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Passive Decoupled Multi-Task Controller
for Redundant Robots

Xuwei Wu, Christian Ott, Alin Albu-Schäffer, and Alexander Dietrich

Abstract—Kinematic redundancy in robots makes it possible
to execute several control tasks simultaneously. As some tasks
are usually more important than others, it is reasonable to
dynamically decouple them in order to ensure their execution in a
hierarchical way or even without any interference at all. The most
widely used technique is to decouple the system by feedback lin-
earization. However, that requires actively shaping the inertia and
consequently modifying the natural dynamics of the robot. Here
we propose a passivity-based multi-task tracking controller that
preserves these inertial properties but fully compensates for task-
space cross-couplings using external force feedback. Additionally,
three formal proofs are provided: uniform exponential stability
for trajectory tracking, passivity during physical interaction, and
input-to-state-stability. The controller is validated in simulations
and experiments and directly compared with the hierarchical
PD+ approach and the feedback linearization. The proposed
approach is well suited for safe physical human-robot interaction
and dynamic trajectory tracking if measurements or estimations
of the external forces are available.

Index Terms—Multi-task control, nonlinear systems, stability,
trajectory tracking, physical interaction, redundant robots.

I. INTRODUCTION

DRIVEN by the development of more complex robotic
systems such as humanoids or service robots with mobile

platforms, much research has focused on simultaneous control
of multiple objectives in task space to exploit the available
kinematic redundancy of the system. As exemplified in Fig. 1,
the kinematically redundant robot has more degrees of free-
dom (DOF) than necessary with respect to the end-effector
task, and additional tasks can be performed in parallel by
exploiting the remaining DOF. To make sure that safety-critical
objectives like collision avoidance can be achieved without
any compromise, a task hierarchy is usually required to stack
the tasks in accordance with prescribed priorities. However,
this prioritized multi-task control strategy poses significant
challenges in terms of ensuring compliant behavior in physical
interaction with the environment, while preserving control
accuracy of trajectory tracking in free motion.

To implement the task hierarchy, a common approach is to
decouple the total task space by means of null-space projec-
tions [1]–[3]. Thanks to the strict prioritization, one can ensure
that control actions for lower-priority tasks do not interfere
with the execution of higher-priority ones. An alternative
way that has attracted much interest recently is to resolve
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Fig. 1. A motivational example for multi-task control in kinematically
redundant robots.

the redundancy by solving hierarchical quadratic programs
(QP) [4]–[8]. When weighting strategies are used [4], [7], [8],
only soft prioritization can be realized, which can lead to a
compromise among task objectives regardless of the specified
priorities. These QP-based approaches feature the advantage
of explicitly incorporating inequality constraints into the task
hierarchy, but because of that, they also have the drawback of
providing sufficiently analyzed stability properties–a notable
recent exception is [7]. For robotic applications where phys-
ical interaction with the environment and humans cannot be
excluded, it is essential to require the controlled robots to have
analytically provable stability properties.

One of the most well-known projection-based approaches
with strict prioritization is the Operational Space Formulation
(OSF) [1], which has been extended in [9], [10] to allow
application of task hierarchies with an arbitrary number of
priority levels. In OSF, the desired linear dynamics in task
space is characterized by the classical impedance control
[11] in order to regulate the robot’s interactive behavior with
the environment. To implement this, feedback linearization is
performed on all priority levels, while an inertial decoupling
across the hierarchies is automatically achieved by means of
dynamically consistent null-space projectors [3]. Moreover,
it has been shown in [12] that the OSF approach can be
seen as equivalent to an inverse-dynamics-based approach
such as [13]. Due to the linear, fully decoupled closed-loop
dynamics, exponential stability of trajectory tracking can be
straightforwardly concluded, and the convergence rate can be
explicitly set through pole placement. However, the complete
cancellation of the natural nonlinear dynamics makes this
family of feedback-linearization-based approaches sensitive
to modeling errors and parameter variations. In addition,
to achieve the desired impedance, knowledge of external
forces/torques is typically required.

Copyright © 2022 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current or future media, including
reprinting/republishing this material for advertising or promotional purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse of any
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On the other hand, a set of passivity-based hierarchical
approaches have adopted the concept of compliance control
[14]. It can be regarded as a variation of impedance control
while keeping the nonlinear inertial properties in task space,
i. e., no inertia shaping is performed, as opposed to the
feedback linearization. In [15], [16] the regulation problem
has been addressed for an arbitrary number of priority lev-
els. Recently, a hierarchical PD+ tracking controller (HPD+)
within this framework was proposed in [17], providing uniform
asymptotic stability (UAS). Due to the preservation of natural
task-space inertias, all mentioned passivity-based approaches
do not rely on the feedback of external forces/torques to
achieve the desired impedance behavior. Furthermore, they
offer better robustness properties against unmodeled dynamics,
and they can also reduce the risk of exceeding feasible actuator
limits, especially when the robot undergoes dramatic changes
of joint configuration [17]. Nevertheless, exponential stability
cannot be shown in general, as a result of remaining couplings
in the closed loop.

Among the hierarchical controllers that feature an arbi-
trary number of priority levels, only a few have provided
stability properties with mathematically rigorous proofs. For
multi-objective inverse kinematics control, a formal proof
of asymptotic stability for the regulation problem has been
conducted in [18]. Based on Lyapunov’s indirect method,
exponential stability of the optimization-based approach with
soft prioritization has been shown in [7], but the considered
hierarchies can merely contain equality constraints. In [19],
UAS of the multi-task tracking control with a controller-
observer structure has been proved. However, the feedback
gains have to fulfill some configuration-dependent conditions
for a valid proof. Moreover, desired impedance behavior can
only be specified on the least-priority level in the null space.

In this article, we propose a passive decoupled multi-task
controller with strict prioritization that can suitably handle
physical interaction with desired contact stiffness as well as
trajectory tracking with advanced performance. It combines
the advantages of both the HPD+ approach and the clas-
sical feedback linearization in two major aspects. First, the
cross-couplings of task-space kinematics and external forces
are fully compensated, which allows to conclude uniform
exponential stability (UES) and improves the physical in-
teraction behavior. Second, the natural inertial properties of
the nonlinear task-space dynamics are preserved, leading to
superior robustness inherited from passivity-based approaches.
Formal proofs are provided for UES in free motion, passivity
during physical interaction, and input-to-state-stability (ISS)
under bounded external disturbances. To facilitate the stability
analysis, a strict Lyapunov function for the overall closed loop
is constructed by using the cross-term technique [20]–[24].
The theoretical results are validated in simulations through
a planar manipulator and in experiments on a KUKA LWR
IV+ with torque control interface, while practical comparisons
with the state of the art are provided. Summarized, the main
contributions of our work include:

• Preservation of natural inertia for high robustness;
• Full compensation for dynamic cross-couplings for high

tracking performance and safe physical interaction;

• Formal proofs of UES and ISS for trajectory tracking,
and proof of passivity for physical interaction;

• Simulative and experimental validation and direct com-
parison with state-of-the-art methods.

The rest of the article is organized as follows. Section II
recalls the fundamentals of inertially decoupled task-space
dynamics and the HPD+ control scheme. The control design is
then derived in Section III, which also provides a comparative
analysis of the proposed approach and the classical feedback
linearization. In Section IV, formal proofs of stability and
passivity properties are conducted. To validate the theoretical
results, Section V and Section VI report simulations and
experiments that directly compare the approach with the state
of the art. Finally, Section VII concludes this article.

II. FUNDAMENTALS AND PRELIMINARIES

A. Notations
Throughout this paper, | · | denotes the absolute value of a

real number; ∥ · ∥ stands for the Euclidean norm of a vector
and the induced norm of a matrix; λm(A) and λM(A) denote
the minimum and maximum eigenvalue of the matrix A, re-
spectively; we use A ≻ 0 to indicate that A is positive definite.
Note that if A is symmetric and A ≻ 0, then ∥A∥ = λM(A)
and ∥A−1∥ = 1/λm(A). The identity matrices are denoted
by I and zero vectors/matrices by 0, with their dimensions
depending on the context. A diagonal matrix with diagonal
entries {ai} is denoted by diag{ai} and a block diagonal
matrix with diagonal blocks {Ai} is represented by diag{Ai}.
The notation

∏n
i=1Ai represents the left matrix multiplication

of a sequence of matrices {Ai} with the same dimensions. A
continuous function γ : R≥0 → R≥0 belongs to class K, if it
is strictly increasing and γ(0) = 0; A continuous function
β : R≥0 ×R≥0 → R≥0 belongs to class KL, if for each
fixed t ≥ 0, β(s, t) ∈ K w. r. t. s and, for each fixed s ≥ 0,
β(s, t) → 0 as t → ∞.

B. Robot Dynamics
The joint-space dynamics of a fully-actuated, rigid-link

robot with n DOF can be written as:

M(q)q̈ +C(q, q̇)q̇ + g(q) = τ + τ ext , (1)

where q, q̇, q̈ ∈ Rn are the joint positions, velocities, and
accelerations, respectively; M(q) ∈ Rn×n is the symmet-
ric and positive definite inertia matrix; C(q, q̇) ∈ Rn×n is
the Coriolis/centrifugal matrix; g(q) ∈ Rn is the generalized
gravitational force. The motor forces/torques τ ∈ Rn and
the generalized external force τ ext ∈ Rn are inputs to the
system. We make two standard assumptions associated with
the dynamics (1):

Assumption 1: M(q) and C(q, q̇) are uniformly bounded
for all possible q. In addition, C(q, q̇) is linear in q̇.

