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ABSTRACT

A spacetime singularity is located at the center of a black hole and surrounded by an event horizon, separating spacetime into two disjunct
regions: one of them accessible to an outside observer and one that is not. At the event horizon, a logarithmic phase singularity emerges in
the mode functions of a massless scalar field, being characteristic for Hawking radiation emitted by the black hole. We demonstrate that
related features are present in the elementary quantum system of an inverted harmonic oscillator. Central to our analysis are the energy
eigenfunctions of this system and their phase space representation. At first glance, neither a horizon nor a logarithmic phase dependence are
apparent. However, both features are hidden in phase space and revealed by a suitable coordinate transformation. In particular, we show that
the Fourier transform of a logarithmic phase leads to an expression that is reminiscent of a specific quantum statistics, governing the
reflection and transmission coefficients of the inverted harmonic oscillator.

VC 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1116/5.0074429

I. INTRODUCTION

Intriguing physical phenomena manifest themselves in the
proximity of singularities. Of particular interest are singularities
induced by gravity, where spacetime itself becomes singular. In an
outstanding work,1 it has been demonstrated that a black hole, a
particular spacetime singularity, is a robust prediction of general
relativity.2 Evidence for the existence of such a supermassive object
at the center of the Milky Way has been provided by the explora-
tion3 of Sagittarius A*. Recently, gravitational wave detection has
even enabled the first observation4 of a merging binary black hole
system.

However, due to their weak nature, unobserved so far are quan-
tum effects that cause a thermal evaporation of black holes. At the
very heart of this so-called Hawking radiation5 lies a logarithmic phase
singularity that manifests itself at the event horizon encoded in the
metric of spacetime. Its origins are to be found in the hyperbolic
motion in curved spacetime.6

There are many situations when physical systems display phe-
nomena connected to black hole evaporation.7 Arguably, the most
prominent example is acceleration radiation,8 as suggested by Unruh,

which is related to Hawking radiation via the equivalence principle.
However, even two-level atoms falling into a black hole would emit
acceleration radiation which resembles, but is different from, Hawking
radiation for a distant observer. Also, here, a logarithmic phase singu-
larity appears in combination with an event horizon, resulting in a
particular form of the excitation probability of the atoms.9–11 Related
features emerge in the context of quantum chaos,12 the quantum Hall
effect,13,14 and the Riemann Zeta function.15

By now, various systems analogous to black holes have been
identified16,17 that are experimentally accessible and enable a
direct study of the phenomena noted above. They range from
the presence of a sonic horizon for sound waves,18 over the field
of optics,19 as expressed in the quantum catastrophe of slow
light,20,21 and Bose– Einstein condensates,22–24 to setups employ-
ing water waves.25,26

Insight into this plethora of physical systems can be provided by
simple models that cover the main features of the underlying effects.
In the view of Hawking radiation, such an elementary model12,13,27,28

is the inverted harmonic oscillator.29–33 We point out that the analogy
of both systems has already been studied in detail in Ref. 13. In
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contrast to this work, we take a different viewpoint and focus on a
quantum mechanical perspective that becomes most evident within a
phase space formulation. By providing an in-depth analysis of the
inverted harmonic oscillator, we concentrate on the key ingredients of
the apparent similarities in both systems. We trace them back to the
presence of horizons and a logarithmic phase singularity.

In our article, we present a detailed study of a particle exposed
to an inverted parabolic potential. By providing a short review, we
relate relevant phenomena of quantum field theory such as Hawking
radiation to this simple quantum system. Similar as the event hori-
zon of a black hole separates spacetime into two disjunct regions, the
inverted harmonic oscillator also displays horizons, which are now
located in phase space. These horizons, appearing already in the clas-
sical dynamics of a particle subject to an inverted parabolic potential,
crucially influence the corresponding quantum mechanical situation.
In fact, this feature becomes most evident in Wigner phase space,
which provides an overall and intuitive picture of the problem. By
deriving the Wigner functions of the energy eigenstates, we demon-
strate that they only live on a half plane of phase space that is isolated
by a horizon.

However, it is surprising that the position representation of the
energy eigenstates does not display such a horizon. We show that only
by choosing a particular representation, the horizons can be recovered.
In these rotated quadratures, the quantum waves are governed by a
logarithmic phase singularity in combination with an amplitude singu-
larity. We argue that the occurrence of a logarithmic phase singularity
is of central relevance in establishing a connection between this system
and the evaporation of a black hole. Indeed, the mode function of a
massless scalar field also displays a logarithmic phase singularity at the
event horizon of a black hole.

Moreover, it is the Fourier transform of this mode function that
leads to the appearance of a Bose–Einstein statistics that governs the
number of particles emitted by a black hole.27,34,35 While this is a result
of the second quantization of a scalar field, a related dependency arises
in the single particle problem of an inverted harmonic oscillator.
Indeed, the transmission and reflection coefficients of the inverted har-
monic oscillator resemble a Fermi–Dirac distribution.29,30,36 We dem-
onstrate that this dependency results from the Fourier transform of a
logarithmic phase singularity in combination with an amplitude singu-
larity that arises at a horizon in phase space.

With the help of an elementary quantum system, our analysis
thus reveals underlying effects of Hawking radiation. We hope that
our results might stimulate further research into this direction and
allow us to connect at first glance seemingly unrelated fields.

Our article is structured as follows. Section II provides a short
overview on pair production in the presence of an electric field and the
evaporation of a black hole. It serves the purpose to establish a link of
these quantum effects to the system of the inverted harmonic oscilla-
tor. In Sec. III, we concentrate on the inverted harmonic oscillator in
the classical domain. In particular, we present the emergence of hori-
zons in phase space and the origin of the logarithmic singularity. Next,
we turn to the quantum domain in Sec. IV. Here, we address the sin-
gularities present in the energy eigenfunctions of the inverted har-
monic oscillator. We establish the relation to features familiar from
Hawking radiation emitted at the event horizon of a black hole.
Especially, we show that a logarithmic phase singularity in combina-
tion with an amplitude singularity leads to a distribution that

resembles the Fermi–Dirac statistics. In Sec. V, we illustrate our results
in phase space. For this purpose, we make use of Wigner functions
corresponding to the energy eigenstates of the inverted harmonic
oscillator. Due to the presence of horizons, these functions only live on
a half plane of phase space. We conclude in Sec. VI by summarizing
our results and provide an outlook to future topics of interest.

Our analysis is supplemented by two Appendixes which contain
transformations between different basis states as employed for the
description of the inverted harmonic oscillator. In Appendix A, we
focus on the position representation of rotated quadrature states. In
Appendix B, we derive the position representation of the energy
eigenstates.

II. MODELING EFFECTS OF QUANTUM FIELD THEORY

In the following, we review two quantum field effects. In particu-
lar, we consider the pair production induced by the presence of a static
electric field and the emission of Hawking radiation at the event hori-
zon of a black hole. We focus on the singularities encoded in the mode
functions for these problems and establish a relation to the simple
quantum system of an inverted harmonic oscillator.

A. Pair production due to a static electric field

In the early days of quantum mechanics, it has already been
argued that an electric field changes the vacuum in such a way that
pairs of particles and antiparticles can be created.37,38 In order to
obtain a deeper insight into this mechanism, we relate this problem to
the system of an inverted harmonic oscillator, which is at the heart of
our article.

For the sake of simplicity, we restrict ourselves to one spatial
dimension x and follow the approach presented in Refs. 7 and 39 for
the case of a scalar field W. In the presence of a constant electric field
E , the Klein–Gordon equation takes the form

1
c
@

@t
� i

qE
�hc

x

� �2

� @2

@x2

" #
W ¼ � mc

�h

� �2

W; (1)

where m and q are the mass and charge, respectively, c is the speed of
light, and �h denotes the reduced Planck constant.

Next, due to the stationary nature of the electric field E , we
identify solutions of Eq. (1) by separating the dependence of
W ¼ Wðt; xÞ with regard to time t and position x. For a mode
WXðt; xÞ ¼ expð�iXtÞfXðxÞ of frequency X, the mode function
fXðxÞ then satisfies the equation

� �h2

2m
@2

@x2
� 1
2
mx2 x � x0ð Þ2

� �
fXðxÞ ¼ �hxefXðxÞ (2)

resulting from Eq. (1). Here, we have introduced the parameters
x � qE =ðmcÞ; x0 ¼ ��hX=ðqE Þ, and e ¼ �mc2=ð2�hxÞ.

It is intriguing to ascertain that Eq. (2) actually corresponds to
the stationary Schr€odinger equation of a quantum particle of mass m.
This particle is exposed to a one-dimensional inverted harmonic oscil-
lator of steepness x which is centered at the coordinate x0. As a conse-
quence, the mode function fXðxÞ coincides with the eigenfunction of
energy �hxe of an inverted harmonic oscillator.

In the succeeding Secs. III and IV, we demonstrate that the
behavior of these eigenfunctions is governed by horizons in phase
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space at which a logarithmic phase singularity occurs. For this reason,
we anticipate that a better understanding of an inverted harmonic
oscillator might lead to a deeper insight into the pair creation in the
presence of a strong electric field.

B. Hawking radiation

In the following, we show that not only the pair creation mecha-
nism but also the evaporation of a black hole displays analogies to the
inverted harmonic oscillator. For this purpose, we consider a scalar
quantum field withmassless quanta in the presence of the gravitational
field of a static, uncharged, and homogeneous black hole of mass M.
For further details, we refer to Refs. 7 and 13.

The modes of the scalar field w can be obtained by solving the
covariant Klein–Gordon equation

1ffiffiffiffiffiffi�gp @lg
l� ffiffiffiffiffiffi�gp

@�w ¼ 0; (3)

where g ¼ detðgl�Þ denotes the determinant of the metric tensor gl� .
We analyze the field in the Schwarzschild space, that is for the

radius r > rs, where the Schwarzschild radius rs ¼ 2GM=c2 deter-
mines the event horizon of the black hole in terms of the gravitational
constant G and the speed of light c. In this domain, spacetime is gov-
erned by the Schwarzschild metric with the line element

gl�dx
ldx� ¼ �c2 1� rs

r

� �
dt2 þ 1

1� rs
r

dr2 þ r2dX2
s : (4)

Here, dX2
s ¼ dh2 þ sin2hd/2 denotes the square of the differential for

the solid angle Xs as determined by the polar angle h and the azi-
muthal angle / in spherical coordinates.

Next, we introduce the Regge–Wheeler tortoise coordinate

r� ¼ r þ rs ln 1� r
rs

���� ���� (5)

with

dr�

dr
¼ 1

1� rs
r

(6)

such that the line element in Eq. (4) simplifies to

gl�dx
ldx� ¼ 1� rs

r

� �
ð�c2dt2 þ dr�2Þ þ r2dX2

s : (7)

By making use of the determinant g ¼ �1=ðr4 sin2hÞ of the met-
ric tensor gl� , we recast the Klein–Gordon equation (3) as7

1
r � rs

� 1
c2
@2

@t2
þ @2

@r�2
þ 1� rs

r

� �
rs
r3
� L̂

2

�h2r2

 !" #
rw ¼ 0; (8)

where we have introduced the angular momentum operator L̂.
For spherical symmetric waves with angular momentum quan-

tum number l¼ 0, we arrive at

� 1
c2
@2

@t2
þ @2

@r�2

� �
rw0 ¼ 0 (9)

for r � rs, where the last term in Eq. (8) can be neglected.

