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In this article, the stability of a complex plasma monolayer levitating in the sheath of the powered electrode of
an asymmetric capacitively coupled radio-frequency argon discharge is studied. Compared to earlier studies, a
better integration of the experimental results and theory is achieved by operating with actual experimental control
parameters such as the gas pressure and the discharge power. It is shown that for a given microparticle monolayer
at a fixed discharge power there exist two threshold pressures: (i) above a specific pressure pcryst , the monolayer
always crystallizes; (ii) below a specific pressure pMCI, the crystalline monolayer undergoes the mode-coupling
instability and the two-dimensional complex plasma crystal melts. In between pMCI and pcryst , the microparticle
monolayer can be either in the fluid phase or the crystal phase: when increasing the pressure from below pMCI,
the monolayer remains in the fluid phase until it reaches pcryst at which it recrystallizes; when decreasing the
pressure from above pcryst , the monolayer remains in the crystalline phase until it reaches pMCI at which the
mode-coupling instability is triggered and the crystal melts. A simple self-consistent sheath model is used to
calculate the rf sheath profile, the microparticle charges, and the microparticle resonance frequency as a function
of power and background argon pressure. Combined with calculation of the lattice modes the main trends of
pMCI as a function of power and background argon pressure are recovered. The threshold of the mode-coupling
instability in the crystalline phase is dominated by the crossing of the longitudinal in-plane lattice mode and the
out-of plane lattice mode induced by the change of the sheath profile. Ion wakes are shown to have a significant
effect too.

DOI: 10.1103/PhysRevE.105.015210

I. INTRODUCTION

Two-dimensional (2D) complex plasma crystals are com-
posed of negatively charged monosized spherical microparti-
cles levitating in the sheath above a confining electrode [1].
Complex plasma crystals are generally studied in asymmetric
capacitively coupled radio-frequency (cc-rf) argon discharges
in which the injected monolayer of microparticles levitates
in the sheath above the powered electrode and crystallizes
under specific discharge conditions [2–9]. Since micropar-
ticles can easily be imaged thanks to laser light scattering
and the use of fast cameras, microparticle trajectories can be
recovered and one can obtain information about the crystal
at the kinetic “particle” level. Thus, complex plasma crystals
often serve as model systems to study generic phenomena
such as wave propagation [5,10], shocks [11,12], and phase
transitions [13–16].

However, due to the very nature of the complex plasma
monolayer, complex plasma specific phenomena can occur.
Because of the ion flow coming from the bulk plasma and
directed toward the electrode, ion wakes are formed down-
stream of each microparticle [4,17–21]. The ion wakes exert
attractive force on the neighboring particles making the
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microparticle-microparticle interactions nonreciprocal. Under
specific conditions, these nonreciprocal interactions can trig-
ger the mode-coupling instability (MCI) [9,22–26] in which
energy from the flowing ions is transferred to the microparti-
cles and can heat up the microparticle suspension. Indeed, in
2D complex plasma crystals, three wave modes can be sus-
tained: longitudinal and transverse in-plane acoustic modes
and, due to the finite strength of the vertical confinement,
an out-of-plane optical mode (associated with vertical oscil-
lations [7,22,24,27,28]). Due to wake attraction, when the
longitudinal in-plane mode and the out-of-plane mode cross,
an unstable hybrid mode is formed (the typical fingerprints
being a hot spot in reciprocal space at the edge of the first
Brillouin zone, angular dependence, and mixed polarization
[24,25]), which can trigger MCI if the instability growth
rate is larger than the damping rate due to friction with the
neutral background [24]. MCI is observed in both crystalline
[9,24,25] and fluid monolayers [26,29]. In the first case, MCI
can result in rapid melting of the monolayer if its growth rate
is high enough. In the latter case, MCI can prevent crystalliza-
tion of the monolayer by pumping more kinetic energy into
the microparticles than the energy dissipated through friction
with the neutral gas background [29–31]. Since for given dis-
charge parameters (rf power, neutral gas pressure, geometry)
and fixed monolayer parameters (number density and size of
the microparticles) the growth rate in a fluid monolayer is
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higher than in a crystalline monolayer [26], it allows external
triggering of the MCI [32] and prevents recrystallization of
a melted monolayer without strongly altering the discharge
parameters [29,32].

It was shown experimentally that MCI is triggered at spe-
cific pressure and rf power thresholds [9,25]. MCI is very
sensitive to the magnitude of the effective wake dipole mo-
ment since the shape of the dispersion relations critically
depends on it [33]. MCI threshold and growth rate also
strongly depend on the depth of the mode crossing [33],
which is a function of the ion-wake parameters and vertical
confinement frequency. Both the ion wake and the vertical
confinement frequency depend on the parameters of the rf
sheath in which the microparticles are levitating such as the
strength of the confining sheath electric field and the local ion
and electron densities. Therefore, in order to understand the
dynamics of the microparticle monolayer, it is very important
to be able to relate the discharge parameters (background
argon pressure, rf power) to the sheath parameters (electric
field profile, ion flux profile, ion and electron density profiles).
Modeling the rf sheath in a cc-rf discharge is however not
trivial and accurate calculation of the rf sheath profile has been
a subject of active research for the past three decades; see for
example Refs. [34–43].

In this article, the stability of 2D complex plasma mono-
layers levitating in the sheath above the powered electrode
of a cc-rf discharge is experimentally studied. In Sec. II, the
experimental setup is described. In Sec. III, the experimental
characterization of the cc-rf discharge (electron density and
powered electrode self-bias) as a function of the background
argon pressure and the forward rf power is presented. In
Sec. IV, a study of the stability (crystal or fluid) of specific
microparticle monolayers as a function of rf power is per-
formed. It allows us to measure the MCI pressure threshold
and the crystallization pressure threshold over a wide range of
rf powers. In Sec. V, a simple self-consistent sheath model
is described and used to calculate the sheath profile and
microparticle charge, and vertical resonance frequency as a
function of discharge parameters. In Sec. VI, the results of
Sec. V are used to calculate the lattice modes of 2D complex
plasma crystal with and without ion wakes. The influence
of the interparticle distance and wake parameters are inves-
tigated. The calculated results are compared to experimental
results. In Sec. VII, the main results are summarized and
future investigations are discussed.

