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Abstract

The state of the boundary layer (i.e., laminar, transitional, or turbulent) significantly
affects the thermal load of objects flying at supersonic or hypersonic speeds. For this
reason, when designing the thermal protection system of a spacecraft, it is essential
to know the point in the atmospheric re-entry trajectory where the flow transitions
from the laminar to the turbulent state. However, in the case of blunt re-entry capsules
with a spherical-section forebody, the driving transition mechanism has not yet been
identified, neither under real re-entry conditions nor under cold hypersonic wind tunnel
conditions. Furthermore, surface roughnesses on the heat shield of a re-entry capsule
are inevitable and occur both isolated and distributed and are known to accelerate the
laminar-to-turbulent transition process. However, in the design of atmospheric re-entry
vehicles, the assessment of surface asperities causing roughness-induced transition
is still based on empirical correlations, which should be replaced by physics-based
methods.

Therefore, the main objective of this dissertation is to numerically analyze and quantify
the effect of possible transition mechanisms for a generic Apollo-like capsule at Mach
5.9 wind tunnel conditions utilizing linear instability theory. Overall, three mechanisms
are studied in more detail, namely, transient growth of optimal disturbances for a
nominally smooth surface, modal growth of wake modes behind isolated roughness
elements, and nonmodal growth of optimal perturbations in the wake of micron-sized
distributed roughnesses. To this end, a new instability code has been developed based on
two-dimensional linear eigenvalue analysis (LST-2D) and plane-marching parabolized
stability equations (PSE-3D) to analyze the modal wake-flow instability characteristics
behind isolated roughnesses. In addition, the algebraic growth of optimal disturbances
in the boundary layer of a smooth capsule configuration and the wake of distributed
roughnesses is studied employing an optimal transient growth algorithm based on the
Lagrange multiplier technique in conjunction with direct and adjoint PSE-3D.
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Optimal transient disturbances and their potential for initiating transition are investigated
with respect to the boundary layer developing over the windward side of an Apollo-
shaped capsule model, which lacks any modal disturbance growth mechanism at typical
wind tunnel conditions. In particular, the impact of various optimization parameters (e.g.,
objective function, optimization interval length, azimuthal wavenumber, or disturbance
frequency), as well as the influence of unit Reynolds number and wall temperature
on the maximum perturbation growth, are studied in more detail. It is found that
the disturbance energy gain increases with the unit Reynolds number and is highly
susceptible to the wall temperature. However, the maximum gain in energy is rather
moderate and would not be sufficient to trigger the boundary-layer transition in other
flows with modal instabilities.

The impact of a generic discrete roughness element on the flow field and the instabilities
developing in its wake are systematically investigated, and their potential to trigger
transition is assessed in terms of modal logarithmic amplification factors (i.e., N-factors).
In particular, the dimensions of the roughness (i.e., the width and height), the planform
shape, and the influence of the wall temperature are considered. Furthermore, the
impact of the local pressure gradient on the wake-mode instability characteristics is
scrutinized for the first time. It turns out that the roughness height and the local pressure
gradient have a significant influence on the modal wake-mode instability properties.
The likelihood of roughness-induced transition increases with roughness height, while
higher N-factors are attained in an adverse pressure gradient environment at comparable
roughness Reynolds numbers. On the other hand, the favorable pressure gradient, which
is prevalent on spherical-section forebodies, stabilizes the roughness-induced wake
modes. LST-2D proves to be a suitable tool for identifying the relevant roughness wake
modes and parameter range, but it under-predicts the instability growth rates due to
nonlocal effects.

Distributed roughnesses are known to be more effective in triggering transition than a
discrete roughness at an identical height. On spherical capsule geometries, distributed
roughnesses with a subcritical height (e.g., below 10% of the boundary-layer thickness)
can lead to transition in the absence of any modal disturbance growth mechanism.
Therefore, the transient growth of optimal perturbations in the wake of a deterministi-
cally distributed roughness patch is investigated regarding the transition tendency as
a function of the roughness Reynolds number and wall temperature. For this study,
the variational approach of direct and adjoint PSE-3D is used for the first time. It is
shown that the maximum gain in disturbance energy increases linearly with the rough-
ness Reynolds number. However, the energy gain is only slightly higher compared to
the smooth capsule configuration. Thus, a conclusive explanation for the transition
downstream of the micron-sized roughness patch is still missing.
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Kurzfassung

Der Grenzschichtzustand (d.h. laminar, transitional oder turbulent) hat einen wesentli-
chen Einfluss auf die thermische Belastung von Objekten, die mit Über- oder Hyper-
schallgeschwindikeit fliegen. Daher gilt bei der Auslegung des Wärmeschutzsystems
eines Raumfahrzeugs den Punkt in der atmosphärischen Wiedereintrittsbahn zu kennen,
an dem die Strömung vom laminaren in den turbulenten Zustand übergeht. Allerdings
ist der treibende Transitionsmechanismus bei stumpfen Rückführkapseln mit einer
kugelförmigen Vorderseite noch unbekannt, sowohl unter realen Wiedereintrittsbedin-
gungen als auch für kalte Hyperschall-Windkanalbedingungen. Zudem lassen sich
Oberflächenrauigkeiten auf dem Hitzeschild der Rückführkapsel nicht vermeiden. Sie
treten verteilt aber auch vereinzelt auf und beschleunigen den laminar-turbulenten
Umschlagsprozess. Die Abschätzung der Tendenz zur rauigkeitsinduzierten Transition
durch Oberflächenunebenheiten hinsichtlich der Auslegung von atmosphärischen Wie-
dereintrittsfahrzeugen erfolgt noch immer auf empirischen Korrelationen. Diese gilt es
zukünftig durch physikalisch basierte Vorhersagemethoden zu ersetzen.

Das Hauptziel dieser Dissertation liegt folglich in der numerischen Analyse und Quan-
tifizierung möglicher Transitionsmechanismen für eine generische Apollo-ähnliche
Kapsel bei Mach 5,9 Windkanalbedingungen auf Grundlage der Instabilitätstheorie.
Insgesamt werden drei Mechanismen genauer untersucht: das transiente Wachstum
optimaler Störungen für eine nominell glatte Oberfläche, das modale Wachstum von
Nachlaufmoden hinter Einzelrauigkeiten sowie das nichtmodale Wachstum optimaler
Störungen im Nachlauf von mikrometergroß verteilten Rauigkeiten. Zu diesem Zweck
erfolgt die Entwicklung und Verifizierung eines neuen Instabilitätscodes. Die Instabi-
litätseigenschaften der Nachlaufmoden hinter Einzelrauigkeiten werden mit Hilfe der
zweidimensionalen linearen Eigenwertanalyse (LST-2D) und den in Ebenen fortschrei-
tenden parabolisierten Stabilitätsgleichungen (PSE-3D) bestimmt. Die Untersuchung

III



des algebraischen Wachstums optimaler Störungen in der Grenzschicht einer nominell
glatten Kapselfiguration und im Nachlauf deterministisch verteilter Rauigkeiten basiert
auf einem Optimierungsalgorithmus für transientes Störungswachstum auf Grundlage
der Lagrange-Multiplikatoren in Verbindung mit direkter und adjungierter PSE-3D.

Das Wachstum von optimalen transienten Störungen und deren Potenzial zur Her-
beiführung der Transition werden für die luvseitige Grenzschicht eines Apollo-ähnlichen
Kapselmodells quantifiziert, welches unter typischen Windkanalbedingungen kein mo-
dales Störungswachstum aufweist. Insbesondere erfolgt eine nähere Betrachtung der
Auswirkungen verschiedener Optimierungsparameter (z.B. Zielfunktion, Länge des Op-
timierungsintervalls, azimutale Wellenzahl oder Störungsfrequenz) sowie der Einflüsse
von Einheits-Reynoldszahl und Wandtemperatur auf das maximale Störungswachstum.
Dabei zeigt sich, dass der Störungszuwachs mit der Einheit-Reynoldszahl zunimmt und
eine hohe Sensitivität gegenüber der Wandtemperatur aufweist. Der maximale transien-
te Störungsenergiezugewinn hingegen bleibt moderat, sodass er bei Strömungen mit
modalen anwachsenden Instabilitäten nicht zum Grenzschichtumschlag führen würde.

Der Einfluss einer generischen Einzelrauigkeit auf das Strömungsfeld und die im
Nachlauf sich entwickelnden Instabilitäten werden systematisch untersucht und mit-
tels logarithmischer Verstärkungsfaktoren (d.h. N-Faktoren) wird deren Potenzial zur
Triggerung der Transition bewertet. Im Fokus stehen dabei die Abmaße der Rauigkeit
(d.h. Breite und Höhe), die Form und der Einfluss der Wandtemperatur. Darüber hinaus
findet erstmalig eine Untersuchung des Einflusses des lokalen Druckgradienten auf die
Instabilitätseigenschaften des Nachlaufs statt. Die Ergebnisse weisen darauf hin, dass
die Rauigkeitshöhe und der lokale Druckgradient signifikant das Anfachungsverhalten
modaler Nachlaufstabilitäten beeinflussen. Die Wahrscheinlichkeit einer rauigkeitsindu-
zierten Transition steigt mit der Rauigkeitshöhe, während höhere N-Faktoren in einer
Umgebung mit negativem Druckgefälle bei vergleichbaren Rauigkeits-Reynoldszahlen
erreicht werden. Der günstige Druckgradient auf kugelförmigen Vorkörpern hingegen
stabilisiert die rauigkeitsinduzierten Nachlaufmoden. LST-2D erweist sich als geeignetes
Verfahren, um die relevanten Nachlaufmoden und Parameterbereiche zu identifizieren,
wobei jedoch die Anfachungsrate aufgrund nichtlokaler Effekte unterschätzt wird.

Verteilte Rauigkeiten erweisen sich nachweislich effektiver zur Herbeiführung des
laminar-turbulenten Grenzschichtumschlags als eine Einzelrauigkeit mit gleicher Höhe.
Auf kugelförmigen Kapselgeometrien können verteilte Rauigkeiten mit unterkritischer
Höhe (z.B. kleiner als 10% der Grenzschichtdicke) die Transition auslösen, auch wenn
kein modaler Wachstumsmechanismus zur Anfachung von Störungen vorliegt. Daher
erfolgt eine Untersuchung des transienten Wachstums optimaler Störungen im Nachlauf
eines deterministisch verteilten Rauigkeitsfeldes hinsichtlich der Transitionsneigung
in Abhängigkeit von Rauigkeits-Reynoldszahl und Wandtemperatur. Im Rahmen die-
ser Studie wird erstmalig der Variationsansatz von direkter und adjungierter PSE-3D
verwendet. Daraus resultiert, dass der maximale Störenergiezuwachs linear mit der
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Rauigkeits-Reynoldszahl zunimmt, wobei die Energiezunahme jedoch nur geringfügig
höher im Vergleich zur glatten Kapselfiguration ausfällt. Eine schlüssige Erklärung für
die Transition stromabwärts des Rauigkeitsfeldes steht folglich immer noch aus.
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Rolf Radespiel, Prof. Dr. Wolgang Schröeder, apl. Prof. Dr. Christian Stemmer, and
Dr. Stefan Hein, for the excellent and fruitful cooperation. In particular, special thanks
go to Dr. Antonio Di Giovanni for providing the laminar basic flow solutions for the
distributed roughness studies.

In the context of this doctoral thesis, I had the honor to supervise the master theses of
Martin Lichtmes and Sascha Leyh. I am very grateful for their contributions to basic
flow calculations and instability analyses.

I would like to thank my colleague Peter Barth for the harmonious office atmosphere
and the many useful Linux tricks. I would also like to thank the other members of
the High Speed Configurations department (HGK) and especially the transition group
for the very good climate both in and outside of the office. Special thanks also go
to Elke Finke for the always excellent and fast IT support. I am also very grateful to
Dr. Henning Rosemann and Dr. Kai Richter, the former and current head of the HGK
department, for employing me as a researcher at DLR and supporting me throughout
my doctoral project.

Sincere thanks for proofreading this dissertation also go to William and Patricia George.

This work has been funded by the German Research Foundation (DFG) under grant HE
5440/4 within the HYPTRANS PAK742. The support is gratefully acknowledged.

Ein herzliches Dankeschön geht an meine Eltern und meine Schwester. Ihr habt mich
im Laufe meines Studiums und durch das Doktorat ausnahmslos unterstützt, sowohl
finanziell als auch emotional.

Ein ganz besonderer Dank gilt zuletzt meiner Frau Frauke und meinen Kindern Till und
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Nomenclature

Roman Symbols

A antisymmetric or sinuous mode

a speed of sound, a =
√

γRT

A , B matrices in the generalized eigenvalue problem (def. following Eq. 2.21)

A, B, C matrix operators in LST equations and PSE

A1 sinuous mode with the highest N-factor

Ast streak amplitude (def. in Eq. 6.8)

AoA angle of attack

B.T. boundary terms arising from the integration by parts in space on the
leftmost inner product of Eq. 2.51

B1, B2 matrices in the nonlinear eigenvalue problem of the spatial local insta-
bility theory (def. following Eq. 2.22)

C transformed matrix in the shift-and-invert strategy to compute interior
eigenvalues (def. in Eq. 3.15)

cp specific heat at constant pressure

cT power-law exponent (def. following Eq. 5.10)

cV specific heat at constant volume

XXI



NOMENCLATURE

cg group velocity, cg = ∂ωr/∂αr

D face diameter (def. in Fig. 5.4)

d roughness width (def. in Fig. 6.1)

D PSE matrix operator

D differentiation matrix

D1 disturbance viscous dissipation term that tends to even out velocity
fluctuations (def. in Eq. 2.69), or first derivative of a flow quantity in
streamwise direction (def. in Eq. (A.4)1)

D2 disturbance thermal dissipation term that tends to wipe out entropy
spottiness (def. in Eq. 2.71), or first derivative of a flow quantity in
spanwise direction (def. in Eq. (A.4)1)

Di j mixed or second spatial derivative of a flow quantity (def. in Eq. (A.4)2)

E energy norm based on total energy (def. in Eq. 2.64)

e Euler’s number, e = 2.71828...

F reduced frequency (def. in Eq. 5.2)

f frequency

f̌i Ritz vector, eigenvector of Hm (def. following Eq. 3.18)

Fk dimensionless frequency based on roughness height and flow velocity at
that height, Fk = f k/ūk

Fl disturbance energy flux term (def. following Eq. 2.65)

FN PSE/PSE-3D normalization condition, FN (α) =
∫

Ω
q̂H∂ q̂/∂ξ dΩ = 0

Fr dimensionless frequency as used by De Tullio et al. [79], Fr = f δ ∗/ū∞

G energy gain, G = E (ξ )/E (ξ0)

hξ , hζ , hη scale factors in streamwise, spanwise, and wall-normal directions

Hm upper Hessenberg matrix (def. in Eq. 3.17)

ht total enthalpy, ht = cpT +0.5
(
u2 + v2 +w2

)
i imaginary unit, i =

√
−1

XXII



NOMENCLATURE

I identity matrix

Ii individual interpolants for a piecewise polynomial interpolation of de-
gree q in the FD-q discretization scheme (def. in Eq. 3.1)

Ii, j integrands of the disturbance kinetic energy production terms Pi, j (def.
in Eq. (2.67)3)

J objective function (def. in Eqs. 2.41 and 2.42)

J weighted sum of Jout and Jmean (def. in Eq. 2.57)

K energy norm based on kinetic energy (def. in Eq. 2.33)

k roughness height (def. in Fig. 6.1)

K bilinear concomitant describing the boundary terms (B.T.) in the three
dimensions (def. following Eq. 2.51)

Kξ , Kζ , Kη boundary terms in the streamwise, azimuthal, and wall-normal direction

Km Krylov subspace of dimension m (def. in Eq. 3.16)

L length

L linear matrix operator

L Lagrangian function (def. in Eq. 2.49)

L̃NSE linearized Navier-Stokes equations operator

M energy weight matrix (def. in Eqs. 2.39 and 2.40)

mζ nondimensional azimuthal wavenumber, mζ = βRs sin(φ)

mi j metric coefficient (def. in Eq. A.3)

Ma Mach number (def. in Eq. 2.10)

N logarithmic amplification factor, N-factor (def. in Eq. 2.35)

Nξ , Nζ , Nη number of grid points used in the instability analysis in the streamwise,
spanwise and, wall-normal direction, respectively

o shift value in the shift-and-invert strategy to compute eigenvalues (def.
following Eq. 3.15)

P number of subdomains Ωi in the FD-q discretization scheme, where
P+1 represents the number of grid nodes
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NOMENCLATURE

p pressure

P spatial propagator (def. following Eq. 2.43)

P, Q, R, S, T, U matrix operators in LST-2D equations and PSE-3D

P1 disturbance kinetic energy production term describing the interactions
of Reynolds stresses with the basic flow velocity gradients (def. in
Eq. 2.67)

P2 disturbance thermal energy production term describing the interaction
between entropy flux density and basic flow temperature gradient (def.
in Eq. 2.68)

P3 disturbance energy production term denoting the transfer of energy to
the disturbance due to changes of viscosity and heat conduction with
temperature (def. following Eq. 2.66)

Pi, j components of the disturbance kinetic energy production term P1 (def.
in Eq. (2.67)2)

Pr Prandtl number (def. in Eq. 2.10)

Q momentum defect (def. in Eq. 6.4)

q̄ basic flow vector

q̂ vector of amplitude functions

q̃ unsteady perturbation vector

q degree of the piecewise polynomial interpolant in the FD-q discretization
scheme

q̃i perturbation heat flux components (def. in Eq. 2.72)

R face radius (def. in Fig. 5.4)

r residual

R specific gas constant

Ra surface mean roughness

rb local radius, rb = Rs sin(φ)

Rs spherical-segment radius (def. in Fig. 5.1)
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NOMENCLATURE

Re Reynolds number (def. in Eq. 2.10)

Re/l unit Reynolds number, Re/l = ure f /νre f

Reθ Reynolds number based on boundary-layer momentum thickness, Reθ =
ūeθ/ν̄e

ReL Reynolds number based on freestream conditions and reference length
L

Rew cell Reynolds number based on first cell height and speed of sound (def.
in Eq. 5.1)

Reδ ∗ Reynolds number based on boundary-layer displacement thickness,
Reδ ∗ = ūeδ ∗/ν̄e

Rec f cross-flow Reynolds number based on maximum cross-flow velocity
and the boundary-layer height where the cross-flow velocity is 10% of
the maximum

Rekk roughness Reynolds number based on roughness height and flow condi-
tions at this height (def. in Eq. 6.1)

Rekw modified roughness Reynolds number with dynamic viscosity evaluated
at wall temperature (def. in Eq. 6.2)

ReQ roughness Reynolds number based on the momentum deficit (def. in
Eq. 6.3)

