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Abstract

Uncertainty estimates are crucial in many deep learning problems, e.g . for active learning
or safety-critical applications. While Bayesian deep learning provides a framework to
generate uncertainty estimates for deep learning models, it requires a well-specified prior
which is in general unknown.

This work aims to use large-scale datasets to learn an informative prior over the parame-
ters of a neural network which can then be used in subsequent tasks to create better un-
certainty estimations and tighter generalization bounds. The model uses scalable Laplace
approximations to enable working with large-scale networks and datasets with little com-
putational overhead compared to standard deep learning. Altogether, this transforms
the problem of defining high-dimensional prior distributions with complex interactions
between different weights to finding related datasets.

To improve the generalization bounds for Laplace approximation, a novel method to scale
the curvature using PAC-Bayesian bounds is proposed. For this, an approximate upper
bound of the training error is derived for Laplace approximation that is optimized with
respect to the curvature scales.

Empirically, the learned prior needs less temperature scaling than isotropic Gaussian pri-
ors and produces similarly accurate predictions and uncertainty estimations. Moreover,
non-vacuous generalization bounds are obtained for a LeNet-5 architecture on the NotM-
NIST dataset. In particular, the curvature scaling improves the bounds by up to 23 per-
cent points while the empirically learned prior tightens the bound compared to isotropic
Gaussian priors by an average of nine percent points, resulting in an upper bound of the
generalization error of 65% on the NotMNIST dataset.

Additionally, we introduce Progressive Bayesian Neural Networks (PBNN) that combine
the learned prior with progressive neural networks to learn sequentially incoming tasks
without catastrophic forgetting. Using an empirically learned prior on the ImageNet
dataset, PBNN improve the accuracy and uncertainty on a large-scale robotics dataset
compared to progressive neural networks and their variation with MC dropout.

Moreover, we present a more accurate Kronecker-factorization of the Fisher Information
Matrix (FIM) as an alternative to the widely adopted Kronecker-Factored Approximate
Curvature (K-FAC). For this, we transform the optimal Kronecker-factored approximation
of the FIM into a best rank-one approximation problem and solve this problem with a
novel scalable version of the well-known power (iteration) method. In a proof-of-concept
experiment, we show that the proposed algorithm can achieve more accurate estimates of
the true FIM when compared to the K-FAC method.



Zusammenfassung

Die Unsicherheit von Deep-Learning Modellen ist von zentraler Bedeutung wie beispiel-
sweise beim Aktiven Lernen oder bei sicherheitskritischen Anwendungen. Bayes‘sches
Deep Learning bietet zwar einen Rahmen für die Erstellung von Unsicherheitsschätzungen
für Deep-Learning-Modelle, benötigt dafür aber eine gut definierte A-priori-Wahrschein-
lichkeitsverteilung, die im Allgemeinen unbekannt ist.

Diese Arbeit hat das Ziel, große Datensätze zu verwenden, um eine informative A-priori-
Wahrscheinlichkeitsverteilung über die Parameter des neuronalen Netzwerks zu erlernen,
die für weitere Aufgaben verwendet werden kann und die Unsicherheitsabschätzung und
Generalisierungsschranken darauf verbessern soll. Das Modell nutzt skalierbare Laplace
Approximationen, um mit großen Netzwerken und Datensätzen zu arbeiten und benötigt
dabei nur geringfügig mehr Rechenaufwand als normales Deep Learning. Insgesamt wird
dadurch das Problem, eine hoch-dimensionale A-priori-Verteilung mit komplexen Zusam-
menhängen zu bestimmen, dahin verlagert, einen ähnlichen Datensatz zu finden.

Für die Verbesserung der Generalisierungsschranken für die Laplace Approximation wird
eine innovative Methode vorgeschlagen, die die Krümmung mit Hilfe von PAC-Bayes‘schen
Schranken anpasst. Dafür wird eine approximative obere Schranke des Fehlers auf den
Trainingsdaten für die Laplace Approximation hergeleitet, die bezüglich der Krümmungs-
skalierung optimiert wird.

In der Praxis braucht die gelernte A-priori-Wahrscheinlichkeitsverteilung weniger Temper-
ature-scaling als isotrope Normalverteilungen und liefert ähnlich genaue Vorhersagen und
Unsicherheitsabschätzungen. Darüber hinaus werden für eine LeNet-5-Architektur auf
dem NotMNIST-Datensatz nicht-triviale Generalisierungsschranken erzielt. Insbesondere
verbessert die Krümmungsskalierung die Generalisierungsschranke um 23 Prozentpunkte
während die gelernte A-priori-Verteilung durchschnittlich mit einer Verbesserung von neun
Prozentpunkten im Vergleich zu isotropischen Normalverteilungen einhergeht. Insgesamt
führt die Kombination beider Methoden zu einer Schranke des Generalisierungsfehlers von
65% auf dem NotMNIST-Datensatz.

Zusätzlich stellen wir Progressive Bayes’sche Neuronale Netzwerke (PBNN) vor, die die
gelernte A-priori-Verteilung mit Progressive Neural Networks kombinieren, um sequentiell
eingehende Aufgaben ohne katastrophales Vergessen zu lernen. Mit einer auf ImageNet
gelernten A-Priori-Verteilung verbessern PBNN die Genauigkeit und Unsicherheit im Ver-
gleich zu Progressive Neural Networks und deren Erweiterung mit MC-Dropout.

Darüber hinaus stellen wir eine genauere Kronecker-Faktorisierung der Fisher-Informa-
tionsmatrix (FIM) als Alternative zur weit verbreiteten Kronecker-Factored Approximate
Curvature (K-FAC) vor. Dafür wandeln wir die optimale Approximation der FIM als
Kronecker-Faktorisierung in ein optimales Rang-Eins-Problem um und lösen dieses Prob-
lem mit einer skalierbaren Version der bekannten Power-(Iterations-)Methode. In einem
Konzeptversuch zeigen wir, dass der vorgeschlagene Algorithmus im Vergleich zur K-FAC-
Methode genauere Näherungen der FIM erreicht.



Contents

Acknowledgments iii

Notation xiii

1. Introduction 1
1.1. Motivation and Problem Statement . . . . . . . . . . . . . . . . . . . . . . 1
1.2. Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3. Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4. Thesis Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2. Background 7
2.1. Deep Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2. Bayesian Neural Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3. Laplace Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.4. PAC-Bayesian Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.5. Priors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.5.1. Uninformative Priors . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.5.2. Functional Priors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.5.3. Empirical Priors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.6. Continual Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.7. Progressive Neural Networks . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3. Method 25
3.1. Empirical Prior Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.1.1. Prior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.1.2. Posterior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.1.3. Curvature Scaling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.2. Progressive Bayesian Neural Networks . . . . . . . . . . . . . . . . . . . . 32

4. Experiments and Results 41
4.1. Evaluation Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
4.2. Transfer Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
4.3. Continual Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.3.1. Small-Scale Experiment . . . . . . . . . . . . . . . . . . . . . . . . 47
4.3.2. Large-Scale Experiment . . . . . . . . . . . . . . . . . . . . . . . . 51

4.4. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

vii



Contents

5. Conclusion and Outlook 57
5.1. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
5.2. Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

A. Appendix 67
A.1. Kronecker-Factored Optimal Curvature . . . . . . . . . . . . . . . . . . . . 67

A.1.1. Approximation of Sums of Kronecker Products . . . . . . . . . . . . 67
A.1.2. Kronecker-Factored Optimal Curvature . . . . . . . . . . . . . . . . 70
A.1.3. Experiments and Results . . . . . . . . . . . . . . . . . . . . . . . . 73

A.2. Further Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
A.3. Further Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

A.3.1. Small-Scale Continual Learning Experiment . . . . . . . . . . . . . 79
A.3.2. Large-Scale Continual Learning Experiment . . . . . . . . . . . . . 83

viii



List of Figures

1.1. Example of the Problem Statement. . . . . . . . . . . . . . . . . . . . . . . 2

2.1. Comparison of neural networks with Bayesian neural networks. . . . . . . . 10

2.2. Example of Laplace approximation. . . . . . . . . . . . . . . . . . . . . . . 12

2.3. The continual learning setting. . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.4. Example of a progressive neural network. . . . . . . . . . . . . . . . . . . . 22

3.1. Example of PBNN with colored priors. . . . . . . . . . . . . . . . . . . . . 35

4.1. Plot of the accuracy for multiple temperature scalings in the transfer learn-

ing experiment. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.2. Continual learning plot for the small-scale experiment. . . . . . . . . . . . 48

4.3. Entropy heatmap for the small-scale experiment. . . . . . . . . . . . . . . . 50

4.4. Continual learning plot for the large-scale experiment. . . . . . . . . . . . . 53

4.5. Entropy heatmap for the large-scale experiment. . . . . . . . . . . . . . . . 54

A.1. Approximation quality of K-FOC for fully-connected layers. . . . . . . . . 74

A.2. Approximation quality of K-FOC for convolutional layers. . . . . . . . . . 76

A.3. Entropy histogram for PNN for the small-scale experiment. . . . . . . . . . 80

A.4. Entropy histogram for PNN with MC dropout for the small-scale experiment. 81

A.5. Entropy histogram for PBNN for the small-scale experiment. . . . . . . . . 82

A.6. Entropy histogram for PNN for the large-scale experiment. . . . . . . . . . 84

A.7. Entropy histogram for PNN with MC dropout for the large-scale experiment. 85

A.8. Entropy histogram for PBNN for the large-scale experiment. . . . . . . . . 86

ix





List of Tables

3.1. The different approaches used in this thesis. . . . . . . . . . . . . . . . . . 32

3.2. The notation for PBNN. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.1. The datasets used in this thesis. . . . . . . . . . . . . . . . . . . . . . . . . 44

4.2. Results of the best models on the transfer learning experiment. . . . . . . . 45

4.3. PAC-Bayesian bounds for different approaches on the transfer learning ex-

periment. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.4. Results of the best models of the small-scale continual learning experiment. 49

4.5. PAC-Bayesian bounds for different approaches on the small-scale continual

learning experiment for MNIST. . . . . . . . . . . . . . . . . . . . . . . . . 51

4.6. Results of the best models on the large-scale continual learning experiment. 52

A.1. Runtime in ms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

xi





Notation

Sets

N = {1, 2, . . . }, N0 = N ∪ {0} natural numbers
R real numbers
[n] = {1, . . . , n}, [n]0 = [n] ∪ {0} set of numbers up to n ∈ N
|M | the cardinality of the set M

Linear Algebra

I = I−1 unit matrix
1 all-ones vector
⊙ Hadamard/element-wise product
⊗ Kronecker product
tr(A) =

∑m
i=1 Ai,i trace of A ∈ Rm×m

vec(A) = (A1,1,A1,2, . . . ,Am,n)
T (row-)vectorization of A ∈ Rm×n

diag((Ai)i∈[k]) =

A1 . . . 0
... . . . ...
0 . . . Ak

 block-diagonal matrix with Ai ∈ Rmi×ni

diag(A) = (A1,1,A2,2, . . . ,Am,m)
T diagonal of the matrix A ∈ Rm×m

Λ(A) set of eigenvalues for the matrix A

A:,i ∈ Rm i-th column of A ∈ Rm×n

1[s] =

{
1 if s
0 else

0-1 function for statement s

Probability Theory

π and π(·) = p(·) prior distribution and p.d.f.
ρ and ρ(·) = p(·|D) posterior distribution and p.d.f.
N (µ,Σ) and N (·|µ,Σ) normal distribution and p.d.f.
MN (µ,Σ) andMN (·|µ,Σ) matrix normal distribution and p.d.f.
p≪ q p is absolutely continuous w.r.t. q

KL(p||q) =

{ ∫
ln
(

dp
dq

)
dp if p≪ q

∞ else
KL-divergence for distributions p and q
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Notation

Neural Networks

l ∈ [L] layer index
σl activation function
ϕl parameterized function
sl ∈ Ωl pre-activation
al ∈ Ωl activation
X = Ω0 input space
Y target space
x = a0 ∈ X input
y ∈ Y target
Wl weight
D = ((xi,yi))

N
i=1 dataset

(x,y) ∼ P data distribution
θl = vec(Wl) ∈ Rnl parameter vector for layer l
θ = vec((θl)l∈[L]) ∈ Rn full parameter vector
fθ neural network with weight vector θ

p(·|x, fθ) distribution over Y defined by fθ
γ > 0 weight decay

Fully-Connected Layer

Ωl = Rdl feature space
Wl ∈ Rdl×(dl−1+1) weight matrix
nl = dl(dl−1 + 1) dimension of θl

Convolutional Layer

Ωl = Rcl×hl×wl feature space
T l = [hl]× [wl] feature spatial positions
∆l = [h∆l ]× [w∆

l ] kernel spatial positions
Wl ∈ Rcl×(cl−1|∆l|+1) weight matrix
nl = cl(cl−1|∆l|+ 1) dimension of θl

PAC-Bayesian Bounds

G hypothesis set
M set of probability distributions over G
l : G × X × Y → R loss function
er : G × X × Y → {0, 1} 0-1-loss / error loss
Ll

P (g) = E(x,y)∼P [l(g,x,y)] risk for g ∈ G
L̂l

D(g) =
1
N

∑N
i=1 l(g,xi,yi) empirical risk for g ∈ G
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Laplace Approximation

H ∈ Rn×n Hessian matrix
F ∈ Rn×n Fisher Information Matrix (FIM)
E(x,_)∼PEy∼p(·|x,fθ) expectation of model distribution
D· = d ln p(y|x,fθ)

d· derivative of the log-likelihood
Fl ∈ Rnl×nl diagonal block of F corresponding to layer l

Ll ⊗Rl ≈ Fl
Kronecker-factored approximation (K-FAC
or K-FOC)

Continual Learning

Tt = (Pt,Dt) task t

Dt =
(
(x

(t)
i ,y

(t)
i )
)Nt

i=1

dataset

(x
(t)
i ,y

(t)
i ) ∼ Pt data distribution

X = Xt = Xt′ input space
Yt target space

Progressive (Bayesian) Neural Networks

L ⊂ [L] lateral connections
αl, βl curvature scales

τ
temperature scaling (same for all priors
and posteriors)

F̃l precision matrix
superscript ·(t′,t) from column t′ to column t
superscript ·(t) incoming to column t
superscript ·(≤t) all columns up to t
superscript ·(0) prior
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Abbreviations

MLE Maximum Likelihood
Estimation EWC Elastic Weight Consolidation

MAP Maximum-A-Posteriori OSLA Online Structured Laplace
Approximation

ReLU Rectified Linear Unit PNN Progressive Neural Networks

BNN Bayesian Neural Network PBNN Progressive Bayesian Neural
Networks

KL Kullback–Leibler OOD Out-Of-Distribution
MC Monte Carlo ID In-Distribution
MCMC Markov Chain Monte Carlo ECE Expected Calibration Error
ELBO Evidence Lower BOund e.g . for example (exempli gratia)
FIM Fisher Information Matrix i.e. that is (id est)

K-FAC Kronecker-Factored
Approximate Curvature w.r.t. with respect to

K-FOC Kronecker-Factored Optimal
Curvature p.d.f. probability density function

PAC Probably Approximately
Correct
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1. Introduction

1.1. Motivation and Problem Statement

In recent years, deep learning methods have excelled in numerous fields, including com-
puter vision [85] and natural language processing [12, 22], even reaching human-like per-
formance in terms of accuracy [17, 42]. With ongoing improvements, deep neural networks
are more and more included in safety-critical applications, e.g . for autonomous driving [37,
48] or the medical domain [40, 97, 104]. This strengthens the importance of reasonable
uncertainty estimates to observe and react to unknown situations and to detect out-of-
distribution samples. Additionally, practical uncertainty estimates play an important role
in active learning, robustness, and the detection of new classes [28, 32].

Bayesian neural networks [6] are one way to improve uncertainty estimations in deep
learning [32]. They use Bayes’ rule to include probabilistic inference in deep learning
by learning distributions over the network parameters. For this, an open problem is
how the high-dimensional prior distribution over the parameters should be specified in
advance [112]. A well-specified prior should capture the complex interactions between the
weights introduced by the neural network and reasonably restrict the search space during
learning. Recent work suggests that the choice of the prior plays a significant role to make
Bayesian neural networks practically relevant [30, 112, 113]. Existing methods mainly use
uninformative priors like isotropic Gaussians or hierarchical distributions [30]. Functional
priors avoid the problem of specifying the prior in the weight space by introducing priors
over the functions defined by the neural network rather than over the weights. Still, most
of these methods are not scalable to large networks and datasets [53, 102]. In contrast to
the standard Bayesian theory where the prior is chosen before any data is seen, empirical
Bayes’ methods use data to learn a prior distribution [95]. This data can either be chosen
to be the dataset of interest [57] or a dataset of a similar domain [56]. For standard deep
learning, a common method is to use a pre-trained neural network on a different dataset
and fine-tune either some layers or the full network on the target task [12, 104]. This
employs that many low-level features can be shared among different tasks [105, 119]. In
this thesis, we utilize this idea to learn the prior.

Given a prior distribution, it is usually infeasible to compute the posterior over the pa-
rameters exactly [32]. Besides sampling and variational methods, Laplace approximation
tries to find a feasible distribution that is close to the true posterior. For this, the log-
posterior is approximated at a mode with its second-order Taylor polynomial to find a
normal distribution that is close to the posterior around the mode [67, 92]. Still, for

1
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ρ(θ(0))

ρ(θ(≤1))

ρ(θ(≤2))

ρ(θ(≤T ))

learn

learn

learn

...

pri
or

prior

prior

p(y | ) ≈
∫
p(y | ,θ(≤T ))ρ(θ(≤T ))dθ(≤T )

Training

Evaluation

Figure 1.1.: At first, a prior is learned from a large-scale dataset (ImageNet [20]). This
prior is then used sequentially for each other task. The first task (blue) cor-
responds to simulation data [90], the second task (orange) corresponds to an
autonomous driving dataset from Germany [18] and both datasets should
improve the performance on the final autonomous driving dataset in the
USA [100] (green). Altogether, the algorithm should have the ability to do
Bayesian model averaging by approximating the posterior over the parame-
ters. Finally, the model is evaluated on all tasks except ImageNet.

modern neural networks, it is usually not possible to compute the full Hessian. As a
surrogate either diagonal or Kronecker-factored approximations of the Fisher Information
Matrix (FIM) are used. In practice, the Kronecker-Factored Approximate Curvature [38,
71] (K-FAC) is a widely used method that approximates the FIM with a block diagonal
matrix where each block is Kronecker-factored and corresponds to one layer of the neural
network. Hence, the K-FAC provides a good balance between computational tractability
and the exactness of the approximation [2]. However, the K-FAC also makes significant
assumptions that are often not satisfied in practice [106]. In this thesis, we introduce an
alternative method that approximates the FIM more accurately. Using these approxima-
tions of the FIM, computing the Laplace approximation only needs little computational
overhead compared to standard maximum-a-posteriori (MAP) training, namely one ad-
ditional epoch over the training data [38, 71, 92]. In practice, the quality of the Laplace
approximation is often improved by scaling the curvature of the prior or the posterior [55,
92, 93]. We propose a novel method to automatically scale both curvatures by mini-
mizing generalization bounds for Bayesian neural networks, the so-called PAC-Bayesian
bounds [13, 39].

2



1.2. Contribution

In practice, often multiple related datasets corresponding to different tasks are available.
Thus, we aim to incorporate this data in our training and use the features and distribu-
tions that were learned on these tasks. In particular, we further assume that all tasks
arrive sequentially and previous tasks can not be accessed, resulting in a task-incremental
continual learning problem [47]. To use the previous features, we build on top of pro-
gressive neural networks [96, 111] (PNN). This is a method that uses one network copy,
the so-called column, for each task. Moreover, lateral connections are introduced that
are weighted layers that use features from previous columns. An example of this setting,
where one task is used to learn the prior and the other tasks to learn feature embeddings
and distributions, can be seen in Figure 1.1 on a practical use case for autonomous driving.

