenberg matrix accommodating the calculated entries hi,j as
its non-zero entries.

Hj,j =


h1,1 h1,2 · · · h1,j
h2,1 h2,2 · · · h2,n

. . . . . . ...
hj,j−1 hj,j

 (4.2.51)

At the jth step, 1 ≤ j < m, the calculation reads

AVj = VjHj,j + hj+1,jvj+1ej , (4.2.52)

with ej ∈ R1×j , containing the only non-zero entry at ej (1, j) = 1. It follows that, due to
the orthonormality, that the product V t

j Vj = In×n equals the identity matrix. Furthermore,
V t
j vj+1 equals 0, otherwise hj+1,j would have been zero and vj+1 would have not been linearly

independent from {v1, . . . , vj}.

Let us assume that the algorithm terminates at themth iteration. Subsequently, hm+1,m becomes
zero, and 4.2.52 results in

AVm = VmHm,m. (4.2.53)

Hm,m represents the orthogonal restriction of A in the basis {v1, . . . , vm} of the A-invariant
subspace Km (A, r). Multiplying both sides with V t

m yields to

V t
mAVm = V t

mVm︸ ︷︷ ︸
In×n

Hm,m. (4.2.54)

Let us consider the case, that A is a hermitian matrix. It follows, that Hm,m = V t
mAVm has be

hermitian too, therefore, Hm,m must simplify to a tridiagonal matrix.
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This reduces the recurrence within the Arnoldi process

ṽj+1 = Avj −
j∑

k=1
hk,jvk (4.2.55)

to a three-term-recurrence
ṽj+1 = Avj − hj,jvj − hj−1,jvj . (4.2.56)

The algorithm resulting from this property (i.e. in the hermitian case) is also called (hermitian)
Lanczos algorithm.

4.3. Lanczos Biorthogonalization Algorithm
Another approach, instead of choosing the Arnoldi process, is the non-hermitian form of the
Lanczos algorithm ([L50], [L52]), called Lanczos Biorthogonalization (it is also referred to as the
unsymmetric Lanczos process).
The recurrence of the Arnoldi process only simplifies in the hermitian case to a short recurrence.
In contrast to the Lanczos Biorthogonalization algorithm, which even produces short recurrences
in the non-hermitian case by easing the orthogonality constraints of the basis vectors.
The basis of the Krylov subspace is built of a biorthonormal pair of sequences ([W07], p. 388f).

Definition 4.4. Two sequences of vectors, v1, . . . , vm and w1, . . . , wm, are called biorthogonal
if

〈vi, wj〉 =
{

0, if i 6= j,
di,i, if i = j,

(4.3.57)

for some diagonal matrix (di,j)i,j=1,...,m, or even biorthonormal if

〈vi, wj〉 =
{

0, if i 6= j,
1, if i = j.

(4.3.58)

The biorthonormal bases built by the unsymmetric Lanczos process span the following two
Krylov subspaces ([S03], p. 229f)

Km (A, v1) = span
{
v1, Av1, . . . , A

m−1v1
}

Km
(
At, w1

)
= span

{
w1, A

tv1, . . . ,
(
At
)m−1

w1
} (4.3.59)

We can state the Lanczos Biorthogonalization algorithm ([W07], p. 391) as displayed in algo-
rithm 4.3.

During the computation, this process may suffer from a continuous loss of biorthogonaltiy
due to rounding errors. Therefore, in a similar way as in the Arnoldi process, a second re-
biorthogonalization step may be performed within each iteration in order to keep the biorthonor-
mality.
Like the Arnoldi process, the unsymmetric Lanczos process may be simplified to the (hermitian)
Lanczos algorithm (4.2.56) if the matrix A is hermitian ([W07], p. 391f).
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Input: A ∈ Rn×n, initial vector v1 ∈ Rn (e.g. v1 = f −Au0), grade m of bases v,w
Output: approximation uj
choose vectors v1, w1 s.t. 〈v1, w1〉 = 1
set β1 = δ1 = 0
set v0 = w0 = (0, . . . , 0)t

for j = 1, 2, . . . ,m
....αj = 〈Avj , wj〉
....ṽj+1 = Avj − αjvj − βjvj−1

....w̃j+1 = Atwj − αjwj − δjwj−1

....δj+1 =
√
|〈ṽj+1, w̃j+1〉|

....if (δj+1 = 0) then stop

....βj+1 = 〈ṽj+1,w̃j+1〉
δj+1

....wj+1 = w̃j+1
βj+1

....vj+1 = ṽj+1
δj+1

end

Algorithm 4.3 Lanczos Biorthogonalization

Within the algorithm, we could choose the scaling factors δj+1 and βj+1 in several ways, but
the importance is to ensure that

δj+1βj+1 = 〈ṽj+1, w̃j+1〉 (4.3.60)

in order to provide the biorthonormality of the two basis vectors vj+1 and wj+1.

The recurrence that is applied to the bases can be represented by the tridiagonal matrix

Tm×m =


α1 β2
δ2 α2 β3

. . . . . . . . .
δm−1 αm−1 βm

δm αm

 . (4.3.61)

The algorithm breaks if δj+1 = 0. One case in which this may happen, is for example if the
dot product of ṽj+1 and w̃j+1 equals 0. A satisfactory result for us would be if this is caused
by either of these vectors being equal to the zero vector. Then either Avj ∈ span {v1, . . . , vj}
resulting in ṽj+1 = 0 or Atwj ∈ span {w1, . . . , wj} causing w̃j+1 to be zero. This means that
either span {v1, . . . , vj} is A-invariant or if the second case applies (Atwj ∈ span {w1, . . . , wj}),
that span {w1, . . . , wj} is At-invariant.
Otherwise, the event in which δj+1 becomes zero, although neither ṽj+1 6= (0, . . . , 0)t nor
w̃j+1 6= (0, . . . , 0)t, is stated as a serious breakdown by Saad.
In another case if ṽj+1 and w̃j+1 are nearly orthogonal, their dot product will be nearly zero,
resulting in a near-breakdown scenario which eventually causes instabilities and substantial in-
accuracy ([W07], p. 390).

Let us recall the following lemma if the algorithm terminates satisfactorily ([S03], p. 230f).
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Lemma 4.5. If the Lanczos Biorthgonalization algorithm terminates in step m (without a pre-
liminary breakdown, e.g. δj+1 = 0, for j < m), the generated pair of sequences of vectors
v1, . . . , vm and w1, . . . , wm is biorthogonal and either of them form a basis of the corresponding
Krylov subspace

span {v1, . . . , vm} = Km (A, v1) (4.3.62a)

span {w1, . . . , wm} = Km
(
At, w1

)
(4.3.62b)

Let us again consider the formulation in a matrix notation, in which V ∈ Rn×m contains the
basis vectors vj , j = 1, . . . ,m, as its columns and, analogously, W ∈ Rn×m contains the gener-
ated basis vectors of Km

(
At, w1

)
.

Regarding the calculation within the algorithm, this matrix representation introduces the fol-
lowing relations:

AVm = VmTm×m + δm+1vm+1em (4.3.63a)

AtWm = WmT
t
m×m + βm+1wm+1em (4.3.63b)

in which em represents the mth column of the identity matrix Im×m.
If the algorithm terminates in step m, the scalar δm+1 in 4.3.63 vanishes. If we consider the first
of these equations, a multiplication with W t

m yields to

W t
mAVm = W t

mVmTm×m. (4.3.64)

Due to the biorthonormality of {vi}i=1,...,m and {wi}i=1,...,m, the product W t
mVm reduces to the

identity matrix Im×m, leading to the relation

W t
mAVm = Tm×m. (4.3.65)

As stated by Saad in [S03] (p. 231), these relations allow us the following interpretation.
Tm×m corresponds to the projection of A obtained from an oblique projection process onto
Km (A, v1) which is orthogonal to Km

(
At, w1

)
. This holds the other way around concerning

T tm×m.

In both processes, if A is a hermitian matrix, the Arnoldi process as well as the unsymmet-
ric Lanczos process (Lanczos Biorthogonalization) may be reduced to the hermitian Lanczos
algorithm. So, both processes are a generalization of the hermitian Lanczos algorithm to non-
hermitian problems (4.1).

Hermitian Lanczos Algorithm

Lanczos Biorthogonalization Arnoldi Process

A hermitianA hermitian

Figure 4.1: Reduction to hermitian Lanczos algorithm if A is hermitian

In conclusion, the Arnoldi process relies on orthogonal sequences during the generation of the
basis of the Krylov subspace and results in long recurrences within in the calculation. In contrast
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to the Lanczos Biorthogonalization which is formed of a three-term recurrence, while it produces
a biorthogonal basis of the Krylov subspace. The biorthogonality refers to one basis which is
built with a Krylov process on A supported by another basis which is built simultaneously with
a Krylov process on At; and vice versa.
The Lanczos Biorthogonalization comes with more possible chances of breakdowns than the
Arnoldi process. But in exchange, it requires less storage due to the short recurrences and has
a constant computational complexity per iteration.

4.4. Overview: Different Krylov Subspace Methods
In this thesis, we focus mainly on GMRES methods (4.5). These methods are a popular and
reliable choice regarding iterative solvers. Furthermore, due to the fact that the underlying
linear systems, that we consider (2.0.19) are potentially non-symmetric.
A history of iterative solvers and particularly Krylov subspace methods can be found in [SV00].

In the following section, we are briefly presenting different Krylov subspace methods, which
solve linear systems of the form Au = f (4.0.47) iteratively (generally, assuming a non-singular
matrix A).

CG-Method TheConjugateGradients method (CG) [HS52] proposed by Hestenes and Stiefel
is an iterative algorithm for solving the linear system Au = f of size n, in which A ∈ Rn×n
is essentially a symmetric positive definite matrix. In exact arithmetic, this Krylov sub-
space method terminates in at most n steps. It is a type of projection process, based on
the hermitian Lanczos algorithm, with the relations

uj ∈ u0 +Kj (A, r0) & rj ⊥ Kj (A, r0) (4.4.66)

in which u0 corresponds to an initial guess of the linear system and r0 = f −Au0 denotes
the initial residual based on this guess ([LS12], p. 36).
The algorithm of the CG-Method as described by Hestenes and Stiefel [HS52] is dis-
played in algorithm 4.4.

Input: A ∈ Rn×n symmetric positve definite, right-hand-side f ∈ Rn,
.............initial guess u0 ∈ Rn

Output: approximation uj
initialize p0 = r0 = f −Au0

for j = 0, 1, . . . until satisfied

....αj = ‖rj‖2

〈pj ,Apj〉
....uj+1 = uj + αjpj

....rj+1 = rj − αjApj

....βj = ‖rj+1‖2

‖rj‖2

....pj+1 = rj+1 + βjpj

end

Algorithm 4.4 CG-Method
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The algorithm may be terminated in fewer than n iterations if a satisfying result is gained,
for example, if a maximum iteration count is reached or the calculated residual rj+1 com-
plies with a given tolerance.

Lemma 4.6. The residuals r0, r1, . . . that we obtain are mutually orthogonal and the
direction vectors p0, p1, . . . are mutually conjugate, meaning ([HS52], p. 411)

〈rj , rk〉 = 0
〈pj , Apk〉 = 0

(4.4.67)

for j 6= k.

MINRES In case of indefinite symmetric problems the CG-Method may fail. The algorithm
derived by Paige and Saunders [PS75] compensates for this possible failure - it is called
Minimum Residual method (MINRES).
The base of the MINRES algorithm is the hermitian Lanczos process forming an orthonor-
mal basis of the Krylov subspace Km (A, r0), with the residual r0 = f −Au0 derived from
the initial guess u0 of the linear system.