ReR freestream Reynolds number based on capsule-face radius

S symmetric or varicose mode

s arc length along surface

s̃ specific disturbance entropy, s̃ =
[
(γ−1)−1 T̃/T̄ − ρ̃/ρ̄

]
/
(
γMa2

)
S1 varicose mode with the highest N-factor

si stencils of the individual interpolants Ii(x) in the FD-q discretization
scheme (def. in Eq. 3.2)

Sp stagnation point

Sηζ roughness projected frontal area (def. following Eq. 6.3)

samp length of the modally amplified roughness wake-flow region
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NOMENCLATURE

srec length of the roughness recirculation region

T temperature

t time

Tad adiabatic wall temperature

Ti components of the disturbance thermal energy production term P2 (def.
in Eq. (2.68)2)

U velocity magnitude, U =
√

u2 + v2 +w2

u velocity vector

u, v, w velocity components along streamwise, azimuthal, and wall-normal
directions

ūb undisturbed laminar mean flow

us shear magnitude (def. in Eq. 6.7)

V PSE-3D matrix operator

v arbitrary initial vector to form the Krylov subspace

Vm matrix containing the basis vectors of the Krylov subspace as columns
(def. following Eq. 3.17)

x Cartesian coordinates vector

x, y, z Cartesian coordinates

Greek Symbols

α wavenumber of the disturbance in the streamwise direction

αi imaginary value of the complex-valued streamwise wavenumber in the
spatial stability theory, αi = ℑ{α}, αi < 0 denotes the spatial growth
rate in the local instability theory

αr real value of the complex-valued streamwise wavenumber in the spatial
stability theory, αr = ℜ{α}, αr denotes the physical wavenumber of a
disturbance

β wavenumber of the disturbance in the azimuthal direction

χ inclination of the local tangent to the body surface (def. following
Eq. 5.6)
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NOMENCLATURE

δ Blasius length scale, δ = Re−1/2
L L

δ ∗ boundary-layer displacement thickness, δ ∗ =
∫

∞

0

(
1− ρ̄ ū

ρ̄eūe

)
dη

δh boundary-layer thickness

δi j Kronecker delta function

ε small number, ε � 1

γ ratio of specific heats, γ = cp/cV

ι1, ι2 weights appearing in Eq. 2.57

κ thermal conductivity (def. in Eqs. 2.8 and 2.9)

κξ streamwise curvature, κξ = 1/Rs

Λ Pohlhausen shape factor, measure for pressure gradient (def. in Eq. 5.4)

λµ second viscosity coefficient (def. following Eq. 2.11)

λξ , λζ streamwise and azimuthal wave length, λξ = 2πhξ/α and λζ = 2πhζ/β

λ̌i Ritz values, eigenvalues of Hm (def. following Eq. 3.18)

µ dynamic viscosity (def. in Eqs. 2.6 and 2.7)

µb bulk viscosity coefficient (def. following Eq. 2.11)

ν kinematic viscosity, ν = µ/ρ

Ω volume

ω angular frequency, ω = 2π f

ωωω vorticity vector

ωξ , ωζ , ωη streamwise, azimuthal, and wall-normal vorticity component

Ωi subdomain of validity of the individual polynomial interpolants Ii in the
FD-q discretization scheme

ωi imaginary value of the complex-valued angular frequency in the tem-
poral stability theory, ωi = ℑ{ω}, ωi > 0 denotes the temporal growth
rate
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NOMENCLATURE

ωr real value of the complex-valued angular frequency in the temporal
stability theory, ωr = ℜ{ω}, ωr denotes the physical angular frequency
of a disturbance

Φ viscous dissipation (def. in Eq. 2.4)

φ angular coordinate (def. in Fig. 5.1)

π ratio of a circle’s circumference to its diameter, π = 3.14159...

Ψ wave angle (def. in Eq. 5.3)

ρ density

σ spatial growth rate (def. in Eqs. 2.26 and 2.34)

ς truncation error of the first-order backward Euler scheme (def. in
Eq. 3.26)

σE spatial growth rate from DNS (def. in Eq. 4.1)

τ stabilization parameter in the PSE/PSE-3D τ-stabilization technique
(def. following Eq. 3.29)

τi, j Reynolds stress component (def. in Eq. (2.67)4)

τ̃i, j disturbance shear stress components (def. in Eq. 2.70)

Θ cone half angle (def. in Fig. 6.33)

θ boundary-layer momentum thickness, θ =
∫

∞

0

[
ρ̄ ū

ρ̄eūe

(
1− ū

ūe

)]
dη

ΘΘΘ phase function (def. following Eq. 2.14)

υ transformed eigenvalue in the shift-and-invert strategy to compute inte-
rior eigenvalues (def. in Eq. 3.15)

ξξξ curvilinear coordinates vector

ξ , ζ , η streamwise, azimuthal, and wall-normal coordinates

Subscripts

()0 inlet disturbance location

()1 outlet disturbance location

()∞ freestream value
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NOMENCLATURE

()avg average value

()crit critical value where transition occurs

()E value based on total energy

()e value taken at the boundary-layer edge

()ind indifference value at which an instability mode becomes amplified

()K value based on kinetic energy
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Chapter1
Introduction

1.1 Motivation

FROM the beginning of humankind, people have always been fascinated by the starry
sky, and for a long time, space exploration had been a long-awaited dream. Due to

the unabated human thirst for knowledge and scientific curiosity, technology advanced
steadily, culminating in the first human-crewed space flights in the 1960s. Just as
significant as the safe lift into space is the secure return of a space vehicle, either manned
or equipped with scientific samples. During the atmospheric re-entry, the potential and
kinetic energy of a spacecraft will be converted into heat, making a thermal protection
system (TPS) indispensable to protect the cargo from the searing temperatures. So far,
two different return-vehicle configurations have been used for manned missions. The
first one was a delta-wing glider assembled with a reusable TPS, which was used for
entry from a low Earth orbit during the Space Shuttle program (formally ended in 2011).
The second configuration is even suited to re-enter from deep space return velocities and
belongs to the group of space capsules. Although most capsules had an ablative heat
shield and were for a single-use only (e.g., the Apollo Command Module or the Soyuz
Descent Module), the capsule design is still the configuration of choice for the next
generation of manned re-entry vehicles, like for SpaceX’ Dragon, Boeing’s Starliner, or
NASA’s and ESA’s Orion Multi-Purpose Crew Vehicle (Orion MPCV), which has been
successfully launched (unmanned) in 2014 [66]. Space capsules, especially the ones
with a spherical forebody, provide the maximum volume for a given surface area, are
structurally strong, and can be designed, manufactured, and maintained at a low cost.
Furthermore, Allen and Eggers [9] revealed that the blunt-body shape itself is the most
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effective heat shield for an atmospheric re-entry at hyper- and supersonic velocities due
to the powerful bow-shaped shock wave upstream of the capsule, which deflects most
of the heat outwards and away from the structure of the spacecraft. Nevertheless, the
TPS of the Apollo Command Module still accounted for more than 20 % of the overall
capsule weight, whereas the spherical aft body heat shield has made the most significant
contribution to the total TPS weight [122]. One possibility to carry more payload with
the same overall weight is to reduce the mass of the heat shield while keeping the safety
level constant. This can be achieved by applying more advanced (lighter) TPS materials
or by taking all relevant flow regimes into account.

Entering aft-end first from space into a planetary‘s atmosphere, the boundary-layer flow
on a blunt body‘s forebody transitions from laminar to turbulent, while with decreasing
altitude, the transition location moves from the leeward towards the windward side.
The heat flux in the turbulent case can locally be higher by a factor of 10 than in
the laminar regime [365], which under current design assumptions leads to an over-
dimensioning of the heat shield. For a potential TPS weight reduction, it is essential
to correctly estimate the expected heat transfer while taking all laminar flow regions
and the transition location into consideration. Due to a lack of understanding of
the physics of transition on blunt vehicles, the transition onset location had usually
been obtained from an empirical approach, where a transition parameter (for example,
momentum thickness Reynolds number Reθ ) was correlated against a characteristic
variable (for example boundary-layer-edge Mach number Mae) [24, 161, 263, 264].
A typical transition criterion for the design of blunt bodies is Reθ /Mae equal to a
constant. As pointed out by Reshotko [275, 276], this simple algebraic correlation
does not represent any physical process and is therefore not suited to determine the
transition Reynolds number. For the design of future returning space vehicles, those
correlations should be replaced by physics-based methods, which are ideally rooted in
the Navier-Stokes equations and should take pressure gradients, surface temperatures,
and surface inhomogeneities into account. One of the more sophisticated methods
is the instability analysis, where the disturbance growth in the laminar basic flow is
investigated. Malik [211] used local modal instability analysis to predict the transition in
supersonic and hypersonic boundary layers based on the eN-method initially developed
by Smith and Gamberoni [303] and van Ingen [343]. The predicted transition locations
successfully correlated with an extensive database of supersonic flight data for smooth,
sharp cones, demonstrating the applicability of linear instability theory as a useful tool
for designing supersonic vehicles [275]. However, modal instability theory fails to
capture the underlying physics that drives the transition process on spherical forebodies
at supersonic and hypersonic speeds. An early boundary-layer transition on nominally
smooth blunt bodies has been observed, both in flight and wind tunnels, whereas a highly
favorable pressure gradient and low wall temperatures would have been an indicator
for laminar flow [225, 230, 290, 321]. This unexpected early transition is known as
the blunt-body paradox [273] and has not been clearly answered in the literature. A
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promising explanation approach arose in the early 1990s with the emergence of the
transient growth theory, where inputs to a system may get amplified by large factors,
even though all distinct eigenvalues are damped [46, 132, 143, 267].

The heat shield of a spacecraft usually does not feature a nominally smooth surface but
instead exhibits micro and macro imperfections. Those defects can have an enormous
impact on the dominant laminar-turbulent transition mechanism and can be divided into
two categories, localized (i.e., discrete, isolated roughness elements) and distributed
roughness. It is well known from experimental observations that surface inhomo-
geneities can cause an earlier boundary-layer transition compared to the smooth wall
case (e.g., see Refs. [71, 116, 157, 182, 293, 314, 347]). Small dispersed surface irreg-
ularities (distributed roughness) are usually appertaining to the TPS, either due to the
steps and gaps between heat shield tiles (as, e.g., present on the Shuttle orbiters) or
surface changes based on spallation or ablation on an ablative TPS. Discrete surface
roughnesses occur due to manufacturing-related reasons, such as gap-filler protrusion
(between heat shield tiles on the Space Shuttle orbiter), structural surface changes
required for the launch of a space capsule (compression pads and tension ties), cavities
as a result of damage to the TPS due to debris impact, or protrusions as a result of
irregular surface burning on an ablative heat shield. Figure 1.1 illustrates a variety of
typical roughness distributions encountered on space vehicles.

Attachment point
cavities on Ge-

nesis heat shield

Damage to
Space Shuttle
Orbiter tiles

TPS panels on
Mars Science La-

boratory heat shield

Ablated TPS
on Apollo
heat shield

Ablated TPS
on Stardust
heat shield

Cavities
& protrusions Physical damage Tile patterns Honeycomb Sand-grain
Discrete surface roughness Distributed surface roughness

Figure 1.1: Selected examples of surface roughness on space vehicles. Pictures taken
from Hollis [159].

Although surface roughness is an inherent feature of the TPS on space re-entry vehicles,
the physical mechanisms underlying roughness-induced transition are, as yet, not fully
understood. As a consequence, roughness-induced transition prediction methods have
relied mainly on empirical correlations typically based on the roughness height and
flow characteristics of the unperturbed laminar boundary layer. However, the numerical
and experimental advances in the last two decades have made it possible to perform
more in-depth analyses of the mechanisms involved in the roughness-induced transition
process. Depending on the roughness height, new classes of instabilities may modally
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grow in the wake flow of isolated surface protrusions and accelerate the laminar-to-
turbulent transition process. A well-suited methodology to study roughness wake-mode
characteristics is the linear instability theory since it allows for extensive parameter
studies (e.g., varying roughness geometries or wall temperatures) requiring significantly
less computational recourses compared to direct numerical simulations (DNS) while
providing the correct instability properties [79, 86].

In some cases, however, distributed surface roughness with sub-critical height (e.g.,
below 10% of the boundary-layer thickness) on blunt capsules promotes the onset
of boundary-layer transition in the absence of any modal disturbance growth mecha-
nism [141, 260]. Radespiel et al. [259, 260] experimentally observed transition down-
stream of a distributed roughness patch located in the geometric center of an Apollo-type
capsule model with roughness values in the order of 20µm. The experimenter varied the
freestream fluctuation levels and conjectured that the observed transition downstream of
the subcritical roughness patch is likely caused by freestream disturbances interacting
with the small roughnesses. Although the roughness patch is amenable to numerical
studies because of the deterministically distributed sharp-edged cuboidal elements,
the many unknown parameters concerning the freestream disturbance type and shape,
along with numerical requirements to resolve the roughness receptivity process in the
micrometer range, make it increasingly difficult to numerically study the observed
premature transition. However, optimal transient growth theory poses a promising
approach to circumvent these enormous computational demands. Instead of modeling
the actual outcome of the freestream fluctuation interaction with the roughness patch, an
initial disturbance is sought that leads to the highest perturbation energy gain within a
considered optimization interval. Thus, this optimal disturbance can be regarded as the
most dangerous shape concerning the likelihood of transition downstream of the patch.

1.2 The laminar-turbulent transition process in brief

The laminar-to-turbulent boundary-layer transition is one of the most significant prob-
lems in fluid mechanics. It has been the focus of study for over a century; nevertheless,
predicting boundary-layer transition is still a demanding task. Depending on the ob-
ject’s geometry to be analyzed, and the considered speed range, various instability
mechanisms could be involved in the transition process. In a small external disturbance
environment (e.g., at free flight), the natural transition can generally be divided into
a four-staged process, namely (i) receptivity, (ii) eigenmode growth, (iii) growth of
secondary instabilities, and (iv) breakdown to turbulence (see Fig. 1.2).

In the first stage of transition, freestream disturbances (i.e., vorticity fluctuations, en-
tropy disturbances or temperature spottiness, and acoustic noise) and/or surface-induced
disturbances such as roughness and vibrations are converted into low-amplitude pertur-
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bations inside the boundary layer by a receptivity mechanism. The receptivity concept
was first introduced by Morkovin [224] and is still only partially understood. Moreover,
the receptivity mechanisms of subsonic and relatively low supersonic boundary-layer
flows are essentially different from those of supersonic and hypersonic flows [109].
Surveys on the current knowledge of boundary-layer receptivity can be found in Saric
et al. [284] for incompressible flow and in Fedorov [107] for high-speed flows.

In the second stage of transition, the boundary-layer perturbations excited during the re-
ceptivity phase either convectively grow or decay exponentially in amplitude, depending
on the instability characteristics of the boundary layer. Initially, the amplitudes of those
wave-like disturbances are small, and they develop independently of one another. There-
fore, the amplification of perturbations in the boundary layer can be studied employing
linear instability theory by, i.e., examining the eigenspectrum of the Orr-Sommerfeld
equations (OSE) or their compressible counterparts. Orr [232] and Sommerfeld [304]
postulated a set of equations to model the growth of two-dimensional waves in viscous
parallel flow. Tollmien [330] and Schlichting [287] were among the first to obtain a
normal-mode solution of the OSE for the Blasius boundary layer. They analytically pre-
dicted the existence of two-dimensional unstable waves that grow or decay exponentially.
These disturbances now bear their names (Tollmien-Schlichting (T-S) waves) and are
the dominant instability mechanism in incompressible flat-plate flows. The equivalent
instability in compressible flows is the first Mack mode [209]. Mack [209] was the first
to investigate the linear instability characteristics of a compressible boundary layer and
discovered higher acoustic instability modes in supersonic and hypersonic flows (named
Mack modes). At a Mach number above four, the second-mode growth rate exceeds
the first-mode amplification rate and, thus, likely causes transition. Another instability
mechanism that modally grows in the second stage of transition is the Görtler vortex.
This centrifugal instability occurs in boundary-layer flows along concave walls and
results in the formation of streamwise vortices. Moreover, depending on the object’s
geometry or angle of attack, pressure gradients in the boundary layer could cause the
flow velocity direction to deviate from the flow direction at the boundary-layer edge
(e.g., flow over a swept wing). This may lead to the formation of a three-dimensional
boundary layer with an inflection point in the spanwise velocity component. In turn,
this inflection point is, according to Rayleigh [262], a necessary condition for inviscid
instability and could result in unstable cross-flow modes. Many researchers have used
linear stability theory to study the eigenmode growth of the just mentioned instability
mechanisms, and no attempt is made here to give an extensive overview of this topic.
Detailed reviews about primary modes in boundary layers can be found in Reed et
al. [270], Schmid & Henningson [288], and Saric and coworkers [283, 285].

In the third stage of transition, at least some of the linear disturbances have grown large
enough (a few percents of the freestream velocity) such that nonlinear interactions be-
tween them are no longer negligible. This results in mode interactions and modification
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of the mean flow leading to secondary instabilities, which rapidly grow in space and
time. For instance, secondary instabilities occur in incompressible flat-plate flow as
Λ-shaped vortices near the boundary-layer edge. Those three-dimensional secondary
instability waves occur either aligned (fundamental or K-type breakdown) or staggered
(subharmonic or H-type breakdown) [144]. More details on secondary instabilities can
be found in Herbert [144], Li & Malik [195], Kachanov [171], and Liu & Zhang [204].

In the last stage of transition, the secondary three-dimensional nonlinear instabilities
break down into turbulence accompanied by a rise in skin friction and heat transfer. The
skin friction and heat transfer values in the transitioning boundary layer can overshoot
the expected turbulent values before finally relaxing to turbulent magnitudes.

In case of higher environmental disturbance amplitude levels (e.g., in noisy wind
tunnels or turbo-machines), some stages of the above described four-staged transition
process can be bypassed. Thereby, the linear stage of exponential boundary-layer
perturbation growth is often skipped, and transient disturbance growth becomes more
relevant. More details on nonmodal (transient) disturbance growth, which is due to
superpositions of exponentially growing or decaying non-orthogonal eigenmodes, are
given in Secs. 2.4 and 5.1. Morkorvin [224, 227] categorized the various transition
scenarios as a function of environmental disturbance amplitude in his ”transition road
map” (sketched in Fig. 1.2).
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Figure 1.2: Sketch of Morkovin et al.’s [227] road map to boundary-layer transition
depending on environmental disturbance amplitude.