1.2. Contribution

The main contribution of this thesis is a scalable method that learns informed prior distri-
butions from data and utilizes them together with features from multiple related datasets
in a continual learning setting to improve the uncertainty estimation and generalization.
This includes

• a method to compute a prior distribution from a large-scale dataset which is used
to improve the posterior distribution in Bayesian neural networks,

• the automatic scaling of the prior and posterior curvatures with PAC-Bayesian
bounds to improve existing generalization bounds,

• the extension of this method to use features and weight distributions from multiple
related tasks that come in sequential order, and

• a comparison of the Kronecker-Factored Approximate Curvature (K-FAC) with the
optimal Kronecker factorization (K-FOC) of the Fisher matrix on multiple datasets.

Specifically, the empirically learned prior corresponds to the Laplace approximation of the
posterior given a related large-scale dataset. This results in a multivariate normal distri-
bution around the MAP estimated parameters which can be used to improve the posterior
distribution. The experiments show that this prior needs in general less temperature scal-
ing than isotropic Gaussian priors to achieve similar accuracy and uncertainty estimates
which is an indication that this prior is better specified. Moreover, the evaluated PAC-
Bayesian bounds are on average tighter on the NotMNIST1 dataset, showing that the
posterior is able to be closer to the prior with respect to the Kullback-Leibler-divergence
(KL-divergence) without lacking accuracy.

Furthermore, an approximate upper bound of the expected training error for Laplace
approximation is derived. Incorporating this in PAC-Bayesian bounds leads to a heuristic
that is directly minimized with respect to the curvature scales. Empirically, the curvature

1From http://yaroslavvb.blogspot.co.uk/2011/09/notmnist-dataset.html

3



1. Introduction

scaling in combination with the learned prior results in non-vacuous generalization bounds
on the NotMNIST dataset with an upper bound of 65% on the generalization error.

PBNN extend the empirically learned prior and the curvature scaling to PNN. For this,
we use previously learned weight distributions from preceding tasks as the prior on the
lateral connections. This method is evaluated on a large-scale robotics dataset using
a prior learned on the ImageNet dataset. This improves the accuracy and uncertainty
estimates compared to PNN.

For the K-FOC method, we transform the problem of finding the closest Kronecker-
factored matrix with respect to the FIM into a best rank-one problem. Furthermore,
we derive a scalable variant of the power-iteration method that solves this problem with
similar computational complexity as the K-FAC.

1.3. Related Work

The closest related work for our empirical prior learning is the Online Structured Laplace
Approximations for Overcoming Catastrophic Forgetting [93]. In a continual learning
setting, this method updates the prior distribution for a new task with the posterior of
the last task. Moreover, Laplace approximation is used together with K-FAC to estimate
the posterior in each task. Hence, their prior given the first task is similar to our learned
prior. Nevertheless, this prior is not used in combination with Bayesian neural networks
but to regularize the training. In a different work, Ritter et al. [92] use Laplace approx-
imation with K-FAC as a Bayesian neural network but only specify isotropic Gaussian
priors. Moreover, in both works, the curvature scales are found manually. The resulting
empirical Gaussian prior around the MAP parameters in our prior is also related to the
prior introduced by Krishnan et al. [56]. They also learn the prior mean over a related
dataset with deterministic pre-training but use a hierarchical model on the variance. In
addition, they use variational inference to approximate the posterior instead of Laplace
approximation. Lee et al. [63] also use a pre-trained neural network and Laplace approx-
imation together with K-FAC but generate sampling-free uncertainty estimates with a
mixture of Gaussian processes.

Similar to our approach of scaling the curvature using PAC-Bayesian bounds, there were
previous methods that directly optimize PAC-Bayesian bounds to obtain tighter and non-
vacuous generalization bounds. Dziugaite & Roy [25] use a PAC-Bayesian bound to find
the parameters and the diagonal covariance matrix of a Gaussian posterior distribution.
Still, this method uses an isotropic Gaussian prior and does not use Laplace approxima-
tion. More related to our bound using Laplace approximation is the approach by Pitas
[86], where PAC-Bayesian bounds are combined with Taylor approximation to jointly find
a Gaussian prior and posterior. In contrast to our approach, the L2-loss is used instead
of the error or the negative log-likelihood. Additionally, we optimize the curvature scales
of the posterior to obtain a prior that is independent of the training data.
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1.4. Thesis Structure

PBNN aim to leverage multiple datasets to improve performance on the following tasks.
This is closely related to transfer learning and continual learning. A common method
for transfer learning is deterministic pre-training [105, 119] which learns a network on a
dataset and uses these weights as initialization or a low-level feature extractor for another
dataset. Anderson et al. [1] used a similar architecture as PNN [96] for transfer learning
to improve the performance for small amounts of data. This work is extended by Wang et
al. [111] for the robotics domain. Moreover, PNN are also a common method to improve
the performance in the continual learning setting given multiple tasks. We combine the
structure of PNN with the empirically learned prior and the curvature scaling for PBNN.

For K-FOC, the recent work of Kao et al. [52] pioneers the K-FAC method as an optimiza-
tion problem over the sums of Kronecker products in the context of continual learning
for recurrent neural networks. However, Kao et al. [52] rely on solvers that are cubic in
cost (for example, QR and singular value decomposition) which can be prohibitively too
expensive for the parameter space of deep neural networks, especially for convolutional
layers. Instead, we introduce a scalable version of the power method to solve the opti-
mization problem. In this sense, our method presents for the first time to our knowledge,
a scalable algorithm that imposes the K-FAC method as an optimization problem.

1.4. Thesis Structure

The thesis is structured as below. The background of PBNN is provided in Chapter 2.
Chapter 3 first explains how informed priors can be learned from data in the transfer
learning setting and how PAC-Bayesian bounds can be used to improve the generalization
bounds for Laplace approximation in Section 3.1. The extension to multiple tasks in the
continual learning setting is presented in Section 3.2. The empirical experiments are
shown in Chapter 4 and the thesis is concluded in Chapter 5. Moreover, the details for
K-FOC and a comparison with K-FAC can be found in Appendix A.1.
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2. Background

PBNN combine Bayesian neural networks with continuous learning. In particular, they
build on Laplace approximation, PAC-Bayesian bounds, and progressive neural networks.
In this chapter, we first give an overview of the concept of Bayesian neural networks based
on standard deep learning with an emphasis on Laplace approximation and commonly
used priors. Moreover, we discuss the main idea of the PAC-Bayesian theory. We then
conclude the chapter with continuous learning, focusing on progressive neural networks.

2.1. Deep Learning

Within the last decade, deep learning techniques achieved or surpassed human-like perfor-
mance in a variety of fields like computer vision [42, 85], natural language processing [12,
22], and medicine [40, 97, 104]. Deep learning is a machine learning technique that
mainly builds on top of artificial neural networks, i.e. parameterized functions that are
compositions of multiple linear and non-linear layers [35].

Each layer l ∈ [L] := {1, . . . , L} of an artificial neural network fθ with L ∈ N layers
consists of a parameterized function ϕl : Ωl−1 → Ωl and a non-linear activation function
σl : Ωl → Ωl. Let x ∈ Ω0 =: X be an input for a network fθ with parameters θ. Then the
pre-activations sl and activations al are defined recursively with a0 = x, sl = ϕl(al−1) and
al = σl(sl). Using these intermediate results, the output of the neural network is given
by the last activation, namely fθ(x) = aL.

From a probabilistic perspective, the output of a neural network can often be seen as
the parameters of a probability distribution p(y|x, fθ) over the target space Y [71]. The
most prominent example is a categorical distribution that is induced by the outputs of a
softmax function in the last layer:

σL : RdL → RdL , σL(x)i =
expxi∑dL
j=1 expxj

.

Layers. In computer vision tasks, the parameterized function ϕl is often a fully-connected
or a convolutional layer [110]. In this paragraph, we consider one specific layer l ∈ [L].
For this, we drop the layer index l when it is not needed and define the corresponding
pre-activation as s := sl and the activation from the previous layer as a := al−1.

7



2. Background

Fully-Connected Layer. Mathematically, a fully-connected layer [35] is a matrix
product on a vectorized input, i.e.

Ωl−1 = Rdl−1 , Ωl = Rdl

ϕ(a) = W̄a+ b =
(
W̄ b

)(a
1

)
=: Wā,

where W̄ ∈ Rdl×dl−1 is the weight matrix, b ∈ Rdl is the bias and W ∈ Rdl×(dl−1+1) is the
concatenation of both.

Convolutional Layer. In contrast, convolutional layers are usually not applied on
vectors but are defined on tensors [35]. For image data, the input and output of a
convolutional layer is a three-tensor, i.e. Ωl−1 = Rcl−1×hl−1×wl−1 and Ωl = Rcl×hl×wl . The
weight is a four-tensor W̄ ∈ Rcl×cl−1×h∆

l ×w∆
l and the bias is a vector b ∈ Rcl . Such a

layer transforms the input a ∈ Ωl−1 by sliding the weight matrix over the image and
computing a dot product of the weight with the corresponding input elements at each
spatial position. In this thesis, the notation of Martens & Grosse [71] with multi-indices
for the spatial positions is used. This means that the height and width indices of the
output tensor are summarized with one multi-index

T = [hl]× [wl]

and the spatial positions of the weight tensor are defined as

∆ = [h∆l ]× [w∆
l ].

For a stride r ∈ N2, padding p ∈ N2 and the index function ζ(t, δ) = (t− 1)⊙ r− p+ δ
a convolutional layer can be defined as

ϕ(a)k,t = bk +

cl−1∑
k′=1

∑
δ∈∆

W̄k,k′,δak′,ζ(t,δ).

Here, we define ak′,t′ = 0 if t′ /∈ [hl−1]× [wl−1] to zero-pad the tensor outside its definition.
Moreover, ⊙ is the Hadamard product and 1 is the all-ones vector.

A convolutional layer is a special case of a fully-connected layer where some weights are
shared among different spatial positions [71]. To observe this, define the expansion â of
a as the cl−1|∆| × |T |-sized matrix where column t is given by the vector

â:,t = vec((ak′,ζ(t,δ))k′∈[cl−1],δ∈∆),

where â:,t denotes the t-th column of the matrix â. By viewing the weight tensor as a
matrix in Rcl×cl−1|∆| one can compute the convolutional layer as a matrix-matrix product

ϕ(a) = b+ W̄â =
(
W̄ b

)( â

1
T

)
=: Wā.
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2.1. Deep Learning

Pooling Layer. Additional to convolutional and fully connected layers, computer vi-
sion tasks often include pooling layers [35] that reduce the spatial size by a non-parametric
function, e.g . the maximum or the average, applied on a local neighborhood.

Optimal Parameters. The parameters θ of a neural network given independent training
samples D = ((xi,yi))

N
i=1 ∼ PN from an unknown distribution P over X × Y can be

obtained by maximum likelihood or maximum-a-posteriori estimation [35].

Maximum likelihood estimation (MLE) finds the parameters that maximize the probability
of the training samples given the specific network architecture, i.e.

θMLE ∈ argmax
θ

N∏
i=1

p(yi|xi, fθ).

However, MLE is prone to overfit training samples and hence often does not generalize
well to unseen data [51]. To reduce overfitting, maximum-a-posteriori (MAP) estimation
introduces the possibility to include a prior distribution over the parameters. Given a
probability density function π(θ) of a prior distribution over the parameter vector of the
neural network, the MAP estimate is the parameter with the highest posterior probability

θMAP ∈ argmax
θ

p(θ|D)

= argmax
θ

π(θ)
N∏
i=1

p(yi|xi, fθ),

where Bayes’ rule is used to formulate the posterior in terms of the prior and the likelihood.

To improve the optimization process to find the optimal parameters, a lot of improvements
have been proposed to the basic network architecture [43, 50, 103, 118]. In this thesis,
especially residual networks [43] (ResNets) and batch normalization [50] are used. ResNets
use skip connections, which means that activations from earlier layers are added to the
pre-activations of successive layers, i.e. sl = ϕl(al−1) + aj for j < l. Batch normalization
uses the current batch of samples to compute the mean and standard deviation of pre-
activations. With these statistics the pre-activation is normalized. Additionally, batch
normalization introduces two learnable scalars to scale and shift the pre-activations.

Deterministic Pre-Training. A widespread method to improve the initialization and
the sample complexity in neural network training is deterministic pre-training [105, 119].
This means that a model trained on another dataset is used for initialization. Moreover,
the early layers are often fixed and only the last layers are optimized. Deterministic pre-
training achieves great success in a lot of areas including medical image processing [104],
natural language processing [12], and computer vision [105]. PBNN use that low-level
feature extractors defined by the early layers of neural networks can be shared among
tasks and extend this idea to distributions of parameters.
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(a) Fully-connected neural network.
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(b) Fully-connected Bayesian neural network.

Figure 2.1.: While usual neural networks learn specific weights for each layer, Bayesian
neural networks learn distributions over these weights.

2.2. Bayesian Neural Networks

In standard deep learning, usually, one set of weights is learned given either by MLE or
MAP. From a statistical point of view, point estimates provide relatively little information
about the posterior distribution. The lack of expressiveness is often reflected by a bad
generalization and overconfidence on out-of-distribution samples [51]. Bayesian neural
networks address this issue by estimating the posterior distribution over the weights given
the prior π

ρ(θ) := p(θ|D) ∝ π(θ)
N∏
i=1

p(yi|xi, fθ).

With this, for each parameter, not a single value but a distribution over multiple parameter
settings is learned as shown in Figure 2.1. This allows describing the uncertainty of the
model by the posterior distribution over the corresponding weights [32]. During inference,
one can utilize marginalization to compute the predictive probability of a new sample
(x∗,y∗) /∈ D by using the posterior distribution

p(y∗|x∗,D) =
∫
p(y∗|x∗, fθ)ρ(θ)dθ.

In practice, this integral is usually approximated with a Monte Carlo estimation [32] using
BMC ∈ N weight samples from the posterior distribution,

p(y∗|x∗,D) ≈
BMC∑
i=1

p(y∗|x∗, fθi
), θi ∼ ρ.

For regression, other statistics like the mean and the standard deviation can also be
estimated using multiple model samples. In addition to providing a nice representation

10



2.2. Bayesian Neural Networks

of uncertainty in Bayesian neural networks, Bayesian model averaging can also be seen as
an ensemble method that combines multiple model predictions to improve the reliability
of the resulting prediction. [51, 113, 114].

Posterior Approximation. Even for small-sized neural networks, it is usually intractable
to compute the posterior distribution p(θ|D) exactly. In particular, for Bayesian neural
networks, it is in general not straightforward to integrate over the model parameters or
to sample from the posterior. Common approximations of the posterior are sampling
methods, variational inference, and Laplace approximation [32]. In the following, the
three methods are introduced.

Sampling Methods. Sampling methods are usually based on Markov Chain Monte
Carlo (MCMC) algorithms to be able to sample from the unnormalized posterior. Hence,
new weights are sampled dependent only on the current ones. To sample the weights,
variants of rejection sampling are commonly used. For this, an arbitrary distribution
over the weight space generates samples that are rejected dependent on the unnormalized
posterior probability of this and the previous sample. Therefore, subsequent samples are
often correlated. Recent work particularly builds on top of Hamiltonian Monte Carlo
methods that use a first-order differential equation including a momentum term to reduce
the correlation between subsequent samples while keeping the acceptance rate high [79].
This is often combined with batch estimates to improve the scalability [14]. Still, current
implementations have high computational and memory requirements and are usually not
scalable to large-scale network architectures and datasets [51, 82].

Variational Inference. In contrast to sampling methods, variational inference aims
to find an easier parametric probability distribution qϕ that is close to the true poste-
rior. For this, the Kullback-Leibler-divergence (KL-divergence) between the variational
distribution qϕ and the posterior is minimized. As in general the integration over the
true posterior in the KL-divergence is not tractable, an equivalent optimization problem
is solved by maximizing the Evidence Lower BOund (ELBO) [3, 46]. The quality of this
approximation is mainly dependent on the distribution class that is chosen for qϕ. Usual
choices are distributions from the exponential family or hierarchical distributions [8, 36,
66]. Compared to deterministic neural network training, variational inference converges
slower and each step is usually noisier [51].

Laplace Approximation. Similar to variational inference, Laplace approximation [67]
estimates the posterior with a less complicated distribution, namely a normal distribution
at a mode of the posterior. This is accomplished by using the second-order Taylor polyno-
mial of the log posterior. In contrast to the other methods, the training phase just consists
of finding a MAP estimate without sampling any parameters. After finding the mode, the
precision matrix of the normal distribution is obtained by computing or approximating
the Hessian at this mode. Depending on the approximation, this is complexity-wise only
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Figure 2.2.: In the left plot one can see the log-posterior and the corresponding Taylor
approximation. The middle and right plot show the posterior and the unnor-
malized and normalized Laplace approximation, respectively.

one additional epoch compared to standard MAP neural network training [4, 10, 38, 64,
71]. Nonetheless, the main drawbacks of Laplace approximation are arguably the quality
of the approximation, as Laplace approximation only captures one out of many modes of
the posterior and even for this mode the estimation worsens with an increasing distance
to the mode.

In this thesis, Laplace approximation is used to approximate the posterior. Therefore,
the next section will discuss this topic and in particular common approximations of the
Hessian for Laplace approximation.

2.3. Laplace Approximation

Laplace approximation [67] locally approximates the posterior around a mode θ̂, namely
the MAP estimate, by a normal distribution. For this, the second-order Taylor approxi-
mation of the log-posterior around θ̂ is considered,

ln p(θ|D) ≈ ln p(θ̂|D) + 1

2
(θ − θ̂)TH(θ − θ̂),

with the Hessian of the log-posterior at the mode

H =
d2

dθ2 ln p(θ|D)
∣∣∣
θ=θ∗

=
d2

dθ2 ln p(D|fθ)
∣∣∣
θ=θ∗

+
d2

dθ2 ln p(θ)
∣∣∣
θ=θ∗

=: Hlikelihood +Hprior.

This is shown in the left plot in Figure 2.2. As the Taylor approximation is around a
mode, the first-order term vanishes. The unnormalized Laplace approximation (shown in
the middle of Figure 2.2) can then be obtained by taking the exponential,

p(θ|D) ∝∼ p(θ̂|D) exp
(
1

2
(θ − θ̂)TH(θ − θ̂)

)
.
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2.3. Laplace Approximation

The resulting normalized Laplace approximation is then a normal distribution at the
mode with the precision matrix H, i.e.

p(θ|D) ≈ N (θ̂,H−1). (2.1)

It is depicted in Figure 2.2 in the right plot. In practice, the uncertainty is often under-
estimated by Laplace approximation. Therefore, Hlikelihood and Hprior are often scaled.
Scaling both jointly is equivalent to the so-called temperature scaling while scaling each
factor individually can also be seen as adding or removing additional identical data points
to D or increasing the weight decay [92]. Temperature scaling is a heuristic method to
improve the posterior that corresponds to a scaling of the covariance matrix for Laplace
approximation [64, 112].

Fisher Information Matrix. As θ̂ could be a saddle point or because of numerical
instabilities, the Hessian could be indefinite in which case the normal distribution in
Equation 2.1 is not well defined [10, 70]. Therefore, positive semi-definite approximations
of the Hessian are used like the Fisher information matrix (FIM) or the Gauss-Newton
matrix. For a likelihood of an exponential family, e.g . categorical and normal distribu-
tions, both approximations are the same and for piece-wise linear activation functions like
ReLU [77], they moreover coincide with the Hessian [71].

Definition 2.3.1 (Fisher Information Matrix [71]). Let P be a distribution over X × Y
and p(·|x, fθ) be a conditional distribution over Y dependent on the parameter vector θ.
Then the FIM is defined as

F = E(x,_)∼PEy∼p(·|x,fθ)

[
d ln p(y|x, fθ)

dθ

d ln p(y|x, fθ)
dθ

T
]
.

Here, the underscore denotes that the corresponding variable is not used.

Remark. Note that the targets from the training data are not used to compute the FIM.
Using the ground truth targets instead of samples from the predictive model distribution
would lead to the empirical FIM.

For the sake of an easier notation, we write E instead of E(x,_)∼PEy∼p(·|x,fθ) and D· =
d ln p(y|x,fθ)

d· for the derivative of the log-likelihood in the following. Moreover, we drop the
layer index for the activations and pre-activations, i.e. ā = āl and s = sl.

