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Abstract

In recent years, the application of continuum robots is constantly growing as they combine
high dexterity and a small design space. Commonly, snake-like mechanisms are built to
serve as steerable catheters in medical applications or robotic manipulators to entangle
unknown objects. ”Continuum” describes the slender, continuously deformable structure
in these robots which provides the motion capability. More recently, shorter joint modules
with larger cross sections, termed tendon-driven continuum mechanism are used in other
robotic areas for application as multi-fingered robotic or prosthetic hands, quadrupedal or
humanoid necks and spines, or entire manipulators. The advantages of this novel class of
mechanisms are their intrinsic self-support, their ability to handle physical contacts and
collisions in a robust and safe way, which predestines them for these areas. Due to their
application, the overall motion is smaller but more dynamic which limits the approaches
for analysis and control developed for regular continuum robots.

This thesis contributes to robotics research by developing dedicated approaches in mod-
eling, state estimation and control for this novel class of tendon-driven continuum mech-
anisms. For the analysis of their static and dynamic behavior, a nonlinear beam finite
element model is adapted to predict the workspace of this class of mechanisms accurately.
However, this model cannot be utilized in model-based control due to the large number
of degrees of freedom which yields high computational costs. Therefore, a second model
is derived that reduces the number of degrees of freedom essentially and a generic cali-
bration procedure is introduced to find the corresponding physical parameters. For the
application of common robotic model-based controllers, an exact estimation of the pose
and its velocity is crucial, whereas the commonly proposed shape estimation strategies
are insufficient. Therefore, this thesis introduces and compares three specifically designed
state estimation techniques for the new class of mechanisms using on-board sensors. On
this basis, nonlinear model-based control approaches in the configuration space of the con-
tinuum mechanism are introduced. The underactuation of these mechanisms is specifically
treated in the approaches by a transformation to the input output normal form.

The developed methods in modeling, state estimation and control presented in this
work are experimentally validated on a humanoid robot. Due to their promising results,
this thesis lays the foundation for the use of tendon-driven continuum mechanisms as
generic joint modules for modular robotic systems which may mark the beginning of a
new generation of light-weight robots.

Keywords: Continuum Mechanisms, Underactuated Systems, Soft Material Robotic Sys-
tems
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Kurzfassung

Titel:
Modellierung und Regelung für eine Klasse von seilgetriebenen Kontinuumsmechanismen

Die Anwendung von Kontinuumsrobotern hat in der letzten Jahren stetig zugenom-
men, da Sie ein hohes Maß an Dexterität bieten und zugleich wenig Platz einnehmen.
Überwiegend werden schlangenartige Mechanismen konstruiert, die als aktuierte Katheter
in medizinische Anwendungen dienen, oder in Manipulatoren eingesetzt werden die un-
bekannte Objekte umgreifen können. Der Begriff

”
Kontinuum“ beschreibt dabei die

schlanke, kontinuierlich verformbare Struktur des Roboters die für dessen Bewegungs-
fähigkeit charakteristisch ist. Jüngst werden auch kürzere Mechanismen mit größerem
Querschnitt, sogenannte

”
seilgetriebene Kontinuumsmechanismen“, für andere robotische

Anwendungen genutzt, zum Beispiel für robotische oder prothetische mehrfinger Hände,
als Hals oder als Wirbelsäule von Vierbeinern- oder humanoiden Robotern sowie als
vollständige Manipulatoren. Die Vorteile dieser neuen Klasse von Mechanismen sind deren
intrinsische Eigenstabilität sowie die Fähigkeit mit physischen Kontakten und Kollisionen
sicher umzugehen, was sie wiederum für die zuvor genannten Anwendungsgebiete prädes-
tiniert. In ihrer Anwendung ist die Bewegung dieser seilgetriebenen-Kontinuums Mech-
anismen insgesamt kleiner, jedoch dynamischer, was bekannte Ansätze zur Analyse und
Regelung von Kontinuumsrobotern nur bedingt nutzbar macht.

Diese Arbeit entwickelt dedizierte Ansätze in der Modellbildung, Zustandsschätzung
und Regelung für diese neue Klasse von seilgetriebenen Kontinuumsmechanismen und
leistet damit einen Beitrag zur robotischen Forschung. Zur Analyse des statischen und
dynamischen Verhaltens wird ein nichtlineares, Finite Element Model (FEM) adaptiert,
um den Arbeitsraum dieser Klasse von Mechanismen genau abzubilden. Dieses Modell
kann jedoch nicht zur modellbasierten Regelung verwendet werden, da die große Zahl
an Freiheitsgraden immense Rechenkosten verursacht. Daher wird ein zweites Modell
entwickelt, das die Zahl der Freiheitsgrade drastisch reduziert. Mit einer generischen Kali-
brationsmethode, welche im Rahmen dieser Arbeit entwickelt wurde, werden anschließend
die physischen Parameter dieser reduzierten Modelle identifiziert. Für die Anwendung
üblicher robotischer modellbasierter Regler, ist die exakte Kenntnis der Pose und der ko-
rrespondierenden Geschwindigkeit entscheidend, während die vorgeschlagenen Strategien
von Kontinuumsrobotern zur Formschätzung insuffizient sind. Daher stellt diese Arbeit
drei spezifisch entworfene Techniken zur Zustandsschätzung dieser neuen Klasse an Mech-
anismen vor und vergleicht diese, wobei nur

”
on-board“ Sensoren verwendet werden. Auf

dieser Basis werden nichtlineare, modellbasierte Regelungsansätze im Konfigurationsraum
der Mechanismen vorgeschlagen und verglichen. Hierbei wird die Unteraktuierung dieser
Mechanismen in den Ansätzen durch eine Transformation zur Eingangs-Ausgangs Nor-
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Kurzfassung

malform speziell berücksichtigt.
Die entwickelten Methoden zur Modellgebung, Zustandsschätzung und Regelung, die in

dieser Arbeit präsentiert werden, sind experimentell an einem humanoiden Roboter imple-
mentiert und validiert. Aufgrund der vielversprechenden Ergebnisse, legt diese Arbeit den
Grundstein für die Analyse und Regelung von seilgetriebenen Kontinuumsmechanismen
die als generisches Gelenk-Module in modularen robotischen Systemen eingesetzt werden
sollen und kann damit den Beginn einer neuen Generation von Leichtbaurobotern ein-
leuten.
Stichwörter: Kontinuums Mechanismen, Unteraktuierte Systemse, Robotische Systeme aus
weichen Materialien
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List of symbols

Throughout this thesis scalar quantities are denoted by plain letters. For vector and matrix
quantities bold letters are used instead. Dots denote derivatives with respect to the time
t (i.e. ṙ:= d

dtr, r̈:= d2

dt2
r). Primes denote derivatives with respect to the configuration

parameter ν (i.e. r′:= d
dνr, r′′:= d2

dν2r).

Symbols used in
Chapter 1 & 2 description

az ∈ R width of the continuum (squared cross section)
ay ∈ R depth of the continuum (squared cross section)
d ∈ R width of the top platform (squared cross section)
L ∈ R length of the continuum
n ∈ N number of degree of freedom (i.e. number of generalized

coordinates)
r ∈ N number of tendons (number of inputs)
rt ∈ R radius of the top platform

Symbols used in
Chapter 3 description

A ∈ R cross sectional area of the continuum

BaCoM ∈ R3 linear acceleration vector of the CoM, respecting B
ABN (ν, t) material orientation along the centerline, respecting B
ABH(ν, t) orientation of the head, respecting B
∆Ai ∈ R3×3 rotational difference between to matrices A and Ã
B base frame B rigidly connected at the base platform of

the mechanism, given in O
C set of candidate poses pi that fulfill certain constraints
Ce
r ∈ R3×ndof connector matrix to extract the positions of element e

from q
Ce
φ ∈ R3×ndof connector matrix to extract the orientations of element

e from q

CL ∈ Rndof×6(kel+1) special connector matrix that extracts qL from q
D set of design poses, D is a subset of C
D(q) ∈ Rn×n nonlinear damping matrix
Ex ∈ R Young’s modulus along the x-axis of the local coordinate

system N

13



List of symbols

Ey ∈ R Young’s modulus along the y-axis of the local coordinate
system N

Ez ∈ R Young’s modulus along the z-axis of the local coordinate
system N

Be
N
x , Be

N
y , Be

N
z ,∈ R3 base vectors of the frame N representing a material ori-

entation.

Be
H
t,i ∈ R3, for i = 1 . . . r tendon normal vector of the ith tendon.

Bf(ν, t) ∈ R3 distributed external force along the centerline respecting
the coordinate system N

Bf c ∈ R6 generalized external Cartesian force applied at the tip
of the mechanism respecting the coordinate system B

Bfx ∈ R axial Cartesian force applied at the tip of a continuum,
respecting the base frame B

Bfmin ∈ R6 lower bound for a feasible generalized Cartesian force
applied at the tip of the mechanism

Bfmax ∈ R6 upper bound for a feasible generalized Cartesian force
applied at the tip of the mechanism

B
Gt ∈ R torsional shear modulus
Gy ∈ R shear modulus along the y-axis of the local coordinate

system N
Gz ∈ R shear modulus along the z-axis of the local coordinate

system N
hp ∈ R pulley height with respect to the origin of B of the planar

mechanism
H head frame rigidly connected at the head platform
Ix ∈ R polar moment of area for torsion along the x-axis of the

local coordinate system N
Iy ∈ R second moment of area for bending along the y-axis of

the local coordinate system N
Iz ∈ R second moment of area for bending along the z-axis of

the local coordinate system N
J ∈ R3×3 tensor of the second moment of areas of the continuum

structure

HIH ∈ R3 inertia tensor of the head
kel ∈ N number of elements
ky ∈ R scalar parameter for a kinematic coupling along y
kz ∈ R scalar parameter for a kinematic coupling along z

k(q, q̇) ∈ Rn
generalized forces of the system

Kbt ∈ R3×3 local stiffness matrix for bending and torsion
K(q) ∈ Rn×n nonlinear stiffness matrix
lp ∈ R pulley distance in z with respect to the origin of B of

the planar mechanism

Bl(ν, t) ∈ R3 distributed external torque along the centerline respect-
ing the coordinate system B

mH head mass
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Mx internal torsional torque along the x-axis of the local
coordinate system N

My internal bending torque along the y-axis of the local co-
ordinate system N

Mz internal bending torque along the z-axis of the local co-
ordinate system N

Nm(ν, t) ∈ R3 internal torque along the centerline respecting the coor-
dinate system N

Bmw ∈ R3 external Cartesian torque applied at the tip of the mech-
anism respecting the coordinate system B

M(q) ∈ Rn×n massmatrix, positive definite
nm ∈ N number of data points measured for the parameter iden-

tification problem
ne ∈ N node e for e = {1, . . . , kel
nred ∈ N reduced number of generalized coordinates
ndof ∈ N number of elemental degree of freedom
N ∈ R normal force along the x-axis of local coordinate system

N
N beam frame attached to a point and a material orienta-

tion along centerline

Nn(ν, t) ∈ R3 internal force along the centerline respecting the coor-
dinate system N

Bnw ∈ R3 external Cartesian force applied at the tip of the mech-
anism respecting the coordinate system B

N(νe) ∈ R3×ndof linear interpolation matrix for element e
p ∈ N number of desired parameters in the parameter identifi-

cation problem
pi ∈ R6 exemplary pose in a six dimensional space
P (q) ∈ Rn×r input coupling matrix
Qy ∈ R shear force along the y-axis of local coordinate system

N
Qz ∈ R shear force along the z-axis of local coordinate system

N
q ∈ Rn vector of generalized coordinates
qL ∈ Rndof vector that incorporates the elemental degree of freedom

of the last node (at ν = L)
qred ∈ Rnred generalized coordinates of a reduced system
rpulley ∈ R radius of a tendon pulley

Br(ν, t) ∈ R3 position vector any point along the centerline

BrL = (x, y, z)T ∈ R3 position vector of the head

Br
e position of the centerline at node e

Br̄(ν, t) variational family of the position of the centerline re-
specting B

Br
h,e elemental shape function of element e for the centerline

position

Bδradm ∈ R3 admissible virtual displacement that fulfills the principle
of virtual work of a system
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List of symbols

Bδr(ν, t) virtual displacement of the position of the centerline re-
specting B

Hrt,i ∈ R3, for i = 1 . . . r vector to the connection point of the ith tendon, re-
specting H

Brp,l ∈ R3 vector of the left pulley center respecting B
Brp,r ∈ R3 vector of the right pulley center respecting B
HsCoM ∈ R3 vector to center of mass (CoM) of the head, respecting

H
BsCoM ∈ R3 vector to center of mass (CoM) of the head from B,

respecting B
T ∈ R period of an general linear oscillation
BTH ∈ R4×4 homogeneous transformation matrix describing the po-

sition and orientation of H respecting B
BT (. . . ) ∈ R4×4 homogeneous transformation matrix for a translation or

rotation depending on the variable used in . . .
e ∈ R6 pose error
u ∈ Rr vector of inputs / vector of tendon tensions

BvCoM ∈ R3 linear velocity vector of the CoM, respecting B
δW ∈ R total virtual work of a system
δW stat ∈ R virtual work due to static forces and torques
δW dyn ∈ R virtual work due to dynamic forces and torques
δW ext ∈ R virtual work due to external forces and torques
δW int ∈ R virtual work due to internal forces and torques
δW tendon ∈ R virtual work of the tendon tension forces
δW grav ∈ R virtual work of the gravitational forces
δWw ∈ R virtual work of a generalized Cartesian force applied at

the tip of the mechanism
δW dyn,head ∈ R virtual work of the dynamic forces of the head
δW dyn,beam ∈ R virtual work of the dynamic forces of the beam
x x-coordinate of the position of the head
y y-coordinate of the position of the head
z z-coordinate of the position of the head
α ∈ R scaling factor for K(q) in the Raleigh-Damping model
β ∈ R scaling factor for M(q) in the Raleigh-Damping model

Bγ(ν, t) ∈ R3 linear strain vector, respecting B, Bγ(ν, t) =
(γx(ν, t), γy(ν, t), γz(ν, t))

T

δ ∈ R logarithmic decrement
ε ∈ R kinematic variable describing a translation
ζ ∈ R damping ration of the linearized system
η ∈ R kinematic variable describing a rotation along z
θx Euler angle along the x-axis of H
θy Euler angle along the y-axis of H
θ Euler angle along the y-axis of H, in the planar case
θz Euler angle along the z-axis of H
ι ∈ R kinematic variable describing a rotation along x

Bκ(ν, t) ∈ R3 curvature vector of the material orientation, respecting
B

ν ∈ R reference arc length
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νe ∈ R element coordinate νe ∈ [−1, 1]
φ ∈ R kinematic variable describing a rotation along y

Bφ(ν, t) orientation vector to express the material orientation
along the centerline, respecting B

Bφ̂(ν, t) = −Bφ̂(ν, t) ∈
R3×3

skew symmetric representation of the orientation vector,
respecting B

Bφ̄(ν, t) ∈ R3 variational family of the material orientation along the
centerline respecting B

Bδφ(ν, t) ∈ R3 virtual displacement of the material orientation along
the centerline respecting B

Bδφadm ∈ R3 admissible virtual rotation that fulfills the principle of
virtual work of a system

BφL ∈ R3 orientation vector at ν = L i.e. the tip of the mechanism

Bφ
e material orientation along the centerline at node e

Bφ
h,e elemental shape function of element e for the material

orientation along the centerline
∆φi ∈ R3 axis angle representation of a delta rotation ∆Ai

ρ ∈ R material density of the continuum
χ ∈ Rp desired parameters in the parameter identification prob-

lem
ω0 ∈ R Eigenfrequency of the linearized system
Ωe element set Ωe = {ν |ne < ν < ne+1}
Bω(ν, t) ∈ R3 rotational velocity of the material orientation, respect-

ing B

Symbols used in
Chapter 4 description

b ∈ R threshold used within a principal component regression
B ∈ Rr×r motor inertia matrix of the tendon actuation system
ci ∈ R parameter for the smooth static friction model
d ∈ N polynomial order
dv,i ∈ R scalar parameter for the viscous friction part in the fric-

tion model

Be
H
t,i ∈ R3 unitary tendon direction vector of the i th tendon

E ∈ Rr×r transmission matrix of the tendon actuation system
∆fi ∈ R absolute prediction error of the i th component of f
F set of admissible wrenches
f(q) ∈ Rnred generalized nonlinear force resulting from a deformation

of the continuum used in the reduced model
Jχ,q ∈ R6×nred configuration Jacobian that maps generalized velocities

q̇ to generalized Cartesian velocities χ̇
k ∈ N number of polynomial coefficients
Ks ∈ Rnred×nred symmetric part of the stiffness matrix K(q)
Kt ∈ Rr×r linear stiffness matrix of the tendons
l(q) ∈ Rr vector of tendon length
q0 ∈ Rn initial configuration for the generalized coordinates q

resembling a straight configuration of the continuum.
rm,i ∈ R motor pulley radius of the i th tendon actuator
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Hrt,i ∈ R3 position of the i th tendon hinge at the top platform,
respecting H

Hrp,i ∈ R3 position of the i th tendon contact point on the pulley
at the lower platform, respecting B

wi ∈ R transmission ratio of the i th tendon actuator
δW s ∈ R virtual work of the nonlinear spring mechanism in the

reduced model
x ∈ Rk regressor row used within a polynomial regression
X ∈ Rnm×k regressor matrix used within a polynomial regression
β ∈ Rk vector containing all polynomial coefficients
ε ∈ Rnm vector of residuals which is minimized within a polyno-

mial regression problem
θm ∈ Rr vector of tendon actuator positions
κ(X) ∈ R condition number of the regressor matrix
Λ ∈ Rk×k information matrix of a regression problem
τm ∈ Rr vector of tendon actuator torques
τ fric ∈ Rr vector of frictional torques in the tendon actuation sys-

tem
τc,i ∈ R Coulomb friction part of the friction model
τ q ∈ Rn generalized torques
Φ ∈ R scalar optimality criterion

Bχ̇ ∈ R6 generalized Cartesian velocity respecting B

Symbols used in
Chapter 5 description

aki,j ∈ R distance between the mean column norm i and norm j
for sensor configuration k

S ã ∈ R3 acceleration measurement of the IMU, expressed in S
Sa ∈ R3 true acceleration of the IMU, expressed in S
Sab ∈ R3 acceleration bias of the IMU, expressed in S
San ∈ R3 acceleration noise of the IMU, expressed in S
Bag ∈ R3 acceleration due to gravity, expressed in B
ABS ∈ R3×3 rotation matrix between sensor frame S and base frame

B
AdT B ∈ R6×6 adjoint matrix to transform wrenches expressed in T to

B
C ∈ Rz+r×15 partial derivative of the measurement with respect to

the augmented state
el(q) ∈ Rz+r error vector between the measured and the model length

measurements
Kcs ∈ Rz×z calibration matrix of the additional length sensors that

relates the measured voltage to a relative change in
length

Kti ∈ R15×z+r Kalman gain matrix at time instant ti
K luen ∈ Rz+r∈z+r gain in the Luenberger type observer
∆l ∈ Rz+r relative length measurement
∆l0 ∈ Rz+r initial relative length measurement

l̃ ∈ Rz+r length measurement, provided by length sensors
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∆ln ∈ Rz+r sensor noise of the length sensors

l̃t ∈ Rr length measurements corresponding to the tendon
length

lt,0 ∈ Rr initial tendon length that corresponds to an initial pose
q0

l̃s ∈ Rz relative change in length of the additional length sensor
ls,0 ∈ Rz initial length of the additional length sensors
L ∈ R15×12 partial derivative of the augmented nonlinear state space

with respect to the process noise
nki ∈ R current norm of the column i = {x, y, z, θx, θy, θz} of the

coupling matrix for sensor configuration k
n̄ki ∈ R mean norm of the column i = {x, y, z, θx, θy, θz} of the

coupling matrix for sensor configuration k
δnki ∈ R distribution width of the norm of the column

i{x, y, z, θx, θy, θz} of the coupling matrix for sensor con-
figuration k

Q ∈ Rz+r×z+r measurement covariance
S coordinate system of the inertial measurement unit

(IMU)
s̃ ∈ Rz measured voltage of the additional length sensor
sn ∈ Rz sensor noise of the additional length sensors
sti ∈ Rz+r vector of discrete time process noise at time instant ti
S ∈ R6×6 process covariance matrix
T force torque sensor coordinate system
T T B ∈ R4×4 homogeneous transformation of between the base frame

B and the sensor frame T
TwFTS ∈ R6 measured wrench (forces and torques) of the force torque

sensor expressed in T
TwFTS,B ∈ R6 bias of the force torque sensor measurement

TwFTS,N ∈ R6 noise of the force torque sensor measurement

BwFTS ∈ R6 forces and torques applied at the base and expressed in
B

BfFTS ∈ R3 forces applied the base and expressed in B
Bw
H
FTS ∈ R6 forces and torques applied at the head frame and ex-

pressed in B
uti ∈ R6 discrete time input at time instant ti used in the Ex-

tended Kalman Filter
V ∈ Rz+r×z+r partial derivative of the measurement with respect to

the measurement noise
wti ∈ Rz+r vector of measurement noise at time instant ti
yti ∈ Rz+r vector of the outputs at time instant ti used in the Ex-

tended Kalman Filter

θ̃m ∈ Rr measurement of the motor position sensor
θn ∈ Rr noise of the motor position sensor
Σ ∈ R15×15 partial derivative of the augmented nonlinear state space

with respect to the augmented state
ψti ∈ R15 augmented discrete state at time instant ti used in the

Extended Kalman Filter
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List of symbols

Ψti ∈ R15×15 state covariance matrix at time instant ti
Ψq

0,0 ∈ R6×6 Initial state covariance matrix of the pose q part of the
state

Ψv
0,0 ∈ R3×3 Initial state covariance matrix of the linear velocity Bv

part of the state
Ψa,ω

0,0 ∈ R6×6 Initial state covariance matrix of the IMU bias ab, ωb
part of the state

ς ∈ R15 augmented nonlinear state-space used in the Extended
Kalman Filter

Sω̃ ∈ R3 measurement of the angular velocity of the IMU, ex-
pressed in S

Sω ∈ R3 true angular rates of the IMU, expressed in S
Sωb ∈ R3 bias of the angular rates of the IMU, expressed in S
Sωn ∈ R3 noise of the angular rates of the IMU, expressed in S

Symbols used in
Chapter 6 description

A ∈ R12×12 linear dynamic matrix employed in the H∞ controller

Âj ∈ R12×12 affine dynamic matrices employed in the H∞ controller
B ∈ R12×4 linear input matrix employed in the H∞ controller

B̂j ∈ R12×4 affine input matrices employed in the H∞ controller
c(q) ∈ Rr constraint equation employed in the servo constraint ap-

proach
C̄(q) ∈ Rr×r matrix of Coriolis and centrifugal terms of the input-

output normal form
e(s) ∈ C6 control error employed in the H∞ controller
f̄(q) ∈ Rr contribution (generalized forces) of the continuum

spring to the input-output normal form
G(s) ∈ C transfer function of a linearized plant
Gp(s) ∈ C6+31 perturbable system employed in the H∞ controller
h(q) ∈ Rr nonlinear function that describes relationship of the out-

puts and the generalized coordinates
H(q) ∈ Rr×n partial derivative of the output equations h(q) with re-

spect to the generalized coordinates
K(s) ∈ C4×6 controller employed in the H∞ controller
Kγ(s) ∈ C4×6 controller gain tuned using a mixed sensitivity approach

employed in the H∞ controller
Kµ(s) ∈ C4×6 controller gain tuned using µ synthesis employed in the

H∞ controller
k̄(q, q̇) ∈ Rr summary of the nonlinear generalized forces of the

input-output normal form
kt ∈ Rm part of the static equilibrium along the directions of task

variables qt
kp ∈ Rn−m part of the static equilibrium along the directions of re-

maining variables qp
k̃(u, q) ∈ Rn+r augmented static equilibrium condition that is solved to

guarantee positive tendon tensions
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Ku,p ∈ Rr×r linear matrix of the proportional controller applied in
the fast control loop

Ku,d ∈ Rr×r linear matrix of the derivative controller applied in the
fast control loop

Kp ∈ Rr×r positive definite control gain matrix of the proportional
control action used in the partial feedback linearization

Kd ∈ Rr×r positive definite control gain matrix of the derivative
control action used in the partial feedback linearization

Kc,p ∈ Rr×r positive definite control gain matrix of the proportional
control action used in the composite control approach

Kc,d ∈ Rr×r positive definite control gain matrix of the derivative
control action used in the composite control approach

n(s) ∈ C6 noise signal employed in the H∞ controller
N(s) ∈ C16×12 closed loop transfer function employed in the H∞ con-

troller
m ∈ N number of task coordinates
M̄(q) ∈ Rr×r mass matrix of the input-output normal form
N t ∈ Rr×r Nullspace projector of the task variables
PD(s) ∈ C PD controller expressed as a transfer function in the

frequency domain
PDα(s) ∈ C fractional order PD controller

˜PD
α
(s) ∈ C integer-order approximation of a fractional order PD

controller
P(s) ∈ C51×51 augmented plant employed in the H∞ controller
P̄ (q) ∈ Rr×r input coupling matrix of the input-output normal form
P t ∈ Rm×r part of the coupling matrix that projects the tendon

tension into directions of qt
P p ∈ Rn−m×r part of the coupling matrix that projects the tendon

tension into the direction of qp
qr ∈ Rn−r vector of remaining coordinates
qd ∈ Rn desired generalized coordinates (desired pose)
qt ∈ Rn−m task coordinates
qp ∈ Rn−m remaining coordinates used in the tendon tension distri-

bution
r(s) ∈ C6 control reference signal employed in the H∞ controller
s ∈ C Laplace variable used to describe the dynamics of linear

transfer functions
u(s) ∈ C4 ui > 0 ∀i control inputs (tensile forces) employed in the H∞ con-

troller
ud ∈ Rr novel control input of the slow control input
uFTS ∈ Rr projected force-torque sensor measurement onto the ten-

don tension forces
ūd ∈ Rr×r novel control input applied in the feedback linearization

approach
ud,ff ∈ Rr feedforward control action employed in the composite

control approach
ud,fb ∈ Rr feedback control action employed in the composite con-

trol approach based on an inverse model
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List of symbols

upre ∈ Rr desired pretension forces
uint ∈ Rr internal tensions of the systems
v(s) ∈ C6 feedback signal employed in the H∞ controller
w(s) ∈ C6 augmented input employed in the H∞ controller
w∆ ∈ C31 uncertainty input employed in the H∞ controller
Wn ∈ C6×6 dynamic weight on the noise employed in the H∞ con-

troller
WS ∈ C6×6 sensitivity weight
WT ∈ C6×6 complementary sensitivity weight employed in the H∞

controller
WKS ∈ C4×4 input weight employed in the H∞ controller
y(s) ∈ C6 measurable output employed in the H∞ controller
y ∈ Rr vector of outputs
z(s) ∈ C6 augmented output employed in the H∞ controller
z∆ ∈ C31 uncertain output employed in the H∞ controller
∆(s) ∈ C31×31 uncertainty matrix employed in the H∞ controller
Π ∈ Rn×n permutation matrix employed for the choice of outputs

in this thesis
τ ss ∈ Rr control action of the slow control loop
τ fs ∈ Rr control action of the fast control loop
τ̃ fric ∈ Rr model dry friction used in a model-based friction com-

pensation in the fast control loop
τL ∈ R control input in the preliminary study of the fractional

order controller
τ q ∈ Rn generalized torques
φ(q) ∈ Rn nonlinear coordinate transformation used in the input-

output normal form
ϕm ∈ R phase margin of the open control loop
ωcg ∈ R desired cross over frequency of the open control loop
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CHAPTER 1

Introduction

Robotic research consists of a number of diverse disciplines, for example engineering, math-
ematics, biology and computer science to name just a few. Comparably diverse are also the
robotic hardware systems which originate in rigid-link robotic manipulators with a serial
kinematic chain, that were mainly motivated to automate manufacturing lanes, including
tasks that demand high accuracy, fast execution cycles, or the handling of heavy objects.
As the field of robotics evolved, different robotic operation principles were developed, in-
cluding robots with a parallel kinematic structure or smaller robots with lightweight links,
to mention some examples. Each of these examples is designed based on some advantages
over classic rigid-link serial kinematic robots, but also disadvantages arose that originate
in their design. For example, the tool center point stiffness and the precision of paral-
lel kinematic robots is superior, compared to a serial kinematic one, in contrast, their
workspace volume is comparably small. The smaller design space of lightweight robots
enabled them new applications closer to the human but the lower mechanical stiffness,
especially in the joints, induces oscillations during motions or interactions that need to be
actively controlled.

The commonality of the mentioned systems are rotary joint axes that enable a mo-
tion. Structural deformation in these systems is neglected as its amplitude is very small
compared with the overall motion. Hence, the computation of the robot’s workspace is a
purely geometric problem.

Another branch in the field of robot kinematics are redundant robots in which the
term ”redundant” relates to a number of n > 6 joints. If n is slightly bigger than 6,
e.g. n = 7 the term redundant robots is used, whereas if n is substantially bigger than
6, the term hyper-redundant is used. The first hyper-redundant robotic systems were
built by Anderson et al. [1] or Chirikjian et al. [2]. These robots have been inspired by
snakes or tentacles and their targeted applications are manipulation scenarios in which the
manipulator tangles around objects or weaves through obstacles, like it cannot be done
by classic serial link manipulators.

On a macroscopic scale, so called continuum robots resemble hyper-redundant robots,
as both systems possess a snake like shape, however, the motion of a continuum robot
is not generated by the actuators with rotary joints serially attached to each other. An
early work by Robinson and Davies [3] defined the term ”continuum robot” as it follows:
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1. Introduction

Figure 1.1.: Overview of the classified robotic systems. First image: Rigid link robot with
serial kinematic joint arrangement and n = 6 joints. Image is taken from [7].
Second image: Kuka LWR-IWA, a light-weight robotic arm with n = 7 joint
axes. Image is taken from [8].Third image: Tensor arm, a hyper redundant
manipulator. Image is taken from [1]. Fourth image: Continuum manipulator,
snake-like. Image is taken from [9].

Continuum robots do not contain rigid links and identifiable rotational joints. Instead the
structures bend continuously along their length via elastic deformation and produce motion
through the generation of smooth curves, similar to the tentacles or tongues of the animal
kingdom.

Early systems of that kind are the ”Octarm” [4] or the ”Clemson Elephant Trunk” [5]
which are, similar to hyper-redundant robots, primarily motivated by grasping and ma-
nipulation of objects with varying size, inspired by an elephant trunk. From an actuation
point of view, continuum robots can be classified into mechanisms with intrinsic actua-
tion, which are based on pneumatic, hydraulic and shape-memory alloys or mechanisms
with extrinsic actuation, realized by tendons, multiple push-pulling rods or precurved
concentric tubes. Especially tendons with sophisticated tendon routing meet the appar-
ently conflicting requirement of a reduced manipulator diameter with a freely designable
workspace, which often appears in medical applications [6]. An overview of the classified
robotic systems is given in Fig. 1.1.

In the course of this thesis, a class of tendon-driven continuum mechanisms is anal-
ysed. The involved components will be explicitly described in Chapter 2 and the following
definition is given for their Characterization:

Definition: Tendon-Driven Continuum Mechanism.
In contrast to continuum robots, the terminology continuum mechanism denotes a smaller
but thicker, continuously deformable unit and a continuum robot might consist of several,
serially attached continuum mechanisms. Even though the structural element is deformed
while moving in a continuum mechanism, a snake like profile is not present in a single
unit. Furthermore, the investigated mechanism class is tendon-driven and the number of
tendons is less compared to the number of degrees of freedom and therefore yields that the
mechanisms are underactuated.

This kind of mechanism is applied, for example, as finger joints in robotic [10] or pros-
thetic [11] multi-fingered hands to enable an adjustment of the grasp to unknown object
geometries. They are applied as quadrupedal spines [12] or full manipulators [13, 14]
for which several mechanisms are serially attached to each other. Furthermore, parallel
continuum robots possess a similar design, with multiple continua in between two rigid
platforms [15]. Some of the mentioned robotic systems are illustrated in Fig. 1.2.
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Figure 1.2.: First image: Two-fingered hand from [10]. Second image: Quadropedal spine
from [12]. Third image: Robotic neck from [16]. Fourth image: Robotic
manipulator Simba from [14]. Fifth image: Parallel continuum robot from [15].

More recently, a tendon-driven elastic continuum mechanism (ECM) was developed for
DLR’s upper body humanoid robot David (see Fig. 1.3) which is build from passively
compliant mechanical elements to enable the robot to dynamically interact with the envi-
ronment without harming the hardware. The ECM is made out of silicone and the passive
compliance of the mechanism features mechanical robustness, which enables the system to
handle collisions or shocks with ease, while the elastic structure acts as energy container
as it partially compensates for the gravitational forces.

The common properties that qualify a continuum mechanism for the use in previous
works [10, 11, 12, 13, 14, 15, 16] are the high dexterity of the continuum, the small design
space, the incorporated mechanical robustness and the inherent gravity compensation.
Naturally, with these advantages, there are also challenges that need to be overcome.
Within the motion of a continuum, an elastic deformation is involved and thus the analy-
sis of the workspace is not a pure geometric problem anymore. Instead, static equilibrium
equations need to be solved that depend on the geometry of the structure, the material
properties of the structure as well as the loading applied to the structure, including op-
tional masses. In general, a continuum structure reacts to any kind of applied loading
with a deformation. Hence, unforeseen collisions can be handled by the structure without
damaging the hardware, as the actuators cannot constrain all deformation directions. This
is an advantage and is termed ”mechanical robustness”. On the other hand, this property
implies that there are deformations along directions which cannot be actively controlled,
yielding an inherent underactuation that needs to be accounted for. For several applica-
tions, the continuum needs to be controlled to reach a position, a full pose or even, that
the shape conforms to a desired one. Usually, these poses or shapes cannot be described
by a finite set of joint axes and therefore a geometric forward and inverse kinematics is
generally not applicable to compute task space poses from actuation quantities. As a
result, pose or state estimation methods are necessary.

A literature review is presented in the following. On the basis of the challenges from
above, the review will consecutively deal with modeling, state estimation and control of
continuum mechanisms and whole robots.

1.1. Related work

As outlined in the title and described by the paragraph above, this section aims to present
the most relevant literature with respect to the present thesis. Thus, the core area of the
presented state of the art will be modeling, state estimation and control of continuum
mechanisms used in robotics. Peripheral research areas such as motion planning of contin-
uum robots [17], workspace design and optimization of continuum robots [18] or trajectory
generation [19] will not be discussed.
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1. Introduction

1.1.1. Modeling of continuum mechanisms

A structural deformation is involved in the motion of a continuum mechanism and thus
a rigorous model involves methods from the field of continuum mechanics. Depending
on the shape, material and geometry of the structure, i.e. the structural properties,
different assumptions need to be taken to describe it. Continuum mechanisms are usually
slender structures whose extent in length is considerably larger than its diametrical extent.
Hence, they are approximated as flexible beams which imply a kinematic arrangement
with a centerline along which several material surfaces are ordered. The overall motion
is then reduced to a motion of any point and any material surface along the centerline.
Furthermore, the structural properties define the amount of shear, axial, bending and
torsional deformation which is involved in the motion and thus highly affect the complexity
of the model.

A rigorous formulation of an elastic beam undergoing large deformations is discussed
in the seminal work of Antmann [20] and is termed ”Special Cosserat Beam”. Besides
the incorporated multi-axial deformation, advanced interaction forces and torques can be
modeled, including buoyancy forces acting on the mechanism [21] or actuated tendons
which are guided along the mechanism causing external distributed loads [22, 23]. The
static workspace design is then tied to the problem of solving a nonlinear ordinary dif-
ferential equation which describes the configuration of a loaded beam. In the field of
continuum robotics, these equations are solved commonly by applying finite difference
schemes [21, 22, 24]. Renda et. al [21] reports a computation time of 28 min for 1 s
simulation time on a desktop computer. The SOFA framework [25] uses another well
known discretization method termed ”the finite element method” to simulate the defor-
mation of general soft structures under external loading. A volume based discretization
is applied here as general bodies can be incorporated. For a beam-like structure with 930
nodes (yielding 2730 DoF), [26] reports 23 ms for a computation cycle. By applying the
propagation introduced by Rucker et al. [27], the Jacobian matrix of a continuum robot,
which relates actuation variables to the position and orientation of the centerline, can be
computed and propagated through a geometrically exact model which improves the com-
putation time essentially. A common drawback however remains as these models bring
the necessity of carefully identified material parameters whereas commonly, the Young’s
Modulus alone is not sufficient to describe the deformation properties of the material
completely.

A contrary approach to rigorous modeling are reduced models which approximate the
deformation characteristic of the mechanism within a limited workspace or under lim-
ited loading conditions. The first reported approximations are based on the assumption
of a fixed backbone curve of the manipulator and its shape is approximated by a ser-
penoid [28] or as a circular arc for static [29] and dynamic [30] models. The assumption
that the centerline resembles a circular arc implies a constant curvature along the shape.
For mechanisms with high axial and shear stiffness with almost negligible operating weight,
no external forces and favorable actuators arrangement, the constant curvature assump-
tion is fully justified. Mechanisms of that kind are for instance snake-like nickel-titanium
manipulators [31], concentric tube robots [32] from medical robotics, or slender tendon-
driven systems as proposed in [33]. The advantage of this approach is a fixed kinematic
mapping as the configuration space, i.e. the curvatures can be related to actuation vari-
ables and task space variables in real time [34], which is a favorable property in control.
Furthermore, the material properties can be easily mapped by a linear stiffness in this
configuration space, yielding a simple static model. A major disadvantage of this geo-
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metric approach is that zero curvature is not admissible, which often corresponds to the
initial (straight) configuration of a mechanism. Approaches that avoid this property are
based on approximations of the deformation geometry by multivariate polynomials [35],
or a switching logic [36]. Further extensions of the constant curvature kinematics are the
integration of gravitational forces [37] and the augmentation of the model to extensi-
ble systems [38]. Piecewise constant curvature, to model the kinematics of a segment,
is presented by Mahl et al. [39]. However authors limit their approach to three degrees
of freedom per ”piece” and a static model is not addressed, which limits the applicabil-
ity. Kang et al. [40] approximate each segment of their continuum mechanism inspired
by an octopus as a parallel mechanism with two rotational and one translational degree
of freedom, yielding a known kinematic mapping and a defined workspace. However, a
discussion is missing that matches the static properties of the real system onto the parallel
structure.

Recent alternatives for a complexity reduction are empirical modeling approaches where
an abstract input-output behavior is learned from measured data. The inputs are com-
monly actuation torques or actuator positions and the corresponding output are the po-
sition and orientation of the mechanisms tip. Popular models are based on neural net-
works [41, 42] to approximate the static characteristics from actuation forces, or a Gaussian
mixture model [43] to relate actuator lengths to end positions of the manipulator. The
drawback of an empirical model is that the learned behavior is valid only for the trained
data. For example, if only reachable configurations of a mechanism are used for train-
ing, the resulting empirical model might not be valid if external forces act on the system.
Moreover, physical properties like the symmetry of a derived stiffness or compliance matrix
may not be taken into account which limit their applicability.

As a result of the presented works, a dynamic modeling approach that incorporates
bending, shear, torsion and compression deformations, in combination with nonlinear
actuation forces, is missing, especially if computational efficiency is demanded. Therefore,
the following question arises:

Q 1 Can we capture the static and dynamic behavior of the system in a uni-
form, computationally efficient, reduced model without losing accuracy
and dynamic effects?

1.1.2. State estimation of continuum mechanisms

In contrast to rigid link robots, the motion of continuum mechanisms cannot be described
by a finite set of joint axes and therefore a geometric forward and inverse kinematic is
generally not applicable to compute task space poses from actuation quantities. More
specifically, a pose along the continuum must be computed by solving a set of equi-
librium equations which asks for carefully identified material parameters as outlined in
Section 1.1.1.

The full state of a continuum mechanism is relevant, but by no means exhaustive, for
a nonlinear dynamic feedback controller in task space. However, the requirement to fully
measure the state in a continuum mechanism is hard to fulfill, as even in classical rigid
manipulators this is rarely the case because there are usually no velocity sensors present.
Additionally, the state of a continuum mechanism usually differs from measurable quan-
tities and asks for state estimation techniques. Mahoney et al. [44] define the state of
a continuum robot as its shape, which is specified as the position and material orienta-
tion along the backbone of the mechanism. The majority of the works presented in the
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literature deal with pure shape estimation, as their control approaches are rather kine-
matic controllers than dynamic ones and thus corresponding temporal derivatives are not
needed.

In this work, a primary interest is the estimation of the end pose and velocity of a
continuum mechanism for the application in a nonlinear dynamic feedback controller. The
pose is contained in the shape and therefore approaches from the literature that discuss
shape estimation are of interest. Additionally, pose and velocity estimation approaches
from the broader robotic community will be discussed briefly.

Shi et al. [45] present a comprehensive overview and classify shape estimation approaches
in two categories. The first category includes shape estimations based on external sensors
whereas the second category comprises algorithms based on internal sensors. Internal sen-
sors are defined as sensors which are mechanically connected to the mechanism. External
sensors are for example a stereo camera system that are inertially fixed and measures
the position of markers distributively attached along the shape of the mechanism [46] or
single markers attached to the tip [47]. Further approaches are 3D image segmentations
to extract the shape [48]. In this thesis however, the target application of continuum
mechanisms are mobile systems and thus, shape estimation techniques based on external
sensors will not be treated.

A commonly used approach to estimate the shape of a continuum mechanism is a
combination of the actuation sensors and a model of the deformation of the mechanism.
Herein, the popular assumption of a (segment wise) deformation with constant curvature
is applied, using a static model and tendon tension sensors [49], or a kinematic model
based on actuation length measurements [38, 50], passive cables along the shape [51]
and Fiber Bragg sensors [52]. If tendon length measurements are applied for the shape
estimation of multiple segments, the kinematic model might result in a tangled tendon
configuration which can be resolved as suggested by [34, 53]. Further approaches include
a position sensor on the tip of the mechanism fused in a Kalman Filter for accurate
orientation sensing of a tendon-driven constant curvature robot [54]. Another approach is
presented by Goldman et al. [55] which combines a constant curvature kinematic model
to predict the current shape. This prediction is then used in combination with actuation
force measurements to predict the real shape in a support vector machine to account for
friction and contact forces. Strain sensors based on fabrics are applied by Case et. al [56]
for shape and stiffness estimation of a cylindrical continuum mechanism in combination
with actuator forces/torques. Again, the estimation of the shape is only validated for a
constant curvature kinematics without torsion and thus has only limited use.

To overcome the limitations induced by the constant curvature assumption, a piece-
wise constant curvature is proposed by Kim et. al [57] in combination with Fiber-Bragg
sensors distributively placed along the mechanism. As they approximate the piecewise
constant curvatures by basis functions with constant coefficients, the estimation problem
can be formulated as a regression, whereas optimal sensor locations can be found in sim-
ulation experiments. Piecewise constant curvature however is only valid for kinematics
without torsion and therefore limits the usage. If the material parameters are known with
high accuracy, geometrically exact models are applicable. Concurrent shape estimations
approaches that rely on rigorous static models apply force-torque sensors or inclinome-
ters [58] in a planar case and Fiber-Bragg-sensors [59] for the spatial case.

As outlined previously, the tip pose of a continuum mechanism and its corresponding
velocity, i.e. the state of the tip, is of major interest. This state may be estimated
without knowing any properties of the continuum, if a state estimation concept known
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from mobile robots is applied. These concepts utilize often an Inertial Measurement Unit
(IMU) in combination with length or position measurements fused within an Extended
Kalman Filter (EKF), for example in multicopters [60], hand held joysticks [61], tumbling
satellites [62] or legged robots [63]. These approaches fuse data with high rates of the IMU
and data with lower rates of the length or position measurements. However, some of the
reported approaches use the 2D position information of a camera system attached to the
mechanism and thus impose a major integration and algorithmic effort. As a result, the
following major question for the thesis arises:

Q 2 Which methods are applicable to estimate the relevant states of the sys-
tem to use them in feedback control?

1.1.3. Control of continuum mechanisms

In the following, control approaches for continuum mechanisms and robots are reviewed.
Most recently, Chikhaoui and Burgner-Kahrs [64] outlined that ”Paradoxically, while chal-
lenges regarding control of soft continuum robots were identified in the literature . . . , few
research is clearly focused on control.” Indeed, comparably less control approaches are
presented that address (unmodeled) nonlinear dynamic effects, actuator limits, actuator
dynamics or underactuation.

The majority of the control approaches are kinematic controllers which utilize a model-
based Jacobian that relates desired task space positions to desired actuator positions, see
e.g. [65]. In these approaches, the controller can therefore be closed locally in each actua-
tor which simplifies the implementation and reduces the effect of model-inaccuracies. On
the other hand, dynamic effects from the continuum-like endeffector inertia or the stiffness
of the mechanism are neglected, which might effect the closed loop behavior, especially
during the transient phase of a motion. For slender, rather stiff continuum manipulators
with lightweight endeffectors, the concept might be ideal. In contrast, for mechanisms
with considerable mass and compliance, this concept implies a inferior performance. A
data-driven approach to derive the Jacobian is presented by Yip et al. [66]. Here, the
Jacobian is defined by a numerical derivative, which is continuously estimated based on
measurements of an external camera and actuator force readings. No assumptions on the
kinematic, static or dynamic of the manipulator are necessary and desired tip positions are
reached in an real-time optimal control. The approach was extended by Yip et. al [67] to
include the control of interaction forces at the mechanisms tip. The experimental results
cover complex spatial motions which shows that the proposed approach can cope with
the nonlinearities present in the mechanism. However, an accurate position-tracking of
the robots tip, solved by an external camera, and a three degrees of freedom force-sensor,
attached to the tip, are highly demanding and limit the approach to be extended to other
mechanisms, which is also the case for [47] were the same sensor information are used in
an Extended Kalman Filter to estimate the Jacobian.
A quasistatic control approach is presented by Bosman et. al [68] based on a volumetric
finite element model of the SOFA framework [25]. The actuator variables are introduced
as unilateral constraints and a suitable control action is found by minimizing the difference
between the current and the desired tip position, using the static model. The method is
tested in simulation on tendon-driven and pneumatic continuum robots. Basically, the
method computes the amount of force necessary to deflect the system to a desired pose
and therefore resembles a feed forward control scheme whereas disturbances such as un-
modeled friction or external contacts, cannot be addressed and deteriorate the approach.
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A similar approach is presented by Melingui et al. [69] where the static model of a pneu-
matically driven continuum robot with two sections is learned with a Neural Network
and an adaptive controller, again a Neural Network, to translate Cartesian errors into
the controllers output. As the approach is time-consuming, fast trajectories cannot be
followed. Thus, the authors propose a improvement of the approach in [70] based on a
support vector regression for the adaptive part.

Approaches for continuum robots that control the interaction behavior with the envi-
ronment are also published. Mahvash et al. [71] propose such a method for a concentric
tube robot with three degrees of freedom. The approach minimizes the error between
the measured tip position and the virtual desired position, induced by the desired tip
force, computed with a static model. The desired position herein is ensured by a position
controller, using a model-based Jacobian to map desired tip positions to desired actuator
positions. Another compliant motion controller is developed by Goldman et al. [55] and
asymptotic stability of the force error is proved by Lyapunov’s direct method. With this
control architecture, a continuum robot segment can be driven to a configuration that
minimizes its interaction with unknown wrenches, acting at unknown locations. The con-
troller uses the difference between the measured and the predicted unperturbed force to
move in a direction to minimize the environment interaction.