Path A in the transition road map corresponds to the above mentioned four-staged
process for a low disturbance environment. As the environmental disturbance amplitude
increases, nonmodal growth becomes important. In the case of path B, transient growth
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may increase the amplitude of a disturbance before the exponential growth sets in
when a neutral stability point is crossed. A representative example of the path-B-type
transition scenario constitutes the findings of Tempelmann et al. [320] for a compressible
boundary layer on a swept flat plate. In their work, the optimal nonmodal initial
perturbation provides initial algebraic growth for what becomes stationary cross-flow
waves past the first neutral point. The disturbance growth absent of any modal growth
mechanism is represented by path C. This path involves some cases of transition, which
were initially labeled as ”bypass transition” by Morkovin [224] as they lack a modal
growth explanation. For instance, at moderate to high freestream turbulence levels, the
receptivity mechanism filters out the high-frequency components of vortical freestream
disturbances and generates spanwise-alternating low- and high-speed streaks known
as Klebanoff modes [178, 181] (although they are not modes in a strict mathematically
sense since they are not eigensolutions of an appropriate differential equation). These
streamwise velocity fluctuations bear a strong resemblance to the initial perturbations of
optimal transient growth theory [14, 208, 217]. They may get significantly amplified and
distort the boundary-layer flow leading to mode interactions and secondary instabilities,
which can subsequently break down to turbulence. Flow cases that follow path D
involve high environmental disturbance amplitudes resulting in significant transient
growth and transition via bypass mechanisms. Finally, path E stands for the cases where
the environmental disturbance level is high enough to cause boundary-layer transition
by means other than those described by linear analyses. Moreover, the transition occurs
directly, and no stages can be distinguished.

1.3 Objectives and structure of the thesis

The overall goal of this thesis is to contribute to the understanding of laminar-to-turbulent
boundary-layer transition on blunt re-entry capsules. As stressed in Sec. 1.1, the under-
lying transition mechanisms on space vehicles with a spherical-section forebody are still
unknown. In this context, the present work aims at finding the optimal perturbations
in the boundary layer developing over the windward side of an Apollo-shaped capsule
model to assess the transient growth potential on initiating transition. Moreover, surface
roughness on space vehicles has proven to play a vital part in the transition process.
Therefore, the focus of this work is to analyze and quantify the effect of both isolated
and distributed roughness on the transition process by means of linear instability theory.
To this end, a new instability code has been developed to study modal and nonmodal
growth of disturbances on both the smooth capsule configuration and in the wake of
roughness elements.

In this thesis, chapters 2–4 are particularly dedicated to the new instability solver
by presenting the underlying theoretical fundamentals, numerics, and verifications.
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Chapters 5–7 are devoted to analyses of modal and nonmodal disturbance growth in
boundary layers on re-entry capsules. The result chapters, 5–7, each have their own
introduction, which discusses the physical background and summarizes the relevant
literature. Each chapter in the present thesis focuses on a distinct objective of the current
research work as follows:

• Chapter 2: This chapter presents a survey of the different linear instability theory
concepts. It outlines the various theoretical approaches underlying the newly
developed instability solver, which depend on the dimensionality of the basic
flow. First, the methods are introduced to study the modal growth of distur-
bances mainly based on one- and two-dimensional eigenvalue analysis (LST and
LST-2D) and line- or plane-marching parabolized stability equations (PSE or
PSE-3D). Subsequently, the physical mechanisms of nonmodal (transient) distur-
bance growth are briefly described, and the optimization algorithm is outlined to
compute optimal perturbations that lead to the highest energy amplification within
a considered optimization interval. Finally, the most essential disturbance energy
balance terms are highlighted to study the fundamental growth mechanisms (both
modal and nonmodal) in more detail.

• Chapter 3: This chapter deals with the numerical methods as implemented in
the new instability code. First, the spatial discretization schemes (in the three
coordinate directions), the employed coordinate transformations, and the imple-
mented boundary conditions are described. Then, the eigenvalue computation
algorithm and the solution procedure for the direct and adjoint PSE/PSE-3D are
outlined. Particular focus is also devoted to the step-size restriction associated
with PSE/PSE-3D and the implemented stabilization techniques to relax this
limitation.

• Chapter 4: Various verification and validation cases for the new instability
code are presented in this chapter. Each of the different implemented linear
instability theory concepts (LST-2D, PSE-3D, and optimal transient growth based
on line- or plane-marching PSE) is verified separately based on literature results
or comparative data from previously validated methods.

• Chapter 5: This chapter focuses on the modal and nonmodal instability char-
acteristics of the boundary layer on the forebody of an Apollo-shaped capsule
model with a nominally smooth surface for freestream conditions taken from a
measurement campaign at the Hypersonic Ludwieg tube Braunschweig (HLB).
One objective of this chapter is to estimate the unit Reynolds number when the
modal growth of boundary-layer disturbances sets in on smooth Apollo-type
capsules. A further aim of this chapter is to quantify the maximum nonmodal
disturbance growth at realizable wind tunnel operating conditions. Moreover, the
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sensitivity of the nonmodal findings is analyzed considering varying Reynolds
numbers, wall temperatures, and disturbance frequencies. The results from opti-
mal perturbation theory are discussed in view of comparative data for a similar
capsule and transient growth correlations.

• Chapter 6: The intent of this chapter is to study the impact of isolated three-
dimensional roughness elements on the laminar basic flow and the instability
properties of the streaky wake flow. In the first part of the investigation, the
discrete roughness elements are submerged in the boundary layer on the forebody
of an Apollo-shaped capsule with Ma∞ = 5.9. One of the main objectives of
the present chapter is to investigate the effect of different roughness heights,
widths, shapes, and surface temperature on the modal wake-flow instability char-
acteristics by means of spatial two-dimensional instability theory. Furthermore,
supplementary results from PSE-3D computations are also provided to clarify the
influence of streamwise mean flow gradients on the wake modes behind three-
dimensional roughness elements. The second part of the chapter intends to clarify
the effect of different pressure gradients on discrete roughness-induced transition.
Wake-mode instability results for a different capsule model with a sphere-cone
shape are shown to highlight the impact of different pressure gradients (favorable
pressure gradient on the Apollo capsule versus adverse pressure gradient on a
sphere-cone geometry) on the various types of wake modes, the length of the
amplified wake-flow region, and the maximum cumulative amplification ratios
(N-factors). Lastly, a correlation of the instability results with the streak amplitude
is presented to potentially pave the way towards a mechanism-based prediction
theory of roughness-induced transition.

• Chapter 7: This last result chapter focuses on the algebraic growth of optimal
disturbances downstream of a distributed roughness patch. The patch is located on
a hemispherical capsule and mimics the experiment of Radespiel et al. [259, 260].
Optimal transient growth theory based on plane-marching PSE (OTG-3D) is used
here for the first time to assess the potential of nonmodal disturbance growth to
trigger transition at various roughness heights and surface temperatures.

• Chapter 8: This chapter summarizes the results, draws conclusions, and presents
some ideas for future work.

9



1.3. OBJECTIVES AND STRUCTURE OF THE THESIS

The research work described in this thesis was conducted within the framework of the
German research project on hypersonic boundary-layer transition on a generic re-entry
capsule (HYPTRANS). Most of the material in this work, along with more additional
details, has been presented in the following list of publications:

• Peer-reviewed articles

– Theiss, A., Lichtmes, M., and Hein, S. ”Local Stability Analysis of Laminar-
Turbulent Boundary Layer Transition on Blunt Generic Re-Entry Cap-
sules”, New Results in Numerical and Experimental Fluid Mechanics X,
STAB/DGLR Symposium, pp. 279–288, 2016.

– Theiss, A. and Hein, S. ”Investigation on the wake flow instability behind
isolated roughness elements on the forebody of a blunt generic reentry
capsule”, Progress in Flight Physics, 9:451–480, 2017.

– Hein, S., Theiss, A., Di Giovanni, A., Stemmer, C., Schilden, T., Schröder,
W., Paredes, P., Choudhari, M. M., Li, F., and Reshotko, E. ”Numerical
Investigation of Roughness Effects on Transition on Spherical Capsules”,
Journal of Spacecraft and Rockets, 56(2):388–404, 2019.

– Theiss, A., Leyh, S., and Hein, S. ”Pressure Gradient Effects on Wake-Flow
Instabilities behind Isolated Roughness Elements on Re-Entry Capsules”.
Proceedings of the Institution of Mechanical Engineers, Part G: Journal of
Aerospace Engineering, 234(1):28–41, 2020.

• Conference papers

– Theiss, A., Ali, S. R. C., Hein, S., Heitmann, D., Radespiel, R. ”Numer-
ical and experimental investigation of laminar-turbulent boundary layer
transition on a blunt generic re-entry capsule”, AIAA Paper 2014-2353,
2014.

– Muñoz, F., Radespiel, R., Theiss, A. and Hein, S. ”Experimental and
Numerical Investigation of Instabilities in Conical Boundary Layers at
Mach 6”, AIAA Paper 2014-2778, 2014.

– Ali, S. R. C., Radespiel, R., and Theiss, A. ”Transition Experiment with
a Blunt Apollo Shape like Capsule in Hypersonic Ludwieg Tube”, 63.
Deutscher Luft- und Raumfahrtkongress, 2014.

– Theiss, A. and Hein, S. ”Investigation on the wake flow instability behind
isolated roughness elements on the forebody of a blunt generic re-entry
capsule”, 6th European Conference for Aeronautics and Space Sciences,
EUCASS Paper FP-514, 2015.
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– Theiss, A., Ali, S. R. C., Hein, S., Radespiel, R. ”Wake flow instability
studies behind discrete roughness elements on a generic re-entry capsule”,
AIAA Paper 2016-4382, 2016.

– Theiss, A., Leyh, S., and Hein, S. ”Pressure gradient effects on wake flow
instabilities behind isolated roughness elements on re-entry capsules”, 7th
European Conference for Aeronautics and Space Sciences, EUCASS Paper
FP-594 2017.

– Hein, S., Theiss, A., Di Giovanni, A., Stemmer, C., Schilden, T., Schröder,
W., Paredes, P., Choudhari, M. M., Li, F., and Reshotko, E. ”Numerical
Investigation of Roughness Effects on Transition on Spherical Capsules”,
AIAA Paper 2018-0058, 2018.

– Muñoz, F., Ali, S. R. C., Leinemann, M. Radespiel, R., Semper, M., Cum-
mings, R. M., and Theiss, A. ”Transition Measurements on Slender and
Blunt Bodies in Ludwieg Tubes at Mach 6”, AIAA Paper 2019-0626, 2019.

In the interest of clarity and comprehensibility of presentation, not all of the prior
publications are explicitly cited throughout the present work.
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Chapter2
Linear instability theory

THIS chapter focuses on the fundamentals of the linear stability theory that describes
the behavior of a laminar flow field with respect to infinitesimal disturbances.

The overall goal is to enhance the understanding of the mechanisms involved at the
beginning of the transition from laminar to turbulent flow.

In the following, starting with the governing equations for a compressible fluid, different
linear stability theory concepts and their underlying assumptions will be introduced
to provide the theoretical background behind the methods implemented in the newly
developed instability code to investigate modal and nonmodal disturbance growth.

2.1 Governing equations

The motion of a compressible, viscous Newtonian fluid is governed by a system of
nonlinear partial differential equations (Navier-Stokes equations). The nondimensional
equations for a perfect gas flow with density ρ , pressure p, temperature T and velocity
vector u can be written in conservation laws of mass, momentum, and energy:

∂ p
∂ t

+∇ · (ρu) = 0, (2.1)

ρ

[
∂u
∂ t

+(u ·∇)u
]
=−∇p+

1
Re

∇
[
λµ (∇ ·u)

]
+

1
Re

∇ ·
[
µ
(
∇u+∇uT )] , (2.2)
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ρcp

[
∂T
∂ t

+(u ·∇)T
]
=

1
RePr

∇ · (κ∇T )+(γ−1)Ma2
[

∂ p
∂ t

+(u ·∇) p+
1

Re
Φ

]
,

(2.3)
where the viscous dissipation is given by

Φ = λµ (∇ ·u)2 +
1
2

µ
[
∇u+∇uT ]2 . (2.4)

Here, t stands for time, and the material quantities λµ , µ correspond to the second and
dynamic viscosity coefficient. Furthermore, γ is the ratio of specific heats, κ the heat
conductivity, and cp stands for the specific heat at constant pressure. A thermally perfect
gas is assumed; therefore, the following equation of state

p
ρ
=

T
γMa2 (2.5)

holds. Throughout this thesis, the ratio of specific heats is fixed to γ = 1.4. Moreover,
the material quantities are solely a function of temperature. A two-part Sutherland’s law
is used for the viscosity coefficient, one for the standard law [313]

µ
∗ (T ∗) = 1.458×10−6 T ∗3/2

T ∗+110.4
[
Ns/m2] for T ∗ > 110.4K (2.6)

and one for low temperatures [210]

µ
∗ (T ∗) = 0.0693873×10−6T ∗

[
Ns/m2] for T ∗ ≤ 110.4K. (2.7)

The thermal conductivity of the medium is computed utilizing the Keyes’ formula [210]:

κ
∗ (T ∗) =

2.648151×10−3T ∗1/2

1+(254.4/T ∗)×10−12/T ∗ [W/mK] for T ∗ > 80K (2.8)

and
κ
∗ (T ∗) = 9.335056752×10−5T ∗ [W/mK] for T ∗ ≤ 80K. (2.9)

The fluid variables are non-dimensionalized by corresponding reference quantities (u∗re f ,
T ∗re f ) at a fixed streamwise position ξ ∗re f , except for the pressure, which is made nondi-
mensional with twice the corresponding dynamic pressure p∗re f = ρ∗re f u∗2re f . Lengths are
scaled with a fixed reference length, l∗re f , and the Mach number, Ma, Prandtl number,
Pr, and Reynolds number, Re, are defined as

Ma =
u∗re f√

γR∗T ∗re f

, Pr =
µ∗re f c∗p,re f

κ∗re f
, Re =

u∗re f l∗re f

ν∗re f
, (2.10)
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2.2. LINEAR STABILITY THEORY CONCEPTS

where R∗ is the specific gas constant, ν∗ is the kinematic viscosity, and the superscript
∗ stands for dimensional quantities. The ratio of the coefficients of second and dynamic
viscosity is assumed to be

λµ

µ
=

µb

µ
− 2

3
, (2.11)

where under Stokes’ hypothesis µb = 0.

To also handle geometries with curved surfaces and flow divergence effects, Eqs. 2.1–2.3
are formulated in orthogonal, curvilinear metric. The transformation from Cartesian
coordinates x = (x1, x2, x3) = (x, y, z) to curvilinear coordinates ξξξ = (ξ1, ξ2, ξ3) =
(ξ , ζ , η) is performed with the help of scale factors hi with i= 1, 2, 3 and (h1, h2, h3) =(
hξ , hζ ,hη

)
. Thus, a length element is defined as ds2 = (h1x1)

2 +(h2x2)
2 +(h3x3)

2.
In a physical sense, the scale factor, for example, represents the ratio of the surface
distance between two points along a curved path versus the straight-line distance. In
the absence of any curvature, i.e., on a flat plate, the ratio reduces to 1. More details
about curvilinear coordinates can be found in standard textbooks on computational
fluid dynamics (e.g., Ref. [251]). In this work, ξ , ζ , and η are the coordinates of the
streamwise, spanwise, and wall-normal directions, respectively. Note, from here on,
the asterisk on the dimensional quantities will be omitted for the sake of simplicity.
Dimensional values can be distinguished by the specified unit.

2.2 Linear stability theory concepts

The main idea of the linear stability theory is to superpose a perturbation onto an undis-
turbed basic state and determine whether this disturbance grows or decays. Therefore,
it is suitable to decompose the flow quantities q = (ρ, u, v, w, T )T into a steady part
q̄ = (ρ̄, ū, v̄, w̄, T̄ )T , which is herein referred to as the basic flow, and into an unsteady
small-amplitude perturbation component q̃ =

(
ρ̃, ũ, ṽ, w̃, T̃

)T :

q(ξξξ , t) = q̄(ξξξ )+ εq̃(ξξξ , t) , ε � 1. (2.12)

Since it is assumed that the material quantities (µ , κ and cp) are a function of the
temperature only, they can also be divided into a steady and perturbation part, where
the disturbances are expressed as a Taylor series expansion in temperature according to

c̃p =
dc̄p

dT̄
T̃ , µ̃ =

dµ̄

dT̄
T̃ , κ̃ =

dκ̄

dT̄
T̃ , (2.13)

whereby the series have been truncated after the first-order terms. Only small-amplitude
disturbances are considered in this work; therefore, it is convenient to linearize the
Navier-Stokes equations (Eqs. 2.1–2.3) about the steady basic flow. First, the flow
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2.3. MODAL LINEAR INSTABILITY THEORY

decomposition (Eq. 2.12) is introduced into the governing equations (Eqs. 2.1–2.3), and
the terms for the steady flow are subtracted, assuming that both q and q̄ satisfy the
complete Navier-Stokes equations. Subsequently, the products of perturbation quantities
are neglected, and the linearized Navier-Stokes equations (LNSE) are obtained.

Under the assumption of small-amplitude perturbation, the LNSE can be solved as
an initial-boundary-value problem for a provided basic flow q̄ and are valid for both
modal and nonmodal disturbances. However, due to a lack of sufficient computing
power in the last century, the shape of the perturbation q̃(ξξξ , t) in Eq. 2.12 had to be
restricted to simple forms. This, in turn, limited the instability analysis to basic flows
that were homogeneous in two out of the three spatial directions. Though, with the rise
of advanced computing hardware in the last decades, as well as the availability of more
efficient solution algorithms, fewer constraints to the form of the perturbations and the
underlying basic flows (if any at all) are needed. In general, the linear disturbance term
is written as the product of an amplitude function, q̂, and a phase function, ΘΘΘ,

q̃ = q̂eiΘΘΘ, (2.14)

where i stands for the imaginary unit. According to the underlying assumptions for
the basic flow q̄, the dimensionality of the disturbance q̃, and the resulting phase
function, the linear stability theory can be divided into several analysis concepts, which
are summarized in Table 2.1. In the local stability concept (LST and LST-2D), the
streamwise derivatives of the basic flow are neglected, and after inserting the respective
disturbance term into the LNSE, a general eigenvalue problem can be solved (further
details are given in Sec. 2.3.1). Moreover, in the classical or local linear stability theory,
the wall-normal velocity is also assumed to be negligible. On the other hand, when
the flow varies slowly in one spatial direction (here ξ ), and the wall-normal velocity
component, as well as surface curvature terms, should be considered, the instability
characteristics can be studied by the parabolized stability equations (PSE and PSE-3D,
see Sec. 2.3.2 for more details). The PSE/PSE-3D are a nonlocal method and take the
upstream flow information into account while solving a marching integration of the
LNSE along the streamwise direction. Finally, in the TriGlobal analysis, no assumptions
on homogeneity are made, and a three-dimensional eigenvalue problem has to be solved.
The LST-2D, PSE-3D, and the linear TriGlobal theory are sometimes referred to as
global instability theory [328].