II. EXPERIMENTAL SETUP

The experiments were performed in a modified gaseous
electronic conference rf cell (GEC). It is an asymmetric cc-rf
discharge at 13.56 MHz. A sketch of the setup is shown in
Fig. 1. Experiments were performed with an argon pressure,
pAr, between 0.5 and 2 Pa. The forward rf power, PW, was
set between 5 and 25 W. Langmuir probe studies using the
same setup have shown that the electron temperature is Te ∼
2.5 eV and that the electron density is ne � 2 × 109 cm−3 at
pAr = 0.66 Pa and PW = 20 W [44]. A Miwitron Ka-band mi-
crowave interferometer MWI 2650 working at 26.5 GHz was
used to measure the electron density, ne, in pristine plasma

FIG. 1. Schematic of the experimental setup. Note that the mi-
crowave interferometer was used only for measurements in pristine
plasmas (i.e., no microparticles).

condition (without injected microparticles) for different pAr

and PW. The interferometer had a resolution of ∼108 cm−3.
Melamine-formaldehyde (MF) spherical microparticles

with a diameter of 9.19 ± 0.09 μm were injected in the
plasma. They levitated in the sheath above the lower rf
electrode where the electric force balanced their weight and
formed a highly ordered horizontal monolayer. The micropar-
ticle monolayer was illuminated by a horizontal laser sheet
and the microparticles were imaged through the top chamber
window by using a 4 megapixel Photron FASTCAM Mini
WX100 camera at a speed of 250 frames per second. Particle
tracking allowed us to recover the particle horizontal coordi-
nates, x and y, with subpixel resolution in each frame, and the
velocities, vx and vy, were then calculated [8]. An additional
side-view camera (Basler Ace ACA640-100GM) was used to
check that no particles were levitating above or under the main
monolayer. More details can be found in previous publications
[9,44–46].

III. CHARACTERIZATION OF THE CC-RF DISCHARGE

Electron density measurements have been taken with
the microwave interferometer for different pressure between
0.66 Pa and 6.0 Pa and for rf power between 1 W and 20 W.
The results are are shown in Fig. 2. The density reported at
pAr = 0.66 Pa and PW = 20 W is ne ∼ 2.5 × 109 cm−3 which
is in agreement with previous Langmuir probe measurements
[44]. As expected, ne increases with forward rf power and
pressure [41,47]. The measured values of bulk plasma density
are used as input parameters for sheath profile calculations in
Sec. V C.

The absolute value of self-bias voltage on the powered
electrode, |Vdc|, has also been measured for a few relevant
experimental discharge conditions. The results are shown in
Fig. 3 (dots). As can be seen, |Vdc| is not very sensitive to
pressure. It has approximately a square-root dependence on
the forward rf power.

It is known that the self-bias voltage is related to the
ratio of the areas of the powered surface to the grounded
surface interacting with the plasma Arf/Ag [47,48]. The ratio
of the self-bias voltage Vdc to the amplitude of the rf voltage
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FIG. 2. Electron density, ne, as a function of rf power, PW, for
different pressures.

V0 = Vpp/2 is in first approximation given by [49,50]

Vdc

V0
= sin

[
π

2

(
Ag − Arf

Ag + Arf

)]
, (1)

where Vpp is the peak-to-peak rf voltage. It was experimentally
measured that in a modified GEC cell similar to the one that
was used for the current set of experiments, Arf/Ag ∼ 0.25
[50]. Using the fit of Vdc as a function of PW and Eq. (1),
Vpp was calculated and the result is shown by the dotted red
line in Fig. 3. The results match reasonably well with two
measured values of Vpp at 15 W and 20 W for p = 0.66 Pa
(blue squares). The calculated values of Vdc and Vpp are used
as input parameters to calculate sheath profiles in Sec. V C.

IV. STABILITY OF COMPLEX PLASMA MONOLAYERS

A large monolayer suspension was created by injecting
monosized melamine formaldehyde microparticles (diameter
9.19 ± 0.09 μm). The monolayer was kept for the 2 sets
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FIG. 3. (◦) Self-bias voltage |Vdc| as a function of rf power, PW,
for different working pressures (color coded). (�) Peak-to-peak rf
voltage, Vpp, as a function of rf power, PW, at pAr = 0.66 Pa. The
dashed black line is the fit |Vdc| = 27 × P0.51

W . The dotted red line is
Vpp calculated from Eq. (1).

FIG. 4. Crystallization pressure, pcryst (blue dots), and MCI
threshold pressure, pMCI (red diamonds), for different rf powers, PW:
(a) experiment I, (b) experiment II. Above the crystallization pressure
the monolayer is always in the crystalline state (green areas). Below
the MCI threshold pressure, the monolayer is always in the fluid
state. In between, the monolayer remains in the crystalline phase
when decreasing the pressure from above the crystallization thresh-
old and remains fluid when increasing the pressure from below the
MCI threshold.

of experiments (referred to as experiment I and experiment
II) separated by ∼1 hour. According to Ref. [51], the MF
microparticles are etched at a rate of ∼1.25 nm/min in an
argon discharge meaning that the microparticle diameter for
the second set of experiments was ∼9 μm.

The crystallization and melting pressures of the mono-
layer were explored for different rf powers. At a given rf
power, starting from a fluid monolayer, the argon pressure
was gradually increased until the monolayer was fully crys-
tallized (pressure step of ∼0.6 mTorr) and the crystallization
pressure was recorded. Note that during the pressure increase
period, the monolayer remained in the fluid phase [52]. The
dynamics of the microparticles at the crystallization threshold
was not investigated in details and the crystallization event
was identified with the naked eye (see Appendix A). Then the
pressure was very slowly decreased until MCI was triggered
in the crystal (pressure step of ∼0.6 mTorr when close to the
crystallization threshold gradually reduced to ∼0.06 mTorr
(at best) when getting closer to MCI threshold) resulting in
the rapid melting of the monolayer in a pattern similar to
the results reported in Refs. [29–32,53,54]. Note that during
the pressure decrease period, the monolayer remained in the
crystalline phase until MCI was triggered. The rf power was
then decreased and the procedure was repeated.

The results for the two sets of experiments are shown in
Fig. 4. As can be seen, in both cases, the higher the power
the lower the crystallization and melting pressures. Moreover,
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the gap �p = pcryst − pMCI, in which the monolayer remains
in the crystalline phase when decreasing the pressure from
above the crystallization threshold and remains fluid when in-
creasing the pressure from below the MCI melting threshold,
increases when increasing the rf power.