In the previous approaches, the presented control algorithms are formulated majorly in
the actuation space whereas unmodeled effects or disturbances are not accounted for. Fur-
thermore during fast motions, it might be favorable to include more information about the
model, for example to compensate gravitational and elastic forces or feed forward inertia
forces of the continuum. The first dynamic control approach is presented by Gravagne et.
al [30] which reflects inertia and viscous friction properties of the actuator to the config-
uration space of the slender, mass less continuum robot modeled by constant curvature.
A setpoint vibration-damping controller is formulated and asymptotic stability can be
shown for the linearized system. A configuration-space impedance controller is presented
by Toscano et. al [72] for a single section of the pneumatically driven bionic handling
assistant. The configuration space is defined kinematically by a constant curvature of the
backbone. As this assumption implies an inherent singularity in straight configuration
(zero curvature), authors report that the controllers gains need to be kept low to avoid
instability. A similar approach is reported in [73] which develops a nonlinear controller in
the configuration space of the robot with asymptotic tracking error convergence. The con-
troller is developed based on a Lyapunov function in an adaptive control framework. The
developments assume full knowledge of the system parameters and planar motions only
which highly limits the approach. Furthermore, the singularity in the configuration space
is not addressed. A dynamic task space controller is studied Mousa et al. [74]. Here, a
model-based robust sliding-mode controller for a tendon-driven continuum manipulator is
designed, based on a geometrically exact Cosserat Beam, in a planar scenario. The control
goal is a translatory position along the shear direction. As it is a slender mechanism, the
geometrically exact model is questionable, whereas the underactuation in the task space
is not treated at all in the simulation results presented by the authors.

Dynamic controllers are also reported in the actuator space. Braganza et al. [75] apply
a continuous asymptotic tracking-control strategy for uncertain nonlinear systems with
proved asymptotic tracking and without any model of their pneumatically driven Octarm.
They make use of an integrated feed forward term, which is designed as a Neural Network
based, on back-propagation to meet the boundedness requirement and to compensate for
unwanted dynamic effects. Most recently, Falkenhahn et. al [50] present and experimen-
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Figure 1.3.: Upper body humanoid robot David. Right image is taken from [76]

tally verify model-based dynamic controllers in the actuator space with a cascaded control
architecture. The outer MIMO controller uses a feedback linearization to cancel the known
dynamics of the model, which are the torques due to inertia, Coriolis and gravitation. The
inner controller, locally in each actuator, then ensures that the desired pressures from the
outer loop are tracked accurately.

In summary, a control framework in the task-space of a continuum mechanism that
accounts for dynamic motions and underactuation is not dealt with so far. Thus, the
following research question arises:

Q 3 Which model-based control methods enable set point regulation of an
underactuated continuum mechanism with nonlinear tendon-coupling ?

1.2. Contribution

The contribution of the present thesis is to provide answers to the posted research questions
for modeling (Q 1), state estimation (Q 2) and control (Q 3). The developments to
answer each of the questions will be experimentally tested and discussed on a novel flexible
humanoid neck [16], based on an elastic continuum mechanism (ECM), which is made out
of silicone. The ECM currently serves a neck joint of DLR’s humanoid robot David (see
Fig. 1.3). Furthermore, a planar system of the neck has also been developed, which will
serve as a second experimental platform. In the following, the contribution is separately
highlighted for each of the core areas, modeling, state estimation and control. Table 1.1
summarizes the publications in which cover the contributions described.

1.2.1. Modeling

The contribution of the developed modeling approach is twofold. The first approach is
a rigorous model that shall be used majorly for analysis of tendon-driven elastic contin-
uum mechanisms, such as workspace computations or analysis of the transient behavior.
Based on a nonlinear Timoshenko beam-formulation, the continuum is approximated as
an elastic beam that undergoes large deformations and is located in between two rigid
platforms and subjected to nonlinear tendon tension forces and a rigid body on top of the
moving platform. In contrast to prior works that assume also beam-like structures (see
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paragraph 1.1.1), the static and dynamic analysis of the nonlinear beam is treated with
the numerically more robust and mechanical more natural finite element method. Thus
it provides equations with a reduced size, compared to a volumetric discretization, and a
common structure, which resembles the reduced model of the second modeling approach.
As the beam finite element model contains the last property, controllers derived later on
can be equally applied to this kind of model.
Two scientific works [77, 78] are already published that discuss the static and dynamic
equations for a planar case. This chapter generalizes these works to the spatial case,
whereas the static and dynamic equations are given exemplary for two systems with iden-
tified material parameters. Furthermore, four use cases are elaborated, which have not
been published so far.

The second contribution, regarding modeling, is the derivation of computationally ef-
ficient, reduced nonlinear dynamic model based on an abstraction of the tendon-driven
elastic continuum mechanism as a rigid body on top of a nonlinear spring system with
equilibrium poses, equivalent to the real continuum. An experimental identification pro-
cedure is developed to ensure matching equilibrium poses of the nonlinear spring system
and the real continuum.
The procedure is presented in the publication [79] and it is applicable to more general
identifications of continuum manipulators, patented in [80]. The identification of the non-
linear spring system, introduced in [79], is based on a multivariate polynomial approach.
Motivated by the serial kinematic structure of classical robots, an extension is introduced
in this thesis, which combines a serial kinematic structure and linear stiffnesses in each of
the joints, which heavily simplifies the resulting dynamic equation. The main advantage
of the proposed kinematic structure, over approximations known from literature, is that
workspace has a simple geometric solution (in contrast to the parallel kinematic structure)
and the kinematic mapping is singularity free (in contrast to constant curvature). This
extension is also identified experimentally and a discussion is presented, which compares
both approaches.

1.2.2. State estimation

The end pose and corresponding velocity are necessary for model-based nonlinear dynamic
feedback controllers for this class of mechanisms and are of major interest in this work.
Hence, this pose and velocity define the state of the system which is contrary to (longer)
continuum robots, where the shape is defined as the state. The temporal evolution of the
shape, see paragraph 1.1.2, is of minor interest here.
This thesis contributes to the field of state estimation by implementing and comparing
different techniques to estimate the tip position, orientation and corresponding velocities
for tendon-driven continuum mechanisms of the defined class, whereas only internal sen-
sors are utilized. Herein, geometric, static and dynamic state estimation approaches are
proposed for pose and velocity estimation. In this respect, a novel kinematic mapping is
proposed with 4 degrees of freedom, which is singularity free, and is therefore a strong
alternative to the common constant curvature approach. To estimate the full six DoF
pose geometrically, additional sensors are placed on the system by a proposed placement
strategy to improve the estimation quality. Furthermore, a dynamic pose and velocity
estimation algorithm is proposed, based on an Extended Kalman Filter, which neglects
any knowledge about the deformation of the continuum. Their performance and their
applicability w.r.t. real-time control are assessed and discussed in experiments.

The sensor placement strategy in combination with the geometric estimation concept
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for a six DoF pose estimation and the dynamic estimation concept based on an Extended
Kalman Filter have been submitted for publication in [81].

1.2.3. Control

It is highlighted in paragraph 1.1.3 that comparably less research is focused on motion
control for continuum mechanisms. Although a large number of continuum mechanisms
have been built for different applications, kinematic controllers based on an static inverse
model are suggested. The latter corresponds to a feed forward controller and external
disturbances or dynamic effects in the robots transient are not handled by the controller.
Model-based approaches which make use of known dynamic properties of the system, to
perform fast motions in the task space, are not presented whereas underactution is not
specifically treated in case where it is necessary. Hence, the control approaches developed
in this thesis present dynamic controllers in the task or configuration space of the robot.
The model-based approaches incorporate knowledge of the reduced models, developed
in the corresponding chapter. As a first study, well known approach from the field of
automatic control is applied, a so called H∞ controller. By a structured treatment of the
model-nonlinearities, they can be considered in the design of the controller yielding control
approach with robust performance. The controller has been published in [82] and is used in
this thesis to provide a comprehensive comparison. Thereafter, the underactuation present
in the continuum mechanisms of the present class is specifically treated by a transformation
to the input-output normal form, which has been neglected in other works, as highlighted
in paragraph 1.1.3. A strong feature of the model-based controller is the provision of
the control action that deforms the mechanism. In steady-state, this contribution to the
control action is high with the result that the feedback gains can be set comparably low,
which adds robustness to the system. Furthermore, the linearization by feedback enables
control strategies from linear control theory. In this respect, the concept of fractional
order control is investigated in [83] which extends a general linear PD controller with
an additional coefficient to account for robustness and a fast transient similarly. The
control approach involving feedback linearization is published in [84]. Here, an extension
is presented that allows to apply the controller onto a beam-finite element model to close
the gap towards to the presented rigorous models. Then, a second approach is introduced
based on a feed forward term which compensates for static forces and torques of the model.
Both approaches are intensively evaluated and compared in experiments.

Table 1.1.: Publications of the present thesis

Reference Description

Reinecke et al. [16] A structurally flexible humanoid spine based on a
tendon-driven elastic continuum.” IEEE International
Conference on Robotics and Automation, pages 4714-
4721, May 2016.

Deutschmann et al. [83] Robust motion control of a soft robotic system us-
ing fractional order control. International Conference
on Robotics in Alpe-Adria Danube Region. Springer,
Cham, 2017.
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Deutschmann et al. [84] Position control of an underactuated continuum mech-
anism using a reduced nonlinear model. 2017 IEEE
56th Annual Conference on Decision and Control, pages
5223-5230, Dez. 2017.

Deutschmann et al. [77] A method to identify the nonlinear stiffness characteris-
tics of an elastic continuum mechanism.” IEEE Robotics
and Automation Letters (3)3: pages 1450-1457, Jan.
2018.

Deutschmann et al. [79] Reduced Models for the Static Simulation of an Elas-
tic Continuum Mechanism.” IFAC-PapersOnLine 51(2),
pages 403-408, Mar. 2018.

Eugster and
Deutschmann [78]

A nonlinear Timoshenko beam formulation for modeling
a tendon-driven compliant neck mechanism.” PAMM
18.1 (2018): e201800208.

Shu et al. [82] Robust H-∞ control of a tendon–driven elastic contin-
uum mechanism via a systematic description of non-
linearities.” IFAC-PapersOnLine 51(22), pages 386-392,
Sept. 2018.

Deutschmann et al. [81] Six DoF pose estimation for a tendon-driven contin-
uum mechanism without a deformation model.” IEEE
Robotics and Automation Letters (4)4: pages 3425-
3432, Jul. 2019.

1.3. Organization of the work

The thesis is structured by six chapters and a graphical illustration of its organization
is given in Fig. 1.4. Chapter 2 will define the class of ”tendon-driven elastic continuum
mechanisms”. By the end of this chapter, the reader knows the class of mechanisms and
involved components, their properties and arrangement. This is of major importance as
the developed models, estimation algorithms and controllers are specifically developed for
this class and are not generally applicable to continuum mechanisms. Afterwards, a rig-
orous model is developed based on the assumption that the system can be approximated
by a clamped nonlinear Timoshenko beam with a considerable platform mass at its free
end and nonlinear actuation forces acting on this platform. This model is developed in
Chapter 3, whereas parameter identification is presented to provide a realistic simulation.
In the end, four use-cases are elaborated, each of which embodies a motivation for the
chapters ”Modeling for control” and ”State estimation”. A discussion of the amount of
computational time necessary for the simulation of static or dynamic equations is also
presented. The current implementation is computationally inefficient and therefore not
suitable for model-based control. Therefore, the subsequent Chapter 4 develops a reduced
dynamic model, based on assumptions which heavily simplify the rigorous model and re-
sult in nonlinear rigid body dynamics which are computationally efficient and structurally
favorable to be applied in model-based control approaches. The goal of the thesis is to
develop dynamic controller for set point regulation of the mechanisms pose. Thus, the
state of the system is necessary and different state estimation algorithm are derived and
compared in Chapter 5. Several internal sensor information are fused within different tech-
niques that build on kinematic, static or dynamic models. Based on the computationally
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Figure 1.4.: Organization of the subsequent chapters and their interaction.

efficient model and the ability to estimate the full state, dynamic control approaches are
derived, discussed and compared in Chapter 6 that enables set point regulation.
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CHAPTER 2

Class of mechanism

This chapter will describe the class tendon-driven elastic continuum mechanism, which is in
focus mechanism of the developed methods for modeling and control of present thesis. The
description given in this chapter will start by introducing the different components that
constitutes a tendon-driven elastic continuum mechanism. In this respect, the chapter
will start by a general description of the different components involved in this system
class. Afterward, the two prototypes that are specifically investigated in this thesis will
be presented whereas the incorporated hardware will be introduced. In the last part of
the chapter, the notation for the mathematical developments of this thesis is presented.

2.1. Components

An overview of the involved components of the class of mechanism is illustrated in Fig. 2.1
which indicates that the main components can be classified to belong either to the tendon
actuation system or the Elastic Continuum Mechanism (ECM) which will be explained
separately in the following.

2.1.1. Elastic Continuum Mechanism (ECM)

Generally speaking, the mechanism can be described as a continuum structure in between
two rigid platforms, see Fig. 2.1. In this respect, the lower platform is considered to
be fixed to the ground whereas the top platform is able to move due to the structural
compliance of the continuum. The moving platform on the top is furthermore considered
as a rigid-body. The continuum structure on the other hand is considered to possess
enough structural compliance to allow for deformations along all axes, i.e. bending and
torsion is induced by actuation torques, shear and compression is induced by actuation
forces.

Rigid body

The rigid platform and additional masses connected to it, which are for example additional
sensors, are summarized to one rigid body. It possesses a considerable mass and inertia and
thus cannot be neglected. The tendons are connected to the rigid platform to introduce
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rigid platform (moving)

continuum structure
rigid platform (fixed)

 = tendon routing + tendon actuators
r - tendons
tendon connections by hinges

Elastic Continuum Mechanims

Tendon Actuation System

Figure 2.1.: Schematic overview to illustrate the components of a tendon-driven elastic
continuum mechanism.

a loading that deforms the continuum and to move the rigid body. The interconnections
to the tendons are hinges which implies a known loading as a result of a tendon tension.
The connection between the rigid body and the continuum structure is rigid as well and
it ensures a firm transmission of the introduced loading. The location of the hinges, the
center of mass (CoM), the inertia and the mass of the rigid body is considered to be known
accurately from their respective CAD-files.
The lower platform of the mechanism is considered to be rigid and not moving, whereas
its absolute position and orientation and the location of the tendon pulleys attached to it
is considered to be known.

Continuum structure

The continuum structure is made of an elastically deformable material whereas the ma-
terial properties are chosen to ensure no plastic deformation throughout the desired
workspace. Furthermore, the continuum is considered as a beam like structure due its
considerable length compared to the dimension of cross section. The purpose of the con-
tinuum structure is to provide sufficient elastic deformations which enable a rotational
motion of the top rigid platform. In general, a continuum possesses an infinite number
of degree of freedom which needs to be actuated by respective loading conditions. The
mechanisms in the present class are loaded at the top end only whereas the lower end is
clamped to the ground and therefore resemble a cantilever beam which deforms spatially.
Due to its structural flexibility brings a kinematic coupling of several deformation direc-
tions, for example a rotational motion might induce a translational motion of the top end
of the continuum.
The geometric data of the continuum structure is known by the corresponding CAD-files
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of the additional molding equipment including the initial length, the cross sectional area
and the second moment of inertia. Furthermore, it is assumed that the molding pro-
cess ensures no air enclosures in the silicone body yielding a homogeneous material with
isotropic material parameters. As large deformations are involved in the motion, the ma-
terial properties especially the stiffness characteristics are not known and thus, need to be
identified.

2.1.2. Tendon actuation system

The system is actuated by r ∈ N tendons and these tendons are connected to the moving
platform by hinges. The goal of the actuation is to move the rigid body on top relative to
the lower platform. Thus, the tendons need to be routed by a pulley system which is rigidly
connected to the lower platform, illustrated in Fig. 2.1. It can be observed moreover, that
the tendons are stretched out from the lower to the top platform without a support or
connection to the continuum structure. This implies a nonlinear coupling between the
motion of the tendons and the motion of the continuum. In extension of the pulleys in the
lower platform, the r tendon actuators are placed which generate tension forces. These
actuators are for example rotary motor with a link sided pulley where the tendon is looped
around. In this respect, it is assumed that actuator torques can be commanded directly
and the actuator position can be measured.
As tendons can transmit pulling forces only, an antagonistic tendon arrangement is ensured
and due to the theoretically infinite degree of freedom of the continuum, the r-tendons
cannot actuate or constraint every motion direction which yield an underactuated system.
Tendons provide the possibility to redirect the actuation force meaning that several pulleys
or hinges can be utilized along the lower platform to route the tendon to specific actuator
placement. However, it needs to be considered that the friction increases with every pulley-
tendon interconnection [85]. For the control strategy later on, it is essential to measure
the tendon tensions. This can be done with for example a conventional axial force sensor
in the tendon path whereas the system class is considered to provide this possibility.

Summary: Properties of the mechanisms

The involved components described previously yield the following properties for the system
class.

Property 1: Due to the compliance of the continuum a deformation along all axes is present
as a reaction to any kind of loading applied onto the system.

Property 2: The rigid body possesses a considerable mass and inertia, a low stiffness to
inertia ratio is present which yields, when dynamic motions are considered,
that the dynamic effects of the complete system cannot be neglected.

Property 3: The utilized tendons are routed without additional tendon channels in the
continuum or mountings on the continuum structure which results in a full
coupling of the tendon tensions onto all Cartesian deformation directions and
a nonlinear coupling of the motion of the rigid body and the motion of the
tendons.

Property 4: The system is considered to be underactuated resulting from two characteris-
tics. At first, the continuum structure provides sufficient elastic deformation
ability such that the number of strictly positive tendon forces can not achieve
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Figure 2.2.: Planar testbed built in the course of the thesis.

full actuation and there are deformation directions and oscillations possible
which may not be controlled. Secondly, respecting the control goal which is
to control the pose of the rigid body, the system might be underactuted for
the control problem as well dependent on the number of tendons connected
to the system.

Property 5: The motion of the overall system can not be measured directly by integrated
sensors.

2.2. Prototype systems

In the course of the thesis, two specific testbeds have been developed and investigated
which are a planar testbed, see paragraph 2.2.1, and a spatial testbed, see paragraph 2.2.2,
which will be described briefly in the following. A more detailed description including all
aspects involved in the design process of both prototypes can be found in [16].

2.2.1. Planar testbed

The planar testbed is depicted in Fig. 2.2 and it constitutes of an elastic continuum
mechanism (ECM) and the tendon actuation system. A more detailed illustration of the
ECM is given in Fig. 2.3. The rigid platforms of the ECM in the planar testbed are 3D
printed whereas the top platform provides the possibility to mount additional masses and a
marker target of a camera for calibration purpose. The continuum structure is molded from
silicone whereas Dragon Skin R© [86] is chosen as material. It is an addition-curing silicone
with a Shore hardness of A30 and a 100% Young’s modulus of E100% = 600000N/m2. The
geometrical shape of the continuum is rectangular and the dimensions of the mechanism
are reported in [16] to be L = 192 mm, d = 80 mm, az = 70 mm, and ay = 123 mm
whereas the explanation of the dimension is given in Fig. 2.3. Since the silicone is highly
hydrophobic material, adhesive bonding was not possible [87]. Therefore, form closure
and a primer from Wacker was chosen to increase the adhesion. The mechanical design
is based on the principle of surface enlargement, which is why anchor points and cavities
are included in the base plate and the crossbeam, see Fig. 2.3 on the right. The elastomer
is able to flow in and around those structures and achieve a high degree adhesion. The
overall testbed is depicted in Fig. 2.2. Dyneema R© tendons were chosen, because they are
simple to configure and allow high tendon forces [85]. To route the tendons to both sides
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Figure 2.3.: Design of the planar prototype made out of silicone

with low friction, bearing supported pulleys from Carlstahl R© are utilized. To connect the
tendons properly to the top platform, bearing seats with pulleys are placed, where the
tendons are looped around. To generate the tendon tensions, two linear actuators from
Linmot R© [88] with incorporated position sensors are equipped with an axial force sensor
from Omega R© [89] to measure position and external force at each slider. The prototype
system can be controlled in MATLAB/Simulink R© using real time workshop on a QNX-
neutrino 6.5 target with which desired actuator forces could be set directly. An EtherCAT
bus sends the generated control signals to the current controller of the linear motors and
receives sensor information within a control cycle of 1kHz. By applying EtherCAT as an
industrial standardized real time communication protocol, a high degree of determinism
is ensured. The sensor information are the actuator positions and tendon tension forces.
The mean error of the force sensors and the position encoders is ±0.1 N and ±0.01 mm
respectively.

2.2.2. Spatial testbed

The spatial testbed was specifically designed as a neck of the humanoid robot David of
the DLR, see Fig. 2.4 and will be described in the following. Thus, the rigid body of the
system is the head of the humanoid and its mass and inertia results from the design of
the head, i.e. the arrangement and the selection of the housings, the camera and other
sensors as well as the tendon hinges. Additional mounting points on the head provide
the possibility to attach a marker target for pose tracking or additional masses on the
head to evaluate the model and control algorithms later on. The lower platform and
the top platform are manufactured from aluminum to ensure an accurate placement of
the head with respect to the rest of the humanoid robot. The same silicone is used to
form the continuum structure as in the planar testbed and the surface in between silicone
and aluminum is designed comparably including cavities and anchor-points that ensure
a firm interconnection. The geometrical shape of the continuum is cylindrical, with a
radius of rt = 31 mm and a length of L = 0.095 mm, as reported in [16]. The complete
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2. Class of mechanism

Figure 2.4.: Left: Tendon-driven elastic continuum mechanism as a humanoid robotic neck
[16]. This robot is designed to explore concepts for manipulation based on
elastic actuation. Right: Picture taken from the newspaper FAZ [76].

setup can be seen in Fig. 2.5. Steal tendons are used for the spatial system which are
looped around the hinges of the top platform. For this system, the advantage to use
tendon actuation is observable as it provides that the tendon actuators can be located in
the back of the mechanism. However, tendon actuation also inherits higher friction and
additional designing effort, especially when a tendon has to be fully guided in the different
deformation directions of the mechanism. For this purpose a two degree of freedom (2DoF)
pulley is utilized, illustrated in Fig. 2.5. Due to the routing through a hollow rotation axis
which is supported by bearings, the pulley on the top can turn in two directions. Together
with the change of the surrounding angle, it provides a large workspace with low friction.
The tendon actuators applied here are rotational brush less permanent magnetic servo
motors from RoboDrive R© (ILM25) with harmonic drive gears and a transmission ratio of
100:1. FAS tendon force sensors [90] are used in the tendon path to measure the tendon
tension. The motors are equipped with encoders to measure the motor angle and thus
also the change in tendon length. The system is controlled in 3 kHz control cycle using
real time workshop on a real-time-linux target and the implementation of the controllers
is done with Matlab/Simulink R© which provides an interface to directly command desired
motor torques.

2.3. Summary

The previous chapter introduced the components involved in a general tendon-driven elas-
tic continuum mechanism as well as the components used in the specific test setups dis-
cussed in the present thesis. As a result of this section, the components of the system,
their arrangement and characteristics are known which are: The mechanism consists of
a continuum structure in between two rigid platforms. The geometric parameters of the
mechanism are known, however the material properties of the continuum need identifica-
tion. The lower platform of the mechanism is considered to be fixed to the ground with
known position and orientation. A finite number of r-tendons actuate the system in an
antagonistic arrangement and the routing of the tendon is designed without additional
tendon-channels or mountings on the continuum structure. The result of this property is
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2 DoF pulley

Upper platform

Continuum

Tendons

2 DoF pulley

Lower platform

Tendon actuation system

Actuator

Motor pulley

Tension 
sensor

Figure 2.5.: Detailed description of the spatial testbed, i.e. the robotic neck of the hum-
nanoid robot David. Left: Elastic Continuum Mechanism in its stretched
out, initial configuration, reference Coordinate systems and the utilized ten-
don routing. Right, top: Two degree of freedom pulley applied in the top
and lower platform to route the tendons spatially. Rigth, bottom: Tendon
actuators and tendon force sensors which are utilized in the present system.
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2. Class of mechanism

a full coupling of the tendon tension forces onto the all Cartesian deformation directions.
The control objective is to control the pose of the upper platform. As the continuum
structure is elastically deformable, the number of strictly positive tendon forces can not
achieve full actuation which implies that there are deformation directions and oscillations
which may not be controlled yielding an underactuated system.

44



CHAPTER 3

Modeling for analysis

The chapter will present a uniform model with which a tendon-driven elastic continuum
mechanism (ECM), as described in the last Chapter 2, can be analyzed with respect to
the reachable workspace and the static and dynamic characteristic of its deformation. As
mentioned, the workspace computation for an ECM requires the solution of a static equi-
librium which cannot be solved analytically in general and thus needs a rigorous model.
Particularly the computation of the workspace is indispensable for actuator placement or
to arrange additional sensors. In addition, knowledge about the static and dynamic defor-
mation characteristic within this space provides the foundation to derive more simplified,
reduced models.

Therefore, the goal of the present chapter is to derive the central equations of the
thesis which describe the configuration of an elastic continuum mechanism, expressed by
the generalized coordinates q ∈ Rn. The temporal evolution of q is described by the
equations of motion which have the following form

M(q)q̈ + k(q, q̇) = P (q)u, (3.1)

with the nonlinear mass matrix M(q) ∈ Rn×n, the vector of generalized forces k(q, q̇) ∈
Rn, the inputs u ∈ Rr i.e. the r-tendon forces, and the input coupling matrix P (q) ∈ Rn×r.
A static configuration for q in contrary is described by the static equilibrium equation,

k(q,0) = P (q)u. (3.2)

The derivation of equations (3.1) and (3.2) is accomplished by a continuum mechanical
approach. To motivate this modeling approach, the results presented in [91] are briefly
summarized which compares four different, commonly applied modeling techniques for
such systems found in robotic literature in simulation. The four approaches, summarized
in Tab. 3.1, are used to predict the pose of the tip end of the planar elastic continuum
mechanism from Section 2.2.1. The input to the system are the r = 2 tendon forces,
whereas the output is the position and orientation of the tip end, i.e. the static equilibrium
(3.2) is solved. For a comparison, the mean and the maximum absolute prediction error is
presented in Tab. 3.1 for each model. The errors of Tab. 3.1 indicate, that the Linear Euler-
Bernoulli Beam (LEB) and the Constant-Curvature approach (CC) predict the position
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3. Modeling for analysis: A continuum mechanical approach

and orientation of the tip end with higher errors, e.g. 5.2 mm mean error in z-direction
for the LEB-model. In contrary, more involved models, i.e. the Nonlinear Euler-Bernoulli
Beam with Axial deformation (NEBA) reduces this error to 0.6 mm mean error in z-
direction which recommends a more complex approach that accounts for deformations in
all directions.
However, the numerical solution in this implementation for the NEBA model utilized a
spatial discretization by finite-differences and a Newton-Raphson solver which is applicable
for this planar case1. For orientation representations in three dimensions, this is not valid.
Furthermore, to solve the dynamic problem, i.e. solve partial differential equations in
general, numerical solvers are available, see e.g. [92]. However, they do not result in
equations of the desired form (3.1).

Table 3.1.: Comparison of the absolute prediction error in x, z and θ for the four different
modeling approaches based on 89 sampled points of the planar system.

Modeling approach
x [mm] z [mm] θ [deg]

mean max mean max mean max
Linear Euler-Bernoulli Beam (LEB) [93] 4.5651 12.3593 5.2080 21.7339 1.8273 7.6341
Constant Curvature approach (CC) [94] 1.1857 3.6759 4.7075 18.8147 1.8273 7.6341
Nonlinear Euler-Bernoulli Beam (NEB) [95] 1.8704 4.1094 0.7037 1.2612 0.9662 4.7077
Nonlinear Euler-Bernoulli Beam

0.2819 0.4666 0.6316 1.8954 1.0336 4.7059
with axial compression (NEBA) [93]

Therefore, the subsequently presented model will provide a solution for this problem
and explicitly derive a planar and a spatial model for an elastic continuum mechanism of
the form (3.1) and (3.2). As axial, shear, torsional and bending deformations are present,
the elastic continuum mechanism is considered as a geometrically nonlinear Timoshenko
beam whereas the static and dynamic equations are derived using the principle of virtual
work following [96]. The resulting partial differential equations describe the spatial and
temporal evolution of the Timoshenko beam. The numerical solution of the equations is
gained by a beam finite-element approach which transforms the dynamic equation into
(3.1) and the static equation into (3.2).

The kinematic relations and the associated parameterization for a nonlinear Timoshenko
beam is setup in Sec. 3.1. Afterward, the equations of motion will be derived in Sec. 3.2 us-
ing the principal of virtual work. The beam finite element method is described in Sec. 3.3.
Two example systems are explicitly derived in the Appendix A.1 and A.2 following these
equations. The material properties, i.e. the material stiffness along and about different
axes, are then identified in Sec. 3.4 for the models from A.1 and A.2. The present chapter
closes with four application scenarios in Sec. 3.5 which investigates the workspace and the
dynamic behavior of two systems.

The content of the following chapter extends the works of the published works [77]
and [78] of the author towards a spatial, dynamic model and additionally presents new
application scenarios.

3.1. Parametrization & kinematics

For the mathematical development of the equations of motion of the system, we consider a
scheme of the tendon-driven elastic continuum mechanism comprising all necessary quan-
tities in Fig. 3.1. A geometrically nonlinear Timoshenko beam model is developed in the

1as the rotation can be represented by an angle which can be interpolated linearly.
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3.1. Parametrization & kinematics

rigid platform (moving)

continuum

cross section

rigid platform (fixed)

centerline

Figure 3.1.: Schematic drawing of the tendon-driven elastic continuum mechanism com-
prising all necessary quantities for chapter 3.

following that describes the overall motion of the continuum, of material density ρ ∈ R
and length L ∈ R, by the temporal and spatial evolution of the beam’s centerline. The
temporal coordinate is the time t [s] and the centerline is spatially parameterized along
its length by the scalar coordinate ν ∈ [0, L], denoted the reference arc-length. The cen-
terline is furthermore the centroid of all cross sections along ν, with cross sectional area
A ∈ R.
The motion of the centerline is described by the origin of the cross sections fixed coor-
dinate frame N respecting the spatially fixed frame B, denoted as the position vector

Br(ν, t) ∈ R3,

Br(ν, t) = (x(ν, t), y(ν, t), z(ν, t))T . (3.3)

The material orientation is described by the orientation of N respecting B, here the matrix
ABN (ν, t) ∈ R3×3,

ABN (ν, t) =
(
Be
N
x (ν, t), Be

N
y (ν, t), Be

N
z (ν, t)

)T
, (3.4)

which will be expressed in the following by the rotation vector2
Bφ(ν, t) ∈ R3 and the

corresponding skew symmetric representation,

Bφ̂(ν, t) = −Bφ̂(ν, t)T ∈ R3×3. (3.5)

The rigid body is connected to the beam at ν = L and will be called the head with head
mass mH ∈ R and inertia tensor HIH ∈ R3×3. The position and orientation of the head

2The equations of motion will be derived explicitly for two example mechanisms in Appendix A.1 and A.2
with a respective orientation representation. Thus, the following equations will be derived for general
purpose using Bφ
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3. Modeling for analysis: A continuum mechanical approach

are described by equation (3.3) and (3.4) for ν = L,

BrL(t) = Br(ν = L, t), ABH(t) = ABN (ν = L, t), (3.6)

whereas the position of the center of mass (CoM) of the head, HsCoM ∈ R3, can be
expressed by

BrCoM(t) = BrL(t) +ABH(t)HsCoM. (3.7)

For the derivation of the virtual work in the next paragraph, virtual displacements are
needed. Thus the variational families Br̄(ν, t) = Br̄(ν, t, ε), Bφ̄ = Bφ̄(ν, t, ε) of the general-
ized position and orientation functions are introduced, i.e. differentiable parameterizations
with respect to a parameter ε ∈ R such that the admissible position and orientation, i.e.
the solution of the equations of motion, are embedded in the family and are obtained for
ε = ε0. The virtual displacement of the centerline Bδr(ν, t) and the virtual rotations of
the cross-sections Bδφ̂ are then defined by

Bδr(ν, t) =
∂Br̄(ν, t)

∂ε

∣∣∣∣
ε=ε0

, Bδφ̂(ν, t) =
∂ĀBN (ν, t)

∂ε

∣∣∣∣
ε=ε0

AT
BN (ν, t) . (3.8)

3.1.1. Beam Kinematics

To establish the kinematic relations for a deformed beam, we consider the evolution of
the coordinate frame N at ν with respect to B. Therefore, we look at the temporal and
spatial evolution of the position Br(ν, t) and orientation Bφ(ν, t) of the centerline.

Velocities

The temporal evolution of the centerline’s position is described by the linear velocity

Bṙ(ν, t) = (ẋ(ν, t), ẏ(ν, t), ż(ν, t))T , (3.9)

whereas the temporal evolution of a material surface is described by angular velocity vector

Bω(ν, t) ∈ R3 which is defined to

(ABN (ν, t))̇ =(ABN (ν, t)ANN (ν, t))̇

=ȦBN (ν, t)ANN (ν, t)

= ȦBN (ν, t)AT
BN (ν, t)︸ ︷︷ ︸

Bω̂(ν,t)

ABN (ν, t). (3.10)

Here, Bω̂(ν, t) ∈ R3×3 is the skew symmetric representation of Bω(ν, t).

Strain measures

The linear strain measure is described by the strain vector Nγ(ν, t) ∈ R3 and can be
geometrically explained as the centerline’s tangent in the centerline’s fixed frame N ,

Nγ(ν, t) = AT
BN (ν, t)Br

′(ν, t). (3.11)

48



3.1. Parametrization & kinematics

The change in orientation along ν is described by the curvature vector Bk(ν, t) ∈ R3

expressed in the base frame B which is defined as

(ABN (ν, t))
′

=(ABN (ν, t)AN ,N (ν, t))′

=A
′
BN (ν, t)AN ,N (ν, t)

=A
′
BN (ν, t)AT

BN (ν, t)︸ ︷︷ ︸
B

ˆk(ν,t)

AB,N (ν, t). (3.12)

Here, the curvature appears in its skew-symmetric representation Bk̂(ν, t) ∈ R3×3 which
can be extracted using the operation Bk̂(ν, t)̌ = Bk(ν, t) ∈ R3.
In prevision of the following developments, we will need the spatial derivative of the
variation of the orientation vector,

Bδφ
′(ν, t) = δ (Bk(ν, t) Bφ(ν, t)) = Bδk(ν, t)− Bδφ(ν, t)× Bk(ν, t). (3.13)

3.1.2. Head Kinematics

As the head is a rigid body, only the temporal evolution and the variation of the position
and orientation are of interest. The variations are already defined in (3.8) for ν = L. For
the velocity BvCoM ∈ R3 and the acceleration BaCoM ∈ R3 of the CoM, it can be found:

BvCoM(t) =BṙCoM(t) = BṙL(t) + ȦBH(t)HsCoM, (3.14)

=BṙL(t) + Bω̂L(t)ABH(t)HsCoM,

BaCoM =Bv̇CoM(t) = Br̈L(t) +
(
B ˙̂ωL(t) + Bω̂L(t)Bω̂L(t)

)
ABH(t)HsCoM.

Here, the rotational velocity of the head, Bω(ν = L, t) = BωL(t) ∈ R3 and its temporal
derivative Bω̇L(t) appears.

3.1.3. Constitutive equations

In the course of the thesis, linear constitutive equations are applied for the internal shear
forces, Qy ∈ R and Qz ∈ R, in y- and z- direction,

Qy(ν, t) = GyANγy(ν, t), Qz(ν, t) = GzANγz(ν, t), (3.15)

with the cross-sectional area A and the shear-modulus in the respective direction Gy, Gz ∈
R. Furthermore, a linear material law is applied for the internal torques Nm ∈ R3,

Nm(ν, t) = KbtNk(ν, t) (3.16)

with the local stiffness matrix for bending and torsion Kbt ∈ R3×3,

Kbt = diag{GtIx, EyIy, EzIz}. (3.17)

The introduced quantities are the Young’s modulus in y- z-direction Ey, Ez ∈ R, the shear
modulus for torsion Gt ∈ R, and the second moment of area along the respective axis,
Ix, Iy, Iz ∈ R.
For the axial internal force, a nonlinear Neo-Hookean constitutive equation is applied,

N(ν, t) =
ExA

3

(
Nγx(ν, t)− 1

Nγ2
x(ν, t)

)
, (3.18)
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3. Modeling for analysis: A continuum mechanical approach

with the Young’s modulus Ex ∈ R in the x-direction. Note the nonlinear Neo-Hookean
material law for the normal force takes into account the experimentally observed stiffening
behavior of the material in compression, see paragraph 3.4.2. A linearization around the
undeformed configuration, i.e. γCx = 1, leads directly to Hooke’s law,

N(ν, t) = ExA(Nγx(ν, t)− 1). (3.19)

Remark on the material parameters

In this paragraph, the Young’s modulus and the shear modulus, i.e. the stiffness param-
eters of the material, have been introduced for each direction separately which is at first
contradicting. However, these parameters originate in linear elastic theory for small defor-
mations for which a Young’s modulus identified in a tensile or compression test should be
applicable to a bending test. As the modeling approach of the present thesis aims for large
deformation, this is not the case anymore and thus, axis-specific parameters are used.

3.2. Principle of virtual work

The dynamic equations of the system will be derived using the principle of virtual work,
see for example [96, 97]. According to this principle, the virtual work δW ∈ R of all forces
acting on the mechanical system need to be zero for all admissible virtual displacements,

δW = δW dyn + δW stat = 0 ∀ Bδradm, Bδφadm, (3.20)

in which δW dyn ∈ R is the virtual work due to the dynamic forces and δW stat ∈ R is the
virtual work due to the static forces. The latter term contains the gravitational forces, the
externally applied force and the internal force due to the deformation of the beam. With
the internal forces Bn(ν, t) ∈ R3 and the internal moments Bm(ν, t) ∈ R3 of the beam
structure and the external distributed forces3

Bf(ν, t) ∈ R3 we find after integration by
parts 4

δW stat =

∫ L

0
(Bn

′ + Bf)Bδr +
(
Bm

′ + (Bn× Br′)
)
Bδφ dν,

= [BnBδr + BmBδφ]L0 +

∫ L

0
BfδBrdν︸ ︷︷ ︸

δW ext

−
∫ L

0
Bn
(
Bδr

′ − Bδφ× Br′
)

+ BmBδφ
′dν︸ ︷︷ ︸

δW int

. (3.21)

In the following, the 3 major contributions to the virtual work, δW int, δW ext, and δW dyn,
will be derived.

3The distributed moments Bl(ν, t) ∈ R3 along the beam are assumed to be zero.
4For brevity, the explicit dependency on ν and t is left out in the following. They are only stated when

quantities are introduced or if it is necessary.
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3.2. Principle of virtual work

3.2.1. Internal forces

The internal virtual work arises from the internal forces within the continuum when it
is deformed. The virtual work of the internal forces for the present case can be found
according to (3.21) to

δW int = −
∫ L

0
Bn
(
Bδr

′ − Bδφ× Br′
)

+ BmBδφ
′dν. (3.22)

To connect the internal forces and moments to their respective constitutive law, the in-
ternal forces are transformed to the cross-sectional fixed frame Nn(ν, t) ∈ R3 by

Nn =

 N
Qy
Qz

 = AT
BNBn, (3.23)

with the corresponding normal (3.18) and shear forces (3.15) at a cross section along ν.
Similar, the internal moments Nm(ν, t) ∈ R3 are projected to the cross section by

Nm =

 Mx

My

Mz

 = AT
BNBm, (3.24)

with the torsional torque Mx ∈ R and the two bending torques My, Mz ∈ R. With that,
equation (3.22) can be reformulated using (3.8), (3.11), (3.23), (3.24) and the curvature
expressed in the cross-sectionnal fixed frame Nk = AT

BNBk, to

δW int =−
∫ L

0
Nn

TAT
BN

(
δABNNγ +ABNN δγ − Bδφ̂ABNNγ

)
+ Nm

TAT
BN

(
(δABNNk +ABNN δk)− Bδφ̂ABNNk

)
dν

=−
∫ L

0
Nn

TAT
BN
(
δABNNγ +ABNN δγ − δABNAT

BNABNNγ
)

+ Nm
TAT
BN
(
(δABNNk +ABNN δk)− δABNAT

BNABNNk
)
dν.

=−
∫ L

0
Nn

T
N δγ + Nm

T
N δk dν (3.25)

With this formulation of δW int it is possible to connect the virtual work of the internal
forces and torques with the respective constitutive equations from paragraph 3.1.3.

3.2.2. External forces

The virtual work of the external forces is derived in (3.21) to

δW ext = [BnBδr + BmBδφ]L0 +

∫ L

0
BfδBrdν. (3.26)

For the first part of equation (3.26), the boundary conditions at ν = 0 and ν = L are
necessary. The considered mechanisms are clamped to the ground at ν = 0 whereas at
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ν = L external forces and torques act which resembles a typical cantilever beam. Thus
the boundary conditions are

Br(ν = 0) =0, Bφ(ν = 0) = 0,

Bn(ν = L) =
r∑
i=1

Be
H
t,iui −mHg Be

H
x + Bnw,

Bm(ν = L) =
r∑
i=1

ABHHrt,i × BeHt,iui − BsCoM ×mHg Be
H
x + Bmw, (3.27)

with the i-th component of the tendon tension vector u ∈ Rr, the tendon normal vec-
tor Bn

H
t,i of the i-th tendon, the vector from the rigid platform to the center of mass,

transformed in the base BsCoM and an additional force Bnw ∈ R3 and torque Bmw ∈ R3,
denoted the external Cartesian force f c ∈ R6,

Bf c = (Bn
T
w, Bm

T
w)T , (3.28)

for calibration purposes5. The second part of equation (3.26) is the virtual work of the
gravitational force of the continuum,

Bf = −ρAgBeBx , (3.29)

i.e. a distributed force along the centerline of the beam. By inspection of the boundary
conditions (3.27), the virtual work of the external forces can be divided into the virtual
work of the tendon actuation, the virtual work of the gravitational force and the virtual
work of an arbitrary external wrench δWw,

δW ext = δW tendon + δW grav + δWw. (3.30)

Virtual work of the tendon actuation

The virtual work of the tendon actuation can be computed using the boundary conditions
(3.27) to

δW tendon =

(
r∑
i=1

Be
H
t,iui

)
BδrL +

(
r∑
i=1

ABHHrt,i × BeHt,iui
)
BδφL, (3.31)

which can be essentially simplified by introducing the tendon coupling matrix P (q) ∈
R6×r,

P (q) =

(
Be
H
t,1 . . . Be

H
t,r

ABHHrt,1 × BeHt,1 . . . ABHHrt,r × BeHt,r

)
. (3.32)

With the coupling matrix, equation (3.31) can be reduced to

δW tendon = (Bδr
T
L, Bδφ

T
L)P (q)u (3.33)

5This arbitrary external wrench will be used later on in an identification procedure to deflect the mech-
anism to predefined poses.
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Virtual work of the gravitational forces

For this part of the virtual work, the gravitational effects of the continuum and the gravita-
tional effect of the head mass are considered. Using the gravitational part of the boundary
conditions (3.27) and the gravitational force of the continuum (3.29), the virtual work of
the gravitational force can be found to

δW grav =−
∫ L

0
ρAgδx(ν) dν

−mHg BδxL −
(
BsCoM ×mHg Be

B
x

)
BδφL. (3.34)

The first part of equation (3.34) represents the gravitational effect of the beam; the second
part the gravitational effects of the rigid body.
Within the identification process in Section 3.4 or to model unmodeled wrenches as dis-
turbances, an external force Bnw ∈ R3 and a torque Bmw ∈ R3 is exerted at the head, for
ν = L, whose virtual work is

δWw = BnwBδrL + BmwBδφL. (3.35)

With that, all parts in equation (3.30) are derived.

3.2.3. Dynamic forces

For the virtual work of the dynamic forces, will split up the terms into a part coming from
the rigid body dynamics of the head and the continuum dynamics of the beam,

δW dyn = δW dyn,head + δW dyn,beam. (3.36)

The first part of (3.36) equates to

δW dyn,head = −mHBaCoM BδrCoM − BIHBω̇L BδφL, (3.37)

with the acceleration vector of the head (3.14) and the derivative of angular velocity (3.10).
The virtual work from the dynamic forces of the continuum mechanism are found as the
following

δW dyn,beam = −
∫ L

0
BδrρABr̈ + δφρJBω̇dν, (3.38)

with the tensor of the second moment of area J ∈ R3×3.

3.2.4. Summary

As stated in the beginning of this section, the virtual work of the system (3.20) needs to
be zero for all admissible virtual displacements which yields,

δW dyn,head + δW dyn,beam+δW tendon + δW grav + δWw + δW int = 0

∀ Bδradm, Bδφadm (3.39)

for the equations of motion and

δW tendon + δW grav + δWw + δW int = 0 ∀ Bδradm, Bδφadm (3.40)
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zoomed view 

Figure 3.2.: Discretization using the beam finite element method. Left: Graphical illus-
tration of the discretization of the centerline into elements and their corre-
sponding nodes. Right: Element e in a zoomed view and corresponding nodal
degrees of freedom of node e and e+ 1.

for the static equilibrium equations. As there is no general analytic solution for the partial
differential equation (3.39) nor the ordinary differential equations (3.40), the finite element
method will be applied to spatially discretize the beam along its centerline and solve the
equations then numerically. By that, the partial differential equation is transformed into
a system of nonlinear ordinary differential equations yielding the equations of motion of
the form (3.1) and the ordinary differential equation is transformed into a set of nonlinear
equations of the form (3.2).

3.3. Discretization:
The beam finite element method

For the numerical solution of the partial differential equations, i.e. the equations of motion
(3.39), and the ordinary differential equation, i.e. the static equilibrium equation (3.40),
a beam finite element method is applied. This method involves a spatial discretization of
the beams centerline. Therefore, the parameter space ν of the beams centerline is divided
by the nodes n1 = 0 < . . . < ne < · · · < nkel+1 = L into kel element sets Ωe = [ne, ne+1],
which is graphically illustrated in Fig. 3.2. Using the relation

νe(ν) =
2

ne+1 − ne (ν − ne)− 1, (3.41)

it is convenient to introduce in every element set Ωe the element coordinate νe ∈ [−1, 1].
Each element e possesses two nodes, whereas each node has ndof ∈ Z nodal degrees of
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3.3. Discretization

freedom. The amount of nodal degrees of freedom is in general dependent on the choice
of the generalized coordinate function and to the choice of the so called shape-functions
which are used to interpolate in between subsequent nodal-degrees of freedom.
In this work, linear shape functions are used and for the general case, ndof = 6 and the
nodal degrees of freedom are (Br

e,T , Bφ
e,T ) ∈ R6, i.e. the position Br

e of the center-
line at e respecting B and the material orientation Bφ

e at e respecting B, see Fig. 3.2.
All nodal degrees of freedom are summarized in the generalized coordinate vector of the
approximated system q(t) ∈ Rn with n = ndof (kel + 1),

q(t) =
(
Br

1,T , Bφ
1,T , . . . , Br

e+1,T , Bφ
e+1,T , . . . , Br

kel+1,T , Bφ
kel+1,T

)T
. (3.42)

Now, the aim of the beam finite element method is the approximation of the generalized
functions Br(ν, t) ≈ Br̃(ν, t), and Bφ(ν, t) ≈ Bφ̃(ν, t), via a summation over all kel elements,

Br̃(ν, t) =

kel∑
e=1

χΩe(ν)rh,e(νe(ν), q(t)), (3.43)

Bφ̃(ν, t) =

kel∑
e=1

χΩe(ν)φh,e(νe(ν), q(t)). (3.44)

In this equations, χΩe(ν) is an operator which ensures that the summation at the nodes
is correct, and rh,e ∈ R3 and φh,e ∈ R3 are the shape functions of an element e,

rh,e = N(νe)Ce
rq(t) φh,e = N(νe)Ce

φq(t). (3.45)

In this equation, N(νe) ∈ R3×ndof ensures the linear interpolation in each element set,

N(νe) = 0.5

 (νe − 1) 0 0 (νe + 1) 0 0
0 (νe − 1) 0 0 (νe + 1) 0
0 0 (νe − 1) 0 0 (νe + 1)

 , (3.46)

and Ce
r ∈ R6×6 (kel+1), Ce

φ ∈ R6×6 (kel+1) are connector matrices for the translational and
rotational part of the generalized coordinates,

(re,T , re+1,T )T = Ce
rq(t), (φe,T , φe+1,T )T = Ce

φq(t), (3.47)

to extract the nodal degrees of freedom of element e.