2.3 Modal linear instability theory

In the modal linear stability theory, one is interested in the minimum critical parameter
(e.g., the Reynolds number or frequency) above which a specific initial condition of
infinitesimal amplitude grows exponentially. The theory describes the asymptotic behav-
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2.3. MODAL LINEAR INSTABILITY THEORY

Table 2.1: Classification of linear stability theory concepts.

Denomination Basic State Assumption
Amplitude
Function Phase Function ΘΘΘ

TriGlobal – q̄(ξ , ζ , η) q̂(ξ , ζ , η) −ωt
PSE-3D? ∂ξ q̄� ∂ζ q̄, ∂η q̄ q̄(ξs, ζ , η) q̂(ξs, ζ , η)

∫
ξ

α (ξ ′)dξ ′−ωt
LST-2D? ∂ξ q̄ = 0 q̄(ζ , η) q̂(ζ , η) αξ −ωt
PSE? ∂ξ q̄� ∂η q̄; ∂ζ q̄= 0 q̄(ξs, η) q̂(ξs, η)

∫
ξ

α (ξ ′)dξ ′+βζ−ωt
LST? ∂ξ q̄ = ∂ζ q̄ = 0 q̄(η) q̂(η) αξ +βζ −ωt

()s denotes a slowly-varying spatial direction
? used within this thesis

ior of the flow according to the least stable mode. In general, the underlying basic flow
is three-dimensional, and hence, inhomogeneous in all three spatial directions. Thus, the
instability analysis should ideally be performed with the three-dimensional TriGlobal
method. Unfortunately, the computational effort to solve the resulting eigenvalue prob-
lem is typically too high, and the method is solely suited to study absolute/global
instabilities. However, the instabilities considered in this thesis have a convective nature;
therefore, only the linear stability theory concepts sketched in Fig. 2.1 are used.

ξ

ζ

η PSE-3D

LST-2D

solved by marching

solved separately

δ99

δ99

δ99

ξ

ζ

η

LST

PSE

solved separately

solved by marching

Figure 2.1: Overview of the local (LST/LST-2D) and nonlocal (PSE/PSE-3D) modal
instability methods used in the thesis.
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2.3. MODAL LINEAR INSTABILITY THEORY

2.3.1 Local instability theory

In the local stability concept, the instability characteristics of a basic flow can be studied
without prior knowledge of the upstream disturbance history. In the classical LST, the
basic flow is considered homogeneous along two out of the three spatial directions, here
streamwise ξ and spanwise ζ direction. Therefore, the flow is only dependent on the
wall-normal coordinate, and the perturbation has the following form

q̃(ξξξ , t) = q̂(η)exp [i(αξ +βζ −ωt)]+ c.c, (2.15)

where ω is the angular frequency, c.c. denotes the complex conjugate, and α, β are
the wavenumbers in streamwise and spanwise direction, respectively. Hence, the
perturbation can be thought of as a monochromatic wave with periodicity wavelengths,
λξ = 2πhξ/α and λζ = 2πhζ/β , along the ξ and ζ directions, respectively. However,
when two spatial inhomogeneous directions have to be resolved simultaneously on a
plane (here wall-normal η and spanwise ζ direction), whereas spatial homogeneity in
the third direction is assumed, the disturbance q̃ can be written as

q̃2D (ξξξ , t) = q̂(ζ , η)exp [i(αξ −ωt)]+ c.c. (2.16)

In general, the perturbation can be classified with respect to temporal amplification,
spatial amplification, and temporal and spatial amplification. In the classical spatial LST,
ω is real and related to the angular frequency of an eigenmode q̃, while α and β are
assumed to be complex. Their real parts, αr = ℜ{α} and βr = ℜ{β}, are related to the
physical wavenumbers of the disturbance, whereas their imaginary parts, αi =ℑ{α} and
βi = ℑ{β}, represent the growth/damping rates in the ξ and ζ directions, respectively.
A negative value of αi implies spatial growth of the eigenmode, while a positive value
denotes spatial decay of q̃. In this work, β is also taken as a real parameter to define
the disturbance growth in the streamwise marching direction. On the contrary, in the
temporal theory, α and β are taken as real values, and ω is assumed to be complex with
ωi > 0 denoting the temporal growth rate. Historically, the temporal theory was the first
to be utilized because of its simplicity (ω appears linearly in the stability equations) and
its feasibility to predict the dominant frequencies in shear flows [91, 288]. However, the
theory does not cover waves that grow or decay in the streamwise direction. Therefore,
the spatial theory is more suited to study the instability characteristics of boundary
layers when dealing with monochromatic waves. Gaster [118] developed a relationship
to transform the instability parameters (α , β , ω) from one theory to the other, as long
as |αi| is small, i.e.

αr,T ≈ αr,S, βr,T ≈ βr,S, ωr,T ≈ ωr,S,
ωi,T

αi,S
=−∂ωr

∂αr
, (2.17)

where ∂ωr/∂αr represents the group velocity, cg, and the subscripts (i, r, T, S) stand
for imaginary part, real part, temporal theory, and spatial theory, respectively.
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In the spatio-temporal stability analysis, the wave-like disturbances are described by
complex α and ω values and can simultaneously grow/decay in space and time, or
vice versa. Overall, the flow can exhibit three different states when considering its
response to an impulse. The flow is said to be stable if the response decays in every
direction, emanating from the point of impulse. A flow is convectively unstable if the
response experiences growth while it moves downstream, whereas, at the initial location,
it decays and finally vanishes. On the other hand, if the response expands around the
point of impulse, the flow is absolutely unstable. An absolute instability is characterized
by disturbances with a zero group velocity, cg = 0, and a positive temporal growth rate
ωi > 0. More details on the subject can be found in the publications of Huerre and
coworkers [163, 164, 165].

In the case of the classical linear stability theory, a locally parallel basic flow is assumed.
At each streamwise location ξ , the basic state is expected to be a function of the wall-
normal η coordinate only. This, in turn, implies the neglect of the basic state streamwise
derivatives and its wall-normal velocity component. It is assumed that the growth of the
boundary layer is small over a disturbance wavelength and that the local boundary-layer
profiles will characterize the disturbances. Introducing the corresponding perturbation
ansatz (Eq. 2.15) into the LNSE, the local stability equations can be written in the form

Ll q̂ = Aq̂+B
1

hη

∂ q̂
∂η

+C
1

h2
η

∂ 2q̂
∂η2 = 0. (2.18)

In general, the wavenumbers (α , β ), the angular frequency ω , and other parameters
involved (Re, Ma) are related through a dispersion relation

D(α, β , ω, Re, Ma) = 0, (2.19)

which is obtained by solving Eq. 2.18.

When the problem of interest requires two spatial inhomogeneous directions simulta-
neously to be resolved in a plane, i.e., when dealing with axially-homogeneous flows
in ducts of arbitrary cross section [219], isolated model vortices [138], or discrete
roughness wake flows [79, 128, 300, 322, 324], the ansatz 2.16 has to be introduced
into the LNSE. The resulting LST-2D equations can then compactly be written in the
form

Ll q̂=Pq̂+Q
1

hη

∂ q̂
∂η

+R
1

h2
η

∂ 2q̂
∂η2 +S

1
hζ

∂ q̂
∂ζ

+T
1

h2
ζ

∂ 2q̂
∂ζ 2 +U

1
hζ hη

∂ 2q̂
∂ζ ∂η

= 0. (2.20)

The non-zero coefficients of the 5×5 matrices A, B, and C (from Eq. 2.18) are found in
Hein et al. [136], whereas the corresponding matrix entries for matrices P−U (Eq. 2.20)
are given in Appendix A.
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After discretization, Eqs. 2.18 and 2.20 can be formed into a Generalized Eigenvalue
Problem (GEVP). In the temporal theory, ω is the complex-valued eigenvalue and the
problem to be solved reads as follows

A · q̂ = ωB · q̂. (2.21)

In the spatial theory, α is the complex-valued eigenvalue. Since it appears up to the
second power in the stability equations, the following nonlinear eigenvalue problem has
to be solved

A · q̂ = αB1 · q̂+α
2B2 · q̂. (2.22)

The newly developed instability code can handle both the incompressible and the
compressible sets of stability equations. However, for this work, solely the compressible
set of equations has been used. Therefore, the eigenvector q̂ consists of five physical
variables (q̂ =

(
ρ̂, û, v̂, ŵ, T̂

)T ) and has a stacked column-vector form having Nζ Nη

elements each (q̂ ∈ C5Nζ Nη ). The number of grid points in azimuthal and wall-normal
direction is denoted by Nζ and Nη , respectively. The quadratic GEVP (Eq. 2.22) can be
reduced to the standard linear form by applying the companion matrix technique [42]
(associated with a larger problem size equal to the degree of nonlinearity [327]), where
αI · q̂ = αI · q̂ is added to the system:

A · q̂−αB1 · q̂ = α
2B2 · q̂

αI · q̂ = αI · q̂
(2.23)

In order to convert the system into a linear eigenvalue problem, Eq. 2.23 can be factored
to yield the following structure[

A −B1
0 I

]
︸ ︷︷ ︸

A +

[
q̂

αq̂

]
︸ ︷︷ ︸

q̂+

= α

[
0 B2
I 0

]
︸ ︷︷ ︸

B+

[
q̂

αq̂

]
︸ ︷︷ ︸

q̂+

. (2.24)

Here, I is the identity matrix and the auxiliary vector is defined as q̂+ =(ρ̂, û, v̂, ŵ, T̂ ,α û,
α v̂,αŵ,αT̂ )T . The resulting GEVP is linear in eigenvalue α ; though, the problem size
also increased (q̂+ ∈ C9Nζ Nη ). The resulting eigenvalue problem is

A +q̂+ = αB+q̂+. (2.25)

The spatial growth rate in the local instability framework is then defined as

σ =−αi. (2.26)
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2.3.2 Nonlocal instability theory

To overcome the parallel flow constraints of the local instability theory and to also
take into account the slow streamwise evolution of the disturbance profiles, as well
as surface curvature, Herbert & Bertolotti [28, 29, 147] and Simen [302] developed
independently from each other a nonlocal parabolized set of stability equations (PSE).
The PSE apply to convectively unstable flows, and they cover cases where the flow
cannot be considered parallel, such as boundary layers, jets, and wakes. The concept
can be used to study the streamwise growth of linear and nonlinear disturbances, where
the growth mechanism can be based on algebraic transient growth or exponential modal
growth through primary and higher instabilities. A review of the PSE can be found in
Herbert [147]. In this work, only the linear PSE are utilized. More information about
the nonlinear formulation that simultaneously accounts for the interaction of several
Fourier modes can be found in Refs. [3, 29, 137, 139, 288]. Moreover, details on the
nonlinear PSE-3D conceptualization are given in Paredes [240].

In the following, an outline based on Hein et al. [136] is given on the derivation of the
classical parabolized stability equations. Subsequently, the assumptions leading to the
PSE-3D method are introduced.

PSE

The classical PSE are derived for mean flows which are independent of the azimuthal
ζ -direction, and the concept rests on two fundamental assumptions:
1. The first assumption is of WKB type (Wentzel, Kramers, and Brillouin), in which
every mode is decomposed into an amplitude function and an oscillating part. In the
case of just one inhomogeneous spatial direction, the PSE disturbance ansatz yields

q̃(ξξξ , t) = q̂(ξs, η)exp
[

i
(∫

ξ

α
(
ξ
′)dξ

′+βζ −ωt
)]

+ c.c. (2.27)

Here, as in the local spatial theory, α is a complex number and β is assumed to be
real-valued. In contrast to the local theory, the basic state, the amplitude function, and
the streamwise wavenumber are allowed to slowly vary in the streamwise ξ -direction,
respectively.
2. As a second assumption analogous to the multiple scales method [96], a scale
separation 1/Re is introduced between the weak variation in streamwise direction
and the strong variation in wall-normal direction. The weak variations of q̂ and α in
streamwise direction imply small wave-ray or wave-front divergence and curvature,
resulting in a slow variation of the scale factors hi in both streamwise and wall-normal
direction. Moreover, the basic flow wall-normal velocity component w̄ is also assumed
to scale with 1/Re. A slow scale ξs = ξ/Re is introduced with the new dependent

20



2.3. MODAL LINEAR INSTABILITY THEORY

variables then given by

w̄ = w̄s (ξs,η)/Re, q̄ = q̄(ξs,η) ,

α = α (ξs) , q̂ = q̂(ξs,η) , (2.28)
hi = hi (ξs,η/Re) .

With the above scaling and ansatz 2.27 introduced into the linearized Navier-Stokes
equations, keeping terms up to 1/Re, the quasi-parabolic, nonlocal linear stability
equations are obtained. They can be written as

Lpq̂ = Aq̂+B
1

hη

∂ q̂
∂η

+C
1

h2
η

∂ 2q̂
∂η2 +D

1
hξ

∂ q̂
∂ξ

= 0, (2.29)

and describe the nonuniform propagation and amplification of wave-type disturbances
in a moderately nonuniform basic flow. The non-zero coefficients of the 5×5 matrices
A−D are provided in Hein et al. [136].

PSE-3D

With the emergence of improved computer hardware in the second half of the first
decade of the 21st century, it was possible to determine the instability characteristics
of a flow that is general in a two-dimensional plane and slightly inhomogeneous in the
third direction [43, 117, 203, 235, 279]. Thus, in comparison to the classical PSE, the
PSE-3D concept has the advantage of being able to solve for arbitrarily complicated
basic states in the ζ , η plane. The corresponding disturbance ansatz yields

q̃(ξξξ , t) = q̂(ξs, ζ , η)exp
[

i
(∫

ξ

α
(
ξ
′)dξ

′−ωt
)]

+ c.c. (2.30)

Substituting Eq. 2.30 into the LNSE and performing the scale separation as in the
classical PSE (here also a strong variation in ζ -direction is assumed), keeping the terms
up to 1/Re, leads to the linear PSE-3D formulation, which can compactly be written as

Lpq̂ =Pq̂+Q
1

hη

∂ q̂
∂η

+R
1

h2
η

∂ 2q̂
∂η2 +S

1
hζ

∂ q̂
∂ζ

+T
1

h2
ζ

∂ 2q̂
∂ζ 2 +U

1
hζ hη

∂ 2q̂
∂ζ ∂η

+V
1

hξ

∂ q̂
∂ξ

= 0.
(2.31)

The non-zero coefficients of the 5× 5 matrix entries for matrices P−V are given in
Appendix A.
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Normalization condition

There exists an ambiguity in the PSE/PSE-3D formulation since oscillations and growth
of the disturbance component along the slowly varying spatial direction ξS can either
be absorbed into the amplitude function q̂ or into the phase function ΘΘΘ. In order to
remove the ambiguity and restrict rapid streamwise changes of q̂ to justify the (1/Re)
scaling of ∂ q̂/∂ξ , a normalization or auxiliary condition has to be specified. There
exist various forms of the normalization condition (cf. [28, 146]), and the following one
is used within this thesis ∫

Ω

q̂H ∂ q̂
∂ξ

dΩ = 0, (2.32)

where the superscript H denotes the Hermitian transpose. Moreover, the disturbance
kinetic energy K, here defined as

K =
∫

Ω

ρ̄

(
|û|2 + |v̂|2 + |ŵ|2

)
dΩ, (2.33)

is utilized to measure the disturbance growth of convectively unstable modes. The
growth rate for the nonlocal calculations is then determined by

σ =
1

hξ

[
−αi +

∂

∂ξ
ln
(√

K
)]

, (2.34)

where −αi represents the contribution of the exponential part of the perturbation, and
the second RHS term takes the slow streamwise variation of the disturbance kinetic
energy into account. Note,

∫
Ω

in Eqs. 2.32 and 2.33 stands for the integral along the
wall-normal direction in the case of the classical PSE, whereas in the case of PSE-3D, it
represents the two-dimensional integral over the plane normal to the marching direction.
The integrated amplification rate, also known as N-factor, is defined as

N =
∫

ξ

ξ0

σhξ dξ , (2.35)

where ξ0 denotes the streamwise position where a disturbance starts to grow at a certain
frequency.

Neglecting the second streamwise derivatives of the slowly varying functions leads to
an initial boundary-value problem that can be solved by numerical marching procedures
along the streamwise direction. Hence, the PSE provide an adequate balance between
flow physics modeling and computational effort. Thus, since its development in the
early 1990s, the parabolized stability equations have become a valuable tool to address
different kinds of problems such as stability analysis of diverse types of flows [29,
33, 58, 77, 213, 249], receptivity studies [4, 30, 53, 88, 145, 151, 319], sensitivity
analyses [248, 254], and optimization problems [5, 12, 140, 241, 255, 256, 318, 320,
351] .
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2.4 Nonmodal linear instability theory

In the modal linear instability theory, one usually focuses on the exponential growth
or decay of the most unstable mode and thus observes only the asymptotic (t → ∞)
fate of the perturbation and misses the short-term characteristics [288]. Moreover, this
modal-mode approach fails to predict the instability properties for many typical shear
flows, such as the flow through a channel or a pipe. Those flows either do not exhibit
normal-mode instability, or if they do, then the estimated critical Reynolds number is far
higher than the one observed in experiments. For many years, the discrepancy between
modal theory finding and experimental observation was attributed to the linearization,
and much effort was put into taking nonlinear terms into account. However, inspecting
the disturbance energy production terms from the Reynolds-Orr equation reveals that
the nonlinear terms of the Navier-Stokes equations conserve the energy and give a
zero net contribution when integrated over the whole control domain [39]. Thus,
Henningson [142] pointed out that a linear growth mechanism is the only source for
disturbance energy growth in shear flows. This means that there must be another linear
process that does not rely on unstable eigenvalues and still leads to growing disturbance
amplitudes. One possible explanation rests on the nonmodal or transient growth process.
Although already proposed in the 19th century by Kelvin [175] and later explored by
Orr [233], a more detailed understanding of this phenomenon has solely been gained
within the last thirty years.

In the transient growth theory, a superposition of various decaying eigenmodes is studied
that can lead to large algebraic growth before ultimately decreasing at the rate of the
least stable eigenmode. In some cases, this energy growth can be large enough to trigger
nonlinear interactions and finally lead to transition. One usually is interested in the
specific initial condition, which yields the maximal algebraic disturbance growth over
a given time or distance. This initial disturbance is called optimal perturbation and
can be computed by optimization techniques [106]. Mathematically, this nonmodal
growth is due to the non-normality of the governing operator, as outlined in Trefethen et
al. [333], Schmid & Henningson [288], and Schmid [289]. The linearized Navier-Stokes
operator is not self-adjoint (L†L 6= LL†, with L† being the adjoint operator); hence
its eigenfunctions are not strictly orthogonal. If they decay at substantially different
rates, the superposition of those non-orthogonal eigenfunctions can produce significant
transient growth. This is illustrated in the phase plane diagram in Fig. 2.2. It depicts the
temporal evolution of the blue vector (indicated by the red line), under the decay of two
eigenvectors Φ̂0 and Φ̂1, where Φ̂1 decays considerably faster than Φ̂0.