During the decreasing pressure phase, the crystalline
monolayer was imaged [55] with the high-speed Photron
camera in order to track the particle trajectories, measure the
crystalline monolayer kinetic temperature Tcryst by fitting the
microparticle velocity distribution function by a Maxwellian
distribution function, and recover the longitudinal and trans-
verse current fluctuation spectra following the procedure
described in Refs. [53,56,57]. To extract the longitudinal and
transverse dispersion relations ωL,T(k) = 2π fL,T(k) where
fL,T(k) is the frequency of the lattice modes with wave num-
ber k, the current fluctuation spectra JL,T(k, f ) were fitted to
a double-Lorentzian form [58,59]:

JL,T(k, ω) ∝ A(k)

(ω − ωL,T)2 + A(k)

+ A(k)

(ω + ωL,T)2 + A(k)
, (2)

with A(k) a constant proportional to the damping rate of the
mode. The indices L and T are for longitudinal and trans-
verse, respectively. In Fig. 5(a), the fit of the current spectrum
for a normalized wave number k� = 1.3, where � is the
interparticle distance, is shown, and the entire experimental
longitudinal dispersion relation is shown in Fig. 5(b) for a
wave propagating at an angle of 0◦ with respect to the camera
field of view. The interparticle distance � was obtained from
the position of the first peak of the pair correlation function
and error bars are the widths of the peaks at half maximum.
Due to high noise level for k� < 0.25, the frequencies of the
mode at these long wavelengths were not measured. Then,
longitudinal and transverse dispersion relations were fitted for
k� < 1.5 by the polynomial of the form ωL,T = CL,T|k| +
bL,T|k|3, where CL,T are the longitudinal and transverse sound
speeds and bL,T are constants taking into account the nonlin-
earity of the dispersion relation for |k�| � 1.

By numerically rotating the frame with respect to the orig-
inal camera field of view and repeating the procedure, wave
propagation could be studied at different angles. CL,T were
obtained every 5◦ [see Fig. 5(c)] and the average values of the
sound speeds were calculated for different crystal conditions.
Note that the camera field of view contained many crystallites
with different orientations. This is not an issue since sound
speeds are quasi-independent of the direction of propagation
in the crystal [60,61]. Assuming screened Coulomb interac-
tions and following the method of Ref. [6], these values were
then used to extract the microparticle charge Zd , the Debye
(screening) length λd , and the coupling parameter κ = �/λd .
The results are summarized in Table I. As can be seen,
decreasing the pressure at constant rf power resulted in an
increase of both sound speeds and a slight increase of the
interparticle distance. The microparticle kinetic temperature
showed no clear trends and remained quite low while the
monolayer was in the crystal phase (Tcryst � 0.2 eV). Assum-
ing pure screened Coulomb interactions, it corresponded to an
increase of the microparticle charges. Accordingly, the max-

FIG. 5. (a) Fit of the longitudinal current fluctuation spectrum
for k� = 1.3. Only the “positive” frequency side of the Fourier
transform is shown. (b) Fit of the reconstructed longitudinal disper-
sion relation for wave propagating at an angle of 0◦ with respect
to the camera field of view. (c) Longitudinal sound speed, CL, and
transverse sound speed, CT, measured for different wave propagation
angles with respect to the camera field of view. All plots correspond
to measurements at PW = 16 W and p = 1.80 Pa.

imum frequency of the longitudinal dispersion relation (not
shown here) increased when decreasing pressure making the
out-of-plane mode and the in-plane mode closer to each other
as the MCI pressure threshold, pMCI, was approached. No
trend in the evolution of the coupling parameter κ = �/λD �
1.0–1.8 could be extracted due to the large error on the sound
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TABLE I. Two-dimensional crystal parameters for different discharge conditions between the crystallization pressure, pcryst , and the MCI
threshold pressure, pMCI. The microparticle charge Zd and the Debye (screening) length λd were calculated assuming screened Coulomb
interactions [6]. The crystalline monolayer kinetic temperature Tcryst was measured by fitting the microparticle velocity distribution function
by a Maxwellian distribution function.

PW pcryst pMCI pAr � CL CT Zd Tcryst λD

(W) (Pa) (Pa) (Pa) (mm) (mm/s) (mm/s) (e) (eV) (μm)

Experiment I
25 1.595 ± 0.05 0.575 ± 0.033 1.583 0.361 ± 0.020 21.53 ± 1.66 4.94 ± 3.24 10500 ± 2900 0.061 ± 0.003 330 ± 180

�p = 1.020 ± 0.083 1.167 0.372 ± 0.014 22.23 ± 1.79 4.82 ± 2.88 10100 ± 2400 0.095 ± 0.002 370 ± 170
0.750 0.391 ± 0.027 25.60 ± 2.16 6.51 ± 2.91 14600 ± 3000 0.104 ± 0.003 270 ± 90

22 1.633 ± 0.05 0.808 ± 0.033 1.633 0.352 ± 0.021 22.44 ± 2.35 5.31 ± 3.25 11100 ± 3000 0.080 ± 0.002 300 ± 150
�p = 0.825 ± 0.083 1.167 0.362 ± 0.013 23.04 ± 2.53 6.23 ± 3.90 14300 ± 5100 0.124 ± 0.003 240 ± 120

0.833 0.376 ± 0.015 26.50 ± 2.58 6.29 ± 5.37 14100 ± 6000 0.128 ± 0.006 470 ± 390
19 1.703 ± 0.05 0.725 ± 0.017 1.703 0.348 ± 0.015 21.41 ± 1.47 4.89 ± 2.44 10000 ± 2100 0.096 ± 0.001 300 ± 110

�p = 0.978 ± 0.067 1.167 0.363 ± 0.016 25.42 ± 1.05 5.63 ± 2.76 11700 ± 2300 0.072 ± 0.001 330 ± 120
1.000 0.371 ± 0.014 26.00 ± 1.25 5.89 ± 2.01 12300 ± 1700 0.112 ± 0.002 310 ± 70
0.833 0.378 ± 0.024 27.61 ± 5.31 5.77 ± 3.43 12100 ± 2800 0.132 ± 0.015 400 ± 190

16 1.800 ± 0.05 0.850 ± 0.017 1.800 0.349 ± 0.013 22.37 ± 0.99 4.89 ± 1.30 9800 ± 1000 0.080 ± 0.002 310 ± 50
�p = 0.950 ± 0.067 1.250 0.363 ± 0.017 25.06 ± 3.95 5.24 ± 2.13 10700 ± 1700 0.185 ± 0.014 360 ± 110

