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Nomenclature

0: = coefficient in the series expansion

1= = exponent coefficient in the series expansion

V =
√
1 − "2∞

D = aerodynamic influence coefficient matrix

D1 9: , D1 9: = substantial derivative matrices

8 = imaginary unit

�1, �2 = integrals related to the kernel function

�0, �0 = integrals to be approximated by the series expansion

5 , 5# = function and corresponding approximation with # terms

6 = damping, 6 = Re (?)

: = reduced frequency, : = Im (?)

? = nondimensional complex Laplace variable

H:6 = spline matrix

"∞ = Mach number

'4 = real part

�< = imaginary part

S: 9 = summation matrix

Qℎℎ = generalized aerodynamic forces matrix

(G, H, I) = coordinates of the receiving point

(b, [, Z) = coordinates of the sending point

Introduction

The subsonic doublet lattice method (DLM) has been a standard tool for aeroelastic analysis for several decades

now [1]. Several aeroelastic applications based on the DLM for the description of the unsteady aerodynamics
∗Principal Investigator, Institute of Aeroelasticity, Aeroelastic Simulation, Bunsenstraße 10; David.QueroMartin@dlr.de.



include the computation to gust responses and flutter stability analysis [2]. Despite the limitations associated to the

potential flow to describe nonlinear effects present in the transonic regime, the DLM satisfactorily describes unsteady

linearized aerodynamic phenomena in the subsonic regime. In this note the standard implementation of the DLM [1, 3]

as extensively used for subsonic flow and implemented in MSC.Nastran [4, 5] is considered.

For a particular geometry and corresponding panel discretization, the standard DLM implementation was conceived

for the computation of unsteady aerodynamic pressures as function of the Mach number "∞ and the reduced frequency

: . The restriction of its validity to the imaginary axis causes in general a wrong damping (real part) prediction of the

roots to the flutter equation when used in combination with the well-known p-k method [6] or its modified version

by Rodden et al. [4], as the complex value of the aerodynamic transfer function matrix is assumed to be equal to its

value at the imaginary axis, which is in general not true. The g method presented by Chen [7] introduced a first-order

approximation for the analytical continuation of the aerodynamic transfer function matrix outside the imaginary axis,

but remains limited to values of the complex variable close to the imaginary axis.

Edwards [8] showed that there is no actual restriction for the DLM to be applied solely to the imaginary axis.

Edwards and coworkers derived aerodynamic transfer functions as dependent on the complex nondimensional Laplace

variable ? including two-dimensional subsonic [8–10] and supersonic [8, 10] speeds as well as three-dimensional

subsonic speeds [11]. Edwards [11], Cunningham and Desmarais [12] and Hounjet and Eussen [13] generalized DLM

computer codes for the computation of the aerodynamic transfer function with the Laplace variable ?. This allows for

a correct prediction of the roots to the flutter equation so that the use of approximate solutions such as the p-k or g

methods are not required, as the nonlinear eigenvalue problem can be readily solved upon dependence on the complex

variable ?. Edwards [11] did not explicitly provide the required modifications to the integrals �0 and �0 and restricted

the applications to planar configurations. References [12, 13] provide explicit expressions but are likewise restricted to

planar configurations, as they exclusively modify the integral term �0 ignoring �0, which does not contribute for planar

geometries. For nonplanar configurations the latter integral �0 is in general non-zero and its modification for general

values of the complex variable ? is the main purpose of the current work. Thus, this note provides expressions modifying

the standard DLM formulation for three-dimensional nonplanar configurations for its use with the complex Laplace

variable ?, extending its validity outside of the imaginary axis and enabling the use of the generalized aeroelastic

analysis method (GAAM) as proposed by Edwards and Wieseman [14] for general configurations. After the presentation

of the required modifications for the integral terms involved, results are shown for a planar and a nonplanar configuration.

Note that the p-k and g methods are valid for both planar and nonplanar configurations, being their limitation related to

the approximation applied outside the imaginary axis.
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DLM formulation
In this note the complete formulation of the DLM method is not explicitly provided, focusing on the terms relevant

to enable its analytical continuation throughout the complex plane. There are several publications concerned with

the implementation of the DLM, with further refinements improving the numerical approximations required. The

formulation provided by Rodden et al. [3] considers a higher-order (quartic) approximation for the spanwise variation

of the numerator of the incremental oscillatory kernel related to the doublet line segment which allows for a better

description of the aerodynamic transfer function at higher frequencies and for higher panel aspect ratios, whilst the

original formulation [1] used a parabolic approximation.

