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Calibration of an Elastic Humanoid Upper Body and Efficient

Compensation for Motion Planning

Johannes Tenhumberg and Berthold Bäuml

Abstract— High absolute accuracy is an essential prerequisite

for a humanoid robot to autonomously and robustly perform

manipulation tasks while avoiding obstacles. We present for

the first time a kinematic model for a humanoid upper body

incorporating joint and transversal elasticities. These elasticities

lead to significant deformations due to the robot’s own weight,

and the resulting model is implicitly defined via a torque

equilibrium. We successfully calibrate this model for DLR’s

humanoid Agile Justin, including all Denavit–Hartenberg pa-

rameters and elasticities. The calibration is formulated as a

combined least-squares problem with priors and based on

measurements of the end effector positions of both arms via

an external tracking system. The absolute position error is

massively reduced from 21 mm to 3.1 mm on average in the

whole workspace. Using this complex and implicit kinematic

model in motion planning is challenging. We show that for

optimization-based path planning, integrating the iterative

solution of the implicit model into the optimization loop leads

to an elegant and highly efficient solution. For mildly elastic

robots like Agile Justin, there is no performance impact, and

even for a simulated highly flexible robot with 20 times higher

elasticities, the runtime increases by only 30%.

I. INTRODUCTION

A prerequisite for a humanoid robot to autonomously
and robustly perform tasks in the real world is an accurate
kinematic model of itself. For grasping, the robot needs
to precisely position its tool center point (TCP) relative to
objects, and when planning collision-free motions in self-
acquired 3D models of the environment [1] the extension of
the whole body has to be predicted correctly.

Humanoid robots are complex mechatronical systems built
from lightweight components, which often leads to a signif-
icant deviation from a straightforward, so-called, geometric
kinematics and make it necessary to model non-geometric
effects like elasticities. For our advanced humanoid robot
DLR Agile Justin [2], e.g., the deviation from the geometric
kinematics leads to a mean error of 21 mm and a worst-case
error as large as 61 mm in the whole workspace rendering
robust autonomous action almost impossible.

In this paper, we present a kinematic model incorporating
joint elasticities and transversal elasticities – to our knowl-
edge for the first time for a complete humanoid upper body.
We provide a clear and concise derivation of the kinematic
model from the torque equilibrium, explicitly state the result-
ing exact implicit equation, and show how it can be solved
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Fig. 1. Kinematic tree structure of the humanoid Agile Justin, showing its
19 degrees of freedom (red) and the mass model used for calibration (blue)

iteratively. We successfully calibrate all Denavit–Hartenberg
(DH) parameters and elasticities of this model for the
humanoid Agile Justin and discuss contributions of the
components of the kinematic model to the error reduction.
Finally, we present our elegant approach to efficiently use the
complex and implicit model in optimization-based motion
planning with almost no performance impact.

II. RELATED WORK

Roth et al. [3] provide an early overview on robot calibra-
tion, where they describe four critical aspects: the calibration
model, the dataset, the identification of the model’s param-
eters, and the compensation, i.e., how to use the model in
a robotic task. They also describe three different levels of
calibration. The first level is only finding the joint offsets.
The second is identifying all the robot’s geometric param-
eters. And the third level is the non-geometric calibration,
including joint elasticities and gear backlash.

The first two calibration levels have been successfully
applied to various robot arms [4, 5, 6]. In all these works,
the focus is on algorithmic differences, what sets of DH
parameters to use, and the comparison of the speed for
calibration, but they ignore the speed of compensation.

Besides robotic arms, also more complex humanoid robots
have been calibrated. Maier et al. [7] calibrate the joint
offsets for the humanoid robot Nao and Stepanova et al.
[8] all the DH parameters for the iCub robot. They also
investigate how to combine different internal measurement
chains to get a full-body calibration.