1.000 0.369 ± 0.015 26.33 ± 0.95 6.31 ± 2.37 13400 ± 2100 0.101 ± 0.004 280 ± 70
Experiment II

16 1.470 ± 0.05 0.625 ± 0.017 1.47 0.374 ± 0.013 21.71 ± 1.31 5.16 ± 1.26 10900 ± 1100 0.112 ± 0.004 280 ± 50
�p = 0.845 ± 0.067 1.167 0.382 ± 0.015 22.88 ± 1.06 5.54 ± 2.77 12100 ± 2100 0.129 ± 0.005 300 ± 110

0.750 0.392 ± 0.013 25.93 ± 2.18 5.97 ± 3.52 13100 ± 3200 0.128 ± 0.003 350 ± 160
13 1.500 ± 0.05 0.700 ± 0.017 1.500 0.385 ± 0.015 21.56 ± 1.80 4.88 ± 2.18 10400 ± 1900 0.113 ± 0.003 340 ± 110

�p = 0.800 ± 0.067 1.167 0.387 ± 0.015 23.98 ± 1.10 4.97 ± 1.53 10400 ± 1200 0.079 ± 0.003 380 ± 80
0.750 0.393 ± 0.011 28.18 ± 1.49 6.49 ± 3.96 14200 ± 3700 0.105 ± 0.004 350 ± 170

10 1.730 ± 0.05 0.917 ± 0.008 1.730 0.369 ± 0.015 23.58 ± 4.32 5.12 ± 2.30 10600 ± 1900 0.174 ± 0.003 350 ± 120
�p = 0.813 ± 0.058 1.167 0.381 ± 0.017 26.46 ± 1.23 5.44 ± 2.1 11300 ± 1700 0.095 ± 0.003 390 ± 100

0.967 0.373 ± 0.011 27.69 ± 2.62 6.16 ± 4.23 13100 ± 3700 0.161 ± 0.004 370 ± 220
7 1.830 ± 0.083 1.167 ± 0.008 1.830 0.377 ± 0.012 25.76 ± 1.77 5.46 ± 2.45 11400 ± 2000 0.129 ± 0.009 370 ± 110

�p = 0.663 ± 0.091 1.250 0.383 ± 0.010 28.17 ± 1.40 5.60 ± 1.51 11600 ± 1200 0.136 ± 0.015 410 ± 70

speeds, especially the transverse sound speed. Note that the
coupling parameter � = (Z2

d e)/(Tcryst4πε0�) ∼ 2000, where
e is the elementary charge and ε0 the vacuum permittivity,
remains far from the coupling parameters at the melting point,
�m ∼ 200 at κ ∼ 1.2 [62].

V. SHEATH PROFILE ABOVE THE POWERED
ELECTRODE OF A CAPACITIVELY COUPLED

RADIO-FREQUENCY DISCHARGE

Any modification of the discharge parameters (pAr and/or
PW) has an impact on the plasma and therefore on the sheath
properties. It is then evident that since the microparticle mono-
layer levitates in the rf sheath above the powered electrode,
any changes of the discharge parameters also affect the mono-
layer properties. In this section, a simple model allowing
calculation of the sheath profile above the powered electrode
in an asymmetric cc-rf discharge as a function of the dis-
charge parameters is described. The model is then validated
against available experimental data and then used to obtain
the dependence of sheath parameters (sheath length, ion and
electron densities, electric field) as a function of the discharge
parameters (pAr and PW).

A. Description of the model

In a cc-rf discharge, the rf frequency is generally much
higher than the ion plasma frequency and much lower than
the electron plasma frequency, i.e., ωpi � ωrf � ωpe, where
ωpi, ωpe, ωrf are the ion, electron, and rf angular frequency,
respectively. In that respect, the ions respond to the time-
averaged sheath electric field. Moreover, in most of 2D
complex plasma crystal experiments, the working pressure
is around 1 Pa. In this situation, ion collisions cannot be
neglected [35]. The main assumptions of the following model
are based on earlier work by Lieberman [35]:

(i) collisional ion motion with a constant ion mean free
path λi in the sheath,

(ii) cold ions (ion temperature Ti � 0),
(iii) inertia-less electrons that respond instantaneously to

the electric field,
(iv) no secondary electrons emitted from the electrode,
(v) no ionization in the sheath.
In most experiments, asymmetric cc-rf discharges with

grounded area much larger than the powered electrode area
are used. Moreover, since the matching circuit very often
contains a blocking capacitor, no direct current can flow in
the external circuit. Since the area of each electrode is differ-
ent, the amount of collected ions and electrons during each
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rf cycle is also different and results in the appearance of a
self-bias voltage on the powered electrode [37,48]. Ideally, it
would be necessary to consider both sheaths in front of both
electrodes simultaneously [37]. However, in order to simplify
the problem, the following assumptions are made:

(i) The voltage on the rf electrode is of the form

Vrf (t ) = −V0 cos(ωrft ) − |Vdc|. (3)

The input values of V0 and Vdc were discussed in Sec. III.
(ii) At all time instants, the plasma must remain quasineu-

tral and therefore the current going through the powered
electrode sheath and the anode sheath must be equal in inten-
sity and of opposite signs. Following the method described by
Song et al. [49], the time dependence of the plasma potential
with respect to the grounded wall is approximated by

Vp(t ) = Te ln

{[
1 + Arf

Ag
exp

(
Vrf (t )

Te

)]

×
(

1 + Arf

Ag

)−1
}

+ Te

2
ln

(
M

2.3me

)
, (4)

where Te is the electron temperature in eV, me is the electron
mass, and M is the ion mass.

In the following, the plasma potential is taken as the ref-
erence potential (Vp = 0). At any given instant of time, the
potential of the rf electrode Vc with respect to the plasma is

Vc(t ) = Vrf (t ) − Vp(t ). (5)

The time-dependant potential profile V (z, t ) in the sheath
follows the Poisson equation:

∇2V (z, t ) = − e

ε0
[ni(z) − ne(z, t )], (6)

where ni(e)(z) is the ion (electron) density. The boundary con-
ditions are V (0, t ) = 0 and V (	s, t ) = Vc(t ), where 	s is the
length of the ion sheath.