The dynamics of node kel + 1 is governed by the rigid body dynamics of the head.
Therefore, a special connector matrix CL ∈ R6×6(kel+1) is introduced,

qL = (re+1, φe+1)T = CLq(t). (3.48)

For the subsequent developments, we will need the derivative of the shape functions (3.45)
with respect to ν,

d

dν
rh,e =

d

dνe
rh,e

dνe

dν
=N ′Ce

rq(t),

d

dν
φh,e =N ′Ce

φq(t), (3.49)
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with

N ′ =
dN(νe)

dν
=
dN(νe)

dνe
dνe

dν︸︷︷︸
2

∆L

,

=
2

∆L

−0.5 0 0 0.5 0 0
0 −0.5 0 0 0.5 0
0 0 −0.5 0 0 0.5

 . (3.50)

Furthermore, it is necessary to compute the variation of the shape functions and their
derivatives, exemplary shown for δr,

δrh,e = N(νe)Ce
rδq(t),

d

dν
δrh,e = N ′Ce

rδq(t). (3.51)

With the establishment of the shape functions (3.45), their derivatives (3.49) and variations
(3.51), we can reformulate the virtual work equations for the internal forces (3.25), the
external forces (3.26) and the dynamic forces (3.36). In these expressions, the integral
along the beam will be replaced by the following substitution of variables, known from
(3.50), ∫ L

0
dν =

kel∑
e=1

∫ 1

−1

dν

dνe
dνe =

kel∑
e=1

∫ 1

−1

∆L

2
dνe. (3.52)

The developments to derive the virtual work using the shape functions are strongly in-
fluenced by the choice of the orientation representation. Therefore, further developments
cannot be made in a general manner. Though, two example systems are derived explicitly
in the Appendix A.

3.4. Parameter identification

This section covers details about the identification of the elastic parameters and the asso-
ciated measurements that have been carried out for validation. In the previous section, a
geometrically nonlinear Timoshenko Beam has been derived with the assumption of linear
elastic material properties. The silicone is known to have nonlinear material properties.
In particular relevant for the present case, the material exhibits an increased nonlinear
behavior under compression. Thus, it will be investigated in the first paragraph, to which
extend the material nonlinearity can be handled with a nonlinear material law while main-
taining the assumption of a linear elastic material.
Afterward, elastic parameters for the explicitly derived models i.e. the planar system, see
Section A.1, and the spatial system, see Section A.2 are identified.

3.4.1. Identification process

The elastic parameters are incorporated in finite element model describing the statics
of a geometrically nonlinear Timoshenko beam which is in general a nonlinear function.
Thus, a nonlinear least square optimization is applied for the identification. Within this
nonlinear optimization, the error function ∆(ξ) ∈ Rnm , is minimized to find the desired
parameters ξ ∈ Rp,

min
ξ
||∆(ξ)||22, (3.53)
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Figure 3.3.: Left: Test specimen for the compression test. a): Long specimen with L =
40mm. b): Short specimen with L = 29mm. Middle: Identification of the
axial stiffness ExA for the two different probes with Neo-Hookean material
law. Additionally, the black curve indicates a respective course for a Hookean
(linear) material law. Right: Absolute prediction error of the Neo-Hookean
and Hookean material law in the compression test.

where nm ∈ N are the number of measurements and p ∈ N are the number of to be
identified parameters, respectively. The identification process is performed for kel = 20
number of elements.

3.4.2. Neo-Hookean compression stiffness

In the compression test, two cylindrical specimens are manufactured of the same silicone
as the planar and the spatial testbed [86], see Fig. 3.3. Their diameter is 0.06 m and they
are compressed up to 20% of the undeformed length L. The test is conducted for two
different lengths L = [28mm, 40mm]. The measured quantities are the axial force Bfx ∈ R
[N] and the displacement ∆L [m] which are illustrated in Fig. 3.3 as a stress-strain diagram
with the axial stress σx = Bfx

A and the axial strain Nγx = ∆L
L . For ξ = ExA, p = 1, the

error function used for the identification is

∆(EA) = (x̃1 − x1(ExA), . . . , x̃nm − xnm(ExA))T , (3.54)

where x̃i is the measured, nm ∈ N are the number of measurements and xi(EA) is the
computed axial position for an external force (3.28)

Bn
w = (Bfx, 0, 0)T , Bm

w = 0, (3.55)

with the virtual work contribution (3.35). In the left diagram of Fig. 3.3, a clear non-
linearity in the measured stress-strain curve (red curve) can be observed, which can be
reproduced by the Neo-Hookean material law (3.18) with a lower mean error of 0.04 mm
compared to a linear Hookean law (3.19), with a mean error of 0.18 mm. The histogram of
the absolute prediction error, right plot of Fig. 3.3, states further, that the linear material
law has a higher standard deviation of 0.6 mm compared to the Neo-Hookean law with
0.02 mm. Furthermore, the identified values for the axial stiffness ExA, see Table 3.2, are
20% higher if a linear Hookean is applied, which essentially means that a linear material
law overestimates the compression stiffness of the specimens. For the further develop-
ments, the nonlinear Timoshenko beam model will be applied only with a Neo-Hookean
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3. Modeling for analysis: A continuum mechanical approach

Table 3.2.: Left: Identified E for Hookean and Neo-Hookean material laws in a compression
test. Right: Identified shear stiffness GA and Young’s modulus E for bending.

compression shear
NeoHooke Hooke

L (Ex A)NH (Ex)NH (Ex A)H (Ex)H Gz A Ey I Ey
[m] [N] [N/m2] [N] [N/m2] [N] [Nm2] [N/m2]

0.028 583.25 866081 688.95 1043000 2929 3.05 867598
0.040 572.06 883012 700.69 1060800 – – –

material law as it proved to be more accurate whereas the identified parameter for the
Young’s modulus in compression will be set to Ex = 875000[N/m2].

3.4.3. Identification of the planar system

This section will report on the identification of the remaining elastic parameters, i.e. Gz A
and Ey Iy, for the planar model which is explicitly derived in the Appendix A.1. In the
following, a shear experiment is discussed with which the experimental data is obtained to
identify Gz A and Ey Iy. For the shear test, a force Bfz ∈ R in Be

H
z -direction is applied at

the tip of the ECM as depicted in Fig. 2.2 which leads to a bending deformation about the

Be
H
y -axis and a shear deformation along the Be

H
z -axis. For all displacement increments,

the position and orientation are measured by a camera as well as the applied tendon force.
The mean value of the identified Young’s moduli Ex = 875000N/m2 from the compression
test is used within the shear test as for the compression stiffness EA and as an initial guess
for the Young’s modulus in bending. Here, ξ = (Gz A, E)T ∈ R2, p = 2, and the error
function for the identification is

∆(ξ) = (z̃1 − z1(ξ), w(θ̃1 − θ1(ξ)), . . . , z̃nm − zm(ξ), w(θ̃nm − θm(ξ)))T , (3.56)

where z̃i, θ̃i are the measured, zi(ξ), θi(ξ) are the computed z-position and tip angle for
the external force (3.28),

Bn
w = (0, 0, Bfz)

T , Bm
w = 0, (3.57)

and w = 0.1 to account for the different units. The results of the identification procedure
based on nm = 201 measured poses are depicted in Fig. 3.4 and the associated values can
be found in Tab. 3.2. The error plots in Fig. 3.4 confirm that the identified parameters
can reproduce the measured behavior with a maximum error in the rotation of 0.7 deg
and 1.8 mm (except obvious outliers) in the positions whereas their standard deviations
are 0.3 deg and below 0.7 mm respectively.

Validation

For the validation process, the planar system is driven by the antagonistic tendon arrange-
ment, see Fig. 2.2. Again, the tendon actuation forces and the tip pose are measured by
external sensors whereas the quality of the identified parameters is evaluated by looking
at the error of the planar model and the measured pose. For validation, several differ-
ent scenarios are executed and in total nm = 142 of measurements are incorporated. At
first, only one tendon is pulled at each side. In the second section, the opposing tendon
is added with a specified pretension. In the last section, the mechanism is driven with
one tendon and an additional mass is added at the top. Herein, an easy to be attached
object is applied with a weight of 0.941 kg. The different sections as well as the performed
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Figure 3.4.: Measurement and model output of the shear experiment. Top: Appended
measurement points in z-direction. Bottom: Histogram of the absolute error
in θ, z and x between measurement and model with the identified parameters.

measurements points can be observed in the top plot of Fig. 3.5.
The error plots in Fig. 3.5 states that the model with the identified parameters is matching
accurately the real system. By examination of Fig. 3.5 it can be concluded, that planar ge-
ometrically nonlinear Timoshenko beam of A.1 with the identified parameters of Tab. 3.2
can reproduce the behavior of the real system with a maximum error in the rotation of
1.5 deg (except one outliers) and 1.5 mm in the positions whereas their standard devia-
tions are 0.8 deg and below 0.5 mm respectively.
For comparison, the validation experiment is also evaluated using the a static model of
the ECM with a linear (Hookean) material law in the compression direction, see equation
(3.19) and its identified axial stiffness from Tab. 3.2. The results are depicted in Fig. 3.5
stating a maximum error in the rotation of 1.5 deg (except one outliers) and 1.6 mm in the
positions whereas their standard deviations are 0.8 deg and below 0.5 mm respectively.
Thus the achieved accuracy is comparable to the Neo-Hookean material law.

3.4.4. Identification of the spatial system

In the following, the identification process of the spatial system will be reported to iden-
tify the elastic parameters, namely the shear stiffness GA in y- and z- direction, their
corresponding bending stiffness EI and the torsional stiffness Gx Ix along the x-axis. The
compression stiffness was already identified in paragraph 3.4.2. For this process, a special
test-site is setup which involves a robotic manipulator, and a six-DoF force-torque and a
six-DoF pose measurement system. The basic idea for the reported experiments is, that
the robot drives the continuum mechanism to several, predefined poses in its workspace.
At each pose, the associated deflection wrench Bfw, see (3.28) and the pose is measured.
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Figure 3.5.: Validation experiments with Neo-Hookean material law (nonlinear material
law) and Hookean material law (linear material law) in the compression di-
rection

Based on this data, the identification is carried out. The experimental setup, i.e. the
robotic manipulator, the external measurement system and their control interface are
explained in the Appendix B.

Uniformly sampled workspace

The idea of this approach is that the elastic parameters contained in the model can be
identified if the workspace of the system is uniformly sampled, i.e. every configuration
is represented. The workspace is approximated by spatial model from A.2 and identified
parameters of the planar model, see Tab. 3.4 are used as an initial guess. This is justified
since the same silicone material is used. As the spatial mechanism is cylindrical shaped
and thus geometrically symmetric with respect to the y− and z− axis, it is assumed that
the shear-stiffness and the bending stiffness along y and z are identical which reduces
the problem to the identification of p = 3 quantities, i.e. ξ = (GA, EI, GI). For the
approximation of the workspace, a feasible wrench region is defined for the components of

Bf = (Bfx, Bfy, Bfz, Bτx, Bτy, Bτz)
T ,

F = {Bf c ∈ R6|Bfmin < Bf c < Bfmax}, (3.58)

with the components of Bfmax and Bfmin given in Table 3.3. The maximum and mini-
mum values are chosen to ensure that the corresponding poses covers well the reachable
workspace of the continuum mechanism when driven with the tendons. With that, 10000
poses are computed using the spatial model, where the external loading is Bf c ∈ R6 (3.28)
and the resulting workspace is depicted in the left of Fig. 3.6. In order to sample the
generated workspace uniformly and reduce the set to a smaller number of poses to reduce
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Table 3.3.: Range of each wrench component Bf c
[N] Bfx Bfy Bfz [Nm] Bτx Bτy Bτz
max 30 60 60 max 3 3 3
min −66 −60 −60 min −3 −3 −3
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Figure 3.6.: Left: Computed positions with the spatial model and the initial parameters,
herein denoted as the candidate set C. Right: Set of sampled poses D in the
experiment using the robotic manipulator.

the computational costs of the identification, the maximin-distance design criteria is in-
troduced [98]. The maximin-distance design aims to select a subset D from the candidate
set C, i.e. our workspace in Fig. 3.6, such that the minimum distance between the design
poses is maximized,

max
D

min
p1,p2∈D

d(p1,p2), (3.59)

where pi ∈ R6 denotes a certain pose, which is normalized to the range [−1, 1] and
d(p1,p2) = ‖p1 − p2‖2 denotes the Euclidean distance between the two poses. Here, the
pose pi of the mechanism consists of the normalized position BrL whereas the orientation,
described by the director triad di,L, is transformed into a corresponding axis-angle repre-
sentation.
In our case, an analytic solution over the workspace region is not available. In [99] an
algorithm is proposed to solve the distance-based optimal design problem for a discrete
region which is applied in the following. The basic idea of this algorithm is the following:
randomly choose n poses as the initial design set D. Choose a pose p in the candidate set
C and check, if the minimum distance between the poses in the design set can be increased
by replacing a certain pose pi in the design set with p.
After sampling the workspace uniformly, the desired poses are subsequently reached by
the robot whereas pose and wrench is acquired using the external sensors. The measured
translational workspace is seen in the right plot Fig. 3.6.
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3. Modeling for analysis: A continuum mechanical approach

Identification of the material parameters

The goal is identify ξ = (GA,EI,GIx) whereas the error function for the identification is

∆(ξ) = (wr(r̃L,1 − rL,1(ξ)), wϕ∆ϕ1(ξ), . . . , wr(r̃L,m − rL,m(ξ)), wϕ∆ϕm(ξ))T , (3.60)

where wr = 1000 (i.e. scale the error to mm), wϕ = 180/pi (i.e. scale the error to deg),
r̃L ∈ R3 is the measured end position, rL,1(ξ) is the modeled end position, ∆ϕi ∈ R3 is
the rotational error of a spatial orientation computed as follows

∆Ai = AT
BH(ξ) ÃBH,

∆ϕi = axisangle(∆Ai), (3.61)

where axisangle is the operation that computes the axis-angle representation for a given
rotation matrix, ÃBH ∈ R3×3 is the measured andAT

BH(ξ) ∈ R3×3 the modeled orientation
of the end of the mechanism.

The identified values of ξ can be found in Tab. 3.4. It can be observed, that the identified
values, which are the shear stiffness GA, the bending stiffness EI and the torsional stiffness
Gx Ix. The bending stiffness and torsional stiffness are lower compared the initialized
values however the shear-stiffness remains unchanged.
The histogram of the absolute prediction error can be found in Fig. 3.7 of each component
direction of (3.60). It can be stated that the error of the identification is bigger, with
a maximum of 7 mm in the position and 7 deg in the orientation. This tendency is
also reflected by the root-mean-square error (RMSE), shown in the histograms 3.7, which
is 1.5 mm in position and 1.7 deg in orientation at maximum. Furthermore, it can be
observed that the errors in y and z are not symmetric which indicates systematic errors.
For example, a calibration error of the led-target that measured the pose of the continuum
might be responsible for the higher translational error z-direction and the rotatory error
y-direction (strongly coupled, as shear in z induces bending along y).

Table 3.4.: Initial guess and identified values for the stiffness properties of the spatial
mechanism. In the identification process, the stiffness is identified. Next to
each stiffness, the projected material parameter, i.e. the Young’s and shear
modulus are given.

GA (Gs) EI (E) GIx (Gt)

initialized 368.2 121950 0.617 850000 0.494 340186
identified 368.2 121950 0.606 834770 0.429 295480

The identification of the spatial mechanism with the above results is affected by a strong
coupling of the elastic parameters for the given poses, which were chosen based on the
decision to cover the workspace uniformly. In contrast, poses that separately excite the
different elastic parameters could yield more accurate parameters with which the model
matches the real data closer similar to the identification of the planar system. In this
case, the identification setup using the robotic manipulator could be applied as well. For
a separate excitation, the manipulator could compress the mechanism or introduce a pure
torsional torque. Furthermore, poses for which the mechanism needs to be bent could be
computed using the constant curvature kinematics. In this way, a pure bending torque is
introduced.
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Figure 3.7.: Error histograms of the absolute error for the identification data.

3.5. Applications

The established model of the former section with identified material parameters will be
applied in this section to four use cases.
At first, the planar model is investigated. Here, the workspace of the system is com-
puted whereas different arrangements of the pulleys are displayed. Afterwards, the planar
dynamic model is treated. Here, a simple damping model is identified to investigate the
overall dynamic characteristic. Furthermore, the computational costs are investigated and
step responses are simulated with varying head masses to investigate their influence on
the overall behavior.
In the third paragraph, the workspace of the spatial system is investigated with respect
to different pulley locations and the specific goal will be to find an arrangement with
which the torsional workspace can be maximized. In the last paragraph, the workspace
of the spatial prototype (see Section 2.2.2) is computed whereas the goal is to find a sim-
pler kinematic representation, i.e. less parameters than 6, which is able to replicate the
workspace.

3.5.1. Workspace analysis of the planar system

In the following, the workspace of the planar system is analyzed using the static model of
the Appendix. A.1 and its respective stiffness parameters from paragraph 3.4.2 and 3.4.3.
The workspace is computed by sampling the input to the model, the tendon forces u ∈ R2,
randomly within the range ui = [10, 170] N for i = 1 . . . 2. The particular interest of the
following investigation is the resulting workspace of such a system w.r.t. the location of
the pulleys. For this investigation, the location of the left and the right pulley, described

63



3. Modeling for analysis: A continuum mechanical approach

z [m]

-0.1 0 0.1

x
 [

m
]

0.14

0.15

0.16

0.17

0.18

0.19

0.2

θ
L
 range = [-10.4618, 10.555]

z [m]

-0.1 0 0.1

x
 [

m
]

0

0.05

0.1

0.15

0.2

0.25

0.3

z [m]

-0.1 0 0.1

x
 [

m
]

0.14

0.15

0.16

0.17

0.18

0.19

0.2

θ
L
 range = [-41.2261, 42.8016]

z [m]

-0.1 0 0.1

x
 [

m
]

0

0.05

0.1

0.15

0.2

0.25

0.3

z [m]

-0.1 0 0.1

x
 [

m
]

0.14

0.15

0.16

0.17

0.18

0.19

0.2

θ
L
 range = [-55.19, 55.3807]

z [m]

-0.1 0 0.1

x
 [

m
]

0

0.05

0.1

0.15

0.2

0.25

0.3

Figure 3.8.: Variation of the pulley location in z-direction (lp). It can be observed that
the workspace increases with increasing lp.

by

Brp,l = (hp, 0, lp)
T , Brp,r = (hp, 0, −lp)T , (3.62)

are altered. At first, the z-component, lp, of the pulley’s is altered starting from lp = rpulley,
i.e. where the pulley touches the beam’s centerline. The resulting workspace is shown in
Fig. 3.8 for three values of lp stating that the translational and rotational workspace
increases with increasing lp. Second, the x-location, hp, of the pulley’s is altered starting
from hp = rpulley, i.e. the case that the pulley touches the ground. The resulting workspace
is depicted in Fig. 3.9 for three values of hp. It can be stated, that the workspace decreases
with increasing hp.

The investigations of this paragraph are only exemplary. However, if a specific design
problem is faced for a planar system, the developed model can be helpful for comparing
alternatives.

3.5.2. Dynamic characteristic of the planar system

The dynamic characteristic of the present system is directly dependent on the identified
material parameters, which are the stiffness parameters of paragraph 3.4.2 and 3.4.3,
whereas the damping properties of the ECM is also important. Thus, the subsequent
paragraph will discuss a simple damping model and the corresponding identification of
the damping parameter. Afterwards the computational time of the dynamic model is
investigated. Furthermore, the influence of the top mass onto dynamic characteristic will
be discussed.
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Figure 3.9.: Variation of the pulley location in x-direction (hp). It can be observed that
the workspace decreases with increasing hp.

Identification of the Damping

This paragraph will discuss a brief identification of the damping characteristic of the planar
mechanism based on measured data.
Here, the so called Raleigh-Damping model [100] is applied which consists of a nonlinear
damping matrix D(q) ∈ Rn×n that constitutes a linearly scaled mass- M(q) ∈ Rn×n and
stiffness matrix K(q) ∈ Rn×n,

D(q) = βM(q) + αK(q), (3.63)

with the scaling factors β, α ∈ R.
The coefficients in (3.63) are fitted based on experimental data which is gained by track-
ing the tip position of the straight ECM performing a damped oscillation. The oscillation
is induced by manually deflecting the mechanism to a given pose from which it freely
oscillates back to the initial pose after removing the deflecting force. The recorded re-
sponse, exemplary shown for the z-component, can be seen in Fig. 3.10. In the left plot,
we can see the recorded motion whereas the first 15 detected zero-crossing are plotted
for which the identification is carried out. At first, it is observable that the oscillation is
almost linear as its period T = 0.17 s is almost constant (std= 0.0019 s) similar to the
logarithmic-decrement δ ∈ R,

δ =
1

i
ln

z(t)

z(t+ k T )
(3.64)

with a mean value of δ = 2.0 and std= 0.1. In equation (3.64), z(t) is the amplitude and
z(t + i T ) is the amplitude i periods away. In terms of a linear dynamic, second order
system, an eigenfrequency of ω0 = 5.88 Hz and damping ration of ζ = 0.3 can be stated
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Figure 3.10.: Fitting results for the experimentally identified damping characteristic.

yielding a weakly damped system. The mean values have been computed using the first
15 oscillations.
In the right plot, the fitting accuracy utilizing the Raleigh damping model is stated. For
β = 0 and α = 1.4e−3 an almost perfect model match can be reported, investigated for
the first 15 oscillations.
Remarks on the damping identification: In general, the identification of the damping
properties of such kind of mechanisms is a large research field and thus cannot be treated
in all details within this work. The interested reader is referred to [100] for an in dept
treatise.

Influence of the top mass

This paragraph will treat the influence of an increasing top mass onto the dynamic char-
acteristic of the elastic continuum mechanism. To do so, the dynamic model of A.1 is
simulated with kel = 4elements. For the present system with a 1 kg mass on the top, the
oscillation introduced by a 100 N step at t = 2 s of one tendon force can be observed in
the left plot of Fig. 3.11. As expected, the oscillation of the highest node (nd5) is bigger
than the lower nodes yielding the typical oscillatory motion of a clamped-free beam. To
investigate the influence of higher and lower masses, the right plot of Fig. 3.11 displays
the ratio of the maximum amplitudes of the nodes 2 − 4 with respect to the maximum
amplitude of the highest node 5. As the ratio stays below 1 for all investigated masses, it
can be stated that the shape of the oscillatory motion does not change quantitatively.

3.5.3. Torsional workspace of the spatial system

In the following, the workspace of the spatial system is analyzed using the model of the
Appendix A.2 and its respective stiffness parameters from paragraph 3.4.4. As the spatial
mechanism described in 2.2.2 serves as a robotic neck, it is of interest that the rotational
workspace of the system is sufficiently large, e.g. comparable to the human workspace.
The workspace of the present tendon configuration is shown in Fig. 3.12 and it is easily ob-
servable that the current tendon configuration limits the orientation workspace along the
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Figure 3.11.: left: Step-response for the planar system with a head mass of 1 kg and a step
to 100 N tendon force. The damped oscillation of the z-DoF for all 4 nodes
is shown whereas the maximum amplitude of oscillation is highlighted by a
red-dot respectively. Right: Ratio of the maximum amplitude of the nodes
2 to 4 with respect to the highest node 5. Again, step responses for a 100 N
step are recorded whereas the head-mass was varied from 0.001 to 10 kg.

x-axis with a maximum theoretical rotation of about ±18 deg. To enlarge the workspace
around the x-rotation, the tendon configuration is exemplary changed and two novel ten-
don configurations will be investigated which are displayed in Fig. 3.13.
The symmetric configuration for the test-configurations is chosen to enlarge the rotation
along the x-axis. Physically, two opposing tendons, if pulled equally, introduce a torsional
torque whereas the bending torques are canceled. With the two test configurations, the
maximum rotation along x could be increased to ±25 deg for the first and ±32 deg for
the second test configuration.

3.5.4. Kinematic approximation of the spatial workspace

The elastic continuum mechanisms in this thesis are tendon driven whereas the tendons
are connected only to the tip end of the continuum. In order to project the effect of the
tendons onto the mechanism, the tip pose is necessary and thus has greater importance
compared to the whole configuration of the ECM, i.e. any position and material orienta-
tion along its centerline.
In general, the end position and orientation of the ECM can be described by a Cartesian
pose, i.e. 6 coordinates at minimum. This paragraph discusses briefly the idea to approx-
imate the 6 DoF workspace of the ECM by a reduced number of parameters, nred ≤ 6,
and will report on the resulting errors that result from the reduction.
In the following, a set of kinematic variables with nred = 4 is discussed,

qred = (φ, η ι, ε)T . (3.65)

The position and orientation of the head frame H, expressed by the homogeneous trans-
formation matrix BTH ∈ R4×4, can be computed by sequence of homogeneous transfor-
mations,

BTH = BT (φ) BT (η) BT (ε) BT (kyφ) BT (kzη) BT (ι) (3.66)
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Figure 3.14.: Kinematic structure for the set of reduced kinematic variables. The y- and
z-rotation in the base are coupled to the respective rotations in the head
frame by two constants, ky and kz.

which rotate or translate according to the kinematic structure schematically shown in
Fig. 3.14.

To apply the reduced set of kinematic variables, the constant factors ky, kz ∈ R are
exemplary set to two different values. Afterwards, an optimization is carried out using
randomly 1000 samples of the workspace (Fig. 3.12), i.e. a set of positions rL and orien-
tations d1,L, d2,L, d3,L, whereas the pose error e ∈ R6 is minimized,

min
qred

||e(BTH, rL,d1,L, d2,L, d3,L)||2, (3.67)

to find a suitable set for the reduced kinematic variables. The results are depicted in 3.15
and expressed by the error in position and orientation for two different values for ky and
kz. It can be stated that the approximation using the reduced kinematic variables fit the
simulated data with a maximum mean error in position of ≈ 1.6 mm, (z-direction) and a
maximum mean error in orientation of ≈ 1.3 deg (y-direction).

3.5.5. Computation time

This section reports on the computational time of three different beam finite element mod-
els subjected to a random input within some bounds. The simulations are implemented
in Matlab and performed on the same desktop computer, an Intel Xeon-E5 CPU with
3.50 GHz and 8 Gb RAM. This means, that the recorded times, presented in the follow-
ing, are comparable with each other. However, the simulation could be run on another
target, with higher computational power, and thus might achieve lower times.

Computation time of the planar static model

This paragraphs examines the computational time of the spatial static model derived A.1.
In this example, the number of elements is set to kel = 20 as it proved to yield a good
prediction of the real system, see 3.4.3. A histogram of the simulation time recorded in
1000 simulation runs is given in the left of Fig. 3.16. The input to the simulation model,
the r = 2 tendon tensions u, are randomly chosen within the range [0, 170] which are real
limits of the hardware. A mean computational time of ≈ 0.013 s can be reported.
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Figure 3.15.: Error histogram for the absolute position and orientation error of 1000 poses
of the reduced kinematic mapping for two different constants ky and kz.

Computation time of the planar dynamic model

To examine the computational time, random step responses are simulated with a model
using kel = 4 elements for which one tendon force ui ∈ R is suddenly increased to a random
value in the range of [10, 170] N whereas the opposing tendon force is kept constant at
10 N. The total simulated time ranges from 0 to 8 s and the step is executed at t = 2 s.
The middle plot of Fig. 3.16 displays the histogram of the recorded computational times
for 1000 simulations which state a mean computational time of ≈ 9 s.

Computation time of the spatial static model

This paragraphs examines the computational time of the spatial static model derived A.2.
In this example, the number of elements is set to kel = 20 as it proved to yield a good
prediction of the real system, see 3.4.4. A histogram of the simulation time recorded in
1000 simulation runs is given in Fig. 3.16. The input to the simulation model, the r = 4
tendon tensions u, are randomly chosen within the range [0, 100] which are real limits of
the hardware. A mean computational time of ≈ 0.13 s can be reported.

3.6. Summary

This chapter derived the equations of motion for a tendon-driven elastic continuum mech-
anism using a continuum mechanical approach. The approach utilizes the geometric re-
lations of a nonlinear Timoshenko beam approach to describe the deformation of the
continuum with a rigid body at its tip. As a motivation, a planar experimental study is
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Figure 3.16.: Left: Histogram of the computational time of the planar model subjected
to 1000 randomly sampled inputs. Middle: Histogram of the computational
time of the planar dynamic model with four elements when simulation ran-
domly generated step responses. Right: Histogram of the computational time
of the spatial model subjected to 10000 randomly sampled inputs within the
admissible range of tendon forces.

carried out that emphasizes the presence of bending, shear and normal deformation in the
real system and thus the Timoshenko beam approach is justified.

Subsequently, the equations of motion as well as the static equilibrium equations for
such a system are derived using the principle of virtual work as it is a formalism that can
be easily applied for continuous and rigid bodies. To solve the resulting coupled nonlin-
ear partial differential equation of the dynamic case and the coupled nonlinear ordinary
differential equation of the static case, a beam finite element approach is utilized which
yields the desired structure for the equations of motions (3.1) and for the static equilibrium
equation (3.2).

With this framework, the equations of motion and the static equilibrium equations
are given for two systems to exemplary guide the interested reader along such involved
derivations. Since the motivation of the present chapter has been the computation of
the workspace for such mechanisms, the behavior of the material is mandatory. In the
present case, the material parameters are the cross sectional stiffness parameters which
are identified, again for the two example systems, as they exist in respective test setups.
With the identified material parameters, the measured behavior in those real systems
could be predicted with a median error in position and orientation of 0.5 mm and 0.8 deg
for the planar and a median error in position and orientation of 2.3 mm and 2.6 deg for
the spatial system. By comparing the achieved accuracy, it can be stated that the model
prediction accuracy is higher for the planar model which seems contradicting as the same
silicone material and the same model are used. However, for the planar case, the material
parameters have been identified in experiments which solely excite on parameter at a time
whereas the spatial model was identified based on measurements that included coupled
deformations. This observation lead to the conclusion that the spatial mechanism should
be identified based on separately excited material parameters. The second observation
is related to the fact, that the material parameters from the planar system provided an
accurate initial guess for the spatial system and therefore, it seems that the used silicone

71



3. Modeling for analysis: A continuum mechanical approach

does not vary largely with respect to the manufacturing process.
In the end, the accomplishments of the present chapter, which are essentially fully identi-

fied models, are applied in four different use cases that illustrate workspace computations,
the static and dynamic deformation characteristics of such systems, and a study on the
computational time. The established models are used in the following chapters and lay
the foundation for the workspace computations used in this thesis.
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CHAPTER 4

Modeling for Control

This chapter treats the derivation of a model which will be used later on in the model-
based control approach for tendon-driven elastic continuum mechanism. The rigorous
model derived in the former chapter is not suitable for real time control due to the higher
computational times, see paragraph 3.5.5, which states a computational efficiency of a
spatial model with a mean computational time of ≈ 130 ms. Consequently, this chapter
will treat a different, more simplified models which are faster to compute and thus suitable
for control. In the course of the chapter, dynamic models are derived which provide the
future basis for the control later on.
The necessary assumptions and the respective choice of generalized coordinates to describe
the motion of the system are stated and discussed in Section 4.1. These simplification
yield, first of all, that the ECM is approximated as a rigid body on top of a multiple
degree of freedom spatial spring system. Secondly, the dynamics of the tendon actuators
are decoupled from the dynamics of the ECM.
Section 4.2 presents two models which represent the spatial spring system which are based
on an experimental identification process. The results presented here have been partially
published in [79].

In the second part of this chapter in Section 4.3, the dynamics of the actuation system
is discussed. Here, the relationship between desired motor torque and the respective
generated tendon force is stated whereas a simple model is derived which will be necessary
for the tendon tension control discussed in paragraph 6.2.

4.1. Assumptions & model reduction

The subsequent section presents the relevant assumptions in order to reduce the dynamic
equation of the overall system, which is schematically illustrated in Fig. 4.1. The illus-
tration presents a scheme of the complete system on the left hand side and the reduced
version on the right hand side. A rigorous model, which describes the system on the
left hand side, consists of dynamics of the elastic continuum mechanism, elastically cou-
pled by the tendons, to the dynamics of the r- tendon actuators. Chapter 3 presented a
detailed model for the elastic continuum mechanism actuated by r tendon tensions. To
design a model-based controller, this model needs to be augmented by the dynamics of
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rigid platform (moving)

continuum

cross section

rigid platform (fixed)

centerline

tendon actuator 

model reduction

Figure 4.1.: Schematic drawing of the model reduction. The schematic on the left side
illustrates a rigorous model that incorporates the dynamics of the continuum
and the dynamics of the head, elastically coupled to the dynamics of the
actuators. The scheme on the right hand side illustrates the model after the
reduction which contains the dynamics of a rigid body coupled to a mass-less
nonlinear spring mechanism f(q).

the actuators, as illustrated in Fig. 4.1.
To reduce the complexity of the overall model, it is assumed that the stiffness of the

tendons is significantly high which enables to neglect the elastic coupling and decouple
the dynamics of the actuators, and the dynamics of the continuum mechanism. The
assumption is reasonable in the case of steel tendons as they provide a very high stiffness
even if a small diameter is used. The dynamics of the tendon actuators is described
in Section 4.3, whereas Chapter 3 presented already the dynamics of the tendon-driven
ECM, i.e. the beam finite element model of the form (3.1). In this case, a small number
of elements already results in a large number of degree of freedom (DoF), e.g. kel = 5
elements yields 30 DoF at least. As mentioned already, resulting computational inefficiency
presents a challenge for real time use.

To essentially reduce the complexity, it is assumed that the dynamic effects of the
continuum structure can be neglected. This assumption is motivated by the investigations
of paragraph 3.5.2 which states that the influence of the dynamics of the continuum is not
dominant. With this assumption, the density of the continuum is zero, ρ = 0, implying
that the continuum and the corresponding virtual work of the gravitational forces of the
continuum (3.29) and the virtual work of the dynamic forces of the continuum (3.38)
vanish. This implies for the total virtual work (3.39)

δW dyn,head + δW dyn,beam︸ ︷︷ ︸
=0

+δW tendon + δW grav,head︸ ︷︷ ︸
=0

+δW grav,beam + . . .

· · ·+ δWw + δW int ∀ Bδradm, Bδφadm.

Furthermore, it is assumed, that the configuration of the continuum can be uniquely
described by a set of kinematic parameters, denoted as the reduced generalized coordinates
q ∈ Rnred in the following. By that, the continuum mechanism is approximated as a mass
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4.2. Approximation of stiffness characteristic of the continuum

less nonlinear spring mechanism (s), with a maximum of 6 DoF (nred = 6) for the spatial
case.

By this assumption, the virtual work of the system (3.39) reduces to

δW dyn,head + δW tendon + δW grav,head + δWw + δW int︸ ︷︷ ︸
=δW s

= 0 ∀qadm (4.1)

with the term for the virtual work of the nonlinear spring system δW s ∈ R,

δW s = δqT f(q). (4.2)

Here, the introduced nonlinear spring force f(q) ∈ Rnred , represents a nonlinear, general-
ized force associated with the stiffness characteristics of the continuum spring. Technically,
f(q) represents the Cartesian restoring forces and torques, resulting from a deflected con-
tinuum mechanism, projected into the generalized directions.

The equation of motion from the reduced system are then derived from (4.1) which
yields the desired form of the equation of motion for the elastic continuum mechanism,

M(q)q̈ + c(q, q̇) + d(q̇) + g(q) + f(q) = P (q)u. (4.3)

The subsequent section 4.2 will introduce an approach to experimentally identify the
generalized force vector f(q) to ensure that the deflection characteristic, the equilibrium
poses and the workspace of the system coincides to the real system.

4.2. Approximation of the continuum

To approximate the continuum, simple, computationally fast models are proposed in the
following and the involved model parameters are identified based on experiments to match
equilibrium configurations and the stiffness characteristics of the real system. In the
experiment, f(q) and the corresponding, deflected position and orientation of the moving
platform are measured statically by external sensors and a robotic manipulator is utilized
to drive the platform to these static configuration. The three-step process of Fig. 4.2 is
proposed, which consists of simulation, experimental design and experiment.
First and foremost, the set of admissible wrenches F needs to be selected as it serves as
the input to the simulation step. An element of F is a Cartesian wrench Bf c ∈ R6 which
is applied at the head to deflect the mechanism and expressed in the base frame B. The
choice of F is crucial for the results and is discussed in paragraph 4.2.1.
The first step of the method is treated in paragraph 4.2.2. In this step, each wrench in F is
used to generate a corresponding configuration of the ECM by using the static beam finite
element model of chapter 3 including the position and orientation of the moving platform.
The set of generalized coordinates to describe the configuration of the ECM, resulting
from corresponding wrenches in F , is denoted as the training set C. Basically, each q in C
corresponds to static equilibrium positions and orientations of the moving platform. The
overall goal of the approach is to find a nonlinear generalized force function, defined as a
mapping

f : C → F (4.4)

which maps poses from C to a corresponding deflection wrench in F . In the simulation
step, larger sets for {F , C} can be handled easily, however, large number of poses which
need to be sample experimentally result in long experimental duration and in a high en-
ergy consumption which is not feasible. Therefore, the second step of the methodology
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Figure 4.2.: Overview of the three subsequent steps incorporated in the proposed method
to identify the stiffness characteristic.

is introduced in paragraph 4.2.3 to reduce the number of poses of the training set C to
a minimum set of informative poses D, called the design poses. The the third step, the
experiments, of the described process are discussed in paragraph 4.2.4 and involve the ex-
perimental setup described in B. The setup involves a robotic manipulator that enables an
automatic execution of the experimental procedure. The experimentally identified model
ensures realistic models for f (4.4) although the measured poses D̃ and the corresponding
wrenches F̃ might deviate from the initially simulated sets, {F ,D}. A comparison of f
(4.4) which has been identified in simulation and in experiments is therefore treated at
the end of the section.

4.2.1. Admissible wrench set

As stated above, the approximation of the continuum is based on the simplification of
the continuum structure to a nonlinear spring system (4.2). Technically, a generalized
nonlinear force f(q) ∈ Rnred replaces the continuum and acts on the rigid platform of the
head. The incorporated forces and torques are directed along the generalized coordinates
q.
The set of admissible wrenches F , on the other hand, contains wrenches Bf c ∈ R6 which
are defined in Cartesian space respecting the base frame B, and possess the component
wise formulation

Bf c(q) =


Bfx
Bfy
Bfz
Bτx
Bτy
Bτz

. (4.5)

The components in (4.5) act along the Cartesian directions whereas Bf c can be related to
the generalized nonlinear force of the continuum using the configuration Jacobian matrix
Jχ,q ∈ R6×nred ,

Bχ̇ = Jχ,qq̇, (4.6)

with Cartesian velocities of the head respecting the base frame Bχ̇ ∈ R6. The relationship
of f(q) and Bf c is then expressed as

f(q) = JTχ,qBf c. (4.7)

In the following, the choice and generation of three different sets of admissible wrenches,
Fi, i = {1 . . . 3} is discussed. As mentioned earlier, the choice of F is crucial, as it is the
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Figure 4.3.: Graphical illustration of the three admissible wrench sets F1 (blue), F2 (green)
and F3 (red) used in the simulation step for the specific continuum mechanism,
i.e. the spatial testbed of Section 2.2.2. Due to the application, it is expected
that the torque-range along z is bigger compared with the y, and consequently
the force-range along y is bigger than along z which the specific look of the
respective admissible sets.

input to the simulation step and basically decides the generation of the static workspace
on which the characteristic of the approximation for the continuum is trained.

Symmetric wrench set F1

The first wrench set F1 is generated symmetrically by lower and upper bounds for each
wrench component (4.5). The lower bounds for each wrench component are summarized in

Bfmin ∈ R6 and upper bounds for each wrench component are summarized in Bfmax ∈ R6.
A graphical interpretation of the geometrical space generated by F1 is a six dimensional
hyper cube whereas the space generated by the forces only is a 3 dimensional cube and is
illustrated in Fig. 4.3 by the blue dots. Thus, the wrench set F1 is defined as

F1 = {Bf c|Bfmin < f c < Bfmax}. (4.8)

Wrench sets F2 & F3 generated by admissible tendon forces

The second and third set of wrenches are generated by taking admissible tendon forces
into account and their implied workspace.
Due to the mechanical properties, tendons can only transmit positive forces (tensions)
up until their tensile strength which results in a maximum permissible tendon force per
tendon, summarized in the r-dimensional vector of maximum tendon forces umax ∈ Rr.
The Cartesian wrench Bf c is generated by solving the static equilibrium equations of the
finite element model (A.94),

k(q,0)− P (q)u = 0,
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for a set of permissible tendon forces

U = {u ∈ Rr| 0 < u < umax}, (4.9)

resulting in a set of generalized coordinates

Q = {q ∈ Rnred | k(q,0)− P (q)u = 0∀u ∈ U}. (4.10)

Thus, the wrench set F3 generated by admissible tendon forces is defined to

F3 = {Bf c| Bf c = P (q)u, ∀u ∈ U ∧ ∀q ∈ Q} (4.11)

This results in an unsymmetrical set of admissible wrenches, see the illustration in Fig. 4.3,
and the resulting set of poses, here denoted as Q equals the static workspace of the elastic
continuum mechanism.

The set F3 can be augmented to a set of wrenches, denoted as F2. For the generation
of F2, the component wise maximum and minimum values for Bf c in F3 are considered,
denoted as Bf c,min,3 ∈ R6 and Bf c,max,3 ∈ R6. Then, the set F2 is generated by

F2 = {Bf c| Bf c,min,3 < Bf c < Bf c,max,3}, (4.12)

which is geometrically the bounding box on the admissible wrench set F3, also illustrated
in Fig. 4.3 by green dots.

In the following, F1, F2 and F3 are used in the simulation step to produce their cor-
responding set of head poses Ci i = 1, . . . , 3 using the static finite element simulation
model.

4.2.2. Simulation

Two goals are pursued in the simulation step. The first goal is to generate a training set
C which is defined as the set of poses of the moving platform q that are a solution to the
static equilibrium,

C = {q ∈ R6| k(0, q)− Bf c = 0 ∀ Bf c ∈ F}. (4.13)

The second goal is to find a suitable mapping for (4.4) which represents the characteristic of
f(q) in the workspace C. In the following, two essentially different mappings are introduced
and identified, schematically illustrated in Fig. 4.4. For the first mapping, multivariate
polynomial (MVP) approach is proposed for each component of f(q) whereas the nonlinear
spring mechanism acts as a Cartesian spring attached to the origin of the head frame
H. Thus, the geometry of the nonlinear deflection and the material properties of the
continuum are represented by component wise polynomial functions. The second mapping,
denoted as NKLS, on the other hand assumes a known nonlinear kinematics which five
rotational and one translational joint, see Fig. 4.4 and a linear spring is introduced along
each joint axis to approximate the continuum.

Multivariate Polynomials (MVP)

The first approach assumes that mapping for f(q) can be represented by a complex spring
mechanism applied at the origin of the head frame H which is located at the moving
platform, as illustrated in Fig. 4.4. The illustrated spring mechanism implies that a
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4.2. Approximation of stiffness characteristic of the continuum

Figure 4.4.: Schematic illustration of the two introduced and trained mappings. Left:
A six dimensional spring system is located at the origin of the heap frame
and multivariate polynomials model the spring characteristics, which is the
mapping from q to f(q). Right: Approximation of the continuum mechanism
by a serial kinematic arrangement involving five rotational, one prismatic
joint, their associated kinematic parameters, as well as linear rotational and
translational joint stiffness parameters.

deflection of q, containing the (x, y, z) position and the (θx, θy, θz) Euler angles of the
head pose,

q = (x, y, z, θx, θy, θz)
T , (4.14)

results in coupled restoring forces and torques along the generalized directions,

f(q) = (fx, fy, fz, fθx , fθy , fθz)
T . (4.15)

A polynomial mapping will be employed for each component of (4.15) in the following
as it increases the computational efficiency. Furthermore, the stiffness matrix K(q) ∈
Rnred×nred can be derived analytically which is very useful to study the stiffness behavior
of the mechanism in the workspace, or the linearization process. Linear, quadratic and
cubic relationships between q and each component fj for j ∈ {x, y, z, θx, θy, θz} is studied
using the polynomial formula

f ij = (xi)Tβj + εij , (4.16)

where f ij denotes the i-th observation of fj , βj ∈ Rk is a vector containing all polynomial

coefficients to be estimated for the j-th component, εij denotes the i-th observation error of

the j-th component and (xi)T ∈ Rk denotes the regressor row containing the information
of the i-th observation of the generalized coordinates. Depending on the polynomial order,
the dimension k is different and xi ∈ Rk takes different forms. For the linear case, the
regressor row constitutes of

xi = (1 xi yi zi θix θiy θiz)
T ∈ R7, (4.17)
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4. Modeling for control: A reduced nonlinear model

for the quadratic case, the regressor row constitutes of

xi = (1 xi yi · · · θiz (xi)2 xiyi · · · xiθiz

· · · (yi)2 yizi · · · (θiz)
2)T ∈ R28, (4.18)

and for the cubic case, the regressor row constitutes of

xi = (1 xi · · · ψi (xi)2 xiyi · · · (θiz)2

· · · (xi)3 (xi)2yi · · · xiyizi · · · (θiz)
3)T ∈ R84. (4.19)

In general, the regressor row (xi)T has dimension k =
(
d+nred

d

)
∈ R where nred (= 6 in this

case) is the number of independent variables and d ∈ N is the polynomial degree. Stacking
nm > k ∈ N observations (static measurements) of fj into vector form yields

f1
j

f2
j
...
fNj


︸ ︷︷ ︸
f j

=


(x1)T

(x2)T

...
(xN )T


︸ ︷︷ ︸

X

βj +


ε1j
ε2j
...
εNj


︸ ︷︷ ︸
εj

(4.20)

where X ∈ Rnm×k is the regressor matrix and εj ∈ Rnm is the vector of residuals for the
wrench component j. Equation (4.20) represents a general regression problem and the
coefficients βj can be computed by minimizing equation (4.20) in the least square sense.
In the present case, the polynomial regression suffers from a near collinearity problem,
meaning that (xi)T are almost linearly dependent and therefore X is badly conditioned.
To judge the presence of near collinearity, the condition number κ(X) ∈ R of the regressor
[101] is computed to κ(X) > 5 × 106, which is problematic. Possible solutions to over-
come the problem of collinearity are utilize normalization approaches [102] or orthogonal
polynomials [103]. Furthermore, the concept of ”Ridge Regression” [104], or the ”Princi-
pal Component Regression” (PCR) [105] could be applied. The PCR together with the
normalization approach proves to be the most effective reduction technique in the present
case to reduce κ(X) essentially. Within the normalization, the data is restricted to [-1,
1]. The polynomial coefficients βj are identified for each wrench component fi based on
nm = 1700 data points. The effect of the polynomial order and the threshold b ∈ R,
utilized by the PCR to detect collinearity, will be evaluated next.

Three different polynomial orders have been assessed for the wrench set F1 and the
corresponding workspace C1. To evaluate the accuracy of the polynomial model, 300 data
pairs from C are randomly chosen to serve as a test set1. The rest is utilized to compute
the coefficients βj . For comparison, the absolute error ∆fi ∈ R for the prediction of each

component in f is computed as the absolute difference between a prediction f̂i ∈ R and
the real component value fi,

∆fi = |f̂i − fi|. (4.21)

Error histogram will report on the error distribution whereas the root-mean-square error
(RMSE) of the prediction is shown in Tab. 4.1 for each component of f and different
polynomial orders.

1Initially, 2000 data points of F1 are calculated using the finite element model. 1700 points are chosen
for the identification of the polynomial coefficients whereas 300 are chosen for testing.
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Figure 4.5.: Histogram that shows the distribution of the absolute error of a MVP model
applied on the set F1.

The 1-degree polynomial model (linear regression) and the 2-degree polynomial display
large prediction errors whereas the 3-degree polynomial model provides a fit with a very
low RMSE, see Table 4.1. The 3-degree polynomial ordinary regression has a condition
number of 1067, which can be further reduced by using PCR. In the lower part of Tab. 4.1,
three different thresholds b are compared regarding their effect on κ(X) and the prediction
accuracy. An ordinary least square estimation is represented by b = 0. As b increases, the
prediction error grows but the regression becomes better conditioned.