The two dominant physical mechanisms responsible for the nonmodal disturbance
growth in shear flows have been identified as the Orr mechanism and the lift-up ef-
fect [46]. In the following, these two mechanisms are briefly described, and more
detailed information can be found in Refs. [39, 280, 281, 288, 345].
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Φ̂R(t)
Φ̂1

Φ̂0

Figure 2.2: Sketch of a transient growth phase plane diagram. The red curve depicts
the temporal evolution of the blue vector, which grows due to the non-orthogonality and
substantially differing decay rates of the eigenvectors Φ̂0 and Φ̂1. The blue dotted line
indicates the initial magnitude of the blue vector. Adopted from Cantwell [48].

Orr mechanism

The Orr mechanism [233] was discovered more than a century ago and is probably the
first description of algebraic instability for two-dimensional flows. This mechanism
is also known as the Reynolds stress mechanism [46] because the instability extracts
energy from the mean shear by transporting momentum down the wall-normal gradient
of the basic flow streamwise velocity component ∂ ū/∂η through the action of the
perturbation Reynolds stresses ρ̄ ûŵ. Here, ûŵ is the average of the product ûŵ over
an ξ − ζ plane at some height η . In other words, an initial disturbance field, which
primarily consists of spanwise uniform vortices tilted against the shear, extracts energy
from the mean flow while being advected into an upright position, as depicted in Fig. 2.3.
Eventually, the disturbances align themselves with the shear and return the energy to
the basic flow through the same Reynolds stresses before decaying at the rate of the
least stable eigenmode (rightmost sketch of Fig. 2.3). Åkervik et al. [6] found that this
two-dimensional mechanism optimally initiates Tollmien-Schlichting waves. However,
the Orr mechanism is much weaker in Blasius boundary layers compared with the lift-up
effect.

Lift-up mechanism

The lift-up effect is the three-dimensional counterpart to the Orr mechanism and was
first reported as an algebraic instability by Ellingsen & Palm [97]. The authors intro-
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û

ŵ

Figure 2.3: Schematic illustration of the Orr mechanism. Adopted from Lucas [206].

duced low-amplitude streamwise-independent disturbances to two-dimensional inviscid
channel flow and demonstrated that streamwise velocity perturbations can be generated
that grow linearly in time. As a result, streamwise elongated structures were formed
in the boundary layer with spanwise-alternating high- and low-speed streaks. Those
three-dimensional streaky disturbances also grow in viscous fluids where they even-
tually decay due to the viscous dissipation [166, 266]. The inviscid phenomenon of
algebraic instability, along with viscous damping, comprises what is known as transient
growth. The physical explanation for this transient disturbance growth mechanism has
been provided by Landahl [186], who also coined the expression lift-up effect. The
interaction of a longitudinal vortex with the basic flow shear (∂ ū/∂η) – mainly through
the wall-normal disturbance velocity ŵ – lifts up fluid particles at low velocity while
pushing down high-speed fluid. These fluid particles initially keep their horizontal
momentum when being lifted in the wall-normal direction, leading to the production
of large streamwise velocity perturbations û [288]. Since the structure of the boundary
layer is elongated in the streamwise direction, with a typical size Re1/2 times greater
than its thickness, the accumulated resulting û component can be Re1/2 times greater
than the structure from which it originated (usually streamwise vortices) [367].

Landahl’s lift-up effect can also be explained by a perturbation-vorticity-based stretching
and tilting mechanism [106, 280, 281, 345]. Assuming that streamwise-aligned vortical
disturbances (with streamwise wavenumber α = 0) are superposed on an incompressible
parallel shear flow, the formation of spanwise-alternating high- and low-speed streaks
is a consequence of a vorticity tilting process. The vorticity transport equation for this
flow is defined as

Dωωω

Dt
= (ωωω ·∇)u+νO2

ωωω, (2.36)

where the term on the left-hand side is the material derivative of the vorticity vector
ωωω =

(
ωξ , ωζ , ωη

)T and O2 is the Laplace operator. The first term on the right-hand
side in Eq. 2.36 denotes the stretching or tilting of vorticity due to the flow velocity
gradients. In general, vortex tilting is the process that nominally tilts a vortex to give it
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a vorticity component in the direction perpendicular to the vortex core. On the other
hand, vortex stretching corresponds to the lengthening of vortices with an increase of
the vorticity component in the stretching direction.

The vortex-tilting mechanism involved in the lift-up effect is illustrated in Fig. 2.4. The
figure depicts the shear and vorticity for the basic flow and a vertical perturbation in
terms of a single spanwise Fourier mode. The lift-up effect arises because the spanwise
gradient of the wall-normal velocity disturbance (∂ ŵ/∂ζ ) tilts the basic flow vorticity
(ω̄ζ =−∂ ū/∂η) and produces wall-normal perturbation vorticity (ω̂η = ∂ û/∂ζ ) that
grows linearly in time. Thus, an initial condition that contains no û but consists
of a streamwise ’roll’ (ω̂ξ = ∂ ŵ/∂ζ ) leads to the production of û and, therefore,
to streamwise streaks. In the case of the streamwise-aligned vortical disturbances
mentioned above (the initial condition contains both v̂ and ŵ components), the shear in
the mean vorticity direction of the v̂ component (∂ v̂/∂ζ ) would also stretch ω̄ζ . Note,
there is also ω̂ξ production because the basic flow shear (∂ ū/∂η) tilts the generated
wall-normal perturbation vorticity ω̂η . However, for the parallel flow considered, this
produced ω̂ξ is exactly canceled by a similarly growing contribution that occurs due to
the tilting of the basic flow vorticity (ω̄ζ =−∂ ū/∂η) by the spanwise gradient of the
streamwise velocity disturbance (∂ û/∂ζ produced through the tilting of ω̄ζ by ∂ ŵ/∂ζ ).

ξ

η

ζ

ū(η)
ω̄ζ =− ∂ ū

∂η

(∂ û/∂ζ ), ω̂η

(∂ ŵ/∂ζ ), ω̂ξ

Figure 2.4: Schematic illustration of the lift-up effect associated with the vortex tilting
mechanism. The curved arrows denote the tilting of a spanwise Fourier mode with
velocity ŵ and vorticity ω̂ξ into a streamwise Fourier mode with velocity û and vorticity
ω̂η . Adopted from Roy & Subramanian [281].
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The streamwise streaks generated by the lift-up effect (also believed to be at the origin
of the Klebanoff modes [177]) have been identified to trigger transition in various
experiments on boundary layers subjected to freestream turbulence [37, 123, 177, 181,
217, 286, 355]. Especially, the usual transition scenario of exponentially growing
Tollmien-Schlichting waves is bypassed (a term coined by Morkovin [224, 226]) when
the freestream turbulence levels are higher than 0.5%–1% [114].

In the general case of oblique waves, both the Orr mechanism and the lift-up effect
act together, and one has to identify the optimal disturbance [105] (worst case initial
condition) that leads to a maximum energy amplification.

Optimal perturbations

The aim of the present work is to find an initial disturbance that experiences the
maximum energy amplification within an optimization interval [ξ0, ξ1] to identify the
worst-case scenario concerning transition. Since the PSE/PSE-3D pose an initial-value
problem, the goal is to find the corresponding initial optimal perturbation (excluding
the question of physical realizability), q̂0 = q̂(ξ0), which maximizes a suitably defined
objective function, J (q̂), a measure of disturbance energy gain.

Within the scope of this work, and as a typical approach described in the litera-
ture [14, 193, 208, 368], solely stationary disturbances with α = 0 are considered
as possible optimal perturbations. Moreover, to capture the algebraic growth of the
initial disturbances, the auxiliary condition used in the classical PSE (cf. Eq. 2.32), is
omitted in the transient growth computations. Therefore, the nonmodal disturbance
growth of q̃ is entirely absorbed by the shape function.

To quantify the energy in a disturbance, one has to utilize a suitable norm. It has been
shown that the choice of the energy norm has an impact on the shape of the optimal
perturbation and hence on the maximum energy amplification [318, 335, 366, 368]. In
this work, the positive-definite energy norm proposed by Chu [65], Mack [209], and
Hanifi et al. [134] is used. The norm reads

E (ξ ) = ||q̂||E = (q̂, ME q̂) , (2.37)

and is based on the inner product

(a, b) =
∫

ζ

∫
η

aHbhζ hη dη dζ . (2.38)

The total energy weight matrix, ME , consists of all five state variables and is defined by

ME = diag
[

T̄
ρ̄γMa2 , ρ̄, ρ̄, ρ̄,

ρ̄

γ (γ−1) T̄ Ma2

]
. (2.39)
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Additionally, an energy norm that is solely based on the kinetic energy of the disturbance
is also employed in this thesis. The energy weight matrix, in this case, reduces to

MK = diag [0, ρ̄, ρ̄, ρ̄,0] . (2.40)

There are two objective functions that are commonly used for optimal-perturbation
problems [243, 254, 368], namely maximizing the outlet energy gain at ξ1,

Jout =
E (ξ1)

E (ξ0)
, (2.41)

and maximizing the mean energy gain,

Jmean =
1

ξ1−ξ0

∫ ξ1
ξ0

E (ξ ′)hξ dξ ′

E (ξ0)
. (2.42)

In general, the gain factor is a measure for the magnitude of energy amplification,
G = E (ξ )/E (ξ0).

The choice of the objective function also affects the shape of the optimal perturbation
and leads to different maximum energy amplification values, Gmax. In the case of Jout ,
the gain at ξ1 is always higher compared to Jmean, but optimizing the mean energy
gain can lead to a larger overshoot in the perturbation energy evolution within the
optimization interval [ξ0, ξ1]. The impact of the two different objective functions on
the streamwise gain evolution is exemplarily shown in Fig. 2.5 for maximizing the total
disturbance energy in a boundary layer on a spherical-section forebody of a generic
re-entry capsule. In this example, the optimization interval starts at ξ0 = 0.041m and
ends at ξ1 = 0.118m. For both objective functions (Jout and Jmean) , the maximum
energy gain Gmax = max[ξ0,ξ 1] (G) occurs within the optimization interval, which is not
always the case for Jmean and especially not for Jout (in particular at short optimization
lengths). However, since the area below the gain curve is maximized in the case of
Jmean, Gmax in this particular example is higher for Jmean than for Jout . More details on
the transient-growth characteristics for the considered capsule geometry are given in
Sec. 5.4. To distinguish when the objective function is maximized for the total energy
E or the kinetic energy K of a disturbance, a corresponding subscript is added to the
objective function, resulting in four possible options: Jout

E , Jout
K , Jmean

E , and Jmean
K .

Input-output analysis

In order to find the initial optimal perturbation q̂0 that, e.g., maximizes the energy at a
specific position ξ1, a linear optimization problem has to be solved. Analogous to the
temporal framework as used by Corbett & Bottaro [69], an input-output point of view
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Figure 2.5: Representative example for the impact of the objective function on the
streamwise gain evolution.

can be employed by utilizing the concept of a spatial propagator P . The propagator
expresses the evolution of the initial solution from ξ0 to ξ1,

q̂1 = Pq̂0. (2.43)

The disturbance at ξ0 is optimized over all initial inputs to obtain the maximum algebraic
growth, i.e., the highest possible ratio of output to input energy. With the relation
provided in Eq. 2.43, it is possible to rewrite the expression for the maximum growth,
Gmax, in terms of the initial solution and the spatial propagator

Gmax = max
q̂0

||Pq̂0||2

||q̂0||2
, (2.44)

With the definition of the disturbance energy from Eq. 2.37, the maximum gain yields in

Gmax = max
q̂0

(Pq̂0, PME1 q̂0)(
q̂0, ME0 q̂0

) . (2.45)

An equivalent form for this expression is

Gmax = max
q̂0

(
q̂0, P

†PME1 q̂0
)(

q̂0, ME0 q̂0
) , (2.46)

where the operator P† denotes the adjoint operator to P with respect to the chosen
inner product. The maximum gain Gmax is the largest singular value of the spatial
operator P , while the corresponding singular vector obtains the optimal perturbation.
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Equation 2.46 expresses the Rayleigh quotient created by the self-adjoint operator
P†P . The growth will be maximized by the largest eigenvalue (Gmax) of the problem

M−1
E0

P†PME1 q̂0 = Gmaxq̂0, (2.47)

and the optimal perturbation sought is the corresponding eigenfunction. The linear
operator multiplying the optimal initial disturbance is a positive-Hermitian form. Thus,
the maximum gain Gmax is real and positive, and the eigenvectors are orthogonal to one
another. Moreover, since all eigenvalues of Eq. 2.47 are real and positive, the following
power iteration method converges to the optimal perturbation

q̂n+1
0 = M−1

E0
P†PME1 q̂n

0. (2.48)

This procedure is equivalent to finding the largest singular value of the spatial propagator
P .

Based on the presented input-output point of view, two different methods can be used to
solve the optimal initial perturbation problem:

• The optimal initial disturbance is identified via a singular value decomposition,
as explained above. However, this methodology implies the explicit construction
of the spatial propagator P in matrix form, which can be a heavy computational
task for an evolving basic flow [153]. Nevertheless, the explicit propagator
forming approach is realizable under the parallel-flow approximation by creating
an eigenvector expansion of the state vector q̂, and this technique has been used
for both incompressible [46, 173] and compressible flow cases [32, 134].

• The optimal initial disturbance is obtained by an adjoint-based optimization
algorithm. Hence, the spatial propagator P is not explicitly constructed, but its
effect is determined by marching the initial solution downstream. A subsequent
backward (i.e., marching upstream) integration utilizing the adjoint equations
allows for power iterations to compute the optimal disturbances. This is a much
more effective and flexible technique for non-parallel basic flows, and it is the
method of choice in this thesis. More details on this approach are given in the
next subsection.

2.4.1 Optimal perturbation via Lagrange multipliers

The transient growth calculations presented in this thesis are based on a variational
Lagrangian approach while employing the intrinsic parabolic nature of the governing
equation and closely follows the method of Tempelmann et al. [318, 320] and Zuccher
et al. [368]. In the following, this methodology is outlined with the focus being on the
plane-marching PSE approach (PSE-3D).

30



2.4. NONMODAL LINEAR INSTABILITY THEORY

First, an objective function, J (q̂), to be maximized has to be chosen. This can either be
the disturbance energy at the end of the optimization interval [ξ0, ξ1] (Jout in Eq. 2.41)
or the mean energy within the interval (Jmean in Eq. 2.42). The next step is to build up
an optimization procedure and identify the initial disturbance, which yields extrema
of the objective function. Moreover, the optimal initial disturbance also has to satisfy
the perturbation’s governing equations Lpq̂0 = 0 and the corresponding boundary
conditions. By taking those constraints into account, the following Lagrange functional
can be constructed

L
(
q̂, q̂†)= J (q̂)−〈q̂†, Lpq̂〉, (2.49)

where q̂† is the Lagrange multiplier or adjoint variable q̂† =
(
ρ̂†, û†, v̂†, ŵ†, T̂ †

)T that
enforces the state variable to fulfill the direct equations (Eq. 2.29 for PSE or Eq. 2.31
for PSE-3D). Note, an additional constraint of unit energy (E0 = 1) can also be added
to the Lagrangian function via an extra multiplier to ensure that the initial unit energy
condition is respected. However, in practice, the initial condition q̂0 is scaled to yield
unit energy; therefore, this constraint is omitted in Eq. 2.49. The inner product utilized
in the Lagrange functional 〈·, ·〉 is a global measure that includes the whole spatial
domain

〈a, b〉=
∫

ξ

∫
ζ

∫
η

aHbhξ hζ hη dη dζ dξ . (2.50)

The formal adjoint L†
p of the direct differential operator Lp can be derived in terms of

Eq. 2.50

〈q̂†, Lpq̂〉= 〈L†
pq̂†, q̂〉+

∫
ξ

∫
ζ

∫
η

∇ ·K hξ hζ hη dη dζ dξ︸ ︷︷ ︸
B.T.

, (2.51)

where K is the bilinear concomitant describing the boundary terms (B.T.) in the three
dimensions. The adjoint PSE-3D operator in compact notation reads

L†
p =P† +Q† 1

hη

∂

∂η
+R† 1

h2
η

∂ 2

∂η2 +S† 1
hζ

∂

∂ζ

+T† 1
h2

ζ

∂ 2

∂ζ 2 +U† 1
hζ hη

∂ 2

∂ζ ∂η
+V† 1

hξ

∂

∂ξ
,

(2.52)

and its derivation based on integration by parts in space on the leftmost inner product in
Eq. 2.51, along with the specific forms of the comprised adjoint operators P†−V† and
the resultant boundary terms, is given in Appendix B. Note, the derivation of the adjoint
line-marching PSE operator is given in Pralits et al. [254].