Assumption 2: The matrix Ṁ(q, q̇)− 2C(q, q̇) is skew-
symmetric [23].

Remark 1: In [25], [26] a complete classification of robot
manipulators that satisfy Assumption 1 is provided, which
includes, for instance, any robot that features only revolute
or only prismatic joints. Assumption 2 holds provided that
C(q, q̇) is properly defined, e. g., as in [27], [28].
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C. Task Hierarchy and Task-Space Definitions

The task hierarchy to be considered consists of r > 1
levels. The individual task priorities are specified in descend-
ing order as the level index increases from i = 1 to i = r.
Each task xi ∈ Rmi is defined via a differentiable function
f i : Rn → Rmi :

xi := f i(q) (2)

with the respective task dimension mi < n. The corresponding
task-space velocity ẋi is given by

ẋi = J i(q)q̇ , (3)

where J i(q) := ∂f i(q)/∂q ∈ Rmi×n denotes the Jacobian
matrix of the i-th task. The augmented Jacobian matrix [2]
is defined as

J(q) :=
[
JT

1 (q) . . . JT
r (q)

]T
∈ R

∑r
i=1 mi×n , (4)

and the stacked task-space velocity vector ẋ ∈ R
∑r

i=1 mi is

ẋ :=
[
ẋT
1 . . . ẋT

r

]T
= J(q)q̇ . (5)

With regard to the task hierarchy, we assume:
Assumption 3: For all levels i = 1 . . . r, f i is continuously

differentiable in q, and J i(q) is uniformly bounded in q.
Assumption 4: All tasks in the considered workspace result

in a full rank J(q).
Assumption 5: All tasks are simultaneously independent

[18], i. e. , rank(J i(q)) + rank(J j(q)) = mi +mj , ∀i ̸= j.
The entire task space spans the configuration space, i. e.,∑r

i=1 mi = n.
Remark 2: Assumption 3 is commonly made, although

sometimes implicitly, in the literature of task-space control,
e. g., [18], [29]–[31]; if f i(q) represents a forward kinematics
mapping, then the boundedness condition of J i(q) is satisfied
under the same conditions required by Assumption 1.

Under Assumptions 4 and 5, J(q) ∈ Rn×n is invertible1.
The generalized task-space external forces are defined as

F ext
ẋ := J(q)−T τ ext =

[
F ext,T

ẋ1
. . . F ext,T

ẋr

]T
, (6)

where F ext
ẋi

∈ Rmi denotes the force/torque component on the
i-th hierarchy level.

As control objective for each task, a reference trajec-
tory xi,des(t) ∈ Rmi is specified, which has continuous
and uniformly bounded derivatives ẋi,des(t) and ẍi,des(t)
w. r. t. time t. The individual task-space position, velocity,
and acceleration errors are defined as x̃i := xi − xi,des(t),
˙̃xi := ẋi − ẋi,des(t), and ¨̃xi := ẍi − ẍi,des(t), respectively.
Correspondingly, the stacked versions of the individual quan-
tities are denoted by xdes(t), ẋdes(t), ẍdes(t), x̃, ˙̃x, and ¨̃x,
analogous to (5).

1The minimum singular value of J(q) is assumed to be greater than a
known positive constant σ.

D. Hierarchy-Consistent Task-Space Definitions

In order to implement the prescribed priorities of the task
hierarchy, the prioritized Jacobian matrices

J̄ i(q) := J i(q)N i(q)
T ∈ Rmi×n (7)

are utilized for all levels i = 1 . . . r. Herein, the null-space
projectors N i(q) ∈ Rn×n are required to satisfy the dynamic
consistency condition [1], [32], that is,

J j(q)M(q)−1N i(q) = 0, ∀j < i ≤ r , (8)

leading to the inertially decoupled task-space dynamics as will
be shown in Section II-E. One can compute N i(q) recursively
by [33], [10]

N1 = I , J̄1(q) = J1(q) ; (9)

N i(q) = N i−1(q)− J̄ i−1(q)
T J̄ i−1(q)

M+,T , (10)

where

J̄ i(q)
M+ := M(q)−1J̄ i(q)

T
(
J̄ i(q)M(q)−1J̄ i(q)

T
)−1

(11)
is the dynamically consistent generalized inverse of J̄ i(q) [1].
Since J(q) is nonsingular, the property rank(J̄ i(q)) = mi

holds for all levels i = 1 . . . r, see Lemma 1 in Appendix A.
Moreover, J̄ i(q)

M+ always exists, as J̄ i(q)M(q)−1J̄ i(q)
T

is invertible.
The hierarchy-consistent task-space velocity vector v ∈ Rn

is defined as
v := J̄(q)q̇ , (12)

where J̄(q) ∈ Rn×n is the stacked prioritized Jacobian matrix

J̄(q) :=
[
J̄

T
1 (q) . . . J̄

T
r (q)

]T
. (13)

The component of v regarding the i-th hierarchy level can be
obtained by vi := J̄ i(q)q̇ ∈ Rmi . Furthermore, the inverse of
J̄(q) can be computed by [16]

J̄(q)−1 =
[
J̄1(q)

M+ . . . J̄r(q)
M+

]
, (14)

see Proposition 3 in Appendix A.

E. Inertially Decoupled Dynamics

Applying the coordinate transformation (12) to (1) yields
the inertially decoupled task-space dynamics

Λ(q)v̇ + µ(q, q̇)v = J̄(q)−T
(
τ + τ ext − g(q)

)
. (15)

In the following, dependencies on q, q̇ are omitted for the sake
of simplicity. The block diagonal inertia matrix is given by

Λ := J̄
−T

MJ̄
−1

= diag{Λi} ∈ Rn×n , (16)

where Λi := (J̄ iM
−1J̄

T
i )

−1 ∈ Rmi×mi denotes the subtask
inertia matrix on the i-th hierarchy level [10]. The task-space
Coriolis/centrifugal matrix can be derived as

µ :=
(
J̄

−T
C −Λ ˙̄J

)
J̄

−1 ∈ Rn×n . (17)

Although µ induces dynamic couplings across the task hier-
archy due to its non-zero off-diagonal blocks, in general, it
possesses a beneficial structure which has been exploited to
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facilitate passivity-based control design [14], [16], [17]. To
elaborate, µ can be expressed as

µ = µ̄+ (µ− µ̄) , (18)

where µ̄ := diag{µi,i} with µi,i ∈ Rmi×mi being the diago-
nal block matrices of µ. On account of Assumption 2 and the
block diagonal structure of Λ, two properties can be shown: a)
Λ̇ = µ̄+ µ̄T holds; b) µ− µ̄ is skew-symmetric. The latter
can be utilized to implement a power-conserving compensation
for the cross-couplings (µ− µ̄)v, as the transmitted power is
zero, i. e., vT (µ− µ̄)v = 0 [14]. Note that Assumption 1 and
the assumed nonsingularity of J̄(q) guarantee the bounded-
ness of Λ(q); together with Assumption 3 they further ensure
that µ(q, q̇) is bounded in q.

F. Relations Between Original and Hierarchy-Consistent
Task-Space Velocities and Accelerations

When designing a tracking control law based on the task-
space dynamics (15), a major challenge is to cope with the
mismatch between the original and the hierarchy-consistent
task-space quantities. More specifically, the left-hand side of
(15) is represented with v and v̇, whereas the control objective
is to enforce the trajectory tracking w. r. t. x, ẋ, and ẍ.
In this section the formalism from [17] is briefly recalled,
which describes the relation between original and hierarchy-
consistent kinematic quantities.

The relation between v and ẋ can be written as

v = Bẋ , (19)

where B := J̄J−1 ∈ Rn×n is a lower triangular block matrix.
Its upper and diagonal blocks are given by

Bi,j = 0 ∀i < j ; Bi,j = I ∀i = j , (20)

respectively, with Bi,j ∈ Rmi×mj denoting the (i, j)-block of
B. Note that the lower triangular blocks of B are not empty
in general. Differentiating (19) w. r. t. time leads to

v̇ = Bẍ+ Ḃẋ , (21)

in which Ḃ is also lower triangular, but it has zero blocks on
its diagonal. The lower triangular structure of B and Ḃ results
from the dynamic consistency of the null-space projectors,
which ensures that lower priority tasks cannot interfere with
higher priority ones during the transient. However, top-down
couplings can still occur at both velocity and acceleration
levels via mappings of lower triangular parts of B and Ḃ.