The separation of variables w0ðt; rÞ ¼ qðtÞR0ðrÞ in Eq. (9) then
yields the relation

1
c2
@2t qðtÞ
qðtÞ ¼

@2r� rR0ðrÞ½ �
rR0ðrÞ

: (10)

Thus, in the temporal domain, we obtain the oscillator equation

@2

@t2
þ X2

� �
qðtÞ ¼ 0 (11)

for the function q(t), and in radial direction, we arrive at

@2

@r�2
þ k2

� �
rR0ðrÞ ¼ 0 (12)

for R0ðrÞ with k ¼ X=c.
The radial equation (12) then determines the mode functions

R6
0;kðrÞ ¼

e6ikr�

r
¼ 1

r
e6ik rþrs ln j1� r

rs
jð Þ; (13)

which display a logarithmic phase singularity at the event horizon
located at r ¼ rs. Here, we have made use of the relation between the
tortoise coordinate r� and the radial coordinate r presented in Eq. (5).
In addition, the occupation of a mode relies on the quantization of the
time-dependent Eq. (11), leading to the appearance of the creation
and annihilation operators that are familiar from the harmonic
oscillator.

The logarithmic singularity in Eq. (13) plays a crucial role in the
case of a two-level atom falling into a black hole and emitting accelera-
tion radiation.10 There it has been shown that it is the Fourier trans-
form of the logarithmic phase that determines the excitation
probability such that it follows a Bose–Einstein distribution.

In the case of Hawking radiation,5 the pair creation at the event
horizon of a black hole is described in terms of a scattering problem
for ingoing and outgoing waves. However, it is the Fourier transform
of the logarithmic phase in the mode functions that determines the
number of particles emitted in a mode of frequency X as

f ðXÞ ¼ 1

e2pX=j � 1
(14)

times the number of particles that would have been absorbed. Here, j
denotes the surface gravity of the black hole. Clearly, Eq. (14) corre-
sponds to a Bose–Einstein statistics.

To conclude, the relationship of the pair creation mechanism
and the evaporation of a black hole to the system of the inverted har-
monic oscillator might reveal a deeper insight into both phenomena.
In the following, we demonstrate this relationship with the help of a
detailed analysis of the inverted harmonic oscillator.

III. CLASSICAL FEATURES OF THE INVERTED
HARMONIC OSCILLATOR

As counterpart of the harmonic oscillator, the inverted harmonic
oscillator13,29–33 has found great application in modeling systems that
display a point of instability. For instance, it has been applied in the
context of nuclear fission40,41 or to explore dissipative quantum sys-
tems with a potential barrier.42 Yet, many interesting features have not
been analyzed to the same extent as those emerging in the harmonic
oscillator.
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In the following, we focus on the dynamics of a classical particle
in the presence of an inverted harmonic oscillator potential. We iden-
tify horizons in phase space in combination with a logarithmic singu-
larity. Our findings provide the basis for the analysis of the
corresponding quantum effects.

A. Emergence of the horizons in phase space

A classical particle of mass m exposed to the parabolic potential
VðxÞ � �ð1=2Þmx2x2 is described by the Hamiltonian

Hðx; pÞ ¼ p2

2m
� 1
2
mx2x2 (15)

characterizing an inverted harmonic oscillator of steepness x, as
depicted in Fig. 1(a). Here, p denotes the momentum and x is the
position.

Accordingly, the dynamics of the particle is governed by the
Hamilton equations of motion

_x ¼ @H
@p
¼ p

m
; (16)

_p ¼ � @H
@x
¼ mx2x; (17)

whose solution gives raise to the classical phase space trajectories

xclðtÞ ¼ x0 coshðxtÞ þ p0
mx

sinhðxtÞ; (18)

pclðtÞ ¼ mxx0 sinhðxtÞ þ p0 coshðxtÞ; (19)

with x0 and p0 being the initial position and momentum at time t¼ 0,
respectively.

Since the Hamiltonian H(x, p), Eq. (15), is time-independent,
each phase space trajectory is associated with a particular energy
E ¼ Hðx0; p0Þ as determined by the initial condition for the respective
motion. Due to the quadratic dependence on x and p, the Hamiltonian
H(x, p) is invariant31 under the transformations (i) p!�p and
(ii) x !�x. Hence, there are two distinct motions corresponding to
the same value of the energy E, which however differ by the incoming
direction of the particles as shown in Fig. 1. For negative energies
E< 0 (red and orange), the particle is reflected at the potential barrier,
while for positive energies E> 0 (blue and green), the particle is
transmitted.

In Fig. 1(b), we present the corresponding dynamics in phase
space by the hyperbolas fxclðtÞ; pclðtÞg for different initial conditions
x0 and p0 according to Eqs. (18) and (19). For each trajectory associ-
ated with an incoming particle from the left of energy E< 0 (red) and
E> 0 (blue), there is an equivalent trajectory for an incoming particle
from the right with energy E< 0 (orange) and E> 0 (green), respec-
tively. For negative energies E< 0, the motion of the particle is
restricted to the domain x< 0 (incoming from the left) or x> 0
(incoming from the right). For positive energies E> 0, its motion is
instead restricted to the domain p> 0 (incoming from the left) and
p< 0 (incoming from the right).

In order to characterize these different domains in phase space,
we introduce the coordinates

n �
ffiffiffiffiffiffiffiffi
mx
2�h

r
x � p

mx

� �
(20)

and

g �
ffiffiffiffiffiffiffiffi
mx
2�h

r
x þ p

mx

� �
; (21)

FIG. 1. The inverted harmonic oscillator illustrated in (a) position-energy and (b)
phase space. For each energy E there exist two trajectories corresponding to an
incoming particle from the left or right, respectively. (a) A classical particle with neg-
ative energy E< 0 (red and orange lines) is reflected at the potential barrier. On
the contrary, a particle with positive energy E> 0 (blue and green lines) is
able to surpass it. (b) The corresponding phase space trajectories fxclðtÞ; pclðtÞg,
Eqs. (18) and (19), with the arrow indicating the direction of forward propagation in
time t. Two distinct trajectories corresponding to the same energy E are separated
by the two horizons n ¼ 0 and g ¼ 0, depicted along the diagonals, which divide
phase space into four disjunct regions. On the half plane n < 0, the phase space
trajectories (blue and red) describe the motion of a particle that approaches
the potential barrier from the left, while for n > 0 the phase space trajectories
(green and orange) correspond to an incoming particle from the right. In the domain
ng < 0 the trajectories (blue and green) belong to a particle with positive energy
E> 0, while in the domain ng > 0, the trajectories (red and orange) correspond to
a particle with negative energy E< 0. A particle with energy E¼ 0 travels along
the horizons n ¼ 0 or g ¼ 0, as indicated by the black arrows.
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where we have made use of the Planck constant �h to arrive at dimen-
sionless quantities. Consequently, with Eqs. (20) and (21), the
HamiltonianH(x, p), Eq. (15), can be expressed in the form

H ¼ � �hx
2

ngþ gnð Þ; (22)

which is invariant under the exchange of the coordinates n and g.
Here, we have maintained the specific order in which these coordi-
nates enter.

Next, we focus on the separatrices n ¼ 0 and g ¼ 0, depicted by
the black diagonal lines in Fig. 1(b), which divide phase space into
four disjunct regions. Analogous to an event horizon of a black hole
that leads to a causal separation of different regions in spacetime, the
lines n¼ 0 and g¼ 0 restrict the accessible regions in phase space. For
this reason, we refer to them as horizons in phase space.

B. Origin of the logarithmic singularity

We are now in the position to reveal the intimate relation
between the inverted harmonic oscillator and the logarithmic depen-
dence that is characteristic for this system.

For this purpose, we recall the Hamilton equations of motion
given by Eqs. (16) and (17). In the coordinates n and g, they read

_n ¼ 1
�h
@H
@g

; (23)

_g ¼ � 1
�h
@H
@n

: (24)

By inserting the Hamiltonian H, Eq. (22), of the inverted har-
monic oscillator, Eqs. (23) and (24) reduce to the logarithmic
derivatives

_n
n
¼ �x; (25)

_g
g
¼ x: (26)

As solution of Eqs. (25) and (26), the classical phase space trajec-
tory in the coordinates n and g takes the simple form

nclðtÞ ¼ n0 exp ð�xtÞ; (27)

gclðtÞ ¼ g0 exp ðxtÞ; (28)

where the initial values n0 and g0 are assumed at time t¼ 0. We note
that Eqs. (27) and (28) agree with the expressions for the classical
phase space trajectories presented in Eqs. (18) and (19) with regard to
position x and momentum p, as could be shown by using Eqs. (20)
and (21).

In Fig. 2, we depict the phase space trajectories for particles with
different initial conditions n0 and g0. In agreement with Eqs. (27) and
(28), we observe that the motion of a classical particle in the inverted
harmonic oscillator can be obtained by dilations of the phase space
coordinates n and g. While the coordinate n0 is scaled by exp ð�xtÞ,
the coordinate g0 experiences a scaling with regard to the reciprocal
factor exp ðxtÞ yielding the phase space coordinates of the particle at a
later time t.

As a consequence, for any time t, each classical trajectory is
restricted to a particular quadrant of phase space that is determined by

the sign of the initial values n0 and g0. According to Eq. (22), these
phase space trajectories are associated with the energy E ¼ ��hxn0g0.
Consequently, a particle located initially on the horizon n0 ¼ 0 or
g0 ¼ 0 travels along the respective horizon with a vanishing energy
E¼ 0.

First, we focus on particles that travel forward in time and share
the same initial value n0 > 0 at time t¼ 0, as displayed in Fig. 2(a).
According to Eq. (25), it then takes the time

t ¼ 1
x
In

n0
n1

� �
(29)

to reach the coordinate n1. Consequently, at this time, all particles with
initial coordinate n0 reach the same n-coordinate n1, as evident from

FIG. 2. Phase space trajectories demonstrating (a) the forward and (b) the back-
ward propagation in time for a classical particle in the inverted harmonic oscillator.
The horizons, depicted by the black diagonals, separate trajectories associated with
negative energy E< 0 (orange) and positive energy E> 0 (green and blue).
(a) The initial conditions are chosen such that all particles have the same value
n0 > 0 at time t¼ 0. At later times t¼ 1/2 and t¼ 1, these particles all share the
same n-coordinate n1 and n2, respectively, as evident from Eq. (27). Accordingly, in
the limit t !1 all of them approach the horizon n ¼ 0. (b) The initial conditions
are chosen such that all particles have the same value g0 > 0 at time t¼ 0. For
earlier times t ¼ �1=2 and t ¼ �1 they share the same g-coordinate g1 and g2,
respectively, as evident from Eq. (28). Accordingly, in the limit t ! �1 all of them
approach the horizon g ¼ 0.
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Fig. 1. Moreover, due to the logarithmic dependence in Eq. (29), these
particles never reach the horizon n¼ 0 in a finite amount of time.31

Next, we turn to particles traveling backwards in time with an
identical value g0 > 0 at time t¼ 0, as depicted in Fig. 2(b). Here, it
takes the time

t ¼ � 1
x
In

g0
g1

� �
(30)

for all particles to reach the g-coordinate g1 according to Eq. (28).
Thus, the horizon g¼ 0 cannot be reached within a finite duration.

This behavior is a consequence of the fact that time reversal
leads to a reflection of the momentum p!�p which, according to
Eqs. (20) and (21), corresponds to the exchange n$ g of the phase
space coordinates n and g. Indeed, the reflection p!�p establishes
the connection between the phase space trajectories displayed in
Figs. 2(a) and 2(b).