Nevertheless, there are cases for which a purely geometric
model of the robot is not sufficient. A common source of
non-geometric errors is the elasticities in the joints. If the
robot is equipped with joint torque sensors, it is convenient
to use their measurements in the kinematic model as done in
Klodmann et al. [9] for the MIRO robot arm and by Besset
et al. [10] for an LWR arm. But as the actual sensor readings
are needed, this approach is only feasible for control but
not for motion planning. Also, joint torque sensors can not
measure any transversal effects.

A different approach for handling elasticities requires
identifying a mass model of the robot and computing the
torques at their static equilibrium for each pose. Caenen
and Angue [11] showed how to incorporate torques into
the DH-formalism by adding torque-dependent offsets to
the rotational DH parameters. However, they completely
neglected to find the torque equilibrium. Others [12, 13, 14]
included an iterative search to find the equilibrium, but they
only dealt with the joint elasticities and did not include
transversal elasticities. Furthermore, they neglected the prob-
lem of efficient compensation of such an iterative model.

In the case of our elastic humanoid Agile Justin [2], an
efficient compensation of the non-geometric model is crucial
as we want to use it in an optimization-based path planner
[1]. In previous work, we already automatically calibrated the
multi-sensorial head [15, 16] and the IMUs in the head and
the base [17]. Instead, in this paper, we provide an accurate
calibration and efficient compensation for Agile Justin’s full
kinematic as needed for whole-body motion planning.

III. ROBOT MODEL

A. Geometric Model
The forward kinematics of a robot maps from the con-

figuration space of generalized joint angles to the robots’
physical pose in the cartesian workspace. This function is
central to robotic path planning. E.g., grasping an object and
checking for obstacle or self-collision all strongly depend
on an accurate model of the robot’s kinematics. A widely
used representation of this kinematic model is formulated
with the DH parameters. In this formulation, four values
ri = [di,ri,ai,qi] describe the connection between two con-
secutive frames of the robot:

i�1Ti = Rotx(ai) ·Transx(ri) ·Rotz(qi) ·Transz(di) (1)

The joints qi are treated as offsets to qi or di in (2) depending
on the type of joint. This minimal representation with two
translational and two rotational parameters is enough to de-
scribe an arbitrary robot. However, a limit of this formulation
shows up for parallel axes (see joints 1 to 3 in Fig. 1). In
this case, it is impossible to represent a small variation at the
next link with a small variation of the DH parameters. As
[11] showed, a solution is to use an additional parameter b
representing a rotation around the y-axis, leading to modified
DH parameters ri = [di,ri,ai,bi,qi]:

i�1Ti = Roty(bi) ·Rotx(ai) ·Transx(ri)·
Rotz(qi) ·Transz(di) (2)

The frame of the TCP (i = M) relative to the robot’s base
(i = 0) is calculated by appling the transformations in series:

0TM = 0T1 · 1T2 · . . . ·M�1TM (3)

For more complex robots with a kinematic tree structure with
multiple TCPs Mi, an equation like (3) holds for each branch.
We understand the forward kinematics f to map from the
robot configuration q not only to the position of the end
effector(s) but to all frames of the robot.

F = [0T1,
0T2, . . . ,

0TN ] = f (q,r) (4)

B. Non-geometric Model

However, only considering the geometric model falls short
of describing the real robot. This paper focuses on torques
as the primary source of non-geometric effects. In general,
an acting torque will bend the robot and produce a slightly
different position. As the DH parameters can describe an
arbitrary robot, it is convenient to integrate the non-geometric
effects into this formalism. Caenen and Angue [11] showed
this idea by explicitly expressing the influence of torques
onto the DH parameters. The simplest possibility is to add a
torque-dependent linear to the geometric DH parameters r0:

r = r(r0,k,t) = r0 +k t (5)