G. HPD+ Controller and Top-Down Disturbances

The HPD+ control scheme [17] will be briefly reviewed and
reformulated in a more compact way with the notations used
here. It can be viewed as a direct extension of the hierarchical
regulation controller [16] to trajectory tracking by introducing
feedforward terms in a PD+ manner [34]. The general control
law of the HPD+ can be expressed as

τ = g + τµ + τ pd + τff + τ ext
comp , (22)

where

τµ := J̄
T
(µ− µ̄)v , (23)

τ pd := J̄
T (

−D ˙̃x−Kx̃
)
, (24)

τff := J̄
T (

Λ(Bẍdes + Ḃẋdes) + µ̄Bẋdes

)
, (25)

τ ext
comp := J̄

T (
I −B−T

)
F ext

ẋ . (26)

It contains the gravity compensation g, the power-conserving
feedback term τµ to compensate for cross-couplings in
µ, the proportional derivative (PD) control action τ pd, the
feedforward2 action τff , and the optional feedback term
τ ext
comp to annihilate the bottom-up3 cross-couplings of F ext

ẋ

in case of physical interaction. The block diagonal matrices
K := diag{Ki} and D := diag{Di} describe the overall
task-space stiffness and damping, respectively; the submatrices
Ki,Di ∈ Rmi×mi are symmetric and positive definite.

The control law (22) does not involve any inertia shaping,
it requires no measurement/estimation of τ ext or F ext

ẋ when
τ ext
comp is not applied, and it provides UAS in free motion

(τ ext = 0). Nevertheless, except for the primary task (i = 1),
the transient performance of the individual tasks is affected
by internal top-down disturbances due to the remaining cross-
couplings. Applying (22) with (23)–(26) to (15) yields the
closed-loop dynamics

Λi
¨̃xi+(µi,i+Di) ˙̃xi+Kix̃i−F ext

ẋi
= γi, ∀1 < i ≤ r , (27)

with the internal top-down disturbances given by

γi := −Λi

i−1∑

j=1

(
Bi,j

¨̃xj + Ḃi,j
˙̃xj

)
− µi,i

i−1∑

j=1

Bi,j
˙̃xj . (28)

When there remain task-space tracking errors on any higher
priority level 1 ≤ j ≤ i− 1, γi will constantly disturb the
desired closed-loop dynamics on the i-th hierarchy level, that
is, the left-hand side of (27). In addition, the stable physical
interaction can only be proved for the case of constant F ext

ẋ ,
since any ẍj induced by some time-varying F ext

ẋj
can generate

disturbances along the closed-loop trajectories on all lower
levels i = j + 1 . . . r.

III. PASSIVE DECOUPLED MULTI-TASK CONTROLLER:
DESIGN AND COMPARATIVE ANALYSIS

A. Controller Design

Rather than to rely on the asymptotic convergence of the
top-down disturbances as in [17], the proposed control law is
designed to compensate for the transient top-down couplings

ẇ := v − ẋ = (B − I)ẋ , (29)

ẅ := v̇ − ẍ = (B − I)ẍ+ Ḃẋ , (30)

at both velocity and acceleration levels. This coupling rejection
is achieved by keeping the level-specific feedforward terms in

2Since τff also includes feedback of measured states, it is strictly speaking
not a common feedforward action, but the desired trajectories are fed forward
through it in a PD+ manner.

3This is implied by the upper triangular structure of B−T .
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(25) and compensating for the effects of ẇ and ẅ through
feedback actions, which leads to

τff+comp := J̄
T (

Λ(ẍdes + ẅ) + µ̄(ẋdes + ẇ)
)
. (31)

However, the formulation of ẅ in (30) requires the knowledge
of ẍ at each time instant; thus, it is not realizable due to the
lack of causality. Therefore, ẍ in (30) is replaced with the
task-space reference acceleration

ẍref := ẍdes +Λ−1
(
F ext

ẋ − (µ̄+D) ˙̃x−Kx̃
)
, (32)

which stems from the desired and decoupled impedance be-
havior of the nonlinear closed-loop system. In order to cor-
rectly reconstruct ẍref from (32) as an estimate of ẍ, one needs
to annihilate the cross-couplings of external forces/torques in
task space. As a result, τ ext

comp becomes necessary, thereby
requiring measurement/estimation of τ ext or F ext

ẋ . It is worth
mentioning that a similar formulation of ẍref has been intro-
duced in [31], but it is used for single-level regulation control,
and the task-space interaction forces/torques are treated as
external disturbances to be fully compensated.

Combining (23), (24), and (26) with (29)–(31) results in

τ = g+ J̄
T
µv− J̄

T
B−TF ext

ẋ + J̄
T
Λ
(
Bẍref+Ḃẋ

)
. (33)

One can observe that the task-space Coriolis/centrifugal forces
µv are first completely compensated for, and then their level-
specific components µ̄ẋ are recovered through (32). In [35]
the authors have suggested to fully (pre-)compensate for both
Coriolis/centrifugal and gravitational terms in joint space.
Besides, the pre-computation of the total matrix µ is in fact
not necessary as µ̄ can be directly obtained through

µi,i = J̄
M+,T
i CJ̄

M+
i −Λi

˙̄JiJ̄
M+
i . (34)

Hence, the joint-space compensation for Coriolis/centrifugal
effects is adopted here, leading to

τ = g+Cq̇−J̄
T
B−TF ext

ẋ +J̄
T
Λ
(
Bẍref+Ḃẋ− ˙̄Jq̇

)
, (35)

where (12) and (17) have been applied. Finally, by inserting
Ḃ = ( ˙̄J −BJ̇)J−1 into (35), one obtains the control law

τ = g +Cq̇ − J̄
T
B−TF ext

ẋ + J̄
T
ΛB

(
ẍref − J̇ q̇

)
. (36)

Remark 3: From a computational point of view, the straight-
forward implementation of (19) to compute B is not efficient,
as it requires the inverse of J which costs O(n3) of effort
in real time. Since B−1 is lower triangular, the computation
effort can be reduced to O(n2) by solving B−1z = ẍref − J̇ q̇
for z ∈ Rn [36, Sec.3.1.1]. Moreover, the (i, j)-block of B−1

for i > j can be directly obtained as J iJ̄
M+
j .

The control law (36) together with (32) leads to the refer-
ence behavior ẍ = ẍref . Consequently, it results in the desired
closed-loop equations of motion

Λ¨̃x+ (µ̄+D) ˙̃x+Kx̃ = F ext
ẋ , (37)

where the internal top-down disturbances (28) are now fully
canceled for all subtasks i = 2 . . . r. Although (37) describes a
hierarchically decoupled system, note that state dependencies
in Λi(q) and µi,i(q, q̇) still appear across the task hierarchy.

B. Comparison with Feedback Linearization

The control scheme (36) does not restrict the concrete
objectives of the reference accelerations. As a result, it can
also be used to implement the multi-objective controllers based
on feedback linearization. To this end, the impedance-based
reference acceleration can be written as

ẍref,fl := ẍdes +Λ−1
des

(
F ext

ẋ −D ˙̃x−Kx̃
)

(38)

in general, with Λdes := diag{Λi,des} and Λi,des ∈ Rmi×mi

denoting the constant, desired subtask inertia, which is often
chosen to be an identity matrix. Note that (38) does not
involve the reconstruction of the Coriolis/centrifugal term µ̄ ˙̃x,
in contrast to the proposed control law.

1) Distortion of Feedback Gains: Applying (38) in (36)
and recalling Bi,i = I from (20), one can observe that the
task-space PD control action on the hierarchy level i, that is,

F i,pd := −Di
˙̃xi −Kix̃i , (39)

is first pre-multiplied by ΛiΛ
−1
i,des, then mapped onto the joint

torque space via J̄
T
i , in the control law of feedback lin-

earization. When Λi,des is not well-tuned, this configuration-
dependent distortion effect can largely degrade the tracking
performance. Moreover, it can also increase the risk of ex-
ceeding actuator limits due to unrealistic inertial responses
required by Λi,des. On the other hand, using the natural task-
space inertia (i. e., Λi,des = Λi) in ẍi,ref , as in (32), eliminates
this effect. Notice that for one-dimensional tasks, ΛiΛ

−1
i,des is

reduced to a scalar factor that either amplifies or attenuates
F i,pd directly.

In order to evaluate this distortion effect across the task
hierarchy, the analytical expression of the lower triangular
parts of B is derived as (see Appendix B for details)

Bi,j = −J i

i−1∏

k=j+1

ΦkJ̄
M+
j , ∀i > j , (40)

where Φk := I − J̄
M+
k Jk ∈ Rn×n. Then, using the natural

task inertia on a higher level j < i, i. e., Λj,des = Λj , yields

ΛiBi,jΛ
−1
j,des = −ΛiJ i

i−1∏

k=j+1

ΦkM
−1J̄

T
j ΛjΛ

−1
j

= −ΛiJ i

i−1∏

k=j+1

ΦkM
−1J̄

T
j .