FIM Approximations. The full FIM and even a block-diagonal approximation without
correlations between different layers are usually not feasible to store or compute for mod-
ern neural networks [71]. Common approximations of the block-diagonal form are by a
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2. Background

diagonal or a Kronecker-factored matrix. The Kronecker-factored approximation comes
from the fact that for a single sample, the FIM is the sum of Kronecker-factored matrices.
For fully-connected layers, the derivative after the weight matrix can be computed as
DW = Ds(ā)T . With this, the block of the FIM corresponding to layer l is given by

Fl = E[Ds(Ds)T ⊗ ā(ā)T ]. (2.2)

As convolutional layers share the weight tensor among the spatial positions, the derivative
is a sum of outer products: DWi,k =

∑
t∈T Dst,iāk,t. Therefore, the FIM block for layer

l can be formulated as

Fl = E[
∑
t∈T

∑
t′∈T

Dst(Ds)Tt′ ⊗ ā:,t(ā:,t′)
T ]. (2.3)

Kronecker-Factored Approximate Curvature. The Kronecker-Factored Approxi-
mate Curvature (K-FAC) approximates this FIM of a fully-connected layer [71] and a
convolutional layer [38] by

Fl ≈ E[Ds(Ds)T ]⊗ E[ā(ā)T ] and Fl ≈ E[(Ds)TDs]⊗ 1

|T |
E[ā(ā)T ],

respectively. In particular, K-FAC approximates the expected Kronecker product as a
Kronecker product of expectations, which is not true in general but leads to Kronecker-
factored blocks of the FIM. The Kronecker factorization enables the storage of two smaller
matrices rather than a prohibitively large matrix [71]. However, these factorizations as-
sume that the activations and the corresponding pre-activations are statistically indepen-
dent, which is usually not met in practice [106]. Furthermore, additional assumptions like
the independence of the first and second-order statistics of the spatial positions are used
for convolutional layers, which might impair the approximation quality of the method.

Kronecker-Factored Optimal Curvature. Another tractable approximation of the
FIM is the Kronecker-factored Optimal Curvature (K-FOC) which finds optimal Kro-
necker factors for each batch of data points and approximates both, the linear and the
convolutional layer, as Kronecker product with two factors,

Fl ≈ Ll ⊗Rl.

It transforms the problem of finding optimal Kronecker-factors into a best rank-1-problem
and solves it with a scalable version of the power method. The approximation is usually
closer to the FIM than the approximation by K-FAC in terms of the Frobenius error. For
more details on the K-FOC, see Appendix A.1.
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2.4. PAC-Bayesian Bounds

Laplace Approximation for K-FAC and K-FOC. Given a block-diagonal Kronecker-
factored precision matrix

H =


L1 ⊗R1 0 . . . 0

0 L2 ⊗R2 . . . 0
...

... . . . ...
0 0 . . . LL ⊗RL

 ,

the normal distribution of Equation 2.1 reduces to L independent matrix normal distri-
butions

N (θ̂,F−1) =
L∏
l=1

MN (Ŵl,Ll,Rl).

In the following, we assume a block-diagonal approximation of the FIM where each block
Fl ∈ Rnl×nl corresponds to a layer l ∈ [L]. For fully-connected and convolutional layers,
the dimensionality nl is the size of the vectorized weight matrix, i.e. for fully-connected
layers nl = dl(dl−1 + 1) and for convolutional layers nl = cl(cl−1|∆l|+ 1).

2.4. PAC-Bayesian Bounds

Even though Bayesian neural networks were introduced in the Bayesian framework, Prob-
ably Approximately Correct (PAC)-Bayesian bounds introduce a frequentist method to
bound the generalization of statistical functions like Bayesian neural networks [33]. PAC
bounds aim to upper bound the risk, i.e. the expected loss on the true data distribution,
with high probability using properties of the architecture and optimization of neural net-
works [115]. PAC-Bayesian bounds obtain similar bounds for Bayesian neural networks by
comparing the posterior distribution with a dataset independent prior distribution [39].

Let G = {g : X → Y | g is measurable} be the set of hypotheses and a correspond-
ing σ-algebra G such that (G,G) is a measurable space. Denote the set of probability
distributions on this measurable space as

M = {µ : G → [0, 1] | µ is a probability distribution on (G,G)}.

Moreover, let l : G × X × Y → R be a loss function. Then define the risk for g ∈ G as

Ll
P (g) = E(x,y)∼P [l(g,x,y)]

and its empirical counterpart on the training data as

L̂l
D(g) =

1

N

N∑
i=1

l(g,xi,yi).
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2. Background

Note that the neural network fθ as defined above is not in G because its output does
not have to be in Y . It only specifies the parameters of a distribution p(·|x, fθ) over Y .
Nonetheless, for example, the function defined by x 7→ argmaxy∈Y p(y|x, fθ) is in G.

Given a dataset independent prior distribution over the hypothesis set π ∈M, the PAC-
Bayesian theory bounds the probability that the expected risk is large for hypotheses
sampled from another probability distribution ρ ∈ M which is absolutely continuous
w.r.t. π:

PD∼PN

(
∀ρ ∈M, ρ≪ π : Eg∼ρ[Ll

P (g)] ≤ δ(ρ, π,D, ε)
)
≥ 1− ε, (2.4)

for ε > 0 and the PAC-Bayesian bound δ(ρ, π,D, ε) [39].

The first bound was introduced by McAllester [72–75] for bounded loss functions.

Definition 2.4.1 (McAllester Bound [39]). Let ε > 0, ρ, π ∈M, ρ≪ π and l : G × X ×
Y → [0, 1], then

δ(ρ, π,D, ε) = Eg∼ρ[L̂l
D(g)] +

√
KL(ρ∥π) + ln 2

√
N
ε

2N
(2.5)

is an upper bound for Equation 2.4.

The bound was improved for the error loss function by Catoni [13] when KL(ρ∥π)
N

is large.
The error loss function, or 0-1-loss, is defined as

er : G × X × Y → {0, 1}, er(g,x,y) = 1[f(x) ̸= y], (2.6)

where 1[s] is one if statement s is true and else zero.

Definition 2.4.2 (Catoni Bound [13]). Let ε > 0, ρ, π ∈M and ρ≪ π, then

δ(ρ, π,D, ε) = inf
c>0

1− exp(−cEg∼ρ[L̂er
D(g)]−

KL(ρ∥π)−ln ε
N

)

1− exp(−c)
(2.7)

is an upper bound for Equation 2.4.

Remark. Note that in the PAC-Bayesian literature ρ is called posterior even though it is
an arbitrary distribution that is dependent on the data [39]. To distinguish this from the
posterior computed by Bayes’ rule, we will explicitly write PAC-Bayes posterior if we do
not use Bayes’ rule.

The PAC-Bayes bounds depend mainly on two terms: the KL divergence of the PAC-
Bayes prior and posterior and the empirical risk. Therefore, these bounds are small when
the posterior is close to the prior and the loss on the training data is low. Thus, a good
model should explain the training data well while depending not too much on it.
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In PAC-Bayesian bounds, the prior and the posterior are both distributions over the
functions and not over the weights like in Bayesian neural networks. Hence, to apply the
PAC-Bayesian bounds for Bayesian neural networks, one needs to identify each weight
sample with a sample in the function space. However, neural networks are not identifi-
able [11, 87]. Thus, multiple different weight vectors can explain the same function given
by a neural network architecture. The KL-divergence is therefore smaller in function space
than in weight space and one obtains an upper bound by considering the distributions
over the weights [25].

In this thesis, we use the two bounds introduced above. Nonetheless, we find an approx-
imate upper bound of the expected empirical error for Laplace approximation and can
compute the KL-divergence in closed form for our models. Hence, all results of this thesis
can directly be applied to other PAC-Bayesian bounds given that they depend on the
expected empirical error and the KL-divergence of the posterior and the prior.

2.5. Priors

Now that we have introduced Bayesian neural networks and PAC-Bayesian bounds, this
section summarizes how the prior is chosen for each of them in practice. Based on Bayes’
rule, one can already see that the prior distribution has a great influence on the posterior,
especially when only few data is available [30]. In the PAC-Bayesian theory, a well-
specified prior can lead to better generalization bounds. On top of that, recent approaches
propose that improvements in the prior are crucial for a better posterior [30, 112, 113].
Altogether, specifying useful prior distributions is of high priority. Still, most existing
work uses uninformative prior distributions that use no information about the task and
its properties [30]. In the following, common priors are introduced. In the first subsection,
uninformative priors are introduced, followed by functional priors that specify priors in
the function space and empirical priors that use data to learn a prior distribution.

2.5.1. Uninformative Priors

The most common prior for the weights of Bayesian neural network is an isotropic Gaus-
sian around 0, i.e. π = N (0, σ2I) with σ2 > 0 being the variance in each coordinate
direction. In MAP estimation this prior corresponds to L2-regularization with weight
decay γ = 1

σ2 . Especially for variational inference, also other distributions from the ex-
ponential family are used. For instance, a matrix variate normal prior for each weight
matrix is a common trade-off between correlations between weights and size of the covari-
ance matrix [101] that is also used in this thesis. It is defined as follows:

Definition 2.5.1 (Matrix Variate Normal Distribution [41]). Let L ∈ Rm×m, R ∈ Rn×n

be positive semi-definite and W,M ∈ Rm×n. Then the density function of the matrix
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2. Background

variate normal distribution is given by

MN (W|M,L,R) =
exp(−1

2
tr(R−1(W −M)TL−1(W −M)))

(2π)
mn
2 detL

n
2 detR

m
2

(2.8)

= N (vec(W)| vec(M),L⊗R),

where ⊗ denotes the Kronecker product. Hence, it corresponds to a normal distribution
with a Kronecker-factored covariance matrix and given L =: AAT and R =: BBT , it can
be sampled with

Wi,j ∼ N (0, 1) for (i, j) ∈ [m]× [n]

M+AWBT ∼MN (M,L,R).

Remark. Note that row vectorization is used to be consistent with PyTorch [84]. For
column vectorization, the left and right factor need to be switched in the Kronecker
product. Here, the matrices L and R correspond to the covariance matrices of the columns
and rows, respectively. Altogether, matrix variate normal distributions allow correlations
between variables without having to determine the whole covariance matrix [101].

A widespread method to increase the complexity of the prior distribution and to learn
the parameters are hierarchical models. Here, the parameters of the prior are addition-
ally modeled to follow a hyperprior distribution. Given a parameterized prior π(θ|ψ),
the hyperprior is a distribution over ψ. Common combinations are multivariate normal
distributions as a prior with an inverse Wishart distribution over the covariance ma-
trix [7] or horseshoe priors that consist of independent Gaussians for each parameter with
half-Cauchy priors over the variance [34].

A common method to improve the uncertainty estimates in neural networks is applying
dropout during inference. Dropout was originally introduced as a regularization method in
which a subset of the weights is randomly set to zero during training to reduce dependence
on each individual weight [45]. Gal & Ghahramani [31] were the first ones to use dropout
during inference to generate multiple model samples to improve the uncertainty estimates
of the model, called Monte Carlo (MC) dropout. From a Bayesian perspective, dropout
can be seen as a hierarchical Bayesian neural network with a spike-and-slab prior on
the weights which corresponds to a Gaussian prior with a Bernoulli hyperprior on the
variance [78]. In this thesis, we compare our method against MC dropout.

2.5.2. Functional Priors

In general, it is difficult to specify special properties of the resulting Bayesian neural
network like periodicity and invariance with a weight prior because of the complex inter-
actions between the weights. Therefore, it was proposed to use prior distributions on the
function defined by the Bayesian neural network. Similar to the priors in PAC-Bayesian
theory, these priors are distributions over functions. Such priors often aim to encode
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desired properties of the resulting function like the periodicity or the invariance to trans-
lations of the input. Most commonly a stochastic process prior is chosen that encodes the
desired properties [30]. In this way, the resulting Bayesian neural network is regularized
to be close to the prior, whereby the properties of the prior should be transferred to the
Bayesian neural network. As the functional space is infinite-dimensional, approximations
are needed to optimize the posterior weights. For this, either the functional prior can
be mapped to a weight prior [29] or the objective can be approximated with a tractable
heuristic [102]. Nonetheless, these priors are only considered for variational inference so
far and suffer from stability issues [29, 102].

2.5.3. Empirical Priors

Another possibility to circumvent the manual specification of weight space priors is by
using data to learn the prior, called empirical Bayes. In the beginning, empirical Bayes
methods used hierarchical distributions and learned the parameters of the hyperprior with
MLE. This is especially useful when the number of parameters for the hyperprior is much
smaller than the number of parameters in the model and when the conjugate priors are
chosen to directly optimize for the optimal hyperprior parameters [116]. More recent work
use pre-trained models either on the same [57] or on related datasets [56] to specify the
mean of a Gaussian prior distribution. The other parameters are then tuned by hand.

In the PAC-Bayesian setting, the PAC-Bayes prior should be close to the PAC-Bayes
posterior without directly depending on the dataset. Nonetheless, it can depend on the
data distribution. Hence, one approach is to split the training data into two sets, where
one is used to learn the PAC-Bayes prior distribution and the other one for the PAC-
Bayesian posterior [24, 83]. Another method is to learn the PAC-Bayes prior on the full
training data but ensure that the dependence on each data sample is not too large, e.g .
with differential privacy [26] or stability conditions [94].

2.6. Continual Learning

In the previous sections, the background on Bayesian neural networks and in particular on
Laplace approximation is given. PBNN extend Bayesian neural networks to the continual
learning setting. The remaining chapter reviews the basic concepts of continual learning
that are needed for PBNN. Continual learning means that multiple tasks T1, . . . ,TT

should be solved sequentially while only one task can be accessed at a time. Here, each task
Tt = (Pt,Dt) consists of an unknown probability distribution over the domain Xt×Yt and

independent and identically distributed training samples Dt :=
(
(x

(t)
i ,y

(t)
i )
)Nt

i=1
∼ PNt

t .
The goal is to transfer knowledge between tasks, i.e. the performance on each task should
be better than using an individual network for that task. The main problem of neural
networks in the context of continual learning is catastrophic forgetting which means that
the performance on previously learned tasks is reduced by learning on new tasks [15].
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model model model

1 2 T. . .Time step
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Figure 2.3.: In continual learning, multiple tasks should be solved sequentially while pre-
vious tasks can not be accessed. The resulting model is then evaluated jointly
on all tasks. Image sources: [18, 90, 100]

Types of Continual Learning. In general, there are four types of continual learning
depending on what is given during training and testing. All types usually assume the
same input domain for all tasks, that is X := Xt = Xt′ [47, 108]. The most common type
is task-incremental learning [47], where the task id t ∈ [T ] is known during training and
testing. This often comes along with different targets for different tasks, i.e. Yt ̸= Yt′

for t ̸= t′. In contrast, in class-incremental continual learning [47], task t is only known
during the training and not during the testing phase. Moreover, all tasks usually share
one target space, Y := Yt = Yt′ , but the distribution over the input and the target
space is in general different, Pt(y) ̸= Pt′(y) and Pt(x) ̸= Pt′(x

′) for t ̸= t′, (x,y) ∈ X ×Y .
Domain-incremental is similar to class-incremental learning but one does not have to infer
the task during testing as all tasks share the same target distribution, Pt(y) ̸= Pt′(y).
The arguably most complex type of continual learning is task-agnostic [47], where the
task is not known during testing nor training. This thesis mainly concentrates on task-
incremental continual learning as we are interested in including other related tasks in the
training that have different targets.

Approaches. The approaches to solving continual learning can be classified into three
categories – memory-based, regularization-based, and architecture-based methods [19, 91].

Memory-based methods keep a subset of samples from previous tasks or a model that can
generate them [98]. The samples are replayed during training or used to constraint the
model to fit older tasks. Prominent examples are iCaRL and GEM [19]. iCaRL [89] uses
a subset of samples for each class to do class-incremental learning. In contrast, GEM [65]
projects the gradient in each update step to a common space of the previous tasks to do
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2.7. Progressive Neural Networks

task-incremental learning. In general, memory-based methods achieve high performance
on continual learning tasks. However, with an increasing number of tasks, either a huge
number of samples needs to be kept in memory or each task is not represented enough
by the given samples. Moreover, keeping raw samples in memory is often not possible
because of privacy concerns especially in the medical domain [19].

Another approach to preventing catastrophic forgetting is to not change the important
parameters of previous tasks too much in the current task. This is achieved by adding a
regularization term that ensures that these parameters do not change too much, why these
methods are called regularization-based methods. Prominent examples include Elastic
Weight Consolidation (EWC) [55] and the Online Structured Laplace Approximation
(OSLA) [93]. Both methods use the Laplace approximation to estimate the posterior
of given a task which is then used as a prior in the next task. While EWC uses a
diagonal approximation of the FIM, OSLA uses a Kronecker-factorization. Compared
to memory-based approaches, regularization-based methods often require less memory
and do not have the privacy issue of keeping raw samples in memory. Nevertheless,
regularization-based methods usually do not achieve the performance of memory-based
methods, especially for a lot of tasks [19].

The third method is architecture-based, which means that new model parameters are added
or removed for each new task. A common example for this are progressive neural networks
(PNN) [96]. For this, each task gets an individual copy of a base network that is trained on
this task. When observing a new task, the old column is frozen. Moreover, parameterized
lateral connections between previous columns and the current column are attached such
that features from previous columns can be used. PNN and their variants are explained
in more detail in Section 2.7. Compared to the other two approaches, architecture-based
methods completely prevent catastrophic forgetting. However, they are mainly limited to
task-incremental learning and have the disadvantage that the computational effort and
memory grows directly with the number of tasks.

Even though this thesis uses a similar regularization and Laplace approximation as OSLA,
we use it to generate scalable uncertainty estimates. Therefore, we need a flexible prior
that is broad enough to find a good optimum with respect to the current tasks, but at
the same time rigid enough to lead to a posterior which produces usable samples. Since
with an increasing number of tasks, there is more information incorporated in the prior
for regularization-based methods, it is a challenge to combine this information with a
prior that can be used for sampling. Moreover, our main goal is to improve positive
transfer from previous tasks. Therefore, we approach the continuous learning aspect with
a progressive architecture similar to PNN which is able to completely mitigate catastrophic
forgetting and enforces a transfer of knowledge from earlier tasks. Thus, PBNN can also
be categorized as an architecture-based method.
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Figure 2.4.: Progressive neural networks (PNN) use weighted lateral connections to pre-
ceding columns to use previously learned features. Each column t is learned
on the corresponding task Tt. All previous columns are frozen. The figure
shows a PNN with five layers and the lateral connections L = {2, 4}.

2.7. Progressive Neural Networks

This work relies heavily on PNN to achieve continuous learning and, in particular, positive
transfer from previous tasks. Therefore, PNN are discussed in more detail in this section.
PNN [96] iteratively increase the network size for each new task that comes in. This is done
by appending a copy of a base network – the new column – to the existing architecture.
Additionally, lateral connections in the form of weighted layers are attached to the new
column that uses the features from the previous column. Given a basic feedforward neural
network architecture like in Section 2.1 and the previous columns corresponding to task
T1, . . . ,Tt−1, a PNN layer l ∈ L that is in the set of lateral connections L ⊂ [L] for column
t is defined as

s
(t)
l =

t∑
t′=1

ϕ
(t′,t)
l (a

(t′)
l−1), a

(t)
l = σl(s

(t)
l ), (2.9)

where the superscript (t′, t) denotes the connection from column t′ to column t. For l /∈ L
the layer is defined as usual by

s
(t)
l = ϕ

(t,t)
l (a

(t)
l−1).

The dimensionality of the activations and pre-activations for layer l ∈ [L− 1] is the same
for all columns and the activation function for layer l is also shared among tasks. Only the
last layer can have a different number of outputs. Moreover, the same input x = at

0 = at′
0

is used for all columns.
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2.7. Progressive Neural Networks

Rusu et al. [96] established the use of so-called adapters that reduce the feature dimension-
ality and support the adaption of features from one column to the other. This is achieved
by applying an additional hidden layer on the activation from the lateral connections. It
is defined as

s
(t)
l = ϕ

(t,t)
l (a

(t)
l−1) + ϕ

(t,t)
l,a (σl,a(

t−1∑
t′=1

ϕ
(t′,t)
l (α

(t′,t)
l a

(t′)
l−1))),

where ϕ(t,t)
l,a is an additional weighted layer, σl,a is the activation function, and α

(t′,t)
l ∈ R

is a small learnable scalar to adapt the scale of the individual features for the adapter.
For convolutional layers, the dimensionality reduction is done with 1× 1 convolutions for
ϕ
(t′,t)
l .