As the name implies, we find an approximation uj with the help of the iterative solver
which satisfies

uj = arg min
ũ∈u0+Kj(A,r0)

‖f −Aũ‖ . (4.4.68)

Since the residual is minimized over the current Krylov subspace in each iteration and
the current j-dimensional Krylov subspace Kj contains the preceding (j − 1)-dimensional
Krylov subspace Kj−1 of the previous iteration step, the residual decreases (in terms of
exact arithmetic) monotonically.

Both, the CG-Method and MINRES operate on symmetric matrices. MINRES minimizes
the norm of the residual ‖rj‖, in contrast to the CG-Method which minimizes the residual
regarding the energy norm ‖rj‖A−1 ([AG11], p. 198).
The generalization of MINRES to non-symmetric matrices is denoted by the class of GM-
RES 4.5 methods. The ability to work on non-symmetric matrices comes mainly by replac-
ing the hermitian Lanczos algorithm within MINRES by the Arnoldi process. As stated in
chapter 4.2, the Arnoldi process reduces to the hermitian Lanczos algorithm if symmetric
matrices are concerned. This yields the reduction of GMRES to MINRES in the hermitian
case.

BiCG Based on the Lanczos Biorthogonalization process (4.3), Fletscher [F76] derived in a
"conjugate-gradient-like" fashion the Bi-Conjugate Gradients algorithm (BiCG).
The BiCG method resembles the generalization of the CG-Method (for hermitian positive
definite matrices) to the general case of non-hermitian (and indefinite) linear systems.
It is a projection process onto the Krylov subspaceKm (A, v1) = span

{
v1, Av1, . . . , A

m−1v1
}
,

orthogonal to the subspace of constraints Lm
(
At, w1

)
= span

{
w1, A

tw1, . . . ,
(
At
)m−1

w1
}
.

In which v1 is usually chosen as the normed initial residual of the linear system and w1 is
an arbitrary vector, such that 〈v1, w1〉 6= 0 (often w1 is chosen equal to v1 or eventually as
the normed initial residual of a linear system Atu = f if there is one to solve) [S03] (p. 235).
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Input: A ∈ Rn×n, right-hand-side f ∈ Rn, initial guess u0 ∈ Rn

Output: approximation uj ∈ Rn

initialize p0 = r0 = f −Au0

choose p0 = r0, s.t. 〈r0, r0〉 6= 0
for j = 0, 1, . . . until satisfied

....αj = rt
jrj

pt
jApj

....uj+1 = uj + αjpj

....rj+1 = rj − αjApj

....rj+1 = rj − αjAtpj

....βj = rt
j+1rj+1

rt
jrj

....pj+1 = rj+1 + βjpj

....pj+1 = rj+1 + βjpj

end

Algorithm 4.5 Bi-Conjugate Gradients

In order to enforce the biorthogonality conditions

rtj+1rj = rtj+1rj = 0, (4.4.69)

αj is chosen accordingly within the algorithm.
In addition, βj is chosen in order to ensure the biconjugacy condition

ptj+1Apj = ptj+1A
tpj = 0. (4.4.70)

As stated and proofed in [F76] (p. 80f), we remark the following lemma.

Lemma 4.7. Under the assumption that the algorithm does not break down preliminary,
it holds for all j < `

rt`rj = rt`rj = 0
pt`Apj = pt`A

T pj = 0
(4.4.71)

The algorithm does not only solve the linear system Au = f but also solves a "dual linear
system" Atu = f implicitly. Therefore, in the case, that a kind of "dual linear system"
is ought to be solved simultaneously, the initial vector r0 may be chosen as the initial
residual r0 = f −Atu(0). Analogously, the generated approximation of the second system
may be updated by uj+1 = uj + αjpj ([S03], p. 234f).
Otherwise, if an approximation of a second system (described by At) is not of interest, the
operations regarding the transpose of A might be omitted by choosing adaptions or vari-
ations of the biconjugate gradients algorithm, working without the transpose, e.g. CGS -
Conjugate Gradients Squared method [S84].

BiCGstab One of the drawbacks of BiCG is the usage of the transposed matrix of A within
the algorithm. Especially, if A is large, applying the transpose is rather costly if it is not
needed explicitly. There are even some circumstances in which the transpose is usually
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not available, for example in a matrix-free context in which the matrix is given implicitly
as an application to a vector. But there are adaptations like BiCGstab which avoid these
operations.

The transpose-free variant of BiCG, namely CGS, may lead to a substantial aggregation
of rounding errors in cases of irregular convergence ([S03], p. 241). Therefore, this adap-
tation was developed even further by Van Der Vorst [V92] in order to remedy for this
side effect.
The resulting algorithm obtained the name Bi-Conjugate Gradient stab[ilized] method
(BiCGstab) due to its favorable stability properties and similarity to the Conjugate Gra-
dients Squared method.
We display the algorithm in a not-preconditioned fashion in algorithm 4.6 ([V92], p. 635f).

Input: A ∈ Rn×n, right-hand side f ∈ Rn, initial guess u0

Output: approximation uj ∈ Rn of the solution

compute initial residual r0 = f −Au0

choose arbitrary vector r̃0, s.t. 〈r0, r̃0〉 6= 0, e.g. r̃0 = r0

ρ0 = α = ω0 = 1
v0 = p0 = (0, . . . , 0)t

for j = 1, 2, . . .
....ρj = 〈r̃0, rj−1〉
....β = ρj

ρj−1
α

ωj−1

....pj = rj−1 + β (pj−1 − ωj−1vj−1)

....vj = Apj

....α = ρj

〈r̃0,vj〉
....s = rj−1 − αvj
....t = As

....ωj = 〈t,s〉
〈t,t〉

....uj = uj−1 + αpj + ωjs

....if (uj is accurate enough) then quit

....rj = s− ωjt
end

Algorithm 4.6 BiCGstab

QMR TheQuasi-Minimal Residual method (QMR) is also an iterative solver for non-hermitian
linear systems, described by a non-singular matrix A. The algorithm was proposed by Fre-
und and Nachtigal [FN91].

The iterates of the method are constructed, such that uj ∈ u0 + Kj (A, r0). Herein, u(0)
denotes an initial guess of the linear system Au = f and r0 corresponds to the initial
residual.
In the case of a non-hermitian matrix A, QMR is not based on a projection process, unlike
the other methods. It tries to combine the ideas of BiCG and GMRES in order to take on
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the problem of breakdowns within the BiCG method ([LS12], p. 62).
The QMR method is also based on the unsymmetric Lanczos process (4.3) and addresses
the possible breakdown scenarios and numerical instabilities, from which the BiCG method
may suffer.
The iterates of the biconjugate gradient algorithm have a rather irregular convergence
scheme with oscillations within in the norm of the residual, because they are not charac-
terized by a minimization property, but rather by Galerkin-type condition. Furthermore,
possible breakdowns (division by zero) may occur, but more likely are "near-breakdown-
scenarios" which may lead to numerical instabilities in subsequent iterations.
BiCGstab has a good performance in several cases, but it is not secured against the latter
issue. Concerning exact arithmetic, it will break down if the core (the unsymmetric Lanc-
zos process) breaks down. To overcome this issue, QMR introduces a look-ahead strategy
during the generation of the basis vectors of the Krylov subspace ([FN91], p. 316).
In addition, the iterates of the QMR method are defined by a quasi-minimization of the
residual norm. In contrast to BiCG, this leads to a more smooth convergence curve.
Like the biconjugate gradient algorithm, QMR requires multiplications with the matrix A
as well as with its transpose At. Freund developed a Trasnpose Free Quasi Minimal
Residual method (TFQMR) [F93]. It is derived from the CGS method which is similar
to the biconjugate gradient algorithm, but without the need of applying the transposed
matrix of A.
A quasi-minimization property can be introduced to the CGS algorithm by adapting just
a few lines; a more detailed description can be found in [F93]. But the resulting method
(TFQMR) can still break down, just like the standard CGS algorithm. To overcome this
issue a look-ahead technique in order to skip iterations, in which breakdowns or near-
breakdowns would occur, may be incorporated ([F93], p. 481).

Concluding, we portray the different Krylov subspace methods and their mathematical relations
in the figure 4.4 (in style of [LS12], p. 64).

Hermitian LanczosLanczos Biortho. Arnoldi Process

CG - MethodBiCG GMRES

MINRESQMR

A hpd

A sym
metric

A symmetricr0 = Ar0
A symmetric
r0 = r0

Figure 4.1: Mathematical equivalence of the Krylov subspace methods if the concerned problem
matches the conditions on the connecting arrows.

By the means of preconditioning, these methods may eventually terminate/converge much faster.
Therefore, though it comes with a computational cost, preconditioning is crucial in terms of ef-
ficiency (5).
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4.5. Generalized Minimum Residual Method
A projection method choosing Km (A, v1), in which v1 = r0

‖r0‖
with r0 = f −Au0, as the search

space and Lm = AKm as the subspace of constraints is called Generalized Minimal Residual
method (GMRES).

This Krylov subspace method was proposed by Saad and Schultz [SS86] and it is applicable
to non-hermitian systems, due to being based on the Arnoldi process (4.2).
Accordingly, the approximation of the solution of 4.0.47 is extracted from the affine subspace
u0 +Km (A, v1), in which u0 is an initial guess to the linear system ([S03], p. 171).

The solution u of the linear system Au = f 4.0.47, which ought to be approximated iteratively
with GMRES, is designed by the recurrence

uj = u0 + zj , j = 1, 2, . . . . (4.5.72)

The "adjustment"-vector zj is drawn from the Krylov subspace Kj (A, v1), so that the least
squares problem

min
zj∈Kj

‖ f −A (u0 + zj)︸ ︷︷ ︸
=uj

‖ ⇔ min
z∈Kj

‖r0 −Azj‖ (4.5.73)

is solved ([SS86], p. 859).
Given that zj ∈ Kj , it can be represented as zj = Vjyj by the generated basis of the Arnoldi
process (Kj (A, v1) = span {v1, . . . , vj}) multiplied by a "scaling" vector yj ∈ Rj .
Therefore, we reformulate the recurrence 4.5.72 to ¸

uj = u0 + Vjyj , j = 1, 2, . . . . (4.5.74)

Within Arnoldi’s algorithm, the basis vectors get normalized, starting with the initial residual (of
the linear system regarding the initial guess u0) as the initial basis vector, it follows v1 = r0/ ‖r0‖.
Therefore, 4.5.73 transforms to

min
yj∈Rj

‖‖r0‖ v1 −AVjyj‖ . (4.5.75)

Let us consider the equation 4.2.52 once more, it can be rewritten to

AVj = Vj+1H̃j (4.5.76)

and denotes the setting of Arnoldi’s algorithm after j steps.
Here, H̃j ∈ Rj+1×j resembles the upper Hessenberg matrix Hj of the Arnoldi process (4.2.51)
extended by an additional row, containing only zeros, except for the last entry hj+1,j (= ‖ṽj+1‖).
Vj+1 ∈ Rn×j+1 results from Vj , but received the generated (j + 1)th basis vector vj+1 as an
additional (j + 1)th column.
Inserting 4.5.76 into the least squares problem 4.5.73 results in

min
yj∈Rj

∥∥∥‖r0‖ v1 − Vj+1H̃jyj
∥∥∥ . (4.5.77)

By refactoring, the minimization problem reformulates to

min
yj∈Rj

∥∥∥Vj+1
(
‖r0‖ e1 − H̃jyj

)∥∥∥ , (4.5.78)
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in which e1 equals the first column of the (j + 1)× (j + 1) identity matrix Ij+1×j+1.
Due to the orthonormality of Vj+1, the norm simplifies to

min
yj∈Rj

∥∥∥‖r0‖ e1 − H̃jyj
∥∥∥ . (4.5.79)

GMRES provides the approximation uj = u0 + Vjyj of the exact solution of the linear system
Au = f , in which yj minimizes 4.5.79, during the jth step, j = 1, 2, . . . ([A03], p. 272).