The absolute error distribution of each fj by using PCR (with threshold 1.0) onto a
3-degree polynomial regression model is depicted in Fig. 4.5. The vertical axis represents
the amount of prediction points referred to a prediction error level. Most of the predicted
force components have a absolute error less than 2 N whereas most of the predicted torque
components have a absolute error less than 0.2 Nm. The force component in x-direction
exhibits the highest absolute error level which can be observed by comparing the RMSE
values in Tab. 4.1. To achieve lower condition number, the values in F and C have been
normalized to the range [-1,1], as explained above. Furthermore, the range of force in
x is considerably smaller compared with the other directions. Thus, small changes in q,
normalized to [−1, 1] might have an higher impact on fx compared to with other fi and
since it is a least-square problem, result in a decreased fitting accuracy. The prediction
RMSE of a MVP model for the three different admissible wrench sets F1, F2 and F3

is given in Tab. 4.2. To achieve comparable results, the PCR threshold has been tuned
individually for the approximation of each admissible wrench set in order to achieve a
comparable condition number κ(X).
The RMSE error of the prediction for the wrench sets, F1,F2 and F3, possess a similar
trend with the highest error in the force along x. However, the RMSE for the approxima-
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4. Modeling for control: A reduced nonlinear model

Table 4.1.: Comparing the prediction error for F1 of a MVP model for different polynomial
degrees and different thresholds in the applied PCR.

RMSE [N] RMSE [Nm]
degree d fx fy fz τx τy τz κ(X)

1 22.7 5.1 5.5 0.4 0.2 0.2 18
2 1.9 4.5 4.6 0.1 0.1 0.1 426
3 1.0 0.6 0.7 0.02 0.03 0.02 1067

threshold b (d = 3) fx fy fz τx τy τz κ(X)

0.0 1.0 0.6 0.7 0.02 0.03 0.02 1067
1.0 1.1 0.8 0.7 0.03 0.03 0.03 184
2.0 1.2 0.8 0.8 0.03 0.07 0.06 45

Table 4.2.: RMSE of a MVP model for three different admissible wrench sets.

RMSE [N] RMSE [Nm]
wrench set fx fy fz τx τy τz κ(X)

F1 1.2 0.7 0.8 0.03 0.07 0.06 184
F2 0.8 0.1 0.1 0.0 0.0 0.0 143
F3 0.28 0.04 0.01 0.0 0.0 0.0 139

tion of F3 are considerably lower compared with the RMSE for F1 which seems reasonable
since the space F1 is considerably larger than F3 and F1 covers a lot of configurations of
the ECM which are not a equilibrium configuration.

As mentioned earlier, a stiffness matrix K(q) ∈ R6 can be derived analytically from the
MVP mapping,

K =
∂f(q)

∂q
. (4.22)

From a mechanical point of view, a stiffness matrix needs to be symmetric,K(q) = K(q)T ,
which is not guaranteed due to the data driven approach that identifies f(q). To assess
the symmetry property of the identified mappings from F1, F2 and F3, the stiffness matrix
(4.22) is decomposed into its symmetric and anti-symmetric part,

K =
1

2

(
K +KT

)
︸ ︷︷ ︸

symmetric part=Ks

+
1

2

(
K −KT

)
︸ ︷︷ ︸

anti symmetric part=Ka

. (4.23)

As a measure of symmetry, the ratio of the maximum singular value of Ks with respect
to the maximum singular value K is computed,

||Ks||
||K|| . (4.24)

The maximum value of (4.24) equals one and indicates that the symmetric part of K is
equally dominant and thus the matrix K is symmetric. As the value of the metric (4.24)
decreases (towards zero), K is less symmetric.
The metric (4.24) is computed for 1000 test configurations for the wrench sets F1, F2, F3

and the boxplot that shows the distribution of the metric is given in Fig. 4.6. It can be
observed, that the symmetry property of K is incorporated in the identified mappings as
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Figure 4.6.: Boxplot of the symmetry ratio (4.24) of the identified stiffness matrices for all
investigated wrench ranges

the metric (4.24) ≈ 1 for all wrench sets. Furthermore, the highest symmetry deviation
is present for the wrench set F3 which is indicated by higher distribution > 1. The set
F3 contains only equilibrium configurations of the system. Thus, the sampled pose and
wrench space {C3, F3} are subsets of the Cartesian space on which the coefficients for K
are identified, which might yield to a higher anti-symmetric nature.

To compare the stiffness characteristics of the identified mappings, the symmetric part
of the stiffness matrix for F1, F2 and F3 is assessed in the initial straight configuration,
q0 = (0.095, 0, 0, 0, 0, 0)T . The three stiffness matrices are given in (4.25), (4.26) and
(4.27). By comparing the main diagonal elements, it can be observed that the values of
KF1 and KF2 are matching closely whereas the values in KF3 are different. However,

the signs in KF2 for
∂fy
∂y and ∂fz

∂z are different as well compared to KF1 . Furthermore, it
seems that the off-diagonal elements, i.e. the cross coupling, is higher in KF3 compared
with the outer two matrices. In conclusion, the stiffness matrix is sensitive with respect
to the underlying wrench set i.e. the workspace for which the matrix is valid.

KF1
(q0)=



24153 −19 −7 0 0 2
−19 2379 21 1 1 −128
−7 21 2365 −1 127 −1
0 1 −1 4 0 0
0 1 127 0 12 0
2 −128 −1 0 0 12


. (4.25)

KF2
(q0)=



27140 −49 2 0 0 −2
−49 2428 0 0 0 −136

2 0 2400 0 135 0
0 0 0 4 0 0
0 0 135 0 12 0
−2 −136 0 0 0 12


. (4.26)

KF3
(q0)=



31697 −1676 −87 −2 −3 80
−1676 −406 0 0 1 23
−87 0 −227 −43 −10 0
−2 0 −43 5 −3 0
−3 1 −10 −3 4 0
80 23 0 0 0 4


. (4.27)
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Nonlinear kinematic combined with linear springs (NKLS)

A schematic illustration of the modeling approach of the present paragraph is given in
Fig. 4.4 on the right hand side. In contrast to the MVP model were the nonlinear ge-
ometry of the deformation and the material properties are hidden within on polynomial
mapping, the approach assumes a serial kinematic chain with a linear stiffness in each
joint. Therefore, the generalized coordinates for this are reformulated, and consists of the
six kinematic variables

q = (l, φ, η, ζ, θ, ι )T ∈ R6 (4.28)

which describe five rotational and one translational joint, see Fig. 4.4. The kinematic
chain expresses the position and orientation of the head frame BTH(q) which consists of
the following multiplication of homogeneous transformations,

BTH(q) = T (φ)T (η)T (l)T (ζ)T (θ)T (ι). (4.29)

The idea is supported by the observation made in chapter 3. Paragraph 3.4.3 reported
that the position and orientation of the tip of the planar test bed can be predicted with
comparable accuracy by the nonlinear Timoshenko beam and linear elastic material laws
which implies that the nonlinear behavior of such a system might be approximated by
nonlinear geometry combined with a linear elastic stiffness behavior.
As illustrated in Fig. 4.4, linear springs are introduced in each joint and the restoring force
of the ECM f(q) can therefore represented by

f(q) =



fl
τφ
τη
τζ
τθ
τι

 =



kl (l0 − l)
kφ φ
kη η
kζ ζ
kθ θ
kι ι

 = Knkls(q0 − q) (4.30)

assuming a known initial configuration q0 ∈ R6. The introduced stiffness matrix Knkls ∈
R6×6 is linear and diagonal and can be expressed by

Knkls = diag{kl, kφ, kη, kζ , kθ, kι}. (4.31)

Similar to the MVP model, the stiffness parameters of the NKLS model (4.31) by solving
a linear regression problem. However, the problem is simpler as the identification of
each scalar stiffness ki is dependent only on the respective kinematic variable in q, which
means that the regression problem is not highly affected by a bad condition number of the
regressor due to different scales for the components in q.
The linear stiffness parameters (4.31) are identified based on experimental data and for
each component of f(q), a linear regression problem is solved in which an estimate of the
i-th component f ij of the j-th observation relates linearly to the i-th generalized coordinate,

f1
j

f2
j
...
fNj


︸ ︷︷ ︸
f j

=


q0,j − q1

j

q0,j − q2
j

...
q0,j − qNj


︸ ︷︷ ︸

X

kj +


ε1j
ε2j
...
εNj


︸ ︷︷ ︸
εj

(4.32)

84



4.2. Approximation of stiffness characteristic of the continuum

Table 4.3.: RMSE of a NKLS model for three different admissible wrench sets.

RMSE [N] RMSE [Nm]
wrench set fl τφ τη τζ τθ τι
F1 16.34 0.03 0.31 0.17 0.22 0.23
F2 11.16 0.05 0.05 0.08 0.07 0.03
F3 11.86 0.06 0.06 0.10 0.10 0.03

Table 4.4.: Identified linear stiffness coefficients of the NKLS model

stiffness [N/m]104 stiffness [Nm/rad]
wrench set kl kφ kη kζ kθ kι
F1 12.7 12.0 11.9 12.4 12.5 4.35
F2 13.2 12.0 12.2 12.15 12.0 4.31
F3 8.86 10.9 10.5 8.9 8.4 3.9

The RMSE values for the identification of f(q) for the NKLS model can be found in
Tab. 4.3 for the three different admissible wrench sets F1, F2 and F3. Similar to the MVP
approach, the RMSE value in the axial direction fl is considerably higher compared to
the other components and the RMSE values for the identification based on F3 are lower
compared with the respective RMSE values of the other two wrench sets.

In the NKLS approach, six parameters only are used to describe the stiffness charac-
teristics. To assess them, Tab. 4.4 presents the identified stiffness values for the three
different admissible wrench sets. Interestingly, the values are comparable throughout the
different wrench sets especially for F1 and F2 along the rotational stiffness kφ, kη, kζ , kθ
with ≈ 12 [Nm/rad]. As emphasized in Tab. 4.3, the RMSE of the fl component is large
which means that the assumption of a linear stiffness along the translational joint is not
feasible. To improve the fitting, a MVP is applied for the l direction only, which means
that the force component along in the translational joint fl(q) is a nonlinear function of
the other joint variables (4.28). The improvement by this extension of the stiffness for fl
is reported by Tab. 4.5. The former root-mean square error of 16.34 N for F1, 11.16 N
for F2, and 11.86 N for F3, can be reduced to 1.9 N, 0.31 N and 0.13 N respectively by
applying a nonlinear stiffness model fl(q).

4.2.3. Experimental design

The design of experiments (DoE) is a technique to extract the important information from
a set of collected data [106]. If a model of the process that relates the collected data is
known, a model-based design can be set up and the important information are selected
based on some optimal criteria. For the case that no model is known for the process, a

Table 4.5.: Improvement for the identification of kl
RMSE 103[N] RMSE [N]

wrench set linear stiffness fl = kl(l0 − l) nonlinear stiffness fl(q)

F1 16.34 1.90
F2 11.16 0.31
F3 11.86 0.13
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model-free design can be used which selects data pairs that span the experimental region
as widely as possible with a uniform coverage. The present work studies a two regression
problems. Thus, the so called model-based technique is applicable and is discussed in
the following. For comparative reasons however, a model-free design method will be
studied as well whereas both approaches are compared with respect to their effect on
the corresponding fitting accuracy.

Model-based Design

In the following, the regressions models of the prior paragraphs are considered in which
the estimation of β, for the MVP model, and kj , for the NKLS model, utilizes the least

square criterion. The variance of the estimator, here denoted as V ar(β̂), is given by

V ar(β̂) = σ2(XTX)−1 (4.33)

with

X =


xT1
xT2
...
xTn

 (4.34)

where n ∈ R stands for the number of observations, σ ∈ R denotes the variance of the error
in equation (4.20) and xi refers to the i-th row of the regressor matrix X and corresponds
to the i-th pose observation in the experiment. The relationship between xi and the i-th
pose qi is defined in (4.19).
The information matrix [107] is defined as

Λ =

k∑
i=1

xix
T
i . (4.35)

According to (4.33) and (4.35), the relationship between the variance of the estimator and
the information matrix is given by

V ar(β̂) = σ2Λ−1. (4.36)

The n vectors xi need to be chosen such that a precise estimation of the parameters can
be achieved. In other words, the inverse of the information matrix Λ−1 should be as small
as possible, in the sense that a scalar function of Λ−1 is minimized [108]. A model-based
design problem can be formulated as follows:

min
X

Φ(Λ) (4.37)

where Φ denotes a certain optimality criterion, which reflects the statistical property of
the design, whereas different optimality criteria can be found e.g. in [109].
The so called ” A-optimality ” minimizes the trace of the inverse of the information matrix,
indicating the minimization of the enclosing box of the confidence hyper ellipsoid of the
parameters [110], and is defined as

A-optimality: Φ(Λ) =
1

k

k∑
j=1

λj(Λ
−1). (4.38)
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where λj(Λ
−1) denotes j-th eigenvalue of Λ−1 and k denotes the number of coefficients to

be estimated. Another very commonly used optimality criterion is D-optimality, defined
to

D-optimality: Φ(Λ) = (det(Λ−1))1/k. (4.39)

From this definition, it can be concluded that a D-optimal design criteria minimizes the
determinant of the inverse of the information matrix and thus minimizes the volume of the

confidence hyper ellipsoid of the parameters. According to the relation
√

det(XTX) =
σ1σ2...σk, where σi denotes i-th singular value of X, the D-optimality maximizes the
product of the length of each principal axis, which represents a maximal volume in the
experimental region [111]. Another criterion, the so called E-optimality criterion is for-
mulated as

E-optimality: Φ(Λ) = λmax(Λ−1), (4.40)

where λmax(Λ−1) denotes the largest eigenvalue of Λ−1. An E-optimal design has a similar
concept as the D-optimal design but it focuses on maximizing the shortest principal axis
of the hyper ellipsoid. There are also some other design methods like minimizing the
condition number, which makes the hyper ellipsoid closer to a hyper sphere. In the context
of robot calibration, the condition number optimality criteria serve as observability index,
which helps to choose the proper poses e.g. to calibrate the base inertial parameters [112].
In this work, the D-optimality (4.39) is chosen because of its simple updating formula and
less computing effort. In practice, the D-optimality criterion can be further simplified by
‘dispensing with the k-th root and one may consider the determinant directly [106]. So
the goal of the D-optimal design becomes finding a design set D consisting of n poses out
of the candidate set C, such that the determinant of the inverse of the information matrix
is maximized:

Λ = argmax
X

det(Λ). (4.41)

To solve the optimal design problem in (4.37), i.e. choosing n points from C, some
optimization-based algorithms are proposed. In [113], Gaffke and Heiligers derive the
expression of the objective function of the optimal criteria for a full cubic polynomial
regression model, like the MVP model (4.20). Based on the assumption of invariance
property, see [114], the objective function can be simplified and expressed by a function
of a six-dimensional vector µ, whose components are polynomials of the predictors. Then
the optimization problem is solved with a gradient method in the convex region defined by
µ. After an optimal solution µ∗ is found, the desired design x∗i is calculated accordingly
[114]. The invariance property is an essential condition of the algorithm, which assumes
that the regression function and experimental region are invariant with respect to sign
changes and coordinate permutations of the predictors. Consider the model (4.20), the
equation is invariant under the sign changes of the variables and coordinate permutations.
However, the experimental region does not satisfy the invariant property (e.g. z and y are
permutable but x and y are not). Furthermore, a continuous experimental region is hard
to define in our case, because a certain reachable pose of the ECM is determined through
the FEM program. Thus, the workspace of the ECM is a set of discrete poses, making
Gaffke’s algorithm not applicable here.

To select the a set of informative poses out of the discrete set C which fulfill the D-
optimality criterion, the Fedorov’s Exchange Algorithm (FEA) [115] is applied. The basic
idea of FEA is repeatedly searching for candidate poses in C, which improves the deter-
minant value by exchanging with certain pose in the design set D. Suppose x is a vector,
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which should be exchanged with the row vector xi in the regressor X. The updated
determinant of Λ is given as

det(Λ + xxT − xixTi ) = det(Λ)(1 + ∆(xi,x)) (4.42)

where

∆(xi,x) =xTΛ−1x− xTi Λ−1xi (4.43)

+ (xTΛ−1xi)
2 − xTΛ−1xxTi Λ−1xi

The Fedorov’s EA follows the following steps:

Algorithm 1 Fedorov’s Exchange Algorithm

specify the number of poses to be chosen n
specify a small value ε as threshold
randomly choose n poses from C
compute Λ, Λ−1 and det(Λ)
while termination condition not reached do

for each pose i in D do
for each pose j in C do

calculate ∆(xi,xj)
end for

end for
find out ∆max = ∆(xi,xj) and [im, jm] = argmaxi,j ∆(i, j)
if ∆max < ε then

terminate
end if
exchange xim and xjm
update Λ−1 and det(Λ)

end while

Model-free design

In the work of Johnson [98] several distance based design criteria are discussed whereas
in the present thesis, the maximin-distance design is introduced in the following. This
maximin-distance design aims to select a subset D from the training set C such that the
minimum distance between design poses are maximized,

max
D

min
q1,q2∈D

d(q1, q2), (4.44)

where qi denotes a certain pose in D, and d(q1, q2) = ‖q1 − q2‖ denotes the Euclidean
distance between two poses.
In the present case, an analytic solution over the continuous experimental region is not
given and thus not considered here. In [99] an algorithm is proposed to solve the distance-
based optimal design problem. The basic idea of this algorithm is similar with the EA:
randomly choose n poses as the initial design set D. Choose a pose q in the candidate set
C and check, if the minimum distance between the poses in the design set can be increased
by replacing a certain pose qi in the design set with q. The details can be seen as follows:
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Algorithm 2 Exchange Algorithm for Distance-based Design

specify the number of points to be chosen n
randomly choose n poses from C
while termination condition not reached do

for each pose qi in D do
compute di = minq∈D,q 6=qi d(qi, q)
for each pose qj in C do

calculate dj = minq ∈ D, q 6= qid(qj , q)
calculate R(i, j) = dj/di

end for
end for
find out the Rmax = maxR(i, j) and [im, jm] = argmaxi,j R(i, j)
if Rmax < 1 then

terminate
end if
exchange qim and qjm

end while

Comparison of the experimental design methods

For the DoE, a number of poses shall be selected to a set of design poses D which are
sampled in the experiments later on. It is desired that the experimental time does not
exceed 30 min excessively. One pose takes about 10 s (see Appendix B) and therefore a
total number of n = 200 poses are selected. To compactly compare the results for this
desired number of poses, this section will focus on the identification of a MVP based on
the admissible wrench set F1.
For both design method, an exchange algorithm is proposed which consecutively selects
poses to improve the D-optimality, in the model-based case, and the distance criterion,
in the model-free case. Furthermore, both algorithms possess a termination condition,
which is reached if the respective criterion is fulfilled by the set of design poses D to some
extent. In order to show the convergence, i.e. the termination condition is reached, of
both algorithms, Fig. 4.7 presents the improvement of ∆max from (4.43) in the left plot
and the improvement of the maximin distance criterion Rmax.

The RMSE values of the prediction for f(q) by a cubic MVP model can be found
in Tab. 4.6. In this table, the initial design refers to a model in which the polynomial
coefficients are found using the full set of poses C1 and the corresponding set of wrenches
F1 presented in the simulation step. Accordingly, the model-based (and model-free) design
refers to a model in which the polynomial coefficients are found using the reduced set D1,
and corresponding wrenches FD,1 which have been found by the D-optimality criteria (the
maximin-distance criterion).

In general, the trend of the RMSE values reported Tab. 4.6 is comparable as reported in
the simulation results and the highest prediction error is present in the axial component
fx.
In conclusion, two approaches for the DoE are introduced and compared. The model
accuracy resulting in the simulation for both approaches is equally good with a little
advantage of the D-optimality which justifies their use for the experimental identification.
Furthermore, the no additional error is noticeable due to the usage of a reduced set of
poses.
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4. Modeling for control: A reduced nonlinear model

Table 4.6.: RMSE of a MVP model for a pose selection of F1 based on a Model-free and
a Model-based experimental design.

RMSE [N] RMSE [Nm]
design fx fy fz τx τy τz κ(X)

initial 1.21 0.68 0.78 0.03 0.07 0.06 184
model-based 1.25 0.71 0.80 0.03 0.07 0.06 180
model-free 1.29 0.82 0.91 0.03 0.07 0.07 184
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Figure 4.7.: Convergence of the EA algorithms

4.2.4. Experimental results

This section will report on the experimental results gained in two experiments. The first
experiment involves the test setup reported in the Appendix B. This setup is basically
suitable to identify the respective mappings for each admissible set of wrenches F1, F2

or F3 for both models. Additionally, another option that facilitates the identification
setup is discussed in the following. This setup involves the spatial test bed as described
in Section 2.2.2 with a tracking target for a camera measurement system mounted at the
moving platform of the mechanism. This setup, actuated by the 4 tendons, can be applied
for the identification of F3 as it can measure the head pose w.r.t. to the base of the
mechanism as well as the applied forces and torque by a projection of the tendon tensions.
To compare the different identification processes, pose-wrench data pairs for F1 are gained
with the robotic manipulator whereas pose-wrench data pairs for F3 are gained with spatial
test bed. The following two paragraphs will now subsequently report on the achieved model
accuracy whereas the resulting implication for a dynamic model of the form (4.3) will be
discussed afterwards.

Multivariate polynomial model (MVP)

The simulation step reported that a third order MVP model provides a good representation
for the mapping f(q), thus a third order MVP is trained for F1 and F3 with the RMSE
values shown in Tab. 4.7. In contrast to the simulation results, the experimentally gained
RMSE do not differ largely although the workspace covered by F3 is considerably smaller
than F1 and thus one would expect that the absolute error to be smaller, which is not the
case. One possible explanation for the larger error in F3 are the tendon tension sensors
which are used to measure the wrench. As they are located next to the actuators, the
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4.2. Approximation of stiffness characteristic of the continuum

Table 4.7.: RMSE of a MVP model for the experimentally tested different admissible
wrench sets F3 and F3.

RMSE [N] RMSE [Nm]
wrench set fx fy fz τx τy τz
F1 1.57 0.59 0.68 0.04 0.08 0.07
F3 2.19 0.52 0.48 0.03 0.04 0.12
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Figure 4.8.: Histogram of the component wise absolute error for a MVP trained on F1

using the model-based design to reduce the pose set.

measurements are affected by nonlinear friction effects which affect the prediction accuracy.
In Fig. 4.8, the histogram of the absolute error is shown for each component of f(q), were
it can be seen that the maximum error of the force components is 4 N and the maximum
error of the torque components 0.2 Nm. Analogously to the simulation step, the stiffness
matrix is presented for both identified polynomial mappings. The symmetric property
of the stiffness matrix K(q) (4.22) is assessed by the metric (4.24) and a corresponding
boxplot in Fig. 4.9 depicts the distribution of the metric. As a recall, a metric that = 1
indicates a fully symmetric K. By assessing Fig. 4.9, it can be observed that both stiffness
matrices are symmetric whereas the MVP mapping identified for F3 provides a K with
a higher anti-symmetric part. Furthermore, the stiffness matrices are explicitly given in
(4.45) and (4.46). Again, a bigger difference exist between the reported matrices as the

diagonal elements are different with different signs, e.g. the values for
∂fθz
∂θz

, and the cross
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Figure 4.9.: Boxplot of the stiffness metric assessed for the experimentally identified map-
pings on F1 and F3.

coupling is larger for KF3 .

KF1
(q0)=



24585 −778 12 4 49 −14
−778 3461 106 −1 28 179

12 106 3468 0 −178 43
4 −1 0 4 0 0
49 28 −178 0 16 −1
−14 179 43 0 −1 16


. (4.45)

KF3
(q0)=



29692 −3723 −708 −17 −22 14
−3723 −3353 74 −40 127 715
−708 74 −574 −9 −9 −194
−17 −40 −9 5 −1 −3
−22 127 −9 −1 5 −17
14 715 −194 −3 −17 −60


. (4.46)

Nonlinear kinematics with linear spring

This subsection reports on the identification of the NKLS model, whereas the linear stiff-
ness parameters (4.31) of the NKLS model are found. The simulation step states that the
joint stiffness of the linear joint kl provides a rough approximation only and the achieved
accuracy is not sufficient. Therefore a nonlinear approach is proposed for this component
additionally, which treats the force in the translational joint fl(q) as a nonlinear function
of all kinematic variables q. This extension will be also discussed in the following.

The RMSE values for the identification of the NKLS model for the admissible wrench
sets F1 and F3 are given in Tab. 4.8. Similar to the MVP model of the previous paragraph,
the RMSE values differ not largely between a model trained on F1 and a model trained on
F3. The biggest prediction error is present in the stiffness model of the translational joint
with ≈ 5 N. However, by applying a nonlinear model, the RMSE error could be bisected
to ≈ 2.5 N. The corresponding error histogram for each component f is given in Fig. 4.10.
The identified joint stiffness, see Tab. 4.9 whereas the linear behavior for the torque
components is further underlined in Fig. 4.11. where a correlation of the measured static
data and the modeled behavior is shown. For the translational joint stiffness, the linear
approximation is not sufficient as the measured behavior is not injective, i.e. several values
for l can yield to the same value fl, and thus not linear. Therefore a nonlinear relationship
fl(q) is mandatory.
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4.2. Approximation of stiffness characteristic of the continuum

Table 4.8.: RMSE of a NKLS model for the experimentally tested different admissible
wrench sets F1 and F3.

RMSE [N] RMSE [Nm]
wrench set fl, (nonlinear fl) τφ τη τζ τθ τι
F1 3.30 (1.48) 0.19 0.26 0.19 0.21 0.02
F3 4.92 (2.44) 0.12 0.16 0.16 0.09 0.04

Table 4.9.: Linear stiffnesses of a NKLS model for the experimentally tested different ad-
missible wrench sets F1 and F3.

RMSE 103 [N/m] RMSE [Nm/rad]
wrench set kl kφ kη kζ kθ kι
F1 25.4 12.6 12.5 11.3 11.4 4.1
F3 20.8 11.6 12.7 11.67 9.01 3.4
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Figure 4.10.: Histogram of the component wise absolute error for a NKLS trained on F1

using the model-based design to reduce the pose set.
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Figure 4.11.: Identified stiffness plot for the NKLS model to illustrate the linear behavior.

Discussion

The aim of this section was to experimentally identify a mapping f (4.4) which incor-
porates the equilibrium configurations and stiffness characteristic of the real ECM. Two
models were suggested for this approximation. The first model is based on the assump-
tion that the restoring force of the mechanism can be approximated by a six dimensional
generalized force f(q) acting on the origin of the head frame. Each component of f(q)
is then modeled as a multivariate polynomial (MVP) mapping whereas a fully coupled
cubic polynomial in each component of f proved to be a good fit, both in simulations and
experiments. Physically, the MVP model hides the nonlinear geometry of the deforma-
tion, expressed by q, and the material properties of the continuum within one mapping.
An advantage of the MVP model is an analytic stiffness matrix K which is computed for
the trained mappings in simulation and experiments and compared for the initial straight
configuration of the ECM.
In contrast, the NKLS model assumes a known nonlinear kinematic of the mechanism
which constitutes of a serial structure of five rotational and one translational joint. In
each joint, a linear joint stiffness is assumed. Thereby, the NKLS model represents a com-
paratively simple identification problem and a fully linear stiffness matrix that provides a
good approximation by the linear joint stiffness in the rotational joints. In contrast, the
linear stiffness in the translational joint presented a stronger mismatch of the measured
and modeled behavior. Therefore, an augmented model is suggested which utilizes a MVP
for the stiffness in the translational joint. By this, the model improves highly in accuracy,
which could be shown in simulation and experiments.
The stiffness behavior of both models can be assessed by looking at the resulting stiffness
matrix K. The resulting K for a MVP model trained on F1 and F3 is essentially different
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4.3. Dynamics of the tendon actuation system

as the coefficients on the main diagonal vary an order of magnitude and in their signs.
In contrast, the linear stiffness of the NKLS model, especially in the rotational joints, is
generally matching in spite of their different underlying wrench sets or if simulation or
experimental data is applied.

The successful identified mappings are utilized in a reduced dynamic model with the
structural property of (4.3) to address computational efficiency. Both models, the NKLS
and the MVP, provide this feature whereas the mean computational time of the MVP
model is 0.21 ms and the mean computational time of a (fully linear) NKLS model is
0.004 ms. A boxplot reports the computational time of both models for 200 randomly
selected inputs is depicted in Fig. 4.9. Both models possess a nonlinear kinematics. The
NKLS model due to the serial kinematic chain and the MVP model due to the represen-
tation of the orientation by Euler angles. However, a comparably accurate (fully linear)
NKLS model involves the identification of 6 parameters, an NKLS model with nonlin-
ear axial force fl involves 84 + 5 parameters for the stiffness modeling whereas the MVP
model involves 6∗84 parameters. Thus, the higher number of parameters favors the NKLS
model. From a computational point of view, models with comparable accuracy, i.e. the
NKLS model with nonlinear axial force and a MVP model possess almost the same mean
computational time. A cubic, fully coupled regressor needs to be built from q (i.e. the
input) in every simulation step for both models which explains this similarity.

4.3. Dynamics of the tendon actuation system

In this section, the dynamics of the tendon actuation system is derived and consists of
two paragraphs. The first paragraph describes basically the dynamics of the r tendon
actuators. The second paragraph considers the kinematics of the tendons i.e. the relations
between the actuator position and the generalized coordinates q ∈ Rnred .

4.3.1. Motor dynamics

The actuation system is composed of r actuators, each of which is connected to a free end
of a tendon. An actuator i is rigidly coupled to the tendon i by some kind of transmission
element, for example a motor pulley. It is assumed that no cross coupling is present. It
is further assumed, that the transmission from the motor to the pulley, e.g. the motor
pulley radius, is constant2.

The transmission ratio from a tendon motor to a tendon is summarized in a constant
transmission matrix E ∈ Rr×r. For a rotational actuator with a motor pulley of radius
rm,i ∈ R and a gearbox with ratio wi ∈ R, the transmission matrix has a diagonal form

E = diag

(
rm,1
w1

, . . . ,
rm,i
wi

, . . . ,
rm,r
wr

)
. (4.47)

As a result of the assumptions, the equation of motion of the tendon actuation system are
decoupled and describe the dynamic of the actuator positions summarized in the vector
θm ∈ Rr,

Bθ̈m = τm − τ fric −ETu. (4.48)

The quantities in (4.48) are the diagonal motor inertia matrix B ∈ Rr×r, the motor
control input torque τm ∈ Rr, the frictional torque τ fric ∈ Rr. The tendon force u ∈ Rr

2although it might occur that a tendon is tangled on top of another which results in an increased radius.
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Figure 4.12.: Actual current of two different tendon actuators (left and right figure) w.r.t.
to the driven velocities to illustrate the individual dry and viscous friction
present in each actuator which is, in addition, dependent on the temperature.

deflects the elastic continuum mechanism and the components of u, i.e. the tensions of
each tendon are strictly positive

ui > 0, for i = 1 . . . r. (4.49)

The tendon force is generated as a result of the tendon stiffness, summarized in the tendon
stiffness matrix Kt ∈ Rr, and a difference in the position of the two ends,

u = Kt (Eθm − l(q)) (4.50)

with the actual tendon length l(q) ∈ Rr. As introduced in the beginning of this chapter,
the stiffness of the tendons is sufficiently high and thus, the tendon motor position and
the actual tendon length do not defer.

Friction

The friction torque τ fric arises from the friction present in the motor bearings and from
a gearbox, if present. To identify the frictional torque present in the actuator, a piece
vice constant velocity profile is commanded to a velocity controlled actuators. By that,
a simple friction model consisting of viscous and dry friction is clearly detectable if the
amount of current is plotted w.r.t. to the velocities. For the tendon actuators of the
spatial test bed, these measurements have been carried out, whereas Fig. 4.12 reports on
the measurements for three different subsequently executed measurements which increase
the temperature of the motor. The plot shows the desired current that is given to the motor
over the measured velocities, i.e. the numerical derivative of the motor position θm. At
zero velocity, there are in general effects like Stiction or the Strebeck friction present which
would need much more sophisticated measurement setups and identification procedures
and results in a much deeper analysis which is beyond the scope of this thesis. To match
the behavior of the the measured motor friction, maintain central symmetry and provide
smoothness, the friction model reported in [116] is applied which assumes that the friction
curve of motor i can be modeled by the following expression:

τfric,i = kτ, iq

(
ic,i tanh(ci θ̇m,i) + dv,iθ̇m,i

)
. (4.51)

In equation (4.51), the motor constant kτ, iq ∈ R, which is assumed constant, and relates
the amount of current necessary to generate a specific torque. The other quantities are the
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Table 4.10.: Table reporting on the identified friction parameters for a simple friction
model.

motor kτ, iq [Nm/A] ic [Nm] dvisc [Nms/rad] c

motor m25 0.08 0.165 0.31 25
motor m32 0.08 0.230 0.31 22

dry friction constant ic,i ∈ R, the constant of the viscous friction dv,i ∈ R and the constant
to adjust the slope of the friction model when crossing zero velocity ci ∈ R. By observing
the measured behavior of two different motors of the same type in Fig. 4.12, it can be
clearly stated that the friction profile is motor specific and thus need to be identified for
each motor separately. Furthermore, a clear temperature dependency can be seen and
therefore, the to be identified parameters should not overestimate the friction properties
to eliminate overcompensation. The identified model using (4.51) are shown by the red
curves in Fig. 4.12 whereas the associated parameters are found in Tab. 4.10.

4.3.2. Tendon coupling

The actuation system is coupled to the dynamics of the elastic continuum mechanism by
the r tendons. In general, the coupling introduced by the tendons is an elastic coupling due
to the elasticity of the tendons. However, as the stiffness of the continuum is considered to
be essentially lower, the stiffness of the tendon system is neglected throughout the present
thesis. Therefore only the nonlinear kinematic coupling due to the routing of the tendons
is considered.

The linear velocity (and force) of the tendons l̇t ∈ Rr (u) are linearly coupled to the
rotational velocity (and torque) of the actuators θ̇m ∈ Rr (τm) by the transmission matrix
(4.47) yielding

l̇t = Eθ̇, τm = ETu (4.52)

In contrast, the coupling of the tendons onto the generalized coordinates is nonlinear due
to their routing which is expressed by the tendon coupling matrix P (q) ∈ Rn×r,

P (q)T =

(
∂l(q)

∂q

)
(4.53)

which yields for the velocity and torque coupling the following

l̇t = P (q)T q̇, τ q = P (q)u. (4.54)

In the controller design, the coupling matrix will be of specific importance as it describes
the effect of the control action u onto the dynamics of the system τ q ∈ Rn. Moreover, the
routing of the tendons determines the shape of (4.53) and therefore influences the closed
loop behavior essentially. The coupling matrix (4.53) is derived in this work by projecting
the configuration dependent unitary tendon direction vector Be

H
t,i ∈ R3 for the i = 1 . . . r

tendons onto a generalized force and a generalized torque that acts on the origin of the
head frame H. The current Be

H
t,i is computed by geometric relations which is basically

the normalized tendon direction vector tt,i(q) ∈ R3, i.e. the vector difference between the
contact point of the i-th tendon at the top platform Brt,i(q) ∈ R

Brt,i(q) = BrL +ABHHrt,i (4.55)
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rigid platform (moving)

rigid platform (fixed)

Figure 4.13.: Schematic illustration of the unitary tendon direction vector Be
H
t,i of the ith

tendon and the geometric relation to the pose of the ECM.

and the contact point of the tendon on the pulley in the base frame Brp,i(q) ∈ R3 for the
i th tendon

Btt,i(q) = Brp,i(q)− Brt,i(q). (4.56)

Using (4.56), the unitary tendon direction is given to

Bet,i =
1

||tt,i(q)||tt,i(q) =
1

lt,i(q)
tt,i(q) (4.57)

in which the vector norm of the tendon direction vector is replaced with the tendon length
l(q). A graphical illustration is depicted in Fig. 4.13. By this derivation, the generalized
forces (fx, fy, fz)

T and torques (τx, τy, τz)
T can be computed to

fx
fy
fz
τx
τy
τz


︸ ︷︷ ︸
Bf c

=

(
Be
H
t,1 Be

H
t,2 . . . Be

H
t,r

Be
H
t,1 × Brt,1 Be

H
t,2 × Brt,2 . . . Be

H
t,r × Brt,r

)
︸ ︷︷ ︸

P (q)∗

u (4.58)

To project the generalized forces and torques along the generalized directions, the config-
uration Jacobian Jχ,q (4.6) is used and therefore the coupling matrix defined in (4.53) is
computed using the geometric relationship (4.58) and Jχ,q,

P (q) = JTχ,qP (q)∗. (4.59)
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4.4. Summary

A reduced nonlinear model was derived in the present chapter for the purpose of model-
based control. Two major requirements are demanded including 1) fast computation, 2)
maintaining the structure given by (3.1), as both facilitate the implementation of model-
based control algorithms.
Based on observations made in a preliminary study, the assumption has been made that
the dynamic effects of the continuum can be neglected and that the deformation of the
continuum, i.e. the motion of the system, can be described in good approximation by
the position and orientation of the head. The tendon actuation system consists of ten-
don actuators with friction which are elastically coupled to the motion of the continuum
assuming linear tendon stiffness. Structurally, the overall model is conforming with an
elastic joint robotic manipulator.
Following the assumptions, a reduced mechanical model for the ECM is setup and experi-
mentally identified in the first part of the chapter. A physical interpretation of the model
is a rigid body, the head, on top of a multidimensional spring system which embodies the
geometry of the deformation and the stiffness characteristics of the continuum. The mul-
tidimensional spring system is considered to be a nonlinear generalized force f ∈ R6 and
each component is considered as a nonlinear mapping fi that maps poses in the workspace,
denoted as the train set C to nonlinear generalized forces. Subsequently, multivariate poly-
nomial (MVP) mapping and a serial nonlinear kinematic model with linear joint stiffness
(NKLS) are examined, and experimentally identified. The identification process is based
on sensor data of additional sensors and was performed with a robotic manipulator on
the spatial test bed, see paragraph 2.2.2. The full cubic MVP proved to be the best fit
which implies 84 coefficients for each of the 6 components (504 parameters). The higher
complexity however, comes with slightly higher fitting accuracy compared with the NKLS
model. In this model, only one stiffness value is identified per virtual joint yielding the
linear relationship. The model approximation is solid for a pure NKLS model and if a
nonlinear relationship is applied for the axial component, the fit is accurate involving a
total of 89 parameters.
Interestingly, the MVP model does not yield similar stiffness values or coefficients within
the approach, which was exemplary compared by stiffness matrices of the initial-straight
configuration. In contrast, the linear stiffness coefficients of the NKLS model are closely
matching in simulation and experiments although two different workspaces are examined.
In the second section of the chapter, the basic expressions of the tendon actuator dynamics
are presented which are used within the design of the tendon tension controller and the
model-based pose controller.
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CHAPTER 5

State estimation

This chapter will treat different state estimation concepts for elastic continuum mecha-
nism of the present class. A dynamic controller based on a model shall provide set point
or trajectory control for the position and orientation of the upper platform (the head). To
achieve this, the dynamic controllers of this work must receive the full state of the system
at each control cycle1. Except for one theoretical study presented in the control Chapter 6,
the state of the system is defined as the set of kinematic variables that represent the pose
of the upper platform and their corresponding velocities, see Fig. 5.1. In particular, the
pose is defined as the position and orientation of the moving platform (top), represented
by frame H, with respect to the inertial fixed platform (bottom), represented by the frame
B, see Fig. 5.1. In previous chapters, the pose is denoted as q ∈ Rn (4.14) whereas their
corresponding velocity is the temporal derivative q̇ ∈ Rn.
The following six requirements are defined, in order of priority, which should be incorpo-
rated in the estimation algorithms and will be used for comparison.

1. The state estimation algorithm should provide the pose q with sufficient accuracy.
A competing concept is the static finite element model, see Section 3.4.4, which is
able to predict the pose with a maximum error of 6 mm and 6 deg. Hence, it is
required to provide a pose estimate with a higher accuracy.

2. The state estimation algorithm should provide a pose corresponding velocity q̇ with
no perceptible lag.

3. The algorithms used in estimation should enable a real-time execution. In the hard-
ware experiments later on, the lowest sampling frequency of the sensor information
is 300 Hz and this rate should not be violated by the estimation algorithm.

4. It is required that the sensors necessary for estimation need to be fully integrated at
the elastic continuum mechanism and do not jeopardize the concept of mechanical
robustness.

1In general, a (nonlinear) dynamic controller does not require the full state and thus this statement is by
no means exhaustive.
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 = Tendon routing + tendon actuators
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Force torque sensor (FTS)

Upper platform (moving)

Inertial measurement unit

Center of mass (CoM)

Figure 5.1.: Schematic illustration of the sensor arrangement on an tendon driven elastic
continuum mechanism.

5. As collision of the ECM with the environment cannot be excluded, the estimation
algorithm needs to provide a reliable state also during collisions2.

6. It is required, that the amount of sensors is kept minimally to reduce the integration
and maintenance effort.

The first requirement ensures that the pose of the upper platform can be estimated accu-
rately, which will not only be relevant for the controller, also for manipulation tasks if the
mechanism is involved in such. Elastic continuum mechanism can be used in a variety of
applications and are not limited to humanoid necks. In the latter case, cameras (the eyes)
are attached to the upper platform and for a vision based manipulation task or locomo-
tion, the pose is of interest. Furthermore, the corresponding velocity q̇ shall be estimated
with no perceptible lag which is captured in the second requirement.
The third requirement accounts for the fact that the state of an ECM cannot be measured
directly and adequate models are utilized. The estimation is executed in real-time which
require that this model can be computed online without perceptible time loss.
The fourth requirement accounts for mobility, as ECM’s of the present class shall be used
in mobile systems. Sensors based on which the estimation is carried out should be mobile
as well and therefore no inertial fixed camera(s) are applied within the estimation which
is accounted for in the third criterion. Furthermore, techniques based 2 D position infor-
mation of a camera system attached on the mechanism are not of interest as these impose
a major integration effort and would not be suitable for several continuum mechanism
serially attached to each other.

2In this context, collisions do only occur on the head whereas collisions or external disturbances acting
on the continuum mechanism are excluded.
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The design paradigm of an ECM is mechanical robustness, i.e. the capability to withstand
external collisions which shall not be limited by the integrated sensors which is summa-
rized in the fifth requirement. Furthermore, the estimation concepts need to provide an
accurate state if an external collision or disturbance is present.
Additional sensors, i.e. sensors which are not integrated within the tendon actuation sys-
tem, are required by some of the estimation. These additional systems demand integration
and maintenance effort which cannot be neglected due to their time consumption and their
risk of failure. Therefore, competing design are assessed by the amount of additional sen-
sors to be integrated which is formulated in the sixth requirement.

The first section in the following will discuss the different available sensor information,
the model of the sensor and the physical relationship towards the state of the elastic
continuum mechanism. In the three following sections, state estimation concepts are
discussed based on geometric, static and dynamic models. To assess their capabilities,
several hardware experiments are performed which compare them.

A submitted publication [81] by the author of this thesis deals with the estimation of
the q ∈ R6 based on the length measurements, see Section 5.2.3. Herein, a placement
strategy is presented which is also part of the publication. Additionally, the publication
covers a condensed version of the dynamic state estimation concept 5.4.2.

5.1. Sensor information

The following paragraph will present the available sensor information that are used for
the state estimation of a tendon-driven elastic continuum mechanism. The tendon length
sensors are integrated in the tendon actuation system and therefore can be considered as
functionally mandatory. The other introduced sensors demand a mechatronic integration
effort which needs to be accounted for according to requirement five.

5.1.1. Length sensors

The length sensor information include r tendons length measurements and z ∈ Z additional
length measurements. Their possible arrangement is depicted in Fig. 5.1. The length
sensors measurements are modeled to be composed of a relative length ∆l ∈ Rz+r and an
initial length l0 ∈ Rz+r, corresponding to an initial pose q0. Furthermore, it is assumed
that the measurements are affected be mean-free Gaussian noise expressed by the additive
noise term ∆ln. Then, the total measured sensor length l̃ ∈ Rr+z is expressed by

l̃ =

(
l̃t
l̃s

)
= l0 + ∆l+ ∆ln, (5.1)

where l̃t ∈ Rr corresponds to the tendon measurements and l̃s ∈ Rz to measurements of
additional sensors.

Tendons

The first r relative distance measurements are provided by the tendon actuators. The
measured tendon actuator position θ̃m ∈ Rr is modeled as the sum of the true motor
position measurement (4.48) and mean free Gaussian noise θn ∈ Rr,

θ̃m = θm + θn. (5.2)

103
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The free tendon length l̃t ∈ Rr is therefore measured identical to equation (5.1)

l̃t = lt,0 +E (θm + θn) , (5.3)

with the constant transmission matrix E ∈ Rr×r defined in (4.47).

Additional length sensors

Additional z ∈ Z sensors will be placed on the mechanism which measure distances between
the lower and the upper platform, see Fig. 5.1. Their sensor readings are denoted as s̃ ∈ Rz
which is an abstract electrical signal that consists of the electrical signal due to a change
in length s ∈ Rz and sensor noise sn ∈ Rz which is assumed to be mean free and Gaussian,

s̃ = s+ sn. (5.4)

The sensor readings correspond linearly to a relative change in the free sensor length by a
constant calibration matrix Kcs ∈ Rz×z which yields for the free sensor length,

l̃s = ls,0 +Kcss̃. (5.5)

Summary

The total z + r length measurement information are expressed by combining (5.1), (5.3)
and (5.5) (

lt
ls

)
︸ ︷︷ ︸

˜l

=

(
lt,0
ls,0

)
︸ ︷︷ ︸
l0

+

(
Eθm
Kcss

)
︸ ︷︷ ︸

∆l

+

(
Eθn
Kcssn

)
.︸ ︷︷ ︸

∆ln

(5.6)

In paragraph 4.3.2, a model for the pose dependent tendon length lt(q) (4.57) is given.
Geometrically, the tendon actuator position sensors therefore measure the change of the
magnitude of the tendon direction vectors, i.e. the length of the i th vector from a known
point in the base Brp,i ∈ R3 to a known point on the moving platform Hri ∈ R3, see
Fig. 5.1. The additional sensors also measure a pose dependent change in length, as they
are stretched out between the lower and the upper platform, see Fig. 5.1. In summary,
the pose dependent length measurements are expressed as

li(q) = ||Br +ABHHri − Brp,i||2 for i = 1 . . . z + r. (5.7)

5.1.2. Force torque sensor (FTS)

At the clamped end of the ECM, a force torque sensor (FTS) is mounted which measures
three forces and three torques. Physically, the FTS provides the reaction forces and
torques that are imposed by the continuum when it is deformed. The location of the FTS
is illustrated in Fig. 5.1.

The forces and torques measured by the FTS are denoted T w̃FTS ∈ R6 with respect
to the sensor coordinate frame T . The measurements consists of the true forces and
torques TwFTS ∈ R6, an inherent bias TwFTS,b ∈ R6 and sensor mean free Gaussian noise

TwFTS,n ∈ R6,

T w̃FTS = TwFTS + TwFTS,b + TwFTS,n. (5.8)
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The sensor readings are transformed to the base B by the adjoint3 AdTT B ∈ R6×6 of a
constant and known homogeneous transformation matrix T T B ∈ R4×4,

BwFTS = AdTT BTwFTS. (5.9)

The measured wrench BwFTS in the base can be interpreted to incorporate information
about the full state as BwFTS and is related to the equation of motion (4.3) by

M(q)q̈ + k(q, q̇) = JTχ,q(q)

(
BwFTS −

(
0

BrL × BfFTS

))
︸ ︷︷ ︸

BwHFTS

, (5.10)

where Bw
H
FTS ∈ R6 is the wrench applied at the origin of H, expressed in B.

5.1.3. Inertial measurement unit

To enhance a velocity estimation and for the establishment of the dynamic estimation
process, an Inertial Measurement Unit (IMU) is attached at the moving platform (see
Fig. 5.1). The IMU measures the linear acceleration S ã ∈ R3 and the angular velocity Sω̃ ∈
R3 of a sensor frame S which is fixed to H in a known position rHS ∈ R3 and orientation
AHS ∈ R3×3. The model of the acceleration measurement is additively composed of
the true acceleration Sa ∈ R3, a bias on the acceleration signal Sab ∈ R3 modeled as
random walk processes [61], sensor noise San ∈ R3 which is considered to be mean free
and Gaussian and the acceleration due to gravity Bag ∈ R3,

S ã = Sa+ Sab + San +AT
BSBag. (5.11)

The model of the angular velocity measurement is additively composed of the true angular
velocity Sω ∈ R3, a bias on the angular velocity signal Sωb ∈ R3 modeled as random walk
processes [61] and sensor noise Sωn ∈ R3 which is considered to be mean free and Gaussian,

Sω̃ = Sω + Sωb + Sωn. (5.12)

Again, the measurements of the IMU can be represented by the state of the system. In
this context, the acceleration measurements (5.11) and the measured angular rates (5.12)
are related to the acceleration of the origin and the angular velocity of H by

Br̈L = ABHAHS (Sa+ Sω̇ × rHS) , θ̇L = Jχ,θSω, (5.13)

using the rotational part of the representation Jacobian (4.6).