In conclusion, we emphasize three important properties of the
inverted harmonic oscillator: (i) the dynamics of a classical particle in
the inverted harmonic oscillator can be obtained by dilations of the
phase space coordinates n and g. Here, the scale factor is governed by
the time t. For one of these phase space coordinates, the scale factor is
the reciprocal of the other one. (ii) The horizons n¼ 0 and g¼ 0 sepa-
rate different domains in phase space which distinguish overall aspects
of a particular motion. In particular, these are the direction of the
incoming particle, as expressed by the initial momentum p< 0 and
p> 0, and the behavior at the potential barrier, as determined by the
energy E< 0 and E> 0. Indeed, the horizons of an inverted harmonic
oscillator, separating disjunct regions of phase space, remind of the
event horizon of a black hole that cuts apart different domains of
spacetime. (iii) The emergence of the logarithmic singularity in time,
as presented in Eqs. (29) and (30), is a characteristic feature that occurs
at the horizons in phase space of an inverted harmonic oscillator.
Analogously, at the event horizon of a black hole, a logarithmic singu-
larity also occurs in the mode functions of emitted Hawking radiation
as shown in Sec. II.

IV. QUANTUM FEATURES OF THE INVERTED
HARMONIC OSCILLATOR

In Sec. III, we have demonstrated that already a classical inverted
harmonic oscillator points to several features that are familiar from
Hawking radiation. The relationship between Hawking radiation and
the inverted harmonic oscillator becomes even more evident when we
turn to the quantum domain. Due the quadratic dependence of this
particular potential, the classical and quantum dynamical equations of
motion in the inverted harmonic oscillator are closely related to each
other. However, the energy eigenstates as particular quantum states
are the key to a deeper understanding of the logarithmic singularity.

In the following, we first introduce the relevant operators and
quantum states that are required for our analysis. Next, we focus on
the form of the energy eigenstates of the inverted harmonic oscillator,
displaying a horizon in combination with a logarithmic phase singu-
larity when represented in a suitable basis. As a consequence of the
Fourier transform of a logarithmic phase, we then demonstrate the
emergence of a functional dependence that resembles the Fermi–Dirac
statistics.

As shown in Sec. II, a horizon, a logarithmic phase, and a Fourier
transform of the mode function also play a crucial role in the context

of Hawking radiation. Here, they lead to the appearance of a
Bose–Einstein statistics. For this reason, these three ingredients estab-
lish a close relationship between the evaporation of a black hole and
an inverted harmonic oscillator. However, in case of the inverted har-
monic oscillator, the corresponding energy eigenstates do not display a
horizon nor a logarithmic phase singularity in position representation.
Indeed, only remnants of these features remain visible and appear, for
instance, in the asymptotic expansion of the corresponding wave func-
tion. In the present section, we reveal these secrets of the energy eigen-
states of the inverted harmonic oscillator.

A. Relevant operators and quantum states

We start our analysis by considering the Hamiltonian

Ĥ ¼ p̂2

2m
� 1
2
mx2x̂2 (31)

for a quantum particle of mass m subject to an inverted harmonic
oscillator of steepness x as resulting from Eq. (15). Here, the position
x̂ and the momentum operator p̂ are subject to the familiar commuta-
tion relation

x̂; p̂
� 	

¼ i�h: (32)

In order to reflect the phase space structure presented in
Fig. 1(b), we introduce the operators29,31

n̂ �
ffiffiffiffiffiffiffiffi
mx
2�h

r
x̂ � p̂

mx

� �
(33)

and

ĝ �
ffiffiffiffiffiffiffiffi
mx
2�h

r
x̂ þ p̂

mx

� �
(34)

in analogy to Eqs. (20) and (21).
Although n̂ and ĝ are Hermitian operators, their form reminds

of the annihilation and creation operator of the harmonic oscillator as
obtained up to an overall phase for an imaginary value of x.
Moreover, these operators satisfy the commutation relation

n̂; ĝ
� 	

¼ i; (35)

according to Eqs. (32)–(34). Thus, besides a rescaling, the operators n̂
and ĝ reflect a canonical transformation of the position x̂ and the
momentum operator p̂.

Based on the Hermitian operators n̂, Eq. (33), and ĝ, Eq. (34), we
define the states jni and jgi via the eigenvalue equations

n̂jni ¼ njni (36)

and

ĝjgi ¼ gjgi; (37)

with the real-valued eigenvalues n and g, respectively.
Due to the commutation relation Eq. (35), the states jni and jgi

are related by the Fourier transform

hnjgi ¼ 1ffiffiffiffiffi
2p
p exp ingð Þ: (38)
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These particular basis states define the representation that is used
in our subsequent analysis.43

With the help of Eqs. (33)–(35), the Hamiltonian Ĥ , Eq. (31),
can then be cast into the form

Ĥ ¼ � �hx
2

n̂ ĝ þ ĝ n̂

 �

(39)

in agreement with Eq. (22). We point out the invariance of the
Hamiltonian Ĥ under the exchange of the operators n̂ and ĝ.
Moreover, we note that Ĥ corresponds to the Hermitian form of the
Berry–Keating Hamiltonian.15

Consequently, the energy eigenstates jei of the inverted harmonic
oscillator are defined as solutions of the eigenvalue equation

Ĥ jei ¼ �hxejei (40)

for the Hermitian Hamiltonian Ĥ , Eq. (39), with real-valued dimen-
sionless energy e. We note that, more generally, eigenstates of the
unbounded Hamiltonian Ĥ with complex eigenvalues can also be
constructed.44,45

B. The energy eigenstates and the logarithmic phase
singularity

We are now in the position to determine the energy eigenstates
jei of the inverted harmonic oscillator by considering their projection
onto the states jni, Eq. (36), and jgi, Eq. (37). With the help of
Eqs. (35) and (39), the eigenvalue equation (40) in n-representation
takes the form

n
d
dn
hnjei ¼ � 1

2
� ie

� �
hnjei: (41)

Analogously, the eigenvalue equation (40) in g-representation
reads

g
d
dg
hgjei ¼ � 1

2
þ ie

� �
hgjei: (42)

We emphasize that the factor �1=2 in Eqs. (41) and (42) results
from the non-commutativity of the operators n̂ and ĝ, as presented in
Eq. (35). In addition, due to the invariance of the Hamiltonian Ĥ ,
Eq. (39), under the exchange n̂ $ ĝ, both the n- and g-representation
lead to the almost identical form of the differential equations (41) and
(42). However, they differ by the sign in front of the eigenvalue e.

Furthermore, we point out the non-analytic behavior of hnjei at
n ¼ 0 due to the right-hand side of Eq. (41), and similarly of hgjei at
g ¼ 0 in Eq. (42). Indeed, this is due to a branch point that occurs
at the horizons in phase space. As a consequence, there exist two linear
independent solutions to each of these equations.

In agreement with Ref. 29, every energy eigenstate jei can then be
expressed as a linear combination

jei ¼ aþðeÞjWþe i þ a�ðeÞjW�e i (43)

of two orthogonal energy eigenstates jW6
e i with coefficients

a6ðeÞ. We define these particular states by their n-representation
W6

e ðnÞ � hnjW6
e i, where

W6
e ðnÞ ¼

1ffiffiffiffiffiffiffiffiffiffi
2pjnj

p exp �ie ln jnjð ÞH 6nð Þ (44)

is a solution of Eq. (41). Here, we have introduced the Heaviside step
function

HðxÞ � 1; x � 0;
0; x < 0:

�
(45)

The particular set of eigenstates jW6
e i of the Hamiltonian Ĥ ,

Eq. (39), with energy e is characterized by the fact that the n-represen-
tation W6

e ðnÞ, Eq. (44), vanishes for (þ) negative and (�) positive val-
ues of n, as demonstrated in Fig. 3. There we depict in red the real and
imaginary part of the two orthogonal energy eigenstates (a) Wþe ðnÞ
and (b) W�e ðnÞ of the inverted harmonic oscillator as a function of the
coordinate n.

We clearly observe the horizon at n¼ 0 which separates the non-
vanishing part of the wave function from the zero solution. When
approaching the horizon n ¼ 0 from the direction n > 0 (þ) and
n < 0 (�), both the amplitude and the phase of W6

e ðnÞ diverge and
result in an increasing radius, presented by the orange envelope, and a
faster winding of the spiral. In addition, we point out that the dimen-
sionless energy e only enters as magnitude of the logarithmic phase
�e ln jnj of the energy eigenfunctions W6

e ðnÞ, while the amplitude is
independent of e.

Alternatively, every energy eigenstate jei can be expressed as a
superposition

jei ¼ bþðeÞjUþe i þ b�ðeÞjU�e i (46)

of the two orthogonal energy eigenstates jU6
e i with coefficients b6ðeÞ.

We define these states by their g-representation U6
e ðgÞ � hgjU6

e i,
where

U6
e ðgÞ ¼

1ffiffiffiffiffiffiffiffiffiffi
2pjgj

p exp ie ln jgjð ÞH 6gð Þ (47)

is a solution of Eq. (42) with the Heaviside step function H as defined
by Eq. (45). Consequently, the eigenstates jU6

e i are characterized by
the fact that their g-representation vanishes for negative or positive
values of g, as facilitated by the non-analytic behavior at g ¼ 0 in
Eq. (42).

Each set of energy eigenstates forms a complete basis with the
completeness relations

FIG. 3. Energy eigenfunctions W6
e ðnÞ, Eq. (44), of the inverted harmonic oscillator

for the dimensionless energy e ¼ 5. The wave functions (a) Wþe ðnÞ and (b)
W�e ðnÞ vanish for n < 0 and n > 0, respectively. When approaching the horizon
n ¼ 0 from the opposite direction, the amplitude of the wave function increases
independently of e, as shown by the orange envelope and the enlarged radius of
the spiral. The logarithmic dependence of the phase on n instead results in a faster
winding close to the horizon as governed by the dimensionless energy e.
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1 ¼
ð1
�1

de jWþe ihWþe j þ jW�e ihW�e j

 �

(48)

and

1 ¼
ð1
�1

de jUþe ihUþe j þ jU�e ihU�e j

 �

; (49)

where 1 denotes the identity.
Moreover, as evident from Eqs. (44) and (47), the energy eigen-

states are normalized according to the conditionsð1
�1

dn Ws
eðnÞ

� 	�
Ws0

e0 ðnÞ ¼ ds;s0dðe� e0Þ (50)

and ð1
�1

dg Us
eðgÞ

� 	�
Us0

e0 ðgÞ ¼ ds;s0dðe� e0Þ; (51)

with the indices s; s0 ¼ 6 labeling the two degenerate solutions. Here,
ds;s0 denotes the Kronecker delta and dðe� e0Þ is the Dirac delta func-
tion. In this regard, the functions W6

e ðnÞ and U6
e ðgÞ are not square-

integrable.
Despite the seemingly similar form of the solutions W6

e ðnÞ,
Eq. (44), and U6

e ðgÞ, Eq. (47), we emphasize that each of them corre-
sponds to a different eigenstate jW6

e i and jU6
e i of the Hamiltonian Ĥ ,

Eq. (39), with dimensionless energy e.
In summary, the inverted harmonic oscillator displays the follow-

ing characteristic features: (i) it has a continuous spectrum and a two-
fold degeneracy with regard to the energy e, as expressed by the
orthogonal solutionsW6

e ðnÞ, Eq. (44), or U6
e ðgÞ, Eq. (47), respectively.