Since ωpi � ωrf , ions react only to the time-averaged
electric field Ē = −dV̄ /dz where V̄ is the time-averaged
electric potential across the sheath of the powered electrode.
Therefore, in the sheath, the ion particle conservation and
momentum conservation equations are [36,63]

n0vs = nivi, (7)

Mvi
dvi

dz
+ e

dV̄

dz
+ πMv2

i

2λi
= 0, (8)

where n0 is the plasma density at the plasma sheath boundary,
vi is the ion velocity at a given position z in the sheath, and vs

is the velocity of the ions at the ion sheath boundary (z = 0).
When taking into account collisions, vs is the modified Bohm
velocity [36,63]:

vs =
(eTe

M

)1/2(
1 + πλDe

2λi

)−1/2

, (9)

where λDe = (ε0Te/n0e)1/2 is the electron Debye length.
In order to calculate the sheath profile, one needs to make a

few approximations. First of all, in order to solve Eq. (6), one
needs to know the exact position of the time-varying sheath
boundary. Indeed, depending on the voltage across the sheath,

0

FIG. 6. Schematic of a capacitive rf sheath at a time 0 < t <

π/ωrf . The dotted vertical line shows the position of the electron
sheath boundary s(t ). For z < s(t ), ne ∼ ni and for z > s(t ), ne ∼ 0.

the electron sheath boundary s(t ) will change and oscillate
between the position of the ion sheath boundary to a minimum
distance to the electrode (see Fig. 6). Generally, in cc-rf
discharges, the amplitude of the rf voltage is much higher than
the electron temperature, i.e., V0 � Te, and the electron Debye
length is much smaller than the sheath width 	s. It is thus clear
that on the plasma side [z < s(t )], the quasineutrality holds
(ne ∼ ni), while on the sheath side [z > s(t )], the electron
density falls very rapidly (ne ∼ 0). Many studies dealing with
the structure of cc-rf sheath therefore use this approximation
known as the step model which has been extensively used in
different models of the cc-rf sheath [34–40,42]. In many of
these models, the solution of the rf sheath relies on calculating
the rf current through the sheaths (powered and grounded)
and assuming a zero net current [34–37,40]. It allows one
to calculate the position of the electron sheath at all times
and from there the other quantities such as the average po-
tential drop and average electric field in the sheath can be
derived. Calculations of these kind have been performed for
both symmetric [34–36] and asymmetric discharges [37,40].
It was nevertheless shown that, in the case of symmetric cc-rf
discharges, these models were able to accurately describe the
current-voltage characteristics but showed discrepancies in
the potential and electric field profiles with respect to the exact
solution [38]. More recent models allow for very accurate
descriptions of the cc-rf sheath but require input such as the
maximum sheath extension, the ion mean free path, and the
electron Debye length [42]. The ion mean free path and the
electron Debye length can be easily obtained from discharge
pressure, interferometry measurements, and literature data.
However, the maximum sheath extension is not a parameter
which is very often measured. Moreover, the current and
voltage wave forms on the powered electrode are usually not
monitored. However, in our experiments, the self-bias voltage
and the electron density were measured as a function of the
forward rf power and argon pressure over a wide range of pa-
rameters which can be used to recover the rf voltage amplitude
V0 using Eq. (1). The electron temperature can be estimated
using the uniform density discharge model [47]:

Kiz(Te)

uB(Te)
= 1

ngdeff
, (10)

where Kiz(Te) = 2.34 × 10−14 × T 0.59
e × exp(−17.44/Te) is

the ionization rate [47], uB(Te) = √
eTe/M is the Bohm
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velocity, ng is the neutral gas number density, and deff = 0.5 ×
Rl/(Rhl + lhr ) is the effective plasma size for particle loss
with l the height of the discharge chamber, R its radius, hr =
0.80(4 + R/λin)−1/2 and hl = 0.86[3 + l/(2λin)]−1/2 [47],
and λin the ion mean free path in the plasma bulk.

The sheath profile can then be calculated using the follow-
ing approximation for the time-dependent Poisson equation:

∇2V (z, t ) � −eni(z)

ε0

(
1 − exp

V (z, t )

Te

)
. (11)

As can be seen, this approximation lies between the ion matrix
sheath approximation [ni(z) = n0] and the step model. It how-
ever allows us to solve the Poisson equation at anytime know-
ing the voltage drop in the sheath. The mean electric field and
ion density profiles are then obtained in a recursive approach.
Starting from the collision-less dc sheath profile with a poten-
tial drop equal to the maximum of Vc(t ), a maximum sheath
length and an initial ion density profile are calculated [47,64]:

	s =
√

2

3
λDe

(
2 max[|Vc(t )|]

Te

)3/4

, (12)

V̄ (z) = −max[|Vc(t )|]
( z

	s

)4/3
, (13)

ni(z) = n0

(
1 − 2V̄ (z)

Te

)−1/2

. (14)

Then the time-dependant potential profile over one rf period
is calculated by solving Eq. (11) with MATLAB and using the
following boundary conditions:

V (0, t ) = 0, (15)

V (	s, t ) = Vc(t ), (16)

and a new time-averaged potential and electric field are cal-
culated. If the time-averaged electric field on the plasma side
(z = 0) is lower than Emin = (π/2)(Te/λi ), a value necessary
to ensure monotonically decreasing ion density and increasing
ion velocity in the sheath region, then the sheath boundary
on the plasma side is moved toward the wall until the average
electric field reaches Emin and a new sheath length 	s is
obtained. Using Eqs. (7) and (8) with the boundary conditions

ni(0) = n0, (17)

vi(0) = vs, (18)

a new ion density profile is obtained and the time-dependant
potential profile is calculated again. The procedure is repeated
until it converges, which typically occurs in 10 to 15
iterations.

B. Comparison to experimental data, validation of the model

Schulze et al. have measured experimentally the time-
dependant electric field of a cc-rf capacitive discharge in
krypton at different pressures [65]. Czarnetzki used this set
of measurements to validate with success his advanced model
of the cc-rf sheath [42].

Two sets of discharge parameters were used to validate our
model:

(a)

(b)

FIG. 7. Experimental time-resolved electric field in krypton cc-rf
discharge compared to the calculated electric field using the model
described in this article. The experimental data are extracted from
Ref. [65]. (a) pKr = 1 Pa and Prf = 8 W, (b) pKr = 10 Pa and Prf =
8 W. The time instants are given in the inset and in both plots the
plain black line corresponds to the time-averaged electric field.

(i) pKr = 1 Pa and Prf = 8 W, corresponding to V0 �
250 V and Vdc � −250 V (see Fig. 12 of Ref. [65]). As in
Ref. [42], the electron temperature is fixed to Te = 2.6 eV and
the plasma density at the sheath edge to n0 = 2.0 × 1015 m−3.
The grounded surface is assumed to be 100 times larger than
the powered surface. The charge exchange cross section is
σCX = 40 × 10−20 m2 [66].