We present the algorithm of GMRES 4.7 proposed by Saad and Schultz in its basic form
([SS86], p. 860) in algorithm 4.7.

Input: A ∈ Rn×n, right-hand-side f ∈ Rn, initial guess u0 ∈ Rn

Output: approximation uj ∈ Rn of the solution

compute initial residual r0 = f −Au(0)

initialize v1 = r0/ ‖r0‖
for j = 1, 2, . . . until satisfied
....for i = 1, . . . , j
........hi,j = 〈Avj , vi〉
....end
....ṽj+1 = Avj −

∑j
i=1 hi,jvi

....hj+1,j = ‖ṽj+1‖

....vj+1 = ṽj+1/hj+1,j

end
uj = u0 + Vjyj where yj minimizes 4.5.79

Algorithm 4.7 GMRES

In order to calculate the approximation uj within the algorithm, we have to solve the least
squares problem 4.5.79.
This can be done by a QR-factorization of H̃j using plane rotations. But instead of recalculating
the decomposition at every Arnoldi iteration (when a new basis vector is generated), it would
be more favorable if we could update the factorization progressively at every step of the Arnoldi
process. Because this allows us to obtain the residual norm of the approximation without calcu-
lating the approximation uj explicitly, in order to decide whether the iteration has to be carried
on further or not. And the vector yj in 4.5.79 which updates the approximation at step j is only
calculated if a given tolerance is satisfied, thus, saving some computational cost.
This procedure of the factorization is described in [SS86] (p. 860ff) and we will present it in the
following section.

Let us define the rotation matrix which represents the rotation of the unit vectors ej and ej+1
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by a given angle θj , as

Fj =



1
. . .

1
cj −sj
sj cj

1
. . .

1


jth row
(j + 1)th row (4.5.80)

in which cj and sj comply with cos (θj) and sin (θj), respectively. Ergo, these coefficients have
to satisfy the Pythagorean identity c2

j + s2
j = 1.

After m steps have been carried out, these rotation matrices have the size Fj ∈ R(m+1)×(m+1)

for j ≤ m.
Now, let us assume that the application of the rotation matrices Fi, i = 1, . . . , j, to H̃j from the
left should have produced the upper-triangular matrix Rj ∈ R(j+1)×j

Rj =


h̃1,1 h̃1,2 · · · h̃1,j

h̃2,2 · · · h̃2,j
... . . . ...

h̃j,j
0 · · · · · · 0

 (4.5.81)

Accordingly, the coefficients cj and sj are chosen such that the entry hj+1,j will vanish in order
to "upper-triangul-ize" the matrix.
In the next step (7→ j + 1), we will append the last column of H̃j+1 and last row with the entry
hj+2,j+1, in order to obtain the (non-triangular) matrix R̃j+1. This results in

Rj =



h̃1,1 h̃1,2 · · · h̃1,j h1,j+1
h̃2,2 · · · h2,j

... . . . ...
...

h̃j,j hj,j+1
0 · · · · · · 0 hj+1,j+1
0 · · · · · · 0 hj+2,j+1


. (4.5.82)

The sub-matrix R̃j+1 (1 : (j + 1) , 1 : j) equals Rj .

In order to receive the (upper-triangular) matrix Rj+1 ∈ R(j+2)×(j+1), the last column consisting
of (h1,j+1, . . . , hj+2,j+1)t has to be successively multiplied from the left by all previous rotation
matrices Fi, for i = 1, . . . , j, (these applications do no effect the entry hj+2,j+1). Afterwards,
we extract the upper-triangular matrix Rj+1 by applying the next rotation matrix Fj+1 which
will eliminate the entry hj+2,j+1. Therefore, this rotation has to correspond to

cj+1 = h̃j+1,j+1√
h̃2

j+1,j+1+h2
j+2,j+1

sj+1 = − hj+2,j+1√
h̃2

j+1,j+1+h2
j+2,j+1

(4.5.83)
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in which h̃j+1,j+1 denotes the entry hj+1,j+1 of H̃j+1 after the applications of the previous
rotations.
With regards to the minimization problem 4.5.79, all the rotations that we have applied to H̃j

must also be applied simultaneously to the other side (βe1).
After j steps, let Qj ∈ R(j+1)×(j+1) be the accumulated product of these rotations

Qj =
j−1∏
i=0

Fj−i. (4.5.84)

The obtained decomposition equals
QjH̃j = Rj (4.5.85)

with the upper-triangular matrix Rj ∈ R(j+1)×1, whose last row only contains zeros.

Due to the Pythagorean identity, that is satisfied by the coefficients cj and sj , every rotation
matrix Fj is an unitary matrix, as well as their product Qj . Therefore, the multiplication of Qj
does not affect the euclidean norm,∥∥∥βe1 − H̃jyj

∥∥∥ =
∥∥∥Qj (βe1 − H̃jyj

)∥∥∥ = ‖Qjβe1 −Rjyj‖ . (4.5.86)

And the minimization of this transformed problem with respect to yj can be achieved by solving
the upper-triangular system resulting from removing the last row of Rj (the (j + 1)th row) and
the last component of Qjβe1, this is possible because the last row of Rj only contains zeros.
Afterwards, we can build the approximate solution uj by the linear combination 4.5.74

uj = u0 + Vjyj . (4.5.87)

An interesting feature mentioned before is the way how the residual norm may be calculated.
As shown in [SS86] (p. 862f), during the QR decomposition it is possible to receive the residual
norm ‖rj‖ of the approximate solution uj without calculating uj explicitly.
Let us reconsider the minimization problem 4.5.79, which is equal to 4.5.86, and the initial for-
mulation of the least squares problem 4.5.73 shows, that in fact the residual norm corresponds
exactly to ‖Qjβe1 −Rjyj‖. By the construction of yj and the form of Rj , the residual norm
equals to the absolute value of the last component of Qjβe1.
So, premultiplying βe1 by the rotation matrices Fj , which were used in order to transform H̃j

into the upper-triangular matrix Rj , automatically provides the residual norm rj of the approx-
imate solution uj in its last (in the (j + 1)th) component.
Therefore, within every step of the QR decomposition the residual norm (of the corresponding
iteration) is provided without any additional cost, because Qjβe1 is updated at every step.

In the non-hermitian case the Arnoldi process depends on all previous basis vectors (unlike in
the hermitian case or in case of the unsymmetric Lanczos process) in order to generate the next
orthonormal basis vector. Due to this full recurrence, the storage requirements augment with
every iteration and, correspondingly, the time needed to orthonormalize the next basis vector
against all previous basis vectors grows simultaneously with every additional iteration.
If large linear non-hermitian systems are concerned, the "ever growing" storage requirements of
GMRES may become a difficulty. Per iteration, the storage requirements grow linearly with
the iteration count j and the amount of multiplications with 1

2nj
2 ([SS86], p. 863ff). But this

might be limited by a variation of the basic GMRES algorithm (4.5). The idea is to restart the
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algorithm after a predefined number of iterations (say `). So, if the approximation calculated
by the algorithm does not comply with a given tolerance after ` steps, it will be restarted and
the last approximation u` will become the "initial guess" and the first basis vector will be chosen
as the scaled `th residual,

u0 := um, v1 := rm
‖rm‖

. (4.5.88)

As portrayed in [SS86], this leads to the following algorithm 4.8.

Input: A ∈ Rn×n, right-hand-side f ∈ Rn, initial guess u0 ∈ Rn

Output: approximation uk of the solution of the linear system

compute initial residual r0 = f −Au0

initialize v1 = r0/ ‖r0‖
for j = 1, 2, . . . , `
....for i = 1, . . . , j
........hi,j = 〈Avj , vi〉
....end
....ṽj+1 = Avj −

∑j
i=1 hi,jvi

....hj+1,j = ‖ṽj+1‖

....vj+1 = ṽj+1
hj+1,j

end
uj = u0 + V`y` where y` ∈ R` minimizes 4.5.79
compute rj = f −Auj
if (rj is satisfying) then stop
else compute u0 := uj, v1 = rj/ ‖rj‖ and jump to outer for-loop

Algorithm 4.8 Restarted GMRES(`)

Neglecting the calculated orthonormal basis of the Krylov subspace after a predefined count of
iterations, and start over again, slows down the convergence of the method. Some improvements
can be achieved if a part of the previous basis is kept (e.g. see [EES00]).

Let us briefly conclude some features of the iterative solvers for non-hermitian problems.
The different minimization schemes have an impact on the methods. Whereas GMRES performs
a full minimal residual minimization due to the storage of all consecutive vectors which yields a
rather smooth convergence, the QMR method only performs a quasi-minimization, due to being
based on the unsymmetric Lanczos process. Furthermore, the unsymmetric Lanczos process
suffers from a severe loss of biorthogonality in finite arithmetic within its short recurrences.
Along with the loss of biorthogonality, possible breakdowns scenarios occur. To enhance the nu-
merical stability of the unsymmetric Lanczos, some look-ahead techniques, in order to prevent
breakdowns, may be incorporated, which may be useful in several cases, but, generally, their
impact is limited ([LS12], p. 64, and references therein).
On the other hand, the methods based on the unsymmetric Lanczos process, e.g. BiCG and
QMR, have a constant storage requirement and computational cost due to the short recurrences,
in contrast to GMRES with a continuously increasing storage requirement, although it may be
capped if it is restarted after several iterations ([K95], p. 4915ff).
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Another way to improve GMRES would be to utilize another orthogonalization scheme. Previ-
ously, the Arnoldi Process was presented with the (modified) Gram-Schmidt orthogonalization.
Using the Householder-Version of the Arnoldi process yields to a numerically more stable method
([S03], p. 173f).

5. Preconditioning
Preconditioning enhances the efficiency as well as the robustness of iterative solvers. Saad even
emphasizes, that generally, the quality of the preconditioner matters more than the choice of a
specific Krylov subspace method in terms of the reliability of iterative techniques ([S03], p. 275).

In general, preconditioning transforms the linear system A · u = f (4.0.47), which ought to be
solved, into another linear system with the same solution, but the iterative solver used should
most likely have an easier time solving the transformed (preconditioned) system than solving
the initial one.
But important aspects of the linear system should be retained. For example, if a hermitian
problem is ought to be preconditioned, a symmetric preconditioning method should be chosen
in order to keep this property.

The process of preconditioning happens mainly by the means of an application of a (precondi-
tioning) Matrix M ∈ Rn×n.
If the preconditioner does not represent a linear operator, a flexible Krylov subspace should be
used ([PP20], p. 4), e.g. resulting in FGMRES methods.
It may be distinguished between left- and right-preconditioning (regarding non-hermitian prob-
lems). In the former case the transformed linear system reads

M−1Au = M−1f . (5.0.89)

In the latter case the preconditioning matrix is applied from the right, resulting in

AM−1ũ = f , ũ = Mu. (5.0.90)

Some preconditioning matrices may be the product of factorizationM = M1 ·M2 withM1,M2 ∈
Rn×n, for instance an LU-factorization.
In this case, a so called split-preconditioning can be applied ([S03], p. 285)

M−1
1 AM−1

2 ũ = M−1
1 f , ũ = M2u. (5.0.91)

The convergence rate of an iterative solver depends (among other properties) on the size of the
condition number of the matrix A of the underlying linear system, which ought to be solved.
The spectral condition number of a regular matrix A is given by κ (A) = ρ (A) ρ

(
A−1), if A

is positive definite, the spectral condition number simplifies as follows κ (A) = λmax
λmin

, in which
λmax describes the largest and λmin describes the smallest eigenvalue of A.
Therefore, the spectral condition number of the preconditioned linear system should be lower
than the spectral condition number of the original system matrix

κ
(
AM−1

)
≤ κ (A) , (5.0.92)
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exemplary, in the case of right-preconditioning.
Ideally, the eigenvalues of the matrix of the preconditioned linear system are clustered resulting
in a condition number κ

(
AM−1) ≈ 1 in order to achieve fast convergence ([H16], p. 165).