(41)

Thus, the proposed controller does not induce the distortion
effect of ΛjΛ

−1
j,des on all lower levels i = j + 1 . . . r, which

will otherwise arise in the case of feedback linearization.
2) Error Propagation of External Force Feedback: As both

approaches require the feedback of external forces/torques, it
is of special interest to analyze the error propagation of such
feedback into their closed-loop dynamics. Let F̂

ext

ẋ denote the
generalized task-space external forces obtained by estimation
or measurement, and F̃

ext

ẋ := F ext
ẋ − F̂

ext

ẋ represents the cor-
responding generalized force errors. Replacing F ext

ẋ with F̂
ext

ẋ

in the control law (36) yields

τ = g +Cq̇ − J̄
T
B−T F̂

ext

ẋ + J̄
T
ΛB

(
¨̂xref − J̇ q̇

)
, (42)
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where ¨̂xref := ẍref −Λ−1F̃
ext

ẋ describes the task-space refer-
ence acceleration perturbed by F̃

ext

ẋ . As a result, the closed-
loop dynamics becomes

ẍ = ¨̂xref +B−1Λ−1B−T F̃
ext

ẋ

= ẍref +
(
B−1Λ−1B−T −Λ−1

)
F̃

ext

ẋ . (43)

Similarly, the perturbed closed-loop dynamics in case of the
feedback linearization is given by

ẍ = ẍref,fl +
(
B−1Λ−1B−T −Λ−1

des

)
F̃

ext

ẋ . (44)

Clearly, since the matrix B−1Λ−1B−T is, in general, fully
occupied, both (43) and (44) can no longer achieve decoupled
closed-loop dynamics when F̃

ext

ẋ ̸= 0. However, the proposed
approach is less sensitive against F̃

ext

ẋ as compared to the
feedback linearization, at least for an interesting special case.
This is when F̃

ext

ẋ only has a non-zero component for the
first priority level, i. e., F̃

ext

ẋ1
̸= 0 and F̃

ext

ẋi
= 0, ∀i = 2 . . . r.

Since the (1, 1)-block of B−1Λ−1B−T is equal to Λ−1
1 , the

performance of the main task with the proposed approach
will not be influenced by F̃

ext

ẋ , whereas the performance
with the feedback linearization will degenerate whenever
Λ−1

1,des ̸= Λ−1
1 . For a more general case, the (i, i)-block of

B−1Λ−1B−T is equivalent to the inverse of the operational-
space kinetic energy matrix [3]:

Λi,kin := (J iM
−1JT

i )
−1 ∈ Rmi×mi . (45)

Note that Λi,kin is different from Λi except for the main task.

IV. STABILITY AND PASSIVITY ANALYSIS

In this section the stability properties of the equilibrium

x̃i = ˙̃xi = 0, ∀i = 1 . . . r (46)

of the overall closed-loop system in case of free motion
and under bounded interaction forces/torques are analyzed.
It should be noted that due to the assumed restriction to
nonsingular task space, the initial conditions of the results
cannot include the entire state space q, q̇ ∈ Rn. Thus, the
stability properties are only valid in the local sense, which is
a common limitation of stability analyses for task-space con-
trollers [7], [17], [19]. In addition to stability, the passivity of
the closed-loop system w. r. t. the input-output-pair (F ext

ẋ , ˙̃x)
is also clarified.

A. Scaling Metrics for Physically Consistent Norms

In general, the dimensionless Euclidean norm is not suitable
for quantitative evaluation of a vector/covector with compo-
nents having different physical units of measurement [37],
[38]. For example, the total velocity error vector ˙̃x may contain
linear and angular components which are measured in m/s
and rad/s, respectively. The Euclidean norm ∥ ˙̃x∥ is physi-
cally meaningless as its physical unit cannot be determined.
Therefore, some scaling metrics inspired by [39] have to be
introduced in order to properly define a set of physically
consistent norms used by the following analysis.

One can select a diagonal, positive definite matrix
W x := diag{wx,i} with i = 1 . . . n as a metric tensor on the
vector space of x, such that the inner product

xTW xx =
n∑

i=1

wx,ix
2
i

w. r. t. the metric W x has the unified unit of J (Joule); conse-
quently, the terms in the sum have comparable values. Note
that wx,i is required to have an appropriate derived unit w. r. t.
the unit of measurement of xi, that is, [wx,i] = J/[xi]

2. By an
abuse of notation [·] denotes, from now on, the physical unit of
the respective parameter or variable. Similarly, a diagonal posi-
tive definite matrix W ẋ := diag{wẋ,i} can be used as a scal-
ing metric for ẋ by enforcing [wẋ,i] = J/[ẋi]

2 = [wx,i] · s2.
Moreover, since the scalar product ẋTF ext

ẋ has the fixed unit
of J/s or W (Watt), respectively, W−1

ẋ can serve as a valid
metric for F ext

ẋ . This allows the unit of the inner product
F ext,T

ẋ W−1
ẋ F ext

ẋ to be determined as J/s2. Summarized, a
set of physically consistent norms induced by the associated
scaled inner products can be defined as

∥x̃∥W x
:=

√
x̃TW xx̃ , (47)

∥ ˙̃x∥W ẋ :=

√
˙̃xTW ẋ

˙̃x , (48)

∥F ext
ẋ ∥W−1

ẋ
:=

√
F ext,T

ẋ W−1
ẋ F ext

ẋ , (49)

with [∥x̃∥2W x
] = J, [∥ ˙̃x∥2W ẋ

] = J, and [∥F ext
ẋ ∥2

W−1
ẋ

] = J/s2.

B. Scaled Error Variables and System Matrices

Based on the norms (47) and (48), the vector of scaled error
variables can be defined as

y :=

[
W 1/2

x 0

0 W
1/2
ẋ

][
x̃

˙̃x

]
∈ R2n , (50)

where W 1/2
x and W

1/2
ẋ represent the principal square roots

of the respective scaling matrices. Because the components
of y are well-defined with the same unit, the Euclidean
norm ∥y∥ =

√
∥x̃∥2W x

+ ∥ ˙̃x∥2W ẋ
is physically consistent

with [∥y∥2] = J. Moreover, note that (46) is equivalent to
y = 0 as the linear map in (50) is invertible. The following
scaled system matrices are needed for the analysis:

Λẋẋ ,Λxẋ ,Dẋẋ ,Dxẋ , µ̄ẋẋ , µ̄xẋ ,Kxx .

Herein, the first lower index indicates the left multiplication
of the respective inverse square root and the second the
right multiplication, e. g. , Λxẋ := W−1/2

x ΛW
−1/2
ẋ . It can

be easily verified that the scaled system matrices are either
dimensionless or have unified units. This justifies using their
eigenvalues and induced Euclidean norms for the follow-
ing analysis in terms of physical consistency. Furthermore,
notice that the properties: Λẋẋ ≻ 0, Dẋẋ ≻ 0, Kxx ≻ 0,
Λ̇ẋẋ = µ̄ẋẋ + µ̄T

ẋẋ, and Λ̇xẋ = µ̄xẋ + µ̄T
xẋ, are invariant with

respect to the selected scaling metrics.
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C. Proof of Uniform Exponential Stability

The following proposition shows that the proposed con-
troller can achieve UES of the equilibrium, despite that non-
linearity of the system is partially retained in order to preserve
the natural inertial properties.

Proposition 1: Consider the system (1) with the control law
(36) together with (32). Suppose that Assumptions 1–5 hold.
Then, the equilibrium y = 0 is uniformly exponentially stable
for the case of free motion (τ ext = 0).

Proof: The proof of Proposition 1 is conducted by con-
structing a strict Lyapunov function with skewed level sets. As
an intermediate step, uniform stability (US) of the equilibrium
is first established in order to verify some boundedness condi-
tions. For this purpose, an energy-like Lyapunov function can
be intuitively chosen as

V (t,y) :=
1

2
yTP eney , P ene :=

[
Kxx 0

0 Λẋẋ

]
. (51)

It consists of artificial kinetic and potential energies of the
error dynamics, i. e. V (t,y) = 1

2
˙̃xTΛ ˙̃x+ 1

2 x̃
TKx̃. Since

P ene is bounded and P ene ≻ 0, V (t,y) is decrescent and
positive definite in y [40], [41]. Furthermore, by using
Λ̇ẋẋ = µ̄ẋẋ + µ̄T

ẋẋ, the time derivative of V (t,y) along the
solution of (37) in free motion can be obtained as4

V̇ (t,y) = −yT

[
0 0

0 Dẋẋ

]
y . (52)

In view of Dẋẋ ≻ 0, V̇ (t,y) is negative semi-definite in
y. Thus, based on Lyapunov’s direct method [40, Theorem
5.3.14], US of the equilibrium y = 0 can be concluded.
Consequently, the tracking errors x̃ and ˙̃x are bounded. This
further implies the boundedness of x and ẋ, since xdes and
ẋdes are bounded by definition. Moreover, as J is assumed to
be nonsingular, q̇ is bounded due to q̇ = J−1ẋ, and in turn,
µ̄(q, q̇) is bounded as well.

Next, the original level sets of V (t,y) are skewed by in-
troducing a cross-term ϵx̃TΛ ˙̃x = ϵx̃TW 1/2

x ΛxẋW
1/2
ẋ

˙̃x with
ϵ > 0 and [ϵ] = 1/s [23], leading to5

Vϵ(t,y) :=
1

2
yTP ene

ϵ y , P ene
ϵ :=

[
Kxx ϵΛxẋ

ϵΛT
xẋ Λẋẋ

]
. (53)

In [17], [20], it has been proven that for a sufficiently small
and positive ϵ, Vϵ(t,y) is a valid strict Lyapunov function.
However, to the best of our knowledge, the determination of
a concrete range for ϵ has only been addressed in joint-space
control [21], [22], [24], but one has to use auxiliary functions
in the cross-term which may not be physically intuitive.

Notice that ϵ is not used as an additional design parameter,
only the existence of ϵ within a proper range is needed to
conclude the strictness of Vϵ(t,y).