The computation of the integrals involving the subsonic kernel functions requires the evaluation of the integrals �1

and �2 [1, 3, 15]:

�1 (D1, :1) =
∫ ∞

D1

4−8:1D(
1 + D2

)3/2 3D = 4−8:1D1

1 −
D1√
1 + D21

− 8:1�0 (D1, :1)
 , (1)

�2 (D1, :1) =
∫ ∞

D1

4−8:1D(
1 + D2

)5/2 3D =
4−8:1D1

3

(2 + 8:1D1)
©«1 −

D1√
1 + D21

ª®®¬ −
D1(

1 + D21
)3/2 − 8:1�0 (D1, :1) + :21�0 (D1, :1)


(2)

where:

D1 =
"∞

√
(G − b)2 + V2

[
(H − [)2 + (I − Z)2

]
− (G − b)

V2
√
(H − [)2 + (I − Z)2

and V =
√
1 − "2∞. The coordinates of the receiving point are (G, H, I) and those of the sending points, where the

integration is carried out, (b, [, Z). In Eqs. 1 and 2 and for the sake of harmonization with previous literature [1, 3, 15]

the integration variable has been denoted by D, whereas the values of the integrals for each specific pair of the variable D

and reduced frequency are denoted by (D1, :1). The additional integrals which appear in Eqs. 1 and 2 (�0 and �0) are

defined as:

�0 (D1, :1) = 48:1D1
∫ ∞

D1

(
1 − D
√
1 + D2

)
4−8:1D3D, (3)

�0 (D1, :1) = 48:1D1
∫ ∞

D1

D

(
1 − D
√
1 + D2

)
4−8:1D3D. (4)

Note that due to the split of the subsonic kernel in planar and nonplanar terms [1], the contribution of the integral �2
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and consequently �0 is not relevant for planar configurations, for which only the integral �0 needs to be considered.

In the standard implementation of the DLM the following identities when computing the integrals �1 and �2 for the

case D1 < 0 are used [15]:

�1 (D1, :1) = 2Re {�1 (0, :1)} − Re {�1 (−D1, :1)} + 8Im {�1 (−D1, :1)} , (5)

�2 (D1, :1) = 2Re {�2 (0, :1)} − Re {�2 (−D1, :1)} + 8Im {�2 (−D1, :1)} , (6)

restricting the domain of the variable D1 to D1 ≥ 0 and thereby reducing the number of integral computations to be

carried out. The use of these expressions is however valid only for the case where :1 is a real number, :1 ∈ R, and thus

restricted to the imaginary axis in the complex plane ?. For the computation of the �1 and �2 as function of the complex

Laplace variable ?, analytical continuation by means of the change of variables :1 = ?/8 = Im (?) − 8Re (?) is applied,

resulting in a complex reduced frequency :1 ∈ C. For a general complex value of the reduced frequency :1 with an

imaginary component, as required for the evaluation throughout the complex plane, the conjugate symmetry of the term

4−8:1D in the numerator of the integrands involved in the computation of �1 and �2 is lost. The author believes that the

use of Eqs. 5 and 6 has restricted the use of the standard DLM to real values of the reduced frequency, constraining its

validity to the imaginary axis in the complex plane defined by ?. In the next section the modified expressions for the

integrals �1 and �2 when D1 < 0 for the general case :1 ∈ C, which requires the computation of the integrals �0 and �0,

are provided.

GAAM for general nonplanar configurations
The computation of the integrals �0 and �0 as provided in Eqs. 3 and 4 reduces to the evaluation of integrals

involving the function 5 (D) :

5 (D) = 1 − D
√
1 + D2

.

Various approximations of this function have been used in order to analytically evaluate the integrals �0 and �0.

They include the original Watkins approximation [16], the Laschka approximation [17] and several approximations due

to Desmarais [18]. All of these approximations 5# (D) ≈ 5 (D) are given by a finite sum of exponential functions and

can be written in the form:

5# (D) =


∑#
==1 0=4

−1=D , D ≥ 0

2 −∑#
==1 0=4

−1= |D | , D < 0.