Note, that the effects of forces on the link lengths are
neglected and the matrix k = [0,0,ka ,kb ,kq ] describes only
compliance around the respective axes, corresponding to the
rotational DH parameters [a,b ,q ] and the acting torques t =
[tx,ty,tz]. As a consequence, also the forward kinematics
now depends via the DH parameters r on the torques t and
the elasticity parameters k:

F = f (q,r(r0,k,t)) (6)

In the regime of no external forces and reasonably slow,
quasi-static motions, the torques originate only from the
robot’s weight and its specific distribution. For a frame, the
pair n j = [m j,w j] describes the mass m j and its position
w j relative to this frame (i.e., 0w j = 0Tjw j). The torques
produced by this mass due to the gravity vector g around
the respective coordinate axes of another frame i with origin
0 pi can be calculated [11] by1:

tx
i j = ((0Tj w j � 0 pi�1)⇥m jg) · 0ex

i�1

ty
i j = ((0Tj w j � 0 pi�1)⇥m jg) · 0ey

i�1 (7)

tz
i j = ((0Tj w j � 0 pi)⇥m jg) · 0ez

i

To calculate the full torque ti acting on a link i, the
contributions from all masses that act on the respective link
have to be summed up, i.e., the torques from all masses
which are higher up in the robot’s kinematic tree.

1Those torques act on the rotational axes parameterized by ai, bi, and
qi, which are described in (2). Because they make up a frame by sequential
stacking, they do not all share the same frame of reference.



The torques t = t(F,n) now depend on the weight dis-
tribution n = [n1,n2, . . .] of the robot and therefore on the
frames F which are depending on the DH parameters r:

r = r(r0,k,t(F(q,r),n)). (8)

This implicit equation for the DH parameters defines the
equilibrium between the torques due to gravity and the
torques due to flexion of the robot. We define the solution
to this equation as the non-geometric DH parameters

r⇤ = r⇤(q,r0,k,n). (9)

One possibility to solve (8) is by the following iteration:

rn = (1�l )rn�1 + lr(r0,k,t(F(q,rn�1),n)) (10)
r• = r⇤ (11)

Choosing an appropriate l 2 [0,1] for the weighted sum
ensures the convergence of the iteration even for very soft
(or strongly non-linear) robots2. A suitable choice for the
start of the iteration are the geometric DH parameters r0
which can be interpreted as a robot in zero gravity or a robot
with infinite stiffness. Finally, the non-geometric forward
kinematics is then given by

F⇤ = f ⇤(q,r0,k,n) := f (q,r⇤(q,r0,k,n)). (12)

IV. CALIBRATION

A. Measurement Model

We use an external camera system from Vicon, consisting
of six 16Mpx cameras mounted on the ceiling and designed
to track retro-reflective markers with high accuracy. We
fixated two such markers on the robot’s hands, the last link
of the respective kinematic chains (see Fig. 2). To use the
markers’ positions y for calibrating the forward kinematics f ,
additional information is necessary. First, we need the robot’s
base relative to the camera system’s world frame cT0. Second,
the markers’ position on the left and right end effector pr and
pl must be known. It is not always possible to determine
those frames beforehand; therefore, they become part of the
calibration problem. Our measurement function h consists of
the forward kinematics and the additional frames at the ends
of the kinematic chain to close the measurement loop:

y = h(q,Q) = cT0 · f ⇤(q,r0,k,n)r,l · [pr, pl] (13)

The calibration parameters Q= [r0,k,n ,c] are a combination
of the DH parameters r , the compliances k , the masses n ,
and the parameters c = [pc,oc, pr, pl] for the camera base-
frame and marker positions to map the forward kinematics
to the measurements. The camera frame cT0 is here defined
by its position pc and its orientation oc.

2The convergence can be shown by interpreting the DH parameters as
generalized coordinates and the update rule as the discretized integration
over time of an damped dynamical system (the robot moving due to gravity).

Fig. 2. A common measurement setup with cameras tracking markers
on the end effectors; showcasing the problem of occlusion and suitable
orientation of the marker for a given robot configuration.