Regarding a preconditioning matrix M applied to a linear system (4.0.47) which ought to be
solved iteratively with GMRES (4.5), both, left- as well as right-preconditioning invoke the same
affine subspace

u0 + span

{
r̃0,M

−1Ar̃0,
(
M−1A

)2
r̃0, . . . ,

(
M−1A

)m−1
r̃0

}
, (5.0.93)

from which the approximate solution of the linear system is obtained. But within GMRES the
left-preconditioned variant minimizes the preconditioned residual M−1r, whereas in the case of
right-preconditioning the residual r gets minimized, in which r is taken from the same affine
subspace ([S03], p. 285f).

Using a right-preconditioning strategy gives rise to another GMRES method, namely Flexible
GMRES (FGMRES). The "flexibility" of this generalization of GMRES comes by the fact, that
a varying preconditioner is permitted. The preconditioner is allowed to change at every step
([BD17], p. 85).

5.1. Block Preconditioning
The block preconditioners, which we consider in this work are the block Jacobi (BJ) and block
Gauss-Seidel (BGS) preconditioner.
Those well-known preconditioning methods are rather easy to implement and computationally
rather cheap, in several cases they yield a good performance. However, in a matrix-free context,
in which neither the matrix A of the linear system as a whole nor single entries of it are directly
accessible, may increase the cost of the application.

Let us consider a linear system Au = f , in case of the BJ preconditioner, the preconditioning
matrix M results from the diagonal blocks of A. In a finite element context, it is a natural
choice to choose the size of each block equal to the amount of degrees of freedom per element.

In the figure 5.1, we display a coefficient matrix A (for all interior nodes) corresponding to an
exemplary grid, which is pictured on the left.

The preconditioning matrix M which is extracted by BJ only consists of the diagonal blocks of
A ∈ Rn×n (corresponding to the thick diagonal lines in the exemplary figure).
Let the number of degrees of freedom per element be given by ndof ∈ N and nelem denotes the
number of elements within the grid. The discretization leads to the following block representation
of A

A =


A1,1 A1,2 · · · A1,nelem

A2,1 A2,2 · · · A2,nelem

...
... . . . ...

Anelem,1 Anelem,2 · · · Anelem,nelem

 (5.1.94)

with Ai,j ∈ Rndof×ndof .
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Figure 5.1: (Left:) Element ordering of the grid elements in form of the Morton Z-curve.
(Right:) Sparsity pattern of a matrix A, based on the adjacency of the elements (for
interior nodes). (For the ease of portraying, there are only diagonal lines colored in
the sparsity pattern of the matrix A, although, all degrees of freedom in neighboring
elements may be influential.)

So, M ∈ Rn×n is also defined by blocks Mi,j of the size ndof × ndof

Mi,j =
{
Ai,j , if i = j
0, if i 6= j

, (5.1.95)

for i, j = 1, . . . , nelem and 0 denotes a matrix of size ndof × ndof full of zeros.

The block Gauss-Seidel preconditioner is defined in a similar way. It includes not only the
diagonal blocks of A but also all blocks below (or above) the diagonal. Therefore, it equals the
block-wise lower (or upper) triangular matrix of A.
We obtain the block Gauss-Seidel preconditioning matrix M by

Mi,j =
{
Ai,j , if i ≤ j
0, if i > j

(5.1.96)

for i, j = 1, . . . , nelem.

In order to apply these block preconditioners, we have to calculate the inverse of the precon-
ditioning matrix. In this regard, obtaining the inverse of the BGS preconditioning matrix is
more costly than in the case of BJ. However, for some problems BGS performs significantly
better than BJ. The block Gauss-Seidel preconditioner depends on the ordering of the elements,
this may have a substantial impact on the performance. Especially, if pure advection problems
are considered, BGS (with an appropriate ordering) performs better than BJ, but for general
problems rather small improvements are obtained by both block preconditioners ([PP08], p. 8).

5.2. Multigrid Preconditioning
Multigrid methods (MG) represent a popular and effective class of solvers as well as precon-
ditioners which can be applied to linear systems of equations. These methods are capable of
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solving a linear system of N unknowns in O (N) work and achieve a convergence order indepen-
dently of the resolution of the grid ([F06]).
They may operate geometrically on a hierarchy of meshes or just algebraically on a linear sys-
tem of equations without information of the underlying grid on which the discretization of the
differential equation is considered. Especially, if (scalar) elliptic partial differential equations are
of interest, MG methods will represent a very effective tool ([B96]).

Multigrid methods have been successfully applied as preconditioners to discretizations of linear
advection-diffusion problems and as well in the context of discontinuous Galerkin methods, see
e.g. [E19], [FM20], [BGM21], [PLH09].
The main idea, these methods are based on, is to reduce high-oscillatory errors on the initial
underlying grid (also referred to as the fine grid) with a small number of smoothing iterations,
performed by a basic iterative scheme (e.g. Richardson-, Jacobi-Iteration or even GMRES,
etc.), which generally reduces the high-oscillatory components effectively. And to account for
low-oscillatory errors on a much coarser grid (by further smoothing iterations or a so called
coarse grid correction), because these low-oscillatory errors on the fine grid become "higher-
oscillatory" on a coarser grid ([BHM00], p. 31ff).

MG methods consist essentially of three components, namely, smoothing, interpolation and
coarse grid correction.
Geometrical multigrid methods (GMG) require at least a second (coarser) grid which emerged
from the initial grid in order to operate.

The most basic variation of MG methods is a two level multigrid method in a so called V-cycle.
A short description of this method may read:

Let us denote an initial guess of the linear system Au = f (4.0.47) by u0.
Based on this initial guess, we perform a predefined number of smoothing steps (on the fine
grid) with a basic iterative method. After these (say m ∈ N) steps, we calculate the residual
rm = f − Aum and interpolate/restrict it to the coarser grid (rm 7→ rcoarse). On this coarse
grid, the (coarse) residual equation

Acoarseecoarse = rcoarse (5.2.97)

is solved for the coarse grid correction, denoted by ecoarse. Since the transformed (coarse) lin-
ear system has less unknowns, it is cheaper for us to solve than the initial system on the fine grid.

Afterwards, we have to interpolate/prolongate the calculated coarse grid correction back onto
the fine grid (ecoarse 7→ efine). The former obtained approximation um can be updated by this
correction, um = um + efine.
Finally, we perform another small number of smoothing iterations based on our approximation
which was updated by the coarse grid correction.

This procedure may be repeated iteratively in order to solve a linear system or it can operate
as a preconditioner. In the latter case the "initial guess of the linear system" equals the residual
obtained at the current step of the outer iterative solver which is preconditioned by this MG
routine.
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In this work geometrical multigrid preconditioners are considered in order to enhance the per-
formance of iterative solvers like GMRES 4.5.
In our matrix free context of a discontinuous Galerkin discretization of the linear advection-
diffusion equation, we may choose an L2-projection as interpolation/restriction operator. Dur-
ing an interpolation/prolongation step, when a parent element within the mesh is replaced by
its child elements, an interpolation matrix may be applied, in order to prolongate the degrees of
freedom from the parent element onto the functionbasis of the child elements. Furthermore, we
are focusing on Krylov subspace methods as smoothers. We will justify this choice in the next
chapter (6).

One iteration of the two level MG algorithm can be written as displayed in algorithm 5.1 (the
superscript fine refers to the initial grid and the superscript coarse describes the (interpolated)
components of the coarse grid linear system).

Input: Afine := A ∈ Rn×n, right-hand-side ffine ∈ Rn, initial guess u0 ∈ Rn

Output: approximation uj+1 of the solution of the linear system

ũj = Pre-Smoother
(
Afine, uj , f

fine
)

//Perform a fixed number of Smoothing Iterations
rfine = ffine −Afine · ũj //Calculate residual at the fine level

rcoarse = Rcoarsefine

(
rfine

)
//Restrict the residual from fine to coarse level

ecoarse = (Acoarse)−1 · rcoarse //Calculate coarse grid correction
efine = P finecoarse (ecoarse) //Prolongate the residual from coarse to fine level
ũj = ũj + efine //Apply coarse grid correction

uj+1 = Post-Smoother
(
Afine, ũj , f

fine
)

//Perform a fixed number of Smoothing Iterations

Algorithm 5.1 2-Level MG

Let us denote the residual, corresponding to the current approximation uk, by rk = f − Auk
and the algebraic error of the approximation by efinek := uexact−uk. Based on this notation, we
can formulate the residual equation,

Afineefine = Afine (uexact − uk) = f −Afineuk = rfinek

⇔ Afineefine = rfinek .
(5.2.98)

Most of the time, the exact solution and subsequently the error is not accessible. The residual,
however, is a computational measure of the quality of the approximation. But unfortunately, a
small residual norm does not necessarily imply a small error norm ([BHM00], p. 7f). Therefore,
an important relation of the residual and the algebraic error is provided by the equation above
(5.2.98).

The initial linear system Au = f and the linear system 5.2.98 are described by the same system
matrix

(
A ≡ Afine

)
, therefore, the solution of both systems would be equally expensive. Re-

garding the residual equation, it enforces that the error has to satisfy the same set of equations
as the vector of the degrees of freedom ([BHM00], p. 7f).

Depending on the underlying problem, some basic iterative methods (like Jacobi, Gauss-Seidel,
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SOR, etc.) have a so called smoothing property. Regarding large sparse linear systems, these
methods act as a (pre- and post-) smoother and are capable of reducing high-oscillatory error
components effectively in just a few iterations.
However, low-oscillatory error components are not efficiently captured ([HKM06], p. 4f). So, the
smoothers eliminate peaks in the error very well and leave the smooth low-frequency "wave-like"
components behind.
The (smooth) algebraic fine grid error, which remains, may be approximated efficiently on a
coarser grid, i.e. the coarse residual equation 5.2.97.
The smooth modes on the fine grid become more oscillatory if they are projected onto a coarser
grid (see [BHM00], p. 36ff). For example, if the (spatial) step size doubles from the initial grid
to the coarse grid, the smooth error modes on the fine grid have to be represented on the coarse
grid with just as half as many. Therefore, the smooth error tends to become more jagged or
"higher-oscillatory" in its coarse grid representation and for that reason, the iterative schemes
(i.e. smoothers) become more effective once again.
So, if the convergence of the smoother on the fine grid slows, because the error became smooth
and it is predominated by low-oscillatory error components, it is advisable to switch to a coarser
grid.

The reference to "V-cycle" comes from picturing the track the algorithm takes through the
hierarchy of the meshes, as shown in figure 5.2.

Restriction
rfine 7→ rcoarse

Prolongation
ecoarse 7→ efine

Pre-Smoothing(Afine, xk)
rfine = f −Afine · xk x̃k = xk + efine

Post-Smoothing(Afine, x̃k)

Coarse Grid Correction
ecoarse = A−1

coarse · rcoarse

Figure 5.2: Multigrid V-cycle routine.
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This routine is not bound to traverse just two grids, the grid hierarchy may be augmented to
an arbitrary number of coarse grids.
The computational costs to manage additional coarse grids extends as it requires the generation
of the next grid in the hierarchy and subsequently more interpolation and smoothing steps. On
the other hand, the linear system on the coarsest mesh shrinks regarding the amount of un-
knowns, therefore, the calculation of the solution of the coarse grid correction gets continuously
cheaper. A hierarchy of several coarse grids is shown in 5.3.