4



In particular the approximation D12.1 (# = 12) due to Desmarais is commonly used, where 1= = 2=/<1, with the

corresponding coefficients provided in references [18] and [3]. In virtue of this exponential approximation the integrals

�0 and �0 can be analytically carried out. For the case D1 ≥ 0 the following expressions are obtained:

�0 (D1, :1) =
#∑
==1

0=4
−1=D1 (1= − 8:1)
12= + :21

, D1 ≥ 0, (7)

�0 (D1, :1) =
#∑
==1

0=4
−1=D1 (1 + (1= + 8:1) D1)
(1= + 8:1)2

, D1 ≥ 0. (8)

For the case of planar configurations Cunningham and Desmarais [12] and Hounjet and Eussen [13] explicitly

provided modifications to integral �0 (and thus �1) for its analytical continuation in the complex variable ?, which

requires its computation for the case D1 < 0 instead of using the expression given in Eq. 5. In this note the corrected

versions for the general nonplanar case involving both integrals �0 and �0 (and thus �1 and �2) when D1 < 0 are derived by

splitting the integration interval in the variable D1 at D = 0 and noting that 5 (D) = 2 − 5 ( |D |) for D < 0. The resulting

expressions are:

�0 (D1, :1) =
28
:1

(
48:1D1 − 1

)
−

#∑
==1

0=
(
48:1D1 − 4−1=D1

)
(1= − 8:1)

12= + :21
+ 48:1D1 �0 (0, :1) , D1 < 0, (9)

�0 (D1, :1) =
2
:21

(
48:1D1 − 8:1D1 − 1

)
+

#∑
==1

0=
(
48:1D1 + 41=D1 ((1= − 8:1) D1 − 1)

)
(1= − 8:1)2

+ 48:1D1�0 (0, :1) , D1 < 0. (10)

Once the corrected expressions for �0 (D1, :1) and �0 (D1, :1) for the general case of a complex reduced frequency

:1 = ?/8 = Im (?) − 8Re (?) ∈ C have been computed, the values for the integrals �1 (D1, :1) and �2 (D1, :1) can be

obtained from Eqs. 1 and 2 in a straightforward manner, as they are valid for both D1 ≥ 0 and D1 < 0. Note that these

modifications represent the analytical continuation of the original integrals �1 (D1, :1) and �2 (D1, :1), as they are not

defined for values of the complex reduced frequency such that Re (?) ≤ 0, that is, Im (:1) ≥ 0.

Results
In this section results obtained with the modified DLM valid for the analytical continuation throughout the complex

plane ?, with the terms �0 and �0 computed according to Eqs. 7, 8, 9 and 10, is validated against the results obtained by

a first-order approximation around the imaginary axis as provided by Chen in the g method [7]. The quartic formulation

of the DLM has been used [3], but note that the modification of the integral terms �0 and �0 presented above can be used

independent of the polynomial order chosen when approximating the required integrand terms in the spanwise direction.
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Chen’s approximation [7] uses the Cauchy-Riemann conditions in order to provide a first-order approximation of the

complex generalized aerodynamic forces (GAF) matrix Qℎℎ for the complex variable ? = 6 + 8: around the imaginary

axis:

Qℎℎ (?, "∞) ≈ Qℎℎ (8:, "∞) + 6
3Qℎℎ (8:, "∞)

3 (8:) . (11)

Note that this comparison is valid for small values of the real part of the complex Laplace variable Re (?) = 6

because of the inherent limitation to the g method. In contrast to this, the modified DLM proposed here is valid

throughout the complex plane.

For the first application the planar AGARD445.6 wing model in its weakened version has been chosen [19]. The

resulting GAF matrix Qℎℎ (?, "∞) obtained and projected into the set of the generalized coordinates corresponding to

the first four structural modes as provided by Yates [19] is considered:

Qℎℎ (?, "∞) = 5)H):6S: 9D
−1 (?, "∞)

(
D1 9: + 8D2 9:

)
H:65. (12)

In Eq. 12 H:6 represents the spline matrix and has been computed applying a thin plate spline (TPS) [20], S: 9 is

a summation matrix to transfer the pressures to local forces and moments, D the aerodynamic influence coefficient

(AIC) matrix [3], D1 9: and D2 9: are the substantial derivative matrices to obtain the downwash caused by the local

aerodynamic panel translation and rotation [4] and 5 contains in columns the retained wind-off structural modes.

A representative Mach number "∞ = 0.678 has been selected. In Figs. 1 to 8 a comparison between the results

obtained with the modified DLM and the g method for the diagonal elements of the GAF matrix as function of the

reduced frequency : for a constant value of 6 = '4 (?) = −0.05, split into their real and imaginary parts, are shown.