To maximize the cost function J (q̂), one has to identify the stationary points of the
Lagrangian functional (Eq. 2.49). This implies finding the roots of the first variational
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of Eq. 2.49 such that ∂L
(
q̂, q̂†

)
= 0:

∂L
(
q̂, q̂†)= ∂L

(
q̂, q̂†

)
∂ q̂† δ q̂† +

∂L
(
q̂, q̂†

)
∂ q̂

δ q̂ = 0, (2.53)

where, e.g.,

∂L
(
q̂, q̂†

)
∂ q̂

δ q̂ = lim
ε→0

L
(
q̂+ εδ q̂, q̂†

)
−L

(
q̂, q̂†

)
ε

. (2.54)

In order to fulfill Eq. 2.53, every term has to vanish independently. Setting the first
variation to zero

∂L
(
q̂, q̂†

)
∂ q̂† δ q̂† =−

∂ 〈q̂†, Lpq̂〉
∂ q̂† δ q̂† = 0⇒ Lpq̂ = 0, (2.55)

requires solving the direct equations (i.e., Eq. 2.31). The second term in Eq. 2.53 renders
to zero when considering the adjoint operator definition in Eq. 2.51

∂L
(
q̂, q̂†

)
∂ q̂

δ q̂ =
∂J (q̂)

∂ q̂
δ q̂−

∂ 〈L†
pq̂†, q̂〉
∂ q̂

δ q̂− ∂ (B.T.)
∂ q̂

δ q̂ = 0, (2.56)

where J (q̂) denotes the weighted sum of the two objective functions defined in
Eqs. 2.41 and 2.42 and reads as

J (q̂) = ι1J (q̂)out + ι2J (q̂)mean . (2.57)

In the special case of ι1 = 1 and ι2 = 0, the objective function maximizes the energy at
the outflow station ξ1, whereas for ι1 = 0 and ι2 = 1, the integral energy over the whole
domain [ξ0, ξ1] is maximized. With the above definition for the weighted objective
function, Eq. 2.56 results in

∂L
(
q̂, q̂†

)
∂ q̂

δ q̂ = 0⇔


−L†

pq̂† + ι22MH q̂ = 0 in ξ

VH q̂†
0−2 E(ξ1)

E(ξ0)
2 Mq̂0 = 0 on ξ = ξ0

−VH q̂†
1 +

2
E(ξ0)

Mq̂1 = 0 on ξ = ξ1

(2.58)

Rendering the gradient of the Lagrangian functional with respect to q̂ to zero thus
implies solving the adjoint PSE/PSE-3D, as well as satisfying the optimality conditions
at ξ0 and ξ1. As the direct problem, the adjoint equation system is parabolized but
marches an initial perturbation upstream from ξ1 to ξ0. In the case of J (q̂)out , the
adjoint system is L†

pq̂† = 0, whereas a forcing term (L†
pq̂† = 2MH q̂) is present in the

case of J (q̂)mean. The optimality conditions at ξ0 and ξ1 stem from the streamwise
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boundary terms, Kξ , and the gradient of the objective functional J . Here, the boundary
conditions for the direct and adjoint disturbance variables are chosen, such that boundary
terms in wall-normal (Kη ) and spanwise direction (Kζ ) are zero. Thus, the initial
condition to start the upstream marching integration of the adjoint equations at ξ1 is

q̂†
1 =

(
VH)−1 2

E (ξ0)
M1q̂1. (2.59)

Note that VH is singular at the wall, and in order to render Eq. 2.59 solvable, the
values for the adjoint disturbance variables (q̂† =

(
ρ̂†, û†, v̂†, ŵ†, T̂ †

)T ) are set from
the boundary conditions. However, there exists no boundary condition for the adjoint
density ρ̂†; hence, this value is obtained from the adjoint wall-normal equation, which,
at the wall, relates ρ̂† to the other adjoint perturbation variables. The initial condition
for the direct PSE/PSE-3D is accordingly obtained from the adjoint disturbance field
via the optimality condition at ξ0

q̂0 =
1
2

E (ξ0)
2

E (ξ1)
(M0)

−1 VH q̂†
0. (2.60)

The optimality condition for the streamwise disturbance velocity û(ξ0) then becomes

û(ξ0) =
1
2

E (ξ0)
2

E (ξ1)

(
ρ̂

† (ξ0)+ ū(ξ0) û† (ξ0)
)
. (2.61)

Since the adjoint density ρ̂† (ξ0) is not zero at the wall, the above relation yields a
non-zero value of û(ξ0) at the surface. To resolve this inconsistency and to satisfy
the no-slip boundary condition at the wall, ρ̂† (ξ0) is set to zero at ξ0 in this work.
Tempelmann et al. [318, 320] found that neglecting the adjoint density in Eq. 2.61 has a
negligible impact on optimal spatial growth.

2.4.2 Optimal transient growth optimization algorithm

An adjoint-based optimization algorithm is applied to iteratively determine the max-
imum of the objective functional J, employing the intrinsic parabolic nature of the
equations. The upstream marching of the adjoint PSE/PSE-3D takes about the same
computing time as the downstream integration of the direct PSE/PSE-3D. The iterative
algorithm amounts to the following five steps (see Fig. 2.6):
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1. An arbitrary initial perturbation q̂(0)
0 is chosen at ξ0 that satisfies the boundary

conditions.

2. The direct PSE/PSE-3D, Lpq̃ = 0, are used at the n-th iteration to march the
solution q̂(n)

0 from ξ = ξ0 to ξ = ξ1. From the downstream development of the
disturbance, the objective function J(n) is computed at ξ1 and compared to J(n−1).
The optimization procedure is terminated when the value of J(n) has converged
up to a prescribed tolerance, which is set to 10−4 in the current computations.

3. The final optimality condition Eq. 2.59 at ξ1 is utilized to obtain the initial
condition q̂†

1 for the adjoint system.

4. The adjoint PSE/PSE-3D, L†
pq̂† = RHS, are solved to march the solution q̂†

1
backward in space from ξ = ξ1 to ξ = ξ0. The RHS is either zero in case of
outlet energy optimization (Jout) or contains the source term RHS = 2MH q̂ in
case of mean energy optimization (Jmean).

5. A new initial condition for the forward problem, q̂(n+1)
0 , is obtained from the

adjoint solution at ξ0, employing the initial optimality condition Eq. 2.60. The
procedure is repeated until the objective function is converged in step 2.

optimality
condition

optimality
condition
Eq. 2.59

initial

Converged Yes

Non = n+1

n > 1

direct problem
Lpq̂ = 0

n = 0

adjoint problem

q̂(0)
0

ξ0

ξ1

L†
pq̂† = 0

q̂(n+1)
0

optim
alinitialdisturbance

disturbance

q̂†(n)
1

Eq. 2.60

Figure 2.6: Sketch of the adjoint-based optimization algorithm for maximizing the
outlet energy.
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2.5 Disturbance energy balance

In the disturbance energy balance, the kinetic or total energy of a disturbance is decom-
posed into its production, dissipation, and flux terms. This decomposition offers the
opportunity to identify the major contributing terms and shed light on the fundamental
growth mechanism (both modal and nonmodal).

One disturbance energy balance is described by the Reynolds-Orr equation that governs
the evolution of perturbation energy with periodic boundaries and relates the change in
kinetic fluctuation energy to integral production and dissipation terms for incompressible
flow [288]. In the following, the compressible pendant is given for the total energy in a
disturbance based on the approach of Chu [65], because it has been shown that Chu’s
norm (Eq. 2.37) is positive definite and does not support spurious disturbance energy
growth in the absence of physical energy sources [120, 121].

Following the approach of Chu [65] and Weder et al. [354], the balance equation is
derived from the three-dimensional, compressible linearized Navier-Stokes equations
LNSE. The LNSE operator L̃NSE depends on the basic flow q̄ and acts on the first-order
disturbances q̃

L̃NSE (q̄) q̃ = 0. (2.62)

First, the continuity equation (2.62)1 is multiplied by ā2ρ̃/(γρ̄) with ā2 = T̄/Ma2,
the momentum equation in (ξ , ζ , η)-direction (2.62)2−4 by (ũ, ṽ, w̃), and the energy
equation (2.62)5 by T̃/T̄ . Next, the sum of the equation system is integrated over an
arbitrary but time-independent domain Ω, and the resulting scalar equation yields in∫

Ω

[
ỹTL̃NSE (q̄) q̃

]
dΩ = 0, (2.63)

where the multiplication factors are collected in the vector ỹ = (ā2ρ̃/(γρ̄), ũ, ṽ, w̃,
T̃/T̄ )T. The infinitesimal volume is denoted by dΩ = hξ hζ hη dξ dζ dη . In conformity
with Chu [65], all terms with a time derivative in Eq. 2.63 are collected; thus, the total
disturbance energy norm (cf. Eq. 2.37) results in

E =
∫

Ω

[
1
2

ρ̄
(
ũ2 + ṽ2 + w̃2)+ 1

2
ā2ρ̃2

γρ̄
+

1
2

ρ̄cV T̃ 2

T̄

]
dΩ. (2.64)

Taking the above formulation into account and with the aid of Gauss’s divergence
theorem (integration by parts in space), Eq. 2.63 can be rearranged into the balance
equation for the total disturbance energy

dE
dt

= P1 +P2 +P3︸ ︷︷ ︸
Production

+D1 +D2︸ ︷︷ ︸
Dissipation

+ Fl︸︷︷︸
Flux

. (2.65)

35



2.5. DISTURBANCE ENERGY BALANCE

In the case of the disturbance kinetic energy balance, Eq. 2.65 reduces to

dK
dt

= P1 +D1 +Fl . (2.66)

The right-hand side of Eq. 2.65 contains many terms. Instead of presenting all of them,
solely the largest and most significant contributions to the disturbance energy balance,
for the flow cases considered in this thesis, are discussed in more detail (black terms
in Eq. 2.65). Characteristically, the terms on the right-hand side are defined by their
effect. Production terms that lead to the growth of disturbance energy have a positive
sign, while energy dissipation (negative sign) leads to a decrease in disturbance energy.
Flux terms can either be positive or negative. The composition of the individual terms
contributing to the disturbance energy balance is given below.

Disturbance energy production terms

The three disturbance energy production terms break down as follows.

• The production term P1 comes from the momentum equations and describes the
interaction of Reynolds stress with the basic flow velocity gradients. Moreover, it
is the exclusive source of disturbance energy growth for incompressible boundary
layers.

P1 =
3

∑
i=1

3

∑
j=1

Pi, j, Pi, j =
∫

Ω

−1
2

Ii, jdΩ, Ii, j = τi, j
∂ ūi

∂ξ j
, τi, j = ρ̄ ũiũ j, (2.67)

• The term P2 represents the thermal disturbance energy production and includes
contributions from both the energy equation and the continuity equation. It results
from the interaction between entropy flux density and basic flow temperature
gradient and is defined as

P2 =
3

∑
i=1

Ti, Ti =
∫

Ω

−1
2

ρ̄ ũis̃
∂ T̄
∂ξi

dΩ, (2.68)

where s̃ =
[
(γ−1)−1 T̃/T̄ − ρ̃/ρ̄

]
/
(
γMa2

)
denotes the specific disturbance en-

tropy.

• The term P3 represents energy transfer to the disturbance due to changes in
viscosity and heat conduction with temperature. P3 is generally an order of
magnitude smaller than P1 and P2 [65].
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2.5. DISTURBANCE ENERGY BALANCE

Disturbance energy dissipation terms

The two disturbance energy dissipation terms break down as follows.

• The viscous dissipation term D1 stems from the momentum equations and tends
to even out any velocity fluctuations. The D1 term is the only source of dissipation
in an incompressible flow

D1 =
∫

Ω

−1
2

3

∑
i=1

3

∑
j=1

τ̃i, j

(
∂ ũi

∂ξ j
+

∂ ũ j

∂ξi

)
dΩ, (2.69)

where the disturbance shear stress components are defined as

τ̃i, j =
µ̄

Re

(
∂ ũi

∂ξ j
+

∂ ũ j

∂ξi

)
+

λ̄µ

Re
∂ ũk

∂ξk
δi j (2.70)

with δi j being the Kronecker delta.

• The thermal dissipation term D2 is more important for compressible flows and
tends to wipe out the entropy spottiness. The D2 term is defined as

D2 =
∫

Ω

−1
2

3

∑
i=1

q̃i

T̄
∂ T̃
∂ξi

dΩ (2.71)

with

q̃i =
k̄

(γ−1)RePrMa2
∂ T̃
∂ξi

(2.72)

being the perturbation heat flux.

Disturbance energy flux term

The disturbance energy convected across the domain boundary is collected in the flux
term Fl , which is not presented here because its components are either negligibly small
or provide no further physical insights into the instability mode investigated in this
thesis. More precisely, the computational domains are chosen large enough such that
the disturbance quantities have negligible amplitudes at the domain boundaries or are
forced to zero via a Dirichlet boundary condition. Furthermore, the difference between
the domain outlet and inlet flux is equal to the sum of the production and dissipation
terms already stated.

The disturbance energy balance (Eq. 2.65) is valid for a three-dimensional flow field
and does not constrain the shape of the small-amplitude perturbations.
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Chapter3
Numerical considerations

THE focus of this chapter is on the numerical methods implemented in the newly
developed instability code. The numerical setup regarding the laminar basic flow

computations is presented in the subsequent chapters.

3.1 Spatial discretization

The grid coordinates in a particular direction not only depend on the length of the
domain and the number of grid points, but also on the differentiation method that is
used in that direction. This section outlines the discretization schemes employed in
the wall-normal, spanwise, and streamwise direction, respectively. Moreover, details
are also given about the utilized coordinate transformation and implemented boundary
conditions.

3.1.1 Discretization in wall-normal and azimuthal direction

The wall-normal and azimuthal directions are discretized with a stable high-order finite
differences scheme of order q (FD-q), developed by Hermanns and Hernández [148].
The method is based on piecewise polynomial interpolation of degree q ≤ P on a
non-uniform grid point distribution, where P+1 is the number of total grid points in
the corresponding spatial direction. The method has the sparsity advantage of a finite
difference scheme and reaches spectral-like convergence behavior as q→ P. A brief
outline of the scheme is given below. For further information on the method and its
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3.1. SPATIAL DISCRETIZATION

application to time evolution problems, the reader is encouraged to consult the original
publication of Hermanns and Hernández [148].

In the FD-q method, a piecewise polynomial interpolant is constructed to approximate
the derivative of a continuous function f (x). The interpolant matches the discrete values
of the function at the grid nodes xi in the interval x ∈ [−1,1] and consists of individual
interpolants Ii(x) of polynomial degree q. The derivative of the function ( f ′ (x)) is
then obtained by determining the derivative of the interpolants at these points. Each
interpolant Ii(x) is solely valid in their subdomain of validity Ωi, which includes the
corresponding grid node xi and is defined as: Ωi :

[
xi−1/2,xi+1/2

)
with i = 0, ...,P. An

example of a piecewise polynomial interpolant of degree q = 6 on 11 nodes (P = 10) is
depicted in Fig. 3.1.

Centered stencils

s0 = 0
s1 = 0
s2 = 0
s3 = 0
s4 = 1
s5 = 2
s6 = 3
s7 = 4
s8 = 4
s9 = 4

s10 = 4

x0 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10

Ω0 Ω4 Ω9

I0(x)

I4(x)

I9(x)

Figure 3.1: Stencils, seeds si, and domains of validity Ωi for a piecewise polynominal
interpolation of degree q = 6 on 11 nodes (P = 10). The dashed box separates the
centered stencils from those affected by the presence of the domain boundaries. Figure
reproduced from Paredes et al. [236].

For a given set of grid nodes, the resulting expression for Ii(x) is obtained by the
Lagrange interpolation formula:

Ii(x) =
si+q

∑
j=si

li j(x) f j, li j(x) =
q

∏
m=0

si+m 6= j

x− xsi+m

x j− xsi+m
, (3.1)

where the seed si represents the index of the lower limit grid point xi of the stencil
involved in the construction of the interpolant Ii(x). In this work, only an even number
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3.1. SPATIAL DISCRETIZATION

of the polynomial degree q is used (either q = 6 or q = 8), resulting in a predominantly
centered finite-difference formula with

{si}= {0, ...,0︸ ︷︷ ︸
q/2times

,0,1, ...,P−q︸ ︷︷ ︸
centeredFD

,P−q, ...,P−q︸ ︷︷ ︸
q/2times

}. (3.2)

For the above selection of seeds, the derivatives of f (x) will only be centered for nodes
sufficiently far away from the boundaries of the interval [x0, xP], whereas close to the
domain boundaries, the stencils will be biased towards the inner grid points, as can be
seen in Fig. 3.1.

A vital characteristic of the FD-q method is that it uses a non-uniform grid to aim for a
uniform interpolation error of the piecewise polynomial interpolant across the interval
[−1, 1] to suppress the Runge phenomenon. It is well known [250, 282] that in the
case of high-order polynomial interpolation, the use of equally spaced nodes xi leads
to large oscillations near the boundaries of the interpolation interval and, therefore, to
large interpolation errors. The concept of a uniform interpolation error was originally
addressed by Chebyshev [167], but solely for a single polynomial interpolant. The
result is also a non-uniform grid known as the Chebyshev roots or Chebyshev-Gauss
quadrature points, which is unique for each number of nodes. This, in turn, implies
for the FD-q method that the grid point distribution is also unique for each pair of
values of q and P, and in the limiting case of q = P, the node distribution corresponds
to the Chebyshev roots. Hence, in that case, the FD-q discretization is identical to the
Chebyshev collocation method. For q < P, the grid point distribution is obtained from a
nonlinear optimization problem that minimizes the pointwise interpolation error on the
final grid.

Paredes et al. [236] showed that this finite-difference method outperforms spectral
collocation methods for stability analysis calculations and is the best compromise in
terms of accuracy and computational efficiency while recovering spectral-like accuracy.
Due to these characteristics, the FD-q scheme has become widely disseminated for
stability analysis tasks involving two discretized inhomogeneous spatial directions [79,
222, 223, 235, 236, 238, 239, 242, 339].

3.1.2 Discretization in streamwise direction

The derivatives in streamwise direction of Eq. 2.29 and 2.31 are discretized based on
the following first-order accurate backward finite-difference scheme

∂ q̂
∂ξ

∣∣∣∣
i+1

= ai+1q̂i+1 +aiq̂i, (3.3)
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where
ai+1 =

1
∆i
, ai =−

1
∆i
, (3.4)

with
∆i = ξi+1−ξi. (3.5)

In addition, a second-order accurate backward finite-difference scheme is also used for
the optimal transient growth computations presented in this thesis. The scheme reads as
follows

∂ q̂
∂ξ

∣∣∣∣
i+1

= ai−1q̂i−1 +aiq̂i +ai+1q̂i+1, (3.6)

with

ai+1 =
∆i−1 +2∆i

∆i (∆i−1 +∆i)
, ai =−

∆i−1 +∆i

∆i∆i−1
, ai−1 =

∆i

∆i−1 (∆i−1 +∆i)
. (3.7)

For a uniformly spaced grid, ∆i−1 = ∆i = ξi+1−ξi, the coefficients reduce to ai+1 =
1.5/∆i, ai =−2/∆i, and ai−1 = 0.5/∆i.

In the case of the second-order discretization, the values of q̂i−1 are unavailable at the
first step (i = 0) of the marching procedure. Hence, the first-order scheme is used to
start the nonlocal computation, and q̂0 either contains a provided initial condition or a
solution from a LST/LST-2D calculation.

3.1.3 Coordinate transformations

The FD-q method is defined on a bounded interval [−1, 1], which usually does not
coincide with the physical domain of interest. Moreover, the non-uniform grid point
distribution that minimizes the interpolation error in the FD-q method is clustered
towards the domain boundaries, whereas the nodes are nearly equidistantly distributed
within the interval. However, to achieve an adequate resolution of the amplitude
functions, the grid points have to be clustered in regions where the highest gradients
of the eigenfunctions occur. On that account, suitable geometrical mappings have to
be applied. In this work, two different one-dimensional mappings are used for both
the wall-normal and the azimuthal direction. The first one was originally introduced
by Malik [212] and maps the computational coordinates x ∈ [−1, 1] to the semi-infinite
physical grid y ∈ [0, ymax]:

y = al
1+ x
b+ x

(3.8)

with
al = yh

ymax

ymax−2yh
, b = 1+2

al

ymax
. (3.9)
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Here, ymax is the location where the computational domain is truncated, and yh denotes
a freely chosen constant to cluster points together, such that half of the nodes are
located in the interval [0, yh]. The second transformation employed in this work has
been successfully used by Hein & Theofilis [138] in their LST-2D studies and maps the
collocation points x ∈ [−1, 1] to y ∈ [−ymax + y0, ymax + y0] :

y = y0 + ymax
tan
( cπ

2 x
)

tan
( cπ

2

) , (3.10)

where y0 represents the center-point, and c is a variable to control the point clustering
(0 < c < 1).