` = 0 coarsest mesh

` = 1

` = 2

` = 3 initial mesh

Mutigrid-Level `

Figure 5.3: Multigrid hierarchy of coarse grids. From the initial mesh ` = 3 down to the coarsest
grid in the hierarchy at level ` = 0.

On every grid in the hierarchy, except on the coarsest, on which the coarse grid correction is
calculated, pre- and post- smoothing iterations are performed.

Let the superscript describe the multigrid level in the hierarchy of grids. So, A(3) (or Afine)
denotes the fine (initial) matrix of the linear system. And A(0) (or Acoarse) describes the (coars-
ened) matrix of the linear system on the coarsest level.
The general recursive form of the multigrid V-cycle is presented in algorithm 5.2 and corresponds
to ([CHK20], p. 5).
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MG-V
(
u(lvl), f (lvl)

)
Input: initial guess u(lvl)

j ∈ Rn(lvl) , right-hand-side f (lvl) ∈ Rn(lvl)

Output: approximation u(lvl)
j+1 of the solution of the linear system

if (coarsest grid reached) then
....return (Acoarse)−1 f coarse

else
....ũ(lvl)

j ← perform Spre ∈ N Smoothing-iterations on A(lvl)u
(lvl)
j = f (lvl)

....f (lvl−1) = R
(lvl−1)
(lvl)

(
f (lvl) −A(lvl)ũ

(lvl)
j

)
....ũ(lvl−1)

j = (0, . . . , 0)t

....ũ(lvl−1)
j = MG-V

(
ũ

(lvl−1)
j , f (lvl−1)

)
....ũ(lvl)

j+1 = u
(lvl)
j + P

(lvl)
(lvl−1)ũ

(lvl−1)
j

....u(lvl)
j+1 ← perform Spost ∈ N Smoothing-iterations on A(lvl)ũ

(lvl)
j+1 = f (lvl)

....return ulvlj+1
end if

Algorithm 5.2 MG V-Cycle

Additional to the number of grids used, even the scheme how the algorithm traverses the hier-
archy may be adapted. In the previous paragraph, we have only shown the V-cycle. But once
the hierarchy of the grids is established, we are able to introduce other traversing schemes. For
example, if more than two grids are used within the algorithm, we can execute a so called W-
cycle 5.4. The W-cycle comes with additional computing cost, but accelerates the convergence
of MG in certain cases.

Multigrid-
level `

1

2

3

4

Figure 5.4: (Left:) Traversal of V-cycle, (Right:) Traversal of W-cycle.
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Another traversal scheme is the Full Multigrid V-cycle (FMG). This multigrid cycle is made up
of several V-cycles, in fact, each V-cycle is preceded by a coarse grid V-cycle. This provides a
"good" initial guess for the successive V-cycles traversing the hierarchy all the way up to the
(initial) fine grid.
Therefore, in the first place, the FMG needs to restrict the initial residual from the fine grid all
the way down to the coarsest grid in the hierarchy. Afterwards, the successive V-cycles are per-
formed. If the first V-cycle is finished, the calculated approximation is interpolated/prolongated
one level up (towards the next finer grid) in the hierarchy, as an initial guess for the next con-
secutive V-cycle. In its recursive form the FMG can be displayed as in figure 5.5 ([BHM00], p.
43).

Multigrid-
level `

1

2

3

4

Figure 5.5: Traversal of the FMG cycle.

In contrast to the block preconditioning methods, it is not generally possible to formulate the
application of the multigrid procedure as a single preconditioning matrix M . It is rather a
constantly changing application. Because of this, a flexible GMRES method has to be used if
we choose a multigrid preconditioner.

6. Numerical Results
Now, we connect the several components discussed in the previous chapters in order to simulate
problems of the linear advection-diffusion equation. The computational numerical experiments
were performed on a workstation, equipped with two 10-core Intel Xeon E5-2660V3 CPUs run-
ning at 2.6 GHz each and 128 GB RAM. If not stated otherwise, the experiments were performed
on a single core.
On default and if not stated otherwise, PETSc utilizes a restarted version of GMRES/FGMRES,
which is restarted after 30 iterations and iterates until a convergence rate of 10−5 in the residual
norm is achieved. Accordingly, in the course of this chapter, we examine the impact of several
preconditioners on iterative solvers, like GMRES (4.5) and BiCGstab (4.4), applied to a linear
system of equations arising from an implicit time-stepping scheme (3) in order to perform the
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time integration of a semi-discretization of the linear advection-diffusion equation by the means
of the LDG method (2).
Regarding preconditioners, we are focusing on geometric multigrid preconditioners but also take
a look on block preconditioners.
As mentioned in the introduction, for our LDG spatial discretization, we are using t8dg, it is
implemented in a matrix-free fashion, therefore, we have to adapt the preconditioners and the
iterative solvers to this matrix-free context. For those reasons, we have to exclude iterative
solvers which only operate on hermitian problems, as well as such that are using the transpose
of the system matrix A within the calculation.
On default, t8dg chooses the upwind flux in a 1D case and the Lax-Friedrich flux in a 2D and
a 3D case as the numerical flux.

If not stated otherwise, we are concerning a hypercube [0, 1]d, for all dimensions d = 1, 2, 3,
as our physical domain Ω. Furthermore, we are assuming periodic boundary conditions in all
cases. In the LDG approach, other boundary conditions may be added by adjusting the numer-
ical fluxes on the boundary of the physical domain.
With the help of t8code we obtain an underlying computational grid Ωh consisting of the
elements. We are focusing on quadrilaterals and hexahedrons as elements in 2D and 3D, respec-
tively. And, especially, we want to observe the iterative solvers and preconditioners on adaptive
meshes.

But, let us first examine the different time-stepping methods by briefly comparing explicit and
implicit methods.
Therefore, we need to consider an initial value problem. In the following example, we would like
to observe a 2D problem. As the initial spatial function at time t0 = 0.0, we are choosing the
cosine product

u (~x, t0) ≡ uinit (~x) = cos (2πx1) cos (2πx2) . (6.0.99)

Because, we are looking at a constant (divergence free) velocity field ~c in x1-direction with
magnitude 1.0, the analytical solution of the linear advection-diffusion equation equals, in this
case, at an end time of T = 1.0, to the analytical solution of pure diffusion, which is given by

udiffexact (~x, t) = e−d(2π)2d·t cos (2πx1) cos (2πx2) . (6.0.100)

Here, d represents the diffusion coefficient. Let us first consider a relatively small diffusion co-
efficient (compared to the advection coefficient) of d = 0.0001.
We are able to compare the L2-error at the time T = 1.0 which arises by advancing the simu-
lation with different time-stepping methods. In order to do so, we choose a small uniform 2D
grid and increase the CFL number continuously, because the underlying grid does not change,
we have a constant mesh size, consequently, higher CFL numbers lead to bigger time steps. As
approximations we choose polynomials of order three on each element. Hence, with 64 elements
within the grid and a tensor product structure of 3 LGL points per element per dimension, it
leads us to a small system with 576 degrees of freedom.
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Figure 6.1: L2-errors at the end time T = 1.0 of explicit Runge Kutta methods of order 2 ("RKV
order 2") and order 3 ("RKV order 3"), as well as of the DIRK(2,2) of order 2 and
DIRK(3,3) of order 3 in dependency of the CFL number.

In figure 6.1 we see that the errors lie within the magnitude of the discretization error up to a
CFL number of approximately CFL ≤ 0.1 for the different time-stepping schemes. But for a
CFL number within the interval [0.1, 0.2], the explicit Runge Kutta methods become numeri-
cally unstable, at the latest from a CFL number of approximate 0.19 onward.
In contrast to the implicit DIRK methods, which still produce stable approximations, although
the accuracy suffers from bigger time steps (→ higher CFL numbers). Because the spatial dis-
cretization in this example is of order 3, the explicit Runge Kutta method of order 2 and the
DIRK(2,2) method produce higher errors from lower CFL numbers on, than the time stepping
methods of order 3, because the error in the time integration predominates earlier. The initial
values and the approximate solution obtained by applying the explicit and implicit time-stepping
methods is displayed (in the appendix) in figure A.1.

As we mentioned earlier in chapter 4.4, this work mainly focuses on GMRES, although other
iterative solvers may be applicable too in order to solve the linear system of equations.
Therefore, let us compare the performance of GMRES (4.5) and BiCGstab (4.4). We consider a
three dimensional problem with a sphere step function as initial value function on the unit cube.
The underlying adaptive mesh consists of 10, 088 hexahedrons. The linear advection-diffusion
problem which we consider provides an advection velocity field in x1 direction and a diffusion
coefficient of d = 0.001. The resulting systems of equations of the application of the DIRK(2,2)
time-stepping method is solved by GMRES as well as BiCGstab. The iterative solvers run until
a convergence tolerance of 10−5 of the residual norm is reached.
In figure 6.2 we notice that the iteration count needed by BiCGstab in order to solve the systems
is considerably lower than the iterations needed by GMRES. However, its computational time
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always exceeds the computational time needed by GMRES, although, BiCGstab has a constant
iteration time, in contrast to GMRES. As we stated in chapter 4.4, the computational complexity
per iteration within BiCGstab is higher than within GMRES.

Figure 6.2: Comparison of the iteration count and the runtime of GMRES and BiCGstab in
dependency of a rising CFL number. A linear advection-diffusion example on a 3D
adaptive mesh is considered. The time-stepping method of choice was the DIRK(2,2)
method. The plotted values of the iteration count are the averaged results per stage,
whereas the runtime corresponds to the overall runtime of the iterative solver per
time step.

From now on, we are focusing on GMRES as our iterative solver of choice.
Let us first examine different multgrid preconditioners. We want to examine the effect of a
different number of coarse grids. Therefore, we need a hierarchy of coarse grids.

As our model problem, we choose an adaptive 2D case with a two dimensional rotating advection
velocity field. As approximations on each element we choose polynomials of order 2 and use the
implicit Euler method as our time-stepping scheme. We choose a CFL number of 2.0 for our
simulation of a single time step.

We are establishing the following hierarchy of coarse grids, as shown in figure 6.3, on which
the multigrid preconditioners operate. The initial mesh of the problem is shown in the top-left
corner followed by the computed coarse grids. Starting from 5, 092 elements of which the initial
mesh consists, the coarsening process leads us to a coarsest grid with only 16 elements.
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Figure 6.3: Coarse grid hierarchy starting from the initial mesh (top-left) to the coarsest grid in
the hierarchy (bottom-right). The color corresponds to the refinement level of each
element (red: refinement level = 7 to blue: refinement level = 2). The coarsening
process consisted of replacing a family of elements (in 2D: four child elements) by
its parent element in order to reduce this elements refinement level by one.

In the next step, we disaggregate the runtime of the different multigrid preconditioners in their
subroutines. Additional to the initial mesh, the "2-LVL MG" preconditioner establishes one
coarse grid, the "3-LVL MG" preconditioner establishes two coarse grids, and so on.
The portrayed runtime always includes the complete setup and solution of the (preconditioned)
linear system of a (whole) single time step of the considered time-stepping method. Especially,
the generation of the coarse meshes is also included within the displayed runtimes.
We choose 3 pre- and post-smoothing iterations, performed by a GMRES method, for each
multigrid preconditioner on each level, except on the coarsest, on which the coarse grid correc-
tion is calculated.

In the figure 6.4 we see different multigrid preconditioners with a varying number of coarse grids
in comparison, plotted against the diffusion coefficient (starting from no diffusion d = 0.0 at all,
up to a high diffusion coefficient of d = 1.28).
The runtime is disaggregated into the different components of the multigrid procedure (smooth-
ing, interpolation, coarse grid correction). A detailed table with iteration counts and runtimes
can be found in B.2.
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Figure 6.4: Runtime of one implicit time step using different multigrid preconditioners (with a
varying count of coarse grids; from left to right: without preconditioning, "2-LVL
MG"-,"3-LVL MG"-, ..., "6-LVL MG"-preconditioner). The runtime is disaggregated
into the preconditioners’ subroutines and plotted against a varying diffusion coef-
ficient. Light green represents the time spent on solving the system on the initial
mesh and dark green corresponds to the time needed in order to solve the coarse
grid systems. Red collects the time spent on pre- and post-smoothing. Last but
not least, yellow corresponds to the interpolation, i.e. restriction and prolongation
between the grids in the hierarchy.