Wang et al. [111] modified this method especially for transfer learning in vision problems.
For this, they use the activations of the current layer instead of the ones from the previous
layer, i.e.

s
(t)
l = ϕ

(t,t)
l (a

(t)
l−1) + σl,a(

t−1∑
t′=1

ϕ
(t′,t)
l (a

(t′)
l )).

In this thesis, the plain PNN definition as in Equation 2.9 is used. A five-layer PNN with
three columns is shown in Figure 2.4. Here, the set of lateral connections is L = {2, 4}.

All variations start with a basic neural network for the first task. When a new column is
added corresponding to task Tt, all previous columns and inter-column connections are
frozen and only the column t together with incoming lateral connections are optimized.
The optimization uses the output of column t, namely a

(t)
L . As previous columns are not

changed once their optimization is finished, the model does not forget the previous tasks.
Moreover, previous features can be utilized to achieve a positive transfer.
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In this chapter, we introduce Progressive Bayesian neural networks (PBNN). This is a
method that combines learned priors with progressive neural networks to employ previ-
ously learned features and distributions to improve the generalization and uncertainty
estimates of the networks. In the first Section 3.1, the learning of a prior distribution and
the automatic scaling of the curvatures is discussed in the context of transfer learning.
The method is then extended to the continual learning setting with multiple sequentially
incoming target tasks in Section 3.2.

3.1. Empirical Prior Learning

In this section, we propose Empirical prior learning, which extends deterministic pre-
training to Bayesian neural networks. Especially in the field of computer vision, a lot of
low-level feature extractors can be shared among different tasks [105, 119]. This is utilized
in deterministic pre-training, where a network that is trained on a different dataset is used
for the relevant task either for initialization or to generate feature embeddings where only
the last few layers are fine-tuned [105]. Empirical prior learning follows this idea and
specifies a prior around the pre-trained weights. Hence, the Bayesian neural network is
pushed to be close to the pre-trained network distribution instead of fixing it to the given
weights like in deterministic pre-training. Moreover, similar to randomly initialized priors,
the learned prior breaks symmetries that come from the non-identifiability of weights in
neural networks. This is expected to improve the PAC-Bayesian bounds [25]. Finally,
it provides an alternative to empirical PAC-Bayesian methods that use one part of the
training data to learn the prior and the other part for the posterior [24, 83]. Altogether,
our empirically learned prior introduces a Bayesian version of deterministic pre-training
that allows more flexibility than fine-tuning, is expected to break symmetries, and can
use the whole training data to learn the posterior.

Setting. In this section, we consider a transfer learning setting. Thus, we have the source
task T0 and the target task T1, each consisting of a set of samples Dt from a probability
distribution Pt, t ∈ {0, 1}, defined similarly as in Section 2.6. The goal is to use task T0

to improve the accuracy and uncertainty estimates on task T1. The performance on T0

is not considered because the first task is only used to learn the prior.
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Main Idea. The main idea behind empirical prior learning is to learn a prior distribu-
tion from another dataset D0. We realize this with Laplace approximation. Hence, we
approximate the posterior given D0 and use this distribution as the prior for the relevant
task. This concept is explained in Section 3.1.1 and Section 3.1.2. To make Laplace ap-
proximation practical, the FIM or the precision matrix of the prior are commonly scaled.
We aim to improve this scaling. For this, we introduce individual scales for the FIM and
prior precision matrix of each layer and scale them using PAC-Bayesian bounds. Because
the PAC-Bayesian bounds and in particular the expected empirical error can not be opti-
mized directly, we derive an approximate upper bound that can easily be optimized. For
the approximate upper bound, we use that a scaled version of the negative log-likelihood
is an upper bound of the error function. This is combined with the Taylor approximation
around the MAP weights with the FIM instead of the Hessian to obtain the approximate
upper bound. The automatic curvature scaling is derived in detail in Section 3.1.3. Over-
all, the empirically learned prior with curvature scaling aims to improve the posterior
with a better specified prior and smaller PAC-Bayesian bounds.

3.1.1. Prior

The empirically learned prior π corresponds to the posterior over the parameters given
the source dataset D0,

π(θ) ≈ p(θ|D0) ∝ p(D0|fθ)p(θ).

As it is usually infeasible to compute this posterior exactly, we use its Laplace approxi-
mation. This boils down to computing the MAP estimate with L2 weight decay γ > 0,

θ̂
(0) ∈ argmax

θ
p(θ|D0)

= argmin
θ
− ln p(D0|fθ) +

γ

2
∥θ∥22.

This also makes it possible to use any pre-trained non-Bayesian model which was obtained
with MAP estimation. In the next step, an approximation F(0) of the FIM needs to
be computed. Altogether, the empirically learned prior is then defined as the Laplace-
approximated posterior around the MAP parameters

π = N (θ̂
(0)
, τ(F(0) + γI)−1), (3.1)

where τ > 0 is the temperature scaling. Here, the L2 weight decay γ determines the
strength of the regularization and by adding a multiple of the identity matrix to the FIM,
the precision matrix becomes positive definite. The temperature scaling τ is a commonly
used heuristic to improve the approximation quality of Bayesian neural networks [112].
For Laplace approximation, choosing a small temperature scaling produces samples that
are closer to the mean [64].
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3.1. Empirical Prior Learning

3.1.2. Posterior

Next, we aim to incorporate the learned prior around the pre-trained weights to compute
the posterior on the relevant dataset D1. In contrast to an isotropic Gaussian prior, this
prior pushes the weights close to already usable feature extractors. Moreover, it provides
more flexibility than fixing the pre-trained weights like in fine-tuning as the posterior can
deviate from the prior. Using the learned prior π, the posterior given dataset D1 can be
computed as

p(θ|D1) ∝ p(D1|fθ)π(θ).

Again, Laplace approximation is used to obtain a feasible distribution ρ. Hence, a MAP
estimate,

θ̂
(1) ∈ argmax

θ
p(θ|D1)

= argmin
θ
− ln p(D1|fθ)− ln

(
N (θ|θ̂(0)

, τ(F(0) + γI)−1)
)

= argmin
θ
− ln (p(D1|fθ)) +

1

2τ
(θ − θ̂

(0)
)T (F(0) + γI)(θ − θ̂

(0)
),

and an approximation of the FIM, F1, around this mode needs to be determined. The
resulting tractable posterior is then

ρ = N (θ̂
1
, τ(F(1) + F(0) + γI)−1). (3.2)

Instead of introducing a second temperature scaling for the posterior, we use the same
temperature scaling as for the prior and weight the FIM and the precision matrix of the
prior with the curvature scaling in Section 3.1.3.

For a diagonal or block-diagonal approximation of the FIM, the precision matrix

F̃(1) = F(1) + F(0) + γI (3.3)

can be computed and inverted exactly. In contrast, the sum of multiple Kronecker-
factored matrices is usually not Kronecker-factored. Therefore, we use the power method
from Algorithm 2 to obtain a Kronecker-factored approximation of the precision matrix,

F̃(1) = L̃(1) ⊗ R̃(1) ≈ F(1) + F(0) + γI. (3.4)

With this, one can exploit that the inverse of a Kronecker product is the same as the
Kronecker product of the inverses [71].

Altogether, this method combines a prior that is learned from another dataset [93] with
Bayesian inference for scalable Laplace approximation [92] and applies it to transfer learn-
ing. More generally, this method also corresponds to Bayesian online learning [81], where
the belief over the parameters θ is updated with each new dataset observed even though
Bayesian online learning usually assumes the same data distribution for new incoming
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data. Nonetheless, especially as we are mainly concerned with the performance on task
T1, the prior should not be too strict. Common strategies to change the broadness of
distributions in Laplace approximation is scaling the precision matrices of the prior [55]
or the FIM [92, 93]. In this thesis, we aim to find these scales for the precision matrix of
the prior (Equation 3.1) and the posterior (Equation 3.2) automatically for each diagonal
block of the precision matrix by optimizing PAC-Bayesian bounds. Hence, for task T0,
each block of the precision matrix of π corresponding to layer l is a linear combination of
its FIM approximation and the prior curvature,

F̃
(0)
l = β

(0)
l F

(0)
l + α

(0)
l γI.

Similarly, the precision matrix of the posterior ρ from Equation 3.3 and Equation 3.4 is
given by

F̃
(1)
l = β

(1)
l F

(1)
l + α

(1)
l F̃

(0)
l .

This means that the precision matrix of each layer is scaled individually which should lead
to lower PAC-Bayesian bounds and a better approximated posterior. While diagonal and
block-diagonal approximations of this linear combination can be computed and inverted
in closed form, we use the power method to obtain an estimate of the linear combination
for the Kronecker-factored approximations. The upcoming Section 3.1.3 explains how
α
(t)
l and β(t)

l for l ∈ [L], t ∈ {0, 1} can be found using PAC-Bayesian bounds and Laplace
approximation.

3.1.3. Curvature Scaling

As the curvature scaling is utilized both in the computation of the empirical prior and
the posterior, we now consider the general case of having a prior π = N (θ̃, τ F̃−1), a
dataset D = ((xi,yi))

N
i=1 ∈ (X × Y)N and a posterior distribution given the dataset

ρ = N (θ̂, τ F̂−1), where each diagonal block l of the precision matrix is given by F̂l =
βlFl + αlF̃l and F is an approximation of the FIM on D. The goal is now to find good
values for βl and αl. When computing the empirical prior with dataset D0, F̃ = γI and
θ̃ = 0 and for the posterior given dataset D1, one would choose F̃ = F̃(0) and θ̃ = θ̂

(0)
.

The curvature scales should handle the weighting of the prior for the current task. In
particular, we aim to minimize the expected prediction error on the true data distribution
with PAC-Bayesian bounds. As we study the 0-1-loss on the true data distribution, we
only consider classification problems, i.e. |Y| < ∞. For this, we use the hypothesis that
chooses the most probable class, g(x) = argmaxy′∈Y p(y

′|x, fθ), given the neural network
fθ. Hence, with this correspondence, we use fθ and g interchangeably. To determine
the PAC-Bayesian bounds from Section 2.4 using the error loss function, one needs to
compute the expected empirical error on the training data,

Eθ∼ρ [Ler
D(fθ)] = Eθ∼ρ

[
1

N

N∑
i=1

er(fθ,xi,yi)

]
,
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and the KL-divergence between the prior and the posterior,

KL(ρ∥π) = KL(N (θ̂, τ F̂−1)∥N (θ̃, τ F̃−1)). (3.5)

Moreover, both terms need to be optimized jointly with respect to the curvature scales.

Expected Empirical Error. The first term is only indirectly influenced by the curvature
scaling as the samples drawn from the posterior depend on the precision matrix which
itself depends on the scales. Moreover, the derivative of the error function is 0 almost
everywhere, which makes it even harder to directly optimize this term. Therefore, we
instead minimize an approximate upper bound of the expected empirical error on the
training data utilizing on the one hand that a scaled data log-likelihood is an upper
bound of the error function and on the other hand that we can approximate the data
log-likelihood by its Taylor approximation similarly as in the Laplace approximation.

First, we derive the upper bound of the error function:

Lemma 3.1.1. Let f : X → ΩL, (x,y) ∈ X × Y and

er(f,x,y) = 1[argmax
y′∈Y

p(y′|x, f) ̸= y],

then

er(f,x,y) ≤ − ln p(y|x, f)
ln 2

.

Proof. The proof examines the case of a correct prediction first and of a wrong prediction
second. For the correct prediction, the error is 0 and the bound reduces to the negative
log-likelihood being larger than 0. In the case of a wrong prediction, we use that there is
a class with a higher probability and that the correct and the most probable class have
together a probability that can be bounded by 1 from above.

First, consider the case of a correct classification, which means that y has the largest
probability: argmaxy′∈Y p(y

′|x, f) = y. Then, er(f,x,y) = 0. As p(y|x, f) is a discrete
probability, p(y|x, f) ≤ 1 and hence, by taking the negative logarithm on both sides,
− ln p(y|x,f)

ln 2
≥ 0 = er(f,x,y).

Now, let argmaxy′∈Y p(y
′|x, f) ̸= y. Therefore, er(f,x,y) = 1 and there exists a y′ ∈ Y

such that p(y′|x, f) ≥ p(y|x, f). Additionally, we have that 1 ≥ p(y′|x, f) + p(y|x, f) ≥
2p(y|x, f). This can be written as p(y|x, f) ≤ 1

2
. Due to the monotony of the logarithm,

we can take the natural logarithm on both sides and divide by − ln 2 to obtain that
− ln p(y|x,f)

ln 2
≥ 1 = er(f,x,y).

Consequently, − ln p(y|x,f)
ln 2

is an upper bound of er(f,x,y).
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Remark. We can see from the proof that the bound is tighter when the correct class has
a high likelihood. Hence, the bound will be best for good performing models, while it
might be loose when the negative data log-likelihood is large.

Lemma 3.1.1 gives an upper bound of the error function in terms of the negative log-
likelihood. Therefore, the expected empirical error can be upper bounded by the scaled
negative data log-likelihood. In the next step, we approximate the data log-likelihood
by its second-order Taylor polynomial with a FIM approximation instead of the Hessian
similar to Laplace approximation. Altogether, the final bound is

Eθ∼ρ

[
1

N

N∑
i=1

er(fθ,xi,yi)

]
≤ Eθ∼ρ

[
1

N

N∑
i=1

− ln p(yi|xi, fθ)

ln 2

]
=

1

N ln 2
Eθ∼ρ [− ln p(D|fθ)]

≈ 1

N ln 2
Eθ∼ρ

[
− ln p(D|fθ̂)−Dθ

T (θ − θ̂) +
1

2
(θ − θ̂)TF(θ − θ̂)

]
(3.6)

=
1

N ln 2

(
− ln p(D|fθ̂) +

1

2
Eθ∼ρ

[
(θ − θ̂)TF(θ − θ̂)

])
(3.7)

=
1

N ln 2

− ln p(D|fθ̂) +
τ

2

∑
l∈[L]

tr
(
Fl(βlFl + αlF̃l)

−1
)

=
1

N ln 2

− ln p(D|fθ̂) +
τ

2

∑
l∈[L]

∑
λ∈Λ(FlF̃

−1
l )

1

βl + αlλ−1

 , (3.8)

where Lemma 3.1.1 is used in the first equation and the Taylor approximation in the
third. Equation 3.7 uses that ln p(D|fθ̂) is independent of θ and Eθ∼ρ

[
DθT (θ − θ̂)

]
=

DθT (Eθ∼ρ [θ] − θ̂) = DθT (θ̂ − θ̂) = 0. Here, we define Λ(FlF̃
−1
l ) to be the set of

eigenvalues of the matrix FlF̃
−1
l . This means that we formulate the approximate upper

bound of the expected empirical error by the data log-likelihood at the MAP estimate
and the eigenvalues of the product of the FIM and the covariance matrix of the prior.

KL-Divergence. As the prior and the posterior are both multivariate Gaussians, the
KL-divergence [23] of Equation 3.5 can be computed by

KL(N (θ̂, τ F̂−1)∥N (θ̃, τ F̃−1)) =
1

2

(
tr(F̃F̂−1)− n− ln

det F̃

det F̂
+

1

τ
(θ̂ − θ̃)T F̃(θ̂ − θ̃)

)

=
1

2

∑
l∈[L]

tr(F̃l(βlFl + αlF̃l)
−1)− nl − ln

det F̃l

det(βlFl + αlF̃l)
+

1

τ
(θ̂l − θ̃l)

T F̃l(θ̂l − θ̃l)


=

1

2

∑
l∈[L]

 ∑
λ∈Λ(FlF̃

−1
l )

1

βlλ+ αl

− 1− ln(βlλ+ αl)

+
1

τ
(θ̂l − θ̃l)

T F̃l(θ̂l − θ̃l)

 . (3.9)
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3.1. Empirical Prior Learning

Therefore, both terms necessary for the PAC-Bayesian bounds can be computed with
the eigenvalues of the product between the FIM of the likelihood and the inverse of the
precision matrix of the prior, FlF̃

−1
l . For common approximations of the FIM as a diagonal

or a Kronecker-factored block-diagonal matrix, the eigenvalues can be obtained without
computing the full FIM. When both Fl and F̃l are diagonal, the desired eigenvalues
are just the diagonal elements of the product, while for Kronecker-factored matrices all
eigenvalues are given by the product of one eigenvalue from each factor, i.e. Λ(L⊗R) =
{λLλR|λL ∈ Λ(L), λR ∈ Λ(R)}.

Additionally, the quadratic terms in Equation 3.9 involve only minor computational effort
for the diagonal and Kronecker-factored approximation. With a diagonal F̃l, the quadratic
term can be computed with two element-wise multiplications of vectors of size nl with
(θ̂l−θ̃l)

T F̃l(θ̂l−θ̃l) = (θ̂l−θ̃l)⊙diag(F̃l)⊙(θ̂l−θ̃l), where diag(F̃l) is the vector containing
the diagonal elements of F̃l. The complexity for Kronecker-factored matrices boils down
to two matrix-matrix products with the Kronecker-factors and one element-wise product:

(θ̂l − θ̃l)
T F̃l(θ̂l − θ̃l) = (θ̂l − θ̃l)

T (L⊗R)(Ŵl − W̃l)

= (θ̂l − θ̃l)⊙ vec(L(Ŵl − W̃l)R),

where Ŵl and W̃l are the weight matrices corresponding to θ̂l and θ̃l, respectively.

Altogether, this section so far introduced a tractable approximate upper bound of the
PAC-Bayesian bounds, that can directly be optimized with respect to the curvature scales
after computing the FIM approximation.

Approaches. The method so far consists of finding a MAP estimate for the current
posterior, then computing an approximation of the FIM and merging the FIM with the
prior using curvature scaling. This method combines a Bayesian method, namely the MAP
estimation to obtain the optimal parameters, with the frequentist PAC-Bayesian bounds
to improve the generalization. For completeness, we compare this combined approach
against a fully Bayesian approach and a frequentist approach.

In the fully Bayesian approach, all curvature scales are set equal to one. This corresponds
to Bayesian online learning, where the curvatures are not scaled at all.

In contrast, the frequentist method also searches for the optimal weights in terms of
the PAC-Bayesian bounds instead of maximizing the posterior probability with MAP
estimation. This has the goal of further minimizing the PAC-Bayesian bounds also with
the choice of the parameters and not only with the curvature scaling. Nonetheless, as the
FIM is only available after the weights are found, we neglect the terms that depend on
the curvature. For the McAllester Bound, this results in the optimization problem

min
θ
− ln p(D|fθ)

ln(2)N
+

√
1
2τ
(θ − θ̃)T F̃(θ − θ̃) + ln(2N

ε
)

2N
. (3.10)

The Catoni Bound is difficult to optimize with variations of stochastic gradient descent
because of the exponential in the objective function. Nonetheless, when the Catoni scale
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Table 3.1.: The different approaches used in this thesis.

Approach Weight optimization Curvature optimization

Fully Bayesian MAP αl = βl = 1

Combined MAP McAllester (Equation 2.5)
MAP Catoni (Equation 2.7)

Frequentist McAllester (Equation 3.10) McAllester (Equation 2.5)
Catoni (Equation 3.11, 3.12) Catoni (Equation 2.7)

c > 0 is fixed, minimizing the upper bound of the Catoni Bound is equivalent to calculating

min
θ
−c ln p(D|fθ)

ln(2)N
+

1
2τ
(θ − θ̃)T F̃(θ − θ̃)− ln ε

N
. (3.11)

Therefore, we heuristically alternate between optimizing θ and c in practice, where the
optimization after the Catoni scale is done using the objective

min
c>0

1− exp(c ln p(D|fθ)
ln(2)N

−
1
2τ

(θ−θ̃)T F̃(θ−θ̃)−ln ε

N
)

1− exp(−c)
. (3.12)

While the Catoni bound is in general tighter, the optimization process is more difficult
compared to the McAllester bound. After the optimization of the optimal parameters,
the precision matrix is chosen with the curvature scaling as a linear combination of the
prior precision matrix and the FIM. Different from the combined approach, this is not a
valid Laplace approximation as the first-order term of the corresponding Taylor approxi-
mation does not vanish in general because the parameters are not a local optimum of the
posterior. Nonetheless, this method aims to improve the generalization and in particular
the generalization bounds better compared to the other two approaches.