In this work, the flow field is discretized by employing finite differences (cf. Secs. 3.1.1
and 3.1.2). Therefore, any derivative of q̂ can be expressed as a matrix-vector product
of the associated finite-difference coefficient matrix D and q̂ itself:

1
hi

∂ q̂
∂xi

= Diq̂. (3.11)

The second derivative of q̂ is computed with the same procedure, employing a separate
finite-difference coefficient matrix Dii. The discretized system of equations, in the case
of LST-2D, would then read:

Pq̂+QDη q̂+RDηη q̂+SDζ q̂+TDζ ζ q̂+UDζ η q̂ = 0. (3.12)

If a coordinate transformation has to be carried out, the collocation derivative matrices D
for each spatial direction also need to be adjusted to incorporate the mapping information
using the chain rule:

D̊y =
dx
dy

Dx, (3.13)

D̊yy =

(
dx
dy

)2

Dxx +
d2x
dy2 Dx. (3.14)

Whenever a coordinate transformation is needed, the derivative matrix D (i.e., as used
in Eq. 3.12) has to be replaced by D̊ .

3.1.4 Boundary conditions

In order to solve the local (Eqs. 2.18 and 2.20) and nonlocal (Eqs. 2.29 and 2.31)
stability equations, adequate boundary conditions must be specified for the disturbance
variables. In general, various types of boundary conditions can be applied, but in
this work, only boundary-layer flows are considered. At the wall (k = 1), the no-slip
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isothermal boundary conditions are imposed by setting the velocity perturbations and
the temperature amplitude function to zero via a Dirichlet condition. On the other hand,
the linearized continuity equation is satisfied at the wall; thus, no boundary conditions
need to be specified for the density fluctuation. At the far-field boundary (k = Nη ), the
amplitude functions are forced to decay by imposing the Dirichlet condition for all
disturbance variables except for the wall-normal velocity component, unless otherwise
stated. Whenever the azimuthal direction is not taken to be homogeneous, e.g., for
LST-2D or PSE-3D computations, appropriate boundary conditions also need to be
set on the spanwise sides of the discretized plane ( j = 1, j = Nζ ). Three different
boundary conditions are currently implemented in the instability code for the azimuthal
boundaries, namely, a symmetry condition, an antisymmetry condition, and periodicity.
An overview of the different boundary conditions used in this thesis is given in Table 3.1,
whereas the specific boundary conditions for each case considered are provided in the
corresponding chapters.

Table 3.1: Overview of the different boundary conditions used in the instability analyses.
Note,

(
Nξ , Nζ , Nη

)
are the respective number of grid points in streamwise, spanwise,

and wall-normal direction with i = 1, ...,Nξ , j = 1, ...,Nζ and k = 1, ...,Nη .

Boundary Scope Definition
condition

isothermal,
k = 1 ûi, j,1 = v̂i, j,1 = ŵi, j,1 = T̂i, j,1 = 0

no-slip wall

farfield k = Nη
ρ̂i, j,Nη

= ûi, j,Nη
= v̂i, j,Nη

= T̂i, j,Nη
= 0

symmetry j = 1 ∂ ρ̂i,1,k/∂ζ = ∂ ûi,1,k/∂ζ = v̂i,1,k = ∂ ŵi,1,k/∂ζ =
∂ T̂i,1,k/∂ζ = 0

j = Nζ

∂ ρ̂i,Nζ ,k/∂ζ = ∂ ûi,Nζ ,k/∂ζ = v̂i,Nζ ,k =

∂ ŵi,Nζ ,k/∂ζ = ∂ T̂i,Nζ ,k/∂ζ = 0

antisymmetry j = 1 ρ̂i,1,k = ûi,1,k = ∂ v̂i,1,k/∂ζ = ŵi,1,k = T̂i,1,k = 0

j = Nζ

ρ̂i,Nζ ,k = ûi,Nζ ,k = ∂ v̂i,Nζ ,k/∂ζ = ŵi,Nζ ,k =

T̂i,Nζ ,k = 0

periodic j = 1 ρ̂i,1,k = ρ̂i,Nζ ,k, ûi,1,k = ûi,Nζ ,k, v̂i,1,k = v̂i,Nζ 1,k,

j = Nζ ŵi,1,k = ŵi,Nζ ,k, T̂i,1,k = T̂i,Nζ ,k
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3.2 Eigenvalue computation

The matrices A + and B+ of the GEVP (Eq. 2.25) in an LST-2D computation can have a
leading dimension of O

(
105
)
; thus, an efficient assembling and storage implementation

is required. In general, the newly developed instability code is capable of handling
both dense and sparse matrices. Still, only the sparse version is used here for efficiency
reasons in terms of memory consumption and computational time.

The instability code forms the matrices in parallel (parallelized via Message Passing
Interface (MPI)), utilizing the compressed sparse row storage format of the Portable,
Extensible Toolkit for Scientific Computation (PETSc) library [18]. The eigenvalue
problem (Eq. 2.25) is solved by calling the Scalable Library for Eigenvalue Problem
Computations (SLEPc), which is built on top of PETSc and provides all the functionality
necessary for the solution of eigenvalue problems [149].

The eigenvalue solver module of the new instability code is, in principle, capable of
calculating the full eigenvalue spectrum by using the classical QZ method [124], but
this is only workable for small-size problems. For the large-scale eigenvalue problems
considered in this work, an iterative projection method is chosen, which only provides
a few eigenvalues in the vicinity of a specified estimate, but substantially reduces the
needed computational time.

Several iterative eigenvalue solvers are available within the SLEPc library, and access
is provided to additional software packages. The results presented in this work are
computed with the implicitly restarted Arnoldi method implemented in the parallel
version of the ARPACK [190, 216] library called via an interface of SLEPc. More
details on the library can be found in Ref. [189]. The number of eigenvalues returned
from the Arnoldi algorithm is related to the Krylov subspace dimension, whose upper
limit corresponds to the leading dimension of matrices A + and B+.

The method is well suited to extract eigenvalues at the boundaries of the spectra.
However, the eigenvalues of interest could be interior ones and not the ones with the
largest/smallest real or imaginary part. Therefore, the shift-and-invert strategy developed
by Sorensen [305] is used, and instead of Eq. 2.25, the following shifted problem is
solved

C q̂+ = υ q̂+, C = (A +−oB+)−1B+, υ =
1

α−o
, (3.15)

where o is the shift value in whose vicinity the desired eigenvalues (α) are to be sought.
The Krylov subspace is constructed by

Km = span
{

v,C v,C 2v, ...,C m−1v
}
, (3.16)

where m is the dimension of the subspace, and v is an arbitrary initial vector. The
Arnoldi algorithm creates an orthogonal basis of the Krylov subspace, and the resulting
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vectors define the columns of Vm. The projection of C onto the Krylov subspace is an
upper triangular Hessenberg matrix Hm:

Hm = VH
mC Vm. (3.17)

The eigenvalues of Hm are called Ritz values and approximate the m largest eigenvalues
of the original shifted problem (λ̌i u υi). The equivalent corresponding eigenvalue
problem reads as follows

Hm f̌i = λ̌i f̌i, (3.18)

where f̌i is the Ritz vector belonging to the i-th eigenvalue of Hm. Furthermore, the Ritz
vector is the corresponding approximation to the eigenvector of the original problem:

q̂+
i u Vmf̌i. (3.19)

After the Ritz values have converged, the desired eigenvalue can be obtained from the
following spectral transformation

α = o+1/υ . (3.20)

Note, the large matrix inversion involved in Eq. 3.15 is performed with the MUltifrontal
Massively Parallel sparse direct Solver (MUMPS [11]), which is called via an interface
from PETSc.

3.3 Adjoint and direct PSE-3D

3.3.1 Solution procedure

The direct/adjoint parabolized stability equations are integrated into the downstream
(direct PSE/PSE-3D) or upstream (adjoint PSE/PSE-3D) ξ -direction using a marching
procedure with suitable boundary and initial conditions. The nonlocal computation is
started either with a provided initial shape function or a solution from an LST/LST-
2D eigenvalue computation. The streamwise derivative is discretized via an implicit
first-order (Eq. 3.3) or second-order (Eq. 3.6) backward difference Euler step. In order
to solve the system of parabolized equations. an iterative predictor-corrector method
for the streamwise wavenumber is used, starting with an initial guess from a linear
extrapolation of α from the previous step or initially from an eigenvalue computation.

In the case of the direct PSE/PSE-3D, the normalization condition (Eq. 2.32) is used to
update the wavenumber as follows

αnew = αold− i

∫
Ω

q̂H ∂ q̂
∂ξ

dΩ∫
Ω
|q̂|2dΩ

. (3.21)
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Once the wavenumber is updated, the PSE/PSE-3D are solved for the new shape
function, and the value of α can be re-evaluated. The iteration continues until the
normalization condition is satisfied to within some specified residual r (i.e., |αnew−
αold | ≤ r = 10−8 in the present work).

The iteration scheme (Eq. 3.21) often exhibits a slow convergence, especially in the
beginning of a PSE-3D marching integration downstream of a discrete roughness
element, as presented in Sec. 6.3.5. For that case, convergence is accelerated by per-
forming a formal Newton iteration. The goal is to fulfill the normalization condition
FN (α) =

∫
Ω

q̂H∂ q̂/∂ξ dΩ = 0. Therefore, a linear approximation of FN (αnew) is con-
structed about the known value of αold :

FN (αnew)≈ FN (αold)+
∂FN

∂α

∣∣∣∣
αold

(αnew−αold) . (3.22)

Demanding that FN (αnew) = 0 leads to the following iterative method

αnew = αold−
(

∂FN

∂α

)−1

αold

FN (αold) . (3.23)

In the case of the adjoint PSE/PSE-3D, one also has to introduce a constraint condition
to define the splitting between the adjoint amplitude and wave functions. Several
normalization conditions exist, and an overview of the different formulations is given in
Dobrinsky [89]. One possible choice, e.g., for parallel flows, is to set α† =−α , where
α† is the adjoint streamwise wavenumber. This normalization has the advantage that
it requires no iteration in α†, hence reducing the computational effort. However, the
streamwise wavenumber has to be known beforehand from a previous PSE simulation.

3.3.2 Step-size restriction

The classical nonlocal stability equations (i.e., Eq. 2.29), even though parabolized in
the sense that second derivatives in the streamwise direction are missing, still contain
some residual ellipticity as first reported by Chang et al. [52]. It has been shown
by applying the method of characteristics, that the residual ellipticity is due to the
upstream propagation through the streamwise pressure gradient term (∂ p̃/∂ξ = iα p̂+
∂ p̂/∂ξ ) [2, 52, 133, 146]. This leads to rapid oscillations of the solution and will
eventually blow up the instability calculation when the marching step size becomes too
small, as shown in Fig. 3.2. Furthermore, Broadhurst & Sherwin [43] also demonstrated
that the PSE-3D formulation contains some residual ellipticity, and the stability of the
marching scheme significantly depends on the step size. To remedy the ill-posedness of
the nonlocal instability equations, one has to use a large enough step size to suppress
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the parasitic solution by the inherent numerical dissipation of the implicit backward
Euler discretization scheme. With the help of a von Neumann stability analysis, Li and
Malik [196] demonstrated for the classical PSE that a minimum step size of

∆ξ >
1
|αr|

(3.24)

is required to obtain a numerically stable solution when a first-order backward differ-
ence scheme is used. Broadhurst & Sherwin [43] further confirmed this finding for the
plane-marching PSE formulation by conducting an eigenspectra analysis of the PSE-3D
operator. In general, this minimum space step ∆ξ constitutes no severe handicap since
grid convergence is usually reached at significantly larger step sizes. However, in this
work, the step-size restriction (Eq. 3.24) has to be violated for the roughness wake-flow
investigations presented in Sec. 6.3.5 to obtain amplified wake instabilities downstream
of the spatial transient region. The transient region occurs because the nonlocal instabil-
ity analysis takes the upstream disturbance history into account. Hence, it takes a few
steps in the marching procedure until the PSE/PSE-3D results are no longer noticeably
affected by the local approximations made in the LST/LST-2D approach, which is used
here to initialize the marching integration. For that reason, two stabilization techniques
have been implemented in the instability code (see also Fig. 3.2).

Neglection of the streamwise pressure gradient term

Li & Malik [196] proposed to drop the streamwise pressure fluctuation gradient, ∂ p̂/∂ξ ,
since this term is the primary source of ellipticity in the PSE. Neglecting the pressure
gradient term relaxes the step-size restriction considerably; however, some ellipticity
remains. Furthermore, this term is of higher order for transient-growth problems [193,
318] and will be omitted for the nonmodal disturbance growth investigations presented
in this thesis. In the following, this stabilization technique will be referred to as the
p-stabilization.

Addition of a stabilizing term at the order of the truncation error

The second implemented stabilization technique has been proposed by Andersson et
al. [13], where an additional non-physical term is introduced, consistent with the order of
approximation in PSE. Both the PSE (Eq. 2.29) and the PSE-3D (Eq. 2.31) formulation
can be written as

q̂ξ = Lq̂, (3.25)
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with q̂ξ = ∂ q̂/∂ξ . When the first-order backward Euler scheme (Eq. 3.3) is chosen for
the discretization of q̂ξ , the truncation error constitutes in

ς =
∆ξ

2
q̂ξ ξ +O

(
∆ξ

2) . (3.26)

Together with Eq. 3.25, the truncation error at the leading order becomes

ς =
∆ξ

2
q̂ξ ξ =

∆ξ

2
(
Lξ q̂+Lq̂ξ

)
≈ Lq̂ξ , (3.27)

where the term Lξ q̂ has been neglected for simplicity. In the derivation of the nonlocal
instability equations, terms of O

(
1/Re2

)
and higher have been dropped. Therefore, it

is fully acceptable to replace Eq. 3.25 with a modified system of the form

q̂ξ = Lq̂+ τLq̂ξ , (3.28)

where τ is a real positive parameter, and for τ ∼ O (1) or smaller, the order of approxi-
mation remains unchanged. In the following, this stabilization technique is referred to as
the τ-stabilization. Andersson et al. [13] specify the new step-size stability requirement
for the modified system with

∆ξ >
1
|αr|
−2τ. (3.29)

Hence, the parameter τ can be used to control the allowable grid spacing when needed.
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Figure 3.2: Impact of (a) p-stabilization and (b) τ-stabilization on the PSE growth rate
of the Tollmien-Schlichting instability in a Blasius boundary layer at F = 70×10−6.
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Chapter4
Verification and validation

THIS chapter focuses on the verification and validation of the newly developed
instability code based on literature results or comparative data from previously

verified methods. The procedures suited to compute modal disturbance growth (LST-2D
and PSE-3D) are verified in Sec. 4.1 for a flat-plate flow and wake flows behind isolated
roughness elements. The OTG and OTG-3D methods, capable of computing nonmodal
disturbance growth, are verified in Sec. 4.2.

4.1 Modal instability analysis

Verification results for the LST-2D and the PSE-3D method are presented in this section
for basic flows with and without spanwise gradients and at varying freestream velocities.

4.1.1 Two-dimensional flat-plate flow

The boundary-layer flow over a flat plate at Ma∞ = 0.2 and Ma∞ = 4.5 is considered
to validate the LST-2D and PSE-3D implementation presented in this thesis with the
dominating instability modes at the corresponding Mach numbers. The basic flow data
have been computed from similarity solutions. The boundary-layer edge temperature
is set to T̄e = 300K, and constant specific heat and a Prandtl number of Pr = 0.72
is assumed. Furthermore, the viscosity µ̄ is determined from Sutherland’s law, and
the temperature at the wall corresponds to the adiabatic wall temperature. Figure 4.1
depicts the spatial growth rates calculated via the 2D eigenvalue method and PSE-3D
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4.1. MODAL INSTABILITY ANALYSIS

in comparison to the results obtained from the spatial nonlocal linear stability code
NOLOT, which was developed in cooperation between DLR and the Swedish defense
research agency FOI and has been extensively validated [136, 139]. The spatial growth
rate for the local computations is based on Eq. 2.26, whereas Eq. 2.34 is used for the
nonlocal calculations. In contrast to the NOLOT code, the spanwise wavenumber in
the LST-2D and PSE-3D method has to be resolved in a plane, as exemplarily shown
for an oblique second-mode instability wave in Fig. 4.1(a). In order to make direct
comparisons with the NOLOT results, periodic boundary conditions were imposed on
the left and right sides of the computational domain. The spatial growth rates for the
first- and second-mode instabilities (Figs. 4.1(b) and 4.1(c)) are in excellent agreement
for the respective theory. Solely, small differences are observable in the PSE-3D results
for the second mode growth rates (Fig. 4.1(c)).
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Figure 4.1: (a) Oblique second-mode wave in the computational domain of the PSE-3D
solver at Ma∞ = 4.5, f =118339 Hz and ψ =24 ◦. (b,c) Growth rates of 2D and oblique
waves in compressible flat boundary-layer flow; (b) first-mode instability at Ma∞ = 0.2
and f =9800.9 Hz, (c) second-mode instability at Ma∞ = 4.5 and f =118339 Hz
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4.1. MODAL INSTABILITY ANALYSIS

4.1.2 Roughness-induced instabilities in supersonic flat-plate flow

The boundary-layer flows used to produce the results shown in Fig. 4.1 do not feature
gradients in the azimuthal direction. Therefore, DNS, LST-2D, and PSE-3D results of
De Tullio et al. [79] on wake-flow instabilities behind a sharp-edged rectangular isolated
roughness element submerged into a Ma∞ = 2.5 flat plate boundary layer are utilized
further to validate the LST-2D and PSE-3D implementation of the new instability solver.
The roughness height of the cuboid, expressed in terms of boundary-layer thickness
of the undisturbed flat plate boundary layer, is k/δh = 0.44 and the corresponding
Reynolds number based on that height is Rekk = 791. The isolated roughness is located
at a nondimensional distance of x = 50 and has a length/width of L = 6 and a height
of k = 1. The reference length is the laminar displacement thickness at the inlet of the
computational domain δ ∗, and the Reynolds number of the simulation is Reδ ∗ = 3300.

αrδ
∗

-α
iδ
∗

0

0.05

0.1

0.15

0.2

0 0.5 1 1.5 2

LST-2D, De Tullio et al. [79]
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Figure 4.2: Spatial eigenspectrum behind a rectangular roughness element submerged
in a Ma∞ = 2.5 flat plate boundary layer. The spectrum is obtained for the conditions
given in [79] for Fr = 0.08 at x = 93.66.