In the first place, it may be interesting to notice, that from a diffusion coefficient of d ≥ 0.04
onward the multigrid preconditioners with at least two additional coarse grids ("3-LVL MG",
. . . , "6-LVL MG") always lead to an overall faster solution of the whole time step, than solving
the system without preconditioning.
The most eye-catching component of the figure 6.4 is the coarse grid correction (colored in dark
green) of the "2-LVL MG" preconditioner. It even solely exceeds the computational time needed
in order to solve the non-preconditioned system (most-left row). We notice that the coarse grid
correction component significantly reduces if more than one coarse grid is incorporated, until it
almost vanishes within in the "5-LVL MG" and "6-LVL MG" preconditioner.
This is due to the fact, that if the next coarse level is added the multigrid preconditioner does not
loose performance and nearly provides a constant iteration count "independently" of the number
of coarse grids. GMRES is also a good smoother which helps keeping up the convergence for
very coarse grids. If the table of these results is regarded, an approximately eight-fold reduction
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in the computational time of the coarse grid correction is gained if an additional coarse level is
considered.

Overall, the interpolation (colored in yellow), consisting of restriction and prolongation between
the multigrid levels, is rather cheap, as the least time is spent within this sub-routine. Even
scaling up the amount of coarse levels, yields only to a small increase in the interpolation time.

The time spent in the Smoothing process (colored in red), i.e. pre- and post-Smoothing, grows
as expected when additional coarse grids are considered. It is an important subroutine worth to
be optimized during the implementation, as it takes up the biggest part of the computational
time if two or more coarse grids are considered.

As a summarizing remark, we may want to choose more than one coarse grid when applying a
multigrid preconditioner, due to the immense cost of solving a large coarse grid system at every
iteration if only one coarse level is used. However, building up a hierarchy of grids all the way
down to the coarsest grid possible is also not worthy, because at a certain mesh size a further
efficiency boost by adding another coarse grid fails to appear, i.e. compare "5-LVL MG" and
"6-LVL MG" in 6.4 and B.2.

Birken et al. ([BBJ16]) stated that symmetric Gauss-Seidel and, especially, a 2-step GMRES
method are effective and interesting smoothers for multigrid methods if high order finite volume
discretizations of the linear advection-diffusion equation are regarded. These smoothers are as-
sumed to be also "attractive candidates" within a discontinuous Galerkin context.
Kanschat ([K08]) examined smoothers for multigrid preconditioners for high order disconti-
nous Galerkin discretizations for the linear advection-diffusion equation. He concluded that
block Gauss-Seidel smoothers yield efficient and robust multigrid preconditioners if the ordering
of the degrees of freedom complies with the flow of the advection-velocity field. Furthermore, a
block Jacobi smoother is not robust if problems with slight diffusion are considered and a point
Gauss-Seidel smoother deteriorates the effectiveness for higher orders.
In our framework we inherit the element ordering and subsequently the ordering of the degrees
of freedom from t8code and t8dg. Generally, this ordering does not comply with the flow of
the velocity field of a considered problem and we are rather limited in regards to reordering.
Therefore, we stick to a Krylov subspace method as a smoother within the multigrid precondi-
tioner, namely GMRES.

In this example at hand, we chose three GMRES iterations within our smoothing process, be-
cause it led us to more efficient results. However, if higher order approximations are considered,
a reduction to two smoothing iterations may be practical. Also, because the system becomes
substantially larger, when higher orders are considered. This may lead to a significantly increase
in the computational time of the smoothing subroutines.

Therefore, let us examine the effect of high order discretizations and a change in the amount of
smoothing iterations. We regard the above problem and fix the diffusion coefficient at d = 0.001
and see how the "4-LVL MG" preconditioner with 3 coarse grids performs if one, two, three, or
four pre- and post-smoothing iterations are applied.
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Figure 6.5: Comparison of a "4-LVL MG" multigrid preconditioner with a varying amount of
smoothing iterations (from left to right: without preconditioning, "4-LVL MG" with
1 smoothing iteration, ..., "4-LVL MG" with 4 smoothing iterations), in dependency
of the order of the approximation (number of LGL points per element per dimension).

In figure 6.5 and the table B.1 we compared GMRES as a smoother with a varying amount of
pre- and post-smoothing steps; from one smoothing iteration up to four smoothing iterations.
Obviously, the more smoothing iterations we perform, the fewer outer iterations are needed by
the iterative solver. We notice that from an order of 3 onward (from order 4 onward in case of
one smoothing iteration), the preconditioner effectively reduces the runtime.
For high orders the time spent on smoothing reaches its maximum in case of only one smooth-
ing iteration, this is due to the relatively high amount of outer iterations, in contrast to the
smoothers with more than one smoothing iteration. This also drastically increases the compu-
tational time for the interpolation steps and coarse grid corrections.
In the context of a multigrid smoother, the more smoothing iterations are performed, the stronger
high-oscillatory error components in the residual are smoothed out.
The resulting fewer outer iterations needed by the iterative solver, when many smoothing itera-
tions are performed, remedy for the higher smoothing cost per iteration. Also, less overall outer
iterations yield fewer interpolation steps and fewer coarse grid solutions.
Generally, we experienced three smoothing iterations with GMRES as a good "black-box"
amount of smoothing iterations throughout the experiments, although, a GMRES smoother
with four smoothing iterations led to the best performance corresponding to the example B.1.

Until now, all multigrid preconditioners performed a V-cycle through the grid hierarchy, but we
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have seen that also other gird-traversing schemes exist and may be advantageous due to a faster
convergence. Therefore, we compare the multigrid preconditioners in a V-cycle, W-cycle, and
FMG-cycle.
Therefore, we are considering a highly adaptive underlying mesh whose elements’ refinement
levels differ up to three levels. The grid consists of 6160 elements. The grid as well as the initial
value function are displayed in figure 6.6.

Let us consider a similar problem of the linear advection-diffusion equation as above with a
diffusion coefficient of d = 0.0001 and a rotating advection velocity field. We choose polynomials
of order three as approximation on each element.
In figure 6.7 we displayed the iteration count and the runtime that the iterative solver needed
in order to solve the system of a single time step arising from the implicit Euler method. The
obtained approximations at some given CFL numbers are displayed in C.1.
We compare the case in which no preconditioning is applied with a case in which a "5-LVL MG"
preconditioner is applied in a V-cycle, W-cycle, and, FMG-cycle. In each case we chose three
pre- and post-smoothing iterations.

Figure 6.6: 2D adaptive grid with 6160 elements. The mesh contains elements whose refinement
level differ from 3 to 6. The initial value function resembles a circle step function.

In figure 6.7 we are displaying the iteration count and runtime of an FGMRES iterative solver
applied to linear system which is preconditioned by a multigrid preconditioner using different
cycle types. We notice that up to a CFL ≤ 2.0 the multigrid preconditioner results in the same
iteration count for the V- and W-cycle. If an FMG-cycle is chosen, the outer iteration count
decreases even further and leads for small CFL numbers to the fewest iterations. Due to the
several additional smoothing steps, interpolation steps and coarse solves which are performed
within a W-cycle and FMG-cycle, the runtime is considerably higher than in their V-cycle coun-
terpart.
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From a CFL number of CFL ≥ 4.0, both, the multigrid preconditioner with a W-cycle and with
a FMG-cycle lead to fewer outer iterations due to their faster convergence than the V-cycle, but
the runtime still substantially exceeds the MG V-cycle runtime for any given CFL.

Figure 6.7: (Top:) Comparison of iterations needed by the outer iterative solver if the specified
preconditioning techniques are applied (i.e. without preconditioning, "5-LVL MG"
in a V-cycle, "5-LVL MG" in a FMG-cycle, "5-LVL MG" in a W-cycle)
(Bottom:) The corresponding runtime in order to obtain the solution of the linear
system if the specified preconditioning techniques are applied.
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From a CFL number of CFL ≥ 8.0 onward, the W-cycle and the FMG-cycle result (more or
less) in the same iteration count and runtime.
At the latest from a CFL ≥ 16.0 onward, the iterative solver diverged if applied to the not-
preconditioned system, whereas the MG preconditioners still yield a robust application.
Tests with a W-cycle/FMG-cycle with fewer smoothing iterations and/or fewer coarse levels did
not lead to more efficient results.
Generally, disregarding the fewer outer iterations needed if a W-cycle MG or a FMG-cycle MG
is applied (especially, for high CFL numbers), the application of a plain V-cycle MG yield sub-
stantially faster results.
Even from a CFL ≥ 1.8 onward the application of a multigrid V-cycle to the linear system results
in runtime advantages concerning the iterative solver, in comparison to the not-preconditioned
system. While the application of a multigrid preconditioner in W- or FMG-cycle yield runtime
advantages not before a CFL ≥ 4.0.

However, interesting to notice is that the FMG-cycle performs not only in terms of the iteration
count but also in terms of the runtime better than the W-cycle. And although, the V-cycle has
a slower convergence, the solution of the linear system is obtained significantly faster.

After we have examined multigrid preconditioners in several variations, let us now see how the
different preconditioners behave throughout the dimensions.

Therefore, we are starting in 1D with a line and a step function as initial value function and
consider periodic boundary conditions. We discretize the physical domain into 32 uniform line
segments. Every time a dimension is added, we consider a tensor-product structure of the 1D
case. Ergo, we obtain 322 and 323 elements in 2D and 3D, respectively. The meshes and initial
functions of the 2D and 3D case are shown in figure 6.8.

Figure 6.8: (Left:) 2D Mesh with 1, 024 elements and an initial circle step function.
(Right:) 3D Mesh with 32, 768 elements and an initial sphere step function.
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We choose 3 LGL points per element per dimension, such that we obtain polynomials of order
3 as approximations on each element. We compare the (averaged) iterations needed by the
iterative solver (GMRES) in order to solve a single time step. The implicit systems of this
step result from the DIRK(2,2) method. In the figure 6.9 the average iteration count per stage,
regarding the two stages of the DIRK(2,2) method, is displayed in dependence of the considered
dimension. The stride of the simulated time step was chosen subject to a CFL = 1.0.

As we see in figure 6.9, the preconditioners do well in reducing the iterations needed by GM-
RES. Especially, in the case of pure advection, Block-Jacobi, Block-Gauss-Seidel, and the 3-Level
multigrid preconditioner reduce the iterations by a significant amount. However, if diffusion is
added, only the multigrid preconditioner retains the effectiveness as in the purely advective case.
The application of the Block-Jacobi preconditioner becomes significantly more ineffective while
the performance of the Block-Gauss-Seidel preconditioner only slightly suffers in comparison to
the case of pure advection.
We notice, that the multigrid preconditioner captures the diffusion really good, whereas the
Block-Jacobi preconditioner is mostly affected by the additional diffusion.

In the above paragraph we have examined the preconditioners’ behavior when we are augment-
ing the dimension of the problem, i.e. 1D to 3D. Nevertheless, we have kept a constant velocity
field ~c "flowing" only in x1-direction, independently of the dimension of the problem.
In figure 6.10 we want to explore how another velocity field ~c = (1.0, 0.25, 0.25)t may affect the
preconditioners. Therefore, we extend the velocity field if we augment the dimension of the
problem by a corresponding component in x2- and x3-direction, respectively.