B. Identification

The parameters Q of the measurement function h can be
identified using a dataset D = {(q(n),y(n))}n=1...N of pairs of
the robot’s configuration q(n) and the corresponding marker
positions y(n). We formulate the identification as a single
combined least-squares problem based on all measurements
and all markers to minimize the task space error. To solve for
the optimal parameters Q⇤, we use the maximum a posteriori
(MAP) approach:

min
Q

"
N

Â
n

1
s2

m
|y(n)�h(q(n),Q)|2 +(Q�Qp)

T L�1
p (Q�Qp)

#

This approach uses a prior Gaussian distribution with mean
Qp and a diagonal covariance matrix Lp = diags2

p , where
the vector sp describes the uncertainty of the different
calibration parameters. For the measurement noise, we use
the usual assumption of a Gaussian distribution with zero
mean and standard deviation sm. The prior acts as regular-
ization and guarantees the existence of a minimum, even in
the presence of redundancies in the measurement/kinematic
model. Setting the prior is not critical, but it should be set
conservatively to plausible values. Because of the highly
nonlinear measurement function, it might be necessary to use
multistart for the initial guess to find the global minimum.

C. Configuration Selection and Efficient Sample Collection

We selected the measurement poses randomly by sampling
from the configuration space to ensure good overall accuracy
and not only close to some standard configurations. Never-
theless, the poses must be feasible for our experimental setup.
Besides avoiding self-collision while measuring, the markers
imposed additional constraints, as they must be well visible
to the cameras. We used rejection sampling to ensure that at
least four of the six cameras had a clear view of one marker.
We checked for occlusion with simple ray tracing, a straight
line from each camera to the marker’s position. A sphere
model of the robot, which we also use for collision checking,
was used to test if the robot blocks any ray. Combining all
those constraints, only 1/10000 configurations were feasible.

After determining a set of feasible configurations in sim-
ulation, we now need to measure those poses. The robot has
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objective H (Fi)
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Fig. 3. Flowchart of the optimization loop in light gray. Dark gray shows
the additional loop for the static torque equilibrium. As the outer loop
converges, no additional passes through the inner torque loop are necessary.

to move to each configuration so that the camera system
can collect the corresponding marker positions. One crucial
concern regarding experiments with robots is always the time
involved. To perform short and collision-free paths from pose
to pose, we use an optimization-based path planner; the same
planner we want to make more accurate through calibration,
but with extended safety margins for the nominal kinematic.

To reduce the time further, we ordered the randomly
selected poses to minimize the distance between them. By
solving a traveling salesman problem on batches of 100
samples, we could reduce the time by a factor of two. Now
the average time to collect one sample is ten seconds. From
this, nine seconds fall on the robot performing the trajectory,
and one second is added as a pause for the measurement.

V. COMPENSATION

The calibration goal is to find a set of parameters Q which
describes the robot as accurately as possible. Nevertheless,
also the speed and ease of use of the calibration model, e.g.
in motion planning, is crucial. Incorporating the new set
of DH parameters r is straightforward and works without
any changes or additional costs as they replace the old DH
parameters. The same holds for masses m and compliances
k . However, to determine the elastic effects, one must find
the static equilibrium between acting torques and elasticities
described in (8). While it might be feasible for calibration
(offline procedure) to use the iterative algorithm (10), it is
more prohibitive for compensation (online). One should care-
fully evaluate this trade-off between accuracy and simplicity
when choosing a calibration model for a robot.