(ii) pKr = 10 Pa and Prf = 8 W, corresponding to V0 �
225 V and Vdc � −225 V (see Fig. 5 of Ref. [65]). As in
Ref. [42], the electron temperature is fixed to Te = 1.1 eV and
the plasma density at the sheath edge to n0 = 7.3 × 1015 m−3.
The grounded surface is assumed to be 100 times larger than
the powered surface. The charge exchange cross section is
σCX = 40 × 10−20 m2 [66].

In Fig. 7, the model results are compared to the experimen-
tal data of Schulze et al. [65]. As can be seen, the agreement
is not perfect and the model tends to slightly underestimate
the electric field, especially at large pressure. However, one
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FIG. 8. (a)–(c) Potential and (d)–(f) density profiles for different pressures and powers. Note that potentials are plotted with respect to
ground [i.e., Vp(0) 
= 0].

should note that the length of the sheath is recovered within a
few percent and that the electric field values are in respectable
agreement with the measured ones.

We can therefore conclude that our simple model is able to
catch the main features of the collisional cc-rf sheath and can
reasonably estimate the main sheath parameters as a function
of position for an adequate range of discharge parameters.

C. Calculated sheath profile

The model was then used for conditions relevant to our
experimental conditions. The argon pressure was varied be-
tween 0.5 Pa and 2 Pa by steps of 0.05 Pa and the rf power
was varied between 5 W and 25 W by steps of 1 W. In Fig. 8
the sheath potential [Figs. 8(a)–8(c)] and the electron and ion
densities [Figs. 8(d)–8(f)] are shown as a function of position
for different pressures and rf powers.

As can be seen in the top row of Fig. 8, increasing pressure
at constant rf power results in shorter sheath length for a simi-
lar potential drop (the sheath length is ∼8–9 mm at p = 0.5 Pa
and drops down to ∼6–6.5 mm at p = 1.5 Pa). Therefore, the
vertical electric field is weaker at lower pressures. One can
therefore expect a weaker vertical confinement for micropar-
ticles levitating in the rf sheath at low pressure for a given rf
power. Increasing the rf power at constant pressure results in a
slight increase of the sheath length but larger plasma potential
drops due to increasing self-bias voltage (the potential drop is
∼50 V at PW = 5 W and ∼140 V at PW = 25 W). Therefore,
a stronger vertical electric field and a stiffer vertical confine-
ment for microparticles levitating in the rf sheath at high rf
power are expected.

Both PW and pAr have an impact on plasma density. We
know that at a given pressure, the plasma density is increasing
almost linearly with rf power (see Fig. 2). Since the sheath
length is weakly dependant on rf power (see previous para-
graph), the gradients of ion and electron densities in the sheath
increase with rf power as can be seen in the bottom row of
Fig. 8. At high pressure, the plasma density is higher (due to
collisions) and the sheath length is short, resulting in steep
density gradients.

Using the calculated sheath profiles, the dependence of
dust particle charge number, Zd , levitation height, zlev, and
vertical resonance frequency, fv, on discharge parameters is
explored in the next section.

VI. MICROPARTICLE PROPERTIES
AND MODE-COUPLING INSTABILITY

In this section, the influence of discharge parameters on Zd ,
zlev, and fv is investigated. Then, the threshold of MCI in 2D
complex plasma crystal as a function of discharge parameters
is studied.

A. Dust particle charge, levitation height, and vertical
resonance frequency

With the calculated sheath profile as a function of rf power
and pressure, the equilibrium dust particle charge and levita-
tion height can be calculated. At any point in the sheath, the
ion and electron densities are known allowing the calculation
of ion and electron currents, Ii and Ie, respectively, onto the
microparticle surface in a collisional plasma [67,68]:

Ie =(−e)
√

8πr2
d nevTe exp(−ϕ̃), (19)

Ii =(e)
√

8πr2
d nevTi

(
1 + ϕ̃

)⎡
⎢⎢⎣1 + ϕ̃

( Te
Ti

rd
λi

)
0.07 + 2

( rd
λ

) + 2.5
( rd

λi

) +
[
0.27

(
rd
λ

)1.5
+ 0.8

(
r2

d
λiλ

)]
Te
Ti

ϕ̃ + 0.4( rd
λi

)2( Te
Ti

)ϕ̃
1−0.4( rd

λi
)

⎤
⎥⎥⎦, (20)
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FIG. 9. (a) Equilibrium particle charge. (b) Equilibrium levitation height. (c) Vertical resonance frequency. The microparticle has a diameter
d = 9.16 μm and its mass density is ρm = 1510 kg m−3 (MF density).

where rd is the radius of the microparticle, ϕ̃ is
the normalized microparticle floating potential, and λ =
λDi/

√
1 + (λDi/λDe )2 is the linearized Debye length at the

considered position in the sheath with λDi,e = (ε0Ti,e/ni,ee)1/2.
At equilibrium Ii + Ie = 0 and the normalized floating poten-
tial ϕ̃ can be obtained for any position in the sheath (ions are
assumed to be in thermal equilibrium with the background
gas, Ti = 0.03 eV). The microparticle charge number Zd =
Qd/e, where Qd is the microparticle charge, is then obtained:

Zd = −4πε0rd Teϕ̃/e. (21)

Since rd and therefore the mass md of the microparticle are
known and since the sheath electric field profile has been
calculated, the equilibrium levitation height zlev and the verti-
cal resonance (confinement) frequency fv = ωv/(2π ) can be
obtained using the following equations [69–72]:

Qd E (zlev) = −md g, (22)

ωv =
√

|Qd |
md

∂E (z)

∂z |z=zlev

. (23)

In Fig. 9, the results of the calculation of levitation height,
particle charge at equilibrium position, and vertical reso-
nance frequency as a function of rf power and background
argon pressure are shown. The obtained equilibrium parti-
cle charges are between −2.2 × 104e and −1.6 × 104e [see
Fig. 9(a)], which is of the order of the experimental ones (see
Table I).