We observe in figure 6.10, that the Block-Jacobi preconditioner is mainly affected by the change
of the velocity field. The other variants adapt easily to the change and result in a slightly higher
iteration count as in the previous case.
If the velocity field flows in each spatial dimension, and not only in x1-direction, the elements
are stronger coupled among each other and more information is transferred via the numerical
flux, This information is not captured well by the block Jacobi preconditioner and, therefore,
the effect of its application is rather weak. Especially in the 3D case, it has a deteriorating effect.

We want to emphasize that the exemplary simulations above were performed with a CFL num-
ber of only CFL = 1.0, which results in rather small time steps. Since we are examining implicit
methods, we want to choose large time steps, which correspond to high CFL numbers.

Therefore, we are considering the prior conducted linear advection-diffusion problem, but let us
ease the complexity of the system by decreasing the order of the approximations on the elements
by one. In the figure 6.11 we analyze the effect of high CFL numbers of CFL = 10.0, 100.0.
In fact, for a CFL number ≥ 10.0 the outer GMRES iterative solver diverged if the system
was preconditioned by the Block-Jacobi method. Aside from that, the application of the Block-
Gauss-Seidel preconditioner led also to divergence for a CFL number≥ 100.0. Only the multigrid
preconditioner remains as a reliable as well as effective option.
We notice that the Block-Jacobi and the Block-Gauss-Seidel preconditioner deteriorate the solv-
ability of the system (regarding the iterative solver), the higher we choose the CFL number. In
case of the very high CFL number of CFL = 100.0 only the multigrid preconditioner preserves
the solvability and decreases the outer iterations needed by the iterative solver drastically.
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Figure 6.9: Average iteration count needed by GMRES in order to solve the implicit systems
resulting from the DIRK(2,2) method.
(Top:) Linear advection problem (constant velocity field ~c = (1.0, 0.0)t).
(Bottom:) The same linear advection problem extended by an additional diffusion
coefficient of d = 0.001.
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Figure 6.10: Average iteration count needed by GMRES in order to solve the implicit systems
resulting from the DIRK(2,2) method.
(Top:) Linear advection problem (velocity field with flow in every spatial dimen-
sion).
(Bottom:) Linear advection-diffusion problem, with an additional diffusion coeffi-
cient of d = 0.001.
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Figure 6.11: Average iteration count needed by GMRES in order to solve the implicit systems
resulting from the DIRK(2,2) method.
(Top:) Linear advection-diffusion problem with a CFL = 10.0 (the BJ precondi-
tioned system leads to divergence).
(Bottom:) Linear advection-diffusion problem with a CFL = 100.0 (the BJ pre-
conditioned system as well as the BGS preconditioned system leads to divergence).

As a conclusion of the previous examination, we remark, that if we consider a linear advection-
diffusion problem with a (potentially) non-trivial advection-velocity field (which not only flows
in one spatial direction) and if we are interested in high CFL numbers, only the multigrid pre-
conditioners yield reliable results by reducing the iteration count (as well as runtime in several
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cases) and even enhance the robustness of the outer iterative solver (as we will see in the next
section).

Therefore, we are comparing the application of a "4-LVL" multigrid preconditioner (with 3 ad-
ditional coarse grids) in a V-cycle to the not-preconditioned system. We are also interested in
how the multigrid prconditioner performs if we increase the order of the time stepping scheme
from order 1 (implicit Euler) to order 3 (DIRK(3,3)).
The DIRK(2,2) method employs 2 stages and the DIRK(3,3) method employs 3 three stages,
respectively. We compare the average stage of these methods with the ("single stage" of the)
implicit Euler method.

We are considering a 3D problem of the linear advection-diffusion problem on an adaptive
grid with 6, 896 elements (whose elements differ in the refinement level by three levels) and an
polynomial order of 2 for the approximation on each elements, resulting in 55, 168 degrees of
freedom. We choose an advective velocity field which constantly flows in each spatial direction
(~c = (1.0, 0.25, 0.25)) and a diffusion coefficient of d = 0.0001.
The adaptive mesh with the initial value function is displayed in figure 6.12.

Figure 6.12: 3D adaptive mesh consisting of 6, 896 elements. An initial sphere step function of
a linear advection-diffusion problem is shown.

In figure 6.13, we are displaying the iteration count needed by the (outer) iterative solver (FGM-
RES) in order to solve a single time step of the problem. The iteration count portrayed for the
DIRK methods is averaged over two and three stages, respectively. This hints at the complexity
of the (average) linear system which is solved at each stage of these methods in comparison to
the system resulting from the implicit Euler method.
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Figure 6.13: Iteration count of FGMRES applied to linear system applied to linear systems
arising from all considered time-stepping methods. Comparison between the non-
preconditioned systems and the application of a "4-LVL MG" preconditioner.

In 6.13 we notice that the iteration count of an average DIRK(2,2) stage is the lowest in both
cases, preconditioned as well as not-preconditioned, while the iterative solver needs the most
iterations for a time step of the implicit Euler method.

Within the DIRK methods, the whole time step is split into "smaller" time steps which are
calculated at the respective stages within the methods.
Especially, if high CFL number are chosen, this reduces the complexity of the system in contrast
to the implicit Euler method, which calculates the whole time step at once.
Although the DIRK(3,3) methods splits the time step into even more stages than the DIRK(2,2)
method, the average stage of the DIRK(3,3) method is "harder" to solve than the average stage
of the DIRK(2,2) method.

If we observe 6.14, the first thing to notice is that the DIRK(2,2) method overall leads to the
fewest runtime needed by the iterative solver (FMGRES) if a whole time step is considered, for
the preconditioned as well as for the not-preconditioned system.
We also observe that (for all time stepping methods) the preconditioned system enhances the
robustness of the solver, since the not-preconditioned system leads to an earlier divergence of the
solver. The solver diverges at the latest for a CFL ≥ 16.0 regarding the implicit Euler method
and at the latest for a CFL ≥ 32.0 regarding both DIRK methods.
However, although the multigrid preconditioner effectively reduces the iteration count 6.13, real
runtime advantages of the application of the "4-LVLMG" preconditioner occur from a CFL ≥ 4.0
onward regarding the implicit Euler method and from about a CFL ≥ 16.0 onward if one of the
DIRK methods is considered.
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Figure 6.14: The runtime (in s) needed by the iterative solver (FMGRES) in order to solve a
whole time step if different time integration methods are used (all stages accumu-
lated). Comparison between the preconditioned and not-preconditioned system.
(Top:) Implicit Euler method, (Middle:) DIRK(2,2), (Bottom:) DIRK(3,3).
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7. Conclusion and Outlook
We extended t8dg, a matrix-free discontinuous Galerkin based solver for the linear advection-
diffusion equation, by implicit time-stepping methods and block preconditioners as well as geo-
metric multigrid preconditioners. The source code originated from this thesis is found in [t8dgIS].

We performed several experiments in 1D, 2D, and 3D with block preconditioning methods, i.e.
Block-Jacobi and Block-Gauss-Seidel, as well as with different geometric multigrid precondition-
ers.
We experimented with uniform as well as adaptive meshes and different advection velocity fields
and varying diffusion coefficients.

Let us first summarize the impressions we observed regarding the block preconditioning meth-
ods. Without an explicitly given matrix A of a linear system Au = f , extracting and inverting
the preconditioning matrix becomes more costly, especially, in case of the Block-Gauss-Seidel
preconditioner.
The Block-Gauss-Seidel preconditioner (BGS) affects the linear system and the iterative solver
well in terms of the iteration count, the iterative solver needs in order to solve the linear system.
This effect appears not only in case of linear advection but also in case of additional diffusion
and if more complex advection velocity fields are considered. However, in our context, we expe-
rienced the BGS application just too expensive in terms of runtime.
The application of the Block-Jacobi preconditioner (BJ) is relatively cheap. But generally, the
impact of BJ is limited. However, in a purely advective context it does well enhancing the
iterative solver in terms of the iteration count as well as the runtime.
If the advection velocity field becomes more complex and/or diffusion is added to the system, the
performance of BJ declines, in some cases it even deteriorates the performance of the iterative
solver. Complex advection velocity fields as well as diffusion probably lead to a stronger inter-
element coupling which is not captured by the BJ preconditioner, because its preconditioning
matrix only consists of the diagonal blocks of a global system matrix.
We obtained the best performance of the block Jacobi preconditioner on uniform grids. This
results probably from the fact, that adaptive meshes introduce "larger" off-diagonal-block de-
pendencies in the global system matrix, because if for example a coarse element is bordered by
finer elements, this results in a lot more adjacent elements than on a uniform grid.

We have implemented the implicit time-stepping methods as well as the preconditioners to run
in parallel and even on more complex grids than a hypercube. The parallel framework of the
grid and data management was provided by t8code and the parallel framework of the iterative
solvers was provided by PETSc. We plan a thoroughly examination of the parallel performance
in the future. At the moment, we just performed a small test set with up to eight MPI ranks.

We considered an example on a 3D cube with 4, 096 elements of a linear advection problem
with a constant advection velocity field in one spatial dimension. As approximation we chose
polynomials of order four and a CFL number of CFL = 4.0.
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Figure 7.1: Runtimes of GMRES applied to systems arising from the implicit Euler method,
DIRK(2,2) method, and DIRK(3,3) method. These systems were solved with and
without the application of a Block-Jacobi preconditioner. The underlying mesh
corresponds to a 3D cube consisting of 4, 096 elements.

Overall, geometric multigrid preconditioners offer a great opportunity in order to enhance it-
erative solvers. In all cases the iteration count was substantially decreased. Especially, if stiff
problems and very high CFL numbers are concerned, they not only boost the performance of
the iterative solver in terms of the iteration count as well as runtime but also add robustness to
the solver and prevents (early) divergence of the iterative solver.
In several linear advection-diffusion problems, we measured runtime advantages in comparison
to the non-preconditioned linear system in 1D, 2D, and even 3D.
In cases of pure diffusion, we mainly did not observe runtime advantages in comparison to the
non-preconditioned system, but as soon as a diffusive part is added to the system, multigrid
preconditioners perform even in regards of the runtime very well.
Generally, we experienced that diffusion is well captured by the geometric multigrid precondi-
tioners. Moreover, they react relatively "insensitive" if the advection velocity field becomes more
complex.
Choosing more than one coarse mesh within the multigrid preconditioner usually augments the
performance of the preconditioner, because the calculation of the coarse grid correction becomes
substantially cheaper, the coarser the mesh becomes, while the convergence of the iterative solver
remains mainly the same.
Even for high order DG discretizations, we obtained good results from the application of the
multigrid preconditioner, due to the usage of several coarse meshes.
A V-cycle within the multigrid preconditioner offered us the best results in terms of the run-
time, although other cycle types, i.e. W-cycle and FMG-cycle, decrease the iteration count
even further than a V-cycle, but the additional traversals throughout the grid hierarchy adds
substantially to the runtime of the application.
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In summary, geometric multigrid preconditioners provide great potential in preconditioning lin-
ear advection-diffusion problems. If high diffusion coefficients are considered and the parabolic
part of the linear advection-diffusion equation predominates the system, multigrid precondition-
ers perform very well. But even in advection-dominated problems with small diffusion coeffi-
cients, we observed runtime advantages in several problems of all dimensions.

As stated before, we have implemented the time-stepping schemes as well as the preconditioners
to run in parallel and on more complex geometries. in the following we present a small parallel
examination of the multigrid preconditioner.
Therefore, we have tested a "5-LVL" multigrid preconditioner on a two dimensional circle ring
domain with 16, 384 elements. The considered linear advection-diffusion problem consisted of
a circular rotating advection velocity field and a diffusion coefficient of d = 0.0001. As ap-
proximations on each element, we chose polynomials of order four. The CFL number in this
example equals CFL = 4.0. The initial value function and the second coarse level mesh within
the multigrid preconditioner (distributed over eight MPI ranks) is shown in figure 7.2.
Currently, t8code does not implement "partition for coarsening". This means, that the grids
which are managed in parallel are not partitioned such that child elements are kept together on
one process, ergo, a family of elements may be divided onto multiple processes eventually. In
this case, the child elements cannot be coarsened to their parent element. Therefore, the coarse
meshes may not be identical in the sequential and parallel case.