For the g method the term 3Qℎℎ (8:, "∞) /3 (8:) has been approximated by using central finite differences with a

spacing 4: = 10−4. Off-diagonal elements of the GAF matrix are not shown but, as for the diagonal elements, GAAM

and g formulations cannot be distinguished. Note that the results corresponding to the original DLM formulation of

Rodden et al. have been obtained by evaluating their formulation [3] at the transformed variable ?/8 = Im (?) − 8Re (?),

showing a mismatch with the analytical continuation provided by both the g and GAAM formulations, highlighting the

need for the GAAM corrected formulation.
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Fig. 1 Real part of component (1, 1) of the
GAF matrix for Re (?) = −0.05 against the re-
duced frequency : . Mach number "∞ = 0.678,
AGARD445.6 model.
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Fig. 2 Imaginary part of component (1, 1) of the
GAF matrix for Re (?) = −0.05 against the re-
duced frequency : . Mach number "∞ = 0.678,
AGARD445.6 model.
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Fig. 3 Real part of component (2, 2) of the
GAF matrix for Re (?) = −0.05 against the re-
duced frequency : . Mach number "∞ = 0.678,
AGARD445.6 model.
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Fig. 4 Imaginary part of component (2, 2) of the
GAF matrix for Re (?) = −0.05 against the re-
duced frequency : . Mach number "∞ = 0.678,
AGARD445.6 model.
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Fig. 5 Real part of component (3, 3) of the
GAF matrix for Re (?) = −0.05 against the re-
duced frequency : . Mach number "∞ = 0.678,
AGARD445.6 model.
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Fig. 6 Imaginary part of component (3, 3) of the
GAF matrix for Re (?) = −0.05 against the re-
duced frequency : . Mach number "∞ = 0.678,
AGARD445.6 model.
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Fig. 7 Real part of component (4, 4) of the
GAF matrix for Re (?) = −0.05 against the re-
duced frequency : . Mach number "∞ = 0.678,
AGARD445.6 model.
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Fig. 8 Imaginary part of component (4, 4) of the
GAF matrix for Re (?) = −0.05 against the re-
duced frequency : . Mach number "∞ = 0.678,
AGARD445.6 model.

The availability of the GAF matrix as function of the complex variable ? eliminates the need for a p-k approximation,

as the aerodynamic terms are available throughout the complex plane. Thus, a flutter solver [21] can be readily adapted

to consider the additional dependency of the GAF matrix on the complex Laplace variable ?, so that the aeroelastic roots

are properly computed, representing an actual implementation of GAAM as proposed by Edwards and Wieseman [14]

for general three-dimensional nonplanar configurations. Compared with the g method, which predicts the aeroelastic
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roots away from the flutter point provided their real part are small, the GAAM proposed here is valid for excursions of

the aeroelastic roots further away from the imaginary axis. When computing the aeroelastic roots as the solution to

a nonlinear eigenvalue problem [21] and because of the GAF availability at a number of precomputed ? values, this

matrix is interpolated linearly with respect to the real and imaginary parts of the complex variable ?.

Fig. 9 shows the aeroelastic damping (scaled as 26/:) as predicted by the p-k and g methods and GAAM against

the speed index �8 = *∞/
(
!A4 5 l\

√
`
)
, where *∞ is the freestream velocity, !A4 5 = 0.5578 (m) a reference length,

l\ = 38.165 (Hz) the torsional frequency and ` = 68.753 the mass ratio. The corresponding density is d∞ = 0.2082

(kg/m3). For this particular aeroelastic model and for the range of parameters selected, the g method and GAAM provide

equivalent results. For increasing damping, that is, real part of the aeroelastic roots, the g method will eventually deviate

from the true GAAM prediction. The flutter condition is given at �8� = 0.429, close to the experimental value of

�8� = 0.416 [19].
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0

0.2

0.4

Fig. 9 Damping (26/:) at "∞ = 0.678 and d∞ = 0.2082 (kg/m3) against speed index �8 . AGARD 445.6 model.

In order to show the validity of the modified DLM implementation for a nonplanar geometry, a long-range transport

aircraft configuration corresponding to the NASA common research model (CRM) geometry [22] as created by Klimmek

[23] has been considered next. The C2 case has been chosen, corresponding to a mass equal to the maximum takeoff

weight of 260000 (kg). The geometry is in the deformed flight shape and presents a dihedral angle for the wing and the

horizontal tail plane components with a total of 2150 aerodynamic panels resulting in a nonplanar configuration, for

which the integral �2 is non-zero, requiring the computation of both �0 and �0 integrals. A more detailed description

of the structural and aerodynamic models is provided by Klimmek [23]. The first 44 structural modes together with

6 rigid-body modes for the full-model configuration have been considered in the matrix 5. For the sake of brevity

Figs. 10 to 13 show the results in real and imaginary parts corresponding to the combinations of the aircraft heave
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and pitch rigid-body motion for a constant value of 6 = Re (?) = −0.02, but equivalent conclusions can be drawn

for other components of the GAF matrix. As for the planar configurations, the proposed GAAM formulation and

the g method cannot be distinguished. As for the previous model, the results corresponding to the original DLM

formulation of Rodden et al. [3] have been obtained by evaluating their formulation [3] at the transformed variable