(ii) As a consequence of the Heaviside step function defined by
Eq. (45), the solutions W6

e ðnÞ and U6
e ðgÞ only possess non-vanishing

contributions in a half-plane of phase space with regard to the n- and
g-domain, respectively. This feature is reminiscent of the event horizon
of a black hole in spacetime. However, here two horizons emerge in
phase space. (iii) For e 6¼ 0, the energy eigenstates display both a phase
singularity and an amplitude singularity at the horizons n ¼ 0 and
g ¼ 0, respectively. While the logarithmic phase singularity is reminis-
cent of the logarithmic singularity in the mode function of a quantized
bosonic field at the event horizon of a black hole,5 an additional ampli-
tude singularity induced by the reciprocal square-root dependency
arises in the system of the inverted harmonic oscillator.

C. The Fourier transform and the Fermi–Dirac statistics

In the context of a black hole, it is the Fourier transform of a
mode function with a logarithmic phase singularity that determines
the number of particles emitted by Hawking radiation in this mode.5

For a massless scalar field of integer spin, this number follows a
Bose–Einstein statistics that is governed by the ratio of the frequency
of the wave and the surface gravity of the black hole as presented in
Sec. II. We now demonstrate that a related feature is present in the
simple model of an inverted harmonic oscillator. Also, here, a
Fourier transform of a logarithmic phase singularity is of crucial
relevance.

In order to illustrate this fact, we consider the g-representation

hgjWþe i ¼
ð1
�1

dn hgjnihnjWþe i (52)

of the energy eigenstate jWþe i, where we have inserted the identity
with regard to the basis states jni for n 2 R, Eq. (36), on the right-
hand side.

By making use of Eq. (38), we express Eq. (52) as the Fourier
transform

hgjWþe i ¼
1
2p

ð1
0
dn

exp �ie ln jnjð Þffiffiffi
n
p exp �ingð Þ (53)

of the energy eigenfunction Wþe ðnÞ, Eq. (44), displaying a logarithmic
phase singularity at n! 0þ in combination with an amplitude singu-
larity induced by the reciprocal square root.

Due to the particular form of the energy eigenfunction Wþe ðnÞ,
Eq. (53) corresponds not only to the Fourier transform of
jnj�1=2�ieHðnÞ but also to the Mellin transform of the plane wave
exp ð�ingÞ. As such, Eq. (53) indeed constitutes an example of the
quantumMellin transform.46 In addition, we point out that it also rep-
resents a fractional Weyl integral.47 This interesting link between the
inverted harmonic oscillator with its horizons in phase space and the
field of fractional calculus requires further exploration.

Next, we evaluate the integral in Eq. (53) and arrive at the
expression

hgjWþe i ¼
C

1
2
� ie

� �
ffiffiffiffiffi
2p
p e�

ip
4�pe

2 Uþe ðgÞ þ e
ip
4þpe

2 U�e ðgÞ
h i

; (54)

where C denotes the gamma function. Accordingly, the state

jWþe i ¼ SþðeÞjUþe i þ S�ðeÞjU�e i (55)

can be expressed as a superposition of the energy eigenstates jU6
e i,

whose g-representation is given by Eq. (47), where we have introduced
the coefficients

S6ðeÞ �
C

1
2
� ie

� �
ffiffiffiffiffi
2p
p exp 7

ip
4
þ pe

2

� �� �
: (56)

Analogously, we obtain the decomposition

jW�e i ¼ S�ðeÞjUþe i þ SþðeÞjU�e i (57)

for the energy eigenstate jW�e i, whose n-representation is given by
Eq. (44).

The coefficients S6ðeÞ, Eq. (56), constitute the elements of the
unitary scattering matrix

SðeÞ �
SþðeÞ S�ðeÞ
S�ðeÞ SþðeÞ

 !
; (58)

which establishes the relation

bðeÞ ¼ SðeÞaðeÞ (59)

for the vectors aðeÞ � ½aþðeÞ; a�ðeÞ�T and bðeÞ � ½bþðeÞ; b�ðeÞ�T in
Eqs. (43) and (46), as evident from Eqs. (55) and (57). We point out
that the S-matrix SðeÞ, Eq. (58), has already been related to scattering
off a black hole.27,34

Next, we turn to the probability density

jhgjWþe ij
2 ¼ jSþðeÞj2jhgjUþe ij

2 þ jS�ðeÞj2jhgjU�e ij
2 (60)

AVS Quantum Science ARTICLE scitation.org/journal/aqs

AVS Quantum Sci. 4, 024402 (2022); doi: 10.1116/5.0074429 4, 024402-8

VC Author(s) 2022

https://scitation.org/journal/aqs


in g-representation by making use of the orthogonality of the states
jU6

e i, Eq. (51).
By applying the relation

C
1
2
� ie

� �
C

1
2
þ ie

� �
¼ p

coshðpeÞ (61)

for the gamma function, we identify the weights

jS6ðeÞj2 ¼
1

1þ e62pe
(62)

being displayed in Fig. 4.
Finally, we make use of Eqs. (47) and (62) in order to recast

Eq. (60) in the form

jhgjWþe ij
2 ¼ 1

2pjgj
HðgÞ

1þ e2pe
þ Hð�gÞ
1þ e�2pe

� �
; (63)

determining the absolute value squared for the overlap of the state jgi
and the energy eigenstate jWþe i.

It is a fascinating coincidence that the weights jS6ðeÞj2, Eq. (62),
actually resemble the Fermi–Dirac distribution48 as governed by the
dimensionless energy 6e. In contrast to thermodynamics where the
characteristic energy of the system is given by the product kBT of the
Boltzmann constant kB and the temperature T, it is the product hx of
the Planck constant h and the steepness x divided by 4p2, which
defines the energy scale of the inverted harmonic oscillator as evident
from Eqs. (40) and (63).

We now summarize the main properties of the weights jS6ðeÞj2
as defined by Eq. (62). First, we identify the relation

jSþðeÞj2 þ jS�ðeÞj2 ¼ 1; (64)

which is valid for any value of e, as evident from Fig. 4, and expected
for the two coefficients in the decomposition of the state jWþe i,
Eq. (55), due to normalization.

Second, in the classical case of the inverted harmonic oscillator,
the particles move along the horizons in phase space for a vanishing

energy E¼ 0 as shown in Fig. 1. In the quantum mechanical case, it is
instead the vanishing energy e ¼ 0 of the energy eigenstate jWþe i that
leads to equal weights jSþð0Þj2 ¼ jS�ð0Þj2 ¼ 1=2.

Third, as depicted in Fig. 4, we obtain the weights jS6ðeÞj2 ! 1
for the energy e! 71, respectively. Accordingly, for e!1, the
main contribution to the state jWþe i originates from the state jU�e i. At
first, this seems to be a counter-intuitive result. Indeed, for any value
of e, there are different horizons in phase space associated with the
states jWþe i and jU�e i, as shown by Eqs. (44) and (47), respectively.
We will resolve this issue in Sec. V.

Finally, we point out that the probabilities jS6ðeÞj2 in Eq. (62)
define the transmission TðeÞ � jS�ðeÞj2 and reflection coefficient
RðeÞ � jSþðeÞj2 of the inverted harmonic oscillator,30,31,36,41 in agree-
ment with the scattering matrix given by Eq. (58). Consequently, the
state jU�e i corresponds to the transmitted part of jWþe i, while jUþe i
describes the reflected one. The higher the energy eigenvalue e of the
eigenstate state jWþe i, the higher the probability TðeÞ of the quantum
particle to be transmitted. At the same time, the probability RðeÞ of
reflection decreases.

In summary, analog to the number of particles for Hawking radi-
ation emitted by black holes, the transmission and reflection coeffi-
cient of the inverted harmonic oscillator resemble a particular
quantum statistics. This feature is a consequence of the Fourier trans-
form of a logarithmic phase singularity that is contained in the func-
tion W6

e ðnÞ, Eq. (44). However, the additional amplitude singularity,
induced by the reciprocal square root, leads to the emergence of the
Fermi–Dirac instead of the Bose–Einstein statistics.5,13

D. The horizons and singularities are hidden
in position representation

In Secs. IVB and IVC, we have uncovered the horizons and the
logarithmic phase singularity intrinsic to the inverted harmonic oscilla-
tor by analyzing the states jW6

e i and jU6
e i in n- and g-representation,

respectively. We have presented the appearance of a functional depen-
dence that resembles the Fermi–Dirac statistics which connects these
two representations of the energy eigenstates. However, as demonstrated
in the following, these interesting features familiar from the context of
Hawking radiation remain hidden in position representation.

For this purpose, we consider the position representation
w6

e ðxÞ� hxjW6
e i and/6

e ðxÞ�hxjU6
e i of the energy eigenstates jW6

e i,
Eq. (44), and jU6

e i, Eq. (47). Here, jxi denotes the eigenstate of the
position operator x̂ with eigenvalue x.

As derived in Appendix B, these wave functions take the form

w6
e ðxÞ ¼ N �ðeÞD�1

2þie 6ei3p=4
ffiffiffiffiffiffiffiffiffiffi
2mx

�h

r
x

 !
(65)

and

/6
e ðxÞ ¼ N þðeÞD�1

2�ie 6e�i3p=4
ffiffiffiffiffiffiffiffiffiffi
2mx

�h

r
x

 !
: (66)

Here, D�1=26ie denotes the parabolic cylinder function
49 and the nor-

malization constant

N 6ðeÞ �
C

1
2

6ie

� �
ffiffiffi
2
p

p

mx
2�h

� �1=4

eep=4 (67)

FIG. 4. The transmission jS�ðeÞj2 and reflection coefficient jSþðeÞj2 of the inverted
harmonic oscillator resemble a Fermi–Dirac distribution, shown as a function of the
dimensionless energy e. We depict the probabilities jSþðeÞj2 (red) and jS�ðeÞj2
(blue), Eq. (62), which according to Eq. (55) describe the respective contribution of
the states jUþe i and jU�e i to the energy eigenstate jWþe i. The higher the energy e

of the state jWþe i, the higher is the probability jS�ðeÞj
2 and the lower is jSþðeÞj2.

AVS Quantum Science ARTICLE scitation.org/journal/aqs

AVS Quantum Sci. 4, 024402 (2022); doi: 10.1116/5.0074429 4, 024402-9

VC Author(s) 2022

https://scitation.org/journal/aqs


is determined by the gamma function C. The functions w6
e ðxÞ and

/6
e ðxÞ correspond to well-known solutions31,33 of the Schr€odinger

equation for the inverted harmonic oscillator, as expressed in position
representation in terms of the parabolic cylinder functions.

First, as evident from Eq. (65), the wave functions wþe ðxÞ and
w�e ðxÞ are related to each other by a reflection x! �x in position.
The same holds for /þe ðxÞ and /�e ðxÞ according to Eq. (66). Second,
we note that the function /6

e ðxÞ is the complex conjugate of w6
e ðxÞ.

Apparently, the Hamiltonian Ĥ , Eq. (31), remains invariant under the
corresponding transformations of the operators x̂ and p̂.

In Fig. 5, we depict the energy eigenfunctions (a) wþe ðxÞ and
(b) w�e ðxÞ of the inverted harmonic oscillator in combination with the
corresponding probability density jw6

e ðxÞj
2. We clearly observe the

relation w�e ðxÞ ¼ wþe ð�xÞ according to Eq. (65). As apparent from
the probability density jw6

e ðxÞj
2, the wave function w6

e ðxÞ is associ-
ated with an incoming particle approaching the parabolic barrier from
(a) right and (b) left. The oscillations in the domains (a) x> 0 and
(b) x< 0 are caused by the interference of the incoming wave with the
one reflected at the potential barrier. On the other hand, for (a) x< 0
and (b) x> 0 one identifies a decaying amplitude. Indeed, for negative
energies e < 0, a non-vanishing probability in this domain is caused
by tunneling30,32 through, and for positive energies e > 0 by transmis-
sion beyond the parabolic barrier.