In total, we therefore have three different approaches to compute the optimal parameters
and the scales of the curvature – a fully Bayesian, a frequentist, and a combined approach.
An overview of the different approaches is given in Table 3.1

3.2. Progressive Bayesian Neural Networks

In the following, the empirical prior learning is extended to continual learning. This
is in particular relevant for domains where many related datasets are available and one
aims to incorporate them into the training. In contrast to continual learning approaches
building on top of Bayesian online learning [55, 93] we do not reduce forgetting by putting
all previous information in the prior distribution but by an architecture-based approach.
This has the advantage that catastrophic forgetting is completely mitigated and we can
choose a flexible prior even after observing a lot of different tasks. Altogether, PBNN
transfer the abilities of progressive neural networks to use previously learned feature
embeddings in a continual learning fashion to Bayesian deep learning.
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3.2. Progressive Bayesian Neural Networks

Setting. In the following, we combine the notation from empirical prior learning (Sec-
tion 3.1) and continual learning (Section 2.6 and Section 2.7). Hence, the goal is to solve
tasks T1, . . . ,TT sequentially, where T ∈ N. Moreover, an additional task T0 is given to
compute a prior distribution for which the performance is not relevant. Each of the tasks
consists of an unknown data distribution and a dataset sampled from this distribution,
Tt = (Pt,Dt) for t ∈ [T ]0. All tasks share a common input domain X but can have

different finite target spaces Yt. The dataset is given by Dt =
(
(x

(t)
i ,y

(t)
i )
)Nt

i=1
∼ PNt

t with
Nt ∈ N samples. In total, the problem is a task-incremental continual learning problem
with an additional prior task.

In practice, the prior task could be a common dataset that is used for deterministic
pre-training like ImageNet [20] to generate broadly usable feature embeddings and cor-
responding weight distributions. Apart from the continual learning application, one can
also think of incorporating simulation data and other relevant tasks by using PBNN.
These could then be used as the early tasks T1,T2, . . . to generate very specific feature
embeddings that can be utilized by subsequent tasks. Figure 1.1 shows an example of
such a problem setting.

Main Idea. PBNN incorporate multiple related tasks in the training of a Bayesian neural
network that uses the empirically learned prior with curvature scaling. For this, we use
PNN without adapter networks and transform them to Bayesian neural networks. Hence,
a prior needs to be specified for the main columns and the lateral connections. For the
main column, we select the empirically learned prior and for the lateral connections, the
posterior from which the lateral connection originates is used. Therefore, both priors were
learned on their respective incoming feature distribution. Altogether, PBNN allow using
multiple tasks in combination with the empirically learned prior and curvature scaling to
jointly improve the performance and the uncertainty estimation.

Notation. Before observing the first relevant task T1, PBNN compute the empirically
learned prior N (θ̂

(0)
, τ(F̃(0))−1) given the dataset D0 as described in Section 3.1. In the

next step, a progressive neural network is iteratively built for each task. In contrast to
Rusu et al. [96], we additionally divide the pre-activations of the lateral connections by
the number of incoming connections to improve the stability:

s
(t)
l =

1

t

t∑
t′=1

ϕ
(t′,t)
l (a

(t′)
l−1).

With this, the scale of the pre-activations does not increase for later columns. We denote
the lateral connections by a superscript (t′, t). Hence, the vectorized weight and the
corresponding prior and posterior for a layer l, from column t′ to t are written as θ

(t′,t)
l ,

ρ
(t′,t)
l , and π

(t′,t)
l , respectively. When t′ < t, the connection is between different columns

while t′ = tmeans that the weight is in the main column. Moreover, we use the superscript
(t) to denote all connections that are incoming to column t. This also includes the main
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Weight Lateral Column Full

Weight θ
(t′,t)
l θ(t′,t) = vec(θ

(t′,t)
l )l∈[L] θ(t) = vec(θ(t′,t))t′∈[t] θ(≤t) = vec(θ(t′))t′∈[t]

Prior π
(t′,t)
l π(t′,t) =

∏L
l=1 π

(t′,t)
l π(t) =

∏t
t′=1 π

(t′,t) π(≤t) =
∏t

t′=1 π
(t′)

Poste-
rior ρ

(t′,t)
l ρ(t

′,t) =
∏L

l=1 ρ
(t′,t)
l ρ(t) =

∏t
t′=1 ρ

(t′,t) ρ(≤t) =
∏t

t′=1 ρ
(t′)

FIM F
(t′,t)
l

F(t′,t) =
diag(F

(t′,t)
l )l∈[L]

F(t) =
diag(F(t′,t))t′∈[t]

F(≤t) =
diag(F(t′))t′∈[t]

Table 3.2.: The notation for PBNN. Here, 1 ≤ t′ ≤ t and l ∈ [L] for t = t′ and l ∈ L for
t′ < t. For task 0, we write (0) instead of (0, 0) as no inter-column weights are
used.

column layers. Lastly, the superscript (≤ t) denotes all layers up to column t. Table 3.2
summarizes the notation that is used for PBNN.

Prior. Because PBNN also use the fully Bayesian, frequentist, or combined approach
described in Section 3.1, in this section, we mainly concentrate on the choice of the prior
and the adaption of the equations for multiple columns when some weights are fixed. The
goal of choosing the prior is on the one hand important to reduce the KL-divergence in
the PAC-Bayesian bounds to achieve a better generalization and on the other hand to
improve the posterior. An optimal prior should be broad enough such that the parameters
can be optimized flexibly. Nonetheless, the prior should in the end also be close to the
posterior. Hence, the parameters should not deviate too much from the ones from the
prior.

Now consider that the columns for 1, . . . , t−1 are given. When a new task Tt is observed,
the distributions of all previous columns are fixed and a new column is appended.

Because all preceding columns are frozen and their posterior was already computed for
their corresponding task, the prior is chosen to be their posterior from the earlier task.
This means that we choose π(i,j)

l = ρ
(i,j)
l for all previous columns i ≤ j < t and all layers

l ∈ [L] if i = j and the lateral connections l ∈ L if i < j. For the main column consisting
of all non-lateral layers, namely θ(t,t), we use the empirically learned prior which should
correspond to a broad distribution around useful weights, i.e. π(t,t)

l = N (θ̂
(0)

l , (F̃
(0)
l )−1).

For the lateral connections, the prior is harder to choose as their feature embeddings are
usually more specific than the ones from the empirically learned prior and should thus
not be pushed to be close to the empirically learned prior distribution. Therefore, for
a lateral connection l ∈ L from column t′ < t, we use the posterior of this layer as the
prior for this lateral connection, i.e. π(t′,t)

l = ρ
(t′,t′)
l . One exception is the last layer as the

dimension of the last weight matrix might differ. Hence, in the case of different output
dimensions for different tasks, we use an isotropic Gaussian prior for the last layer l = L.

Summarized, this means that the prior for a layer l ∈ [L] of the main column is given by
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Figure 3.1.: The posterior is depicted by colored distributions. The colored shaded con-
nection means that the posterior with the same color is the prior for this
weight. A black distribution is not used as a prior in this setting. PBNN use
the empirically learned prior from task T0 (blue) in all main columns. The
prior for the lateral connections is the posterior from the origin layer, where
the lateral connection comes from (orange and green).

the empirical prior N (θ̂
(0)

l , (F̃
(0)
l )−1), where

F̃
(0)
l = β

(0)
l F

(0)
l + α

(0)
l γI

and the prior for a lateral connection l ∈ L leaving column t′ is the posterior of column
t′, N (θ̂

(t′,t′)

l , (F̃
(t′,t′)
l )−1), where

F̃
(t′,t′)
l = β

(t′,t′)
l F

(t′,t′)
l + α

(t′,t′)
l (β

(0)
l F

(0)
l + α

(0)
l γI).

All other weights are fixed and have the same prior and posterior. Figure 3.1 shows the
structure of PBNN and the choice of the prior for each weight. Using this prior, we present
the extension of the curvature scaling for PBNN. Similar to Section 3.1.3, we compute
the approximate upper bound of the expected empirical error first and the KL-divergence
for PBNN second.

Expected Empirical Error. To compute the approximate upper bound of the PAC-
Bayesian bounds to optimize the curvature scales, one further needs to compute the
expected empirical error on the training data as in Equation 3.8. Similar to Equation 3.6
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in Section 3.1, one can compute the upper bound of the expected empirical error with

Eθ(≤t)∼ρ(≤t)

[
1

Nt

Nt∑
i=1

er(fθ(≤t) ,x
(t)
i ,y

(t)
i )

]

⪅
1

Nt ln 2

(
− ln p(Dt|fθ̂(≤t)) +

1

2
Eθ(≤t)∼ρ(≤t)

[
(θ(≤t) − θ̂

(≤t)
)TF(≤t)(θ(≤t) − θ̂

(≤t)
)
])

,

where F(≤t) denotes the FIM on task t for all weights up to column t. The quadratic term
in the expectation can be computed exactly by using that ρ(≤t) is a normal distribution
with mean θ̂

(≤t)
. Furthermore, it can be decomposed into

Eθ(≤t)∼ρ(≤t)

[
(θ(≤t) − θ̂

(≤t)
)TF(≤t)(θ(≤t) − θ̂

(≤t)
)
]
= tr(F(≤t)τ(F̃(≤t))−1)

=
t−1∑
j=1

j∑
i=1

tr(F(i,j)τ(F̃(i,j))−1) +
t∑

i=1

tr(F(i,t)τ(F̃(i,t))−1).

The weights from previous columns, i.e. for i ≤ j < t, are frozen and their correspond-
ing posterior together with their curvature scales are fixed. Therefore, the first term is
constant with respect to the new curvature scales. To avoid computing the FIM with
respect to previous network weights, we assume that F(i,j)(F̃(i,j))−1 ≈ I for i ≤ j < t.
This simplifies the upper bound:

t−1∑
j=1

j∑
i=1

tr(F(i,j)τ(F̃(i,j))−1) +
t∑

i=1

tr(F(i,t)τ(F̃(i,t))−1)

≈τ (t− 2)(t− 1)

2

∑
l∈L

nt + (t− 1)
L∑
l=1

nt +
t∑

i=1

tr(F(i,t)τ(F̃(i,t))−1)

= : τn(≤t−1) +
t∑

i=1

tr(F(i,t)τ(F̃(i,t))−1)

=τn(≤t−1) +
t−1∑
i=1

∑
l∈L

tr(F
(i,t)
l τ(β

(i,t)
l F

(i,t)
l + α

(i,t)
l F̃

(i,i)
l )−1)

+
L∑
l=1

tr(F
(t,t)
l τ(β

(t,t)
l F

(t,t)
l + α

(t,t)
l F̃

(0)
l )−1)

=τn(≤t−1) +
∑

(i,l,z)∈I

∑
λ∈Λ(A)

A=F
(i,t)
l (F̃z

l )
−1

τ

β
(i,t)
l + α

(i,t)
l λ−1

. (3.13)

Here, we use again the index set I and introduce the number of parameters for all fixed
previous columns as n(≤t−1).
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KL-Divergence. Assuming that weights of different layers are independent, the KL-
divergence between the posterior and the prior can be written as

KL
(
ρ(≤t)∥π(≤t)

)
=

t∑
j=1

j∑
i=1

KL
(
ρ(i,j)∥π(i,j)

)
=

t∑
i=1

KL
(
ρ(i,t)∥π(i,t)

)
+

t−1∑
j=1

j∑
i=1

KL
(
ρ(i,j)∥π(i,j)

)
=

t∑
i=1

KL
(
ρ(i,t)∥π(i,t)

)
(3.14)

=
∑
l∈[L]

KL
(
ρ
(t,t)
l ∥N (θ̂

(0)

l , τ(F̃
(0)
l )−1)

)
+
∑
l∈L

t−1∑
i=1

KL
(
ρ
(i,t)
l ∥ρ

(i,i)
l

)
,

where it was used that the prior is equal to the posterior for all fixed columns in Equa-
tion 3.14. We approximate the posterior as in Section 3.1 with Laplace approximation and
curvature scaling. Therefore, the posterior is also a normal distributionN (θ̂

(i,t)

l , τ(F̃
(i,t)
l )−1),

for lateral connections l ∈ L, i < t and the main column l ∈ [L], i = t, which results in a
closed-form KL-divergence. Using the index set I including the lateral connections and
the main column

I = {(i, l, (i, i)) | i ∈ [t− 1], l ∈ L} ∪ {(t, l, (0)) | l ∈ [L]}

the KL-divergence can be written in terms of eigenvalues as in Section 3.1:

KL(ρ(≤t)∥π(≤t)) =
∑
l∈[L]

KL
(
N (θ̂

(t,t)

l , τ(F̃
(t,t)
l )−1)∥N (θ̂

(0)

l , τ(F̃
(0)
l )−1)

)

+
∑
l∈L

t−1∑
i=1

KL
(
N (θ̂

(i,t)

l , τ(F̃
(i,t)
l )−1)∥N (θ̂

(i,i)

l , τ(F̃
(i,i)
l )−1)

)

=
1

2

 ∑
(i,l,z)∈I

1

τ
(θ̂

(i,t)

l − θ̂
z

l )
T F̃z

l (θ̂
(i,t)

l − θ̂
z

l ) +
∑

λ∈Λ(A)

A=F
(i,t)
l (F̃z

l )
−1

1

β
(i,t)
l λ+ α

(i,t)
l

− 1− ln(β
(i,t)
l λ+ α

(i,t)
l )

 .

(3.15)

Altogether, this shows the advantage of PBNN that some related feature embeddings
can increase the performance even though only the current column contributes to the
KL-divergence.

Training of PBNN. Altogether, the training for column t given columns 1, . . . , t − 1
consists of optimizing the parameters with the output of the t-th column either with MAP
estimation or by optimizing a PAC-Bayesian bound on the dataset Dt. During this opti-
mization, we already sample the weights in the previous columns from their corresponding
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posterior such that the current task can adapt to the incoming feature distributions. In a
second step, the FIM with respect to the unfrozen weights θ(t), namely F(t), is computed
and used to determine the eigenvalues of the product between the FIM and the prior
precision. The eigenvalues can then be used to estimate the KL-divergence and expected
empirical error to optimize for the curvature scales for each layer. In a final step, the
posterior precision matrix is computed as the linear combination of the prior precision
and the FIM, weighted by the curvature scales and multiplied by temperature scaling as
described in Section 3.1. The whole method is shown in Algorithm 1. Moreover, the fur-
ther pseudo-code for the objective, curvature scaling, and progressive neural networks is
given in Appendix A.2. After obtaining the optimal parameters and the precision matrix,
one can then sample from the resulting normal distribution to exploit the Bayesian model
averaging. It has to be noted that the order of datasets plays an important role in PBNN
as later tasks can use the previous features but not the other way around.

Computational Complexity. For each task and additionally for the prior task, the com-
putational complexity boils down to finding the optimal parameters, computing the FIM,
determining the eigenvalues of the matrix product of the FIM with the prior covariance
matrix, and scaling the curvature. The parameter optimization corresponds to finding the
MAP estimate. This can be solved efficiently by computing the negative log-likelihood
over mini-batches with common variations of stochastic gradient descent [54]. Addition-
ally, in each update step, the quadratic term induced by the prior needs to be computed.
As discussed in Section 3.1.3, for a diagonal or Kronecker-factored matrix, this term can
be computed efficiently such that the parameter optimization has a similar complexity as
standard MAP training. For common approximations of the FIM like the K-FAC and the
K-FOC, the computation of the FIM corresponds to one additional epoch over the train-
ing data [38, 71]. Nonetheless, the K-FOC usually has a small linear overhead compared
to K-FAC and hence, can also correspond to multiple epochs depending on the number
of iterations in the K-FOC algorithm (see Appendix A.1.3). To compute the eigenvalues,
one can again take advantage of the properties of the FIM as described in Section 3.1.3
which leads to a neglectable computational complexity in practice. The curvature scaling
is an optimization problem with a total of 2L parameters, where L is the number of layers
in the network. Hence, it is usually a much lower-dimensional optimization than finding
the weights. Moreover, the computation of the negative log-likelihood can be incorpo-
rated in the computation of the FIM. Therefore, no additional pass through the data is
needed. Altogether, during training, PBNN have a similar computational complexity as
PNN with the main overhead of training one additional task. Nonetheless, this overhead
can be reduced by using a pre-trained model which then leads to the minor overhead of
about one additional epoch to compute the FIM for every task. During inference, PBNN
use multiple network samples and thus, have a computational complexity comparable to
multiple forward passes in PNN.

Extension for Arbitrary Network Architectures. So far, only a basic architecture
without skip connections was considered. Nevertheless, PBNN can also be extended to
arbitrary architectures including ResNets [43]. To achieve this generality, PBNN should
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not depend on one specific forward pass implementation. Instead, the forward method
should be managed by the network architecture that is given. In order to implement the
lateral connections, PBNN save intermediate activations on the one hand and on the other
hand introduce aggregation layers that combine the saved activations on the layer level.
The first part is implemented by creating forward hooks for the lateral connection layers
l ∈ L that save the activations of the previous layer a(t

′)
l−1 during the forward pass in the

base network. To combine the activation, the aggregation layers apply the lateral layers
on the saved activations of the previous columns, ϕ(t′,t)

l (a
(t′)
l−1), and compute the mean over

the resulting pre-activations. The aggregation layer is included in the base network by
exchanging each layer l ∈ L by the composition of the layer followed by the aggregation
layer. With this architectural change, PBNN can also be applied to complex network
architectures.
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Algorithm 1: Training of Progressive Bayesian Neural Networks.

input :

f· network architecture
(Dt)

T
t=0 datasets

L lateral connections
γ weight decay
τ temperature scaling
ε = 0.2 PAC-Bayes probability

output : PBNN with posterior distribution N (θ̂
(≤T )

, F̃(≤T ))
1 function fit_pbnn(f·, (Dt)

T
t=0,L, γ, τ, ε)

▷ Find optimal parameters θ̂
(0)
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4. Experiments and Results

This chapter validates the approaches empirically on the predictive performance, uncer-
tainty, and generalization bounds. The respective evaluation metrics are introduced in
the first section. In the second section, the empirically learned prior together with the
curvature scaling is compared with deterministic pre-training using MAP and MLE, with
MC dropout, and Bayesian neural networks (BNN) with isotropic Gaussian priors. This
allows us to compare, on the one hand, our method with deterministic pre-training in
terms of accuracy and, on the other hand, the uncertainty of the model with MC dropout
and BNN with isotropic Gaussians. Furthermore, we can observe the quality of the poste-
rior for large temperature scales and hence, the strength of the cold posterior effect [112]
compared to isotropic Gaussian priors. The extension to continual learning problems is
then shown in the third section with a small-scale and a large-scale experiment. Both
experiments compare PBNN against standard PNN and PNN using MC dropout. There-
fore, we have a deterministic and a Bayesian baseline for our method to again compare the
accuracy and the uncertainty. Moreover, we utilize both K-FAC and K-FOC for all runs
and compare both with the Diagonal approximation for all but the large-scale continual
learning experiment to get to know the influence of the FIM approximation quality on the
quality of the predictions. In addition, we also compare in every experiment the different
approaches described in Section 3.1.3, i.e. the fully Bayesian approach and the frequentist
and combined approach for both PAC-Bayesian bounds. Thus, we can also reason about
the influence of scaling the curvatures with our approximate upper bound. We conclude
this chapter with a short discussion of the results.

All experiments are implemented in PyTorch [84] on top of the curvature library [49, 64,
99]. Moreover, we use BMC = 100 samples of the posterior to estimate the predictive
distribution. The training of the parameters utilizes the Adam [54] variation of stochas-
tic gradient descent with an automatic learning rate scheduler that halves the learning
rate once the validation loss does not decrease for five consecutive epochs and stops the
training if the validation loss does not decrease for ten consecutive epochs. To optimize
the curvature scales, we also use the Adam optimizer with the learning rate 0.5 and an
exponential decaying learning rate by 1− 10−6 every step.