?/8 = Im (?) − 8Re (?). Figs. 16 and 17 show the results for the pitch/pitch GAF component at a higher damping value

of 6 = Re (?) = −0.06, whereas Figs. 14 and 15 depict the GAF component corresponding to the first flexible mode

for a value of 6 = Re (?) = 0.2. It can be observed that for an increasing magnitude of the value |6 | = |Re (?) |, the g

method will depart from the reference GAAM presented here, which can now be used as a validation tool for the g

method when DLM aerodynamics is used.
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Fig. 10 Real part of heave/heave component (3, 3)
of the GAF matrix for Re (?) = −0.02 against the
reduced frequency : . Mach number "∞ = 0.86,
CRM.
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Fig. 11 Imaginary part of heave/heave
component(3, 3) of the GAF matrix for
Re (?) = −0.02 against the reduced frequency : .
Mach number "∞ = 0.86, CRM.
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Fig. 12 Real part of heave/pitch component (3, 5)
of the GAF matrix for Re (?) = −0.02 against the
reduced frequency : . Mach number "∞ = 0.86,
CRM.
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Fig. 13 Imaginary part of heave/pitch component
(3, 5) of theGAFmatrix forRe (?) = −0.02 against
the reduced frequency : . Mach number "∞ =

0.86, CRM.
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Fig. 14 Real part of pitch/pitch component (5, 5)
of the GAF matrix for Re (?) = −0.06 against the
reduced frequency : . Mach number "∞ = 0.86,
CRM.
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Fig. 15 Imaginary part of pitch/pitch component
(5, 5) of theGAFmatrix forRe (?) = −0.06 against
the reduced frequency : . Mach number "∞ =

0.86, CRM.
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Fig. 16 Real part of flexible/flexible component
(7, 7) of the GAF matrix for Re (?) = 0.2 against
the reduced frequency : . Mach number "∞ =

0.86, CRM.
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Fig. 17 Imaginary part of flexible/flexible com-
ponent (5, 5) of the GAF matrix for Re (?) = 0.2
against the reduced frequency : . Mach number
"∞ = 0.86, CRM.

Fig. 18 shows the evolution of the scaled damping 26/: of the aeroelastic modes at the same Mach number against

the true airspeed *∞ for a fixed value of the density d∞ = 1.225 (kg/m3) as obtained by considering the first 44

flexible modes. In order to highlight the difference between the g method and GAAM, the CRM has been weakened by

multiplying the generalized stiffness matrix by a factor of 1/2 while keeping the same eigenvectors in wind-off conditions

and leaving the generalized mass equal to the identity matrix. For the sake of clarity, only the modes which become

unstable (12 and 13 correspond to the 6th and 7th flexible modes) together with those presenting a higher damping value

in magnitude have been depicted. As expected from the results shown in Figs. 10 to 15, the evolution of the damping

for the g method and GAAM are indistinguishable except for higher damping values occurring for the modes 12 and 13

at high speeds. Still, the g method provides valuable results for these two particular configurations in a wide range of

velocities.
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Fig. 18 Damping (26/:) at "∞ = 0.86 and d∞ = 1.225 (kg/m3) against true airspeed *∞ (m/s). Weakened
CRM.

In order to further highlight the potential difference between existing methods and the GAAM at lower speeds

in the stable region, another modification of the CRM has been considered at a generalized level by multiplying the

generalized mass and stiffness matrices by a factor of 1/2 and 3/2 respectively. Again, for small absolute values of 6 the

p-k and g methods can be used but for increasing absolute values the p-k method first and later the g method eventually

differ from the reference GAAM, as shown for the mode 7 in Fig. 19. Interestingly, the value of 6 at which the p-k and g

methods differ from the reference provided by the GAAM depends on the airspeed*∞. As for the previous cases, the

three methods predict the same airspeed for the instability (6 = 0), shown by the mode 8.
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Fig. 19 Damping (26/:) at "∞ = 0.86 and d∞ = 1.225 (kg/m3) against true airspeed*∞ (m/s). Modified CRM.

Conclusions
In this note a modified formulation of the doublet lattice method applicable throughout the complex plane has been

presented and verified. This formulation allows for a direct application of the generalized aeroelastic analysis method for

general nonplanar configurations in subsonic flow, providing an alternative method with an extended range of validity

for configurations with high aeroelastic damping and a means of determining the suitability of the g method.
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