Furthermore, we notice from Fig. 5 that the wave function w6
e ðxÞ

neither displays an amplitude singularity nor a phase singularity as
one might have expected from the n-representation of the state jW6

e i
given by Eq. (44). In addition, the horizon is hidden at which these
singularities would occur.

In order to demonstrate that traces of these features are still pre-
sent in position representation, we consider the asymptotic behavior
of the wave function wþe ðxÞ, Eq. (65). By applying the asymptotic

expansion49 for the parabolic cylinder function D�1=26ie, we obtain for
x � 1 the expression

wþe ðxÞ ’N �ðeÞ e�
3pe
4 þi mx

2�h x
2�3p

8ð Þ
ffiffiffiffiffiffiffiffiffiffi
2mx

�h

r
x

�����
�����
�1=2þie

264
þ

ffiffiffiffiffi
2p
p

C
1
2
� ie

� � e�
pe
4�i mx

2�h x
2�p

8ð Þ
ffiffiffiffiffiffiffiffiffiffi
2mx

�h

r
x

�����
�����
�1=2�ie

3775; (68)

and for x 	�1, we arrive at

wþe ðxÞ ’ N �ðeÞe
pe
4þi mx

2�h x
2þp

8ð Þ
ffiffiffiffiffiffiffiffiffiffi
2mx

�h

r
x

�����
�����
�1=2þie

: (69)

While the asymptotic expansion in Eq. (68) for x � 1 is com-
posed of two terms, the one in Eq. (69) for x 	�1 only consists of a
single term. In Sec. V, we present an illustrative explanation for this
manifestation of Stokes phenomenon.

Accordingly, Eqs. (68) and (69) both contain at least one of the
terms jxj�1=26ie which are reminiscent of an amplitude and a logarith-
mic phase singularity at x¼ 0. However, these asymptotic expansions
are not applicable in the domain jxj < 1. For this reason, these fea-
tures remain hidden as evident from Fig. 5. Moreover, due to the slow
decrease in the amplitude proportional to 1=

ffiffiffiffiffi
jxj

p
for jxj 	 1, the

energy eigenstates of the inverted harmonic oscillator remain non-
normalizable in position space.

In addition, it is interesting to note that the asymptotic expan-
sions in Eqs. (68) and (69) contain a phase that is governed by a qua-
dratic dependence on the position x. This is a characteristic feature of
a wave that displays a focus after a certain time of free propagation.

V. PHASE SPACE ANALYSIS OF THE INVERTED
HARMONIC OSCILLATOR

So far, we have explored the inverted harmonic oscillator in
terms of the wave and matrix mechanics formulations of quantum
mechanics. In particular, we have studied the emergence of horizons,
the logarithmic phase singularity, and the intimidate relation to the
Fermi–Dirac statistics. Moreover, we have shown that these features
are only apparent in particular representations.

The physics of all these phenomena stands out most clearly when
viewed inWigner phase space,50,51 which provides an intuitive illustra-
tion of quantum mechanics. Indeed, a quasi-probability distribution as
the Wigner function does not rely on a particular representation.
Instead, it depends on two phase space variables, such as position x
and momentum p, or equivalently, the coordinates n and g. The
Wigner function also builds a bridge between classical statistical
mechanics and quantum mechanics in phase space. This intimidate
relationship allows us to relate the results of Sec. III, obtained in classi-
cal phase space, with our subsequent study in the quantum domain.

In the following, we extend the analysis of the inverted harmonic
oscillator in phase space as pursued in Refs. 29 and 30. The focus of
these works lays on tunneling phenomena with regard to the parabolic
barrier. In contrast, our interest rests on the horizons in phase space in
combination with the emergence of a singularity, which relates to
Hawking radiation emerging at the event horizon of a black hole.

FIG. 5. Position representation of the energy eigenfunctions (a) wþe ðxÞ and (b)
w�e ðxÞ, Eq. (65), of the inverted harmonic oscillator for the dimensionless energy
e ¼ 1=2. On the top, we depict real and imaginary parts of these functions in red,
and on the bottom we present the corresponding probability density. Here, wþe ðxÞ
corresponds to an incoming particle from the right which is reflected at the barrier
of the inverted harmonic oscillator and interfering with the incoming wave.
Analogously, the wave function w�e ðxÞ corresponds to a particle approaching the
parabolic barrier from the left. In this regard, we notice the symmetry relation
jwþe ðxÞj

2 ¼ jw�e ð�xÞj
2 according to Eq. (65). In contrast to the n-representation

of the states jW6
e i, depicted in Fig. 3, the horizon and the singularities remain

hidden.
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For this purpose, we analyze different characteristic features that are
intrinsic to the phase space representation of the energy eigenstates of
the inverted harmonic oscillator.

First, we derive the Wigner functions of the energy eigenstates of
the inverted harmonic oscillator based on their n- and g-representa-
tion. Next, we turn to an illustration of the properties of these particu-
lar states and relate their shape to the classical phase space trajectories.
Subsequently, we review their dependence on the dimensionless
energy with regard to the reflection and transmission at a parabolic
barrier. We then focus on the horizons in phase space and reveal their
relation to the occurrence of singularities in the inverted harmonic
oscillator. Moreover, with the help of particular phase space projec-
tions, we reveal the emergence of a distribution that resembles the
Fermi–Dirac statistics. Finally, we analyze why these features remain
hidden in the position representation of quantummechanics.

A. The Wigner functions of the energy eigenstates

In the following, we determine the Wigner functions for the
energy eigenstates jW6

e i and jU6
e i of the inverted harmonic oscillator

with dimensionless energy e, as introduced in Sec. IV.
First, we focus on the Wigner function50,51

W6
W;eðn; gÞ ¼

1
2p

ð1
�1

dy e�igy
D
W6

e jn�
y
2

ED
nþ y

2

���W6
e

E
(70)

corresponding to the energy eigenstate jW6
e i. Here, we have made use

of the fact that, up to a rescaling, the coordinates n and g, defined by
Eqs. (20) and (21), result from a canonical transformation of the phase
space variables x and p under which the Wigner function transforms
as a scalar.29

By inserting the wave function W6
e ðnÞ ¼ hnjW6

e i, Eq. (44), in n-
representation, we recast Eq. (70) as

W6
W;eðn; gÞ ¼

H 6nð Þ
4p2

ð62n

72n
dy

exp �ie ln
nþ y

2

n� y
2

�����
�����

 !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jn2 � y2

4 j
q e�igy; (71)

where we have applied the relation

H 6 nþ y
2

� �� �
H 6 n� y

2

� �� �
¼

1; 7 2n 
 y 
 62n;

0; else;

(
(72)

for the Heaviside step function defined by Eq. (45). With the help of
the substitution y0 ¼ 6y=n in Eq. (71) we then arrive at the Wigner
function

W6
W;eðn; gÞ ¼

1
2p

weð��hxngÞH 6nð Þ: (73)

Here, we have introduced the weight function

weðEÞ �
1
p

ð2
�2

dy0
exp �ie ln 2þ y0

2� y0

���� ����
 !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� y02

p ei
E

�hxy
0
; (74)

yielding the contribution to the Wigner function W6
W;eðn; gÞ, Eq. (73),

with regard to the classical energy E ¼ ��hxng as given by Eq. (22).
With the help of Eq. (61) the weight function can also be expressed as

weðEÞ ¼
exp �i 2E

�hx

� �
cosh peð Þ 1F 1

1
2
� ie; 1;

4E
�hx

i

� �
(75)

in terms of the Kummer function of the first kind49

1F 1ða; b; zÞ � CðbÞ
Cðb� aÞCðaÞ

ð1
0
dt ezt ta�1ð1� tÞb�a�1: (76)

Interestingly, similar to the wave function Wþe ðnÞ, Eq. (44), the
weight function weðEÞ, Eq. (74), also displays a logarithmic phase.
However, this phase appears now within an integral and becomes sin-
gular at the boundaries of the integration region. Moreover, the phase
singularity occurs in combination with an amplitude singularity as
resulting from a reciprocal square root. Moreover, we note that, up to
the normalization constant 1=ð2pÞ, the Wigner function W6

W;eðn; gÞ,
Eq. (73), coincides with the one derived in Ref. 30 as solution of the
Moyal equations.

Next, we turn to the Wigner function

W6
U;eðn; gÞ ¼

1
2p

ð1
�1

dq einq
D
U6

e jg�
q
2

ED
gþ q

2

���U6
e

E
(77)

corresponding to the energy eigenstate jU6
e i. With the help of the g-

representation U6
e ðgÞ ¼ hgjU6

e i, Eq. (47), we recast Eq. (77) as

W6
U;eðn; gÞ ¼

1
2p

weð��hxngÞH 6gð Þ (78)

in terms of the weight function we, Eq. (74), in an analogous way as
presented above.

B. Illustration and features of the Wigner functions

In Fig. 6, we display the Wigner functions W6
W;eðn; gÞ, Eq. (73),

and W6
U;e, Eq. (78). These functions depend on the Heaviside step

function H, Eq. (45), with arguments 6n and 6g, respectively. This
particular dependency leads to the emergence of horizons in phase
space located at n ¼ 0 and g ¼ 0. The domain where the respective
Wigner function vanishes is depicted by a white area. In the non-
vanishing domain, the value of the Wigner function is governed by the
weight function we, Eq. (74). Since the weight function is evaluated at
the energy E associated with a respective classical phase space trajec-
tory, the functions W6

W;eðn; gÞ and W6
U;eðn; gÞ attain constant values

along these classical trajectories. In Fig. 6, red corresponds to positive
and blue to negative weights. The classical trajectories of the inverted
harmonic oscillator are also shown in Figs. 1 and 2.

In agreement with Fig. 1, the Wigner functions W6
W;eðn; gÞ,

depicted in Figs. 6(a) and 6(b), are composed of classical trajectories
for particles that propagate forward in time and are incoming from the
right (þ) with initial momentum p< 0 or left (�) with initial momen-
tum p> 0. On the other hand, the Wigner functions W6

U;eðn; gÞ, dis-
played in Figs. 6(c) and 6(d), are composed of classical trajectories that
correspond to particles that propagate backwards in time and are
incoming from the right (þ) with initial momentum p> 0 or left (�)
with initial momentum p< 0. While the motion of a classical particle
in the inverted oscillator is restricted to a particular trajectory in one of
the four quarters of phase space, we emphasize that a quantum parti-
cle, as described by the Wigner functions W6

W;eðn; gÞ and W6
U;eðn; gÞ,

lives on a half plane of phase space.
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Next, we explore the particular form of these Wigner functions
in more detail. While the Heaviside step function H in Eqs. (73) and
(78) is evaluated at the phase space variables 6n and 6g, respectively,
the weight function we, Eq. (74), is governed by the product ng. As a
consequence, the Wigner functions W6

W;eðn; gÞ and W6
U;eðn; gÞ are

invariant under the simultaneous dilations

n! extn and g! e�xtg (79)

of phase space for any value of the parameter t.
The transformations presented in Eq. (79) remind of the classical

dynamics in the inverted harmonic oscillator, as given by Eqs. (27)
and (28) with t corresponding to the time. Indeed, the Wigner func-
tionsW6

W;eðn; gÞ andW6
U;eðn; gÞ maintain their exact form during the

time evolution in the inverted harmonic oscillator. This feature is char-
acteristic for Wigner functions corresponding to the energy eigenstates
of the system under consideration.