Figure 7.2: (Left:) Initial value function on a circle ring domain. (Right:) Circle ring mesh
distributed over eight MPI ranks; this mesh corresponds to a second level coarse
mesh with 1024 elements within a multigrid preconditioner which is derived from an
initial mesh consisting of 16, 384 elements.

The runtimes of the iterative solver in dependency of the amount of processes is shown in figure
7.3. The runtimes include the whole setup and solution of the system of a single time step
as well as the setup and generation of the coarse grids of the multigrid preconditioner. The
iterative solver (FGMRES) was applied to systems arising from all considered time-stepping
method. The figure displays the comparison between the non-preconditioned case and the case
in which these systems were preconditioned with a "5-LVL MG" preconditioner (in a V-cycle). A
simulation of the aforementioned problem portrayed at some given points in time is found in D.1.
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Figure 7.3: Runtimes of FGMRES applied to systems arising from the implicit Euler method,
DIRK(2,2) method, and DIRK(3,3) method. These systems were solved with and
without the application of a "5-LVL MG" preconditioner. The underlying mesh
corresponds to a 2D circle ring consisting of 16, 384 elements.

Besides enhancing and examining the parallel performance of the preconditioners, there are
many possible extensions and further investigations, we may consider in the future. This ranges
from time-stepping methods to preconditioning techniques.
There are many alternative time-stepping methods which may be considered, like ESDIRK
methods or even fully implicit Runge Kutta methods.

Furthermore, there is a broad range of different preconditioners, which can be examined in this
context. DG methods naturally implement high order discretizations, therefore, p-multigrid
preconditioners offer an interesting and probably effective approach.

Apart from different time-stepping methods and preconditioners, enabling the preconditioners
to work on hybrid meshes, for example, meshes consisting of quadrilaterals and triangles, would
also be a subsequently interesting feature, which may be examined.
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8. Table of Notations
Notations that have been commonly used throughout this thesis are displayed below.

� Represents an arbitrary value, index, index set, vector, or matrix
�̇, �t Time-derivative of �
�t Transpose of �
t0 Initial point in time
T End point in time
∆t Size of the time step
~c Advection velocity field
d Diffusion coefficient
ε Square root of the diffusion coefficient
u0 Initial guess to a linear system
uinit Initial (spatial) value function
u� Approximation/Solution of a PDE (at step �)
Ω Physical domain of an underlying problem
Ωh Mesh resulting from the discretization of Ω
Q` An element within the mesh Ωh

r, r� Residual
I� Identity matrix of size R�

e� �th column or row of an identity matrix
K�,L� Krylov subspaces
V�, W� Matrices that contain basis vectors generated by the Arnoldi process/

(unsymmetric) Lanczos process
H� Upper Hessenberg matrix resulting from the Arnoldi process
T� Triangular matrix describing the recurrence of the unsymmetric Lanczos process
〈�,�〉 Canonical dot product
‖�‖ Norm of � (induced 2-Norm if not stated otherwise)

9. Table of Algorithms
4.1 Arnoldi Process
4.2 Arnoldi Process MGS
4.3 Lanczos Biorthogonalization
4.4 Conjugate Gradients
4.5 Bi-Conjugate Gradients
4.6 BiCGstab
4.7 GMRES
4.8 Restarted GMRES
5.1 Iteration of 2-Level MG
5.2 MG V-Cycle
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10. Table of Figures
1.1 AMR coarse element and SFC
2.1 Example 1D grid Ωh

2.2 Non-linear flux at element interfaces
2.3 Relation of reference element and physical element
2.4 Example distribution LGL points
5.1 Example grid and element ordering with a resulting sparsity pattern of the system matrix.
5.2 The routine of a 2-Level multigrid V-cycle
5.3 Grid hierarchy of coarse grids
5.4 Multigrid V- and W-cycle
5.5 Full multigrid V-cycle
6.1 Comparison of explicit and implicit Runge-Kutta methods
6.2 Comparison of GMRES and BiCGstab
6.3 2D multigrid coarse level hierarchy
6.4 Runtime disaggregation in multigrid subroutines
6.5 Comparison of a different amount of smoothing iterations within a MG preconditioner
6.6 2D adaptive grid with an initial circle step function
6.7 Comparison of different multigrid cycles
6.8 2D and 3D mesh with initial value functions
6.9 Preconditioners applied to a linear advection (diffusion) problem in 1D, 2D, and 3D
6.10 Preconditioners applied to a linear advection (diffusion) problem in 1D, 2D, and 3D

with a different advection velocity field
6.11 Preconditioners applied to a linear advection (diffusion) problem in 1D, 2D, and 3D

with high CFL numbers
6.12 3D adaptive mesh with an initial sphere step function
6.13 Multigrid preconditioners applied to different time-stepping methods on an adaptive 3D mesh
6.14 Runtime of the iterative solver concerning the different time-stepping methods in 3D
7.1 3D parallel application of BJ
7.2 2D parallel distributed circle ring mesh with initial value function
7.3 2D parallel application of MG on a circle ring domain
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A. Simulation Results Explicit and Implicit Runge Kutta Methods

t0 = 0.0 T = 1.0
Initial Values Exact Solution

→
Runge Kutta method order 2: Approximate Solution

CFL = 0.176
→

DIRK(2,2) method order 2: Approximate Solution

CFL = 0.176
→

Runge Kutta method order 3: Approximate Solution

CFL = 0.195
→

DIRK(3,3) method order 3: Approximate Solution

CFL = 0.176
→

Figure A.1: Comparison of explicit and implicit Runge Kutta methods. The simulation with
the explicit schemes starts to become numerically unstable at the pictured CFL, in
contrast to the implicit methods.
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B. Comparison: Runtime of Multigrid Subroutines

A cell of the table is structured as

# Iterations Overall Solving time
Smoothing time
Interpolation time
Coarse Solve time

.

-LGL w/o Pre. 4-LVL MG
1 Smooth.

4-LVL MG
2 Smooth.

4-LVL MG
3 Smooth

4-LVL MG
4 Smooth.

2 56 | 7.91

12 15.33
6.88
1.12
0.21

8 12.67
7.62
0.71
0.14

5 9.92
6.83
0.47
0.06

4 9.47
7.05
0.36
0.03

3 113 | 27.47

16 34.24
16.49
3.57
0.89

9 24.36
14.8
1.98
0.47

7 23.62
16.18
1.57
0.34

5 19.67
14.53
1.12
0.21

4 186 | 69.80

21 65.00
30.02
6.78
2.94

11 44.02
26.24
3.54
1.5

8 42.36
28.49
2.76
1.00

7 41.55
30.34
2.27
0.81

5 288 | 147.89

28 115.79
51.49
11.97
7.10

13 72.82
42.36
5.78
3.48

10 71.80
47.48
4.92
2.72

8 63.68
46.02
3.51
1.77

6 398 | 276.17

33 195.36
87.37
21.08
14.54

15 115.91
66.78
9.64
7.04

11 105.04
68.91
7.18
5.42

9 101.07
71.91
5.72
4.21

Figure B.1: Comparison of the "4-LVL MG" preconditioner with a varying amount of smoothing
iterations plotted against the order of the polynomial approximation on each ele-
ment, on a two dimensional adaptive mesh for a linear advection-diffusion problem.
The runtime is disaggregated into the multigrid subroutines.
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-d w/o Pre. 2-LVL MG 3-LVL MG 4-LVL MG 5-LVL MG 6-LVL MG

0.0 66 | 3.68

7 7.69
3.21
0.48
2.29

7 6.67
4.05
0.62
0.27

7 6.65
4.25
0.65
0.03

7 6.48
4.15
0.64
≈0.0

7 6.47
4.16
0.63
≈0.0

0.01 53 | 7.82

4 9.62
3.97
0.27
3.33

4 8.19
5.27
0.35
0.46

4 8.19
5.63
0.36
0.05

4 7.89
5.48
0.37
≈0.0

4 7.82
5.46
0.39
≈0.0

0.02 62 | 9.08

4 10.03
3.98
0.28
3.71

5 9.35
6.00
0.42
0.56

5 9.77
6.72
0.46
0.06

5 10.15
7.07
0.47
≈0.0

5 9.92
6.97
0.46
≈0.0

0.04 75 | 11.06

5 13.58
5.10
0.35
9.66

5 10.28
6.54
0.44
0.70

5 10.11
6.96
0.46
0.09

5 10.06
6.98
0.46
0.01

5 9.67
6.92
0.45
≈0.0

0.08 102 | 14.60

7 20.59
6.89
0.48
9.66

7 14.41
9.04
0.60
1.18

7 14.00
9.61
0.65
0.15

7 13.94
9.65
0.64
0.01

7 13.79
12.61
0.83
≈0.0

0.16 140 | 20.38

9 30.20
9.01
0.62
15.90

9 18.93
11.57
0.77
1.97

9 18.54
12.71
0.85
0.25

9 17.92
12.48
0.85
0.02

9 18.09
12.61
0.83
≈0.0

0.32 217 | 32.04

11 42.53
10.87
0.75
25.2

12 26.45
15.68
1.11
3.43

12 24.59
16.75
1.11
0.42

12 23.85
16.60
1.10
0.04

12 24.55
17.15
1.15
≈0.0

0.64 326 | 46.82

15 72.14
15.22
1.03
47.44

16 36.48
20.50
1.38
6.39

16 31.83
21.59
1.45
0.73

16 31.48
21.95
1.50
0.09

16 32.35
22.49
1.50
0.01

1.28 416 | 59.69

18 109.85
17.87
1.25
81.18

21 52.52
28.00
1.88
11.31

21 42.34
28.55
1.91
1.19

21 41.53
28.85
1.93
0.14

21 41.65
29.08
1.93
0.02

Figure B.2: Disaggregation of the runtime into the multigrid preconditioners’ subroutines, i.e.
Smoothing, Interpolation, solving the system on the coarse(st) grid. Mutigrid pre-
conditioners with a varying count of coarse grids are compared on an adaptive 2D
linear advection-diffusion problem.
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C. 2D Simulation on an Adaptive Mesh with a Varying CFL Number

Initial Values: Time step with CFL = 2.0:

Time step with CFL = 8.0: Time step with CFL = 32.0:

Figure C.1: Approximation of a linear advection-diffusion problem on a 2D adaptive grid with
6, 160 elements. A rotating advection velocity field and a diffusion coefficient of
d = 0.0001 was considered. The approximation corresponds to the solution of
a linear system arising from the implicit Euler method, after one time step with
different CFL numbers have been performed (higher CFL numbers correspond to
bigger time steps). At the top-left the initial value function is displayed. In the
figures top-right, bottom-left, and bottom-right the calculated approximations with
a CFL = 2.0, CFL = 8.0, and CFL = 32.0 are shown.
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D. 2D Circle Ring Simulation

Initial Values (t0 = 0.0): Simulation at T = 0.25:

Simulation at T = 0.5: Simulation at T = 1.0:

Figure D.1: Approximation of a linear advection-diffusion problem on a 2D circle ring mesh
with 16, 384 elements. A rotating advection velocity field and a diffusion coefficient
of d = 0.0001 was considered. The approximation corresponds to the solutions of
a linear systems arising from the DIRK(3,3) method at the time t0 = 0.0 (initial
values), T = 0.25, T = 0.5, and T = 1.0 (from top-left to bottom-right).
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