5.2. State estimation based on geometric models

The present section will present state estimation concepts which are based on geometric
models of the mechanism. Herein, the state, in general, is incorporated in some geometric
relations who are measured by sensors. Throughout this section, methods are proposed
that estimate the pose only, q ∈ R6, and the corresponding velocity q̇ ∈ R6 will be
computed by numerical differentiation. The pose estimation is carried out with z + r ∈ N
configuration dependent length measurements l̃ ∈ Rz+r, see paragraph 5.1.1, and their

3For details about wrench transformation by adjoints, see [117].
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corresponding geometric model in equation (5.7).
For the present case of an underactuated system (the pose is described by q ∈ R6), the
r < 6 tendon length measurements are not sufficient to estimate the full pose as the
Jacobian matrix P T (q) ∈ Rr×6,

l̇ = P T (q)q̇, with P T (q) =
∂l(q)

∂q
, (5.14)

known as the transpose of the tendon coupling matrix (4.59), has a 6 − r dimensional
Nullspace which yields that components or linear combinations of q ∈ R6 in this Nullspace
cannot be estimated from the measurements. This fact is strongly connected to the rank
observability criterion [118] which states that if the nonlinear observability matrix O(q) is
rank deficient, the problem is (locally) not observable. The nonlinear observability matrix
is built upon Lie derivatives of the measurement equation (5.7) and the coupling matrix
(4.59) is the zero-order Lie derivative and corresponds to the static part of O(q).
To tackle this problem, two approaches are presented in the following. As a first approach
in Section 5.2.2, q is represented by a reduced set of kinematic parameters qred ∈ Rr. This
new representation removes the Nullspace in P (q) and the problem becomes formally
observable. The second approach in Section 5.2.3 completes the base of the coupling
matrix (5.14), by adding the additional length sensors information.
Despite of the two approaches, q is estimated in this section based on the nonlinear error
function el(q) ∈ Rz+r of the measured and the modeled sensor length. The estimation is
then based on a minimization of an objective function,

min
q̄
|| l̃− l(q)︸ ︷︷ ︸
el(q)

||22, (5.15)

which is the squared norm of the error and the result is an estimate of the pose q̂ ∈ Rnred .
For this minimization problem, several different algorithms are presented and assessed in
the next section.

5.2.1. Optimization algorithms

A solution to equation (5.15) need to be provided to estimate the pose of the ECM. Es-
sentially, the optimization problem needs to be solved in real time which means that the
utilized algorithm need to converge within a hardware time cycle to find the minimum.
The optimization problem is affected by a nonlinear, non-convex objective functions and
parameters with different (physical) units which usually require a scaling that imposes
higher computational loads. This section describes several assessed optimization methods
that have been used for state estimation in this work. All algorithms have been imple-
mented in MATLAB based on the comprehensive book by Madsen and Nielsen [119],
which provides also good reference to the interested reader, as the algorithms are treated
superficial in the following.

Gradient-based methods

Based on the gradient4 of (5.15), a downward direction is computed to find a minimum.
The Steepest Descent (SD)-method applies the negative direction of the gradient as search
direction to ensure a minimization of (5.15) and the step length is computed based on

4The gradient is the partial derivative of the objective function (5.15) with respect to q.
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a soft-line search to lower the computational demands [119]. The SD-method is easy to
implement and is known to work well in the initial stage of the optimization. The conver-
gence in the final stage is usually linear and slow. The Conjugate Gradient (CG) method
tries to overcome the slow convergence of the steepest-descent at the final stage as it takes
the descent direction of the previous step into account. For problems with a high number
of n variables, this technique may be faster than the Newton methods, since it does not
require matrix operations, but only uses vectors [119].
Both gradient-based methods are strongly affected by ill-conditioned problems, i.e. dif-
ferent scales in q, which results in a high condition number of the Hessian matrix5. To
improve the condition number and therefore the convergence time, the gradient is sug-
gested to be multiplied with a positive definite symmetric matrix and a standard strategy
is to use the inverse of the diagonalized Hessian [120].

Newton methods

Newton methods are based on the gradient and the Hessian matrix. As the computation
of the Hessian matrix is time expensive for higher (e.g. six) dimensional problems, the
Quasi-Newton (QN) method suggests to approximate the Hessian based on the BFGS
Formula [119]. For an optimization problem of the present kind where the objective
function consists of a vector error function el(q) and if the initial step is near the solution,
the Hessian can be linearly approximated by the Jacobian matrix of the error function
el(q) which is called Gauss-Newton (GN)-method.
The main disadvantages reported for Newton-type methods are, that they are only working
well if the initial value is close to the solution and that the computation of Hessian and
its inverse can be very time expensive for highly dimensional problems. Nevertheless the
convergence in the final stage is quadratic and this method is less affected by ill-conditioned
problems [119].

Powell’s dog leg method

This trust region method, called Dog-Leg (DL) method, is currently considered the best
method for solving nonlinear equations [119][p.130]. Powell suggested an approximation
of the current search direction using a combination of the SD and the GN direction [119]
and thus is called a hybrid method. The main drawback is that it requires to check at
least one condition at every iteration, which makes the time per iteration step slower than
pure Newton-type or gradient-based methods.

Summary: Optimization methods

The Table 5.1 sums up the given advantages and disadvantages of the discussed methods
above. In Section 5.5.1, above algorithms are tested on the real problem to assess their
suitability.

5.2.2. Reduced kinematic models

The tendon actuation system is necessary to drive the mechanism in its workspace. An es-
timation algorithm that requires information of the actuation system only is advantageous

5The Hessian matrix is the partial derivative of the gradient with respect to q, i.e. the second partial
derivative of the objective function (5.15)
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Table 5.1.: Comparison of the algorithms Steepest Descent (SD), Conjugate Gradient
(CG), Quasi Newton (QN), Gauss Newton (GN), and Powell’s Dog Leg (DL).
Criterion satisfied ”very good” (++), ”good” (+), ”bad” (−), ”very bad” (−−)
and ”no clear statement” (◦).

Criterion SD CG QN GN DL

Low number of operationsa

per iteration ++ + − − ◦b
Fast convergence in the
final stage −− − + + +

No scaling required with
ill conditioned problems −− − + + +

Suitability for nonlinear
systems ◦ ◦ ◦ ◦ ++

a Without considering the line-search algorithm.
b No statement as different strategies are used.

as no additional sensors need to be integrated in the system. A full six DoF pose is not
observable from these measurements which is treated in this paragraph by approximating
q ∈ R6 by a reduced set of kinematic variables qred ∈ Rr.

Constant curvature kinematics

The first approach to represent q is the well-known constant curvature assumption which
is discussed by Webster et al. [94]. A rather short derivation of the kinematic equations
is presented in the following.
Linear strains and curvatures have been introduced in Section 3.1 as local kinematic vari-
ables that describe the deformation of a beam along ν. The assumption now is that these
curvatures are constant and that the linear strains reduce to an axial strain only, also
constant, whereas the shear strains are neglected due to an assumed infinite stiffness in
the shear directions. By these assumptions the local curvature vector Nκ ∈ R3 is constant
along the arc-length ν and only changing in time. Using the director representation of the
orientation of the head frame,

ABH = (Bd1,L, Bd2,L, Bd3,L) , (5.16)

and the definition of the curvatures (3.12), the following set of differential equations with
constant coefficients, the curvatures (κ1, κ2, κ3), can be derived

Bd
′
1,L =κ3Bd2,L − κ2Bd3,L,

Bd
′
2,L =κ1Bd3,L − κ3Bd1,L,

Bd
′
3,L =κ2Bd1,L − κ1Bd2,L. (5.17)

Based on the assumption for the linear strains Nγx, the position of the head BrL can be
computed using the solution of (5.17) for Bd1,L,

Br
′
L = γxBd1,L. (5.18)

Equation (5.17) describes an initial value problem of a set of ordinary differential equations
with constant coefficients that can be solved analytically. In combination with (5.18), an
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approximation of the pose q based on three constant curvatures and a constant axial strain
(κT , γx)T is given and the objective function (5.15) is reformulated to

min
κ̄,γ̄x
||̃lt − lt(κ, γx)||22. (5.19)

The estimation accuracy of the objective function (5.19) is evaluated in a simulation study,
reported in Fig. 5.2.

Simplified kinematic model

Similar to the previous paragraph, this section reports on a second possibility to ap-
proximate the full pose q. The approach is inspired by the investigations reported in
Section 3.5.4, where the workspace of the spatial system is approximated by the kinematic
variables denoted qred = (φ, η ι, ε)T and their geometric arrangement depicted in Fig. 3.14.
In Section 3.5.4, errors below 2 mm and 2 deg are reported for this approximation which
supports the feasibility of this approach. With that, the objective function (5.15) reduces

min
φ̄, η̄, ῑ, ε̄

||̃lt − lt(φ, η ι, ε)||22, (5.20)

and the achievable accuracy is tested in simulation, see Fig. 5.2.

Simulation results

The estimation accuracy of the proposed kinematic approximation is tested in simula-
tion based on the static spatial FEM model for a mechanism with r = 4 tendons. The
workspace of the mechanism is sampled by a randomized configuration of tendon tension
forces in the range [0, 100] N. The DL-optimization algorithm is applied for the minimiza-
tion problems, equation (5.19) and equation (5.20) respectively. The achieved estimation
accuracy of both objective functions is compared by the component wise absolute error
of the predicted pose q̂, by each individual kinematic mapping, and the pose q computed
by the FEM model. A boxplot of the absolute error for each component of the pose is
depicted in Fig. 5.2 which states that both mappings yield a comparable accuracy for the
estimation of q with (slight) advantage towards the reduced kinematic mapping due to
the lower median values in z, θx and θy. Based on above findings and the fact that the
constant curvature kinematics possess a singularity when the mechanism is straight, i.e.
κ2 = 0 or κ3 = 0, the kinematic mapping based on (φ, η ι, ε)T ∈ R4 seems more promising
and is tested on the hardware. The achievable accuracy, the suitability for real time as
well as the quality of the derived velocity are reported in Section 5.5.

5.2.3. Six DoF kinematic model

The full pose q ∈ R6 is estimated in the following and the length measurements of the ten-
dons only are not sufficient due to the Nullspace of the coupling matrix (5.14). Therefore,
z additional sensors shall be placed on the elastic continuum mechanism, as indicated in
Fig. 5.1, to complete the base of P (q)T (5.14). This problem is discussed in the following
paragraph whereas the achievable accuracy is reported in Section 5.5.

109



5. State estimation

q̄red κ̄, γ̄x
0

1

2

3

4

5

6

7

|x
−

x̄
|
[m

m
]

q̄red κ̄, γ̄x
0

1

2

3

4

5

6

7

|y
−

ȳ
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Figure 5.2.: Simulative comparison of the pose estimation based on the reduced kinematic
models using tendon measurements with an assumed tendon noise of 1 mm.
The minimization is carried out with the DL algorithm as it provided the
fastest convergence.

110



5.2. State estimation based on geometric models

Placement of the additional sensors

The problem of ”where to place sensors” to achieve accurate estimation results has been
addressed by several authors. A common approach in the field of observer design is to look
at the observability Gramian [121] of the nonlinear state space equations. The Gramian
is computed by linearizing the dynamics along a trajectory. It is valuable for dynamic
observability problems, but it does not conclude on estimation quality at static poses.
Others propose to use the condition number [122] of the observability matrix as a measure
to place sensors. A high condition number indicates that one or more measurements
do not affect the prediction of the pose and a condition number of ≈ 1 means that all
measurements have a similar effect on the estimation problem which is desirable. The neck
system incorporates r = 4 tendons and the condition number of P (q0) ∈ R4×6, computed
at the initial pose q0, is ≈ 27. As a fictional example, two sensors that directly measure
two components of q are integrated, e.g. sensors that measure y and θx directly. This
adds two unitary row vectors to P (q0) and completes its base. For any combination of two
unitary vectors, the condition number of P (q0) remains ≥ 27 although some components
of q can be measured directly, an ideal scenario. As a result, the condition number is less
informative and a custom metric is introduced which fits the present problem of arranging
additional length sensors. In this work, the sensors are placed by examining P (q), which
can be interpreted as the effect of a small change in q onto a change in l, i.e.

∆l = P T (q)∆q. (5.21)

Herein, the total change in l with respect to the i th component of q is captured by the
columnwise Euclidean norm of P (q), denoted as ni ∈ R for i ∈ {x, y, z, θx, θy, θz}. First,
the norms of the columns of P (q) of the tendon-driven elastic continuum mechanism with
r = 4 is depicted in the top of Fig. 5.3. Two histograms present the six column norms ni,
separated for translations and rotations. The depicted distributions of ni are computed
in a simulation. Here, a beam finite element model, derived in [77], computes 200 static
poses q of the continuum mechanism by applying uniformly distributed tendon tensions
in the range of [0, 70] N.

Several different sensor configurations are generated systematically to study the corre-
sponding characteristic of the norms. A sensor configuration k is specified by the base
configuration, either a), b) or c) and a number of [1, 22] that specifies the insertion on the
upper plate. In the bottom of Fig. 5.3, four configurations are illustrated namely a)-1, b)-1
and c)-1, with the same sensor length, and c)-1 with a shorter sensor length. Although,
theoretically z = 2 is enough for a full rank of P (q), redundant sensor information are
considered in the following to prohibit the case that P (q), at a certain q, looses rank. To
present a comprehensible study and ensure symmetric sensor placement, z = 4 is chosen
for the subsequent analysis. Three measures are used to evaluate a sensor configuration,
depicted in the histograms, and explained in the following:

• The mean value of a distribution ni is denoted n̄i ∈ R. Generally speaking, a high
n̄i is desirable.

• A high mean value n̄i of distribution i, compared to the other mean values n̄j ,
translates that the component i of the pose can be distinguished better in the sensor
readings. Thus, for a uniform quality, the distance in between mean values ai,j =
n̄i − n̄j ∈ R for i 6= j needs to be small.
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Figure 5.3.: Top: Distribution of the column norms ni of the tendon coupling for the
tendon-driven elastic continuum neck. Bottom: Illustration of the different
initial configurations, termed a)-1, b)-1 c)-1 and c)-1 with a shorter sensor
length hs.
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• A narrow distribution of a norm ni, indicated by a small δni ∈ R, translates that
the effect of qi onto the sensor readings is similarly high all over the workspace and
is desired.

The above considerations are captured into a worst case metric. For the metric, the
magnitude of a column norm ni is normalized to the interval [0, 1] to ensure invariance
under change of units, however the metric is not invariant to a change of coordinates.
An overall high n̄ki ∈ R of a configuration k is ensured by maximising the smallest minimum
value of all distributions minnki ,

max
k

(
min

minnki

(
minnkx, . . . , minnkθz

))
. (5.22)

To ensure that the distributions lie in a close range, the maximum distance aki,j of config-
uration k needs to be smaller compared to other configurations

min
k

(
max
ak

aki,j

)
∀i, j with i 6= j. (5.23)

A narrow distribution δnki is ensured if the maximum distribution of a configuration k is
smaller compared to other configurations,

min
k

(
max
δnki

(
δnkx, . . . , δn

k
θz

))
. (5.24)

Clearly, the three criteria might suggest a different sensor configuration, hence a configu-
ration k is assumed superior compared with the others if it fulfils each of the three criteria
in average at best. Another possibility to find the superior sensor configuration is to apply
multi-objective optimization methods to find e.g. Pareto-Optimal solutions [123]. To eval-
uate the defined criterion, a simulation study is presented in the following. In this study,
the connection of the additional sensors in the bottom is kept constant and the insertion
point in the top plate is varied. Five different initial configurations are used to study the
norm. Configuration a), b) and c) are using the same sensor length hs but different posi-
tions in the bottom, as it is illustrated in the bottom of Fig. 5.3. Secondly, the free sensor
length hs ∈ R of c) is varied in two simulations to examine the influence on the norms
and again, the insertion points are varied. To evaluate the defined criterion, a simulation
study is presented in the following. In this study, the connection of the additional sensors
in the bottom is kept constant and the insertion point in the top plate is varied. Five
different initial configurations are used to study the norms which are displayed in Fig. 5.3.
Configuration a), b) and c) are using the same sensor length hs but different position in
the bottom. Secondly, the free sensor length hs ∈ R of c) is varied in two simulations to
examine the influence on the norms and again, the insertion points are varied. Six of the
22 configurations of this study for insertion a) are illustrated in the top row of Fig. 5.4.
Please note that the insertions points are varied symmetrically.
A result for base configuration a) is depicted in Fig. 5.4. Bar-plots of the associated col-
umn norm distribution with column mean n̄ki and their maximum and minimum value
for all sampled insertions 1 − 22 are depicted. The blue horizontal rectangle depicts the
column norms of the tendons, i.e. the configuration which need to be improved. By ap-
plying the defined criteria, three sensor configuration are identified which fulfill these, in
average, at best (ranked with 1, 2 and 3), namely configuration k = a)− 9, k = a)− 8 and
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Figure 5.4.: Simulation study of base configuration a) (see Fig. 5.3). The top row illustrates
six of the sampled 22 sensor insertion points (insertion 1 . . . 22). Axes are
in [cm]. In the bottom, bar plots illustrate the mean value and the range
of all column norms and the blue horizontal rectangles indicate the initial
distribution of the column norms of the tendons. The red (blue and green)
vertical box indicate the best (second and third best) sensor configuration
assessed by the defined criteria.

k = a)− 7. It can be seen, that the configurations are chosen which possess high column
means n̄ki , a small distance aki,j at the same time whereas the distribution of the norms

δnki are comparably small.
The results of the simulation study for base configurations, a), b) and c) as well as two

different free sensor length for c) are depicted in Fig. 5.5. Here, only the mean values are
plotted for clarity. From Fig. 5.5, subsequent findings can be reported:

• The base configuration a), b) c) highly affects the norms in θy and θz whereas the
insertions in the top do not affect them much. This can be seen by comparing the
blue, red and black line for nθy and nθz .

• Different insertions in the upper platform strongly affect the norms in y, z and θx.

• The norm in x is the highest and the norm in θx is (in average) the lowest (a motion
in θx does not yield a high sensor elongation). The only way to achieve higher nθx is
by a shorter sensor length hs which can be seen by comparing the black, the black
dashed and black point-dashed line.

Based on the simulation study Fig. 5.5, three configurations of sensors are implemented
in hardware based on the following considerations. They are highlighted by ∗ in Fig. 5.5,
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Figure 5.5.: Results of the simulation study for the sampled configuration. The blue rect-
angle expresses the distribution of the norms of the tendons, for comparison
reasons.

and shown in Fig. 5.6. Configuration a)-9 and c)-1 are expected to yield similar results
in the estimation of y, z and θx, indicated by similar norms whereas they should perform
differently in θy and θz. However, it needs to be evaluated if the strong coupling in the
motion, especially in y, θz and z, θy has an effect on the estimation. For base configuration
b), no performance improvement, except in ny, with respect to one norm can be assessed,
see Fig. 5.5. Thus, b)-15 is chosen to represent a counter example which should perform
worst.

5.3. State estimation based on static models

The fundamental assumption of this section is that the necessary sensor information are
provided in a high sampling rate and that the utilized model can be computed at a similar
(high) rate. As a consequence, the overall motion of the system can be treated quasi-
statical. Chapter, 3 and 4, provided different models that describe the static behavior of
the elastic continuum mechanisms. In a nutshell, the static equation of both models can
be described by

k(q,0)− JTχ,qBf c = 0, (5.25)

where k(q,0) ∈ Rn are the generalized internal and gravitational forces, the configuration
space Jacobian Jχ,q (4.6) that projects an external Cartesian wrench Bf c ∈ Rn, applied
at the tip of the elastic continuum mechanism, onto the generalized directions.
The overall goal of the static estimation is to use measurements that represent the exter-
nally applied wrench and compute (estimate) q based on equation (5.25). Two different
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Figure 5.6.: Implemented sensor configurations on the robot DAVID which were suggested
by the simulation study.

kinds of the measured quantities shall be discussed in the following to represent JTχ,qBf c:

1. Tendon tension forces and a projection by the coupling matrix:

JTχ,qBf c = P (q)ut

2. The base force torque sensor, see equation (5.10) and a projection onto the general-
ized directions:

JTχ,qBf c = JTχ,qBw
H
FTS

For k(q,0), three alternatives can be utilized, namely:

1. The FEM-model where q corresponds to the configuration (position and orientation)
of the whole centerline (3.42).

2. The multivariate polynomial model (MVP) of Chapter 4 where q corresponds to
pose of the head represented by
(x, y, z, θx, θy, θz)

T

3. The nonlinear kinematic linear spring (NKLS) model of Chapter 4 where q corre-
sponds to pose of the head represented by (l, φ, η, ζ, θ, ι )T .

The listed possibilities are assessed based on the requirement listed in the introduction.
A requirement for the state estimation algorithm is that it provides an estimate in real
time and external collisions shall not affect the quality. However, an external collision
adds an external wrench that acts on the mechanisms, deforming it. In this case, the
prediction ability when using the tendon tension forces is not given any more. Therefore,
in the context of the present thesis, the tension measurements of the tendons are not
considered, which also yields that the estimation concept of the present section will rely
on BwFTS ∈ R6, the measured clamping forces and torques by the force torque sensor.
To enable a fast estimation, the FEM model in the current implementation is to slow, in
contrast the RNM model despite of the used approach is proven computationally efficient,
see Fig. 4.9, and thus will be applied.
In summary, the estimation of the state based on a static model is carried out using the
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5.4. State estimation based on dynamic models

following equation, where the ”restoring forces and torques” f(q) modeled by a MVP or
NKLS model are related to attack at the origin of B using a correction term B∆τHB ∈ R6,

Bf(q)︸ ︷︷ ︸
using MVP or NKLS

+


0

BrL ×

 Bfx
Bfy
Bfz




︸ ︷︷ ︸
correction of point of attack=B∆τHB

+g(q)− JTχ,qBwFTS = 0,

BwFTS = J−Tχ,q
(
Bf(q) + B∆τHB(q) + g(q)

)
= Bf̃(q). (5.26)

The partial derivative of Bf̃(q) in equation (5.26) with respect to q can be computed
analytically (taking advantage of the MVP or NKLS model). As a result, equation (5.26)
is locally linearized using a Taylor approximation of first order to solve for the desired
pose q,

BwFTS ≈ Bf̃(q0) +
∂Bf̃(q)

∂q

∣∣∣∣
q0

(q − q0) ,

≈ Bf̃(q0) + K̃(q0) (q − q0) ,

→ q ≈ q0 + (K̃(q0))−1
(
wFTS − Bf̃(q0)

)
. (5.27)

A major drawback of the approach is that K̃ needs to be computed which involves 3rd

tensorial quantities requiring a high implementation effort although they are analytically
expressible. In the experiments, it needs to be evaluated if the locally derived inverse model
is able to predict the real behavior, assessed in the experiments in Sec. 5.5. Similar to
the geometric state estimation, equation (5.27) provides the pose q and the corresponding
velocity will be derived by a numerical derivative.

Discussion & summary

In the previous section, a state estimation algorithm is suggested which estimates the
pose based on a static equilibrium of measured reaction forces and torques and a model
including the forces and torques due to the deformation and gravity. A local linearization
of this equilibrium equation at an initial point q0 is proposed based on which the pose
is computed. Similarly, the solution of the finite element method is computed. Here, the
whole configuration of the beams centerline (position and orientation) is computed based
on local linearization, however an iterative solution with a Netwon-Raphson algorithm is
applied. Supposing a fast computation, the FEM model would also be suitable and could
be applied in (5.27). However, as the force residuals and the stiffness matrix is computed
and assembled element wise, higher computational times are expected. Furthermore, the
identified material properties reported in Sec. 3.4.4 predict the pose not accurate enough
which limits. In this case, a combination of the static state estimation and the geometric
state estimation concept could be applied.

5.4. State estimation based on dynamic models

This section treats a dynamic state estimation concept. In contrast to the concepts dis-
cussed before which required a convergence in every time step in a real time implementa-
tion, a dynamic estimation converges over time. The concept discussed in the following is
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inspired by a state estimation technique known from mobile systems, such as unmanned
autonomous vehicles or legged systems. These concepts dominantly apply an Extended
Kalman Filter (EKF) which fuses data of an IMU and kinematic information from cam-
eras, i.e. two dimensional position information.
In this Section, sensor data of the length sensors and an IMU are fused in an EKF. The
dynamic model of the EKF is inspired by the approaches of the mobile-robotics com-
munity, see e.g. [61, 60]. It is a simple dynamic model which numerically integrates the
acceleration and angular velocity measurements of the IMU (5.13) to a pose. Due to the
bias in the IMU readings, this numerical integration tends to drift, especially the double
integration of the acceleration. To correct this drift, the bias of the acceleration (5.11) and
the gyroscope (5.12), modeled as random walk process, are incorporated in an augmented
state ψ ∈ R15 which consists of

ψ =
(
qT , Bv

T
L, Sa

T
b , Sω

T
b

)T
. (5.28)

As the angular velocity is measured by the IMU only the linear of the head velocity BvL
respecting B (3.14) is estimated. Within the EKF framework, discussed in Section 5.4.2,
the state ψti is considered as discrete in time, ψti = ψ(t = ti). Furthermore, ψk is

considered as a statistical quantity with mean value ψ̂ti ∈ R15 and Gaussian distribution

ψti ∼ N (ψ̂ti , Ψ) (5.29)

with the state covariance matrix Ψti ∈ R15×15.

5.4.1. State space equations

The simple dynamic model corresponds to the relationship of the IMU readings presented
in equation (5.13) which is integrated,
BrL,ti
θti
BvL,ti
Sab,ti
Sωb,ti

 =


BrL,ti−1

θti−1

BvL,ti−1

Sab,ti−1

Sωb,ti−1

+ (ti − ti−1)


BvL,ti−1

J−1
χ,θ(Sω̃ti−1 − Sωb,ti−1 − Sωn,ti−1)

ABS(S ãti−1 − Sab,ti−1 − San,ti−1)− Bag
0
0

.
(5.30)

Please note that the slowly varying bias of the IMU is modeled quasi-static. Equation
(5.30) is discrete state space dynamics and can be written in the general form

ψti = ς(ψti−1, S ãti , Sω̃ti , San,ti , Sωn,ti), (5.31)

required by the EKF algorithm (see Section 5.4.2), with the input vector (S ã
T
ti , Sω̃

T
ti)
T ∈

R6 at time instance t = ti and the mean free Gaussian process noise vector (Sa
T
n,tiSω

T
n,ti)

T ∈
R6 at time instance ti, (

San,ti
Sωn,ti

)
∼ N (0, S). (5.32)

Herein S ∈ R6×6 is denoted process covariance matrix. Furthermore, the so-called mea-
surement equation is required. As mentioned, the length sensor measurements (5.7) shall
be used,

yti = l(ψti) +wk
(5.7)
= l(qti) + ∆ln,ti , (5.33)
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5.4. State estimation based on dynamic models

with the mean free Gaussian measurement noise wti ∈ Rz+r

wti = ∆ln,ti ∼ N (0, Q), (5.34)

and the measurement covariance matrix Q ∈ Rz+r×z+r.

5.4.2. Extended Kalman Filter (EKF)

The following paragraph briefly summarizes the relevant equation of an EKF which are
necessary for the implementation. A broader introduction to the topic including the full
derivation of the equations below can be found in Thrun et. al [124].
For simplicity, the input vector uti = (S ã

T
ti , Sω̃

T
ti)
T and the process noise vector sti =

(Sa
T
n,tiSω

T
n,ti)

T are defined for the following developments. The EKF algorithm consists
of two phases, the prediction phase and the update phase. In the prediction phase, the
a priori estimation of the state and its covariance, denoted ψti,ti−1 ∈ R15 and Ψti,ti−1 ∈
R15×15, are computed based on the nonlinear state dynamics (5.31),

ψti,ti−1 = ς(ψti−1,uti , sti), (5.35)

Ψti,ti−1 = ΣΨti−1,ti−1Σ
T +LSLT ,

where the matrices Σ ∈ R15×15 and L ∈ R15×12 represent the following partial derivatives
of the state space model,

Σ =
∂ς

∂ψ

∣∣∣∣
ψti−1,ti−1,uti

, L =
∂ς

∂s

∣∣∣∣
ψti−1,ti−1,uti

. (5.36)

The update phase afterward is then applied to compute a postiori state estimate and
covariance matrix, denoted as ψti,ti ∈ R15 and Ψti,ti ∈ R15×15,

ψti,ti = ψti,ti−1 +Kti (̃lti − yti) (5.37)

Ψti,ti = Ψti,ti−1 −KtiCΨti,ti−1

with the length measurements l̃ti of equation (5.1) and the Kalman Gain Kti ∈ R15×z+r

and the difference between the measurement model (5.33) and the sensor data (5.6). The
Kalman Gain is computed by using the a priori estimate of Ψti,ti−1 and the partial deriva-
tive of the measurement equation with respect to ψ, C ∈ Rz+r×15 and the noise w,
V ∈ Rz+r×z+r

C =
∂l(q)

∂ψ

∣∣∣∣
ψti,ti−1,uti

with equation(5.14)
=

(
P T (q), 03×3, 03×3, 03×3

)
,

V =
∂g

∂w

∣∣∣∣
ψti,ti−1,uti

= Identity matrix (5.38)

With above quantities, the Kalman gain is computed to

Kti = Ψti,ti−1C
T (CΨti,ti−1C

T + V QV T ),

= Ψti,ti−1C
T (CΨti,ti−1C

T +Q). (5.39)

To begin the state estimation, an initial state ψ0,0 ∈ R15 and initial state covariance
Ψ0,0 ∈ R15×15 need to be provided to the algorithm. The choice of the initial state
covariance Ψ0,0 is crucial since it determines how well the algorithm shall ”trust” ψ0,0.
For example, if a large covariance is supplied initially, the EKF will take some time to
converge to the true state based on the measurements while simultaneously decrease the
covariance Ψk,k.
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Extension: State estimation based on ECM dynamics

A second approach based on a dynamic model can be derived from equation (5.10), i.e. the
equation of motion of the elastic continuum mechanism which are driven by the applied
wrench that is measured and projected wrench of the force torque sensor Bw

H
FTS ∈ R6.

These equation, and the measurement equation (5.7) the provide the tendon length, can
be applied in a nonlinear observer structure e.g. a nonlinear Luenberger Observer. The
fundamental idea of a Luenberger observer to force the dynamic model (5.10 to track
the measured output l̃ (5.6) of the real system by performing output tracking control
based on an additional (virtual) control input, see e.g. [125]. If the control converges, the
nonlinear observer provides and estimate of the state (q̄T , ˙̄qT ) and the closed loop system
is described by,

M(q̄)¨̄q + k(q̄, ˙̄q) = Bw
H
FTS +K luen(q̄)(̃l− l(q̄)). (5.40)

Different approaches are suggested for the design of the nonlinear observer gain matrix
K luen(q) ∈ Rz+r×z+r depending on the number of measurements and the approach [125].

5.4.3. Summary

In summary, this section discussed a dynamic state estimation concept based on an Ex-
tended Kalman Filter (EKF) based on a simple dynamic model. In the experimental
comparison, it is evaluated if the additional information, necessary for this approach, will
add accuracy in the estimated state. In addition, a possible extension is provided which
includes the equation of motion (4.3) in the estimation process. This concept however will
not be compared in experiments.

5.5. Experimental comparison

As the potential concepts shall be used in real-time control, they will be tested on the real
hardware and evaluated based on the requirements defined in the introduction. The spatial
test bed is shown in Fig. 5.7. The data of the IMU and the length sensors are acquired by
a micro controller board at 300 Hz and sent via Ethernet to a Linux real-time (rt-) host
by a custom protocol. The same protocol is used for the FTS data which provides its data
with 1 kHz (data-rates up to 7 kHz are possible). The data of the r = 4 tendon actuators
is acquired at 3 kHz and sent via the SpaceWire R© protocol to the rt-host. The sensor
data is provided to real-time executable models of the geometric, static and dynamic
state estimations by a custom middleware, whereas the executable are build using the
Real-Time-Workshop of MATLAB/Simulink. Foremost, accuracy of the estimated pose
is required which will be evaluated with the K-series optical measurement system [126]
that serves as ground truth. The inertial fixed camera system with three lenses localizes
the position of active LEDs with an accuracy of 37 µm in its workspace. A marker target
consists of three LEDs. One target is attached to the upper platform, see Fig. 5.7 and one
target is attached to the base. The mass properties of the moving target is known and
accounted for in the computation of the vector of gravitational forces. The measurements
of each target are transformed to a full pose (position & orientation). After calibration and
referencing using a registration tool, the pose of both targets can be related to the motion
of the head frame H expressed in B. The neck system is moved by commanding desired
tendon tension forces for each of the r = 4 tendon actuators and a local tendon tension
force controller for each actuator is implemented. This controller will be described in
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Upper platform (moving)

continuum structure

4 tendons used for actuation

Additional 4 length sensors 

(schematically shown)

Lower platform (fixed)

Force torque sensor

Inertial measurement unit 

Marker target of ground truth

Figure 5.7.: Experimental setup used for the state estimation experiments.

Chapter 6.2. The accuracy and reliability of the implemented state estimation is evaluated
in three experiments, reaching several static poses, moving along actuated trajectories
and motions of the system induced by external disturbances. Before the discussion of
the experimental results, the sensor accuracy is evaluated and the initialization process is
explained.

5.5.1. Sensor accuracy and initialization

Length sensor measurements

The accuracy of the length sensor model is assessed experimentally. Therefore the pose
dependent error vector el(q) ∈ R8 (5.15) is computed at 200 static poses based on the
length sensor information (5.6) and the corresponding model l(q) (5.7). To compute
e(q), the pose q measured by the ground truth is utilized. The left column of Fig. 5.8
shows the component wise absolute error for each sensor reading which states a maximum
error of 2 mm for the tendons and 3 mm for the additional sensors. The origins of these
errors are inaccuracies in the geometric data of the tendon routing of the length sensors,
unmodeled elasticities and friction. Based on the experimental characterization of the
length measurements with almost Gaussian distribution, the covariance Q ∈ R8×8 (5.34)
in the EKF is chosen as diagonal matrix with a maximum squared error of (2 mm)2,

Q = (2 mm)2Iz+r. (5.41)
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Figure 5.8.: Sensor information used for state estimation. First column: Pose dependent
error e(q) of the length sensors recorded at 200 test poses in the workspace.
Second column: Sensor readings of the FTS at rest to visualize the bias

BwFTS,b and noise BwFTS,n component. Third column: Error between the
tendon tension force readings and the projected FTS readings. Fourth col-
umn: Sensor readings of the IMU at rest with removed bias Sab, Sωb to state
assess noise San, Sωn component.
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Force torque sensor measurements

The sensor readings of the FTS are assessed at rest to identify the inherent bias and the
sensor-noise. The second column of Fig. 5.8 show these measurements at rest which state
a maximal noise of 0.2 N/0.002 Nm whereas determined offsets in the readings, i.e. the
mean values, are stored to correct the data on line. In a second step, the calibration gains
delivered by the manufacturer need to be checked which is assessed by statically loading
the sensor with known masses at known distances which create known forces and torques.
After adjusting the gains, the FTS data is compared with the measured tendon tensions by
projecting the FTS-readings into the tendon space using the inverse of the coupling matrix
and the corresponding error of 200 poses in the workspace is reported in Fig. 5.8. According
to the shown histograms of the absolute error, the tendon measurements incorporate larger
errors (up to 40 N), especially the tendon tension of tendon 4. A possible reason for this
high error is the calibration of the tendon tension sensors which is error-prone.

IMU measurements

To assess the IMU data, recordings of a resting IMU are presented which are also used
to identify the process covariance S. The data is shown in Fig. 5.8, with removed sensor
biases. By looking at the sensor noise a Gaussian distribution is present and the maximum
noise values are used for the process covariance,

S =

(
(0.05 m/s2)2I3 0

0 (0.02 rad/s)2I3×3

)
, (5.42)

with the identity matrices I3 ∈ R3×3, Iz+r ∈ Rz+r×z+r and the null matrix 0 ∈ R3×3.

Optimization algorithm

Several optimization algorithms are introduced in paragraph 5.2.1, with given advantages
and disadvantages, which shall minimize the objective function (5.15) in the geometric
estimation approach. To test and compare the algorithms with each other, an offline
evaluation is performed based on measurements of the real system. In this evaluation,
four methods minimize the objective function ||el(q)||22 (5.15) including the r = 4 tendons
and z = 4 additional length sensors. Fig. 5.9 shows the results in two plots which illustrate
the number of step sizes necessary to minimize ||el(q)||22 below a threshold of 0.002 [-].
It can be clearly seen that the DL-algorithm outperforms the others as this algorithm
manages to converge at every data sample and needs four iteration steps at maximum
(only at one sample). The CG method does not converge at most samples whereas the
SD and the QN method do converge (with some outliers) however the amount of steps
necessary for the convergence is considerably higher compared to the DL-algorithm. In
summary, the DL-algorithm is used for the real-time implementation.

Initialization of state and covariance

The proposed state estimation concepts do need an initial guess of the pose and corre-
sponding velocity. As all the experiments start in a resting configuration, the velocity is
initialized correspondingly, q̇0 = 0. The pose q0 is initialized based on the ground truth in
the experiments to generate a comparable initial configuration for every algorithm. Phys-
ically, q0 corresponds to the pose where the ECM is at rest and a pretension of 10 N is
acting in each tendon. Using q0, further quantities necessary for initial step are computed,
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Figure 5.9.: Evaluation of the introduced optimization algorithm, Steepest Descent (SD),
Conjugate Gradient (CG), Quasi Newton (QN) and Powell’s Dog Leg (DL).
Left plot: Number of iteration necessary for the four algorithms to converge,
i.e. minimize the objective function to be smaller the 0.002 [-]. The number
of iterations is truncated at 70 to save time. Right plot: Boxplot of the
objective function after the minimization. If the error is within the blue area,
the corresponding algorithm has converged as the objective function is below
the defined threshold of 0.002.

i.e. the initial tendon length l0, the initial state of the EKF ψ0 including the initial bias
for the acceleration and gyroscope. As a result, the initial confidence in the state is high
which results in a small state covariance and Ψ0,0 is initialized with block diagonal shape
and the sub matrices for the pose Ψq

0,0 ∈ R6×6, the linear velocity Ψv
0,0 ∈ R3×3 and IMU

bias Ψa,ω
0,0 ∈ R6×6 are initialized,

Ψq
0,0 = diag

(
12mm2, 12mm2, 12mm2, 22deg2, 22deg2, 22deg2

)
(5.43)

Ψv
0,0 = diag

(
12mm/s2, 12mm/s2, 12mm/s2

)
(5.44)

Ψa,ω
0,0 = diag

(
12(mm/s2)2, 12(mm/s2)2, 12(mm/s2)2, 12deg/s2, 12deg/s2, 12deg/s2

)
(5.45)

5.5.2. Reaching static poses

In this experiment, the system is driven to 200 static poses in the workspace by com-
manding corresponding tendon tension forces6. The poses are chosen in order to cover the
reachable workspace of the ECM uniformly. Therefore, the 200 are chosen according to
the model-free design technique, discussed in Section 4.2.3, that maximizes the minimum
distance in between the poses. In the experimental process, the pose is estimated by each
concept online whereas data of the estimation and the camera are recorded at each static
pose. As the static accuracy is of interest in this section, the velocity part of the state is
not reported. The pose estimation accuracy is reported by the RMSE of |q − q̂|, given in
Tab. 5.2 and the absolute prediction error |q − q̂|, given by boxplots in Fig. 5.10.

At first, the different alternatives of the sensor placement strategy are discussed, indi-
cated by a)-9, b)-15 and c)-1. The presented sensor placement strategy in Section 5.2.3
suggested three sensor configurations, depicted in Fig. 5.6 which have been experimentally

6Please note that different combinations of the tendon tension forces are used for experimental evaluation.
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Table 5.2.: RMSE of the estimated pose using the proposed algorithms.

RMSE [mm] RMSE [deg]
algorithm x y z θx θy θz

q a)-9 0.64 0.97 2.07 1.10 0.72 1.37
q b)-15 0.83 1.62 4.23 2.68 0.77 1.59
q c)-1 0.10 3.34 0.66 1.24 1.19 1.39

qred 0.48 0.68 0.74 1.98 1.39 1.60
q stat 3.76 3.54 4.30 5.96 5.60 2.00
q EKF 0.80 1.65 2.10 1.14 0.73 1.44

tested regarding their estimation accuracy. Configuration a)-9 and c)-1 are proposed to
deliver good estimates and b)-15 should perform worse according to the defined criteria.
It can be observed that the sensor configuration b)-15, which was chosen as a counter
example, indeed predicts the pose less accurate especially in the z and in the θx direction.
Sensor configuration a)-9 and c)-1 possess similar accuracy for the prediction of θx (as
predicted by the column norms in Section 5.2.3) whereas the prediction of z is less accu-
rate for a)-9. In contrast, the estimation of z is more accurate for c)-1 compared to all
other configuration. At first glance, these results are not well incorporated in simulation
study. However, the motion of the elastic continuum mechanism is strongly coupled along
the y, θz and z, θy direction, i.e. a bending motion involves a rotation and a translation.
Configuration a)-9 provided a low norm in θy whereas configuration c)-1 provided a low
norm in θz. Due to the motion coupling, these low norms along the rotations yield that
coupled translations are also estimated worst. As a result of the sensor placement, an
adequate sensor placement can improve the estimation quality tremendously, i.e. by using
sensors in configuration a)-9 ( or c)-1), the estimation accuracy can be improved by 62%
(61%) along θx or 50% (80%) along z in comparison to sensor configuration b)-15, which
is assessed as a bad configuration. Configuration a)-9 seems the most promising and was
therefore used for the EKF.

In a second assessment, the different state estimation algorithms are compared which
are, the geometric approach based on a reduced kinematic ”qred”, and the estimation of
the full pose q based on the geometric approach ”a)-9”, the static approach ”stat” and
the ”EKF” is discussed. The geometric approach based on the reduced kinematic model
is able to provide the most accurate estimates for the translations which can be seen in
the top row of the boxplot Fig. 5.10 and in the RSME table 5.2. The reduced kinematic
model uses cylindrical coordinates to describe the position which is additionally coupled
by ky, kz to the orientation which appears a good choice. For the orientations, the six-DoF
geometric model and the EKF with configuration a)-9 provide the highest accuracy. The
static estimation concept is not accurate at all in the current implementation. Possible
reasons are that the inversion of the augmented stiffness matrix K̃ (5.27) including the
multivariate polynomial model is strongly nonlinear and the local linearization is not suit-
able.

In summary, the prediction error for the geometric approach using the reduced model
qred, the Six-DoF model with configuration q a)-9 and the dynamic approach, including
the full pose and a)-9 q EKF are comparable. It is noticeable, that the reduced model
qred predict the translations better than the models with the full pose. In contrast, these
models predict the rotational part of the pose more accurately compared with qred. The

125



5. State estimation

q
red

a)-9 b)-15 c)-1 EKF stat
0

2

4

6

8

10
|x

−
x̂
|
[m

m
]

q
red

a)-9 b)-15 c)-1 EKF stat
0

2

4

6

8

10

|y
−
ŷ
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Figure 5.10.: Box plot for the online absolute pose estimation error |qi − q̂i| using the
introduced state estimation concepts. The geometric concepts are indicated
by qred, using reduced kinematic model or different sensor configurations,
here a)-9, b)-15 and c)-1, to estimate the full pose. The static and dynamic
concept are indicated by ”stat” and ”EKF” respectively.

prediction accuracy of a nonlinear-optimization using DL-algorithm (for estimation q a)-9)
is comparable with the EKF with a slight favor towards the nonlinear optimization due
to smaller errors for the prediction along y.

5.5.3. Actuated dynamic motion

The first dynamic evaluation is based on dynamic motions where the head is actuated to
perform a typical motion which consist of ”look down to the right hand”, ”look down”
followed by ”look down to the left hand”, see Fig. 5.11. The corresponding estimation
performance for the pose is shown in Fig. 5.15.

It can be observed, that the absolute estimation error of the geometric and dynamic
state estimation algorithms are comparable and are below 3 mm and 3 deg whereas the
static estimation yields high errors, similar to the pose reaching experiment. A further
similarity is that the estimation error is bigger for z and θx. Interestingly, the EKF
estimates θx better than the NLS optimization although the same measurement equations
are necessary. The IMU contributes by integrating the gyroscope signals which explains
this improvement. Furthermore, it can be assessed that the NLS (”DL-a)”) loses accuracy
at some points, which is visible by higher spikes in the red curve, e.g. in the x plot which
raise the assumption, that a velocity based on a numerical differentiation will be affected.

Fig. 5.16 shows the linear part of the estimated velocity for the algorithms. The static
state estimation concept predicts the pose inaccurate, thus the velocity investigation is left
out. For comparison, the velocity of the ground-truth is plotted as well which is generated
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Figure 5.11.: Typical motion of the head ”look down to the right hand”, ”look down” fol-
lowed by ”look down to the left hand” and corresponding head angles. Most
right picture: Manual interaction with the neck to test the pose estimation
for externally applied forces.

based on a numerical differentiation. The following observations can be drawn. In general,
the quality of the estimated velocities is comparable throughout the algorithm. However,
the bigger steps of the DL-algorithm observed in the pose indeed result in higher noise in
the velocity. As suspected, the bigger jumps of the DL algorithm in the pose estimate yield
high spikes in the velocity (which are also present in the rotational velocity). Theoretically,
a numerical derivative is not possible at these jumps. Practically, the high spikes are not
desired as they need to be absorbed within software. The EKF based velocity estimation
provides less noise resulting and smoother velocity estimates. A small lag in the velocity
estimation is detectable for the EKF, e.g. in BvL,y (middle column). As the motion starts,
the estimated velocity lags behind the ground truth. As fast motions are actuated, this
problem might be handled with an IMU that provides higher sampling rates (> 300 Hz).

The estimation results during dynamic motion, see Fig. 5.15, states (small) asymmetrical
estimation errors which is e.g. perceivable in the top row for y and z. A possible reason
of this asymmetry is the varying accuracy reported for the length measurements, Fig. 5.8.
The distributions state that the four tendons and the four sensors provide different errors
w.r.t. to their model which might result from unmodeled effects such as elasticity, friction,
a varying sensor resolution or linearity issues. Similar to the pose reaching, the concept
based on the static model is the most inaccurate and will not be assessed in the last
experiment. For the estimation using the reduced kinematic model, it can be observed
that the estimation error is higher in y as observed in the pose reaching experiment.

5.5.4. Manual interaction

A requirement of state estimation is to provide reliable estimates in the case of externally
applied disturbances. To assess this condition, the neck is manually moved around, see
Fig. 5.11. By commanding a constant tendon tension force to the actuators, it is possible
to move the system by hand and drive it to feasible poses. The incorporation of the
length measurements assume always fully tensioned tendons, i.e. straight lines between
the connection in the bottom and the moving platform. Therefore, this experiment assess,
if this assumption is violated during a manual interaction or disturbance.