4.1. Evaluation Metrics

The predictive performance is evaluated with the accuracy on an independent test set and
the uncertainty of the model is assessed by computing the out-of-distribution entropy on
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4. Experiments and Results

a different dataset and the expected calibration error on the test set. Furthermore, to
evaluate the separation of in-distribution and out-of-distribution samples, we consider a
symmetric KL-divergence between the different entropy histograms. Moreover, the two
generalization bounds from Section 2.4 are estimated.

Accuracy. The accuracy measures the percentage of correctly classified samples. It can
be estimated over a dataset D = ((xi,yi))

N
i=1 as

acc :=
1

N

N∑
i=1

1[argmax
y∈Y

p(y|xi, fθ) = yi] = 1− Ler
D(fθ).

Out-of-Distribution Entropy. Entropy measures the uncertainty of a discrete random
variable X with the probability mass function p. In the extreme case that the random
process is close to deterministic, the entropy is low, while it is maximal for a uniform
distribution over the outcomes. It is defined as

H(X) := −
∑
x∈X

p(x) ln p(x)

It measures the expected information in nats over the distribution when the natural
logarithm is used. In this thesis, the predictive uncertainty of the model on out-of-
distribution samples is of special interest. For the out-of-distribution sample (x,y), it is
defined as the entropy of the predictive distribution p(·|x, fθ), i.e.

H(fθ,x) := −
∑
y∈Y

p(y|x, fθ) ln p(y|x, fθ).

To compute the out-of-distribution entropy on a dataset D = ((xi,yi))
N
i=1, one usually

estimates the expected predictive entropy over the samples:

h :=
1

N

N∑
i=1

H(fθ,xi).

Altogether, this value should be high on out-of-distribution (OOD) data and low on in-
distribution (ID) data.

Symmetric KL-Divergence. To assess how well the different models separate ID from
OOD samples, we compute the entropy for each sample and then compare the distribution
of the entropy values with histograms. Furthermore, the distance between these two
distributions is commonly calculated with a symmetric version of the KL-divergence [69].
Given the probability mass functions p and q over a discrete space X the KL-divergence [68]
is similarly defined as in the continual setting but with a sum instead of an integral:

KL(p||q) =
∑
x∈X

p(x) ln

(
p(x)

q(x)

)
. (4.1)
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4.1. Evaluation Metrics

For the entropy histograms, the probabilities are the fraction of samples in the corre-
sponding bin. Because the KL-divergence is not symmetric, Maddox et al. [69] use the
sum of the KL-divergence in both directions:

KLsym(p, q) = KL(p||q) +KL(q||p). (4.2)

However, the symmetric KL-divergence is infinity if exactly one probability distribution
assigns no probability to a sample x ∈ X. Therefore, in practice, a small number, namely
10−7, is added to both distributions after which the distributions are again normalized.
The resulting symmetric KL-divergence is small if both distributions are similar and large
if the distributions are separated.

Expected Calibration Error. Another measure for the uncertainty of a neural network
is the calibration of its predictive probability. This reflects the belief that the confidence
of the predictive distribution should be similar to the accuracy. Hence, the samples with
a high certainty should have a high accuracy while samples that are predicted with a low
accuracy should also have low confidence on these predictions. The confidence of a model
for a data point (x,y) can formally be defined as the maximal probability of the output
distribution, conf(x, fθ) = maxy′∈Y p(y

′|x, fθ). The expected calibration error (ECE) is
then the difference of the confidence and the accuracy computed over bins of samples. For
this, the dataset is split into q ∈ N equally sized bins by their corresponding confidence.
The bin Bj for j ∈ [q] is defined as the set of samples

Bj =

{
(xi,yi) |

j − 1

q
< conf(xi, fθ) ≤

j

q

}
.

Therefore, the average accuracy and confidence on these bins can be computed for j ∈ [q]
as

accj =
1

|Bj|
∑

(x,y)∈Bj

1[argmax
y′∈Y

p(y′|x, fθ) = y] and confj =
1

|Bj|
∑

(x,y)∈Bj

conf(x, fθ),

respectively. The ECE is then the expected difference between the confidence and the
accuracy in each bin weighted by the number of samples, i.e.

ECE :=

q∑
j=1

|Bj|
N
|accj − confj|.

This value should be small for a well-calibrated model.

PAC-Bayesian Bounds. In addition to the accuracy and uncertainty of the model, we
are interested in the generalization bounds. For this, we consider the McAllester Bound
(Equation 2.5) and the Catoni Bound (Equation 2.7). The expected empirical error is
estimated jointly with the accuracy of the model using BMC = 100 samples as

Eθ∼ρ[Ler
D(fθ)] ≈

1

BMC

BMC∑
i=1

Ler
D(fθi

), θi ∼ ρ.
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4. Experiments and Results

Number of samples

Dataset Domain Shape Train Val Test

MNIST [61] handwritten digits 1×28×28 54, 000 6, 000 10, 000

NotMNIST1 roman letters 1×28×28 54, 000 6, 000 10, 000

KMNIST [16] Japanese letters 1×28×28 54, 000 6, 000 10, 000

FashionMNIST [117] fashion items 1×28×28 54, 000 6, 000 10, 000

SVHN [80] house numbers 1×32×32 65, 931 7, 326 26, 032

CIFAR-10 [59] real-world photos 3×32×32 45, 000 5, 000 10, 000

ImageNet [20] real-world photos 3×224×224 1, 281, 167 − −
WRGBD [60] every-day items 3×224×224 111, 184 27, 924 68, 812

Table 4.1.: The datasets used in this thesis. In the small-scale experiments, the first six
datasets are used. The last two datasets are used in the large-scale experiment.
For this, the WRGBD dataset is further split into six different datasets.

As described in Section 3.2, the KL-divergence can be computed exactly with Equa-
tion 3.15. The bound of the probability in the PAC-Bayesian bound is chosen to be
relatively broad with ε = 0.8 to make the expected empirical error and the KL-divergence
the dominant terms in the PAC-Bayesian bounds.

4.2. Transfer Learning

The first experiment uses a LeNet-5 [62] architecture with two convolutional layers fol-
lowed by three fully-connected layers. The empirically learned prior is evaluated in a
transfer learning setting where the prior is learned over the MNIST dataset [61] and this
prior is used to estimate the posterior on the NotMNIST dataset. The OOD entropy
is computed over the test split of the FashionMNIST dataset [117] containing images of
different fashion items. All datasets consist of gray-scale images of size 28×28. MNIST de-
picts handwritten digits, NotMNIST computer-written letters, and FashionMNIST fash-
ion items like T-shirts and trousers. A summary of all datasets used in this thesis is given
in Table 4.1. We compare the learned prior with an isotropic Gaussian prior with weight
decay 10−3 and 10−5 in terms of accuracy and uncertainty. Both Bayesian neural net-
works are further compared to deterministic pre-trained MAP (with weight decay 10−3,
10−5, and 10−8) and MLE training and to MC dropout (with dropout probability 0.01,
0.1, and 0.3 each without weight decay and with weight decay 10−5). All models use
the same pre-trained network either for deterministic pre-training or in the empirically
learned prior. We do not use any data augmentation as we mainly focus on the method.
To validate the curvature scaling, we compare the PAC-Bayesian bounds for all Bayesian
neural networks for the differently learned curvature scales. As PAC-Bayesian bounds can
only be computed for distributions over networks, the PAC-Bayesian bounds can not be
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4.2. Transfer Learning

Table 4.2.: Results of the best models on the transfer learning experiment.

Method FIM γ τ acc (%) OOD h ID h ECE

MLE – 0.0 – 95.28 1.37 0.11 0.01

MAP – 10−3 – 95.33 1.44 0.13 0.01

MC dropout
(probability 0.3) – 0.0 – 95.87 1.65 0.21 0.02

BNN with isotropic
Gaussian

– 10−3 10−4 95.35 1.64 0.21 0.02

– 10−5 10−3 95.5 1.48 0.17 0.01

BNN with learned prior
Diagonal 10−8 10−1 95.09 1.71 0.26 0.03

K-FAC 10−8 100 94.97 1.60 0.23 0.02

K-FOC 10−8 10−3 94.92 1.55 0.17 0.01

used for MAP and MLE training as their distributions are null sets with respect to the
non-degenerate continuous prior and therefore their KL-divergence would be infinite. The
same also holds for the MC dropout as the set of possible networks is again finite. For the
Bayesian neural networks, we use the temperature scalings 10−5, . . . , 100. All experiments
are run with an Nvidia RTX 3060 GPU with 12 GB of GPU memory, batch size 256, and
learning rate 5 · 10−4.

Results. In the following, we first validate the empirically learned prior against de-
terministic and Bayesian baselines in terms of accuracy, OOD entropy, and calibration.
Moreover, the prior is compared to isotropic Gaussians to determine how well this prior is
specified. Secondly, the different curvature scaling approaches are evaluated using PAC-
Bayesian bounds.

Empirical Prior Learning. Table 4.2 shows the best model with respect to the accu-
racy on the test dataset for each method. Moreover, for the Bayesian neural networks, the
temperature scaling τ is shown. One can see that all models achieve a similar accuracy
with a slight advantage for MC dropout. The OOD entropy h is in general higher for the
Bayesian models, in particular for the isotropic Gaussian prior with more weight decay,
MC dropout, and the marginally superior empirically learned prior with the diagonal FIM
approximation. The expected calibration error ECE is low for all models even though
the BNN with the learned prior is slightly better than the other methods. Overall, there
is no clear dominance of a specific model in this setting. Furthermore, all three curvature
approximation types – diagonal, K-FAC, and K-FOC – produce similar results and have
models with around 95% accuracy.

Moreover, we follow Wenzel et al. [112] to test whether the empirically learned prior is
better specified than an isotropic Gaussian prior. For this, we analyze the accuracy of the
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Figure 4.1.: The empirically learned prior is compared with isotropic Gaussian priors with
weight decay γ = 10−3 and γ = 10−5 on the average accuracy for different
temperature scalings. For large temperature scalings, it surpasses the other
two models which is an indication that it is a better specified prior.

methods for different temperature scalings. The average value over all models for each
prior is shown in Figure 4.1. We can see a performance drop for temperature scalings
close to one for all models. Nonetheless, the empirically learned prior surpasses the
other priors for large temperature scalings and achieves the best result for a temperature
scaling of 10−1. This supports the claim that empirically learned priors are better specified
than isotropic Gaussians and even though they do not solve the cold posterior problem
completely, they improve the results for larger temperature scalings.

Curvature Scaling. The curvature scaling is validated on the PAC-Bayesian bounds.
Table 4.3 shows the PAC-Bayesian bounds for the best model with respect to the Catoni
bound for each approach. While the scaling with the Catoni bound does not lead to
any noticeable improvements, using the McAllester bound either only for the curvature
scaling or also for parameter optimization produces non-vacuous generalization bounds.
In detail, the error bounds are reduced by 19 and 23 percent points for the combined
and frequentist approach, respectively, compared to the fully Bayesian approach. On top
of that, the OOD entropy and accuracy are also similar. The poor results of Catoni
scaling could be due to optimization difficulties because of the exponential in the bound.
Therefore, it is often difficult to choose suitable learning rates for the stochastic gradient
descent variations. Since the optimization of the curvature scales is in a relatively low-
dimensional space compared to the parameter space, future work could also consider using
other optimization methods to find optimal curvature scales with respect to the Catoni
bound.

Another interesting finding is that all optimal models with respect to the Catoni bound
use the empirically learned prior instead of the isotropic Gaussian. Altogether, empirically
learned priors have on average a Catoni bound of 0.90 while both isotropic Gaussian priors
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4.3. Continual Learning

have an average bound of 0.99. A possible reason for this is that the posterior can be
closer to the prior as many parameters can directly be used which in return leads to a
lower KL-divergence and hence to lower PAC-Bayesian bounds.

Table 4.3.: PAC-Bayesian bounds for different approaches on the transfer learning exper-
iment.

PAC-Bayes bounds

Approach Curvature Scaling Catoni McAllester acc (%) OOD h ID h

Fully Bayesian α = 1, β = 1 0.88 1.00 93.11 1.52 0.28

Combined
McAllester 0.69 0.71 88.90 1.71 0.56

Catoni 0.88 1.00 93.11 1.80 0.59

Frequentist
McAllester 0.65 0.68 93.79 1.79 0.32

Catoni 0.79 0.85 94.64 1.62 0.27

4.3. Continual Learning

The PBNN are validated using the continual learning setting. Here, the PBNN are com-
pared with PNN using weight decay 10−1, 10−2, . . . , 10−6 and PNN using MC dropout
with dropout probabilities 0.01, 0.1, and 0.3 each with weight decay 10−5 and without
weight decay. The temperature scaling is chosen dependent on the run using the first
dataset to have a narrow enough posterior such that the samples produce usable predic-
tions. The networks are evaluated on their accuracy and expected calibration error on
each task. Moreover, the OOD entropy is computed for the test splits of the other tasks.

4.3.1. Small-Scale Experiment

Experimental Setup. For the small-scale experiment, we follow Ritter et al. [93]. Hence,
the relevant tasks T1, . . . ,T5 are MNIST [61], NotMNIST, FashionMNIST [117], SVHN [80],
and CIFAR-10 [59], respectively. Additionally, the prior is computed over KMNIST [16].
While KMNIST, MNIST, and NotMNIST are black-and-white images, FashionMNIST
consists of gray-scale images and SVHN and CIFAR-10 are datasets with RGB images.
This introduces the possibility to evaluate PBNN on different input distributions on the
one hand. On the other hand, the domains are also different as KMNIST, MNIST, NotM-
NIST, and SVHN show digits and letters, FashionMNIST contains images of fashion items,
and CIFAR-10 images of everyday objects. Because of the different shapes of the images,
we repeat the first channel for the gray-scale and black-and-white images and pad all
images to be of size 3× 32× 32. The network is a LeNet-5 [62] as in the transfer learning
experiment but with three input channels in the first layer. We use lateral connections
for each parameterized layer except the first and the last layer. As all tasks have the
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Figure 4.2.: The accuracy over the training time for the different tasks of the small-scale
continual learning experiment is depicted for standard progressive neural net-
works (PNN), in combination with MC dropout (PNN + MC dropout) and
progressive Bayesian neural networks (PBNN). During the training of each
task, only one model sample is evaluated while after the weights are frozen,
BMC = 100 samples are used. All models have a similar accuracy on MNIST,
NotMNIST, and FashionMNIST. For SVHN and CIFAR-10, the accuracy
drops by a large margin for PBNN. Furthermore, model averaging improves
the accuracy for MC dropout while it slightly worsens the performance of
PBNN.

same output dimension, we use the empirically learned prior also on the last layer. The
training was performed on an Nvidia GeForce GTX Titan X GPU with 12 GB of GPU
memory, batch size 256, and learning rate 2 · 10−3.

Results. Here, we first discuss the accuracy and uncertainty for PBNN and continue
with an analysis of the generalization bounds.

Accuracy and Uncertainty. Because we aim to solve a task-incremental continual
learning problem, we first look at the ability of the model to learn multiple sequentially
incoming tasks. Figure 4.2 shows the accuracy on the test data of the different tasks over
the training time for each method. It should be noted that during the training only one
sample is used to evaluate the accuracy and the model averaging is only utilized when
the training on the corresponding task is finished. The test accuracy for each task is
further shown in Table 4.4. As expected, all models are able to learn the tasks sequen-
tially without catastrophic forgetting. PNN with MC dropout consistently outperform
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Table 4.4.: Results of the best models of the small-scale continual learning experiment.

Tasks

Method Metric MNIST NotMNIST FashionMNIST SVHN CIFAR-10 Average

PNN acc (%) 99.35 95.69 91.15 89.92 68.05 88.83

OOD h 1.37 1.71 1.14 0.55 0.85 1.13

ID h 0.02 0.13 0.25 0.38 0.79 0.31

ECE 0.00 0.00 0.00 0.02 0.04 0.01

PNN +
MC dropout

acc (%) 99.37 96.23 91.88 91.92 71.20 90.12

OOD h 1.49 1.84 1.06 1.09 1.21 1.34

ID h 0.04 0.19 0.25 0.39 0.92 0.36

ECE 0.01 0.02 0.01 0.04 0.04 0.02

PBNN acc (%) 98.31 95.36 90.70 87.55 57.50 85.88

OOD h 1.16 1.56 0.39 0.38 0.83 0.86

ID h 0.02 0.09 0.15 0.25 1.07 0.32

ECE 0.01 0.02 0.03 0.04 0.04 0.03

the other methods. Especially the model averaging improves the accuracy for all tasks.
PBNN perform comparably for the first three tasks only lacking around one percent point
compared to the best model. For the last two tasks, the accuracy is about four and twelve
percent points worse than PNN with MC dropout, respectively. Hence, the domain switch
from letters and digits to fashion items is not as problematic for PBNN as the change of
gray-scale to RGB images. In this experiment, the K-FOC produces the most accurate
results averaged over all tasks with an accuracy of 85.87% followed by K-FAC with 80.74%
and the diagonal approximation with 75.52%.

Table 4.4 further shows the entropy for ID and OOD samples and the expected calibration
error for each task. One can see that PNN are slightly better calibrated than the other
two methods. Still, the uncertainty estimates of PNN together with MC dropout are for
most tasks better. For this, the OOD entropy for each individual task and dataset is
shown in Figure 4.3. PNN with MC dropout have the best uncertainty estimates over
all columns, while PNN only have low OOD entropy in the fourth column and PBNN
have a high OOD entropy for the first two columns and a low OOD compared to the ID
entropy for the last three columns. Hence, PNN with dropout leads to the best separation
between ID and OOD samples. This is further discussed in Appendix A.3.1.

Overall, the empirically learned prior can impair the performance if the data distribution
for the prior learning is different. In particular, the performance drop with respect to
accuracy and uncertainty is the largest for CIFAR-10, which has a different domain and
a different distribution over the input space than the KMNIST which was used to learn
the prior. Nonetheless, already switching the domain with FashionMNIST or the input
distribution with SVHN can produce worse results. This emphasizes the importance to
find a suitable dataset to learn the prior.
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Figure 4.3.: The entropy for the different models is shown for each column and task. A
good model has low entropy on the diagonal and high entropy on the off-
diagonal elements. The OOD entropy is highest for PNN with MC dropout
followed by PNN. PBNN have good uncertainty estimates for the first two
columns but have low OOD entropy for the later columns. For PNN, the
OOD entropy is also in general high. Still, the fourth output has low entropy
on the first tasks. The entropy histograms are given in Figure A.3, Figure A.4,
and Figure A.5 in Appendix A.3.1.
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Generalization Bounds. For all approaches, the generalization bounds are only non-
vacuous on the first column for the MNIST dataset. This has mainly two reasons: On
the one hand, the first column has no lateral connections that increase the number of
parameters. Therefore, the KL-divergence is usually smaller. On the other hand, the
empirical error on the training data is the lowest for MNIST which directly influences the
generalization bounds. Hence, in the following, we compare the generalization bounds on
the MNIST dataset.

Table 4.5.: PAC-Bayesian bounds for different approaches on the small-scale continual
learning experiment for MNIST.

PAC-Bayes bounds

Approach Curvature Scaling Catoni McAllester

Fully Bayesian α = 1, β = 1 0.53 0.59

Combined
McAllester 0.87 0.96

Catoni 0.97 1.34

Frequentist
McAllester 0.99 1.45

Catoni 0.99 1.49

Table 4.5 shows the generalization bounds for the different approaches. In this experiment,
both frequentist methods fail and optimizing the Catoni bound leads to loose bounds. The
combined approach with the McAllester curvature scaling leads to better bounds but is
outperformed by the fully Bayesian approach. This shows the current limitation of the
curvature scaling that it depends on the FIM computed at the mode. Hence, if the FIM
is very different from the precision matrix of the prior, it is possible that scaling both
factors is not enough to achieve low generalization bounds. Nevertheless, further work
could concentrate on finding modes that have a good curvature for instance by computing
a batch estimate of the FIM after every epoch in combination with the herein derived
approximate generalization bounds. Another option would be to directly optimize the
bound for the optimal posterior precision matrix instead of for the curvature scales which
would then lead to a frequentist method to obtain a normal distribution around that
mode that has tighter generalization bounds.