One can see that at a given argon background pressure,
Zd and zlev are only slightly increasing with rf power. More-
over, the microparticles levitate quite high in the sheath near
the sheath edge (for example at 1 Pa, the sheath length is
around ∼7 mm (see Fig. 8) and the levitation height is around
∼6.5 mm [see Fig. 9(b)]). This is due to the fact that even
though the ion and electron densities are increasing with rf
power, the electron temperature is mostly set by the back-
ground gas pressure. Since Te has a greater influence than ne

on the magnitude of the electron current onto a microparti-
cle and therefore the microparticle charge, the microparticle
equilibrium charge depends only weekly on rf power. Since at
equilibrium levitation height, the gravity force is compensated
by the electric force and, as seen previously, the sheath length

is only weakly dependant on rf power, the particle levitation
height will only slightly change.

The calculated vertical resonance frequency varies in the
range 15–30 Hz depending on discharge parameters and is
very close to the vertical resonance frequency reported in sim-
ilar setups [9,10,28,73–75]. The vertical resonance frequency
is increasing significantly with both rf power and argon back-
ground pressure [see Fig. 9(c)]. In both cases, this is due to
steeper electric field when increasing rf power (resulting in
larger self-bias) and when increasing the background argon
pressure (resulting in shorter sheath). Therefore, decreasing
pressure or rf power results in weaker vertical confinement
and favors MCI for 2D complex plasma crystals. On the
contrary, high pressure and high rf power favor crystallization
of the complex plasma monolayer by providing stiffer vertical
confinement. More details are given in the next subsection.

B. Mode-coupling instability

It is well known that MCI can occur in 2D complex plasma
crystals [9,24,25] and in fluid complex plasma monolayers
[26,29,32]. In Sec. IV, it was demonstrated experimentally
that decreasing pressure and/or rf power leads to MCI in
2D complex plasma crystals and that the MCI threshold and
crystallization threshold have defined trends.

One of the simplest ways to simulate MCI is to use the
point-charge wake model [22,24,25,76–78]. In this model,
the ion wake is approximated by a positive point charge qw

downstream of each microparticle at a distance δw below
the microparticle. Then each microparticle interacts with the
other microparticles and their respective ion wakes through
screened-Coulomb (Yukawa) interactions. The interparticle
distance in the 2D crystal is set at a fixed value �. In the cal-
culation, the screening length is taken as the electron Debye
length, λDe at the equilibrium leviation height. To compute
the different lattice modes in the 2D complex plasma crystals,
one can calculate the dynamical matrix which has the form
[24,25,78]

D =
⎛
⎝αh − β 2γ ıσx

2γ αh + β ıσy

ıσx ıσy ω2
v − 2αv

⎞
⎠, (24)
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FIG. 10. MCI pressure threshold as a function of rf power for an
interparticle distance � = 420 μm and different ion wake charges in
the framework of the point-charge wake model [24]. The experimen-
tal MCI pressure thresholds are shown for comparison.

where αh,v , β, and γ are the dispersion elements, and σx,y

are the coupling terms between the in-plane and out-of-plane
modes due to the particle-wake interaction. Detailed expres-
sions of these different terms as functions of Qd , λDe , qw,
δw, �, and k, where k is the wave vector of the considered
lattice mode, can be found in Refs. [24,25,78]. The dispersion
relation of the microparticle lattice modes are obtained for any
k by solving det[D − ω(ω + ıν)I] = 0, where I is the unit
matrix, so that ω(ω + ıν) are the eigenvalues of the dynamical
matrix, where ν is the damping rate due to neutral gas friction.

It is known that the mode-coupling instability in a 2D
complex plasma crystal is triggered when the out-of-plane
mode and the in-plane longitudinal mode cross [24,25] except
in very specific experimental conditions where the ion wake
charges are really strong allowing coupling of the modes with-
out direct crossing [79]. First, the influence of the interparticle
distance � on mode crossing is investigated in the case where
ion wakes are ignored (see Appendix B for details). It is found
that the out-of-plane and in-plane longitudinal mode crossing
minimum pressure decreases when increasing the rf power
due to the competing effects of the pressure decrease and the
rf power increase. Moreover, at low pressure the micropar-
ticle charge is larger due to a higher electron temperature,
which for a fixed � increases the maximum frequency of the
longitudinal in-plane mode and makes mode crossing easier.
Similarly, the pressure threshold is systematically lower for
larger � to the weaker interparticle interaction which reduces
the maximum frequency of the longitudinal in-plane mode
and the minimum frequency of the out-of-plane mode. Exper-
imental points follow roughly the same trend showing that the
sheath profile (which depends on pAr and PW) plays a major
role in the crossing of the modes and the triggering of MCI in
2D complex plasma crystals.

In a second step, the interparticle distance was fixed to � =
420 μm and point-charge wakes were considered. Only the
value of the wake charge was varied (0.1 � q̃w = qw/Qd �
0.3), while the distance to the microparticle is fixed (δ̃w =
δw/λ = 0.3). Then, the pressure threshold for the crossing
of the modes (and the triggering of MCI) were calculated
again. The results are presented in Fig. 10. As can be seen, the

main trends are still there: when increasing the rf power, the
threshold pressure decreases. However, the ion wakes have a
significant effect. Increasing the ion wake charge significantly
decreases the pressure threshold at a given rf power. The wake
charges are unknown in the experiment and their overall effect
on the measured pressure threshold are difficult to estimate.
However, one can see in Fig. 10 (and Fig. 12 in Appendix B)
that the experimental threshold values are not exactly aligned
with the calculated one. Note again that the experimental par-
ticle charges are slightly smaller than the calculated ones and
� used in the calculation is slightly larger than the experimen-
tal one (which is in addition not a constant for a given PW but
slightly decreases with pAr). In order to calculate the true MCI
pressure threshold, it would be necessary to take into account
the evolution of the horizontal confinement as a function of
pAr and PW as well as self-consistent wake parameters for the
calculation of the lattice modes. A more sophisticated model
for the ion wake such as those described in Refs. [78,80,81] is
also needed as the wake model has a strong influence on the
shape of the lattice modes [78].