In order to underline this property, we consider the action of the
dilation operator

cMða; bÞFðn; gÞ � F an; bgð Þ (80)

on a phase space functionF ðn; gÞ, resulting in a multiplication of the
phase space variables n and g by the factors a and b, respectively. For
the characteristic Wigner functions of the inverted harmonic oscilla-
tor, we then arrive at the relations

W6
W;eðn; gÞ ¼ cM a�1; b�1


 �cM b; að ÞW6
W;eðn; gÞ; (81)

or, equivalently,

cM a; bð ÞW6
W;eðn; gÞ ¼ cM b; að ÞW6

W;eðn; gÞ; (82)

valid for a; b > 0. Equations (81) and (82) hold equivalently for the
Wigner function W6

U;eðn; gÞ and any value of the dimensionless
energy e.

C. The energy dependence of the Wigner functions

Next, we study the dependence of the Wigner function
Wþ

W;eðn; gÞ, Eq. (73), on the dimensionless energy e. For this purpose,
we display its shape in Fig. 7 for the dimensionless energies
(a) e ¼ �1=2, (b) e ¼ 1=2, and (c) e ¼ 0.

First, we recall that the functionWþ
W;eðn; gÞ is constant along the

classical trajectories of energy E, while its value is provided by the
weight function weðEÞ, Eq. (74). Second, depending on the dimension-
less energy e, the quantum particle is both reflected and transmitted at
the potential barrier of an inverted harmonic oscillator. Indeed, the
share of the Wigner function in the domain g < 0 increases as the
dimensionless energy e is increased. Thus, for larger energies e, it
becomes more likely to overcome the parabolic barrier and to enter
the domain x< 0. Third, the graphs clearly demonstrates that the scat-
tering condition does not allow the particle to pass the horizon n ¼ 0
in phase space, corresponding to a vanishing Wigner function
Wþ

W;eðn; gÞ in the domain n < 0.
In order to obtain a deeper insight into the dependence of the

Wigner function on the energy e, we now study the weight function
weðEÞ, Eq. (74), as displayed in Fig. 8. This function provides the
weight of each classical trajectories in a half plane of phase space with
respect to its energy E as required to construct the Wigner function
for the energy e. We explicitly present the weight function weðEÞ
for the values e ¼ �1 (red), e ¼ 0 (green), and e ¼ 1 (blue). In partic-
ular, for (b) e ¼ 0, the weight function takes the simple form
w0ðEÞ ¼ J0½2E=ð�hxÞ� in terms of the Bessel function J0.

We emphasize that the weight function weðEÞ does not display a
sharp peak at the energy E ¼ �hxe, indicated by a dashed line of the
respective color, as one might expect from the classical situation. In
contrary, infinitely many phase space trajectories of different energies
compose the corresponding Wigner function.29 The fact that trajecto-
ries of both regimes E< 0 and E> 0 contribute to theWigner function
manifests itself in the tunneling through the parabolic barrier.30

Finally, we note that for large values of the dimensionless energy
e, the Wigner functions Wþ

W;eðn; gÞ and W�
U;eðn; gÞ, as well as

W�
W;eðn; gÞ and Wþ

U;eðn; gÞ become more and more similar while
mainly occupying the lower and the upper quadrant of phase space,
respectively, as evident from Fig. 6. This observation provides an illus-
trative explanation for the result presented in Eq. (63). For e!1,
the weights jS6ðeÞj2, resembling the Fermi–Dirac statistics, display the
behavior jSþðeÞj2 ! 0 and jS�ðeÞj2 ! 1, according to Eq. (62). As a

FIG. 6. The Wigner functions W6
W;eðn; gÞ, Eq. (73), and W6

U;eðn; gÞ, Eq. (78), corre-
sponding to the energy eigenstates of the inverted harmonic oscillator with dimen-
sionless energy e ¼ 1=2. Each function occupies a different half plane of phase
space restricted by the horizons n ¼ 0 and g ¼ 0. Positive and negative values of
the Wigner function are depicted by red and blue, respectively. The Wigner func-
tions W6

W;eðn; gÞ shown in (a) and (b) are composed of the classical trajectories
which belong to incoming particles from the right (þ) or left (�) that propagate for-
ward in time. In contrary, the Wigner functions W6

U;eðn; gÞ shown in (c) and (d) are
composed of the classical trajectories for incoming particles from the right (þ) or
left (�) that propagate backwards in time. At the horizons n ¼ 0 and g ¼ 0, all
Wigner functions assume a constant value on the respective half axes.
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consequence, the overlap between the states jWþe i and jU�e i increases
for large values of the dimensionless energy e.

D. The singularity at the horizons in phase space

We are now in the position to explore the emergence of the singu-
larity at the horizons in phase space, as motivated in Secs. III and IV.

On the horizons n¼ 0 and g¼ 0, the weight function we, Eq. (74),
assumes the constant value

weð0Þ ¼
1
p

B
1
2

;
1
2
� ie;

1
2
þ ie

� �
þ B

1
2

;
1
2
þ ie;

1
2
� ie

� �� �
(83)

corresponding to a vanishing energy E¼ 0, due to the dependence of
the energy E ¼ ��hxng on the product ng. Here, B denotes the
incomplete Euler beta function. As a consequence of the Heaviside
step function H, the Wigner functions W6

W;eðn; gÞ and W6
U;eðn; gÞ,

given by Eqs. (73) and (78), respectively, either vanish on the horizons
or assume the constant value weð0Þ, Eq. (83), on the respective half
plane.

In the following, we demonstrate that Eq. (83) also sheds light on
the emergence of the amplitude singularity in the energy eigenfunc-
tions W6

e ðnÞ and U6
e ðgÞ, Eqs. (44) and (47), at n ¼ 0 and g ¼ 0,

respectively. For this purpose, we consider the probability density

jhnjW6
e ij

2 ¼
ð1
�1

dgW6
W;eðn; gÞ (84)

obtained as the marginal of the Wigner function W6
W;eðn; gÞ by inte-

grating along the g-coordinate, as illustrated in Fig. 9(a).
By inserting the explicit expression Eq. (73) for the Wigner func-

tion, the probability density Eq. (84) can be expressed as

jhnjW6
e ij

2 ¼ Hð6nÞ
2p�hxjnj

ð1
�1

dE weðEÞ; (85)

where we have made use of the substitution E ¼ ��hxng.
In Ref. 30, it has been demonstrated that the transmission

jS�ðeÞj2 ¼
1

�hx

ð1
0
dE weðEÞ (86)

and reflection coefficient

jSþðeÞj2 ¼
1

�hx

ð0
�1

dE weðEÞ (87)

of the inverted harmonic oscillator, as defined by Eq. (62), can be
obtained by an integral of the weight function weðEÞ with regard to
positive and negative energies E, respectively. According to Eq. (86),
the coefficient jS�ðeÞj2 thus corresponds to the shaded area presented
in Fig. 8 for the weight function weðEÞ.

With the help of the relation jS�ðeÞj2 þ jSþðeÞj2 ¼ 1, Eq. (64),
we then arrive at the probability density

FIG. 7. The Wigner function WþW;eðn; gÞ, Eq. (73), displayed for the dimensionless
energies (a) e ¼ �1=2, (b) e ¼ 1=2, and (c) e ¼ 0. In the non-vanishing half
plane n � 0, the value of the Wigner function remains constant along the classical
phase space trajectories with fixed energy E, as governed by the weight function
weðEÞ, Eq. (74). Positive and negative values are depicted by red and blue, respec-
tively. (a) For a negative energy e < 0, the major contribution to the Wigner function
stems from the right quadrant. Accordingly, a quantum particle incoming from the
right is likelier reflected at the potential barrier than transmitted. (b) For a positive
energy e > 0, the transmission through the barrier is more likely. (c) For a vanish-
ing energy e ¼ 0, transmission and reflection are equally likely.

FIG. 8. The weight function weðEÞ, Eq. (74), yielding the weight for a classical
phase space trajectory associated with the energy E to construct the Wigner func-
tions W6

W;eðn; gÞ, Eq. (73), and W6
U;eðn; gÞ, Eq. (78), with dimensionless energy e.

We explicitly present the weight functions for the Wigner functions shown in Fig. 7
with e ¼ �1=2 (red), e ¼ 0 (green), and e ¼ 1=2 (blue). While weðEÞ displays a
large contribution for E ’ �hxe, as indicated by the respective dashed line, we point
out that even classical trajectories of different energy E can provide substantial con-
tributions to the respective Wigner function due to the oscillatory behavior of weðEÞ.
According to Eq. (86), the area below the function weðEÞ for E � 0 (depicted by
the shaded area) yields the transmission coefficient for the inverted harmonic oscil-
lator. The area in the domain E 
 0 instead provides the reflection coefficient
according to Eq. (87). Consequently, the Fermi–Dirac distribution is contained in
the weight function weðEÞ.
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jhnjW6
e ij

2 ¼ Hð6nÞ
2pjnj (88)

as obtained from Eqs. (85)–(87) in agreement with Eq. (44) and dis-
played in Fig. 9(a).

Equations (85)–(88) provide an explanation for the emergence of
an amplitude singularity in the wave function W6

e ðnÞ, Eq. (44), caused
by the shape of the Wigner function W6

W;eðn; gÞ. As stated above, at
the horizon, corresponding to a vanishing energy E¼ 0, the Wigner
function assumes a constant value in a half plane of phase space. The
integration in Eq. (84) with regard to g over the constant value of the
Wigner function W6

W;eðn; gÞ for n! 60 then leads to the divergence
of the wave function W6

e ðnÞ according to Eq. (88). Thus, it is the pres-
ence of a horizon in phase space that causes the amplitude singularity
of the wave function W6

e ðnÞ. A similar argument enables the explana-
tion of the amplitude singularity of the wave function U6

e ðgÞ with the
help of the Wigner functionW6

U;eðn; gÞ.
However, since the Wigner function is bilinear in the wave func-

tion, the appearance of the logarithmic phase singularity in the energy
eigenfunctions W6

e ðnÞ, Eq. (44), and U6
e ðgÞ, Eq. (47), does not have

an obvious correspondence in phase space.

E. The transmission and reflection coefficients
resulting from projections of Wigner functions

In Sec. IVC, we have shown that the emergence of the
Fermi–Dirac distribution is a consequence of the Fourier transform of
a logarithmic phase singularity in combination with a reciprocal
square-root singularity of the amplitude. Both features are contained
in the n-representation of the energy eigenstates jWþe i. In order to
demonstrate this intriguing relation, we have considered the probabil-
ity density jhgjWþe ij

2, Eq. (63), governed by the state jgi and the
energy eigenstate jWþe i. In the following, we provide an intuitive geo-
metrical approach that leads to the appearance of a functional depen-
dence that resembles the Fermi–Dirac statistics.

For this purpose, we focus on the marginal

jhgjWþe ij
2 ¼

ð1
�1

dnWþ
W;eðn; gÞ (89)

of the Wigner function Wþ
W;eðn; gÞ, Eq. (73), as obtained by the inte-

gration along the n-coordinate and shown in Fig. 9(b).
Next, we recall that the Wigner function Wþ

W;eðn; gÞ is only
located in the half plane n > 0 of phase space. By inserting Eq. (73) in
Eq. (89), we thus obtain the integral

jhgjWþe ij
2 ¼ 1

2p

ð1
0
dnweð��hxngÞ; (90)

as entirely determined by the weight function we, Eq. (74), in the
domain n � 0. With the substitution E ¼ ��hxng, we then arrive at
the result

jhgjWþe ij
2 ¼ 1

2pjgj jS�ðeÞj
2Hð�gÞ þ jSþðeÞj2HðgÞ

� 	
(91)

coinciding with Eq. (63). Here, we have made use of the dependency
of the reflection and transmission coefficients jS6ðeÞj2 on the weight
function weðEÞ as demonstrated in Eqs. (86) and (87).

