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ABSTRACT

A simple vibrational model of heat transfer in two-dimensional (2D) fluids relates the heat conductivity coefficient to the longitudinal and
transverse sound velocities, specific heat, and mean interatomic separation. This model is demonstrated not to contradict the available exper-
imental and numerical data on heat transfer in 2D complex plasma layers. Additionally, the heat conductivity coefficient of a 2D one-
component plasma with a logarithmic interaction is evaluated.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0038078

Recently, a vibrational model of heat transfer in simple three-
dimensional (3D) liquids with soft interparticle interactions has been
discussed.1 This model has been applied to quantify heat transfer in a
strongly coupled one-component plasma (OCP) and Lennard–Jones
fluids, and remarkable agreement with available numerical results has
been reported. If there is some truth in this simple model, it can be
very straightforwardly generalized to two-dimensional 2D systems.
The purpose of this Letter is to present such a generalization and to
compare its prediction with existing results from experiments and
simulations on heat transfer in 2D complex plasma layers.
Additionally, we make a prediction about the yet unknown heat con-
duction coefficient of a 2D OCP.

The problem of transport coefficients in 2D systems has been
and remains a rather controversial issue. The absence of valid trans-
port coefficients in 2D systems was predicted based on the analysis of
the velocity autocorrelation function and of the kinetic parts of the
correlation functions for the shear viscosity and the heat conductivity.2

Molecular-dynamics simulations of the 2D classical electron system
(2D Coulomb fluid) yielded indications for the existence of a self-
diffusion coefficient.3 Strong indications of normal self-diffusion in 2D
Yukawa fluids at sufficiently long time scales were also reported.4 The
existence of finite shear viscosity coefficients of strongly coupled 2D
Yukawa fluids was demonstrated in experiments with complex (dusty)
plasma monolayers and molecular dynamics (MD) simulations.5 In a
dedicated study of Ref. 6, it was observed that the self-diffusion coeffi-
cient exists at sufficiently high temperatures and the viscosity coeffi-
cient exists at sufficiently low temperatures, but not in the opposite

limits (so that the Stokes–Einstein relation does not hold in 2D). The
thermal conductivity coefficient does not appear to exist at high temper-
atures. For low temperatures, no definite conclusion could be drawn
because of the technical challenges posed by signal-to-noise ratios and a
long initial decay of the corresponding correlation function.6

An outstanding review of thermal conduction in classical low-
dimensional lattices can be found in Ref. 7. The mode-coupling theory
predicts the finite thermal conductivity coefficient in 3D and its diver-
gence in the thermodynamic limit for lower dimensions: k / lnN (in
2D) and k / N2=5 (in 1D), where N is the number of particles in the
system. Nevertheless, numerous indications in favor of the finiteness
of k in the thermodynamic limit of low dimensional systems have also
been reported over the years.7

On the experimental side, finite values of the thermal conductiv-
ity coefficient were reported for single layers of crystalline, melted, and
fluid complex (dusty) plasmas as measured in dedicated experi-
ments.8–12 Numerical simulations of heat conduction in 2D Yukawa
systems (which serve as a first approximation for real complex plas-
mas) were also performed for conditions representative to those in lab-
oratory experiments.13–15 So, how do these results compare with
theoretical expectations?

First, we generalize a simple vibrational model of heat transfer to
the 2D situation. 2D fluid is approximated by a string-like structure
with strings perpendicular to the temperature gradient and separated
by the distance D ¼ n�1=2. The average particle separation in each
string is also D. A sketch of the considered structure is shown in Fig. 1.
It resembles that of a three-dimensional layered structure, but here the
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particles tend to form a disordered quasi-triangular lattice. When a tem-
perature gradient is applied, the average difference in energy between the
atoms of adjacent strings is DðdU=dxÞ, where U is the internal energy
per particle. The energy between successive strings is transferred when
two vibrating particles from adjacent strings “collide” (that is they
approach by a distance that is shorter than the average interparticle sepa-
ration). The characteristic energy transfer frequency is given by the aver-
age vibrational frequency of a particle, hxi=2p. The energy flux per unit
string length is dQ=dt ¼ �ðhxi=2pÞðdU=dxÞ, where the minus sign
indicates that the heat flow is down the temperature gradient.
Comparing this with Fourier’s law for the heat dQ=dt ¼ �kðdT=dxÞ,
where k is the thermal conductivity coefficient (scalar in isotropic
liquids), we get

k ¼ cV
hxi
2p

; (1)

where cV ¼ dU=dT is the reduced heat capacity at constant vol-
ume. The temperature is measured in energy units (kB ¼ 1), and
hence, the thermal conductivity coefficient is expressed in units of
frequency.