In the following, such a proper range for ϵ is derived without
using any auxiliary functions in the cross-term. Under the

4Note that the time dependency in V̇ (t,y) is due to possible configuration
dependencies in the damping matrices Di(q) for i = 1 . . . r.

5It can be shown that ϵΛxẋ is dimensionless and so is P ene
ϵ .

condition Kxx ≻ 0, one can state that P ene
ϵ ≻ 0 iff the Schur

complement [42, A.5.5]

Sene
ϵ := Λẋẋ − ϵ2ΛT

xẋK
−1
xxΛxẋ (54)

of Kxx w. r. t. P ene
ϵ is positive definite. Based on the eigen-

value sensitivity theorem of symmetric matrices [36, Corollary
8.1.6], see also Appendix C, the eigenvalues of Sene

ϵ do not
move by more than the induced Euclidean norm of the per-
turbation matrix ϵ2ΛT

xẋK
−1
xxΛxẋ w. r. t. Λẋẋ. Thus, λm(S

ene
ϵ )

is lower bounded by6

λm(S
ene
ϵ ) ≥ λm(Λẋẋ)− ϵ2∥ΛT

xẋK
−1
xxΛxẋ∥

≥ λm(Λẋẋ)− ϵ2
∥Λxẋ∥2
λm(Kxx)

. (55)

It follows that for any ϵ satisfying

0 < ϵ <

√
λm(Λẋẋ)λm(Kxx)

∥Λxẋ∥
:= ϵene , (56)

Sene
ϵ and P ene

ϵ are positive definite. Note that the upper bound
ϵene always exists, as Λẋẋ,Kxx ≻ 0 and Λxẋ ̸= 0. The time
derivative of Vϵ(t,y) is given by

V̇ϵ(t,y) = −yTP pow
ϵ y (57)

with

P pow
ϵ :=

[
ϵKxx

1
2ϵ
(
Dxẋ − µ̄T

xẋ

)

1
2ϵ
(
Dxẋ − µ̄T

xẋ

)T
Dẋẋ − ϵΛẋẋ

]
(58)

and [P pow
ϵ ] = 1/s. Likewise, since ϵKxx ≻ 0 holds by defi-

nition, P pow
ϵ ≻ 0 is satisfied iff the Schur complement

Spow
ϵ := Dẋẋ− ϵ

(
Λẋẋ+

1
4 (Dxẋ− µ̄T

xẋ)
TK−1

xx (Dxẋ− µ̄T
xẋ)

)

(59)
of ϵKxx in P pow

ϵ is positive definite. Similar to (55), based
on the fact that Spow

ϵ and Dẋẋ are symmetric, λm(S
pow
ϵ ) is

lower bounded by

λm(S
pow
ϵ ) ≥ λm(Dẋẋ)− ϵ∥Λẋẋ∥

− ϵ

4
∥(Dxẋ − µ̄T

xẋ)
TK−1

xx (Dxẋ − µ̄T
xẋ)∥

≥ λm(Dẋẋ)− ϵλM(Λẋẋ)−
1

4
ϵ
∥Dxẋ − µ̄T

xẋ∥2
λm(Kxx)

.

(60)

It follows that for any ϵ satisfying

0 < ϵ <
λm(Kxx)λm(Dẋẋ)

λm(Kxx)λM(Λẋẋ) +
1
4∥Dxẋ − µ̄T

xẋ∥2
:= ϵpow ,

(61)
Spow

ϵ and P pow
ϵ are positive definite. The existence of ϵpow

is ensured, since Λẋẋ,Kxx,Dẋẋ ≻ 0, and ∥Dxẋ − µ̄T
xẋ∥ is

upper bounded due to the established boundedness of µ̄(q, q̇).
In view of both (56) and (61), together with the existence of

ϵene and ϵpow, one can conclude that there exists ϵ satisfying

0 < ϵ < min{ϵene, ϵpow} , (62)

such that Vϵ(t,y) is positive definite and V̇ϵ(t,y) is negative
definite in y. Moreover, P ene

ϵ is bounded for bounded ϵ; thus,

6Note that for all matrices A,E ∈ Rn×n, ∥AE∥ ≤ ∥A∥∥E∥ and
∥A+E∥ ≤ ∥A∥+ ∥E∥ hold.
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Vϵ(t,y) remains decrescent. Therefore, Vϵ(t,y) is a valid strict
Lyapunov function for the nonautonomous closed-loop system.
Since both Vϵ(t,y) and V̇ϵ(t,y) are also quadratic functions
of y, UES of y = 0 can be straightforwardly established, e. g.,
through [40, Theorem 5.3.45] and [41, Theorem 4.10].

D. Passivity Analysis for Physical Interaction

One can employ V (t,y) from (51) as a valid storage func-
tion for the analysis of passivity during physical interaction
with the environment. During such an interaction, that is,
F ext

ẋ ̸= 0, (52) can be written as

V̇ = − ˙̃xTD ˙̃x+ ˙̃xTF ext
ẋ , (63)

and consequently,

V̇ + λm(Dẋẋ)∥ ˙̃x∥2W ẋ
≤ ˙̃xTF ext

ẋ (64)

with λm(Dẋẋ) > 0. Therefore, the closed-loop system (37) is
strictly output passive w. r. t. the input F ext

ẋ , the output ˙̃x, and
the storage function V [43, Definition 2.2.8].

Remark 4: Note that for the regulation case (ẋdes = 0),
the term ˙̃xTF ext

ẋ in (63)–(64) represents the physical power
transmitted during interaction.

From (64) one can further conclude the boundedness
of ˙̃x in case of bounded inputs F ext

ẋ . Let 0 < θ < 1
be some positive constant and consider the case when
∥ ˙̃x∥W ẋ

≥ 1
θλm(Dẋẋ)

∥F ext
ẋ ∥W−1

ẋ
, it can then be derived from

(64) that
V̇ ≤ −(1− θ)λm(Dẋẋ)∥ ˙̃x∥2W ẋ

. (65)

Therefore, the total energy V will inevitably start to decrease
when ˙̃x exceeds some limited bound defined with ∥F ext

ẋ ∥W−1
ẋ

.
Since Λ(q) is uniformly bounded and the kinetic-energy-
like term 1

2
˙̃xTΛ ˙̃x can, at most, reach the value of V (for

x̃ = 0), one can conclude that ˙̃x is bounded under bounded
F ext

ẋ . Consequently, the boundedness of µ̄(q, q̇) can also be
concluded for this case. The latter is a prerequisite for the
following proof of input-to-state stability.

Remark 5: Note that the boundedness of µ̄(q, q̇) is restricted
to both the case of bounded F ext

ẋ and the case of free
motion with F ext

ẋ = 0. The latter has already been shown in
Section IV-C. For unbounded inputs, this conclusion cannot
be made in general.

E. Proof of Input-to-State Stability

The following proposition related to ISS of the closed-loop
system shows that y is bounded under bounded F ext

ẋ , and it
will approach the equilibrium as F ext

ẋ tends to zero.
Proposition 2: Under the same conditions of Proposition 1,

suppose that F ext
ẋ is bounded during the entire execution of

all tasks, that is, ∥F ext
ẋ ∥W−1

ẋ
≤ ρ ∀t ≥ t0 with some positive

constant ρ. Then, the closed-loop system (37) is (locally) input-
to-state stable such that [44]

∥y∥ ≤ β(∥y(t0)∥, t− t0) + γ(sup
t≥t0

∥F ext
ẋ ∥W−1

ẋ
) , (66)

∀∥y(t0)∥ ≤ ρ and ∀t ≥ t0, where β ∈ KL, γ ∈ K. In partic-
ular, a possible γ(r) is given by

γ(r) :=

√
λM(P ene

ϵ )√
λm(P

ene
ϵ )

√
1 + ηϵ2

θλm(P
pow
ϵ )

r , (67)

where η := max{wẋ,i/wx,i} > 0, 0 < θ < 1 is a posi-
tive constant, and ϵ satisfies the condition (62) ensuring
P ene

ϵ ,P pow
ϵ ≻ 0.

Proof: The proof of Proposition 2 is based on the local
version of [41, Theorem 4.19] and is conducted by showing
that Vϵ(t,y) is indeed a valid ISS-Lyapunov function [45].
Since P ene

ϵ is positive definite and bounded, Vϵ(t,y) satisfies

1

2
λm(P

ene
ϵ )∥y∥2 ≤ Vϵ(t,y) ≤

1

2
λM(P ene

ϵ )∥y∥2 . (68)

For the case of physical interaction, i. e., τ ext ̸= 0 (and
F ext

ẋ ̸= 0), the time derivative of Vϵ(t,y) can be written as

V̇ϵ(t,y,F
ext
ẋ ) = −yTP pow

ϵ y + yTF ext
y (69)

with F ext
y :=

[
ϵF ext,T

ẋ W−1/2
x F ext,T

ẋ W
−1/2
ẋ

]T
∈ R2n.