To conclude, let us discuss the trend for the crystallization
pressure observed in Fig. 4. As was shown in Sec. IV, the
crystallization pressure follows the same trend as the MCI
threshold pressure: it decreases with increasing power. This
can be roughly explained through the modification of the
sheath profile. When the PW increases, the sheath electric
field and therefore the vertical confinement become stronger.
However, when in the fluid phase, the crossing of the out-
of-plane mode with the longitudinal in-plane mode always
occurs and MCI will exist unless damping due to neutral fric-
tion is high enough to suppress it [26]. At constant rf power,
the microparticle charges decrease when increasing pressure
(see Fig. 9 and Table I). Therefore, the longitudinal in-plane
mode is not as steep (the longitudinal sound speed decreases;
see Table I) and it will result in smaller instability growth rate.
It was also shown in Ref. [26], in the framework of the wake-
layer model, that when the vertical confinement frequency is
increased above the threshold for mode crossing for MCI in
a 2D crystal with the same microparticle parameters as in the
fluid layer (same microparticle charges and same microparti-
cle number density), the instability growth rate decreases as
∼ exp(− 1

2ω2
vδ). The crystallization threshold is therefore also

influenced by the wake parameters. Since these parameters are
unknown, the crystallization pressures were not calculated but
ion wakes are expected to have a non-negligible effect as for
the MCI threshold pressure in 2D complex plasma crystals.
A sweep of wake parameter space could be performed to find
values that match the best the experimental observations but
it is out of scope of the current article. In future studies, the
use of a self-consistent wake model such as in Ref. [81] in
addition to proper modeling of the horizontal confinement
as a function of discharge parameters should enable us to
derive self-consistently the MCI threshold and crystallization
pressures.

VII. SUMMARY AND CONCLUSION

In this article, the MCI threshold pressure and crystalliza-
tion pressure of monolayer complex plasma levitating in the
sheath of an argon cc-rf discharge were investigated. It was

015210-10



STABILITY OF TWO-DIMENSIONAL COMPLEX PLASMA … PHYSICAL REVIEW E 105, 015210 (2022)

found that the stability of a crystalline microparticle mono-
layer increases with pressure and with the rf power: at constant
rf power, the higher the rf power the lower the crystallization
and MCI threshold pressures; at constant background argon
pressure, the higher the pressure the lower the rf power for
crystallization of the monolayer and for the triggering of MCI.
It was also found by measuring the longitudinal and transverse
sound speeds in two-dimensional complex plasma crystal that
at constant rf power, lower pressure resulted in larger sound
speeds and therefore larger microparticle charges. These re-
sults are in agreement with previous observations of the MCI
[9,25].

A simple rf sheath model was developed to calculate the
evolution of the rf sheath profile as a function of the input
rf power and the background argon pressure. Using experi-
mental measurements of the electron density in the plasma
bulk and the powered electrode self-bias as input parameters,
the model was able to show that the argon pressure and the
rf power have significant influence on sheath profiles. Using
the calculated sheath parameters, the microparticle equilib-
rium charge, the equilibrium levitation height, and the vertical
confinement frequency were also calculated. It was found that
(i) a power increase at constant pressure leads to increase of
Zd , zlev and f0v and (ii) a pressure increase at constant rf power
leads to decrease of Zd , zlev and an increase of f0v . Combined
with the point-charge wake model [24], the trends for MCI
threshold pressure could be reproduced (i.e., decreasing the
pressure at constant power would lead to the crossing of the
longitudinal in-plane mode and the out-of-plane mode and
trigger MCI, lower rf power results in higher MCI threshold
pressure). However, it was also shown that the MCI threshold
is sensitive to interparticle distance and wake parameters.

Compared to earlier studies, a better integration of the
experimental results and theory was achieved by operating
with actual experimental control parameters such as the gas
pressure and the discharge power. A sweep of wake param-
eters space could be performed to find values that match the

best experimental observations. However, future studies will
concentrate on the use of a self-consistent wake model [81] to
study the influence of ion wakes on dust equilibrium position
and vertical resonance frequency. The influence of the plasma
parameters on horizontal confinement should also be taken
into account in order to model self-consistently the interpar-
ticle distance in monolayer complex plasma enabling more
detailed investigations of fluid MCI and the crystallization
threshold pressure.
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APPENDIX A: CRYSTALLIZATION OF THE MONOLAYER

The crystallization process was similar to the one happen-
ing during a below MCI threshold localized laser induced
melting reported in Ref. [32]. Until the crystallization pressure
threshold pcryst was overcome, the microparticle kinetic en-
ergy remained quite large (a few eV). When pcryst was finally
reached, a rapid cooling of the monolayer was induced (in a
matter of a few seconds) due to the neutral drag damping rate
being higher than the fluid MCI growth rate, and the crys-
tallization occurred (average bond orientational order 〈�6〉
increased to a value close to 1 and the numbers of 5-fold
and 7-fold defects decreased tremendously). In this article, the
particle kinetics at crystallization threshold was not investi-
gated in detail and was only detected with the naked eye. As
illustrated in Fig. 11 for a similar experiment (i.e., different
monolayer), the recrystallization event is unmissable.

FIG. 11. Snapshots of a microparticle monolayer during recrystallization at pAr = 0.90 Pa and PW = 5 W. Note that this is a different
smaller monolayer than the one used for the results reported in the main text. Therefore the MCI and crystallization thresholds are also
different and the above images should only be used as an illustration.
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APPENDIX B: MODE-CROSSING WITHOUT ION WAKE

The influence of the interparticle distance on mode cross-
ing is investigated in the case where ion wakes are ignored
(σx,y = 0). Using the results of Sec. V C and Sec. VI A, the
minimum pressure for out-of-plane and in-plane longitudinal
mode crossing as a function of power was calculated for
different � (420 μm, 450 μm, and 500 μm). The results are
presented in Fig. 12. As can be seen, the out-of-plane and
in-plane longitudinal mode crossing minimum pressure de-
creases when increasing the rf power. This can be understood
due to the competing effects of the pressure decrease, which
makes the sheath longer and therefore weakens the confining
electric field, and the rf power increase, which increases the
self-bias of the powered electrode and makes the vertical
confinement stiffer. Moreover, at low pressure the micropar-
ticle charge is larger due to a higher electron temperature,
which for a fixed interparticle distance renders the interaction
force greater and therefore increases the maximum frequency
of the longitudinal in-plane mode and makes mode crossing
easier. In addition, one can see that the pressure threshold is
systematically lower for larger �. This is due to the weaker in-
terparticle interaction which reduces the maximum frequency
of the longitudinal in-plane mode and the minimum frequency
of the out-of-plane mode. Finally, we can see that experimen-

FIG. 12. Pressure at which the crossing of the in-plane longitudi-
nal mode and the out-of-plane mode occurs as a function of rf power
for different interparticle distances � and without ion wakes. The
experimental MCI pressure thresholds are shown for comparison.

tal points follow roughly the same trend. This shows that the
sheath profile (which depends on pAr and PW) plays a major
role in the crossing of the modes and the triggering of MCI in
2D complex plasma crystals.
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