Knowing that we will use the forward kinematics mostly
in the framework of an optimization-based path planner has
further implications. Such a planner works on paths in con-
figuration space Q = [q1,q2, ...,qn] and performs iterations to
get from an initial path Q0 to a converged path Q⇤. For each
step, the optimizer considers the objective function H(Qi)

Fig. 4. Simulated convergence towards the static torque equilibrium for
robots of different stiffness. For iteration 0 the elastic effect is ignored. The
bands indicate the standard deviation for 1000 different joint configurations.

and updates the path using the gradient information. The
nested structure of the forward kinematics

f ⇤(q) = f (q,r( f (q,r( f (...)))) (14)

leads to highly non-linear gradients, making the model more
difficult to use. As a solution to this, we separate the
torque equilibrium search in a separate loop, as shown in
Fig. 3. After determining the acting torques accurately and
updating the DH parameters accordingly, we assume these
as constant for the gradient calculation ∂F/∂q. This allows
us to use the pure geometric forward kinematics, implicitly
assuming ∂r/∂q = 0. Although we completely omit the
torque iterations for the gradients, this approximation does
not hinder convergence in our tests.

The second important aspect visualized in Fig. 3 is
the combination of the optimization loop and the torque
equilibrium loop. Even if the updates of the configurations
are large at the beginning of the optimization, when the
planner converges, the pose updates get small. If those
updates are significantly smaller than the offset produced by
a torque update, it is unnecessary to search for a new static
equilibrium iteratively. In other words, it is sufficient to reuse
the already computed frames, and calculate the acting torques
and update the DH parameters only once, while nevertheless
solving the forward kinematics f ⇤ exactly. The outer loop of
the converging optimizer makes it unnecessary to perform
inner iterations when searching the torque equilibrium.

VI. EXPERIMENTAL EVALUATION

A. Calibration

We collected Nall = 500 samples with the procedure de-
scribed in Section IV-C and split them into a calibration set
with N = 300 and a test set with Ntest = 200 samples. This
data, as well as an overview of the nominal and the calibrated
parameters, are provided online3.

In what follows, we calibrate the parameters Q= [r0,k,c],
i.e., not n (the mass m and the center of mass w) because

3https://dlr-alr.github.io/dlr-elastic-calibration



TABLE I
CALIBRATION RESULTS: RESIDUAL TCP ERRORS [MILLIMETERS].

Frames DH parameter Compliance

c ...+q ...+d, r, a , (b ) ...+kq ...+ka
, (kb

)

µ 21.33 18.18 10.5 5.64 3.12
s 9.71 7.8 5.74 2.57 1.71

max 63.41 45.9 36.37 12.83 8.23
| {z } | {z }

before calibration full calibration

Fig. 5. Histogram of the residual error at the end effectors before and after
calibration, highlighting the need for non-geometric modeling of Justin. The
circles on the x-axis mark the mean µ of the error (see also Table I).

they could be adopted from the CAD-files of the robot. In
a test, we found that adding n to the calibration parameters
did not improve the residual error but significantly increased
the runtime of the optimization algorithm. The priors used
for the following calibrations were chosen based on previous
experiments with the robot, with uncertainty sp in lengths
of 0.1 m, angles of 0.2 rad, and elasticities of 0.1 rad/kNm.

In all experiments, we used multi start for the optimization
with initial guesses Q0 randomly sampled from the prior
distribution. All optimization runs converged to the same
optimum, showing the stability of our calibration approach.

As the first step, the additional frames parametrized by
c must be determined to close the measurement loop. Only
calibrating those frames gives the accuracy of the nominal
kinematics before calibration, with a mean residual error of
20 mm - averaged over the 200 test poses and both arms.
In the worst cases, the error was larger than 60 mm. After
calibration, the mean residual error of the full model is
reduced to 3.1 mm and the maximum error to 8.2 mm. Those
two cases are reported in Table I in the left- and rightmost
columns and a detailed distribution of the errors is shown
in Fig. 5. Here the result of a pure geometric calibration
without elasticities is also shown, which highlights the need
for a non-geometric calibration model for this robot.

We conducted further experiments to evaluate the signif-
icance of the different model parameters. Table I reports
the residual error when making the model more expressive
by adding more parameters step by step, starting with the
uncalibrated model (leftmost column) up to the full model
(rightmost column). The order in which we added the dif-
ferent types of parameters (always for all joints at once)
followed ”standard practice” with joint offsets as first and
transversal elasticities as the last addition.