Moreover, due to P pow
ϵ ≻ 0, V̇ϵ(t,y,F

ext
ẋ ) satisfies

V̇ϵ(t,y,F
ext
ẋ ) ≤ −λm(P

pow
ϵ )∥y∥2 + |yTF ext

y | . (70)

Furthermore, it can be shown that

|yTF ext
y | ≤ ∥y∥∥F ext

y ∥ ≤
√
1 + ηϵ2∥y∥∥F ext

ẋ ∥W−1
ẋ

(71)

with η = max{wẋ,i/wx,i}. It follows from (70)–(71) that

∀∥y∥ ≥
√

1+ηϵ2

θλm(P pow
ϵ )

∥F ext
ẋ ∥W−1

ẋ
with 0 < θ < 1,

V̇ϵ(t,y,F
ext
ẋ ) ≤ −(1− θ)λm(P

pow
ϵ )∥y∥2 . (72)

Therefore, in view of (68) and (72), the closed-loop system is
locally input-to-state stable w. r. t. the input F ext

ẋ and the state
y, with a bounding class-K function γ of supt≥t0 ∥F

ext
ẋ ∥W−1

ẋ

defined as (67).

V. SIMULATIONS

The theoretical properties of the proposed controller (36)
with (32) are verified through simulations on a 6-DOF planar
manipulator as illustrated in Fig. 2. The task hierarchy is
designed with five priority levels:

• Level 1 (m1 = 2): Translation of TCP in x and y;
• Level 2 (m2 = 1): Rotation of TCP about z;
• Level 3 (m3 = 1): Rotation in joint 3 about z;
• Level 4 (m4 = 1): Translation in joint 1 in x;
• Level 5 (m5 = 1): Rotation in joint 5 about z.

The applied control gains are listed in Table I. As comparison
to the proposed controller, the classical feedback-linearization-
based controller, implemented by (36) with (38), is evaluated
with the same set of control gains from Table I. Furthermore,
two types of desired task-space inertias are considered for the
feedback linearization, that is

Type I : Λi,des = Λi,kin(q0) ; Type II : Λi,des = I .

Herein, q0 denotes the initial joint positions, and Λi,kin(q0) is
computed through (45). The term Λi,kin(q0) can be interpreted
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Joint 1

g

x

y

z Level 4

Level 3

Level 1

Level 2

Level 5

Joint 2

Joint 3

Joint 4

Joint 5
Joint 6

Fig. 2. Planar manipulator with 6 DOF used for numerical simulations. The
model has one prismatic joint followed by five revolute joints, and it satisfies
Assumptions 1 and 3. Gravity is simulated with g = 9.81 m/s2. Each link is
modeled as a massless bar with a centered point mass of 1 kg. The base
link has a length of 0.25 m, all other links have a length of 0.5 m. The
Coriolis/centrifugal matrix is constructed by using the formulation presented
in [28] which satisfies Assumption 2. The initial configuration is given by
q0 = [0m, 45 deg,−45 deg,−45 deg,−45 deg,−45 deg]T .

TABLE I
CONTROL GAINS FOR THE SIMULATIONS

Lvl. Sim. #1 Sim. #2 and #3
stiffness/damping stiffness/damping

1 (200, 200) N
m / (10, 10) Ns

m (400, 400) N
m / (50, 50) Ns

m

2 50 Nm
rad / 5 Nms

rad 300 Nm
rad / 30 Nms

rad

3 50 Nm
rad / 5 Nms

rad 100 Nm
rad / 10 Nms

rad

4 100 N
m / 10 Ns

m 250 N
m / 30 Ns

m

5 50 Nm
rad / 5 Nms

rad 100 Nm
rad / 10 Nms

rad

as the natural task-space inertia in the initial configuration
when a single task is performed.

Simulation #1 (convergence): The first simulations aim at
verifying the convergence properties of the proposed con-
troller. All five levels are assigned with smooth position
trajectories as shown in Fig. 3, which can cause the sys-
tem to undergo large configuration changes. At t = 0 s,
the trajectories are deviated from the zero points in order
to induce initial task-space position errors. Fig. 4 depicts
the Euclidean norm of the tracking errors on each level.
Note that the norm values are physically consistent, since
the task coordinates on each level have the same unit. One
can observe that the proposed controller provides the desired
exponential stability and features a similar convergence rate
as the feedback linearization of Type I. Moreover, because of
the full compensation of top-down disturbances, the transient
behaviors of lower-level tasks are not affected7 by higher-level
tasks. For example, the tracking errors on levels 2, 3, and 5
can decay even faster to zero than on level 1.

Simulation #2 (performance robustness): In order to com-
pare their robustness properties, the closed-loop time response
with each controller is evaluated 1000 times in the presence of
parameter variations and unmodeled friction effects. Specifi-
cally, the link mass used in the simulated dynamics is varied

7Or only marginally affected due to dependencies of the closed-loop
dynamics on joint states.
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Fig. 3. Simulation #1: Desired position trajectories on all five levels. The
zero points of the level-specific trajectories correspond to the respective initial
configuration as depicted in Fig. 2.
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Fig. 4. Simulation #1: Comparison of the convergence behavior in free motion
between the proposed controller and the feedback linearization of Type I and
II. Because all tracking errors can converge within 2 s, the results after t = 2 s
are omitted for clarity.

for all links together by means of a uniform distribution over
±15% of the nominal value. Moreover, all joints are affected
by unmodeled viscous friction with uniformly distributed
coefficients between 0 and 0.1 Nms/rad for the revolute joints
or Ns/m for the base joint, respectively. As justified in [46], the
uniform distribution can be seen as the worst-case distribution
for the robustness analysis when statistical descriptions of the
uncertainty are unavailable. The desired trajectories depicted
in Fig. 3 are reused but without including any initial task-space
errors. The tracking performance during a single evaluation is
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Fig. 5. Simulation #2: Mean values and standard deviations of the RMS
errors computed from 1000 evaluations for each controller. Link mass and
joint friction coefficients are varied by the respective uniform distributions.

quantified by the root mean square (RMS) value of x̃i, that is,
ei =

√
1
Ts

∫ Ts

0
x̃T

i x̃idt with Ts = 4 s being the total simulation
time. The statistical results of all evaluations are summarized
in Fig. 5, which provides a comparison of performance robust-
ness of the controllers. It can be observed that the proposed
controller achieves the best tracking performance on level 1
and similar performance on levels 3 and 4 as the feedback
linearization of Type I.

On the other hand, the proposed controller can result in
considerably larger position errors on levels 2 and 5 than the
feedback linearization of Type I. The reasons are two-fold: a)
the impact of ΛiΛ

−1
i,des in the feedback linearization is reduced

to a scalar factor when the subtask is only one-dimensional,
as mentioned in Section III-B1; b) in order to comply with the
strict task hierarchy, the controllability of these two subtasks is
largely limited. To elaborate on the latter, the eigenvalues of Λi

and Λi,kin(q0) on all subordinated levels i = 2 . . . 5 during the
last evaluation are plotted in Fig. 6. Based on the implemented
task hierarchy, one would expect that the subtasks on levels 2
and 5 are more likely to compete with the main task. This is
confirmed by the observation that λi is much larger than λi,kin

on levels 2 and 5, also in the initial configuration, whereas they
have comparable magnitudes on levels 3 and 4. Therefore,
on levels 2 and 5, the factor ΛiΛ

−1
i,kin(q0) = λi/λi,kin > 1

aggressively increases the PD control gains (i. e., both stiffness
and damping) and can, in turn, result in better tracking
performance. However, this enhancement of performance with
the feedback linearization has to be paid by increased risk of
exceeding the feasible force/torque limits of actuators.

Simulation #3 (physical interaction): To examine the phys-
ical interaction behavior of the proposed controller, external
task-space forces/torques are applied separately on all levels.
Fig. 7 shows the applied external forces/torques together with
the reference trajectories. To analyze the robustness issues
of external force feedback, the classical momentum-based
observer of τ ext [47], [48] is implemented for the simulations.
Roughly speaking, the observer can provide a first-order
filtered estimate of τ ext, that is, ṙ = −KO(r − τ ext) with
r being the observer output, the so-called residual vector, and
KO ≻ 0 a diagonal gain matrix of the observer. The task-
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Fig. 6. Simulation #2: Eigenvalues of hierarchy-consistent and non-consistent
task-space inertias (Λi and Λi,kin(q0)) on levels i = 2 . . . 5. Since all
subtasks are one-dimensional, λi and λi,kin are the respective task-space
inertias themselves.
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Fig. 7. Simulation #3: Reference trajectories (blue) and applied external task-
space forces/torques (red) on all levels of the task hierarchy.

space position errors with the proposed controller and the
feedback linearization of Type I during physical interaction
are plotted in Fig. 8. It can be observed that when using
the (unrealistic) perfect knowledge of τ ext, both controllers
can feature the desired decoupled impedance behavior on
the individual levels. Under cross-couplings in F ext

ẋ due
to estimation errors, the proposed controller shows better
performance on level 1 and comparable performance as the
feedback linearization on all other levels. It is noticeable that
the performance of the feedback linearization deteriorates in
inactive phases of interactions on level 1, especially during
fast changes of configuration, e. g., for 3 s < t < 4 s.