Next, we recall the symmetry jS�ðeÞj2 ¼ jSþð�eÞj2, resulting
from Eq. (62) and stating that for the inverted harmonic oscillator the
probability of transmission for a quantum particle in the energy eigen-
state jWþe i equals the probability of reflection for the state jWþ�ei. The
same symmetry is reflected in the weight function weðEÞ with respect
to the line E¼ 0 for e!�e. In addition, we emphasize that similar to
the function S6ðeÞ, Eq. (56), the weight function weðEÞ, Eq. (74), also
results from a Fourier transform of an amplitude singularity in combina-
tion with a logarithmic phase singularity. However, here two singular
points arise at the boundaries of the integration region.

In summary, the coefficients jS6ðeÞj2, resembling a Fermi–Dirac
distribution, can be obtained by integrating the Wigner function

FIG. 9. Projections of the Wigner function WþW;eðn; gÞ, Eq. (73), for the dimensionless energy e ¼ 1=2. The respective coordinate of integration is indicated by a blue dashed
line. (a) The probability density jhnjWþe ij

2, Eq. (88), as obtained by integration along the g-coordinate. We clearly observe the emergence of the horizon and the amplitude sin-
gularity due to the constant value of the Wigner function WþW;eðn; gÞ at the horizon n ¼ 0. (b) Integration of the Wigner function WþW;eðn; gÞ along the n-coordinate provides
the probability density jhgjWþe ij

2, Eq. (91). Here, the share for the domains g < 0 and g > 0 is governed by the transmission jS�ðeÞj2 and reflection coefficient jSþðeÞj2,
respectively, whose dependency on the dimensionless energy e resembles the Fermi–Dirac statistics according to Eq. (62). (c) Integration of WþW;eðn; gÞ along the momentum
p provides the probability density jhxjWþe ij

2, Eq. (97), in position representation, where neither a horizon nor a singularity are apparent.
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Wþ
W;eðn; gÞ along the n-coordinate for a fixed value of g. Here, g < 0

yields jS�ðeÞj2 and g > 0 provides jSþðeÞj2 together with the prefactor
ð2pjgjÞ�1, as demonstrated in Eq. (89). We emphasize that this proce-
dure yields the respective transmission jS�ðeÞj2 and reflection coeffi-
cient jSþðeÞj2 for a Wigner function Wþ

W;eðn; gÞ with a specific
dimensionless energy e. By repeating this approach for Wigner func-
tions Wþ

W;eðn; gÞ corresponding to different energies e, it is possible to
reconstruct the Fermi–Dirac statistics with the help of these phase
space distributions.

F. The spatial probability density resulting
from a projection of the Wigner function

Finally, we demonstrate that the probability distribution of an
energy eigenstate of the inverted harmonic oscillator in position repre-
sentation can also be extracted from the respective Wigner function.
In Sec. IVD, we have shown that the horizons and singularities are
not present in this particular representation. We now explore the rea-
sons for their disappearance.

For this purpose, we consider the Wigner function

Wxðn; gÞ ¼
1
2p

ð1
�1

dy e�igy
D
x
���n� y

2

ED
nþ y

2

���xE (92)

corresponding to a position eigenstate jxi. By making use of the posi-
tion representation

hxjni ¼ 1ffiffiffi
p
p mx

2�h

� �1=4

ei
mx
2�h x

2�
ffiffiffiffiffi
2mx

�h

p
xnþn2

2


 �
�ip8 (93)

of the state jni, as derived in Appendix A, we evaluate the integral in
Eq. (92). As a result, the Wigner function takes the form

Wxðn; gÞ ¼
1
2p

ffiffiffiffiffiffiffiffiffiffi
2mx

�h

r
d gþ n�

ffiffiffiffiffiffiffiffiffiffi
2mx

�h

r
x

 !
(94)

corresponding to the line gþ n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mx=�h

p
x in phase space with

regard to a specific value of x, as displayed by the blue dashed line in
Fig. 9(c).

Next, we express the probability density jwþe ðxÞj
2 in position rep-

resentation, which is determined by the wave function
wþe ðxÞ ¼ hxjWþe i, Eq. (65), as the overlap

51

jhxjWþe ij
2 ¼ 2p

ð1
�1

dn
ð1
�1

dgWþ
W;eðn; gÞWxðn; gÞ (95)

of the Wigner functionsWþ
W;eðn; gÞ andWxðn; gÞ in phase space. The

overlap presented in Eq. (95) actually corresponds to the marginal

jhxjWþe ij
2 ¼

ð1
�1

dpWþ
W;e nðx; pÞ; gðx; pÞ½ � (96)

shown in Fig. 9(c), as obtained by inserting the explicit form of the
Wigner function Wxðn; gÞ, Eq. (92), in Eq. (95). Here, we have
expressed the variables n ¼ nðx; pÞ and g ¼ gðx; pÞ by the position x
and the momentum p according to Eqs. (20) and (21). This result con-
firms the invariance of the Wigner function under canonical transfor-
mations as pointed out in the beginning of this section.

Utilizing the explicit expression Eq. (73) for the Wigner function
Wþ

W;eðn; gÞ then yields the result

jhxjWþe ij
2 ¼ 1

2p

ðmxx

�1
dpwe

p2

2m
� 1
2
mx2x2

� �
: (97)

Consequently, not only the Fermi–Dirac distribution, as resulting
from Eqs. (86) and (87), but also the probability density jwþe ðxÞj

2 for
the wave function wþe ðxÞ, Eq. (65), in position representation can be
obtained from the weight function we, Eq. (74).

As shown in Fig. 9(c), there is no horizon or singularity present in
the probability density jhxjWþe ij

2 in position representation. The rea-
son for the disappearance of these features can be found in the direc-
tion of integration of the corresponding phase distribution in Eq. (96).
Indeed, the momentum p is neither parallel to the horizon n¼ 0 nor to
the horizon g ¼ 0. Thus, there is no integration over a constant value
which would have led to a singularity as discussed in Sec. VD.

Moreover, Eq. (96) also hints at an illustrative explanation for
Stokes phenomenon and the different asymptotic expansions of the
wave function wþe ðxÞ, Eq. (65), presented in Eqs. (68) and (69) for
x � 1 and x 	�1, respectively. For this purpose, we consider the
corresponding Wigner functionWþ

W;eðn; gÞ displayed in Fig. 9(c).
For x> 0, there are contributions to the integral in Eq. (97) which

stem from the two domains g > 0 and g < 0, being separated by the
horizon g ¼ 0 in phase space. As a consequence, the corresponding
asymptotic expansion Eq. (68) is composed of the sum of two terms.

On the other hand, in the domain x< 0 only the contributions
for g < 0 contributes to the integral in Eq. (97). Consequently, the
asymptotic expansion for x	 �1 in Eq. (69) contains only a single
term.

It is intriguing that this illustrative description in terms of
Wigner functions establishes a relationship between the horizons in
phase space and the Stokes phenomenon of complex analysis.

VI. SUMMARY AND OUTLOOK

In the present article, we have investigated the inverted harmonic
oscillator both from a classical and a quantum perspective. In particu-
lar, we have explored similarities and differences between this system
and the physics of Hawking radiation emitted by a black hole.

We have demonstrated that the dynamics and kinematics in the
inverted oscillator are strongly influenced by the presence of two hori-
zons. In contrast to a black hole, displaying an event horizon in space-
time, the horizons of the inverted harmonic oscillator are located in
phase space. At these horizons, a logarithmic phase singularity of the
energy eigenfunctions emerges, whose origin is to be found in the classi-
cal domain. Indeed, the mode functions of a massless scalar field also dis-
play a logarithmic phase singularity at the event horizon of a black hole.

The phase singularity of the inverted harmonic oscillator is
accompanied by an amplitude singularity that manifests itself in a
reciprocal square-root dependence on the coordinate. However, at the
event horizon of a black hole, such an amplitude singularity is absent
in the mode functions of a quantized bosonic field. This pure logarith-
mic phase singularity leads to the emergence of a Bose–Einstein statis-
tics governing the number of particles emitted via Hawking radiation.
This result is in contrast to the inverted harmonic oscillator, where the
transmission and reflection coefficients are reminiscent of the
Fermi–Dirac statistics. We have demonstrated that this particular
dependency is a consequence of the Fourier transform of a function
that displays a logarithmic phase singularity in combination with a
particular amplitude singularity. Moreover, we have shown that in the
position representation of quantum mechanics these particular
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features of the inverted harmonic oscillator are hidden and only rem-
nants are visible.

In order to obtain a deeper insight into these phenomena, we
have analyzed theWigner function as an illustrative phase space repre-
sentation for the energy eigenstates of the inverted harmonic oscillator.
In particular, we have shown that the horizons in phase space crucially
determine the shape of these functions. Our approach provides a sim-
ple explanation for the emergence of the horizons in phase space and
the amplitude singularity due to a dependence of the Wigner function
on the product ng of the phase space coordinates n and g. In this
regard, we have also analyzed the invariance of these Wigner functions
with regard to specific dilations of the phase space coordinates. While
these features yield an intuitive geometric explanation for the horizons
and the amplitude singularity, such a simple picture for the appearance
of the logarithmic phase singularity in the energy eigenfunctions
remains to be found. Beyond that, we have demonstrated the relation
between particular projections of the Wigner function and the
Fermi–Dirac distribution, as well as the connection between the hori-
zons in phase space and the Stokes phenomenon.

In conclusion, we have established intriguing relationships
between the physics of Hawking radiation and the elementary system
of a quantum particle exposed to an inverted harmonic oscillator.
Central to our analogy are the emergence of horizons in combination
with a logarithmic phase singularity.

It would be intriguing to perform an experimental demonstration
of the horizons intrinsic to the system of an inverted harmonic oscilla-
tor. A possible physical system for this purpose are surface gravity
water waves, which behave in the linear regime analogous to
Schr€odinger waves with time and space coordinates being inter-
changed. Moreover, these waves enable the extraction of phases that
are accumulated with regard to a carrier wave.52 Such an experiment
might thus strengthen the intimidate relationship between the model
of an inverted harmonic oscillator and Hawking radiation emitted by
a black hole, manifesting itself in the appearance of a particular quan-
tum statistics due to a logarithmic phase singularity.