Equation (1) represents a general formula of the thermal conduc-
tivity coefficient in 2D fluids, which can be further simplified using
special assumptions about the vibrational spectrum. In the simplest
Einstein approximation, all particles vibrate with the same (Einstein)
frequency XE (on time scales shorter than structural rearrangement
timescale), and hence, hxi ¼ XE. We obtain

k ¼ cV
XE

2p
; (2)

which can be considered as a 2D analogue of the Horrocks and
McLaughlin formula.16 Moreover, in the vicinity of the fluid–solid
phase transition, we have cV ’ 2 to a good approximation, and hence

k ’ XE

p
: (3)

This can be used as a rough estimate of the thermal conductivity coef-
ficient of 2D melts.

As a more accurate approximation, we consider the conventional
long-wavelength spectrum containing one longitudinal and one trans-
verse acoustic-like modes with

x2
l ’ c2l k

2; x2
t ’ c2t k

2; (4)

where cl and ct are the longitudinal and transverse sound velocities.
The standard averaging procedure yields

hxi ¼ 1
4pn

ðkmax

0
kdk xlðkÞ þ xtðkÞ½ � ¼ k3maxðcl þ ctÞ

12pn
: (5)

The cutoff wavenumber kmax is chosen to provide n oscillations for
each collective mode, which is pðkmax=2pÞ2 ¼ n (to ensure that we
have 2N normal modes for N particles in 2D). The average vibrational
frequency becomes

hxi ¼ 2
ffiffiffi
p
p

3
cl þ ct

D
’ 1:18

cl þ ct
D

: (6)

This leads to the following simple approximation for the thermal con-
ductivity coefficient of simple 2D fluids:

k ’ 0:1878cV
cl þ ct

D
: (7)

If we treat the sum cl þ ct as some effective sound velocity cs, then
Eq. (7) can be considered as a 2D analogue of the Bridgman equation
for the thermal conductivity of liquids.17,18

In arriving at (6), two additional simplifications have been
employed. First, the kinetic terms were not included in acoustic disper-
sion relations of Eq. (4). These are numerically small at fluid densities
and can be omitted. Second, the existence of a k-gap in the dispersion
relation of the transverse collective mode is not taken into account.
This “k-gap” implies a minimum (critical) wave number, k�, below
which transverse (shear) waves cannot propagate. It occurs in fluids
both in 3D and 2D. The critical wave number tends to decrease with
an increase in density and a decrease in temperature (on approaching
the liquid–solid phase transition).19–24 Since the contribution from the
small k-region is not essential in the present context, the existence of
the k-gap does not affect the obtained results explicitly (as long as
k� � kmax, of course). At the same time, the k-gap itself is directly
related to the heat capacity cV, and thus, it affects the magnitude of the
thermal conductivity coefficient.25

It is now possible to compare the simple expressions (2) and (7)
with the available results from experiments and simulations. We start
with the experiment performed by Nosenko.10 In this experiment, the
heat transport in a 2D complex plasma undergoing a solid–fluid phase
transition was studied. A single layer of highly charged polymer micro-
spheres was suspended in a plasma sheath. A part of this lattice was
heated by two counterpropagating focused laser beams that moved
rapidly around in the lattice and provided short intense random kicks
to the particles. Above a threshold, the lattice locally melted. The spa-
tial profiles of the particle kinetic temperature were analyzed to find a
thermal conductivity coefficient. For the parameters investigated, the
numerical value of k ’ 21 s�1 was obtained.10,26 All the parameters
necessary for comparison with the present model were measured
experimentally. The longitudinal and shear waves had the sound
velocities cl ’ 28:7 mm/s and ct ’ 5:4 mm/s. The interparticle sepa-
ration D, measured from the radial distribution function g(r), was
about 0.7mm in the center of the particle layer. Substituting these
numbers into Eq. (7) yields k ’ 18:3 s�1 if cV ’ 2 is assumed.
Actually, the specific heat cV is known to somewhat exceed the har-
monic value 2 (in 2D) near the fluid–solid phase transition due to

FIG. 1. Sketch of a two-dimensional fluid-like structure. The average interparticle
separation is D ¼ n�1=2. The temperature increases from bottom to top.
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anharmonic effects, both in the fluid and solid phases.27 This would
shift the theoretical value even closer to the experimental result.