VI. EXPERIMENTS

The proposed approach is validated and compared with the
HPD+ and the feedback linearization in two sets of experi-
ments: trajectory tracking in free motion (Exp. #1) and under
physical interaction (Exp. #2). All experiments are conducted
on a 7-DOF torque-controlled KUKA LWR IV+. The task
hierarchy comprises three priority levels. The main task is
defined by a translational Cartesian impedance at the TCP
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Fig. 8. Simulation #3: Task-space position errors induced by external
interactions during the trajectory-tracking. The shaded areas mark the time
intervals of active interactions on the respective hierarchy levels.

with m1 = 3. On the second level, an impedance of the TCP
orientation with m2 = 3 is considered, where the PD control
term is implemented via a quaternion-based potential function
to avoid representation singularities [49]. Joint impedance of
the first joint with m3 = 1 is assigned to the lowest level. The
applied control gains are given in Table II.

To provide a direct comparison between the proposed ap-
proach and the state of the art, the feedback linearization of
Type I, i. e., Λi,des = Λi,kin(q0), and the HPD+ approach
without the optional compensation (26) are considered and
tested using the same control gains from Table II. Note that
the stiffness values are designed according to the main goal
of the tasks, i. e., a moderate stiffness for dynamic trajectory

TABLE II
CONTROL GAINS FOR THE EXPERIMENTS

Lvl. Exp. #1 Exp. #2
stiffness/damping ratio⋆ stiffness/damping ratio⋆

1 1500 N
m / 0.7 500 N

m / 0.7

2 200 Nm
rad / 0.7 100 Nm

rad / 0.7

3 300 Nm
rad / 0.7 200 Nm

rad / 0.7
⋆ Realized through the double diagonalization approach [50].
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Fig. 9. Experiment #1: a) initial joint configuration described by
q0 = [−0.2, 0.9,−0.21,−1.1, 0.20, 1.14, 0]T rad; b) desired trajectories of
all hierarchy levels; c) figure-eight trajectory of TCP position (level 1).

tracking with limited contact forces, and a low stiffness for
compliant physical interaction with the environment. More-
over, in order to feature a comparable amount of damping
effect in all approaches, damping ratios instead of constant
damping matrices are intentionally applied by using the double
diagonalization method [50]. The generalized external force
τ ext is estimated by means of the widely used momentum-
based observer [47], [48] as mentioned in the simulation
section, and then mapped to the task space to obtain F ext

ẋ ,
which is needed by the proposed approach and the feedback
linearization. The diagonal entries of the observer gain matrix
KO are selected as 30 s−1 throughout the experiments. That
parameterization corresponds to the practical range of 25 s−1

to 75 s−1 as analyzed in [51].
Experiment #1 (free motion): In this experiment a transla-

tional figure-eight trajectory with high speed profile is applied
at the TCP in y- and z-directions, while a synchronized sinus
trajectory is assigned at the TCP in x-direction. Each cycle
of the figure-eight trajectory is completed within 2.5 s (in a
0.75m × 0.22m region in the yz-plane), and the maximum
desired linear velocity at the TCP is about 0.86m/s. Moreover,
compatible rotational trajectories are designed for the sec-
ondary tasks on levels 2 and 3. The initial configuration and the
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Fig. 10. Experiment #1: Absolute task-space tracking errors of different
controllers. The orientation error of the TCP (level 2) is represented by the
absolute angle between the current and the desired TCP frames.

desired trajectories of all tasks are presented in Fig. 9. The ab-
solute task-space tracking errors using different controllers are
depicted in Fig. 10. One can observe that the best performance
is achieved with the HPD+, whereas the performances of the
proposed approach and the feedback linearization deteriorate
mainly due to the estimation errors of the momentum-based
observer. As this observer is model-based, it will mistakenly
treat the unmatched dynamics caused by modeling errors as
external forces/torques exerted by the environment, especially
when the system executes highly dynamic motions. In fact,
the estimated total external force on level 1, which is the
Euclidean norm of the estimated external forces at the TCP
in all three directions, has a maximum value of about 25N,
while the Euclidean norm of the estimated external torques
on levels 2 and 3 is at most 2.5Nm and 4.5Nm, respectively.
However, it can be seen that the proposed approach can still
achieve similar performance on level 1 as the HPD+. By
contrast, the maximum task error on level 1 with the feedback
linearization is about 40 –50 % larger than the other two
approaches. This comparison confirms the theoretical result
from Section III-B2 that the proposed approach is less sensitive
against the estimation/measurement errors of F ext

ẋ on the
first priority level. It is noticeable that the proposed approach
has the largest task errors on levels 2 and 3. Nevertheless,
the maximum overshoots with the proposed controller and
the feedback linearization, relative to the respective steady-
state errors, have similar magnitudes on these two levels. The
absolute maximum and root mean square errors of different
approaches are provided in Table III.

Experiment #2 (physical interaction): Trajectory tracking
tasks are performed under physical interactions on the individ-
ual hierarchy levels. The experimental setup and the desired

TABLE III
EXPERIMENT #1: ABSOLUTE MAXIMUM (AM) AND ROOT MEAN
SQUARED (RMS) TASK ERRORS USING DIFFERENT APPROACHES.

Approach Err. on L1 [m] Err. on L2 [rad] Err. on L3 [rad]

AM RMS AM RMS AM RMS

Proposed 0.0109 0.0056 0.0199 0.0098 0.0344 0.0137

HPD+ 0.0103 0.0057 0.0141 0.0085 0.0210 0.0084

FL⋆ 0.0154 0.0071 0.0164 0.0080 0.0307 0.0134
⋆ Feedback Linearization.
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Fig. 11. Experiment #2: a) initial joint configuration described by
q0 = [−0.44, 0.9, 0.68,−1.1, 0.2,−0.4, 1.6]T rad; b) configuration during
the holding phase of the physical contact; c) desired trajectories of all
hierarchy levels.

trajectories are depicted in Fig. 11. A line trajectory is given on
level 1 to move the TCP towards a wooden plate which is fixed
through aluminum profiles in the xz-plane. After colliding
with the plate, the end-effector is held at the contact point
for about 1.5 s (holding phase), and then it is commanded to
move along the plate in x-direction for about 1.4 s (sliding
phase) before moving back to the initial pose. Additionally,
virtual external torques are applied on levels 2 and 3 through
motor commands in order to provide reproducible interaction
conditions for different experimental trials.

Fig. 12 shows the absolute task errors and the Euclidean
norm of estimated external task-space forces/torques. The
shaded areas represent the time intervals when the level-
specific interaction occurs, i. e. when F ext

ẋi
is active on level i.

Thus, the task deviations within such areas are expected as a
result of the desired impedance behavior. It can be identified
that the proposed approach essentially shows superiority in
terms of compensating for couplings across the hierarchy
levels. In the case of feedback linearization, large errors of
the main task can be observed during free motion phases on
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Fig. 12. Experiment #2: Absolute task-space tracking errors (diagrams 1, 3, 5)
and Euclidean norm of estimated external task-space forces/torques (diagrams
2, 4, 6) on all hierarchy levels. The time intervals of level-specific interactions
are marked by the blue shaded rectangles.

level 1, as highlighted by the peak values in diagram 1 of
Fig. 12. These main task errors also give rise to substantial
deviations on level 2 as seen in diagram 3, which indicates the
insufficient compensation of the top-down couplings with the
feedback linearization in practice. As aforementioned, a virtual
torque of −15Nm is applied to the first joint from 5.5 s to 8 s
(level 3), and another one of 10Nm is exerted at the TCP
about the x-axis from 12.5 s to 15 s (level 2), see diagrams 4
and 6 of Fig. 12, respectively. With the HPD+ being used, the
virtual interaction on level 3 induces considerable task errors
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Fig. 13. Experiment #2: Instability of the feedback linearization with
KO = 70 s−1.

on both higher levels; the virtual interaction on level 2 causes
the highest peak on level 1 during its free motion phase. This
is attributed to the remaining bottom-up couplings in F ext

ẋ

with the HPD+ approach.
The last issue of Exp. #2 to be reported is the instability

with the feedback linearization, when a higher gain of KO is
chosen in order to achieve faster convergence of the observer.
Fig. 13 shows the results for KO = 70 s−1, which is still
within the common and practical range for such lightweight
robots [51]. At t ≈ 2 s, the feedback linearization destabilizes
the system before any physical interaction occurs. Note that
oscillations arise on all hierarchy levels with the feedback
linearization, and the redundant results on levels 2, 3 are
omitted here. Throughout the physical contact phase, the
oscillations continue to exist at a frequency of about 20Hz.
By comparison, with the proposed approach, no appreciable
performance deterioration or instability can be observed. Note
that during t = 0 ∼ 5.5 s no virtual external torques are applied
on lower levels. Since the HPD+ does not use any external
force/torque feedback, during this period, the performance of
the HPD+ on level 1 can be viewed as the nominal one for
the proposed approach.

VII. CONCLUSION AND FUTURE WORKS

Multi-task control on kinematically redundant robots is
often implemented through the application of dynamically
consistent task hierarchies. One of the most commonly ap-
plied approaches is the operational space formulation, which
feedback-linearizes the system, but it requires the control
feedback of external forces and the active modification of iner-
tial properties. While being theoretically superior, robustness
problems often arise in practice. An alternative approach is the
hierarchical PD+ controller which conserves the natural inertia
and avoids the feedback of external forces, and it turns out
to be more robust in practice. However, it features nonlinear
closed-loop dynamics and leads to external-force couplings
across the hierarchies. In this work, we have proposed a
passivity-based approach that combines the advantages of both
worlds: feedback of external forces to improve the physical
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interaction behavior, and avoidance of inertia shaping to pre-
serve the natural dynamics of the system. The approach was
theoretically analyzed in terms of stability and passivity prop-
erties. Simulations on a planar manipulator and experiments
on a standard torque-controlled robot have been performed and
complemented by the direct comparisons with the hierarchical
PD+ and the feedback linearization.