We point out that the logarithmic phase in the inverted harmonic
oscillator belongs to a larger class of phases that are characteristic for
particular quantum systems. Indeed, the logarithmic phase is closely
related to the Gouy phase53 as accumulated during the free propaga-
tion of a Gaussian wave packet or, more generally, an energy eigenstate
of a harmonic potential. However, not only quadratic potentials but
also linear potentials feature particular quantum mechanical phases of
interest. As a particular example, the so-called Kennard phase52,54–56

has been studied with regard to the equivalence principle and the
Unruh effect within the context of gravitizing quantummechanics.57,58

Maybe these simple quantum systems may enable us to obtain a
deeper insight into the phenomena that occur at the interface of quan-
tummechanics and general relativity.
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APPENDIX A: POSITION REPRESENTATION
OF THE STATES jni AND jgi

In this appendix, we determine the position representation
of the states jni and jgi. These states have been introduced in
Sec. IVA as eigenstates of the operators

n̂ ¼
ffiffiffiffiffiffiffiffi
mx
2�h

r
x̂ � p̂

mx

� �
(A1)

and

ĝ ¼
ffiffiffiffiffiffiffiffi
mx
2�h

r
x̂ þ p̂

mx

� �
; (A2)

with eigenvalues n and g, respectively.
First, we consider the position x̂ and momentum p̂ operator in

the Heisenberg picture

x̂HðtÞ � Û
†
HOðtÞx̂ÛHOðtÞ; (A3)

p̂HðtÞ � Û
†
HOðtÞp̂ÛHOðtÞ; (A4)

at time t, as determined by the time-evolution operator

ÛHOðtÞ ¼ exp � i
�h
ĤHOt

� �
(A5)

corresponding to the Hamiltonian

ĤHO ¼
p̂2

2m
þ 1
2
mx2x̂2 (A6)

of a harmonic oscillator with frequency x.
By solving the Heisenberg equations of motion

d
dt

x̂HðtÞ ¼
p̂HðtÞ
m

; (A7)

d
dt

p̂HðtÞ ¼ �mx2x̂HðtÞ; (A8)

we obtain the position operator

x̂HðtÞ ¼ x̂ cos xtð Þ þ p̂
mx

sin xtð Þ; (A9)

and the momentum operator

p̂HðtÞ ¼ p̂ cos xtð Þ �mxx̂ sin xtð Þ; (A10)

as defined by Eqs. (A3) and (A4), respectively. Here, we have made
use of the initial conditions x̂Hð0Þ ¼ x̂ and p̂Hð0Þ ¼ p̂.

Thus, according to Eqs. (A1) and (A2) the operators

n̂ ¼
ffiffiffiffiffiffiffiffi
mx
�h

r
x̂H �

p
4x

� �
(A11)

and

AVS Quantum Science ARTICLE scitation.org/journal/aqs

AVS Quantum Sci. 4, 024402 (2022); doi: 10.1116/5.0074429 4, 024402-16

VC Author(s) 2022

https://scitation.org/journal/aqs


ĝ ¼
ffiffiffiffiffiffiffiffi
mx
�h

r
x̂H

p
4x

� �
(A12)

are governed by the position operator x̂HðtÞ, Eq. (A9), in the
Heisenberg picture with regard to the harmonic oscillator and eval-
uated at the times t ¼ �p=ð4xÞ and t ¼ p=ð4xÞ, respectively.

Next, we turn to the eigenvalue equation

n̂jni ¼ njni (A13)

for the operator n̂, Eq. (A1), and the eigenstate jni with eigenvalue
n. By making use of Eqs. (A3) and (A11), we recast Eq. (A13) in the
form

x̂jx�n i ¼ x�n jx�n i; (A14)

where the eigenstate

jx�n i � N �
n ÛHO �

p
4x

� �
jni (A15)

of the position operator x̂ with normalization constant N �
n corre-

sponds to the eigenvalue

x�n ¼
ffiffiffiffiffiffiffiffi
�h
mx

r
n: (A16)

Analogously, we consider the eigenvalue equation

ĝjgi ¼ gjgi (A17)

for the operator ĝ, Eq. (A2), and the eigenstate jgi with eigenvalue
g. With the help of Eqs. (A12) and (A17), we then establish the rela-
tion between the state jgi and the position eigenstate

jxþg i � N þ
g ÛHO

p
4x

� �
jgi; (A18)

with normalization constant N þ
g and eigenvalue

xþg ¼
ffiffiffiffiffiffiffiffi
�h
mx

r
g: (A19)

We determine the normalization constants N �
n and N þ

g in
Eqs. (A16) and (A18), respectively. For this purpose, we consider
the scalar product

hnjgi ¼ 1ffiffiffiffiffi
2p
p exp ingð Þ (A20)

of the states jni and jgi. By making use of Eqs. (A15) and (A18), we
are able to express this scalar product

hnjgi ¼ N þ
g N �

n


 ��h i�1
x�n

����ÛHO �
p
2x

� �����xþg � (A21)

in terms of the matrix element of the time-evolution operator
ÛHOðtÞ, Eq. (A5), with respect to the position eigenstates jx�n i and
jxþg i, evaluated at time t ¼ �p=ð2xÞ.

Next, we recall the Mehler kernel59

hxjÛHOðtÞjyi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mx
2pi�h sin ðxtÞ

r
e
imx x2þy2ð Þcos ðxtÞ�2xy½ �

2�h sin ðxtÞ (A22)

for the position eigenstates jxi and jyi in order to evaluate the
matrix element

x�n

����ÛHO �
p
2x

� �����x�g � ¼ ffiffiffiffiffiffiffiffi
mx
2p�h

r
eip=4 exp ingð Þ (A23)

in Eq. (A21), where we have made use of Eqs. (A16) and (A19).
We insert Eq. (A23) in Eq. (A21), and compare Eq. (A20) with
Eq. (A21) to identify the product

N þ
g N �

n


 �� ¼ ffiffiffiffiffiffiffiffi
�h
mx

r
eip=4 (A24)

of the normalization constants N þ
g andN �

n .
Moreover, with Eqs. (A15) and (A16), we arrive at the orthog-

onality relation

hx�n0 jx
�
n i ¼

ffiffiffiffiffiffiffiffi
mx
�h

r
dðn� n0Þ ¼ N �

n0

 ��N �

n hn0jni (A25)

for the position eigenstates jx�n i and jx�n0 i. With Eqs. (A18) and
(A19) we also obtain the orthogonality relation

hxþg0 jxþg i ¼
ffiffiffiffiffiffiffiffi
mx
�h

r
dðg� g0Þ ¼ N þ

g0

� ��
N þ

g hg0jgi (A26)

for the position eigenstates jxþg0i and jxþg i.
We make use of the orthogonality relations

hn0jni ¼ dðn� n0Þ and hg0jgi ¼ dðg� g0Þ; (A27)

and determine in agreement with Eqs. (A23), (A25), and (A26) the
normalization constants

N �
n ¼

mx
�h

� �1=4

e�ip=8 (A28)

in Eq. (A15), and

N þ
g ¼

mx
�h

� �1=4

eip=8 (A29)

in Eq. (A18) up to an identical overall phase factor.
Finally, we turn to the position-representation of the quasi-

coherent states jni and jgi. For this purpose, we make use of
Eqs. (A15) and (A18) to obtain the expressions

hxjni ¼ 1
N �

n


x

����ÛHO
p
4x

� �����x�n � (A30)

and

hxjgi ¼ 1

N þ
g


x

����ÛHO �
p
4x

� �����xþg �: (A31)

By inserting Eq. (A15) in Eq. (A30) and evaluating the Mehler
kernel, Eq. (A22), at time t ¼ p=ð4xÞ, and position y ¼ x�n ,
Eq. (A30), we arrive at the position representation

hxjni ¼ 1ffiffiffi
p
p mx

2�h

� �1=4

ei
mx
2�h x

2�
ffiffiffiffiffi
2mx

�h

p
xnþn2

2


 �
�ip8 (A32)

of the state jni.
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Similarly, we insert Eq. (A29) in Eq. (A31) and evaluate
Eq. (A22) at time t ¼ �p=ð4xÞ and position y ¼ xþg , Eq. (A19), to
obtain the position representation

hxjgi ¼ 1ffiffiffi
p
p mx

2�h

� �1=4

e�i
mx
2�h x

2�
ffiffiffiffiffi
2mx

�h

p
xgþg2

2


 �
þip8 (A33)

of the state jgi.

APPENDIX B: POSITION REPRESENTATION OF THE
ENERGY EIGENSTATES jW6

e i AND jU6
e i

In the following, we derive the position representation of the
energy eigenstates jW6

e i and jU6
e i of the inverted harmonic oscilla-

tor for the dimensionless energy e.
According to Sec. IV B, these eigenstates are characterized by

the n-representation

hnjW6
e i ¼

1ffiffiffiffiffiffiffiffiffiffi
2pjnj

p exp �ie ln jnjð ÞHð6nÞ; (B1)

and g-representation

hgjU6
e i ¼

1ffiffiffiffiffiffiffiffiffiffi
2pjgj

p exp ie ln jgjð ÞHð6gÞ; (B2)

respectively.
In order to obtain the position representation w6

e ðxÞ
� hxjW6

e i, we make use of the identity

1 ¼
ð1
�1

dnjnihnj (B3)

for the states jni. Consequently, the position representation of the
energy eigenstate jW6

e i can be expressed as the integral

w6
e ðxÞ ¼

ð1
�1

dn hxjnihnjW6
e i: (B4)

Next, we focus on the positive sign in Eq. (B4) and insert the
n-representation of the energy eigenstate jWþe i, Eq. (B1), as well as
the position representation of the state jni, Eq. (A32), which yields
the Mellin transform

wþe ðxÞ ¼
1ffiffiffi
2
p

p

mx
2�h

� �1=4

e�ip=8
ð1
0
dn n�

1
2�ieei

mx
2�h x

2�
ffiffiffiffiffiffi
2mx

�h

p
xnþn2

2


 �
:

(B5)

By making use of the relation60

Ds
bffiffiffiffiffi
2a
p
� �

¼ ð2aÞ
�s=2

Cð�sÞ

ð1
0
dn n�s�1e�an

2�bn�b2
8a (B6)

for the parabolic cylinder function Ds
49 with the parameters

a � �i=2; b � ix
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mx=�h

p
, and s � �1=2þ ie, we then arrive at

the position representation

wþe ðxÞ ¼
C

1
2
� ie

� �
ffiffiffi
2
p

p

mx
2�h

� �1=4

eep=4D�1
2þie ei3p=4

ffiffiffiffiffiffiffiffiffiffi
2mx

�h

r
x

 !
(B7)

of the energy eigenstate jWþe i.

With the help of the symmetry relation hxj � ni ¼ h�xjni of
the scalar product presented in Eq. (A32), we immediately obtain
the position representation

w�e ðxÞ ¼ wþe ð�xÞ (B8)

of the energy eigenstate jW�e i with negative sign according to
Eqs. (B1) and (B4).

Next, we turn to the position representation /6
e ðxÞ � hxjU6

e i
of the energy eigenstates jU6

e i. Here, we make use of the identity

1 ¼
ð1
�1

dgjgihgj (B9)

in order to arrive at the expression

/6
e ðxÞ ¼

ð1
�1

dg hxjgihgjU6
e i: (B10)

We note that both scalar products hxjgi, Eq. (A33), and hgjU6
e i,

Eq. (B2), correspond to the complex conjugate of the expressions
hxjni, Eq. (A32), and hnjW6

e i, Eq. (B1), respectively, when replacing
the variable n by g.

With the help of Eqs. (B4) and (B10), we thus establish the
relation

/6
e ðxÞ ¼ w6

e ðxÞ
� 	�

: (B11)

Our results can be summarized by the explicit expressions

w6
e ðxÞ ¼

C
1
2
� ie

� �
ffiffiffi
2
p

p

mx
2�h

� �1=4

eep=4D�1
2þie 6ei3p=4

ffiffiffiffiffiffiffiffiffiffi
2mx

�h

r
x

 !
(B12)

for the position representation of the energy eigenstate jW6
e i

according to Eqs. (B7) and (B8), and

/6
e ðxÞ ¼

C
1
2
þ ie

� �
ffiffiffi
2
p

p

mx
2�h

� �1=4

eep=4D�1
2�ie 6e�i3p=4

ffiffiffiffiffiffiffiffiffiffi
2mx

�h

r
x

 !
(B13)

for the position representation of the energy eigenstate jU6
e i

according to Eqs. (B11) and (B12).
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