Next, let us consider some of the available results from numerical
simulations. All simulations correspond to 2D Yukawa systems, as the first
approximation of real dusty plasma layers, and some background informa-
tion is necessary. 2D Yukawa systems represent point-like particles inter-
acting via the pairwise interaction potential /ðrÞ ¼ ðQ2=rÞ exp ð�r=ksÞ,
where Q is the particle charge and ks is the screening length. Equilibrium
structural properties of these systems are fully characterized by the two
dimensionless parameters: the coupling parameter C ¼ Q2=aT and the
screening parameter j ¼ a=ks, where a ¼ ðpnÞ�1=2 is the 2D
Wigner–Seitz radius, T is the temperature in energy units (kB ¼ 1), and n
is the (areal) density. Equilibrium thermodynamic properties and the
phase diagram of 2D Yukawa systems are relatively well investigated (see,
e.g., Refs. 28–30). Dynamics is also affected by the damping coefficient c,
which is mainly related to the presence of neutral atoms in weakly ionized
dusty plasma (and is often referred to as Epstein drag).

Hou and Piel (HP)13 conducted nonequilibrium Brownian
dynamics simulations to study heat transfer in strongly coupled 2D
Yukawa systems, for parameters close to those in real experiments.8,10

In HP simulation, the system was first brought to an equilibrium with
a desired temperature in either a liquid or a solid state. Then, half of
the system was heated to a higher temperature by applying a Gaussian
white noise with desired strength. The evolution of the temperature
profile and the heat flux were recorded. A steady state was approached
after a substantially long period. Fitting the stationary temperature
profile to a simple analytical model yielded the heat conductivity coef-
ficient. In their simulations, the screening parameter was kept constant
at j ¼ 1, while C and c were varied to examine different equilibrium
states and different damping rates. HP reported k ’ 0:35xp for the
parameters of the experiment in Ref. 10, where xp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pQ2n=ma

p
is

the 2D plasma frequency (it was observed that k rises slightly with
the decrease in c and tends to k ’ 0:4xp in the frictionless limit).
From the theoretical side, we have XE ’ 0:5xp at j ¼ 1 (see Fig. 4
from Ref. 31). Substituting this into Eq. (3), we get k ¼ 0:16xp.
Alternatively, we can substitute the sound velocities cl ’ 0:81xpa and
ct ’ 0:23xpa of strongly coupled 2D Yukawa fluids at j ¼ 132,33 to
obtain k ’ 0:22xp. Both theoretical approximations are somewhat
lower than HP numerical results.

Khrustalyov and Vaulina (KV)14 studied the thermal conductiv-
ity of equilibrium 2D Yukawa systems by means of Langevin molecu-
lar dynamics simulations. They calculated the thermal conductivity
coefficient from the Green–Kubo expression. The influence of fric-
tional dissipation on the heat transfer was investigated. They expressed
the thermal conductivity coefficient (unconventionally) in units of
nx�r2p , wherex� is some characteristic frequency of collisions between
the charged macroparticles and rp is some characteristic interparticle
separation. In the frictionless limit, they obtained k=nx�r2p ’ 0:86
near the fluid–solid phase transition, independently of j (for j � 4).
From the information presented in Ref. 14, we can estimate rp=a
’ 1:4 and x� ’ 0:34xp in the weakly screened limit (j � 1).34 This
yields k ’ 0:18xp, which is compatible with the theoretical approxi-
mation presented above. For example, in the weakly screening limit
j� 1, we have XE ’ 0:6xp (see Fig. 4 from Ref. 31). Using Eq. (3),
we immediately get k ¼ 0:19xp.

A homogenous nonequilibrium molecular dynamics simulation
was used to compute the thermal conductivity coefficient of 2D

strongly coupled Yukawa fluids by Shahzad and He (SH).15 They used
two different normalizations for k (by employing plasma and Einstein
frequencies, respectively) and attempted to compare their results with
those from earlier simulations (including 3D results) and experiments.
The comparison is not conclusive: The results for k from HP simula-
tion appear smaller than those from KV simulation, contrary to the
actual state of affairs. Nevertheless, the results presented in Fig. 5 of
Ref. 15 seem to indicate that the quantity k=nXEa2 approaches unity
as the crystallization point is approached. This finding is perfectly con-
sistent with Eq. (3) since pna2 ¼ 1.