The corresponding absolute estimation error q− q̂ is shown in Fig. 5.17 for the dynamic
state estimation concept only. As the geometric state estimation concept based on the
full pose ”DL a)-9” yielded a similar performance, it is not shown in Fig. 5.17. It can be
stated that the performance of the estimation is not affected by an external force as the
estimation accuracy is comparable with the other two experiments.
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Figure 5.12.: Estimation of the pose during actuated dynamic motions. Top row: Mea-
sured (-) components of the pose q using the ground truth. Rows below:
Corresponding component wise estimation error q − q̄ using the DL algo-
rithm in sensor configuration a)-9.
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Figure 5.13.: Estimation of the pose during actuated dynamic motions. Top row: Mea-
sured (-) components of the pose q using the ground truth. Rows below:
Corresponding component wise estimation error q − q̄ using the DL algo-
rithm and the reduced kinematic model qred.
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Figure 5.14.: Estimation of the pose during actuated dynamic motions. Top row: Mea-
sured (-) components of the pose q using the ground truth. Rows below:
Corresponding component wise estimation error q − q̄ using the EKF algo-
rithm in sensor configuration a)-9.
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Figure 5.15.: Estimation of the pose during actuated dynamic motions. Top row: Mea-
sured (-) components of the pose q using the ground truth. Rows below:
Corresponding component wise estimation error q − q̄ using the static state
estimation concept.
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Figure 5.16.: Estimation of the linear velocity during actuated dynamic motions for the
geometric (”qred” and ”DL a)-9”) and dynamic (”EKF”) state estimation
concepts. The predicted velocity of the static concept is left out as the pose
error is to big. Top row: Full motion. Bottom row: Zoomed view.
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Figure 5.17.: Estimation performance during in manually induced motions of the EKF.
Top row: Measured (–) and estimated (-) components of the pose q. Bottom:
Corresponding component wise estimation error q − q̄.

5.6. Discussion and summary

This chapter provided State Estimation Concepts (SECs) that rely on geometric, static
or dynamic models of the state and corresponding measurements which are acquired from
sensors attached on the system.

Two geometric SECs are introduced. Their commonality is the sensor information that
provides the length of some vector starting at the upper and ending at the lower platform.
The first geometric SEC applies a kinematic reduction to represent the six DoF pose of
the upper platform by four kinematic variables summarized in qred. The SEC manages to
estimate qred in real time whereas the full pose can be generated by a geometric forward
kinematics and the corresponding velocity is acquired by numerical differentiation. The
main advantage here is that no additional sensors are needed as the r length measures are
provided by the tendon actuators. For static poses, the estimation performs comparable
to other concepts with lower errors in the translations and higher errors in the rotation.
The numerically derived velocity corresponds to the ground truth with higher noise and
some spikes which are the result of a bigger step suggested by the optimization algorithm
that solves the nonlinear least square problem. The concept is robust against external
disturbances applied at the head, in contrast, if a tendon is affected, the estimation cannot
be trusted any more. A disadvantage of this SEC is an incorporated error by the kinematic
approximation which cannot be overcome. As the tendon actuators provide data in 3 kHz
and the optimization algorithm converges in 2 steps at maximum, the SEC could be run
in 1-3 kHz which would improve the latency and the noise in the velocity estimation.

The second geometric SEC estimates the six DoF pose with the help of additional length
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sensors and the corresponding velocity is given by a numerical differentiation of the pose
estimate. This SEC proved to be the most accurate regarding static poses. During dy-
namic motions, spikes in the estimated pose occurred which is, again, a result of a big
step that is performed to solve the nonlinear least square problem. Similar to the former
case, the numerically derived velocity is affected which is a disadvantage. A further dis-
advantage is the increased model dimension and a sensor sampling rate of 300 Hz which
slows down the real-time computation. As additional sensors are applied on the system
an increased integration effort is mandatory, including sensor calibration and referencing.
In the current implementation, the sensors are exposed to external collision as they are
placed on the circumference of the ECM which might lead to sensor failure in during a
collision. On the other hand, during collision on the head, the SEC proved reliable which
could be shown in real experiments.
The specific placement of the additional is crucial and highly affects the estimation quality.
Several arrangements of additional sensors are suggested. In this simulation performed
study, the total amount of sensors was limited to four. By including more sensors, limita-
tions of a specific sensor configuration could be overcome. For example, sensor configura-
tion a)-9 provides good estimates in y and worst estimates in z whereas c)-1 provides good
estimates in z and worst estimates in y. By combining both arrangements, the weaknesses
of both configurations can be canceled.

The static SEC in the current implementation did not prove suitable due to a high
estimation error at static poses and during dynamic motions. However, it might be ex-
tended to a dynamic concept using a classical Luenberger observer as discussed in the
corresponding section.

The dynamic SEC fuses the length information of the tendons, the length information
of the additional sensors and IMU measurements. In the present implementation, the
dynamic SEC proved to provide the most accurate estimation of the pose during dynamic
motions and the smoothest velocity estimate. During collision exerted on the head, reli-
able estimates are given, in contrast, if the additional sensors or the tendons are affected,
the estimation is not reliable. Due to an augmented state, the equations are of dimension
15 which does affect the computational demands, however as the estimation converges
over time, the real-time model is not affected. The major drawback of the approach is
the integration effort as 4 additional sensors and an IMU need to be integrated, calibrated
and referenced.
For future implementations, an IMU with a higher sampling rate, e.g. 3 kHz or higher, is
to be integrated to combine fast measurements of the IMU during dynamic motions and
slower measurements of additional sensors for the static accuracy. Here, two sampling
rates are to be introduced in the filter to account for the information of the sensors and
the IMU. Furthermore, the nonlinear optimization and the EKF can be combined. In this
case, the nonlinear optimization serves as measurement, here the full pose is measured,
which is fused together with the IMU to improve the velocity estimate and the accuracy
during dynamic motions. Another second extension of the EKF is to incorporate the state
and measurement covariance as a confidence measure. For example, if a sensor (a tendon
or a additional sensor) breaks or is disconnected, the measurement covariance of this par-
ticular sensor could be strongly increased and therefore, this sensor information will not
be used in the fusion process anymore.

For the implementation of the model-based control approaches and their experimen-
tal verification, the geometric concept based on the reduced kinematic variables is imple-
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mented in a 3 kHz real-time implementation as it provides the best compromise in accuracy
and integration effort in the current form. The decision is based on above consideration
and Table 5.3 which summarizes the advantages and disadvantages of the evaluated SECs.

Table 5.3.: Comparison of the different state estimation concepts (SE concepts). Require-
ment satisfied ”very good” (++), ”good” (+), ”bad” (−), ”very bad” (−−)
and ”no clear statement” (◦).

SE Concept geometric geometric static dynamic (EKF)
estimation of qred (3.65) q (4.14) q (4.14) ψ (5.28)

Requirement 1
Pose estimation accuracy − + −− ++

Requirement 2
Velocity estimation accuracy + + ◦ ++

Requirement 3
Computational demands ++ + + +

Requirement 4
Sensor mobility and robustness ++ + + +

Requirement 5
Reliability during collision + + ◦ +

Requirement 6
Integration and maintenance ++ − − −−
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CHAPTER 6

Model-based control

A tendon-driven continuum mechanism can be used in a variety of applications that usually
involve a coordinated deformation of the continuum to move the upper platform spatially.
To induce this deformation of the continuum, a controller is needed. In this respect,
the main objective is to control the pose of the upper platform that is attached to the
end of the continuum mechanism which can be described by the generalized coordinates
q ∈ R6. The control input to the system are motor torques of the tendon actuators
τm ∈ Rr to generate positive tendon tensions ui ≥ 0 ∀ i = 1 . . . r which deform the
continuum mechanism. As outlined earlier, the present work considers the problem of
r < 6 which implies an underactuated system and demands that reference tracking can
only be demanded for r outputs, denoted y ∈ Rr.

The fundamental concept for the developed controller relies upon the time scale differ-
ence between the dynamics of the tendon actuation and the dynamics of the ECM, and is
called singular perturbation approach. The approach allows decomposing the two dynamic
systems, which are mechanically coupled by the tendons, into a slow and a fast part and
justifies a separate controller design for each part. The major attention of this chapter is
dedicated to the design of the slow part which aims to control the position and orientation
of the upper platform (the head) by commanding desired tendon tension forces ud ∈ Rr.
Nonlinear model-based control approaches are discussed for set point control as it can be
experimentally evaluated for all concepts. In contrast, tracking control is only mentioned
as it would imply to generate dynamically consistent trajectories for the system which is
not in scope of the present thesis.

The presented control approaches are partially published in conference proceedings. The
partial feedback linearization concept is discussed in [84]. The control approach based on
a linear H∞ control is presented in [82] and the fractional order lag controller is presented
in [83]. Furthermore, an extension to the MIMO case is discussed in this thesis.
The theoretical foundation of the proposed approach, the control problem and the de-
sired performance will be specified in the next section before the controller derivation is
presented.
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6.1. Control structure, set point generation & desired
performance

6.1.1. Control structure

The dynamic model of the system that is to be controlled is composed of the dynamics
of the elastic continuum mechanism (4.3) which is elastically coupled, by equation (4.50)
to the dynamics of the tendon actuators (4.48). As these equation a fundamental for the
controllers developed in the following, they are recalled:

M(q)q̈ + k(q, q̇) = P (q)u, (6.1)

y = h(q), (6.2)

u = Kt (Eθm − l(q)) , (6.3)

Bθ̈m +ETu = τm − τ fric. (6.4)

Above equations are structurally similar to the dynamic model of a flexible joint robotic
manipulator [127]. The outputs y ∈ Rr of the system play a crucial role and are de-
fined later on. The proposed control structure in the following is based on the singular
perturbation approach [128] which assumes that the tendon tension dynamics (6.4) and
the dynamics of the ECM (6.1) have different time scales, namely the tendon actuator
dynamics are faster compared with the dynamics of the ECM. This assumption is justified
by the considerably smaller inertia of the motors and the much higher stiffness of the
tendons. Similarly, the motors in the tendon actuation system are considered as torque
sources while commanding currents or voltages and neglecting the dynamics of the current
control loop.

Similar to the work of Ott et al. [129], who applied the singular perturbation approach on
a flexible joint robot, the presented control structure is composed of two separate control
laws, an outer loop slow controller τ s ∈ Rr and an inner loop, fast controller τ f ∈ Rr.
The outer loop is considered as constant for the design of the inner loop. This implies
that the control law for τ f can be designed while treating the ECM to be in steady state
q = const. and the elastic coupling is therefore (6.3) neglected. In the design of the outer
loop, the inner loop error is neglected arguing that, because of its speed, the inner loop is
stabilized before the outer loop is disturbed. In [129], a control law for the motor torques
τm ∈ Rr is proposed which is adapted for the present case to

τm = τ s −ET (Ku,pu+Ku,du̇)︸ ︷︷ ︸
τ f

. (6.5)

For the control of the slow system, above assumption considers a settled tension dynamics
u̇ = 0, which yields for (6.4) with (6.5) neglecting motor friction,

Bθ̈m +ETu = τ s −ET

Ku,pu+Ku,du̇︸ ︷︷ ︸
=0

 ,

ET (I +Ku,p)u = τ s −Bθ̈. (6.6)

Using equation (6.6) in (6.1) and the second derivative of (6.3) with ü = 0, the dynamics
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Figure 6.1.: Block diagram of the proposed control structure which consists of an inner,
faster control loop that accounts for a fast convergence of the tendon tension
u to desired tension ud and an outer, slower control loop that accounts for
set point control of the ECM dynamics to reach desired outputs yd.

equation of the slow part are,(
M(q) + P (q)

(
ET (I +Ku,p)

)−1
BE−1P (q)T

)
q̈ + k(q, q̇)

+P (q)
(
ET (I +Ku,p)

)−1
BE−1Ṗ (q)T q̇

= P (q)
(
ET (I +Ku,p)

)−1
τ s, (6.7)

which are modified in comparison to (6.1) by a reflected motor inertia B on the ECM
dynamics and a corresponding Coriolis and centrifugal term.
By choosing τ s =

(
ET (I +Ku,p)

)
ud with a new control input ud ∈ Rr, the control law

for the motor torques (6.5) equates

τm = ET (ud +Ku,p(ud − u)−Ku,du̇) , (6.8)

and ud can be designed according to a certain control law based on the dynamic equation
(6.7). Due to a positive definite choice of Ku,p, the reflected motor inertia is scaled. In
practice, the terms related to the motor inertia of the tendon actuators are dropped as
B is comparably small considering the inertia of the attached rigid body. Thus, (6.7) is
simplified for the controller design of the slow part,

M(q)q̈ + k(q, q̇) = P (q)ud. (6.9)

The full structure of the proposed controller is illustrated by the block diagram shown in
Fig. 6.1. Under the assumption that above consideration of the tendon tension controller,
i.e. the inner loop, hold and that the state estimation provides the pose and corresponding
velocity without delay, a control law for ud can be used which is applied for classical un-
deractuated systems, e.g. underactuated rigid-link manipulators [130] or quadrotors [131].
As mentioned, a maximum of r outputs can be controlled denoted as the vector of outputs
y which is in general a nonlinear function of the state. However for the designed nonlin-
ear feedback controllers, the knowledge of the full state is required and thus fed back as
indicated in Fig. 6.1.

6.1.2. Set point generation

An arbitrary combination for the components of the desired outputs yd ∈ Rr is not admis-
sible due to the tendon coupling and the elastic coupling of the continuum structure. For
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this reason, admissible desired outputs need to be generated. In general, desired outputs
yd, corresponding velocities ẏd ∈ Rr and accelerations ÿd ∈ Rr need to be dynamically
consistent with the equation of motion (6.1) and need to be reachable with positive tendon
tension forces,

qd = h−1(yd),

0 ≤ ud,i, ∀i = 1 . . . r,

M(qd)q̈d + k(qd, q̇d) = P (qd)ud. (6.10)

The solution of (6.10) is not in scope of the present thesis and will not be treated. Instead,
reachable set points yd are ensured by manually specifying positive tendon forces ud,init ∈
Rr which are used to solve the static equilibrium,

k(qd,0)− P (qd)ud,init = 0, (6.11)

Equation (6.11) is solved offline using an iterative Newton-Raphson scheme. A smooth
transient towards yd is then ensured by generating a four times differentiable steps from
yinit to yd which ensures smoothness also for ẏd and ÿd.

6.1.3. Desired performance

The above described scheme to generate set points implies that the workspace of the real
system is limited by the maximum tolerable tendon tensions of 70 N and the resulting
maximum and minimum values for qd and yd. Tendon slackness should be avoided by
demanding a constant pretension upre,i = 10 N for i = 1 . . . r. Furthermore, it is desirable
to have a negligible steady-state error and a step response with a settling time of ≈ 1 s.
Furthermore, the closed loop system needs to be robust against external disturbances and
exhibit a critically damped behavior when excited.

6.2. Tendon tension control

The fast control loop handles the tendon tension control and basically ensures that desired
tendon tensions ud ∈ Rr are realized by the tendon actuators. The tendon tension control
law is given in (6.8) and will be modified to compensate for dry frictional effects,

τm = ET (ud +Ku,p(ud − u)−Ku,du̇) + τ̃ fric, (6.12)

where τ̃ fric is based on the identified friction model in Section 4.3.1. The structure of the
control law in (6.12) is a state feedback with reference tracking and an additional feedfor-
ward term. The measured tendon tension and the derivative are feedback, illustrated in
the block diagram Fig. 6.1. The feedback signal originates from a tendon tension sensor
in each tendon path.
The closed loop dynamics of system (6.4) and controller (6.12) equates to

Bθ̈ + (τ fric − τ̃ fric) = ET (ud +Ku,p(ud − u)−Ku,du̇)

(ET (I +Ku,p))
−1
(
Bθ̈ + (τ fric − τ̃ fric) +Ku,du̇

)
= ud − u (6.13)

with the identity matrix I ∈ Rr×r. In case of zero reference ud = 0, the system can be
manually move around as the back drive ability of the system is enhanced since remaining
friction (τ fric − τ̂ fric) and the motor inertia B is scaled by ET (I +Ku,p).
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Figure 6.2.: The measured performance of the tendon tension controller in real experi-
ments. A sequence of 200 different combinations of r = 4 desired tendon
tension set points is reached whereas the plot shows a representative excerpt
of the experiments. The absolute steady state error of the tendon tension con-
troller is less than 0.5 N. In the transient phase, small mismatches between the
reference ud,i and the measured tendon tension ui can be observed. Especially
when a large negative step is present (between 15s and 20s for tendon i = 2
and i = 3), the fast response of the continuum counteracts the control action.

Later on, the motion controllers will be tested on the real system, the spatial system
described in section 2.2.2, which brings the necessity to select the matrices Ku,p and Ku,d.
For these experiments, the gain matrices are chosen in diagonal structure with the same
values on the diagonal,

Ku,p = ku,p Ir ku,p = 8,

Ku,d = ku,d Ir ku,d = 0.8, (6.14)

and the identity matrix Ir ∈ Rr×r. In Fig. 6.2, an excerpt of a sequence of several set
points for ud is shown which indicates that the r = 4 independent controllers perform a
stable response to different input steps. In total, 200 different set points are reached and at
steady state, the RMSE is 0.5 N at maximum for all of the four controllers. As a coupled
motion is performed and the r tendons are mechanically coupled at the upper platform of
the ECM, this experiment also highlights the robustness of the designed tension controller
against external disturbances.

As mentioned in the beginning, the tendon tensions used in the feedback are measured
by tendon tension sensors in each tendon path. From a mechatronic point of view, it
is very demanding to integrate one tension sensor in each path due to additional space
requirements and necessary electronics for signal conditioning and AD conversion. As a
second concept, one could apply the measurements of the force-torque sensor (FTS) which
is located at the clamped end of the continuum, see Section 5.1.2. The sensor measures the
clamping forces and torques, denoted Bw

B
FTS ∈ R6 which can be transformed to a wrench
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6. Model-based control

applied at the upper platform by a corresponding, pose dependent adjoint AdBH Bw
B. By

a projection of AdBH Bw
B into the direction of the tendons, using the pseudo inverse of

the tendon coupling matrix P (q)+ ∈ Rr×6, the measurement of the FTS can be applied
to measure the tension forces,

AdBH Bw
B
FTS = Bw

H
FTS , (6.15)

uFTS = P+(q)Bw
H
FTS . (6.16)

With equation (6.16), the control law of the fast loop is reformulated to

τm = (6.17)

ET
(
ud +Ku,p(ud − P+(q)Bw

H
FTS)−Ku,d(Ṗ

+
(q)Bw

H
FTS + P+(q)Bẇ

H
FTS)

)
+ τ̃ fric.

Remark: Commonly, the FTS sensor provides high data rates which is in line with the
assumption of a fast control loop. However, the estimated pose is necessary for the adjoint
(6.15) and the tendon coupling matrix (6.16). This would imply a correspondingly fast
pose estimation which cannot be guaranteed. Equation (6.17) requires the inversion of the
coupling matrix and its temporal derivative. In certain configuration, the matrix might be
ill-posed which implies higher computational demands for the inversion and bigger numer-
ical errors which might be amplified in case of a temporal derivative which definitely limits
the approach and would yield a comparably small gain for Ku,d. Furthermore, in case of
an external collision or interaction with the system, the force torque sensor measurement
do not predict the tendon tensions correctly as the static equilibrium assumed for equation
uFTS = P+(q)Bw

H
FTS is not valid any more.

6.3. H∞-synthesis using a structured description of
nonlinearities

This section treats an approach to derive a control law for the slow control loop based on
a standard approach from the field of automatic control, termed linear H∞ control. The
objective is to control the pose of the ECM expressed by q ∈ R6 which is described by the
dynamic equation of the slow control loop (6.9). The approach is motivated the properties
of the closed control loop, e.g. the bandwidth, can be explicitly specified in the approach
and robust stability can be guaranteed.

In control theory, linear H∞ control is a well-known concept and an extensive introduc-
tion to this control approach is provided in the books of Zhou et al. [132] or by Åström [133].
In general, a linear dynamic feedback controller is designed in the frequency domain and
resulting closed loop fulfills predefined properties, e.g. bandwidth or disturbance rejection.
Linear H∞ control can guarantee robust stability with respect to model uncertainties and
underactuated systems can be treated without specific consideration as shown in [134, 135].
Parametric uncertainties can be explicitly incorporated in the design approach as shown
by Djukanovic [136] using the structured singular value framework. Amann [137] extended
this framework and describes dynamic nonlinearities as norm bounded uncertainties. In
this respect, the dynamics of the system are separated in a linear part and an uncertain,
i.e. nonlinear part. The nonlinear part can then be described by Taylor expansions in the
fully actuated case [137], Fourier series [138] or manually identified transfer functions [139]
for single-input single-output systems.
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6.3. H∞-synthesis using a structured description of nonlinearities

Figure 6.3.: Left: Block diagram of the augmented plant which is fundamental for the
presented linear H∞ controller design. Experimental results of the closed
loop performing a reference step ζd = −10 deg. The robustified controller Kµ

is able to stabilize the system whereas the controller Kγ results in an unstable
behavior which is undesired.

In this section, an approach is presented that extends the work by [137], i.e. treating
the nonlinearities as uncertainties, to an underactuated, multi-input multi-output (MIMO)
system. For the obtained model, a linear H∞ controller is synthesized using known non-
linearities explicitly in the design process. The described approach is published in Shu et
al. [82]1. Therefore, the following section will present the main ideas of this approach and
a more detailed description can be found in [82, 140].

Linear H∞ synthesis is a frequency domain based approach and demands an augmented
structure of the underlying closed loop which will be explained in the following and which
is illustrated on the left side of Fig. 6.3 in a block diagram. For the design, an augmented
closed loop transfer function N(s) ∈ C12×16, with frequency variable s ∈ C, is considered
which relates an augmented input w(s) ∈ C12 to an augmented output z(s) ∈ C16. Here,
the augmented input consists of a reference r(s) ∈ C6 and a measurement noise signal
n(s) whereas z(s) consists of the outputs of the system y(s) ∈ C6, the control error
e(s) = r(s) − y(s) ∈ C6 and the input u(s) ∈ C4. A dynamic controller K(s) ∈ C6×4 is
found by minimizing the worst case effect from w(s) to z(s),

min
K
||N(s)||∞ ≤ γ, (6.18)

with the upper bound γ ∈ R on the closed-loop gain ||N(s)||∞. The dynamic controller
transfer function K(s) has a fixed dimension. However, internal states occur in the syn-
thesis which can be of higher dimensions. The underlying plant dynamics are the equation

1The publication is based on a Master’s thesis of Shu [140] which was supervised by the author of this
thesis.
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of the slow control loop (6.9), in first order form,(
q
q̇

)
= σ(q, q̇) + Γ(q)ud, (6.19)

σ(q, q̇) =

(
q̇

−M(q)−1k(q, q̇)

)
, Γ(q) =

(
0

M(q)−1P (q)

)
, (6.20)

which are approximated by first-order Taylor approximation, i.e. linearization around a
small deviation η ∈ R12 of the equilibrium point (qT0 ,0)T , ud,0 = const. that satisfies

σ(q0, 0) + Γ(q0, 0)ud,0 = 0. (6.21)

Knowledge about the nonlinear part of the system is then explicitly incorporated in the
design process by transforming the second order term in the Taylor approximation

η̇ =

A+
1

2

∂2σ

∂(qT , q̇T )2

∣∣∣∣∣
q0,q̇0

η +

B +
∂Γ

∂q

∣∣∣∣∣
q0

η

uη, (6.22)

into norm bounded parametric uncertainties with an uncertain parameter δ ∈ R12 which
varies in the bounds for each component ηj,min ≤ ηj ≤ ηj,max,

η̇ =

A+
12∑
j=1

Âjδj

η +

B +
12∑
j=1

B̂jδj

uη. (6.23)

The system (6.23) can be further transformed using a Linear Fractional Transformation
(LFT), see[132], to a perturbable system Gp(s) and a real valued block diagonal uncer-
tainty matrix ∆ ∈ R31×31, see Fig. 6.3. To find a solution of (6.18), the closed-loop N(s)
needs to be specified and thus the frequency dependent weights for the sensitivity WS(s),
the complementary sensitivity WT (s), the noise Wn(s) and the control action transfer
function WKS(s) need to be chosen, see Fig. 6.3. As the weights are dynamic and thus
can be designed with a different bandwidth, conflicting goals are circumvented. For exam-
ple, it is not possible to generally minimize e(s) and u(s) in the whole frequency range. In
this case, the sensitivity WS(s) has a high gain at lower frequencies, to account for small
steady state error, whereas WKS(s) has a high gain at high frequencies to account for the
limited actuator dynamics.
Two controllers are designed in [82]. A robust H∞ controller Kµ is designed using a
µ-synthesis with the DK–Iteration algorithm, see [141], which explicitly considers the ob-
tained uncertainty in the controller design. To evaluate the effect of the robust design a
classical mixed synthesis H∞ controller Kγ according to [132] is designed for which the
uncertainty ∆ is neglected and no additional robustification is performed.
Experimental results for the controller Kγ are shown in Fig. 6.3. The performed reference
step ζd = −10◦ results in an unstable system which can be observed by increasing oscil-
lations in the tendon forces and in the angles ζγ and χγ . This instability is also present
if the system is manually disturbed e.g. at its initial, straight configuration which is not
shown here. A different behavior can be seen with the robust Kµ controller, see 6.3. Here
the step response is stable. Furthermore, an overshoot of ζµ can be observed which is only
gradually corrected and a small stationary error is present. As a result, the robustification
of in the controller design yielded a desirable performance as the controller is able to stabi-
lize the system. However, the robust behavior of the Kµ results in a strongly conservative
control behavior and the closed loop takes ≈ 4 s to stabilize which is far away from the
desired settling time of 1 s (see Sec. 6.1.3).
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6.4. Feedback Control

6.4. Feedback Control

The goal of the present section is to derive a control law for ud ∈ Rr, i.e. the slow
outer control loop, see Fig. 6.1 with the dynamic equation in (6.9). The controller should
ensure set point regulation for the position and orientation of the upper platform which
is described by q ∈ R6. Due to the underactuation (r < 6), it is only possible to control
a maximum number of r outputs, denoted y ∈ Rr. The designed controller of the present
section ensures set point regulation for desired outputs yd ∈ Rr by shaping the closed loop
error dynamics to possess a certain property. This goal is achieved by a nonlinear feedback
of known dynamic properties of the system and a novel control input. Two approaches
are presented which are based on a transformation of the dynamic equations to the Input
Output Normal Form (IONF).

6.4.1. Input Output Normal Form (IONF)

For underactuated systems with r control inputs, a maximum number of r outputs y ∈ Rr
can be controlled which are, in general, represented by a nonlinear function h ∈ Rr

y = h(q). (6.24)

The input output normal form, also denoted Byrnes/Isidori input ouput normal form due
its origin, is a concept from differential geometric control theory and a comprehensive
introduction is given by the fundamental work of Isidori [142]. Isidori gives a generic
formalism to derive the IONF that involves 1) r directional derivatives of (6.24) along the
nonlinear state space equations (6.9), i.e. Lie-derivatives, and 2) a nonlinear coordinate
transformation φ(q) ∈ Rn to new coordinates,

(
y
qr

)
= φ(q) =


h(q)

φr+1(q)
...

φn(q)

. (6.25)

In (6.25), qr ∈ R6−r are denoted the remaining coordinates and the transformation φ(q)

need to be a local diffeomorphism, i.e. the its Jacobian
∂φ(q)
q need to be nonsingular. For

a more comprehensive treatment, see [142]. For second order nonlinear systems, i.e. multi-
body systems, the transformation to the IONF can be achieved in a simpler way which
avoids the explicit computation of lie-derivatives. Following the work of Seifried [143],
equation (6.24) and a corresponding second order derivative,

ÿ = H(q)q̈ + Ḣ(q)q̇, (6.26)

is applied in (6.9) to

ÿ = H(q)M(q)−1 (P (q)ud − k(q, q̇)) + Ḣ(q)q̇, (6.27)

which represents the IONF for a general multi-body system. A control law for ud can now
be developed to regulate y to desired set points or track a desired trajectory.

In the present work, the nonlinear transformation (6.25) is a permutation of the gen-
eralized coordinates by the matrix Π ∈ R6×6 that splits q into the outputs y and the
remaining coordinates qr, (

qr
y

)
= Πq = φ(q). (6.28)

145



6. Model-based control

Equation (6.28) yields that the matrix H ∈ Rr×r is also a (constant) permutation matrix.
In other words, as the overall goal is to control the pose which is described by the gen-
eralized coordinates, a subset of these coordinates is chosen as an output. This allows to
divide (6.9) into a block structure, by applying corresponding permutation matrices, which
leads to the following expressions2 for the mass matrix, Coriolis and centrifugal matrix,
vector of gravitational forces, tendon coupling and nonlinear Cartesian spring forces,

M =

(
M rr M ry

Myr Myy

)
, k(q, q̇) =

(
kr
ky

)
, P =

(
P r

P y

)
. (6.29)

To generate the IONF, the dynamics of qr can be expressed using (6.29),

q̈r = M−1
rr (P rud − kr −M ryÿ). (6.30)

Then, (6.30) is set into equation (6.9) which yields

ÿ = M̄
−1 (

P̄ ud − k̄
)

(6.31)

and coincides with equation (6.27). The introduced quantities are

M̄ = (Myy −MyrM
−1
rrM ry) ∈ Rr×r, (6.32)

k̄ = ky −MyrM
−1
rr kr ∈ Rr, (6.33)

P̄ = P y −MyrM
−1
rr P r ∈ Rr×r. (6.34)

In summary, the IONF is composed of the dynamics of the outputs (6.31) and the dynamics
of the remaining coordinates (6.30), often denoted as the internal dynamics of the system.
The following two paragraphs will now derive control laws for ud that shape the dynamics
of the output error ey ∈ Rr which is the difference between y and a desired output yd ∈ Rr,

ey = y − yd. (6.35)

This is done by canceling the output dynamics of the system, demanding a non-singular
M̄
−1

(q)P̄ (q) which is similar to the inverse dynamics approach of fully actuated systems.
As the internal dynamics (6.30) appear through the transformation, one needs to guarantee
that the internal dynamics remain stable for the desired control law, which is otherwise
not applicable.

Remark: If the system is differentially flat, the internal dynamics can be decoupled
from the control law and therefore cannot get unstable through the control action. In a
differentially flay system, a flat output exist from which the full state and the input can be
determined by a finite number of derivatives of the output. Flatness of nonlinear system is
described by the fundamental work of Flies et al. [144] which also provide some examples
to become familiar with the topic.

6.4.2. Partial feedback linearization

The goal of the partial feedback linearization is to shape exponentially stable output error
dynamics, for the output error (6.35). This is achieved by a nonlinear feedback and a
novel control input ū ∈ Rr,

ud = P̄
−1 (

M̄ū+ k̄
)
, (6.36)

2The functional relations will be dropped out, except in the cases where it will be explicitly needed.

146



6.4. Feedback Control

to linearize and decouple of the output dynamics (6.31) to

ÿ = ū. (6.37)

By designing the new control input to

ū = ÿd −Kp(y − yd)−Kd(ẏ − ẏd) (6.38)

with positive definite matrices Kp,Kd ∈ Rr×r and a reference trajectory for (yd, ẏd, ÿd).
The control law (6.38) exponentially regulates the error y − yd to zero as the closed loop
behavior is described by

ëy +Kdėy +Kpey = 0. (6.39)

The control law (6.38) is applicable if and only if the internal dynamics (6.30) are stable. A
formal stability proof for (6.30) is often quite complex especially due to the strong coupling
in the inputs by the tendon coupling P (q). Therefore, the concept of zero dynamics is
applied [142]. The zero dynamics of the system correspond to the internal dynamics under
the constraint that the output is constant, e.g. y = y0 which implies ẏ = ÿ = u = 0,
which yields

M rrq̈r + kr = P rP̄
−1
k̄. (6.40)

For the given examples, the stability of (6.40) is assessed.

6.4.3. Passivity based approach

The goal of the passivity based approach is to create a more robust behavior of the closed
loop system and render the dynamics of the output error (6.35) to be passive. This
control approach also compensates for the nonlinear term k̄(q, q̇) but keeps the imposed
inertia properties of the output dynamics M̄ . By designing the a new control law which
is composed of a nonlinear feedback and a new input ū ∈ Rr,

ud = P̄
−1 (

ū+ k̄
)
, (6.41)

the output dynamics are shaped to
M̄ÿ = ū. (6.42)

The novel control input ū will be chosen to

ū = M̄ÿd −Kp(y − yd)− (Kd + C̄)(ẏ − ẏd). (6.43)

The additional matrix C̄ ∈ Rr×r is introduced in order to produce a skew symmetric term
of the form

( ˙̄M − 2C̄) = −( ˙̄M − 2C̄)T , (6.44)

to generate a control law which renders the closed loop dynamics to be passive. To
determine C̄, the approach proposed in [145] is followed, which is based on the property
that the Coriolis and centrifugal matrix of the system (6.1) fulfills Ṁ = C +CT which is
valid for the given system. After rearranging of (6.29), the matrix can be found to

C̄ =C1 +C2, (6.45)

C1 =Cyy −CyrM
−1
rrM ry +MyrM

−1
rr Cry,

C2 =MyrM
−1
rr CrrM

−1
rrM ry.

The closed loop error dynamics for the passivity-based controller are

M̄ëy + C̄ėy +Kdėy +Kpey = 0 (6.46)

which are passive and the zero-dynamics correspond to equation (6.40).
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Table 6.1.: Controller gains for simulation example 1 & 2

PFL Gains PBC Gains PFL-FEM Gains

Kp kp,1 = 50000Nm Kp kp,1 = 33000Nm Kp kp,1 = 1000Nm
kp,2,3,4 = 50000Nm

rad kp,2 = 91Nm
rad kp,2 = 1000Nm

rad

kp,3 = 18Nm
rad

kp,4 = 44Nm
rad

Kd kd,1 = 500Ns
m Kd kd,1 = 330Ns

m Kd kd,1 = 100Ns
m

kd,2,3,4 = 1000Nms
rad kd,2 = 2Nms

rad kd,2 = 100Nms
rad

kd,3 = 0.35Nms
rad

kd,4 = 0.87Nms
rad

Simulation example 1

In the first example, the reduced nonlinear model based on the NKLS-model of the contin-
uum is applied and the designed controller are examined. The generalized coordinates are
q = (l, φ, η, ζ, θ, ι), see equation (4.28) and the outputs are chosen to y = (l, ζ, θ, ι)T .
After a set point is reached in the simulation study, the system is externally disturbed
whereas afterward, the system is driven back to the initial configuration. The desired
set point is generated as described in Section 6.1.2 with ud,init = (10, 40, 40, 10)T which
corresponds to a motion to the front and yields that l, η, ζ are majorly moved. The
disturbance torque is applied along θ only with 1 Nm for 0.3 s. The controller gains
Kp, Kd ∈ R4×4 for the partial feedback linearization (PFL) and the passivity based ap-
proach (PBC) are summarized in Tab. 6.1 and the simulated behavior is given in Fig. 6.4.
The simulated behavior displays no significant difference between the PFL and the PBC as
both controllers present a stable response and track the desired output perfectly without
perceptible control error. As a perfect knowledge of the physical parameters is assumed
in the simulation, this is not surprising. However, it needs to be noted that the external
disturbance which is applied on θ is visible in φ, one of the remaining coordinates, and the
controller is not able to damp this motion. In contrast, good vibration damping can be
assessed in θ. By the nonlinear feedback, the states of the internal dynamics are rendered
unobservable which might be the explanation for the shown characteristic.
The second and fourth column of Fig. 6.4 displays the control action ud and the projected
compensation of P̄ (q)−1f̄ ∈ R4 for each tendon i = 1, 2, 3, 4. Here, the term f̄ ∈ R4 is
generated similarly to equation (6.33),(

f r
fy

)
= Πf(q),

f̄ = fy −MyrM
−1
rr f r. (6.47)

By observation, the major amount of control action is generated by the projected feedback
compensation of the continuum spring (6.47). This adds robustness to the closed loop
system as the controller gains can be set comparably low.

As mentioned, the nonlinear control law (6.36) and (6.43) are applicable if and only if
the internal dynamics of the IONF (6.30) remain stable which is assessed by the concept
of zero-dynamics. In the thesis, local asymptotic stability of (6.40) is investigated using
Lyapunov’s indirect method. As all the Eigenvalues of the linearized zero dynamics3 are

3The equation of motion are linearized around the static equilibrium point q0 = (0.95, 0, 0, 0, 0, 0)T which
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Figure 6.4.: Simulation example 1 which compares the partial feedback linearization
(PFL)and the passivity based control (PBC) approach using the equation of
motion with the NKLS approximation of the continuum. Column 1-2: Out-
puts y, remaining coordinates qr, control action ud and nonlinear feedback
of the PFL approach. Column 3-4: Outputs y, remaining coordinates qr,
control action ud and nonlinear feedback of the PBC approach.
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in the left half-plane (−3.75 ± 59.7i, −3.75 ± 57.7i), we can conclude local asymptotic
stability of (6.40).

Simulation example 2

The second example treats the partial feedback linearization approach for the dynamic
FEM model derived in the Appendix A.1. The generalized coordinates of the system
q ∈ R3(kel+1) are given in (A.36) and the equation of motion are recalled,

M(q)q̈+k(q, q̇) = CL,TP (qL)ud = P̄ (qL)ud, (6.48)

k(q, q̇) = CL,TCHC
Lq̇L + f int + fg,beam + fg,head + dq̇.

As the structure of the dynamic FEM equations are comparable to a nonlinear rigid body
dynamics, the partial feedback linearization based on the IONF is applicable. In total,
r = 2 tendons are attached on the system yielding ud ∈ R2. Thus, two outputs can be
controlled, selected to

y = (xL, θL)T , (6.49)

and the remaining coordinates qr ∈ R3kel+1 are

qr =
(
x1, z1, θ1, . . . , xkel , zkel , θkel, zkel+1

)T
. (6.50)

Following the procedure displayed in Section 6.4.2, the output dynamics are linearized and
decoupled. The new control input is designed according to (6.38) with positive definite
matrices Kp,Kd ∈ R2×2, see Tab. 6.1, and a reference trajectory for (yd, ẏd, ÿd). The
simulative results for the proposed set point controller are given in Fig. 6.5. A similar
behavior can be observed compared to the results when using the reduced nonlinear model.
As before, the main contribution of to the control action is generated by the nonlinear
feedback of the internal forces of the continuum which adds robustness and the internal
dynamics is stable with no oscillations. The internal dynamics correspond to the dynamics
of the nodal degree of freedom along the centerline and a continuous bending can be
observed for the simulated aggressive motion.
While observing the control action for both tendons, it needs to be noted that the tendon
which opposes the motion counteracts the motion during the transient phase, i.e. it pulls
in the opposite direction of the motion.

6.5. Feedforward compensation of the continuum

In the former section, a control law is suggested which cancel known dynamic properties
of the input output normal form (IONF) by feedback under the assumption that the
internal dynamics are stable. For the hardware implementation later on, this yields that
the full estimated state is used to compute nonlinear forces due to gravity, internal forces
of the continuum, Coriolis and centrifugal terms and damping. Due to inaccuracies in the
estimated quantities, this might result in an undesired behavior.
In the simulation examples 1 and 2 it is observed, that the amount of control action
is mainly resulting from the feedback of the internal forces of the continuum, i.e. the
restoring forces of a deformed continuum.

correspond to the straight configuration of the mechanism in which no tendon forces are present,
u = (0, 0, 0, 0)T .
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Figure 6.5.: Extension of the partial feedback linearization approach to a beam finite ele-
ment model to control a set point step of the desired outputs (6.49)

By applying a feedforward control scheme, known dynamic quantities can be compensated
based on the desired state of the dynamic equations which avoids feedback of the estimated
state and still ensures a compensation of the restoring forces of the continuum, assuming
a good knowledge of the model. In this respect, Seifried [146] suggests a composite control
law for ud which consists of a feedforward ud,ff ∈ Rr and a feedback part ud,fb ∈ Rr,

ud = ud,ff + ud,fb. (6.51)

For the design of ud,fb, Seifried [146] suggest simple linear decoupled controllers on qd ∈
Rn, i.e. the derived desired generalized coordinates from yd. For justification, it is argued
that the feedback part is only active in cases of disturbances in which the configuration
of the system is close to the desired one. The major control effort is carried by the
feedforward part. In the following, two approaches are proposed for an underactuated
system. At first, a classical inverse model approach is discussed. Second, the so-called
servo-control problem is derived and discussed.
The feedforward control law which is derived via model inversion is similar to the one
from the partial feedback linearization (6.36) however using the desired state qd, q̇d and
the desired second order derivative of the output ÿ ∈ Rr,

ud,ff = P̄
−1

(qd)
(
M̄(qd)ÿd + k̄(qd, q̇d)

)
. (6.52)

In a perfect world in which all dynamic parameters are perfectly known, the control law
(6.52) implies that ÿ − ÿd = 0. However, to generate the desired state along a trajectory,
the internal dynamics (6.30), a second order differential equation, need to be solved. In
summary, the feedforward control law using model inversion consist of three consecutive
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steps: 1) the desired outputs need to be differentiated to get ẏd and ÿd 2) the driven
internal dynamics (6.30) need to be solved to generate the full desired state (q, q̇) and
3) algebraic equation (6.52) need to be applied. Similar to a feedback linearization, the
approach is applicable if and only if ud remains bounded which means that the internal
dynamics remain stable.
A second alternative according to [146] for designing a feedforward controller is the servo-
constraint approach which considers a desired output yd in an additional motion constraint
c(q) ∈ Rr to which the equation of motion (6.9) need to conform with,

M(q)q̈ + k(q, q̇) = P (q)ud,

c(q) = h(q)− yd = 0. (6.53)

Equation (6.53) is a differential-algebraic equation and its solution yields qd and the
control input ud. Usually, to acquire the solution in real-time on hardware requires higher
computational demands which yields that this approach is not suitable for the control
problem of this thesis. Nevertheless, controller design based on servo-constraints remains
a suitable topic for underactuated continuum mechanisms and a good introduction is given
in [147].

In this work, a composite controller according to equation (6.51) is investigated and
implemented on the real hardware. The feedback part ud,fb ∈ Rr is a simple, decoupled
PD-controller,

ud,fb = P̄
−1

(q) (Kc,p (yd − y) +Kc,d (ẏd − ẏ)) , (6.54)

with positive definite gain matrices Kc,p, Kc,d ∈ Rr×r. The second part is a feedforward
actions which is designed based on the inverse model approach. Again, motivated by the
fact that the major control action will account for the deformation of the continuum spring,
the inverse model considers static quantities only. The control law (6.52) is therefore
modified to account only for the terms related to the continuum spring f̄(q) ∈ Rr,

ud,ff = P̄
−1

(qd)f̄(qd),

f̄(qd) = fy(qd)−Myr(q)M−1
rr (q)f r(qd), (6.55)

with the quantities given in equation (6.33) and (6.34). The desired pose qd is generated
within the set point generation framework, therefore offline, as explained in section 6.1.2.
With equation (6.54) and (6.55), the overall control law design in this section can be
summarized to

ud = P̄
−1

(q)
(
f̄(qd) +Kc,p (yd − y) +Kc,d (ẏd − ẏ)

)
(6.56)

Simulation example 3

For comparison reasons, the composite control approach (6.51) is investigated in a sim-
ulation study. To provide a good comparison, the same simulated procedure is carried
out as in simulation example 1. The reduced nonlinear model based on the NKLS-model
is applied as dynamic model based on which the designed controller is examined. The
generalized coordinates are q = (l, φ, η, ζ, θ, ι), see equation (4.28) and the outputs are
chosen to y = l, ζ, θ, ι. A setpoint is reached in the simulation study, and then the
system is manually disturbed whereas afterwards, the system is driven back to the ini-
tial configuration. The desired set point is generated as described in Section 6.1.2 with
ud,init = [10, 40, 40, 10]T which corresponds to a motion to the front and yields that l, η, ζ
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Figure 6.6.: Simulation study using the composite feedback of feedforward and feedback
controller. The desired trajectory of yd is the same as in the simulation
example 1

are moved mainly. The disturbance torque is applied along θ only with 1 Nm for 0.3 s.
The results of the simulation study are illustrated in Fig. 6.6. A perfect knowledge of
the continuum spring is assumed which yields almost perfect tracking in the simulation.
However, a slight lack in the real trajectory can be observed in the transient phase of the
set point control which is assumed to be due to the neglected effects of inertia and Coriolis
forces in the feedforward and therefore could yield to a worst tracking performance. In
contrast, the composite controller with the feedforward term can cope with the distur-
bances much better which can be observed in Fig. 6.6. Especially the oscillation in the
remaining coordinates is comparably small and damped much faster. Thus, it is expected
that this approach is more robust against disturbances from outside.

6.6. Experimental results

This section will treat an experimental comparison of two controllers. The first con-
troller includes a partial feedback linearization, to linearize and decouple the input-output
dynamics and enable a linear control law for the systems along desired outputs (see Sec-
tion 6.4) and is denoted ”PFL” in the following. The second controller of Section 6.5 is
designed as a composite feedback which is composed of feedforward control action and a
feedback term and is denoted ”FF-FB” in the following.
The steady state accuracy, the transient behavior and the robustness against external
disturbances of the implemented controller are evaluated in three experiments which are
reported by Section 6.6.2, Section 6.6.3 and Section 6.6.4 respectively. Beforehand, the
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Table 6.2.: Controller gains empirically tuned for the experiments

PFL Gains FF-FB Gains

Kp kp,1 = 250Nm Kp kp,1 = 1Nm
kp,2 = 25000Nm

rad kp,2 = 12Nm
rad

kp,3 = 50000Nm
rad kp,3 = 12Nm

rad

kp,4 = 1500Nm
rad kp,4 = 9Nm

rad

Kd kd,1 = 2Ns
m Kd kd,1 = 0.001Ns

m

kd,2,3 = 200Nms
rad kd,2 = 0.1Nms

rad

kd,4 = 120Nms
rad kd,3 = 0.1Nms

rad

kd,4 = 0.06Nms
rad

setup of the experiments is present.

6.6.1. Experimental setup

The experiments are carried out on the spatial test bed which is described in Section 2.2.2.
The control law of the fast loop is implemented according to Section 6.2 which presents
the achieved performance on the same test setup. In the following, three practical issues
are given that help to understand the presented experimental results.

Generalized coordinates and output choice: Similar to the simulation examples,
the continuum mechanism is described by the generalized coordinates q = (l, φ, η, ζ, θ, ι)T ,
see equation (4.28), which implies an approximation of the continuum characteristic by
the NKLS model of section 4.2.2. A total number of r = 4 outputs are selected to
y = (l, ζ, θ, ι)T . The choice of outputs can be motivated by the fact that the motion
of φ and η is strongly coupled towards the motions of θ, ζ whereas the l-direction can be
actuated more independently e.g. by pulling all tendons simultaneously.

Empirical tuning of gain matrices: The gain matrices in equation (6.38) for the
PFL controller and in equation (6.54) for the FF-FB controller are empirically tuned in
the experiments. Furthermore, a diagonal structure is chosen and the simulation examples
provide a good initial guess. The chosen controller matrices are summarized in Tab. 6.2.

Tendon pretension and initialization: A pretension of upre = [10, 10, 10, 10]T is
added to desired tendon tension forces ud ∈ R4, generated by a controller, to avoid tendon
slackness. To initialize the nonlinear controller correctly, the static equilibrium equation
is solved,

k(q0,0) = P (q0)upre (6.57)

to find the initial pose q0 ∈ R6 (and y0 ∈ R4) that correspond to the application of the
pretension forces.

6.6.2. Steady state accuracy

The steady state accuracy describes the error between the outputs y and the desired out-
puts yd when the system is at rest. Therefore, the transient behavior is not examined. In
the experimental study, a total number of 50 set points are reached by both controllers.
The set points for yd (and also qd) are generated by the procedure described in Sec-
tion 6.1.1 and therefore correspond to static equilibrium points of the mechanism. To
compare the steady state accuracy, the component wise output absolute error is computed
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Figure 6.7.: Comparison of partial feedback linearization (PFL) and feedforward control
(FF-FB) approach with respect to their steady state accuracy. A total number
of 50 poses is sampled in this experiment. The boxplot illustrates the absolute
error between desired and measured outputs.

at steady state poses,

|ld − l|, |ζd − ζ|, |θd − θ|, |ιd − ι|. (6.58)

The steady state error of both controllers is shown in boxplots in Fig. 6.7. Both controller
possess a comparable steady state error with median values in between 1 deg and 2 deg.
However, it needs to be noted that partial feedback linearization controller possess a
considerable higher error in the ι component. In the experiments, it was not possible
to tune the corresponding proportional controller gain kp,4 high enough to contribute to
a smaller error. While increasing this particular gain, the closed loop system tends to
get unstable due to an amplification of high-frequency noise. A reason for this behavior
might be the state estimation, currently implemented as a nonlinear optimization which
performs bigger steps from time to time. In summary, the FF-FB controller provides
overall a smaller steady state error and is therefore considered as superior.