4.3.2. Large-Scale Experiment

Experimental Setup. The large-scale continual learning experiment uses ImageNet
(ILSVRC-2012) [20] to learn the prior and a ResNet-50 [43] architecture. This network
uses residual connections and batch normalization to improve the training with deep neu-
ral networks. Following Grosse & Martens [38], we do not set a prior on the parameters of
batch normalization. We specify a total of four lateral connections, each at the downsam-
pling 1× 1 convolution of the first "bottleneck" building block of the ResNet-layers. The
relevant tasks are from the Washington RGB-D Object dataset [60] (WRGBD) and we
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Table 4.6.: Results of the best models on the large-scale continual learning experiment.

Tasks

Method Metric Other Banana Coffee Mug Stapler Flashlight Apple Average

PNN acc (%) 96.49 99.18 100.00 92.21 98.92 92.63 96.57

OOD h 2.41 0.34 0.65 0.65 0.34 0.57 0.83

ID h 0.06 0.08 0.01 0.07 0.05 0.17 0.07

ECE 0.02 0.02 0.00 0.05 0.01 0.03 0.02

PNN +
MC dropout

acc (%) 96.46 98.37 100.00 92.68 99.78 97.51 97.46

OOD h 1.36 0.25 0.56 0.40 0.21 0.60 0.56

ID h 0.04 0.14 0.00 0.08 0.03 0.06 0.06

ECE 0.02 0.03 0.00 0.04 0.01 0.01 0.02

PBNN acc (%) 97.01 100.00 100.00 95.18 100.00 99.90 98.68

OOD h 0.75 0.52 0.61 0.50 0.30 0.39 0.51

ID h 0.03 0.03 0.01 0.04 0.00 0.03 0.02

ECE 0.02 0.01 0.00 0.03 0.00 0.01 0.01

closely follow the setting by Denninger & Triebel [21]. The dataset is a robotics dataset
consisting of 51 object classes with a total of 300 different instances and over 160,000
images. Pictures of each instance were taken from three different angles – 30°, 45°, and
60°. The images from 45° are used as a test set and every fifth image from 30° and 60°
is in the validation set. The remaining images are used for training. Furthermore, we
only use the RGB channels and neglect the depth information. Following Denninger &
Triebel [21], we also do instance recognition in a continual learning setting by splitting the
classes banana, coffee mug, stapler, flashlight, and apple from the remaining classes. Task
T1 then consists of all remaining classes while task T2 includes the bananas, task T3 the
coffee mugs, task T4 the staplers, task T5 the flashlights, and task T6 the apples. For each
task, the different instances should be predicted. All images are normalized by the mean
and standard deviation from the ImageNet dataset and resized to the size 224×224. The
experiment was run on an Nvidia RTX 3090 GPU with 24 GB of GPU memory, batch
size 4, and learning rate 10−4.

Results. The results of the large-scale continual learning experiment are shown in Ta-
ble 4.6. Here, the best models for PNN, PNN with MC dropout and PBNN with respect
to accuracy, ID and OOD entropy, and expected calibration error are compared on all
tasks. All models are able to sequentially learn all tasks and PBNN are on average about
one percent point more accurate than the other approaches. The continual learning plot
is given in Figure 4.4. One can see that the training of PBNN is more stable and im-
proves the accuracy on each dataset compared to the other two methods. In particular,
for the stapler dataset, the accuracy is around three percent points higher. While PNN
are better on the first two datasets, MC dropout enhances the predictions on the last
three datasets. Moreover, all PBNN models apart from the ones using McAllester scal-
ing produce consistently better results than PNN and their variation with MC dropout
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Figure 4.4.: The accuracy over the training time for the different tasks of the large-scale
continual learning experiment is depicted for standard progressive neural net-
works (PNN), in combination with MC dropout (PNN + MC dropout) and
progressive Bayesian neural networks (PBNN). All models mitigate catas-
trophic forgetting and PBNN produce consistently more accurate predictions
than the other two methods.
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Figure 4.5.: The entropy for the different models is shown for each column and subsequent
task. A good model has low entropy on the diagonal and high entropy on
the off-diagonal elements. PNN and PNN with MC dropout have high OOD
entropy for the first column. Nonetheless, the other columns have much lower
OOD entropy. In contrast, PBNN have a similarly high OOD entropy for all
columns. The entropy histograms are given in Figure A.6, Figure A.7, and
Figure A.8 in Appendix A.3.2.

independent of whether K-FAC or K-FOC and which approach is used. K-FAC performs
about 0.3 percent points better than the corresponding K-FOC model. The expected cali-
bration error is also minimal for PBNN. Because the network is a lot larger than LeNet-5,
the generalization bounds are vacuous for all tasks. Even though PNN have the highest
OOD entropy among the three methods, Figure 4.5 shows that this term is dominated by
the large OOD entropy for the first column. The other columns have worse uncertainty
estimates. PNN with MC dropout have the same problem, but with an overall lower OOD
entropy. Both methods have for instance a lower entropy on the output of column five for
task six than the corresponding column. In practice, this means that, given an image of
a banana, the column trained on flashlight images is more certain that the image shows a
flashlight instance than the column trained on banana images is that it shows a banana
instance. This problem does not appear in PBNN and even though the average OOD
entropy is lower for PBNN, it is well distributed and each column has higher uncertainty
on different datasets than it has on its corresponding test data. The same qualitative
behavior can also be seen when the entropy histograms (Appendix A.3.2) are considered.
Here, unlike PBNN, both PNN models are not able to separate the ID from the OOD
samples based on the entropy. Altogether, this experiment shows that PBNN are scal-
able to large datasets and even outperform current state-of-the-art methods in terms of
accuracy and uncertainty estimation.
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4.4. Discussion

In total, we have conducted three experiments in this thesis – one transfer and two
continual learning experiments.

From the transfer learning experiment, one can conclude that even though the empiri-
cally learned prior leads to no large improvements in terms of accuracy and uncertainty,
it needs less temperature scaling for comparable results. Hence, the cold temperature
effect is reduced but still not completely mitigated by learning the prior from a related
dataset. In addition, curvature scaling is able to reduce PAC-Bayesian bounds and, when
combined with the learned prior, leads to non-vacuous generalization bounds. Still, the
improvements by curvature scaling depend on the similarity between the FIM and the
precision matrix of the prior as shown in the small-scale continual learning experiment.
Altogether, the empirical prior learning together with the curvature scaling introduces a
novel method that learns the prior on a related dataset rather than directly specifying
the complex prior in the weight space.

In the large-scale continual learning experiment, one can observe that PBNN improve
the accuracy as well as the uncertainty compared to standard PNN and PNN with MC
dropout. Moreover, the prior is learned over the large-scale ImageNet dataset and a
ResNet-50 is used as a base network which shows the scalability of the method. However,
the small-scale continual learning experiment shows that an unrelated prior can impair
the performance of PBNN. Nevertheless, for many practical applications, related datasets
are available that can be used to learn a suitable prior. As PBNN lead to well-separated
entropy histograms between the ID and OOD entropy, the entropy of the columns could
further be used to extend PBNN to the class-incremental setting, where the task id is not
known during inference by using the most certain column.
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5.1. Conclusion

This thesis introduces a scalable method to utilize related datasets in order to improve
generalization bounds and uncertainty estimates. In particular, it proposes to learn the
prior distribution of deep Bayesian neural networks from large-scale datasets. This trans-
forms the problem of finding a well-specified high-dimensional prior to searching related
datasets to learn the prior. In this context, existing PAC-Bayesian bounds are used to
derive a novel approximate upper bound of the generalization error for Laplace approxi-
mation which is then used to automatically scale the curvature. Empirically, this method
obtains non-vacuous generalization bounds on NotMNIST and improves the generalization
bounds by a large margin compared to standard Laplace approximation with isotropic
Gaussians.

Furthermore, Progressive Bayesian Neural Networks (PBNN) are developed which is an
extension of empirically learned priors to the continual learning setting, where previously
learned feature embeddings and distributions are used to improve subsequent tasks. This
builds on top of progressive neural networks and uses a well-informed prior distribution
over the weights to generate usable uncertainty estimates. This is empirically validated on
a large robotics dataset where it improves accuracy and uncertainty estimates compared
to standard progressive neural networks. In addition, the Kronecker-Factored Optimal
Curvature (K-FOC) is proposed in order to approximate the Fisher Information Matrix
(FIM) more accurately, while preserving the Kronecker structure. For this, we perform
experiments to demonstrate that K-FOC is closer to the FIM than the widely adopted
K-FAC method.

5.2. Outlook

Even though PBNN can already be utilized to generate uncertainty estimates and reduce
generalization bounds, there are some straightforward ways to improve them. Given that
one already computes the FIM for PBNN, one could easily incorporate this information to
prune the network architecture and to remove unnecessary weights [76, 120]. In particular,
the model is pushed to use all lateral connections in PBNN as the prior might put few
probability mass around zero. Hence, pruning lateral connections could on the one hand
lead to a higher accuracy as useless connections can be ignored by the model. On the other
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hand, pruning weights further reduces the number of weight and thus the KL-divergence,
leading to better PAC-Bayesian bounds if high accuracy can be preserved [121].

One drawback of PBNN is that the size of the network increases linearly and the num-
ber of lateral connections even grows quadratic with the number of tasks. Therefore,
one option would be to use one common backbone among all tasks and only utilize the
progressive structure in the last few layers. Furthermore, this backbone could be the
pre-trained neural network from the prior such that only the last layers contribute to the
KL-divergence. This could further reduce the KL-divergence and recent work shows that
having few or even only one Bayesian layer in a neural network can be enough to generate
usable uncertainty estimates [58].

Another limiting factor of PBNN is the manual scaling of the temperature scaling. As the
prior should not depend on the training data set, it is in general not possible to scale the
temperature scaling using the PAC-Bayesian bounds. Nevertheless, it is possible to use
a prior that is dependent on the training data distribution without depending too much
on each sample. Hence, it might be possible to optimize the temperature scaling using
PAC-Bayesian bounds when it can be ensured that it is not too dependent on each data
sample, e.g . with differential privacy [26] or stability conditions [94].

Overall, we only use two basic PAC-Bayesian bounds in this thesis. Nonetheless, tighter
and more general bounds are available [107, 109]. Because we derived the KL-divergence
and the expected empirical error for PBNN, also other PAC-Bayesian bounds can be used
and these two terms can just be plugged in to obtain a new approximate generalization
bound for Laplace approximation that can directly be optimized with respect to the
curvature.

Additionally, in this thesis, our empirically learned prior is only compared to isotropic
Gaussian priors. However, an interesting direction would be to compare this prior with
more advanced priors such as functional priors. In particular, the question under which
circumstances each prior excels and which prior should be chosen for a given use-case
should be addressed in the future.
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A. Appendix

A.1. Kronecker-Factored Optimal Curvature

The FIM is usually approximated with the empirical distribution over the training data
D and it is computed over batches Bp = ((xp

k,y
p
k))

Kp

k=1 with (xp
k,_) ∼ P and yp

k ∼ p(·|x,θ)
for p ∈ [P̄ ]. In the following, we use the superscript k to denote the correspondence of the
(pre-)activation and their gradients to the sample (xp

k,y
p
k) ∈ Bp for p ∈ [P̄ ]. Moreover,

we assume the FIM to be block-diagonal. Now, we present K-FOC, which is the proposed
method for computing the FIM of deep neural networks. In this section, we first formulate
the FIM computations as an optimization problem over the sums of Kronecker products,
followed by its connection to the best rank-one problem and the power iteration method
as its solution (Section A.1.1). Then, we discuss the derived algorithm (Section A.1.2)

A.1.1. Approximation of Sums of Kronecker Products

The FIM approximated on a batch Bp is a sum of Kronecker-factored matrices for
both fully-connected and convolutional layers, namely

∑Kp

k=1Dsk(Dsk)T ⊗ 1
Kp

āk(āk)T and∑Kp

k=1

∑
t∈T
∑

t′∈T Dskt(Dsk)Tt′ ⊗
1
Kp

āk
:,t(ā

k
:,t′)

T . The resulting approximation of the FIM
is in general not Kronecker-factored. Nonetheless, a Kronecker-factored approximation
brings many advantages like low memory consumption, easy computations of the inverse,
and a fast sampling from the corresponding matrix variate distribution [71]. Hence, we
aim to find Kronecker-factors that better approximate the FIM. This boils down to ap-
proximating a sum of Kronecker-factored matrices (similar to Kao et al. [52]) by one
Kronecker-factored matrix, i.e. for M,N,K ∈ N, Lk ∈ RM×M and Rk ∈ RN×N for
k ∈ [K] we aim to find:

L̂, R̂ ∈ argmin
L∈RM×M ,R∈RN×N

∥
K∑
k=1

Lk ⊗Rk − L⊗R∥F . (A.1)

In general, a solution of Equation A.1 is not unique. This can be seen by scaling the left
factor L̂ by α ̸= 0 and R̂ by 1

α
. Thus, in the following, we additionally assume that L̂ is

normalized, ∥L̂∥F = 1. The choice that L̂ is normalized is arbitrary and one could achieve
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all results presented in this work when instead R̂ would be normalized. As it turns out,
the problem is equivalent to a rank-one approximation as proven in the lemma below.

Lemma A.1.1. Let M,N,K ∈ N, Lk ∈ RM×M and Rk ∈ RN×N for k ∈ [K]. Then

∥
K∑
k=1

Lk ⊗Rk − L⊗R∥F = ∥
K∑
k=1

vec(Lk) vec(Rk)T − vec(L) vec(R)T∥F . (A.2)

Proof. Let i, j ∈ [MN ]. Then the i, j-th entry of the left matrix is(
K∑
k=1

Lk ⊗Rk − L⊗R

)
i,j

=
K∑
k=1

Lk
i1,j1

Rk
i2,j2
− Li1,j1Ri2,j2

=

(
K∑
k=1

vec(Lk) vec(Rk)T − vec(L) vec(R)T

)
M(i1−1)+j1,N(i2−1)+j2

, (A.3)

with i = N(i1−1)+i2, j = N(j1−1)+j2. Hence, both matrices have the same entries and
only the order of the entries is in general different. Therefore, the sum over the squared
entries and thus the Frobenius norm is the same

∥
K∑
k=1

Lk ⊗Rk − L⊗R∥2F =
M2∑
i=1

N2∑
j=1

(
K∑
k=1

Lk ⊗Rk − L⊗R

)2

i,j

=
N∑

i1,j1=1

M∑
i2,j2=1

(
K∑
k=1

Lk ⊗Rk − L⊗R

)2

N(i1−1)+i2,N(j1−1)+j2

=
N∑

i1,j1=1

M∑
i2,j2=1

(
K∑
k=1

Lk
i1,j1
⊗Rk

i2,j2
− Li1,j1 ⊗Ri2,j2

)2

=
N∑

i1,j1=1

M∑
i2,j2=1

(
K∑
k=1

vec(Lk) vec(Rk)T − vec(L) vec(R)T

)2

M(i1−1)+j1,N(i2−1)+j2

= ∥
K∑
k=1

vec(Lk) vec(Rk)T − vec(L) vec(R)T∥2F (A.4)

Therefore, one can use the power method to solve this problem. Nonetheless, each step of
the plain power method consists of a matrix multiplication with an M2×N2-sized matrix,
which is in general not feasible for layers of modern neural networks. The complexity can
be reduced by utilizing that the matrix is a sum of a few rank-one matrices. This is shown
in Algorithm 2. With this, the convergence properties of the power method are achieved
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with a computational complexity of O (nmaxK(N2 +M2)). Also, only O (K(N2 +M2))
memory is needed. Here, we assume that a matrix multiplication AB for A ∈ Rm×n and
B ∈ Rn×k has the complexity O(mnk) while a Hadamard product A⊙C for C ∈ Rm×n

can be computed in O(mn). The correctness of Algorithm 2 is shown in Lemma A.1.2.

Lemma A.1.2. Let A =
∑K

k=1 vec(L
k) vec(Rk)T and A =

∑r
i=1 σiuiv

T
i be its singular

value decomposition with σ1 ≥ σ2 ≥ · · · ≥ σr > 0 and uT
i uj = vT

i vj = 1[i = j]. Then
there is a solution of Equation A.1 with

vec(L̂) = u1, vec(R̂) = σ1v1. (A.5)

If σ1 > σ2, the solution is unique up to changing the sign of both factors and Algorithm 2
converges almost surely to this solution.

Proof. The main idea of the proof is to use Lemma A.1.1 to identify the problem with a
best rank-one approximation. The algorithm then corresponds to the power method that
utilizes the Kronecker factorization for a faster and memory-efficient computation of the
matrix-vector products in the Kronecker matrix space.

By the Eckart–Young–Mirsky theorem [27], an optimal rank-one approximation for A in
the Frobenius norm is

σ1u1v
T
1 ∈ argmin

Â∈RM2×N2 :rank(Â)=1

∥A− Â∥F , (A.6)

which is unique up to changing the sign of both factors if σ1 > σ2.

Therefore, the matrices L̂ and R̂ that satisfy Equation A.5 are optimal solutions of Equa-
tion A.1. Moreover, the left factor is normalized, e.g . ∥L̂∥F = ∥u1∥2 = 1.

The equivalence of Algorithm 2 with the power method can be seen by multiplying AAT

with vec(L(n−1)) for L(n−1) ∈ RN2 :

AT vec(L(n−1)) =
K∑
k=1

vec(Rk) vec(Lk)T vec(L(n−1)) (A.7)

=
K∑
k=1

⟨Lk,L(n−1)⟩F vec(Rk) (A.8)

= vec(R̄(n)) (A.9)
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and

AAT vec(L(n−1)) =
K∑
k=1

vec(Lk) vec(Rk)T vec(R̄(n)) (A.10)

=
K∑
k=1

⟨Rk, R̄(n)⟩F vec(Lk) (A.11)

= ∥R̄(n)∥F
K∑
k=1

⟨Rk,R(n)⟩F vec(Lk) (A.12)

= ∥R̄(n)∥F vec(L̄(n)). (A.13)

Hence, Algorithm 2 computes the same iterations as the standard power method:

AAT vec(L(n−1))

∥AAT vec(L(n−1))∥2
=
∥R̄(n)∥F vec(L̄(n))

∥R̄(n)∥F∥L̄(n)∥F
=

vec(L̄(n))

∥L̄(n)∥F
= vec(L(n)). (A.14)

The final right factor then corresponds to AT vec(L(n)) ≈ σ1v1. For σ1 > σ2, the conver-
gence properties are inherited from the power method, see e.g . [5].

Remark. Lemma A.1.2 shows that Algorithm 2 is equivalent to the power method for the
corresponding best rank-one problem. Therefore, convergence rates and error bounds are
directly inherited from the power method, see e.g . [88]. Even in the case when the first
singular value is not (much) larger than the other singular values and no convergence is
achieved, the resulting matrices of Algorithm 2 are with high probability in the span of the
singular vectors corresponding to the set of large singular values [9]. Hence, in this case,
the approximation will still converge to good Kronecker factors with high probability.