Suitable measures to cope with kinematic and algorith-
mic singularities are often needed when applying task-space
controllers. In general, a controller can only react locally
to any encountered singularities based on the current state
of the system. Therefore, it is commonly required that the
task and motion planners should provide fully compatible
task objectives and generate kinematically feasible trajectories
[7], [17]. On the other hand, discontinuous rank changes of
the Jacobian matrices may arise when the system is near to
singular configurations. To deal with this and enhance the
singularity robustness, our approach can be straightforwardly
extended with well-known techniques, such as damped least
squares methods [52] and projection shaping [53], which will
be considered in future work.

The proposed approach cannot be directly applied for
whole-body control of humanoids, which are usually modeled
as an under-actuated, floating-base system. In future work,
we will account for contact constraints by enforcing the
execution of each task to comply with both strict hierarchies
and constraints, as achieved in [10], [12]. By this means,
the proposed control framework can be made applicable to
floating-base robots as well.

APPENDIX A

The following propositions show that the invertibility of J
implies the invertibility of J̄ .
1) Lemma 1: If J is nonsingular, then J̄ i for i = 1 . . . r
have full row rank.

Proof: Let Jaug
i denote the augmented Jacobian matrix

down to the i-th hierarchy level, i. e., Jaug
i :=

[
JT

1 . . . JT
i

]T

and consequently Jaug
r = J . It follows from

Jaug
i NT

i =

[
Jaug

i−1N
T
i

J iN
T
i

]
=

[
0

J̄ i

]
for i > 1 (73)

and Jaug
1 NT

1 = J̄1 that

rank(Jaug
i NT

i ) = rank(J̄ i) ≤ mi (74)

holds for i = 1 . . . r. On the other hand, Sylvester’s inequality
states

rank(Jaug
i NT

i ) ≥ rank(Jaug
i ) + rank(NT

i )− n . (75)

If J is nonsingular, then rank(Jaug
i ) =

∑i
j=1 mj holds.

Moreover, the rank of any null-space projector is determined
as rank(NT

i ) = n−∑i−1
j=1 mj . Thus, (75) can be simpli-

fied to rank(Jaug
i NT

i ) ≥ mi. In view of (74), one obtains
rank(Jaug

i NT
i ) = mi, which implies rank(J̄ i) = mi.

2) Lemma 2: [33] NT
i = I−Jaug,M+

i−1 Jaug
i−1 for i = 2 . . . r.

3) Proposition 3: If J is nonsingular, then J̄ is invertible;
moreover, its inverse can be expressed as

J̄
−1

=
[
J̄

M+
1 . . . J̄

M+
r

]
. (76)

Proof: This proposition can be proven by construction
as follows. Based on Lemma 1 and (11), J̄ i for i = 1 . . . r
have full row rank, and all J̄

M+
i exist. Applying (76), one

can obtain the result of J̄ J̄−1 as

J̄ J̄
−1

=




J̄1J̄
M+
1 . . . J̄1J̄

M+
r

...
. . .

...

J̄rJ̄
M+
1 . . . J̄rJ̄

M+
r


 . (77)

To prove J̄ J̄
−1

= I , it is sufficient to show
case i = j:

J̄ iJ̄
M+
j = J̄ iM

−1J̄
T
i

(
J̄ iM

−1J̄
T
i

)−1
= I . (78)

case i < j: Let Ψi,j := J̄ iM
−1J̄

T
j , then

J̄ iJ̄
M+
j = Ψi,j

(
J̄ jM

−1J̄
T
j

)−1
. (79)

For i = 1, Ψi,j = J1M
−1N jJ

T
j = 0 due to the dynamic

consistency condition (8). Using Lemma 2 for 1 < i < j,

Ψi,j = J iN
T
i M

−1N jJ
T
j

= J iM
−1N jJ

T
j − J iJ

aug,M+
i−1 Jaug

i−1M
−1N jJ

T
j

(80)

Again, (8) leads to J iM
−1N j = 0 and Jaug

i−1M
−1N j = 0,

and thus, Ψi,j = 0.
case i > j: Ψi,j = ΨT

j,i = 0 follows immediately.

APPENDIX B
The analytical expression of B is derived in the following.

Using (5) and (12)–(14), ẋi can be rewritten as

ẋi = J iq̇ = J iJ̄
−1

v = J i

r∑

j=1

J̄
M+
j vj (81)

for i = 1 . . . r. Using the dynamic consistency condition (8),
it can be shown that for i < j ≤ r,

J iJ̄
M+
j = J iM

−1N jJ
T
j

(
J̄ jM

−1J̄
T
j

)−1
= 0 . (82)

Furthermore, since M−1N i is symmetric and N i is idempo-
tent, M−1J̄

T
i = M−1N iJ̄

T
i = NT

i M
−1J̄

T
i , and thus,

J iJ̄
M+
i = J iN

T
i M

−1J̄
T
i

(
J̄ iM

−1J̄
T
i

)−1
= I . (83)

Applying (82) and (83) in (81) yields

vi = ẋi − J i

i−1∑

j=1

J̄
M+
j vj . (84)

In order to express vi using ẋ1 . . . ẋi only, one can utilize the
following reformulation

i−1∑

j=1

J̄
M+
j vj =

i−1∑

j=1

i−1∏

k=j+1

ΦkJ̄
M+
j ẋj (85)

with Φk = I − J̄
M+
k Jk, which will be shown to hold for i =

2 . . . r by induction. For i = 2, J̄M+
1 v1 = J̄

M+
1 ẋ1 satisfies
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(85). Suppose that (85) holds for i = l − 1 with 3 < l ≤ r.
Then, for i = l,

l−1∑

j=1

J̄
M+
j vj = J̄

M+
l−1 ẋl−1 +Φl−1

l−2∑

j=1

J̄
M+
j vj (86)

can be shown by using (84) for vl−1. Finally, applying (85)
with i = l − 1 to (86) delivers

l−1∑

j=1

J̄
M+
j vj = J̄

M+
l−1 ẋl−1 +

l−2∑

j=1

l−1∏

k=j+1

ΦkJ̄
M+
j ẋj

=
l−1∑

j=1

l−1∏

k=j+1

ΦkJ̄
M+
j ẋj ,

(87)

which completes the proof. Combining (84) with (85) yields

vi = ẋi − J i

i−1∑

j=1

i−1∏

k=j+1

ΦkJ̄
M+
j ẋj . (88)

The expressions of Bi,j in (20) and (40) follow immediately.

APPENDIX C

The eigenvalue sensitivity theorem of symmetric matrices
from [36] is recapitulated as follows. For the sake of simplicity
only the case for minimum eigenvalues is presented.

Theorem 1: [36, Corollary 8.1.6] If A,A + E ∈ Rn×n

are symmetric, then

|λm(A + E)− λm(A)| ≤ ∥E∥
holds, which implies

λm(A + E) ≥ λm(A)− ∥E∥ .
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survey on detection, isolation, and identification,” IEEE Transactions on
Robotics, vol. 33, no. 6, pp. 1292–1312, December 2017.

Xuwei Wu received the B.E. degree in vehicle
engineering from the Tongji University, Shanghai,
China, in 2013, and the M.Sc. degree in mechanical
engineering from the Technical University of Mu-
nich (TUM), Germany, in 2016. In 2019, he joined
the German Aerospace Center (DLR), Institute of
Robotics and Mechatronics, as a research assis-
tant. His current research interests include nonlinear
stability theory, whole-body control of humanoid
robots, and safe physical human-robot interaction.

[52] A. Deo and I. Walker, “Overview of damped least-squares methods for
inverse kinematics of robot manipulators,” Journal of Intelligent Robotic
Systems, vol. 14, no. 1, pp. 43–68, September 1995.

[53] N. Dehio, D. Kubus, and J. J. Steil, “Continuously shaping projections
and operational space tasks,” in 2018 IEEE/RSJ International Confer-
ence on Intelligent Robots and Systems, 2018, pp. 5995–6002.

Christian Ott received the Dipl.-Ing. degree in
mechatronics from Johannes Kepler University,
Linz, Austria, in 2001 and the Dr.-Ing. degree in
control engineering from Saarland University, Saar-
bruecken, Germany, in 2005. He was with the Ger-
man Aerospace Center (DLR), Institute of Robotics
and Mechatronics, Wessling, Germany, from 2001
to 2007. From 2007 to 2009, he was a Project As-
sistant Professor with the Department of Mechano-
Informatics, University of Tokyo, Tokyo, Japan.
From 2011 to 2016, he was with DLR as a Team

Leader with the Helmholtz Young Investigators Group for Dynamic Control
of Legged Humanoid Robots. Since 2014, he is the Head of the Department
of Analysis and Control of Advanced Robotic Systems at DLR. His research
interests include nonlinear robot control, flexible joint robots, impedance
control, and control of humanoid robots.
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