6.6.3. Transient behavior

The transient behavior of the closed loop is investigated by a motion sequence where the
spatial testbed is driven to 10 consecutively reached set points. The motion starts and
ends in the initial configuration. The transition time in between the desired set points
is set to 1 sec which generates a dynamic motion. The recorded poses, belonging to this
motion sequence, are depicted in Fig. 6.8 and include typical motions of the robotic neck.
The corresponding data of the hardware to assess the transient behavior is illustrated in
Fig. 6.9 for the PFL controller and in Fig. 6.10 FF-FB-controller. Both figures express
the component wise output error yd − y in the top row. The second row depicts the
amount of control action which needs to be generated by the linear part of the respective
controller. The overall control law of the PFL-controller is given in equation (6.36) and
the second row of Fig. 6.9 expresses the part of (6.36) which belongs to the linear part,
i.e. the projected new control input ū onto the tendon directions,

P̄
−1
M̄ (ÿd −Kp(y − yd)−Kd(ẏ − ẏd)) . (6.59)

For the case of the FF-FB controller, the second row of Fig. 6.10 depicts the difference
between the total desired control action ud and the feedforward term (6.55).
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1 2 3 4 5 6

7 8 9 1110 12

Figure 6.8.: Motion sequence of ten setpoint poses of the robotic neck. The different poses
are reached subsequently and the time in between each pose is set to 1 s.

The transient behavior of the PFL controller is stable for the investigated set points and
the controller manages to move the system along the 10 desired set points with a transition
time of 1 s. However, for the set points 1, 3, 6 and 10 the controller does not manage to
stabilize the system to the desired set point in this short time period which can be observed
by a non-steady control error. The highest control error is present in ι which coincides
with the behavior shown in the ”steady state” experiments in paragraph 6.6.2. By looking
at the desired tendon tension forces, generated by the PFL controller, two important
observations need to be noted. The PFL controller demands high tension forces in the
tendons, considering a maximum tolerable tension of 80 N. A possible reason for this is
the acceleration feedforward in combination with an insufficient knowledge of the inertia
properties as the high tension are demanded in the transient phase. In case the inertia or
Coriolis terms are not generated with accurate parameters, the nonlinear feedback might
over-compensate these which would result in such high tension forces during the transient.
The second observation reveals that the PFL controller desires negative tendon tension
forces, which is not feasible as these cannot be realized by the tendons. As introduced in
earlier, a pretension upre is added to ud to avoid tendon slackness. However, a commanded
tension of −40 N (see Fig. 6.9) cannot be compensated by this strategy. As a result,
saturation is implemented in the control loop that prevents from commanding negative
tensions.

The transient behavior of the FF-FB controller is also stable for the investigated set
points and similar to the PFL-controller, all set points are reached in the given amount
of time, except set point 1 and 5 which is shown in Fig. 6.10. The highest control error is
present in ζ which coincides with the behavior shown in the ”steady state” experiments in
paragraph 6.6.2. By compensating the continuum spring with the feedforward term ud,ff ,
the feedback term of the composite control law (6.51) does not need to generate high
tension forces which can be observed in the lower column of Fig. 6.10. Here, the tension
levels remain below 15 N whereas the tension levels of the PFL controller where almost
60 N. Negative tendon tensions are also commanded by the feedback part of the controller
during some transients, e.g. from set point 10 back to the initial configuration, however
they are below 10 N and are therefore absorbed by the additional pretension forces upre.

6.6.4. Robustness against external disturbances

The robustness of the controllers are examined in the following experiment and Fig. 6.11
depicts the response of the system. Starting from the initial pose, the mechanism is driven
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ū
[N

]

i = 1

i = 2

i = 3

i = 4

Figure 6.9.: Transient behavior of the PFL controller that drives the system to a sequence
of consecutive set points. The grey areas mark the periods at which the desired
output has reached it set point. Top row: Component wise output error yd−y.
Bottom row: Control action of the feedback part of the controller.
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Figure 6.10.: Transient behavior of the FF-FB controller that drives the system to a se-
quence of consecutive set points. The grey areas mark the periods at which
the desired output has reached it set point. Top row: Component wise out-
put error yd − y. Bottom row: Control action of the feedback part of the
controller (6.55)
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Figure 6.11.: Investigation of the behavior of the closed loop while an external disturbance
is applied on the system (indicated by the red time periods). Left column:
PFL. Right column: FF-FB.

to a desired set-point yd. After the system has reached steady state, it is manually dis-
turbed, indicated in grey to highlight the corresponding time periods. The disturbance
is applied in two directions, the first disturbance acts along the negative y axis and the
second disturbance acts along the negative z-axis. After the disturbances, the system is
driven back to the initial situation. By observation of the behavior for both controllers
shown in Fig. 6.11, it can be stated that both closed loops remain stable under the ap-
plied disturbances. Under the assumption that the manual disturbances are similar, the
control error of the PFL controller is smaller during the first disturbance compared with
the FF-FB controller, which is achieved by higher commanded tensions. In the second
disturbances, the control error of both controllers is of similar magnitude but this time,
the commanded tendon tension of the PFL controller are considerably higher. This yields
that the PFL controller needs to command considerably higher tendon tensions cope with
the disturbance.

6.7. Extension: Gain design by Fractional Order Control

Section 6.4 presents the derivation of a control law of for the slow loop that linearizes and
decouples the nonlinear dynamics of the output y ∈ Rr. This partial feedback lineariza-
tion approach involves a new input ū ∈ Rr which is used to generate exponentially stable
output error dynamics by a simple proportional-derivative (PD) control law. The gain
matrices are diagonal, due to the decoupled structure of the dynamics, whereas the gains
for each coordinate are chosen empirically without a specific consideration of the imposed
bandwidth or the incorporated robustness.
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The term fractional order in Fractional Order Control (FOC) relates to the order of
the frequency variable s ∈ C which appears when a transfer function of a linear dynamic
system is expressed in the frequency domain. For example, an integer order PD controller,
with a transfer function in the frequency domain PD(s) ∈ C expresses

PD(s) = kp + kd s
1 (6.60)

with (integer) order = 1. In fraction order control, the concept of integer orders is ex-
tended and allows for a general order = α ∈ R ( a fractions of an integer). The general
derivation of fractional order transfer functions relies on a generalization of integration
and differentiation to a non-integer order fundamental continuous integral-differential op-
erator. For an introduction to the topic, the tutorial by Chen et al. [148] is recommended
or the comprehensive book by Monje et al. [149] is suggested.
For linear single-input single output systems, fractional order control is applied experimen-
tally to a variety of applications [150]. Furthermore, systems that incorporate structural
compliance [151, 152] are treated. In these works, the compliance led to unwanted os-
cillations and the designed controller damps these undesired vibrations. For systems in
which the structural compliance enables the motion, a fractional order controller lag com-
pensator showed a promising performance. The work is published in Deutschmann et
al. [83] whereas the controller design is based on a general formalism by Monje et al. [153].
In the following section, the design procedure and this preliminary study are discussed.
Afterwards, the design procedure is utilized on the spatial system.

6.7.1. Preliminary study: Application of fractional order control onto a
Single-Input Single-Output system

The preliminary study treats the planar test bed described in Section 2.2.1. Instead of
linearizing the system via nonlinear feedback, the dynamic behavior is experimentally
obtained and modeled as a linear time invariant a linear time invariant transfer function
G(s) ∈ C of second order,

G(s) =
Kω2

n

s2 + 2δωns+ ω2
n

=
ΘL(s)

τL(s)
. (6.61)

The dynamics in x and z are neglected in the following. The transfer function (6.61)
relates the tip angle θL ∈ R of the planar continuum mechanism and the control action
is a generalized torque τL ∈ R at the tip that is generated by the two, antagonistically
acting tendon forces u ∈ R2. The design procedure of the fractional order controller is
in the frequency domain which yields that θL and τL are transformed into the frequency
domain to ΘL(s) ∈ C and τL(s) ∈ C. The tendon-tension control dynamics is neglected
whereas the actuator positions are used to estimate θL. In the investigated workspace, the
relationship between the actuator positions and θL is linear. The experimental identifica-
tion of (6.61) yields the steady-state gain K = 0.0631, the Eigen frequency of the system
ωn = 37.8021, and the linear damping δ = 0.4.

It is outlined above that a fractional order lag compensator is designed in the preliminary
study which is adapted from a general fractional order proportional-integral-derivative PID
controller PIDfrac(s) ∈ C with input filter, see [153],

PIDfrac(s) = kcx
α

(
λ1s+ 1

s

)λ
︸ ︷︷ ︸
FO PI controller

(
λ2s+ 1

xλ2s+ 1

)α
︸ ︷︷ ︸

FO lead or lag

.
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In [83], it is discussed that the PI part of the controller is not feasible for the present
mechanism since external collisions and disturbance are inevitable in continuum mecha-
nism which result in an accumulation of control action due to the integral part. Therefore,
a generalized fractional order (FO) PDα(s) ∈ C controller is designed,

PDα(s) =

(
λs+ 1

xλs+ 1
,

)α
, (6.62)

which corresponds to a fractional order lead or lag compensator, depending on the sign of
α. The transfer function (6.62) can be physically interpreted as a FO-PD controller plus
a noise filter. Three parameters, α, λ, x ∈ R, are incorporated in the controller and will be
determined by fulfilling the following requirements. Following [153] specifications related
to gain crossover frequency ωcg ∈ R, phase margin ϕm ∈ R and a robustness constraint
are going to be considered, due to their importance regarding performance and stability.
The design problem is to determine α, λ, x that the controller (6.62) complies with the
following:

• Gain crossover frequency. The crossover frequency ωcg of a transfer function
specifies the bandwidth of the system. The crossover frequency is defined as

|PDα(jωcg)G(jωcg)|dB = 0 dB (6.63)

• Phase margin. According to [154], the phase margin ϕm is related to the damping
of the system and is an important measure for robustness. The phase margin is
defined as

arg(PDα(jωcg)G(jωcg)) = −π + ϕm (6.64)

• Robustness to variations in the gain of the plant. According to [155], this
requirement can be addressed by demanding:

d(arg(PDα(jω)G(jω)))

dω

∣∣∣∣
ω=ωcg

= 0 s (6.65)

Equation (6.65) ensures that the phase of the open loop system PDα(jω)G(jω) to be flat
at ω = ωcg and in this way almost constant within in an interval centered at ωcg. This
property implies a higher robustness against changes in the steady-state gain whereas
a possible overshoot is almost constant within a range, a property which is called ”iso-
damping” property of the transient. The parameters α, λ, x are found by applying the
design method from Monje et al. [153], a specified crossover frequency of ωcg = 3 [rad/s]
and a specified phase margin of ϕm = 80 [deg] which results in a controller that is expressed
by

PDα(s) = 906

(
6.97s+ 1

0.0069s+ 1

)−1.12

. (6.66)

To evaluate the performance of the controller (6.66), two integer order controller are de-
signed using the same frequency domain related specifications for ωcg and ϕm, which are a
integer order PID and a integer order LAG compensator. The corresponding Bode plot of
the three designed controller, PID, LAG and PDα(s) (FOC) in open loop is given in the
left of Fig. 6.12 which states that each controller (approximately) fulfills the desired speci-
fications. The implementation of a FO controller is usually done by an IO- approximation.
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For details and a review see [149]. Here (6.66) is approximated using the MATLAB c© rou-
tine invfreqs which fits the frequency response of the FO controller in a frequency of two
decades around the gain crossover frequency, with two poles/zeros:

˜PD
α
(s) =

0.3908s2 + 67.3s+ 774.4

s2 + 7.465s+ 0.8204
(6.67)

The experimental results confirm that the inaccuracy in the linear approximation of the
system dynamics can be handled by these robustness properties of the fractional order
controller. Now, it will be discussed to which extent one can make analytic stability state-
ments for the application of the (linear) fractional-order controller to the nonlinear system
dynamics. In particular, the passivity properties of the closed-loop system are investigated.
As a purely mechanical structure, the continuum mechanism clearly is a passive system
with the physical energy as a storage function, considering the input τL and the output
θ̇L. This input-output pair represents the physical power between the controller and the
mechanism. In the following, it is investigated if the designed controllers represents a
passive system w.r.t. the input θ̇L and the output −τL, i.e. in feedback interconnection
with the mechanism. Since passivity is preserved by feedback interconnection of passive
subsystems [156], passivity can be concluded of the closed loop system. To investigate
passivity of the controllers, a transformed controller transfer function P (s) = −PDα(s)1

s
need to be considered, which is in essence, the transfer function transformed to the desired
power ports, the input θ̇L and the output −τL . Passivity requires Re(P (jω)) ≥ 0 (positive
realness) for all frequencies ω, which can be checked with a Nyquist plot. Figure 6.12, right
shows the Nyquist plots of P (s) corresponding to the three designed controllers. One can
easily observe that the fractional-order controller as well as its finite-order approximation
are positive real, while this is not the case for the PID controller. Notice that this analysis
assumes that the dynamics of the force-controlled actuators is sufficiently fast so that it
can be neglected and thus the desired control torque τL can be realized instantaneously.
While unmodeled dynamics at the level of the continuum mechanism can be handled in
this way, unmodeled dynamics at the actuator level would need a different approach.

The left column of Fig. 6.13 depict experimental step responses for a reference step
of θL,d = 20 deg of the closed loop system with the FO controller, the PID controller
and the LAG compensator. It can be observed that FO controller overshoots (peak value
of 20.44◦), as expected due to a phase margin of ϕm = 80 deg. The final value of the
response is 19.65◦, i.e. a almost negligible steady-state error due to the absence of an
integral component. The PID controller presents zero steady-state error due the integral
action. The lag compensator presents a higher steady-state error (final value of 17.77◦).
The transient of the three controlled systems possesses a similar settling time whereas the
rise time for the FO controller is considerably lower. The second column of Fig. 6.13
emphasizes, that the FOC controller can handle smaller and bigger steps as well.

To excite the robustness of the closed-loop system, additional (unmodeled) masses are
placed on the top of the mechanism. These additional masses imply a change in the total
impedance of the system. The additional masses on the top are progressively increased to
mext = {97, 194, 380, 566, 663, 849} g and corresponding behavior is depicted in Fig. 6.14
for all three controllers. The FO controller presents a robust performance to this variation
of the overall impedance, and is able to cope with higher additional masses before the
closed loop gets unstable. The PID controller and the lag compensator become unstable
for mext = 566 g, see Fig. 6.14.
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Figure 6.14.: Experiment to investigate the robustness of the designed controllers. Ad-
ditional unmodeled masses are attached to the mechanism and a reference
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controller. The closed loop is not stable for an additional mass of m = 566 g
which can be observed by high oscillations in the tendon tension u2. Middle:
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Figure 6.15.: Experimental responses with the FO controller, the PID controller and the
integer-order lag compensator in the presence of disturbances. Left: 0◦ tip
deflection. Right: 20◦ tip deflection.

A requirement for the present mechanism is to handle external disturbances which are
investigated in a last experiment. Here, the system is controlled to a desired set point at
which it is disturbed by a falling mass of ≈ 1 kg which is attached to the tip in order to gen-
erate reproducible disturbances. The experiment is carried out at two different set points,
θ. = 0◦ and θL = 20◦. The results are shown in Fig. 6.15. A robust performance is obtained
by all controllers. However, the disturbance rejection property of the FO controller is su-
perior compared to the inter order controllers, which can be observed by a faster return to
the set point. The reported behavior is sustained by a video that shows the experiments,
see https://www.youtube.com/watch?v=ivR-3bN0LVA&feature=youtu.be.

In summary, the fractional order controller provides a better trade-off between accu-
racy and bandwidth than the integer-order controllers, the controller possesses a superior
disturbance rejection time and shows a higher robustness to unmodeled dynamic effects.
Due to the promising results, it will be applied to the spatial system which is treated in
the subsequent section.

6.7.2. Application on a Multi-Input Multi-Output System

The subsequent section will present the application of a fractional order control onto multi-
input multi-output (MIMO) systems. A similar design procedure as presented in the last
section is reported including 1) measurement of the real input-output behavior and 2) de-
sign of SISO controllers for each input-output pair. For the application of this framework,
a general MIMO system needs decoupled and linearized which can be done by a partial
feedback linearization as discussed in Section 6.4. The resulting linearized output dynam-
ics (6.37) represents, in terms of a linear transfer function, r double integrators which and
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Table 6.3.: Approximation of the linearized input-output dynamics as second order trans-
fer functions and corresponding fractional order PD-controller

Input-Output pair Gi(s) PDα
i (s)

i = 1 0.007585
s2+6.745s+18.46

177610 + 49250s0.7

i = 2 0.1344
s2+2.981s+9.484

4322 + 3171s0.69

i = 3 0.02268
s2+1.561s+7.798

18459 + 18952s0.68

i = 4 0.6777
s2+5.052s+14.05

1459 + 588s0.68

relate an input ū ∈ Rr, here generalized accelerations, up to generalized positions y ∈ Rr.
In the following, this concept is applied on the spatial testbed (Section 2.2.2) which is
linearized and decoupled by feedback. Basically, the same control law that has been ex-
perimentally applied for the experiments of Section 6.6, is used in the following and the
drawback of experimental tuned gains is overcome by using a fractional order controller
tuned by the tuning method described by Monje et al. [153]. In theory, a transfer func-
tion with a double integrator would imply that only damping is needed to generate a flat
phase for robustness [151], see equation (6.65). However, based on observation on the
real hardware, the output dynamics cannot be fully decoupled and linearized due to pa-
rameter mismatches and unmodeled parameters like friction. Therefore, the input-output
characteristic is measured for each of the r = 4 outputs experimentally and approximated
by second order transfer functions for each input-output pair, see Tab. 6.3. To empha-
size the applicability, a fractional order PD-control is tuned by specifying a flat phase
(6.65), phase margin (6.64) and crossover frequency (6.63). Similar to the preliminary
study presented in Section 6.7.1, a crossover frequency of 3 [rad/s] and a phase margin
of 80 [deg] seems suitable as a settling time for the transient response should be approxi-
mately 1 s with a slight overshoot to overcome velocity dependent friction. However, the
fractional order PD controller tuned with these specifications does not provide suitable
results in the experiments as the control action in steady state is not sufficient. Therefore,
a higher cross-over frequency is specified to 100 [rad/s]. The tuned controllers which use
the adapted specifications are given in the second column of Tab. 6.3.

Experimental results are presented in the following and experimental procedure covers
the same transient motions and the disturbance test of Section 6.6. The steady state ac-
curacy is similar to PFL controller and is therefore not specifically reported. The dynamic
motion sequence is depicted in Fig. 6.16. A lower overall control error can be observed in
the first row of Fig. 6.16 in comparison to the controller that uses empirically tuned gains
of Fig. 6.9. However, the controller action is opposed onto the system in a fast manner,
indicated by high slopes in the beginning of each motion which is not desired. Abrupt
accelerations and decelerations are induced and might violate the time scale assumption
based on which the overall control approach is based. For the investigated set points, the
control loop is observed to be stable. However, an oscillatory behavior of the closed loop
is present and can be observed at set-point five. Here, tendon i = 3 performs small oscil-
lation which indicates that the time-scale property is violated and therefore a re-tuning of
the controller needs to be reconsidered.

To investigate the robustness of the fractional order controller, an experiment is per-
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Figure 6.17.: Closed loop behavior of the feedback linearized system which is controlled
by four fractional order PD controllers. A comparably simple motion is
performed whereas in the indicated time periods, an external (manual) dis-
turbance is applied on the system.

formed which consists of a simple planar motion that drives the spatial testbed to a
desired setpoint. Here, the system is manually disturbed in two different directions which
is followed by driving the system back to the initial configuration. The response of the
closed loop is depicted in Fig. 6.17. The closed loop remains stable under the disturbance,
however the induced desired tendon tensions are comparably high. Furthermore, the frac-
tional order controller is still commanding negative tendon tensions which in fact cannot
be realized due to a hard saturation of the control-input as tendons can only pull.

In summary, this Section discussed the applicability of a fractional order controller onto
tendon-driven continuum mechanism. The approach can handle robustness and a desired
bandwidth of the closed loop at the same time and showed a superior performance on a
SISO system. As it is a linear approach requiring SISO system, a combination with the
feedback-linearizing controller is experimentally tested on the spatial testbed. Theoretical
considerations for the controller design were not applicable on the real hardware due to
unmodeled effects and due to the fact that the feedback linearization might not be able
to fully linearize and decoupled the input output dynamics. Therefore, the input-output
behavior is experimentally obtained for the r = 4 outputs. Although the steady state
accuracy could be slightly improved with the application of the presented fractional order
PD controller, compared to the empirically tuned ones, the measured behavior is oscillatory
during certain motions and the control action is volatile, therefore a robust closed loop
cannot be reported in the current implementation.

6.8. Extension: Distribution of tendon tension

The use of tendons as a power transmission element in mechanisms in general provides
several advantages. For example, the actuation units can be placed remotely, which lowers
the link-sided inertia, and by a proper design of the tendon routing the generated torque
at the link side can be increased. A major disadvantage that arises from the application
of tendons is their inherent saturation which allows the transmission of positive tensions
only. From a control perspective, a saturation of the control input is present which is
usually difficult to include in a control law.
In the present thesis, this problem is address by setting a ”user defined” pretension forces,
empirically chosen, which are added to the desired tendon tensions of the slow control
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law. By generating desired set points as described in Section 6.1.2, it is ensured that
the generated setpoint is a static equilibrium using positive tensions in each tendon. For
the application of the class of mechanism, it is desired to perform spatial motions. The
current set point generation is therefore not feasible as it would either require specifying
a six dimensional pose of the upper platform or demanding the desired tendon tension
forces that correspond to the desired pose in the application. In contrary, it seems more
suitable that a user desires a position or orientation only and an algorithm computes a
desired pose from the user desired values. This section will address this new problem by
two essentially different methods. Both methods enables, that either the position or the
orientation only of the upper platform can be specified and the corresponding remaining
coordinates of a full pose are computed under the constraint that the required tendon
forces remain positive. The transient of the motion is not considered in this presented
extension, therefore the static equilibrium equation is considered,

k(q,0) = P (q)u, (6.68)

for the setpoint generation in the following.

In general, the problem is that one wants to command a subset of the desired pose as
setpoint, denoted the task coordinates qt ∈ Rm, with m < n, whereas a full pose need to
be generated with the constraint that this pose yields positive tendon tension forces. In
principles, a constraint optimization problem needs to be solved,

arg min
u,qp

k(qp, qt,0)− P (qp, qt)u, (6.69)

u− upre ≥ 0,

which finds an adapted set of the not specified generalized coordinates, denoted qp ∈ Rn−m
while ensuring that the corresponding tendon tension forces are bigger than a specified
threshold u > upre, with upre ∈ Rr. The constraint minimization can be solved using
state-of-the-art constrained optimization solvers, see [123]. In the following, two specific
methods to deal with the above problem are introduced which results in a fast computation
of the solution by utilizing the gained knowledge of model.

6.8.1. Projection of pretensions

In rigid-link, tendon driven mechanisms a redundant tendon actuation is required [117].
By looking at the corresponding coupling matrix P (q) ∈ Rn×r where r > n applies here, it
appears that only part of the tendon tensions are generating a generalized torque τ q ∈ Rn.
Therefore, it is possible to adjust an internal tendon tension force uint ∈ Rr,

u = P (q)+τ q + uint, (6.70)

where P (q)+ is the generalized pseudo inverse. The pseudo inversion can be weighted
such that the solution minimizes specific cost function [157]. The non-weighted Moore-
Penrose pseudo inverse minimizes the internal tension and distributes them equally. The
introduced internal tendon forces can be chosen such that it points into the Nullspace of
P (q) and therefore does not generate a torque into the direction of τ q. With the Nullspace
projector (I − P (q)+P (q)) ∈ Rr×r according to [158], this projection can be realized by

uint = (I − P (q)+P (q))upre. (6.71)
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Figure 6.18.: Left: Simulated configuration of the spatial testbed using the Nullspace pro-
jection approach to compute qp and a suitable set of tendon tensions u.
Right: Simulated configuration of the spatial testbed using the generated
suitable set points.

In the present thesis the above concept is adapted for tendon-driven continuum mecha-
nisms which are underactuated. As mentioned, only a subset of q ∈ Rn, namely the task
coordinates qt ∈ Rm, are specified. By demanding that the number of task coordinates is,
at least, smaller by one than the number of tendons, m + 1 ≤ r, equation (6.68) is split
up into two equation,

k(qp, qt) = P (qp, qt)u,

kp(qp, qt) = P p(qp, qt)u, (6.72)

kt(qp, qt) = P t(qp, qt)u. (6.73)

Equation (6.72) expresses the generalized torques along qp, denoted kp(q) ∈ Rn−m whereas
equation (6.73) expresses the generalized torques along qt, denoted kt(q) ∈ Rm. As above
in (6.71), a Nullspace projector N t(q) ∈ Rr×r for the task coordinates is introduced,

N t(q) = (I − P t(q)+P t(q)), (6.74)

which enables to project pretension forces into the Nullspace of P t(q) ∈ Rm×r, i.e. does
not create a generalized torque along kt(q). However the projection and the computation
of the Nullspace projector (6.74) require that the additional constraint equation (6.72) is
fulfilled. By inserting (6.74) in (6.73),

u = P t(qp, qt)
+kt(qp, qt) +N t(qp, qt)upre, (6.75)

the constraint equation (6.72) can be reformulated to

kp(qp, qt)− P p(qp, qt)
(
P t(qp, qt)

+kt(qp, qt) +N t(qp, qt)upre
)

= 0. (6.76)

Equation (6.76) need to be solved for qp while the desired task coordinates qt and desired
pretensions upre are provided.

To test this algorithm on a real problem, the spatial test bed is utilized which is de-
scribed Section 2.2.2. The reduced nonlinear model is utilized using the NKLS model of
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Section 4.2.2 which yields that the number of generalized coordinates is n = 6 and the
number of tendons is r = 4. The number of specified task coordinates are m = 3 < r = 4
and it is desired to reach the angels qt = (ζd, θd, ιd)

T = (−1, 12, 6)T [deg]. For a this
example, a desired pretension is set to upre = (10, 10, 10, 10)T [N]. Equation (6.76) is min-
imized using the Dog-leg method, described in Section 5.2.1, as it proved to be suitable
for solving minimization problems for highly nonlinear functions.
By minimizing (6.76), qp = (l, φ, η)T is found to (9.27 [cm], 17 [deg], −1 [deg])T which
corresponds to an equilibrium configuration. However, the suggested tendon tension at
this equilibrium configuration is (42, 33, 6, −0.33)T N which results in an insufficient solu-
tions as tendon tension four is smaller than zero, as illustrated in Fig. 6.18. The Nullspace
projection (6.75) ensures that the tendon pretension does not affect a generalized torque
in kt(q). By using the Moore-Penrose pseudo inverse of P t(q)+, a inverse is realized that
minimizes the internal forces, i.e. the pretensions which is in this case conflicting. To solve
the problem, the user specified pretension need to be increased to higher values.
As outlined by this example, the non-weighted Moore-Penrose pseudo inversion ensures
an inversion while minimizing the overall internal tension in the tendon. By a different
weighting in contrast, the aforementioned goal might be replaced and would ensure a
positive tendon tension of all tendons in general.

6.8.2. Generation of suitable set points

In contrast to the former approach, no Nullspace of the coupling matrix is applied. In
the following, the constraint optimization problem (6.69) is transformed to simple root
finding problem of a function k̃(q,u) ∈ Rn+r by the following considerations. First of all
for simplicity, a planar system is considered where two tendons are attached to a tendon-
driven continuum mechanism, e.g. the planar test bed of Section 2.2.1. It is obvious,
that in any case, only one tendon is responsible to move the mechanism to the left and
the other tendon is responsible to move the mechanism to the right. This yields directly
that, if the motion direction is specified, only the opposing tendon might go slack. This
thought experiment is transformed to a spatial mechanism and it is assumed that if the
task coordinates qt ∈ Rm are specified, at least one tendon does not contribute to the
motion and might go slack. Therefore, this tendon, denoted tendon i = ∗ is chosen and
constraint to have a fixed pretension value of upre ∈ R. With that, the function for
the root-finding problem k̃(q,u) ∈ Rn+r is constructed from static equilibrium equation
(6.68), a constraint equation that ensures that the desired task coordinates qd,t ∈ Rm are
achieved and the constraint for tendon ∗ is fulfilled, k(q)

qd,t
u∗

−
 P (q)u

qt
upre


︸ ︷︷ ︸

˜k(q,u)

= 0, (6.77)

which is solved explicitly to find (q, u). As the Jacobian matrix of (6.77) can be computed
analytically, a fast solution can be guaranteed which enables an implementation directly
within a real-time code that runs on the hardware. Tendon ∗ is identified by looking at
the r×m sub matrix of the transposed of the coupling matrix P t(q)T ∈ Rr×m, evaluated
at the initial pose q0 ∈ Rn. Then, tendon ∗ is selected as the tendon with the highest
negative change in tendon length ∆l ∈ Rr for a desired change in the task coordinates,

min
∗

(∆l) = min
(
P t(q0)T

(
qd,t − qt,0

))
. (6.78)
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The physical interpretation is that tendon ∗ is selected as the tendon that gets considerably
longer compared to the other tendon for performing the motion to the desired task coor-
dinates. Algorithm 3 finds the solution to (6.77) by applying a iterative Newton-Raphson
solution scheme. Here, a trigger variable (Boolean) distinguishes if the algorithm should
be executed or not to avoid unnecessary executions and is set if a change in qd,t is detected
by software.

Algorithm 3 Algorithm to find a configuration qp and suitable tendon forces u for a
desired task coordinates qd,t

specify pretension upre
specify desired task coordinates qd,t
specify maximum number of iterations max iter ∈ N
specify the tolerance tol ∈ R
set qp = qp,ti−1

set u = uti−1

find tendon ∗ by evaluation of equation (6.78)
if trigger is False then
qp,ti = qp
uti = u

else
for i← 1, max iter do

compute f̃(qp, qd,t,u)

compute K̃(qp, qd,t,u) =
∂

˜f (qp,qd,t,u)

∂(qT ,uT )T

if ||f̃ ||2 < tol then
break

end if

update the pose:

(
q
u

)
=

(
q
u

)
− K̃−1

f̃

if i = max iter then
algorithm did not converge

end if
end for
set qp,ti = qp
set uti = u

end if

The above derived method is again applied on the previous example of the last section.
Here, the spatial system described in Section 2.2.2 is used. The reduced nonlinear model is
utilized using the NKLS model of Section 4.2.2 which yields that the number of generalized
coordinates is n = 6 and the number of tendons is r = 4. The number of specified task
coordinates are m = 3 < r = 4 and it is desired to reach the angels qt = (ζd, θd, ιd)

T =
(−1, 12, 6)T [deg]. For this example, a desired pretension is set to upre = 10 [N]. The
Algorithm 3 is applied and finds a suitable configuration for qp and corresponding tendon
tensions u while demanding that the tendon which performs the largest negative motion,
see equation (6.78), is set constantly to 10 N. The solution is depicted in the right of
Fig. 6.18 and the algorithm determines qp = (l, φ, η)T to (9.14 [cm], −19 [deg], −2 [deg])T

which corresponds to an equilibrium configuration whereas the found tendon tension at
this equilibrium configuration is (50, 40, 10, 10)T N. First of all, this algorithm ensures
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that the desired task coordinates are reached and a positive tendon tension is ensured.
It is obvious, that this method implies higher tendon tension forces and overall a slightly
different qp in comparison to the projection based approach.

6.9. Summary

The previous chapter derived nonlinear model-based control approaches to control the con-
figuration space of the upper platform of tendon-driven continuum mechanisms. Based on
the hypothesis that the dynamics of the tendon actuators and the dynamics of the contin-
uum mechanism possess a different time scale, a composite control law is derived which
contains a control action of the fast loop and a control action of the slow loop. The fast
loop ensures tracking of desired tendon tension forces. The control law of the slow loop
accounts for the set point control for the upper platform of the continuum mechanisms
and was of primer interest.

As a first approach, a linear H∞ controller is derived for the class of mechanism. Knowl-
edge about nonlinearities of the system is incorporated in the approach by a transformation
of the equation of motion into a parameter-affine state space representation which can be
specifically treated in the synthesis of a linear robust H∞ controller. In practice, the ro-
bust control approach presented a stable response of the closed loop system. However, the
pursuit design strategy for the controller minimizes the worst case effect of known distur-
bances and parameter mismatches which results in a conservative controller that does not
fulfill the specified performance. In the following, two other nonlinear control approaches
are derived that treats the underactuation present in this class of mechanisms specifically
by a transformation of the dynamic equations to the input-output normal form. This al-
lows deriving a model-based control law for the dynamics of the output which are chosen
as a subset of the configuration space variables. Two essentially different approaches are
proposed. The first approach is a feedback compensation controller which cancels known
dynamic properties of the output dynamics by nonlinear feedback. An additional, new
control input is introduced that allows imposing the error dynamics of the closed loop
passivity or exponentially stability. The second approach contains a feedforward control
action, to account for steady-state accuracy, and a feedback control action to account for
disturbances and is based on an adapted inverse dynamics approach. The performance of
the controllers is tested in three dedicated hardware experiments which account for steady
state accuracy, the transient behavior during dynamic motions and external disturbances.
The desired performance specifications are met in both approaches. A strong feature of
both controllers is the provision of the control action that deforms the mechanism. In
steady-state, this contribution to the control action is high and the feedback gains can
be set comparably low which adds robustness to the closed loop system, a desired prop-
erty. Comparable steady state accuracy is assessed for both controllers for 50 poses in
the workspace. The partial feedback linearization controller yields maximum root mean
square error (RMSE) for the control error of 1 mm in position and 3.5 deg in orientation.
The composite controller in contrast achieves a maximum RMSE of 0.5 mm in the position
and 1.5 deg in orientation. Both approaches are able to handle external disturbances with
a similar disturbance rejection capability. The pure feedback controller however, reaches
the physical limitations of the tendon actuation regularly. As tendons are only able to
pull and commanded negative tendon tension forces need to be prohibited, saturation in
software need to be utilized which is in general undesired. The composite controller in
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contrast, is able to reach all desired set points, despite of fast motions or external distur-
bances are present, without reaching these limits. A drawback of both approaches is that
the controller gains are tuned empirically in the experiments. This issue is addressed by
an extension of the partial feedback approach. A preliminary study is presented which
utilizes a linear fractional order controller to control the orientation of a planar testbed of
Section 2.2.1. It is possible to stabilize the nonlinear system with a linear fractional order
lag compensator at different setpoint and the robust performance could be achieved which
was not possible with PID controller designed with the same specifications. For the spatial
testbed in contrast, the fractional order controller did not yield a considerable increase
in the performance compared to the empirically designed PD controllers. A reason for
this might be that the assumption of a fully linearized and decoupled output dynamics
is jeopardized in practice due to unmodeled effects like friction and the dynamics of the
actuation or the state estimation.

The second extension addresses an application driven problem. In general it is not con-
venient to command a complete six dimensional pose, i.e. the generalized coordinates, as
the corresponding kinematic variables are highly coupled in the workspace. In contrast,
the orientation (or the position) of the upper platform, denoted as the task coordinates,
are fairly decoupled. The presented extension enables to generate feasible set points for
the generalized coordinates of the upper platform by specifying the task coordinates only.
Two algorithms are suggested which additionally consider, that the mandatory tendon
tensions at the setpoint are positive. The first approach is based on a projection of a
user defined pretension in to the Nullspace of the coupling matrix of the task coordi-
nates. The projection employs an inversion which is performed using the Moore-Penrose
pseudo inverse and yields that the overall internal tendon tension is minimum. At some
poses, this yields that the user defined pretension need to be set considerably higher as
otherwise, the tensions in the tendons is not positive. The other approach formulates ad-
ditional constraint equation and identifies one tendon which does not contribute to reach
the task-space coordinates. This tendon then is constraint on a fixed, positive pretension
and ensures overall that positive tensions are present.

Overall, the composite controller that contains a feedforward and a feedback action in
combination with the set point generation that ensures desired positive tendon tension
forces seems to handle the control task, i.e. set point regulation of an underactuated
continuum mechanism with nonlinear tendon coupling at best.
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CHAPTER 7

Summary & outlook

Intrinsic passive compliance in robotic systems was considered as a drawback in the past,
but can be a feature today. A novel perception for passive compliance in robots among
the robotic community set a paradigm shift in the design of new system such as the highly
elastic humanoid robot David [159] or the two legged system C-Runner [160]. These sys-
tems possess (adjustable) mechanical compliance which are deliberately introduced in the
actuation and separate the motor dynamics from the link side. Since a control law cannot
react in the very first instant of an external impact, the intrinsic mechanical compliance
serves as the only protection of the robot. Some robotic systems of the described kind ad-
ditionally employ tendons as a power transmission element from the actuators to the link.
This enables remotely placed actuators with lower inertia, smaller form factor and high
dynamics for the link side. As a result novel compliant actuators based on tendon-driven
continuum mechanisms are investigated more recently in research and it is envisioned to
combine the above mentioned advantages with the capability to design a highly integrated
structure with intrinsic actuation and sensing such that a motion with several degrees of
freedom can be realized.

The present doctoral thesis contributes towards this ultimate goal by examining a class
of tendon-driven continuum mechanisms and develops specifically designed approaches for
modeling, state estimation and control. The treated class covers mechanisms with a beam-
like, continuum structure manufactured out of soft material that is placed in between two
rigid platforms. A fixed number of tendons are attached to the upper platform and a
coordinated loading of the tendons will deform the continuum and position the upper
platform spatially. The main objective of this thesis is to develop modeling, state estima-
tion and control approaches for the motion of the upper platform which are applicable on
real hardware system.

In the modeling domain, this doctoral thesis presented two approaches. The first one is
dedicated to the analysis of the class of mechanisms whereas the second one is dedicated
for model-based control. To analyze the statics and dynamics, an initial experimental
study revealed that a general nonlinear Timoshenko beam model predicts all incorpo-
rated deformations. With the corresponding kinematic assumptions, the nonlinear beam
model is analytically derived and adapted for the present class of mechanisms to include
a nonlinear material law in the compression direction and nonlinear tendon coupling. In
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contrast to prior works that assume beam like structure in robotics research, a beam finite
element discretization is applied and provides equations with a reduced size, compared to
a volumetric finite element model, and the common structure of a multi-body system. By
a careful identification of the material parameters, the experimentally obtained behavior
of two different prototype systems can be predicted with a mean error in position and
orientation of 0.5 mm and 0.8 deg for the planar and a mean error in position and orienta-
tion of 2.3 mm and 2.6 deg for the spatial system. The developed model was fundamental
thereafter for the developments throughout the present doctoral thesis and has been ap-
plied in Chapter 4, Chapter 5 and Chapter 6 for workspace analysis. However, a mean
computational time of 0.12 s to solve the equations of the spatial system in the present
implementation prevents the model from the usage in real time-control.
The second contribution to the modeling domain addresses computational efficiency and
is used within model-based controllers on the real hardware. Herein, it is suggested to
abstract tendon-driven continuum mechanisms as a rigid body on top of a nonlinear spring
system which essentially reduces the number of degrees of freedom and therefore improves
the computational efficiency. The modeling of the rigid body and the tendon coupling is
equivalent to the beam finite element model. The description of the continuum mecha-
nism in contrary incorporates the novelty. An approximation is introduced that describes
the nonlinear spring system, either by an abstract spatial Cartesian spring, or by a series
of joints that contain linear springs. For the experimental identification of both models,
a uniform procedure is introduced for the class of mechanism and tested on several real
continuum mechanisms. In the first alternative, the Cartesian components of the nonlin-
ear spring are approximated by full cubic polynomial function of the pose of the upper
platform. Consequently, the geometry of the deformation and material properties are hid-
den within the polynomial coefficients. Due to the polynomial structure, an analytically
stiffness matrix can be derived, which is symmetric, whereas it could be shown that the
restoring forces of the continuum can be predicted with a maximum root mean square er-
ror (RMSE) of 1.57 N and 0.08 Nm. The serial kinematic structure of the second modeling
alternative consists of five rotational and one prismatic joint and a linear joint elasticity
is introduced in each of the six joints. The abstraction is inspired by elastic joint robotic
manipulators due to serial kinematic arrangement whereas the experiment expressed a
good approximation capability of the restoring forces and torques with maximum RMSE
of 3.3 N and 0.26 Nm. In contrast to methods from the state of the art, which are based
on a given kinematic structure using constant curvatures, no singularities are incorporated
in the workspace which is a great benefit. Secondly, the introduced approach including
the calibration ensured that the equilibrium poses of the model are equivalent to the ones
from a real continuum mechanism. In this way, the steady-state accuracy of model-based
controllers is enhanced which try to compensate for such nonlinear terms.
In this respect, the research question Q 1 ”Can we capture the static and dynamic be-
havior of the system in a uniform, computationally efficient, reduced model without losing
accuracy and dynamic effects?” is answered by two different approaches which derive the
equation of motion and the static equilibrium equation for the class of mechanism. They
are uniform in the sense that the resulting equations possess a common structure whereas
the computational efficiency is only given for the second, substantially reduced model
described in Chapter 4.

State estimation is indispensable for the model-based nonlinear control approaches pre-
sented in this thesis. Furthermore, it is envisioned to apply mechanisms of the defined class
as generic joint modules, however geometric forward and inverse kinematics cannot be ap-

176



plied which brings the necessity of state estimation. The present doctoral thesis introduces
three state estimation concepts. For the class of tendon-driven continuum mechanisms, a
different problem is addressed compared to the state of the art as the shape of the contin-
uum is not of interest. In contrast, dynamic motions of the upper platform are investigated
and therefore the pose and velocity of the upper platform is searched. Herein, the present
thesis contributes with the derivation and experimental comparison of geometric, static
and dynamic state estimation concepts that rely on the information of on board sensors.
The presented static estimation concept yielded no suitable results due to large estima-
tion errors at static poses and during dynamic motions. For the remaining concepts, a
geometric estimation concept based on length measurements, e.g. tendon lengths, offers
the highest accuracy at static possess, with a maximum RMSE of 1.3 mm for the position
and 1.0 deg for the orientation. During dynamic motions or interactions in contrast, a
dynamic estimation concept provides a higher accuracy, as the overall position and orien-
tation error stay below 2 mm and 2 deg. The gained accuracy might result from the data
fusion which is carried out in the dynamic estimation concept. The length information are
fused in an Extended Kalman Filter together with linear accelerations and angular rates
of an inertial measurement unit. As the dynamic concept is comparably accurate at static
locations, and velocities are estimated in the filter as well, the dynamic state estimation
concept is suggested as the answer to the posted research question Q 2 ”Which meth-
ods are applicable to estimate the relevant states of the system to use them in feedback
control?”. However, the concept relies on many sensors that have been integrated for a
first prototype which required a higher effort for integration, calibration and maintenance.
This needs to be carefully counterbalanced by the gained accuracy for each application
specifically.

In order to position the upper platform of the mechanism spatially, a coordinated tension
need to be applied for each tendon. A common approach from the literature is a so called
”kinematic controller” for which desired task space variables, that describe the pose of the
upper platform, are transformed to desired actuation space variables based on a kinematic
transformation. Then, a local actuation control loop ensures set point control or reference
tracking. The goal of the present doctoral thesis is to reach desired set points with the
upper platform dynamically and external disturbances shall be handled by the controller.
Therefore, the commonly applied control loop is insufficient as external contacts or the
dynamics of the mechanism, perceptible in the transient behavior, are not addressed by this
control approach. Furthermore, the intrinsic underactuation of tendon-driven continuum
mechanisms is not specifically treated in state-of-the-art approaches. The illustrated short
comings are addressed by the presented configuration space controllers in this doctoral
thesis.
The fundamental assumption for the design of model-based controllers is that the dynamics
of the tendon actuation and the dynamics of the continuum possess a different time scale.
Based on this, the overall dynamics can be decoupled into a fast and a slow control loop
and a separate control law is then derived for each loop. To control the slow dynamic
system, i.e. the position and orientation of the continuum mechanism, a linear- H∞
controller, a nonlinear feedback linearization, and a composite controller with feedforward
and feedback action is proposed. By design, the H∞ controller yields a robust performance
but the conservative control action does not fulfill the set performance specifications. It
is a standard approach from automatic control and the underactuation is not specifically
treated. In the design of the other two controller laws, this is substantially different. Here,
the idea is to reduce the control design of the original underactuated system to control
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a lower order nonlinear system, termed input-output normal form. The order of these
dynamic equations is limited by the number of inputs and thus ensure a full actuation.
As a first approach here, a partial feedback linearization is performed that linearizes
and decouples the output dynamics and a novel control input ensures reference tracking.
Secondly, an approach based on the inverse output dynamics is proposed that generates a
suitable feedforward action based on the desired setpoint whereas an additional feedback
term ensures that external disturbances are regulated.
The experiments assess set point control for the defined outputs which majorly express the
orientation of the upper platform. The setpoints are reached dynamically under external
disturbances. Both controllers are able to stabilize the system during all experiments.
With regard to the posted research question Q 3 ”Which model-based control methods
enable set point regulation of an underactuated continuum mechanism with nonlinear
tendon coupling ?”, the thesis recommends the composite approach with feedforward and
feedback action as it exhibits a lower steady state error and more robust behavior in the
examined dynamic motions and under external disturbances.

The overall outcome of the present doctoral thesis is a novel treatment of a continuum
in robotics research. The novelty here includes the description of the overall system
as a tendon-driven multi-body system modeled by a nonlinear rigid-body dynamics. In
combination with the proposed real-time pose and velocity estimation allows to use this
nonlinear model in real-time control. Furthermore, the structural properties of the model
allow employing classical control methods for underactuated multi-body systems which
adapted to provide set point control for the upper platform. The main focus of the
algorithms were accuracy, to predict the real behavior, mobility, as only onboard sensors
are employed and real-time capability since the algorithm shall be implemented on real
robotic systems.

The summary above outlined, that this thesis follows a ”classical approach” for the
control, commonly applied in robotics research. In a nutshell, a controller cancels known
dynamic properties of the system to impose the closed loop dynamics a desired dynamic
behavior. By observation, continuum mechanisms seem to have already favorable dynamic
properties, like inherent stability or a partial compensation for gravitational forces, which
seems conflicting with this ”classical approach”. In contrast, the control objective and
application relevant constraints in the actuation or the desired workspace may be con-
sidered already in the design of a continuum mechanism and would render this classical
approach unnecessary. Beyond that, one could think of systematically designed structures
that allow for motions in specific directions while other directions are highly damped or
constraint. Such an embedded design process to fulfill certain control objectives, or vice
versa, could help to extend the usage of one single tendon-driven continuum mechanism to
a generic joint module based on which serial or parallel robotic manipulators can be built
to address future challenges or use cases. To emphasize this roughly sketched procedure,
an illustration is given in Fig. 7.1.

To pursue the ultimate goal of highly integrated structures with intrinsic actuation and
sensing such that a motion with several degrees of freedom can be realized, general purpose
joint modules might be a first step. In this respect, these modules shall realize basic motion
capabilities like pitch, yaw, and roll, and are built upon a unified modeling approach that
incorporates rigid and elastic bodies. As the main linkage between model-based design
and model-based control, the unified model provides accuracy, required in the design,
and computational efficiency for the control. A promising approach here is a continuum
mechanical model, discretized via the finite element method with, either volumetric or
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Figure 7.1.: Embedded process to systematically develop generic joint modules based on
tendon-driven continuum mechanisms for diverse application scenarios.
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beam finite elements, in combination with special shape-functions that already incorporate
the characteristic of the deformation and thus minimize the number of necessary nodes.
The resulting models for dynamic simulation resemble a multi-body system, i.e. nonlinear
ordinary differential equation, which is an advantage since the field of automatic control
provides sufficient methods for system analysis and controller design.

Contrary to the ”classical approach”, the properties of the closed loop system are shaped
in the design of the continuum’s geometry and the routing of the tendons. Herein, a frame-
work needs to be developed which arranges tendon channels or pulleys and shapes struc-
tural properties to achieve a large workspace with specified deformations of the mechanism
while reducing the number of actuators. For example, it is envisioned that a feasible ten-
don routing and the corresponding actuators enable to simultaneously achieve the desired
workspace and constraint possible underactuated directions by applying active tendons,
coupled tendons or additionally passive tendons.
The material properties of the elastic material shall be exploited within the design and
manufacturing process to enhance the modularity for the developed joint modules. Par-
ticularly the interface between the elastic and the rigid body of a module need to be
optimized to withstand known stresses and enable rapid-prototyping technologies for a
fully automated manufacturing.