Thus, the vibrational model of heat conductivity in 2D complex
plasma layers is not inconsistent with the results from experiments
and simulations for which comparison is possible. Except one (HP
simulation) case, the model is able to reproduce closely the numerical
values of the heat conductivity coefficient. In the HP case,13 the theo-
retical result is more than 30% lower than that from simulation, and
the reason for this is unclear.

What becomes also clear after careful analysis of the available
simulations is that there is an obvious deficiency of the numerical data
(compared to the 3D case35–42). Only several state points have been
investigated so far. No careful analysis of general trends and tendencies
across the phase diagram has been performed. For instance, even the
temperature dependence of k in the strongly coupled regime remains
unclear (apart from the fact that it is rather weak). Conflicting predic-
tions have been made: In Refs. 14 and 15, the data comply with a
monotonous decrease in k on approaching the freezing point. In Ref.
13, slight increase in k was suggested. The vibrational model predicts a
weak increase in k on approaching the fluid–solid transition, mainly
due to an increase in the specific heat cV.

The dependence of k on the system size was not investigated sys-
tematically, probably because the interest was mainly concentrated on
conditions close to those in laboratory experiments. In experiments,8,10

5000–10 000 particles formed a 2D horizontal layer, of which positions
and movements of about 900 were traced using a video camera. HP
used 10 000 particles in their simulation, KV varied the number of par-
ticles from 256 to 1225, and SH used N¼ 1024, 4096, 14 400, and
22 500 particles but did not provide any convincing conclusions
regarding the system size dependence of k. It cannot be completely
excluded that some difference between the reported results may arise
from the system size effects.

Overall, relatively little is still known about thermal conductivity
in 2D Yukawa systems (and about 2D systems in general). Although
the vibrational model does not contradict the results reported so far,
more results are needed to get more confidence regarding its applica-
bility conditions. Experiments in large 2D complex plasma systems,43

as well as new simulations covering different regions of the phase
space and addressing the effect of system size, are required to fulfill
this program.

To provide one more test case for potential future comparison,
we will now calculate a yet unknown coefficient of thermal conductiv-
ity of a 2D one-component plasma (OCP) with a logarithmic interac-
tion potential. The logarithmic potential, /ðrÞ ¼ �Q2 ln ðr=aÞ,
emerges from the solution of the 2D Poisson equation and represents
the interaction between infinite charged filaments (Q2 is expressed in
energy units). The point charges are immersed into a rigid neutralizing
background to guarantee system stability and finite thermodynamical
quantities. This system should not be confused with a system of point
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charges interacting via the conventional 3D Coulomb potential
(/ 1=r), whose motion is restricted to a 2D surface (which is also
often referred to as OCP and represents the j¼ 0 limit of Yukawa sys-
tems considered above).

The thermodynamic properties of the 2D OCP are governed by
the coupling parameter C ¼ Q2=T , and dynamical properties are
expressed using the 2D frequency scale x0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pQ2n=m

p
.44–47 The

dispersion relations of the longitudinal and transverse modes (long-
wavelength branch) at strong coupling can be to a good accuracy
approximated by48

x2
l;t

x2
0
¼ 1

2
6
J1ðqÞ
q

; (8)

where q ¼ ka is the normalized wavenumber, J1ðxÞ is the Bessel func-
tion of the first kind, and the plus (minus) sign corresponds to the lon-
gitudinal (transverse) mode, respectively. Averaging according to Eq.
(5) yields hxi ’ 0:629x0. The specific heat can be calculated from the
thermal component of the internal energy, for which we use an
approximation of Eq. (20) from Ref. 27. The resulting dependence of
the reduced thermal conductivity coefficient on C in the strongly cou-
pled regime is shown in Fig. 2. An order of magnitude estimate can be
done with the help of Eq. (3) taking into account that XE ¼ x0=

ffiffiffi
2
p

for the 2D OCP, which results in k ’ 0:23x0 near freezing. The
obtained result can be tested when numerical results on the thermal
conductivity of 2D OCP become available.

To conclude, a vibrational model of heat conductivity in 2D flu-
ids has been presented and discussed. It does not contradict the avail-
able results from experiments and numerical simulations of 2D
complex plasma layers. Nevertheless, more detailed comparison is
clearly warranted, and some suggestions for future research directions
have been made.
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during the preparation of this manuscript and its careful reading.
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