TABLE II
”LEAVE-ONE-OUT ANALYSIS”: RESIDUAL TCP ERRORS [MILLIMETERS].

full �kq �a �q �ka �r �d
µ 3.12 9.09 6.48 6.35 4.85 4.33 3.46
s 1.71 4.23 2.93 3.16 2.28 2.03 1.73

max 8.23 24.59 17.25 18.89 13.37 11.09 8.97

Fig. 6. Test error over the calibration set size N. The bands show the
standard deviation over 1000 different calibration sets of a given size.

That this ”standard ordering” does not represent the actual
influence of the parameters on the residual error can be seen
in Table II. Here, starting from the full model (rightmost
column), only a specific parameter type was left out one
at a time. From this, it can be seen how crucial joint and
transversal elasticities are for modeling Justin’s kinematics.
One reason for the joint elasticities being that prominent is
that we not only model the mechanical elasticity of a joint
but also the elasticity of the joint position controller 4.

Fig. 6 shows how the test error decreases when more
samples N are used for calibrating the full model. Further-
more, one can see the influence of which robot configurations
(joint angles) are in a set. The light bands show the standard
deviation when selecting 1000 different sets of a given size.
While there is still some minor improvement beyond N = 100
samples, the main effect of the calibration happens with as
little as N = 50 samples (those could be collected in less than
ten minutes). This information is especially beneficial for
recalibrating the robot with a subset of the parameters in the
future. A smaller calibration model corresponds to a smaller
set necessary for calibration, making the effect of selecting
an optimal set of configurations [15] more significant.

B. Compensation
Fig. 4 visualizes the non-geometric effects in more detail

by showing the convergence towards a static equilibrium
for solving the kinematics via iteration according to (10).
We show results for the real and virtual versions of Agile
Justin with lower and higher elasticities. For the real robot,
the difference after just one iteration is already considerably
below our calibration accuracy. But if the robot is softer
or the accuracy requirements are stricter, one needs more
iterations to converge to the equilibrium configuration.

In addition, we tested the algorithm described in Fig. 3 on
these versions of Agile Justin. While for the real or stiffer

4We use a relatively simple joint position controller as it is robust (e.g.,
it does not rely on the torque sensors, which are notoriously drifting and
hard to maintain). However, it results in an additional joint-level elasticity.



versions no additional iterations were necessary to converge
to the grasping poses, the procedure also works for soft
robots with stiffnesses in the range of ⇠ 100N/rad. In this
case, the number of iterations increased by 30%. In all cases,
the wall clock time for one loop of the optimizer increases
by only one percent. Because no additional calculation of
the forward kinematics is necessary, and one pass through
the torque loop is enough.

VII. CONCLUSIONS

In this paper – to our knowledge for the first time
– a calibration model including all DH parameters, joint
and transversal elasticities was formulated and successfully
calibrated for a humanoid robot.

For DLR’s Agile Justin, the average error could be sig-
nificantly reduced from prohibitively large 21 mm to 3.1 mm
in the whole workspace. We provided a clear and concise
derivation of the implicit kinematic model with elasticities
from a torque equilibrium. We showed that this complex
implicit model can be used in optimization-based motion
planning without any performance impact (for mildly elastic
robots like Agile Justin). And even for a simulated soft robot
with 20 times higher elasticities, the slowdown was only
30%. We achieved this by tightly integrating the iterative
solver for the implicit kinematic model into the optimization
planner loop of the planner. Finally, we provided an in-depth
discussion of the influence of the individual components of
the model on the residual position error.

In the future, we want to make the calibration completely
automatic and self-contained by replacing the use of an
external tracking system by using the robot’s head-mounted
cameras, so combining this work with our previous work on
automatic camera calibration [16].
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