A.1.2. Kronecker-Factored Optimal Curvature

Now, we present K-FOC for both fully-connected and convolutional layers. For fully-
connected layers, one can apply Algorithm 2 with Lk = Dsk(Dsk)T and Rk = āk(āk)T for
k ∈ [Kp] for batch p ∈ [P̄ ] to obtain the optimal Kronecker factors for this batch. The re-
sulting computational complexity is O

(
nmaxKp(d

2
l−1 + d2l )

)
with a memory consumption

of O
(
Kp(d

2
l−1 + d2l )

)
. Compared to fully-connected layers, convolutional layers involve

a sum over |T |2 = h2lw
2
l Kronecker factors in Equation 2.3. Hence, the complexity of

directly applying Algorithm 2 with Lk,t,t′ = Dskt(Dsk)Tt′ and Rk,t,t′ = āk
:,t(ā

k
:,t′)

T would be
O (nmaxKp|T |2((cl−1|∆|+ 1)2 + c2l )) and would use O (Kp|T |2((cl−1|∆|+ 1)2 + c2l )) mem-
ory, which is usually not feasible especially for high-resolution images. To reduce the
complexity, one can incorporate that each Kronecker factor is an outer product of two
vectors and that the summation is over all combinations of t ∈ T and t′ ∈ T . With this,
Line 7 of Algorithm 2 can be computed as
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Algorithm 2: Power method for sums of Kronecker products

input :

(Lk)k∈[K] left matrices
(Rk)k∈[K] right matrices
nmax = 100 maximal number of steps
δ = 10−5 stopping precision

output: L̂, R̂ ∈ argminL,R ∥
∑K

k=1 L
k ⊗Rk − L⊗R∥F

1 function kronecker_power_method((Lk)k∈[K], (R
k)k∈[K])

2 vec(L̄(0))← N (0, I) ▷ standard normal initialization of L̄(0)

3 L(0) ← L̄(0)

∥L̄(0)∥F
▷ normalize L̄(0)

4 for n ∈ [nmax] do
5 R̄(n) ←

∑K
k=1⟨Lk,L(n−1)⟩FRk ▷ first power iteration step

6 R(n) ← R̄(n)

∥R̄(n)∥F
▷ normalize R̄(n)

7 L̄(n) ←
∑K

k=1⟨Rk,R(n)⟩FLk ▷ second power iteration step
8 L(n) ← L̄(n)

∥L̄(n)∥F
▷ normalize L̄(n)

9 if ∥L(n) − L(n−1)∥F < δ then
10 break
11 L̂← L(n)

12 R̂←
∑K

k=1⟨Lk,L(n)⟩FRk ▷ first power iteration step

Kp∑
k=1

∑
t,t′∈T

⟨Dskt(Dsk)Tt′ ,L(n−1)⟩F āk
:,t(ā

k
:,t′)

T =

Kp∑
k=1

(Dsk)T (āk)TL(n−1)ākDsk. (A.15)

Line 5 can be computed similarly. Altogether, one can pre-compute the matrix

Xk ← (ākDsk)T for k ∈ [K] (A.16)

in advance and in each iteration, the lines 5 and 7 can be replaced by

R̄(n) ←
Kp∑
k=1

XkL(n−1)(Xk)T and L̄(n) ←
Kp∑
k=1

(Xk)TR(n)Xk, (A.17)

respectively. The full adaption of Algorithm 2 for convolutions is shown in Algorithm 3.

The computational complexity hence reduces toO(Kp(cl−1|∆|+1)|T |cl+nmaxKp(cl−1|∆|+
1) cl((cl−1|∆|+1)+cl)). Moreover, onlyO ((cl−1|∆|+ 1)2 + c2l +Kp|T |((cl−1|∆|+ 1) + cl))
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Algorithm 3: Power method for convolutions

input :

(Dsk)k∈[K] pre-activation derivatives
(āk)k∈[K] activations
nmax = 100 maximal number of steps
δ = 10−5 stopping precision

output: L̂, R̂ ∈ argminL,R ∥ 1k
∑K

k=1

∑
t∈T
∑

t′∈T Dskt(Dsk)Tt′ ⊗ āk
:,t(ā

k
:,t′)

T −L⊗R∥F
1 function kronecker_power_method_convolutions((Dsk)k∈[K], ā

k)k∈[K])
2 vec(L̄(0))← N (0, I) ▷ standard normal initialization of L̄(0)

3 L(0) ← L̄(0)

∥L̄(0)∥F
▷ normalize L̄(0)

4 Xk ← (Dsk)T āk for k ∈ [K] ▷ pre-compute Xk

5 for n ∈ [nmax] do
6 R̄(n) ←

∑K
k=1 X

kL(n−1)(Xk)T ▷ first power iteration step
7 R(n) ← R̄(n)

∥R̄(n)∥F
▷ normalize R̄(n)

8 L̄(n) ←
∑K

k=1(X
k)TR(n)Xk ▷ second power iteration step

9 L(n) ← L̄(n)

∥L̄(n)∥F
▷ normalize L̄(n)

10 if ∥L(n) − L(n−1)∥F < δ then
11 break
12 L̂← L(n)

13 R̂← 1
k

∑Kp

k=1 X
kL(n)(Xk)T ▷ first power iteration step

memory is needed. This is of the same order as K-FAC if |T | > nmaxmax{cl−1|∆|+1, cl}.
Furthermore, we note that the adaption of the power method for convolutions can also
be applied to fully-connected layers by viewing them as convolutional layers with T =
{(1, 1)}. While the complexity usually increases toO (Kpdl−1dl + nmaxKpdl−1dl(dl−1 + dl))
with this approach, the memory needed is reduced for large batch sizes to
O
(
d2l−1 + d2l +Kp(dl−1 + dl)

)
.

So far, with this method, optimal factors for a batch of samples can be found with
practical complexity and memory consumption. However, the optimal factors (Lp,Rp)
for the batches Bp, p ∈ [P̄ ] additionally need to be aggregated to obtain the FIM. Similar
to K-FAC, independence between different batches can be assumed and the FIM could be
estimated as Fl ≈ (

∑P
p=1 L

p)⊗( 1
P̄

∑P̄
p=1R

p), denoted as K-FOC_approx in the following.
Empirically, this does not hold in general and the approximation quality worsens for small
batch sizes. Another possibility is to collect all factors in one step. In a second step the
optimal factors L̂, R̂ ∈ argminL,R ∥

∑P̄
p=1 L

p ⊗ 1
P̄
Rp − L ⊗R∥F can be computed using

the power method and the estimate of the FIM is given by Fl ≈ L̂ ⊗ R̂. A drawback of
this method is that the factors of all batches need to be kept in memory.

A trade-off between approximation quality and memory consumption is approximating
the running average L̂, R̂ ∈ argminL,R ∥L̂p−1⊗ p−1

p
R̂p−1+Lp⊗ 1

p
Rp−L⊗R∥F with L̂1 =

L1, R̂1 = R1 for each batch. The FIM can then be approximated as Fl ≈ L̂P̄ ⊗ R̂P̄ and
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only the running average and the current matrices need to be kept in memory resulting in
the same memory consumption as K-FOC_approx with a small additional computational
overhead. We denote this variant of K-FOC as K-FOC_running. Next, we evaluate the
proposed approaches empirically.

A.1.3. Experiments and Results

We now present our experiments, which are designed to check the approximation quality
of the K-FOC when compared to the K-FAC. To compute the FIM, we draw one sample
from the model’s predictive distribution for each data point and use the same samples for
the ground truth block-diagonal FIM as for all approximations. To this end, we compare
the relative Frobenius error with respect to the ground-truth FIM. All experiments are
implemented in PyTorch [84] on top of the curvature library [49, 64, 99] and are run on
an Nvidia RTX 3060 GPU.

Fully-Connected Layers

Experiment Setup. To validate the method on fully-connected layers, we train a fully-
connected neural network with one hidden layer on the three UCI datasets Boston Hous-
ing, Concrete Compression Strength and Energy Efficiency, following Hernández-Lobato
& Adams [44] and Lee et al. [64]. Similar to their work, the hidden layer also consists of
50 units. For all three datasets, the FIM is computed over the full dataset.

Results. The first row of Figure A.1 shows the results of the fully-connected network
for the Boston Housing dataset. The results on the other UCI datasets show similar
qualitative behavior and are shown in Appendix A.1.3. For each method, the mean error
is depicted with a thick line in addition to the minimal and maximal value among the
ten runs in the light area. One can observe that K-FAC is strictly better in terms of the
Frobenius error compared to the diagonal approximation. The K-FOC approximation
with the independence assumptions (K-FOC_approx) usually improves with increasing
batch size and surpasses K-FAC starting at around a batch size of 10. The K-FOC
approximation that estimates the running average (K-FOC_running) performs best even
though the difference between the two K-FOC methods diminishes for large batch sizes.
The runtime for this experiment is analyzed in Appendix A.1.3.

Convolutional Layers

Experiment Setup. For convolutional layers, the method is validated on the first two
convolutional layers of a LeNet-5 [62] architecture on the MNIST dataset [61]. The FIM
and its approximations are computed over the training split of the dataset.

73



A. Appendix

0

0.2

0.4

0.6

0.8

1

R
el

at
iv

e
er

ro
r

100 101 102 103
0.5

0.6

0.7

0.8

0.9

1

Batch size

R
el

at
iv

e
er

ro
r

100 101 102 103

Batch size

Diagonal K-FAC K-FOC_approx K-FOC_running

Figure A.1.: Comparison of the relative Frobenius error for diagonal approximations
(blue), K-FAC (orange), and K-FOC (green and gray) for different batch
sizes for the first (left) and second (right) layer of the relative network ar-
chitecture. The two fully-connected layers trained on the Boston Housing
dataset are in the first row and the convolutional layers learned on MNIST
are in the second row. The light area shows the minimal and maximal val-
ues among ten independent runs while the thick lines are the mean errors.
For K-FOC, both aggregation strategies as described in Section A.1.2 are
depicted
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Table A.1.: Runtime in ms

Batch size

Name Approximation 1 10 100 full

Boston
Housing

K-FAC 180.7±5.5 18.5±1.7 3.2±0.8 1.3±1.1
K-FOC_approx 727.1±12.8 118.0±7.5 22.9±10.8 3.0±0.8
K-FOC_running 1262.6±14.5 175.6±6.8 25.2±7.4 2.6±1.0

Concrete
Compression
Strength

K-FAC 366.8±19.0 35.8±2.9 4.0±1.1 0.2±2.1
K-FOC_approx 1462.3±17.0 225.2±17.8 37.2±10.8 1.4±1.3
K-FOC_running 2503.6±34.6 314.6±11.9 55.0±17.6 1.5±2.7

Energy
Efficiency

K-FAC 266.7±20.4 27.2±3.4 3.6±1.6 0.7±1.5
K-FOC_approx 1072.7±15.8 256.7±40.1 28.4±8.1 4.5±5.4
K-FOC_running 1908.1±20.4 346.5±29.0 41.1±11.9 4.5±4.7

Results. In the second row of Figure A.1, one can see the relative error on the first
two convolutional layers. Similar to the fully-connected experiment, one can observe
that K-FOC_approx is usually closer to the block-diagonal matrix than the K-FAC and
the diagonal approximation. Nonetheless, the approximation quality highly depends on
the specific run and the variance between the runs is in general high. K-FOC_running
consistently outperforms all other methods by a large margin and has a lower variance
than K-FOC_approx. For both K-FOC methods, the relative error decreases with an
increasing batch size, which is not the case for K-FAC or the diagonal method.

Runtime

Table A.1 shows the runtime of each approximation method on the UCI datasets. K-
FOC_approx and K-FOC_running need around seven and nine times as much compu-
tational time compared to K-FAC, respectively. In general, each iteration of the power
iteration has a similar runtime as K-FAC but usually, multiple iterations are needed to
converge which then corresponds to a multiple of the runtime of K-FAC. In return, this
shows that usually much fewer iterations are needed than the maximal number of steps
nmax = 100. The additional runtime from K-FOC_running compared to K-FOC_approx
comes from the aggregation of the factors for different batches utilizing again the power
method to compute an estimate of the running mean. Still, both K-FOC algorithms are
in the same complexity classes as K-FAC and only have a small linear overhead compared
to K-FAC.
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Further Results for K-FOC
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Figure A.2.: Comparison of the relative Frobenius error for diagonal approximations
(blue), K-FAC (orange), and K-FOC (green and gray) for different batch
sizes for the first (left) and second (right) layer of the relative network ar-
chitecture. The rows correspond to the fully-connected layers trained on the
Concrete Compression Strength (top) and Energy Efficiency dataset (bot-
tom), respectively. The light area shows the minimal and maximal values
among ten independent runs while the thick lines are the mean errors. For K-
FOC, both aggregation strategies as described in Section A.1.2 are depicted.
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A.2. Further Algorithms

This section contains the pseudo-code to compute the objective function (Algorithm 4),
the curvature scaling (Algorithm 5), and the PAC-Bayesian bounds (Algorithm 6 and
Algorithm 7). Additionally, the pseudo-code for progressive neural networks with an
arbitrary network architecture is given in Algorithm 8.

Algorithm 4: Parameter objective.

input :

I index set
f· network architecture
(θi)i∈I parameters
D dataset
(θ̂i)i∈I prior mean
(F̃i)i∈I prior precision
τ temperature scaling
ε PAC-Bayes probability

output : objective value v
1 function objective(I, f·, (θi)i∈I ,D, (θ̂i)i∈I , (F̃i)i∈I , τ, ε)
2 N ← len(D)
3 nll← − ln(D|fθ)
4 q ← 1

2τ

∑
i∈I(θi − θ̃i)

T F̃i(θi − θ̃i)

5 v ←

{
nll + q MAP objective
pac_bayes_bound( nll

ln 2N , q,N, ε) PAC-Bayes objective

Algorithm 5: Approximate upper bound for the curvature scaling.

input :

I index set
((αi, βi))i∈I curvature scales
(Λi)i∈I set of eigenvalue sets
nll negative log-likelihood
q quadratic penalty term
N dataset length
τ temperature scaling
n(≤t−1) number of fixed weights
ε PAC-Bayes probability

output : curvature scaling value v
1 function curvature_scaling(I, ((αi, βi))i∈I , (Λi)i∈I , nll, q,N, τ, n(≤t−1), ε)

2 eel← 1
N ln 2

(
−nll + τ

2

(
n(≤t−1) +

∑
i∈I
∑

λ∈Λi

τ
βi+αiλ−1

))
3 kl← q + 1

2

(∑
i∈I
∑

λ∈Λi

1
βiλ+αi

− 1− ln(βiλ+ αi)
)

4 v ← pac_bayes_bound(eel, kl,N, ε)
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Algorithm 6: PAC-Bayes McAllester Bound.

input :

e expected empirical error
kl KL-divergence
N dataset length
ε PAC-Bayes probability

output : value of the bound v
1 function pac_bayes_bound_mcallester(e, kl,N, ε)

2 v ← e+

√
kl+ln( 2N

ε )

2N

Algorithm 7: PAC-Bayes Catoni Bound.

input :

e expected empirical error
kl KL-divergence
N dataset length
ε PAC-Bayes probability

output : value of the bound v
1 function pac_bayes_bound_catoni(e, kl,N, ε)

2 v ← minc>0
1−exp(−ce− kl−ln ε

N )

1−exp(−c)

Algorithm 8: Progressive neural network.

input :
f· network architecture
L set of lateral connections

output : callable PNN object that maps the feature x ∈ X to the output of column j, a(j)L

1 class PNN(f·,L)
▷ Computes the output of column j with parameters θ(≤t)

2 function callj
θ(≤t)(x)

3 for i ∈ [j] do
▷ Save a

(i)
l for l ∈ L

4 save_activations(fθ(i) ,L)
▷ Compose the layers l ∈ L with an aggregation_layer

5 insert_layers(fθ(i) ,L, aggregation_layer)

6 a
(i)
L ← fθ(i)(x)

7 return a
(j)
L
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A.3. Further Results

A.3.1. Small-Scale Continual Learning Experiment

Figure A.3, Figure A.4, and Figure A.5 show the entropy histograms on the small-scale
continual learning experiment for PNN, PNN with MC dropout, and PBNN, respectively.
Each sample of every dataset is binned by its entropy for the outputs of the different
columns. A classifier should have a low uncertainty on ID samples and a high entropy for
OOD samples. This is reflected in the entropy histogram by a peak close to zero for the
corresponding dataset and a peak far from zero for a different dataset. For all columns
but the last, PNN (Figure A.3) produce high peaks on ID data. However, especially
the last two columns are also relatively certain on OOD samples which leads to highly
overlapping plots between ID and OOD histograms. PBNN (Figure A.5) suffer from the
same problem as they also put little uncertainty on OOD samples, especially for the fourth
column. Compared to the other two approaches, PNN with MC dropout leads to overall
better-separated entropy histograms. Still, the separation gets worse for later columns.

79



A. Appendix

0

0.2

0.4

0.6

0.8

1

Column 1

F
re

q
u
en

cy

KLsym : 6.0

Column 2

KLsym : 1.1

Column 3

KLsym : 0.5

Column 4

KLsym : 0.2

Column 5

M
N

IS
T

0

0.2

0.4

0.6

0.8

1

KLsym : 6.3

F
re

q
u
en

cy

KLsym : 0.5 KLsym : 0.3 KLsym : 0.4

N
ot

M
N

IS
T

0

0.2

0.4

0.6

0.8

1

KLsym : 10.0

F
re

q
u
en

cy

KLsym : 7.7 KLsym : 0.4 KLsym : 0.1

F
as

h
io

n
M

N
IS

T

0

0.2

0.4

0.6

0.8

1

KLsym : 27.2

F
re

q
u
en

cy

KLsym : 28.4 KLsym : 20.4 KLsym : 1.4

S
V

H
N

0 0.5 1 1.5 2

0

0.2

0.4

0.6

0.8

1

KLsym : 25.9

h

F
re

q
u
en

cy

0 0.5 1 1.5 2

KLsym : 26.0

h

0 0.5 1 1.5 2

KLsym : 11.5

h

0 0.5 1 1.5 2

KLsym : 1.9

h

0 0.5 1 1.5 2

h

C
IF

A
R

-1
0

in-distribution entropy out-of-distribution entropy

Figure A.3.: The entropy histogram is shown for each column and task for PNN for the
small-scale continual learning experiment. A good separation is given if the
ID entropy (blue) is smaller than the OOD entropy (orange). The first three
columns have a well-separated entropy on the SVHN and CIFAR-10 dataset.
On the other tasks, these columns have a slightly worse separation. For the
last two columns, a separation between the ID and OOD entropy is not given.
In particular, the distribution of column four on the MNIST and NotMNIST
dataset has even lower entropy than on its corresponding task.
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Figure A.4.: The entropy histogram is shown for each column and task for PNN with MC
dropout for the small-scale continual learning experiment. A good separation
is given if the ID entropy (blue) is smaller than the OOD entropy (orange).
For the first three columns, the ID entropy has a high peak close to zero while
the out-of distribution entropy is spread and mostly far from zero. While the
peak reduces for the last two tasks, the ID entropy is in general still closer
to zero than the OOD entropy.
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Figure A.5.: The entropy histogram is shown for each column and task for PBNN for the
small-scale continual learning experiment. A good separation is given if the
ID entropy (blue) is smaller than the OOD entropy (orange). The first two
tasks show a good separation between the ID entropy and the OOD entropy
on SVHN and CIFAR-10. The entropy on the other datasets intersects with
the ID entropy but is on average higher. On the other columns, no separation
between the ID and OOD is observable. Especially the last column is more
certain on the first three tasks than on the corresponding CIFAR-10 dataset.
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A.3.2. Large-Scale Continual Learning Experiment

The entropy histograms for the large-scale continual learning experiment are shown in
Figure A.6, Figure A.7, Figure A.8 for PNN, PNN with MC dropout and PBNN, respec-
tively. Here, we use a logarithmic scale on the x-axis to better illustrate the separation,
especially for small values. For the first column, PNN and PNN with MC dropout have a
better separation between ID and OOD entropy than PBNN. Still, the entropy is already
well-split for PBNN. For the other tasks, the separation is enhanced by PBNN compared
to the other two methods. In particular, both PNN methods have columns where ID sam-
ples have on average more uncertainty than some OOD samples. This does not happen
for PBNN.
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Figure A.6.: The entropy histogram is shown for each column and task for PNN for the
large-scale continual learning experiment. A good separation is given if the
ID entropy (blue) is smaller than the OOD entropy (orange). While the
entropy on the first task is well-separated from the OOD entropy on the
other tasks for the first column, the other columns have overlapping regions
between the ID and the OOD entropy.
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Figure A.7.: The entropy histogram is shown for each column and task for PNN with MC
dropout for the large-scale continual learning experiment. A good separation
is given if the ID entropy (blue) is smaller than the OOD entropy (orange).
The first column puts a high uncertainty on the OOD entropy and hence
achieves a good separation. Similarly, the second column has one subset of
the banana dataset that is well-separated from the out-distribution samples.
Still, the remaining set has a similar entropy as the OOD entropy which leads
to a bad separation. In return, it also happens that a subset of a different
dataset is given a small entropy like for instance the stapler dataset for col-
umn five. In general, this model does not achieve a consistent separation
between ID and OOD samples.
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Figure A.8.: The entropy histogram is shown for each column and task for PBNN for
the large-scale continual learning experiment. A good separation is given if
the ID entropy (blue) is smaller than the OOD entropy (orange). For all
columns, the ID entropy of PBNN slightly overlaps with the OOD entropy.
However, most samples can be separated well and the peak entropy for ID
samples is always smaller than the peak of OOD samples.
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