A controller need to enables the prescribed motions of each module and, on the one
hand maintains properties like inherent stability or the impact-absorption capability of
the morphology while on the other hand enable dynamic motions without tendon slack-
ness. A model-based controller that assures reference tracking for a subset of the utilized
generalized coordinates which integrate constraints due to the underactuation, the input
saturation or the kinematic and dynamic coupling is to be developed and needs to by
applicable for real hardware systems. In this respect, the complete systems state needs
to be observed, being not necessarily Cartesian coordinates, with a minimum number of
on-board sensors.

By accomplishing the sketched objectives of the embedded design and control framework
for tendon-driven continuum joint modules contributes to the paradigm shift in robotics
which tends from rigid to soft material robotics and helps to developed novel robotic sys-
tems. Competing designs in this respect are several modules in series or in parallel, see
Fig. 7.1, with different target application, for example the challenging field of medical
robotics. In this way, the design based on modules enables the fast adaptation towards
new or up-coming tasks, whereas the modular concept should not only enable system-
atic design but also facilitates operation and maintenance of such continuum robots. In
the control domain, the sketched framework above results in a joint level controller for
each joint module and enables advanced hierarchical task level control strategies for self-
collision avoidance [161] or trajectory tracking [162] for the fully assembled manipulator.
If these manipulators then interact with each other or the environment, control structures
that ensure a stable interaction like [163] are required which can be handled as well by
the framework above.

In the near future, the developed control methods are adapted to be applied for a larger
tendon-driven mechanism [164] that is currently built at the Institute of Robotics and
Mechatronics. A rendering of the envisioned system is depicted in Fig. 7.2. It owns a
fixed kinematic structure with two degrees of freedom, passive gravity compensation by a
dedicated elastic spring and a redundant tendon actuation with three tendons. The struc-
ture of the underlying dynamic equations remain of the form (3.1) however, more tendons
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Figure 7.2.: Rendering of the torso prototype, a two degree of freedom tendon-driven mech-
anism with fixed joint axis and redundant tendon actuation. A passive gravity
compensation ensures that the heavy payload of the attached arms and the
neck can be carried without using high payload electrical drives to lower the
overall weight.

then degrees of freedom r > n are attached which need to be considered in the control ap-
proach. To allow for fast motions, a nonlinear compensation of known dynamic properties
seems suitable and it is expected that the inertia terms will play a more dominant role due
to the large masses. To ensure positive tensions in the tendons, the introduced approaches
of Section 6.8 will be adapted for the dynamic case. As depicted in Fig. 7.2, the novel
mechanism will be used as the torso for the upper body humanoid David to enlarge the
reachable workspace in two handed manipulation tasks. The neck system (Section 2.2.2)
will be mechatronically integrated as well. The configuration space control for each of the
two discussed robotic system will be handled by approaches from the present thesis. To
control the whole body motion in contrast, a control framework with a defined task hier-
archy shall be utilized, for example as present by Dietrich [165, 166, 167], which requires
a modulation of the control law towards a control interface which can handle desired gen-
eralized torques. In conclusion, tendon-driven continuum mechanisms have the potential
to be used in new applications for future humanoid robots or robotic manipulators. The
combination of flexible materials with traditional rigid links, complex shaped structures
with integrated actuation and sensing can be envisioned. In this context, the present the-
sis lays a foundation by exploring the feasibility of traditional concepts, used in robotics
research, for modeling, state estimation and control of continuum mechanisms. It is of
high importance that the established concepts for tendon-driven continuum mechanisms
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are used, extended and fused together with all involved research areas in robotics to mark
the beginning of a new generation of light-weight robots.
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APPENDIX A

Example models

A.1. Example 1: Planar system

The planar system is described in Section 2.2.1 and we consider a scheme of the system
comprising all necessary quantities in Fig. A.1 for the subsequent mathematical develop-
ments.

In the following, the dynamic equations for the planar system are derived which is
explained in detail in Chapter 3. In principal, the kinematic relations are established at
first that describe the motion of the system. Afterward, the virtual work contributions of
the forces acting on the system are setup and discretized along the beam (along ν). As
it is a planar system, the orientation is simply defined by an angle which simplifies the
equation of motion significantly and the following section will try to express all equation
as detail as possible as they were implemented in MATLAB/Simulink later on.

Kinematics

For the planar system, the kinematic quantities Br(ν, t) ∈ R3 and ABN (ν, t) ∈ R3×3 are
reduced to the x, z-plane which yields,

Br(ν, t) =

 x(ν, t)
0

z(ν, t)

, ABN (ν, t) =

 cos(θ(ν, t)) 0 sin(θ(ν, t))
0 1 0

− sin(θ(ν, t)) 0 cos(θ(ν, t))

. (A.1)

With that, the generalized functions are reduced to

(x(ν, t), z(ν, t), θ(ν, t))T . (A.2)

Again, we want to look at the position and orientation of the head at Q (ν = L)

BrOQ(t) =Br(ν = L, t) = (xL(t), 0, zL(t))T ,

ABH(t) =ABN (ν = L, t) =

 cos(θL(t)) 0 sin(θL(t))
0 1 0

− sin(θL(t)) 0 cos(θL(t))

, (A.3)
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Figure A.1.: Scheme of the planar model

and the position of the center of mass (CoM) of the head,

BrOS(t) =BrOQ(t) +ABH(t)HsH = BrOQ(t) + hBe
H
x (t) + bBe

H
z (t),

=

 xL(t) + h cos(θL(t)) + b sin(θL(t))
0

zL(t)− h sin(θL(t)) + b cos(θL(t))

. (A.4)

Furthermore, the position of the left and the right tendon connection point in P and R is
needed,

BrOP (t) =

 xL(t)
0

zL(t)

+ d

 sin(θL(t))
0

cos(θL(t))

, (A.5)

BrOR(t) =

 xL(t)
0

zL(t)

− d
 sin(θL(t))

0
cos(θL(t))

. (A.6)

The temporal and spatial evolution of the centerline shall be described. Thus, the linear
(3.9) and angular velocities (3.10), the linear strain measure (3.11) and the curvature
vector (3.12) are needed. Furthermore, the variations δ(. . . ) of several quantities are
necessary. For the position of the centerline, we find the spatial and temporal derivative
as well as the variation to be

Bṙ(ν, t) =

 ẋ(ν, t)
0

ż(ν, t)

, Br′(ν, t) =

 x
′
(ν, t)
0

z
′
(ν, t)

, Bδr(ν, t) =

 δx(ν, t)
0

δz(ν, t)

. (A.7)
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The linear strain measure equates to

Nγ(ν, t) =

 γx(ν, t)
0

γz(ν, t)

 = AT
BN (ν, t)Br

′
(ν, t)

=

 x
′
(ν, t) cos(θ(ν, t))− z′(ν, t) sin(θ(ν, t))

0

x
′
(ν, t) sin(θ(ν, t)) + z

′
(ν, t) cos(θ(ν, t))

, (A.8)

and for the curvature vector and its variation we find

Bk̂(ν, t) =θ
′
(ν, t)

 − sin(θ(ν, t)) 0 cos(θ(ν, t))
0 0 0

− cos(θ(ν, t)) 0 − sin(θ(ν, t))

AT
BN (ν, t)

=

 0 0 1
0 0 0
−1 0 0

θ′(ν, t) =

 0

θ
′
(ν, t)
0

̂ = φ′(ν, t), (A.9)

Bδk(ν, t) =

 0

δθ
′
(ν, t)
0

. (A.10)

The angular velocity vector reduces to

Bω̂(ν, t) =θ̇(ν, t)

 − sin(θ(ν, t)) 0 cos(θ(ν, t))
0 0 0

− cos(θ(ν, t)) 0 − sin(θ(ν, t))

AT
BN (ν, t),

=

 0 0 1
0 0 0
−1 0 0

θ̇(ν, t) =

 0

θ̇(ν, t)
0

̂ = φ̇(ν, t). (A.11)

For the velocity BvOS(t) ∈ R3 and the acceleration BaOS(t) ∈ R3 of the CoM of the head,
we find

BvOS(t) =BṙOS(t) = BṙOQ(t) + ȦBH(t)

 h
0
b

, (A.12)

=BṙOQ(t) + Bω̂L(t)ABH(t)

 h
0
b

,
=

 ẋL(t)
0

żL(t)

+ hθ̇L(t)

 − sin(θL(t))
0

− cos(θL(t))

+ bθ̇L(t)

 cos(θL(t))
0

− sin(θL(t))

,
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and

BaOS(t) =Bv̇OS(t) = Br̈OQ(t) + Bω̇L(t)× (hBe
H
x (t) + bBe

H
z (t))

+ BωL(t)×
(
BωL(t)× (hBe

H
x (t) + bBe

H
z (t))

)
=

 ẍL(t)
0

z̈L(t)

+ hθ̈L(t)

 − sin(θL(t))
0

− cos(θL(t))

+ bθ̈L(t)

 cos(θL(t))
0

− sin(θL(t))


+ hθ̇2

L(t)

 − cos(θL(t))
0

sin(θL(t))

+ bθ̇2
L(t)

 − sin(θL(t))
0

− cos(θL(t))

 (A.13)

In prevision of the following equations, we will need the variational form of the CoM, the
left and the right tendon connection point,

BδrOS(t) =

 δxL(t)
0

δzL(t)

+ δθL(t)

 −h sin(θL(t)) + b cos(θL(t))
0

−h cos(θL(t))− b sin(θL(t))

, (A.14)

BδrOP (t) =

 δxL(t)
0

δzL(t)

+ dδθL(t)

 cos(θL(t))
0

− sin(θL(t))

, (A.15)

BδrOR(t) =

 δxL(t)
0

δzL(t)

− dδθL(t)

 cos(θL(t))
0

− sin(θL(t))

. (A.16)

Equations of motion

Following Chapter 3, the equation of motion of the system are derived using the principal
of virtual work and in equation (3.20) it is stated that the system is composed of the
virtual work due to static forces δW stat and due to the virtual work of the dynamic forces
δW dyn which will be derived in the following. Similar to (3.21), we can separate the virtual
work of the static forces into δW int and δW ext.1

The virtual work of the internal forces δW int for the present case can be found according
to (3.22) and the internal forces Nn(ν) ∈ R3 are transformed in the inertial frame with
the component-wise formulation for the planar case

 Bnx
0

Bnz

 = ABNNn = ABN

 N
0
Qz

 =

 N cos(θ) +Qz sin(θ)
0

−N sin(θ) +Qz cos(θ)

, (A.17)

with N ∈ R and Qz ∈ R being the normal and shear force at a cross section at ν. Due to
the planar case, Nm = Bm ∈ R3 = MBe

y. M ∈ R being the internal moment at a cross

1In the following, the explicit dependency on ν and t are left out as they are clear for the development,
except from cases where it is needed.

186



A.1. Example 1: Planar system

section at ν. With the following relationships,

N δk =Bδk =

 0
δθ′

0

, (A.18)

N δγ =

=

 δx
′
cos(θ)− x′ sin(θ)δθ − δz′ sin(θ)− z′ cos(θ)δθ

0

δx
′
sin(θ) + x

′
cos(θ)δθ + δz

′
cos(θ)− z′ sin(θ)δθ

 (A.19)

and equation (A.17), the internal virtual work (3.22) is simplified to

δW int =−
∫ L

0

NnTAT
BN︸ ︷︷ ︸

BnT

 δx′ − δθz′
0

δz′ + δθx′

+

 0
M
0

T 0
δθ′

0


 dν,

=−
∫ L

0
δx′Bnx + δz′Bnz + δθ′M + δθ(x′Bnz − z′Bnx)dν. (A.20)

The same constitutive laws are applied as in equation (3.15), (3.18) for the shear and
normal forces are applied whereas for the bending stiffness, equation (3.16) reduces to

M = EIθ′. (A.21)

The virtual work of the external forces is derived in (3.26) which is split up into the virtual
work of the gravitational force and the virtual work of the tendon actuation. The virtual
work of the tendon actuation (3.31) can be computed to

δW tendon =

 δxL
0
δzL

T (
Be
H
tl ftl + Be

H
trftr

)
+ δθLdBe

H
z × (Be

H
tl ftl − BeHtrftr)

=

 δxL
0
δzL

T (
Be
H
tl Be

H
tr

)( ftl
ftr

)

+ δθLd(Be
H
z × BeHtl − BeHz × BeHtr)

(
ftl
ftr

)
=δqTLP (q)u, (A.22)

with the unit tendon direction vectors for left Betl ∈ R3 and right Betr ∈ R3 tendon,
depicted in Fig. A.1, qL = (xL, zL, θL)T = q(ν = L), the inputs u ∈ R2,

u =

(
ftl
ftr

)
, (A.23)

and the tendon coupling matrix P (qL) ∈ R3×2,

P (qL) =

 Bex,tl Bex,tr
Bez,tl Bez,tr

d (cos(θL)Bex,tl − sin(θL)Bez,tl) d (cos(θL)Bex,tr + sin(θL)Bez,tr)

. (A.24)
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Furthermore, we have arranged the terms that the inputs u = (ftl, ftr)
T ∈ R2 are coupled

to the respective generalized coordinates by the input matrix P (q) ∈ R3×2. For the second
term in (3.26) the gravitational effects of the continuum and the gravitational effect of the
head mass are considered. With gravitational force of the continuum (3.29) the virtual
work equates to

δW grav =

∫ L

0
BδxρAgdν + BδxLmHg

+ δθL (Br0S − Br0Q)×

 −mHg
0
0

 (A.25)

=− ρAg
∫ L

0
δx(ν)dν −mHg (δxL + δθL(b cos(θL)− h sin(θL)))

=− ρAg
∫ L

0
δx(ν)dν −mHg

 δxL
0
δθL

T 1
0

h sin(θL)− b cos(θL)

.

Within the identification process in Section. 3.4, instead of the tendon forces and the
gravity forces, an external force Bnw ∈ R3 and and BMw ∈ R is exerted at point Q whose
virtual work is

δWw = BnW δ

 δxL
0
δzL

+MwδθL. (A.26)

According to (3.36) the virtual work of the dynamic forces is separated into the part from
the rigid body dynamics of the head and the part from the continuum dynamics of the
beam. The virtual work of the dynamic forces from the rigid body can be established to

δW dyn,head =− BδrTOSmHBaOS − δθLJyy θ̈(L), (A.27)

= −

 δxL
0
δzL

T

mHBaOS︸ ︷︷ ︸
1

+ hδθL

 sin(θL)
0

cos(θL)

T

mHBaOS︸ ︷︷ ︸
2

−bδθL

 cos(θL)
0

− sin(θL)

T

mHBaOS︸ ︷︷ ︸
3

−δθLJyy θ̈L.
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For for the 1. part, it follows

1 = −mHδxLẍL −mHδzLz̈L +mHhθ̈L (δx sin(θL) + δzL cos(θL))

+mHbθ̈L (−δxL cos(θL) + δzL sin(θL))

+mHhθ̇
2
L (δxL cos(θL)− δzL sin(θL))

+mHbθ̇
2
L (δxL sin(θL) + δzL cos(θL))

= δqTL

 −mH 0 mH(h sin(θL)− b cos(θL))
0 −mH mH(h cos(θL) + b sin(θL))
0 0 0

q̈L
+ δqTL

 0 0 mH(h cos(θL) + b sin(θL))
0 0 mH(b cos(θL)− h sin(θL))
0 0 0

q̇2
L (A.28)

For the 2. part, it follows

2 = mHhδθL

[
sin(θL)ẍL + cos(θL)z̈L − hθ̈L − bθ̇2

L

]
= δqTL

 0 0 0
0 0 0

mHh sin(θL) mHh cos(θL) −mHh
2

q̈L
+ δqTL

 0 0 0
0 0 0
0 0 −mHhb

q̇2
L (A.29)

For the 3, part, it follows

3 = −mHbδθL

[
cos(θL)ẍL − sin(θL)z̈L + bθ̈L − hθ̇2

L

]
= δqTL

 0 0 0
0 0 0

−mHb cos(θL) mHb sin(θL) −mHb
2

q̈L
+ δqTL

 0 0 0
0 0 0
0 0 mHbh

q̇2
L (A.30)

With above equations, we find the following expression for the virtual work of the dynamic
forces

δW dyn,head = −δqTLMH(qL)q̈L − δqTLCH(qL, q̇L)q̇L (A.31)

with the massmatrix MH(qL) ∈ R3×3

MH(qL) =

 mH 0 mH la
0 mH −mH lb

mH la −mH lb Jyy +mH(b2 + h2)

 (A.32)

la = (−h sin(θL) + b cos(θL))

lb = (h cos(θL) + b sin(θL))

(A.33)
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and the Coriolis and centrifugal CH(q, q̇) ∈ R3×3 matrix

CH(qL, q̇L) =

 0 0 −mH(h cos(θL) + b sin(θL))
0 0 mH(−b cos(θL) + h sin(θL))
0 0 0

 (A.34)

The virtual work from the dynamic forces of the continuum mechanism are as follows

δW dyn,beam =−
∫ L

0
Bδr(ν, t)TρABr̈(ν, t) + δθ(ν, t)ρJyy θ̈(ν, t)dν

=−
∫ L

0

 δx(ν, t)
0

δz(ν, t)

T

ρA

 ẍ(ν, t)
0

z̈(ν, t)

+ δθ(ν, t)ρJyy θ̈(ν, t)dν

=−
∫ L

0
ρA(δx(ν, t)ẍ(ν, t) + δz(ν, t)z̈(ν, t)) + ρJyyδθ(ν, t)θ̈(ν, t)dν

=−
∫ L

0
ρ

 δx(ν, t)
δz(ν, t)
δθ(ν, t)

T A 0 0
0 A 0
0 0 Jyy

 ẍ(ν, t)
z̈(ν, t)

θ̈(ν, t)

dν
=−

∫ L

0
q(ν, t)T

 ρA 0 0
0 ρA 0
0 0 ρ Jyy

q̈(ν, t)dν (A.35)

Now, the virtual work of the system needs to be zero δW = 0 for all admissible variations
δxadm, δzadm, δθadm. An analytic expression to find the generalized functions q(ν, t) which
are a solution to δW = 0 is not possible. Thus, we will apply the finite element method
to discretize the beam along its centerline.

Discretization: The beam finite element method

Following Section 3.3, the finite element method (FEM) is used to reduce the infinite num-
ber to a finite number of DoF of the system. To do so, the centerline of the beam, denoted
as a region Ω, is divided into kel ∈ N elements. Each element e = [1, kel] is defined as a
sub region Ωe = [ne, ne+1] ⊂ Ω each of which is described by a fixed number of generalized
coordinates at the boundaries, i.e. nodes.
The generalized coordinates of the system q(ν, t) are represented by finite set of coordi-
nates, q ∈ R3(kel+1),

q =
(
x1, z1, θ1, . . . , xkel+1, zkel+1, θkel+1

)T
∈ R3(kel+1), (A.36)

which approximate q(ν, t) via a summation, x(ν, t)
z(ν, t)
θ(ν, t)

 =

kel∑
e=1

χΩe(ν)

 xh,e(νe(ν), q(t))
zh,e(νe(ν), q(t))
θh,e(νe(ν), q(t))

, (A.37)

where χΩe(ν) is again an operator which takes care that summation at the nodes is correct.
Following Section 3.3, linear shape functions N(νe) ∈ R1×2,

N(νe) = (0.5(νe − 1), 0.5(νe + 1)) , (A.38)
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are applied to interpolate between the nodes e and e+1. To do so, the element coordinate
νe ∈ [−1, 1] is introduced, (see equation (3.41)). To connect the DoF of element e with the
generalized coordinates of the approximated system (A.36), a connector matrix Ce

x,z,θ ∈
R2×3(kel+1) for each coordinate of the element is utilized,(

xe

xe+1

)
= Ce

xq,

(
ze

ze+1

)
= Ce

zq,

(
θe

θe+1

)
= Ce

θq, (A.39)

which yields for the shape functions xh,e, zh,e, θh,e ∈ R,

xh,e(νe, q) =N(νe)Ce
xq, (A.40)

zh,e(νe, q) =N(νe)Ce
zq,

θh,e(νe, q) =N(νe)Ce
θq.

The dynamics of node kel+1 is governed by the rigid body dynamics of the head. Therefore,
a special connector matrix CL ∈ R3×3(kel+1) is introduced,

qL =

 xkel+1

zkel+1

θkel+1

 = CLq. (A.41)

For the subsequent developments, we will need the derivative with respect to ν, the vari-
ation and its derivative w.r.t. ν of the shape functions (A.40), as shown in Section 3.3.
For the derivative w.r.t. ν, we find

d

dν
xe(νe) =

dxe

dνe
dνe

dν

eq.(3.49)
= N ′Ce

xq, (A.42)

here exemplary shown for x, however directly applicable to z and θ as well. In (A.42), the
derivative of the shape function occurs which can be found to

N ′ =
2

∆L
(−0.5, 0.5). (A.43)

For the variation of (A.40) and its special derivative are needed, it can be found:

δxe(νe) = NCe
xδq,

∂

∂ν
δxe(νe) = N ′Ce

xδq. (A.44)

The virtual work of the system contains the virtual work of the internal forces (A.20),
the tendon forces (A.22), the gravitational forces (A.25), the dynamic forces of the head
(A.31) and the dynamic forces of the beam (A.35). Now, as stated earlier, the virtual
work of the system needs to be zero for all admissible δq(ν, t). This translates to the case
where the generalized coordinates are approximated using the finite elements (A.36) to
the following reformulation of the terms for the different virtual works. Using (3.52) and
the variation of the element DoF and its spatial derivative (A.44), we can reformulate
equation (A.20) to

δW int =−
∫ L

0
δx′Bnx + δz′Bnz + δθ′M + δθ(x′Bnz − z′Bnx)dν,

=− δqT
kel∑
e=1

[
Ce,T
x f int,ex +Ce,T

z f int,ez +Ce,T
θ f int,eθ

]
,

=− δqTf int, (A.45)
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with

f int,ex =

∫ 1

−1
N ′T Bnxdν

e, (A.46)

f int,ez =

∫ 1

−1
N ′T Bnzdν

e, (A.47)

f int,eθ =

∫ 1

−1
N ′TM +NT

(
x′Bnz − z′Bnx

) ∆L

2
dνe. (A.48)

The virtual work of the tendon forces, (A.22), can be reformulated with (A.41) to

δW tendon =δqTLP (qL)u,

=δqTCL,TP (qL)u. (A.49)

Similar, the virtual work of the gravitational forces (A.25) is reformulate using the varia-
tion of the element DoF (A.44), (3.52) and (A.41), to

δW grav =− ρAg
∫ L

0
δx(ν)dν −mHg

 δxL
0
δθL

T 1
0

h sin(θL)− b cos(θL)

,
=− δqT

[
fgrav,beam + fgrav,head

]
= −δqTfgrav, (A.50)

where the introduced terms are

fgrav,beam =

kel∑
e=1

Ce,T
x ρAg

∫ 1

−1
N

∆L

2
dνe, (A.51)

fgrav,head =CL,TmHg

 1
0

h sin(θL)− b cos(θL)

.
Again, the virtual work of the external forces used in the identification process (A.26), or
another general purposes, equates to

δWw = δqTCT
L

 Bnx
Bnz
Mw

 (A.52)

With equation (A.41), we can reformulate equation the dynamics of the head (A.31) to

δW dyn,head =− δqTLMH(q)q̈L − δqTLCH(q, q̇)q̇L,

=− δqTCL,T
[
MH(q)CLq̈ +CH(q, q̇)CLq̇

]
, (A.53)
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and for the virtual work of the dynamic force of the beam (A.35), we find a reformulation
by applying equation (A.44) and (3.52)

δW dyn,beam =−
∫ L

0
δqT (ν)

 ρAẍ(ν)
ρAz̈(ν)

ρJyy θ̈(ν)

dν,
=− δqT

kel∑
e=1

[
Ce,T
x

∫ 1

−1
NρANT ∆L

2
dνeCe

x

+Ce,T
z

∫ 1

−1
NρANT ∆L

2
dνeCe

z

+ Ce,T
θ

∫ 1

−1
NρJyyN

T ∆L

2
dνeCe

θ

]
q̈. (A.54)

Now, equation (A.53) and (A.54) can be summarized to

δW dyn = −δqT
(
Mq̈ +CL,TCHC

Lq̇
)
, (A.55)

with the overall mass matrix of the system M ∈ R3(kel+1)×3(kel+1),

M =

kel∑
e=1

Ce,T
x MxC

e
x +Ce,T

z M zC
e
z +Ce,T

θ M θC
e
θ +CL,TMHC

L,

Mx =

∫ 1

−1
NρANT ∆L

2
dνe,

M z =

∫ 1

−1
NρANT ∆L

2
dνe,

M θ =

∫ 1

−1
NρJyyN

T ∆L

2
dνe. (A.56)

and the mass matrix of the head MH from (A.32). Since the virtual work needs to be
zero for all admissible variations δqadm 6= 0, we find the equation of motion of the system,

−Mq̈ −CLCH q̇ − f int − fgrav,beam − fgrav,head +CL,TP (qL)u = 0,

Mq̈ +CLCH q̇ + f int + fgrav,beam + fgrav,head = CL,TP (qL)u (A.57)

which can be solved by using numerical integration. If the system is deflected statically,
equation (A.57) can not be solved by numerical integration as the acceleration and velocity
terms vanish. Thus, the static solution of the static equation for a deflected beam with
head mass,

f int + fgrav,beam + fgrav,head −B(q)u =0,

k(q) =0 (A.58)

can be found by solving the nonlinear equation (A.58) using numerical methods. In this
work, the Newton-Raphson algorithm is applied to find the solution. For that, we will
need the so called stiffness matrix K(q) ∈ R3(kel+1)×3(kel+1) which is the partial derivative
of (A.58) with respect to q,

K(q) =
∂k(q)

∂q
. (A.59)
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Figure A.2.: Left: Validation of the simulation. The initial configuration of the planar
beam, the deflected configuration and a half circle in a black dotted line is
shown. The centerline of the deflected configuration should match the black,
dotted line. Right: Histogram of the computational time of 1000 randomly
selected inputs

The stiffness matrix (A.59) can be derived either explicitly or numerically. For the imple-
mentation of the model of the planar system, this was done explicitly. However, is left out
in the following.
As mentioned, MATLAB code was generated using the above equations. In order to val-
idate the code, a validation test is reported in the following. For the case of a planar
deformation induced by a torque applied at the tip (ν = L) with Mw ∈ R in (A.26), the
centerline of the beam should poses a circular shape, as for this special case, the static
problem has an analytic solution. Further, if we set Mw = EI/L ∗ θd, we can directly
command a desired tip angle and therefore for θd = π, the centerline should describe a half
circle. In Fig. A.2, simulation results report on the above case whereas the static equation
of the beam are solved by a discretization of kel = 20 elements. The figure reports only a
slight mismatch w.r.t. to the analytic solution.

A.2. Example 2: Spatial system

In this example, the static equilibrium equations for the spatial mechanism described in
Section 2.2.2 are derived. Therefore, only the spatial evolution of the coordinates along ν
is of interest. For the derivation of the equations, the scheme of the system in Fig. A.3 is
considered.

Kinematics

The position of the spatial mechanism is described in (3.3) and the orientation is repre-
sented by a positively oriented orthonormal director triad Bdi(ν) ∈ R3 for i = 1 . . . 3,

ABN (ν) = (Bd1(ν), Bd2(ν), Bd3(ν)), (A.60)
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rigid platform (moving)

continuum

cross section

rigid platform (fixed)

centerline

Figure A.3.: Schematic drawing of the spatial system with the associated parameterization.

with the following property:

Bdi(ν) · Bdj(ν) = δij i, j = 1, 2, 3. (A.61)

A material surface at ν is spanned by the pair Bd2(ν), Bd3(ν) and its respective normal
vector is Bd1(ν). With that, the generalized coordinate function q(ν) ∈ R12 is defined to

q(ν) = (Br
T (ν), Bd

T
1 (ν), Bd

T
2 (ν), Bd

T
3 (ν))T , (A.62)

and the special location for ν = L where the head (rigid body) is connected is defined as

BrOQ =Br(ν = L) = (xL, yL, zL)T ,

ABH =ABN (ν = L) = (Bd1,L, Bd2,L, Bd3,L). (A.63)

With equation (A.63) the position of the CoM of the head is

BrCoM = BrL +ABHHsCoM. (A.64)

Furthermore, the position of the r = 4 tendon connection points, expressed in the base
frame, is needed,

Brt,k = ABHHrt,k, for k = 1 . . . 4. (A.65)

As we wish to describe the spatial evolution of the centerline, the spatial derivatives of the
generalized coordinate function (A.62) are needed and the respective linear strain measure
and the curvature vector. Furthermore, their variations are necessary. For the position of
a point on the centerline, we find the spatial derivative as well as the variation to be

Br
′(ν) =

(
x′(ν), y′(ν), z′(ν)

)T
, Bδr(ν) = (δx(ν), δy(ν), δz(ν))T . (A.66)
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The linear strain measure (3.11) is the projection of the centerline tangent r′(ν) in the
cross sectional fixed frame

Nγ(ν) =AT
BN (ν)r′(ν), (A.67)

r′(ν) =ABN (ν)Nγ(ν) = Bd1(ν)Nγx(ν) + Bd2(ν)Nγy(ν) + Bd3(ν, t)Nγz(ν),

and the change in the material orientation along ν is described by the curvature vector
(3.12), its component wise description w.r.t. to the director triad2,

ki =
1

2
· eijk

(
Bdk(ν) · Bd′j(ν)

)
, (A.68)

and its skew-symmetric representation Bk̂(ν) = −Bk̂(ν)T ∈ R3×3 with the additional
relationship:

Bd
′
i(ν) = Bk̂(ν) · Bdi(ν) = Bk(ν)× Bdi(ν),

Bk̂(ν) = Bd
′
i(ν)⊗ Bdi(ν) for i = 1 . . . 3. (A.69)

Furthermore, the relationship with respect to the variation of the orientation vector is

Bδφ(ν) =
1

2
Bdi(ν)× Bδdi(ν) for i = 1 . . . 3, (A.70)

and the variation of a director Bdi(ν) can be expressed as

Bδdi(ν) = Bδφ(ν)× Bdi(ν). (A.71)

With the skew symmetric representation of the vector Bδφ(ν), equation (A.71) can be
reformulated to

Bδdi(ν) = Bδφ̂(ν) · Bdi(ν),

→ Bδφ̂(ν) = −Bδφ̂
T

(ν) = δABN (ν) ·AT
BN (ν)

Bδφ̂ij(ν) = Bδdi(ν) · Bdj(ν) = −Bdi(ν) · Bδdj(ν) (A.72)

With that, all necessary kinematic quantities are derived to describe the static equilibrium
of a geometrically nonlinear Timoshenko beam that deforms spatially.

Static equilibrium equation

The virtual work for a static system (3.21) is additively composed of the virtual work
of the internal and the external forces. In the following, we will start with the internal
forces followed by the virtual work of the external forces. Again, we will drop the explicit
dependency on ν and use it only when quantities are introduced or in cases where it is
necessary.

2eijk is the Levi-Civita operator see https://de.wikipedia.org/wiki/Levi-Civita-Symbol
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Virtual work of the internal forces

We recal equation (3.22) and split it accordingly in 2 parts,

δW int = −
∫ L

0
Nn

T
N δγ︸ ︷︷ ︸

δW int,1

+Nm
T
N δk︸ ︷︷ ︸

δW int,2

dν,

and find for the first part using the skew-symmetric representation of the orientation vector
(3.5), its variation (A.72) and the variation of (A.67),

δW int,1 =−
∫ L

0

(
δr′TABN + r′T δABN

)
Nn dν =

∫ L

0

(
Bδr

′T − Bδφ̂Br′T
)
Bn dν

(A.70)
= −

∫ L

0

(
Bδr

′ + Br
′ × (

1

2
Bdi × Bδdi)

)
Bn dν

Jacobi identity
= −

∫ L

0

(
Bδr

′ +
1

2
((Br

′
Bδdi)Bdi − (Br

′
Bdi)Bδdi

)
BdjBnj dν

(A.61),(A.72)
= −

∫ L

0

(
Bδr

′
Bdj +

1

2
((Br

′
Bδdj) + (Br

′
Bδdj)

)
Bnj

=−
∫ L

0

(
Bδr

′
Bdj + BδdjBr

′)
Bnj (A.73)

δW int,2 is also reformulated to

δW int,2 =−
∫ L

0
Nm N δkdν = −

∫ L

0
Nmδ(AT

BNBk)dν

=−
∫ L

0
NmA

T
BN

(
−Bδφ̂Bk + Bδk

)
=

∫ L

0
−Bm · (Bδk − Bδφ× Bk) dν

=

∫ L

0
−Bm · (δ(kiBdi)− Bδφ× (kiBdi)) dν

=

∫ L

0
−Bm · (δkiBdi + kiδBdi − δφ× (kiBdi))

(A.71)
=

∫ L

0
−Bm · (δkiBdi + kiBδφ× Bdi − Bδφ× (kiBdi)) dν

=

∫ L

0
−Bm · δkiBdidν =

∫ L

0
−mi · δkidν

(A.68)
=

∫ L

0
−Bmi ·

1

2
· eijk

(
Bδdk · Bd′j + Bdk · Bδd′j

)
dν (A.74)

Virtual work of the external forces

The virtual work of the external forces (3.26) can be split up into a part from the gravi-
tational forces and a part from the tendon actuation, see (3.30). The part due to gravity
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is expressed in (3.34),

δW grav =− ρAg
∫ L

0
δx(ν)dν

−mHg Be
B
x BδrL −

(
BsCoM ×mHg Be

B
x

)
BδφL

with eq (A.70)
= − ρAg

∫ L

0
δx(ν)dν −mHg Be

B
x BδrL

−
(
BsCoM ×mHg Be

B
x

) 1

2
(Bdi,L × Bδdi,L)

=− ρAg
∫ L

0
δx(ν)dν −mHg Be

B
x BδrL

− 1

2
Bδdi,L

(
BsCoM × Bdi,L +mHg Be

B
x × Bdi,L

)
(A.75)

whereas the part of the tendon actuation (3.31) equates to the following:

δW tendon =

(
4∑

k=1

Be
H
t,kuk

)
BδrL +

(
4∑

k=1

Brt,k × BeHt,kuk
)
BδφL

with eq (A.70)
=

(
4∑

k=1

Be
H
t,kuk

)
BδrL

+

(
r∑

k=1

Brt,k × BeHt,kuk
)

1

2
(Bdi,L × Bδdi,L)

=

(
4∑

k=1

Be
H
t,kuk

)
BδrL

+
1

2
Bδdi,L

(
r∑

k=1

Brt,k × BeHt,kuk
)
× Bdi,L (A.76)

Virtual work of the constraint forces

Due to the choice for the representation of the orientation as directors, additional con-
straint equations are necessary,

gij(ν) = (Bdi(ν) Bdj(ν)− δij) = 0, for i, j = 1 . . . 3, (A.77)

which ensure that the director triad remains an orthonormal frame. To ensure equation
(A.77), constraint forces λij ∈ R, i.e. Lagrange multipliers, are introduced. The virtual
work of the constraint forces is defined as,

δW c =

∫ L

0
λijδgijdν =

∫ L

0
λij (Bδdi Bdj + Bdi Bδdj) dν

λij=λji
= 2

∫ L

0
λij Bδdi Bdjdν (A.78)

With that, the virtual work contributions of all acting forces are introduced and whereas
the sum of all virtual works acting on the static system need to be zero for all admissible
variations

δW stat = δW int + δW tendon + δW grav + δW c = 0, ∀ Bδradm, Bδdi,adm, (A.79)

which is solved using the beam finite element method derived in the following.
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Discretization: The beam finite element method

Again, Section 3.3 is followed for the subsequent developments. The centerline of the
beam, denoted as a region Ω, is divided into kel ∈ N elements. Each element e = [1, kel] is
defined as a sub region Ωe = [ne, ne+1] ⊂ Ω each of which is described by a fixed number
of generalized coordinates at the boundaries, i.e. nodes, of the element in such a way that
the interconnection constraints are fulfilled. The generalized coordinates of the system
(A.62) are represented by finite set of coordinates, q ∈ R12(kel+1),

q =
(
Br

1, Bd
1
1, Bd

1
3, Bd

1
3, . . . , Br

kel+1, Bd
kel+1
1 , Bd

kel+1
2 , Bd

kel+1
3

)T
, (A.80)

which approximate q(ν) via a summation,


Br(ν)

Bd1(ν)

Bd2(ν)

Bd3(ν)

 =

kel∑
e=1

χΩe(ν)


rh,e(νe(ν), q)

dh,e1 (νe(ν), q)

dh,e2 (νe(ν), q)

dh,e3 (νe(ν), q)

. (A.81)

In this equation, χΩe(ν) is an operator which takes care that summation at the nodes is
correct. Following Section 3.3, linear shape functions N(νe) ∈ R3×6 are applied, see equa-
tion (3.46) to interpolate between the nodes e and e+ 1. To do so, the element coordinate
νe ∈ [−1, 1] is introduced, (see equation (3.41)). To connect the DoF of element e with the
generalized coordinates of the approximated system (A.80), we apply a connector matrix
Ce
r,di
∈ R6×6(kel+1), (

re

re+1

)
= Ce

rq,

(
dei
de+1
i

)
= Ce

di
q, (A.82)

yielding

rh,e(νe, q) =N(νe)Ce
rq, (A.83)

dh,e1 (νe, q) =N(νe)Ce
d1
q, (A.84)

dh,e2 (νe, q) =N(νe)Ce
d2
q, (A.85)

dh,e3 (νe, q) =N(νe)Ce
d3
q. (A.86)

The deformation of node kel + 1 is of interest as it describes the position and orientation
of the mechanisms end, i.e. the head for the current application. Therefore, a special
connector matrix CL ∈ R12×6(kel+1) is introduced,

qL =


rkel+1

dkel+1
1

dkel+1
2

dkel+1
3

 = CLq. (A.87)

For the subsequent developments, we will need the derivative of the shape functions w.r.t.
ν, see equation (3.49), the variation and the derivative of the variation w.r.t. ν, see
equation (3.51). With those expressions, the virtual work contribution can be reformulated
using the established shape functions.
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Starting with the virtual work of the internal forces which was split up in two parts, (A.73)
and (A.74). Starting with the first part, we find

δW int,1 =−
kel+1∑
e=1

∫ 1

−1
(δqTCe,T

r N ′TNCe
dj
q + δqCe,T

dj
NTN ′Ce

rq)Bnj dν
e

=− δqT
kel+1∑
e=1

∫ 1

−1
(Ce,T

r N ′TNCe
dj
q +Ce,T

dj
NTN ′Ce

rq)Bnj dν
e

=− δqTf int,1(q) (A.88)

which can be directly connected to the material laws (3.16). The second part of the
internal virtual work (A.74) can be reformulated to

δW int,2 =

∫ L

0

1

2
δd′i ei,j,kmjdk dν −

∫ L

0

1

2
δdi ei,j,kmjd

′
k dν

=
1

2

kel∑
e=1

∫ 1

−1
δqTCe,T

di

(
N ′T eijkmjdk −NT eijkmjd

′
k

)
dνe

=
1

2
δqT eijk

kel∑
e=1

Ce,T
di

∫ 1

−1
mj

(
N ′T NCe

dk
q −NT N ′Ce

dk
q
)
dνe.

=δqTf int,2(q) (A.89)

Afterward, the virtual work of the external forces (A.76) will be reformulated using the
connector matrix for the end of the beam (A.87) which yields

δW tendon =BδrL

(
4∑

k=1

Be
H
t,kftk

)

+
1

2
Bδdi,L

(
4∑

k=1

Brt,k × BeHt,kftk
)
× Bdi,L,

=δqTCL,T



∑4
k=1 Be

H
t,kftk

0.5
(∑4

k=1 Brt,k × BeHt,kftk
)
× Bd1,L

0.5
(∑4

k=1 Brt,k × BeHt,kftk
)
× Bd2,L

0.5
(∑4

k=1 Brt,k × BeHt,kftk
)
× Bd3,L

,
=δqTCL,TP (q)u, (A.90)

with the input vector u = (ft,1, . . . , ft,4)T ∈ Rr, and the tendon coupling matrix P (q) ∈
R12×r,

P (q) =


Be
H
t,1 . . . Be

H
t,4

0.5
(
Brt,1 × BeHt,1

)
× Bd1,L . . . 0.5

(
Brt,4 × BeHt,4

)
× Bd1,L

...
. . .

...
0.5
(
Brt,1 × BeHt,1

)
× Bd3,L . . . 0.5

(
Brt,4 × BeHt,4

)
× Bd3,L

 . (A.91)
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For the virtual work of the gravitational forces (A.75), it can be found to

δW grav =− ρAg δqT
kel∑
e=1

Ce,T
r

∫ 1

−1
NT

Bex dν
e

−mH g δq
TCT

L


Bex

(BsCoM + Bex)× d1,L

(BsCoM + Bex)× d2,L

(BsCoM + Bex)× d3,L

,
=− δqT

(
fg,beam + fg,head

)
(A.92)

As introduced earlier, the representation of the orientation requires constraint forces which
also possess a virtual work. This virtual work can be rewritten to

δW c =2

∫ L

0
λij Bδdi Bdjdν,

=δqT
kel∑
e=1

Ce,T
di

∫ 1

−1
2λijN

TN dνe Ce
dj
q,

=δqTf c(q) (A.93)

According to (A.79), the total virtual work needs to be zero for all admissible variations
δqadm 6= 0 which yields

f int,1(q)− f int,2(q) + fg,beam + fg,head(q) + f c(q)−CL,TP (q)u = 0

k(q) = 0. (A.94)

To solve this equation, the Newton-Raphson method is applied which also needs to com-
pute the partial derivative of (A.94).
As mentioned, MATLAB code was generated using the above equations. In order to val-
idate the code, a validation test is reported in the following. For the case of a planar
deformation induced by a torque applied at the tip (ν = L) with Mw ∈ R in (3.35), the
centerline of the beam should poses a circular shape, as for this special case, the static
problem has an analytic solution. Further, if we set Mw = EI/L ∗ θd, we can directly
command a desired tip angle and therefore for θd = π, the centerline should describe a half
circle. In Fig. A.4, simulation results report on the above case whereas the static equation
of the beam are solved by a discretization of kel = 40 elements. The beam is bend in two
directions, thus a torque along y- and along z- is exerted. The figure reports only a slight
mismatch w.r.t. to the analytic solution.
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Figure A.4.: Validation of the simulation. The initial configuration of the spatial beam, the
deflected configuration for θd = 90 deg and θd = 180 deg for the two bending
directions is shown. The end configuration for θd = 180 deg should be in line
with the black, horizontal line. By inspection, only a slight mismatch can be
observed.
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APPENDIX B

A general setup to identify the continuum

In this section, the experimental setup will be introduced based on which the spatial
model in paragraph 3.4.4 and the reduced nonlinear model of Chapter 4. First of all, the
components are explained. Afterwards, the control and the pose-planning strategy of the
robot manipulator are discussed.

B.1. Experimental setup

A robot manipulator (here: KUKA LWR 4+ with a JR3 force-torque-sensor (FTS)
mounted at the end-effector) is connected to the top of the elastic continuum mecha-
nism (ECM), see Fig. B.1. A marker target, which is to be detected by the camera, is
fixed between the top of the ECM and the FTS to measure the associated deflection of
the ECM.
The FTS is a six-DOF sensor based on foil strain gauges. In our experiment, we chose the
version 100M40A3, it enables a standard force measurement range from -200 N to 200 N
in y, z directions and from -400 N to 400 N in x direction, and torque measurement about
all axes from -20 Nm to 20 Nm. To accurately track the target at the ECM, the K-series
optical measurement systems [126] is used. The measurement system is equipped with a
camera (three lenses), infrared LEDs and Space-Probe, which also has 9 LEDs. The mea-
surement system can accurately localize the LEDs within its workspace with an accuracy
of 37µm.

B.2. Practical issues

B.2.1. Pose measurement and calibration

The poses are obtained by measuring the positions of the LEDs on the marker target
and transforming them into the ECM reference frame. To eliminate unintended camera
movements during the experiments compromise calibrated transforms, a second marker
target is rigidly fixed near the ECM. To avoid systematic errors in the pose measurement,
it is essential that the constant transformations from the marker targets to the desired
ECM top frame and ECM reference frame are carefully calibrated.
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Force-Torque-Sensor
Marker Target

Elastic Continuum
Mechanism

Robot Manipulator

y

x
z

Reference Frame

Figure B.1.: Experimental setup

B.2.2. Wrench measurement and calibration

In the simulation, the wrench data refers to the wrench exerted on the ECM top respect-
ing the ECM reference frame, while the wrench data measured in the experiment is the
one applied at the origin of the FTS frame. Thus, the measured wrenches need to be
transformed using Adjoint transformations [117] based on a constant, calibrated transfor-
mation.
The FTS shows offsets in each measured direction. These offsets drift during the exper-
iments, which is supposed to be related to the temperature of the sensor, and result in
non-constant biases of the measurement. The timing characteristic of these offsets are
studied and a linear compensation law is adopted between the measured offsets before
and after each experiment to reduce their influence.

B.3. Implementation of the Experimental Procedure

Figure B.2.: Block diagram of the implemented procedure to illustrate the subsequent
steps during the experiment which can be seen in the attached video also.
Right: Example of a measured pose trajectory for the position y and the
angle θy to examine the different stages while reaching a desired pose.

As described earlier, the implementation of the pose sampling process for the experi-
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ment needs to be carefully executed as configurations that may damage the mechanism
or impose unwanted behaviors need to be avoided. For the implementation, the following
considerations are made:

B.3.1. Comparison of Planning Strategies

One possible planning strategy is to start from the poses close to the initial configuration
to those relatively far away from the initial position. After reading the wrench data in one
pose the robot moves directly to the next pose. This scheme saves experimental time but it
requires knowledge about the path between different configurations. Since the transition
between two configurations could cause an unexpected behavior, the path between the
poses needs to be designed rigorously.
Another possibility is to return to the initial configuration after each sampling. This
scheme is relatively easy to implement and there is no need to concern about the transitions
among the poses. Only the transitions from the initial configuration to each sample pose
needs to be considered. Since the initial configuration is a pose without any deflection, the
transition from it to each sample pose is easier to handle than the one among two poses.

B.3.2. Comparison of Control Strategies

One strategy is to plan a Cartesian trajectory from the initial pose to the desired pose.
The joint space trajectory is calculated the robot is controlled in joint position control
mode. In this case each sampled pose requires a specifically designed smooth trajectory
such that the ECM can reach the desired pose without unexpected behavior.
Since deflecting the ECM is an interaction between the robot manipulator and the envi-
ronment, the impedance control seems to be appropriate in this case. The robot is firstly
controlled in Cartesian impedance control mode [168] and deflects the ECM towards the
desired pose. Due to the controlled compliance, the resulting pose of the ECM differs
from the desired pose. After the ECM is stabilized near the desired pose, the control
mode therefore switches to joint position control [168], to drive the ECM from the stabi-
lized pose to the desired pose to ensure that the all poses from D are reached. Since the
ECM is already close to the desired pose at that moment, an unexpected motion of ECM
can be excluded during the position control mode. The different trajectories in impedance
control and joint position control are depicted in the right of Fig. B.2.

Based on the above considerations, the experimental procedure can be described by Fig.
B.2 and the video attached to the present paper. After a pose to be sampled of D has
been selected, the robot drives the ECM from its initial, straight pose in the impedance
control mode towards this pose along the planned Cartesian trajectory 1. After the ter-
mination of the Cartesian trajectory interpolator, the inverse kinematics is solved from
the current pose to the goal and the robot is driven in joint position controlled mode
to reach the desired pose. During the movement from initial pose to the goal, the joint
positions of each time instance are recorded and saved in a stack. After reaching the
goal the measurements of the pose and the wrench are logged and then the robot re-
turns to the initial pose in joint position control mode in which the desired trajectory
are the joint positions saved in the stack. This sequence will be repeated until every
pose in D has been visited. To eliminate the effect of measurement noise, the logging
of measurements lasts for 200 ms and the mean values of pose and wrench are taken.

1A simple point-to-point motion is concerned and a cubic polynomial timing law is chosen.
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