Details on the basic flow computations, as well as on the instability characteristics of
the wake modes, studied by direct numerical simulation and modal instability analysis,
are given in [79]. Their basic flow data was kindly made available by Dr. P. Paredes.
Figure 4.2 depicts the spatial eigenspectrum obtained for Fr = 0.08 at x = 93.66. Fr is
the dimensionless frequency used in that study and is defined as Fr = f δ ∗/ū∞, where
f is the dimensional frequency. For the spectrum shown in Fig. 4.2, De Tullio and
coauthors [79] discretized the whole spanwise extent of the computational domain with
standard finite difference schemes and imposed periodic boundary conditions. The
wall-normal direction was discretized using the FD-q method. Here, the eighth order
scheme (FD-q8) is chosen for both spatial directions and only half of the plane in
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Figure 4.3: Mode shape comparison between the normalized amplitude functions
computed by Paredes [237] (shaded contours) and the present results (red contour
lines). The mode shapes correspond to the most amplified disturbance from Fig. 4.2 for
Fr = 0.08 at x = 93.66.

spanwise direction is discretized. Symmetric and antisymmetric boundary conditions at
the roughness mid-plane are imposed to reduce the computational cost of the simulation
and to check the proper implementation of the boundary conditions. The growth rates
obtained from an LST-2D analysis of the amplified discrete eigenmodes are in excellent
agreement with the corresponding published results. Furthermore, Fig. 4.3 shows the
normalized velocity disturbance amplitude functions for the most amplified wake mode
from Fig. 4.2 computed by Paredes [237] via LST-2D (shaded contours) in comparison
with the results obtained from the present LST-2D implementation (red contour lines).
An excellent qualitative agreement can be observed.

Figure 4.4 depicts the disturbance growth rate over frequency of the most amplified
varicose wake mode obtained from unsteady DNS, a different PSE-3D code that has
been extensively validated [235, 236], and the current PSE-3D implementation at three
different downstream locations. The PSE-3D growth rates are obtained from Eq. 2.34,
and the DNS results are measured as

σE =
1
2

d
dx

ln(Em (x)) , (4.1)

where Em is the mode’s total energy norm as used by Chu [65], Mack [209], and Hanifi
et al. [134] and is expressed as

Em (x) =
∫

δh

0
ρ̆0
[
ŭ2

m + v̆2
m + w̆2

m
]
+

ρ̆2
mT̆0

γρ̆0Ma2 +
T̆ 2

m ρ̆0

γ (γ−1) T̆0Ma2
dη . (4.2)

Here, m stands for the multiple of the fundamental frequency, and the m = 0 Fourier
coefficients are associated with the laminar basic flow. The disturbance amplitude linked
with each frequency is defined as

q̆m (x,z) =
N

∑
n=0
|q̆|m,n (x,z) , (4.3)

where n denotes the multiple of the fundamental spanwise wavenumber.
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4.1. MODAL INSTABILITY ANALYSIS

The growth rates computed with the new PSE-3D code closely agree with the results
from the PSE-3D method used by De Tullio et al. [79] and also with the DNS results
for x≥ 95.8. The authors of De Tullio et al. [79] point out that the slight disagreement
of the PSE-3D result from the DNS values at x = 91.6 and Fr ≥ 0.14 could be due to a
transient growth effect where the sum of the energy from all modes grows faster than
the energy of the most unstable mode during a certain transient.
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Figure 4.4: Spatial growth rate of the dominant varicose wake mode behind a rectan-
gular roughness element submerged in a Ma∞ = 2.5 flat plate boundary layer at three
different downstream locations for the reference data of De Tullio et al. [79]. The square
symbols indicate the results obtained with the new PSE-3D solver.

4.1.3 Roughness-induced instabilities on a hypersonic spherical fore-
body

The wake flow behind a spanwise periodic row of sinusoidal roughness elements located
on the forebody of a spherical re-entry capsule (AoA = 0 ◦) in a hypersonic flow field,
computed by Di Giovanni & Stemmer [86] via DNS, is the most suitable validation
test case with respect to the discrete roughness investigations presented in this thesis
(see Chapter 6). The freestream values for the DNS are taken from a typical HLB
run condition (see case 4 in Table 5.1) and the isothermal wall temperature, as well as
the wall curvature, are identical to the values used in this work. The static basic flow
was calculated by Di Giovanni & Stemmer [86] using the NSMB code [152, 349] and
was kindly provided by the first author. A further description of the numerical setup
is given in Sec. 7.2. The computational domain for the roughness simulation is s ∈
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[125.3,164.0] mm, where s = 0 corresponds to the stagnation point. The boundary-
layer edge Mach number in this region is transonic to supersonic. The roughness
patch is centered at s = 133.35mm, and the distance between two roughness peaks in
azimuthal direction is L = 1.2mm, and the length of the roughness patch in streamwise
direction is L/2. The roughness height in relation to the unperturbed boundary layer
is k/δh = 0.35 with k = 0.1mm and Rekk = 421. The unsteady DNS simulations are
initialized with a zero-mean, time-varying pressure disturbance imposed at the inflow
of the computational domain with f = 250kHz. In the case of a symmetric mode
instability simulation, the disturbance pressure amplitude p̂(ζ ) is constant (p̂(ζ ) = P0),
whereas in the case of an antisymmetric mode computation, a sine function, odd with
respect to ζ = 0, determined by p̂0 (ζ ) = P0 sin(2πζ/L), is used. More details can be
found in Di Giovanni & Stemmer [86].
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Figure 4.5: Spatial growth rate of (a) the most amplified symmetric mode and (b)
antisymmetric mode in the wake of spanwise periodic roughness elements for the
reference data of Di Giovanni & Stemmer [86] at f = 250kHz. The shaded grey area
in the left part of each respective plot indicates the position of the roughness element.

Figure 4.5 compares the growth rates of the most amplified varicose (Fig. 4.5(a)) and
sinuous wake mode (Fig. 4.5(b)) obtained from LST-2D and PSE-3D analysis with the
unsteady DNS results for f = 250kHz. The LST-2D growth rate is determined from
Eq. 2.26, while the PSE-3D growth rate is obtained from Eq. 2.34. The DNS ampli-
fication rate is computed via Eq. 4.1. Note, the instability analyses start downstream
of the roughness patch, and only one spanwise wavelength is resolved in the plane.
Periodic boundary conditions are imposed on the sides of the computational domain.
Furthermore, the PSE-3D marching is initialized with an LST-2D solution leading to a
small transient in the growth rate. Nevertheless, the evolution of the PSE-3D growth
rate for the varicose mode along the capsule arc length is in excellent agreement with
the corresponding DNS results, while minor deviations are present in the case of the
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4.1. MODAL INSTABILITY ANALYSIS

sinuous mode. The small difference is most likely due to the fact that it is difficult to
obtain a perfectly antisymmetric mode in the near wake region in the DNS. In particular,
the symmetric mode is much more amplified in the recirculation zone than the antisym-
metric mode. A relatively small symmetric component is always present even in the
case of a pure antisymmetric inflow disturbance. The resulting wake-mode instability
solely features a purely antisymmetric mode shape at the end of the amplified wake-flow
region, where an almost perfect match between the PSE-3D and DNS results is obtained.
The results received from the LST-2D analysis are in line with the data from the PSE-3D
and DNS computations, though the growth rates are slightly underpredicted. A similar
observation has also been made by De Tullio et al. [79], where the wake-flow instability
behind a rectangular roughness element was studied (see also Sec. 4.1.2). Nonetheless,
the 2D eigenvalue analysis is a valuable tool for predicting relevant frequency ranges
and giving reliable results in terms of mode eigenfunctions.

Figure 4.6 depicts the normalized û and p̂ amplitude functions of the most amplified
symmetric and antisymmetric modes obtained from the LST-2D method compared with
the corresponding mode shapes recovered from DNS (absolute value of the temporal
Fourier analysis) for f = 250kHz at s = 141.8mm. The amplitude functions are in a
good qualitative agreement.
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4.2 Nonmodal instability analysis

Verification results for the OTG method are presented in this section for a two-dimensional
flat-plate flow with an incompressible zero-pressure-gradient boundary layer and a hemi-
sphere in a hypersonic flow field with a favorable pressure gradient boundary layer. The
OTG-3D procedure is verified based on OTG results for the HLB capsule, where the
spanwise wavenumber is resolved in a plane. Furthermore, a separate verification and
validation of the underlying adjoint methods are not discussed here, since any error in
the adjoint computation would be directly noticeable in the optimal transient growth
results.

4.2.1 Two-dimensional flat-plate flow

The optimal incompressible gain (J = Gout
K ) for the Blasius boundary layer (based on

the self-similar basic state and including nonparallel effects) is shown in Fig. 4.7(a) as
a function of the spanwise wavenumber and compared with previous results available
in the literature. The agreement of the results obtained with the new instability code
based on the PSE formulation is very good, though the gain is slightly smaller than the
one obtained by Andersson et al. [14], which is based on the large-Reynolds-number
asymptotic framework that leads to linearized boundary-layer equations. The slight
deviation might be due to different numerical implementation. The incompressible
results are reproduced by setting Ma∞ = 0.001, ReL = 1× 108, ω = 0, x0 = 0, and
x1 = 1. Here, the streamwise coordinate is scaled with L, and the other two coordinates
are scaled with the Blasius length scale δ = Re−1/2

L L. The maximum energy gain as a
function of disturbance frequency for the optimal spanwise wavenumber (βδ = 0.45) is
shown in Fig. 4.7(b) and is in good agreement with the findings of Luchini [208].

The computed optimal disturbances at x0 = 0 consist of streamwise vortices that de-
velop into streamwise streaks at x1 = 1. The associated amplitude functions depicted
in Fig. 4.8 are in excellent agreement with the disturbance shapes computed by Lu-
chini [208].
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4.2.2 Transient growth on a hemisphere in hypersonic flow

In this subsection, the newly developed nonmodal disturbance growth code is compared
with the optimal-growth framework developed by NASA, which has been extensively
verified [241]. The boundary-layer flow over a hemisphere at Ma∞ = 7.32 is considered
to cross-verify the two different transient-growth implementations. It serves as the
most challenging validation test case concerning model shape and freestream conditions
considered in this work (see Sec. 5.2.1). More detailed information about the basic flow
computations by NASA are reported in Li et al. [198], and the nonmodal disturbance
growth characteristics of the boundary layer are given in Ref. [243]. Figure 4.9 depicts
the streamwise evolution of basic flow variables at the edge of the boundary layer
(nondimensionalized with freestream values) along the angular coordinate φ (φ = ξ/Rs
with Rs being the radius of the hemisphere). The stagnation point is located at φ = 0,
and the boundary-layer edge is defined as the wall-normal position, where the total
enthalpy (h̄t = h̄+ 0.5

(
ū2 + v̄2 + w̄2

)
, with h̄ denoting the static enthalpy) reaches

99.5% of the freestream value (h̄t/h̄t,∞ = 0.995). The basic state computed by DLR
(this work) utilizes the numerical framework described in Theiss et al. [321] and Sec.
5.2.2. Figure 4.10 shows the optimal outlet energy gain based on the total energy of the
disturbance, Gout

E , at a fixed output location and varying inflow positions as a function
of the azimuthal wavenumber, mζ = βRs sin(φ), for the basic state computed by DLR.
An excellent agreement of the predicted disturbance energy amplification from both
codes is observed.
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4.2.3 Transient growth on a generic re-entry capsule

The plane marching version of the newly developed optimal transient growth code (OTG-
3D) is verified based on nonmodal disturbance growth results for the streamline along the
leeward line of symmetry of the HLB capsule geometry at Ma∞ = 5.9 and AoA = 24 ◦

(freestream condition case 1 from Table 5.1). This flow does not feature gradients in
the azimuthal direction; however, it serves as a consistency check. To the author’s best
knowledge, there are no optimal transient growth results that include spanwise gradients
effects available in the literature. A more detailed study on nonmodal disturbance growth
on the HLB capsule is given in Sec. 5.4. Figure 4.11 shows the disturbance energy
gain based on outlet energy optimization as a function of the spanwise wavenumber for
various inlet positions and a fixed outlet optimization location. The stagnation point is
located at φ = 0, and curvature effects have been neglected. The spanwise wavenumber
in the case of the OTG-3D computation is resolved in the plane. An excellent agreement
of the energy gain computed with both transient growth codes can be observed. Note
that no OTG-3D results for the smaller wavenumbers are plotted because the spatial
extent of the resolved plane became too large. Hence, the optimization algorithm
converged towards higher wavenumbers (shorter wavelengths) with higher disturbance
energy gains.
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Chapter5
Linear instability analysis of
hypersonic flow over a blunt
generic re-entry capsule

THIS chapter focuses on the modal and nonmodal instability characteristics of the
boundary layer on the forebody of an Apollo-shaped capsule model with a nomi-

nally smooth surface at cold hypersonic flow conditions. First, an overview of previous
transition studies for re-entry capsules and the significant findings from the nonmodal
instability theory is presented. Subsequently, the capsule model of interest is introduced,
and laminar basic flow results are provided for various freestream Reynolds numbers
and different wall temperatures. Based on the laminar flow solution, instability results
are presented from a modal disturbance growth investigation, followed by studies on
optimal perturbations that grow algebraically. However, the main focus of this chapter
is on optimal transient growth. More specifically, the sensitivity of the instability results
obtained from nonmodal theory is presented with respect to varying Reynolds numbers
and wall temperatures.

5.1 Introduction

In the post Space Shuttle era, manned planetary re-entry capabilities have relied entirely
on capsules. The heat shields of those crewed blunt bodies typically have had a spherical-
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like shape, like the former Apollo capsule, or the still operational Soyuz capsule, whereas
for unmanned configurations the sphere-cone geometry is also commonly used. Since
the heat flux in turbulent flow can be an order of magnitude higher than in the laminar
regime, the location of the laminar-turbulent transition is a crucial design parameter for
the thermal protection system (TPS) [365]. Owing to the fact that the dominant transition
mechanisms on capsule forebodies are still poorly understood, the design philosophy
still assumes a fully turbulent flow in flight at all times. Thus, the large uncertainties
in the ability to reliably predict transition results in significant safety coefficients (e.g.,
additional TPS weight), which imposes a severe penalty on the mission’s economic and
operative efficiency. Hence, this lack of knowledge has to be overcome to enable the
design of more advanced returning space vehicles.

Over the past 60 years, many transition experiments at hypersonic speeds have been
conducted in conventional ground-testing facilities, and a thorough overview of transi-
tion on re-entry capsules and planetary probes is given by Schneider [292]. However,
the reported experiments mainly focused on whether transition occurred or not, and
the underlying physical mechanisms have remained unexplained. Schneider [292] also
addressed the challenging aspect of performing transition experiments in those noisy
facilities where the noise level is typically an order of magnitude higher than those
observed at free flight [290, 291]. This, in turn, can change or bypass the transition
mechanism operational in a quiet flow environment and can lead to different parametric
trends [291]. Despite the multi-decennial experience in hypersonic flows, there is still
no physics-based explanation for the experimentally observed transition on re-entry
capsules. Therefore, the transition onset location was most often determined empirically.
Several empirical correlations have been proposed, which are generally valid just for
the dataset they were derived from [24]. A still popular method to predict the onset of
boundary-layer transition is the North American Rockwell Corporation (NAR) criterion
Reθ/Mae = 225 [271]. Another commonly used indicator of smooth body transition on
re-entry capsules is Reθ > 200 [94, 95, 292]. The conservative design philosophy of
assuming a turbulent flow throughout a blunt body’s re-entry trajectory requires detailed
knowledge about the expected turbulent surface-heat transfer rate. Hollis [155] provides
an overview of various turbulent aeroheating studies on blunt body geometries that
have been performed in the first decade of the 2000s. Results are reported for the Mars
Science Laboratory (MSL) entry capsule, which has a sphere-cone shaped forebody and
successfully landed the Curiosity rover on Mars in 2012. Furthermore, turbulent heating
data is also presented for the Crew Exploration Vehicle (CEV), which has a spherical
heat shield and is the predecessor of the Orion MPCV, which is currently under develop-
ment. It was found that transition onset on both geometries occurs at Reθ ≈ 200−300,
whereas the Reθ/Mae formulation failed to provide a reasonable correlation for the
CEV capsule. Since these spotty empirical correlations are costly to generate and
disregard the underlying mechanisms governing transition, they have to be replaced by
mechanism-based methods as demanded by the research community [276, 292]. Such
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a mechanism-based prediction method is the linear stability theory where the modal
or nonmodal growth of disturbances in a laminar basic flow is investigated. So far,
stability analyses for blunt re-entry bodies based on spatial modal linear theory have
only been performed for the MSL capsule [54, 170, 197, 323], for a 9-deg cone with
a spherical nose [188], and recently for an Apollo-shaped capsule [84, 321]. On the
MSL capsule (with the sphere-cone shaped forebody), the transition was dominated
by first-mode and cross-flow instabilities. However, the respective boundary layers on
the other two capsules (both with a spherical forebody) did not feature any amplified
modal disturbances, although the freestream conditions were similar to the MSL studies
in the case of the Apollo model (cold hypersonic flow at Ma∞ ≈ 6), and transition had
been observed experimentally on the spherical part of the 9-deg cone model [362]. Di
Giovanni & Stemmer [84] computed the laminar basic flow for the windward side of
a generic Apollo capsule geometry at a realistic re-entry scenario (Ma∞ = 20 at an
altitude of 57.7 km) and investigated the influence of chemical dissociation and thermal
non-equilibrium on the boundary-layer instability characteristics by means of linear
stability theory. The authors note that all instability modes are modally stable; however,
the inclusion of high-temperature gas effects considerably reduces the stability of the
boundary compared to the ideal gas case [84].

There exist several sources of instability and mechanisms, which are specific to hyper-
sonic flows over blunt capsules that accelerate the laminar-turbulent transition process.
One of them is out-gassing from an ablative heat shield. Li et al. [197, 198] used LST
and PSE to demonstrate the destabilizing effect of ablation-induced out-gassing on
first-mode instabilities in a boundary-layer flow over a hemispherical capsule, which
otherwise did not support amplification of instability modes. Moreover, the destabilizing
effect is also reported for an MSL-like capsule at an angle of attack, which involves
cross-flow instabilities, whereas out-gassing in a second-mode dominated axisymmetric
boundary layer over a hypersonic slender cone turned out to have a moderately stabiliz-
ing influence. However, this latter result is contrary to the findings of the corresponding
wind-tunnel experiment [7], and Li et al. [197, 198] pointed out the possibility that
the transition in the experiment was triggered by an instability mechanism other than
the second mode. Schneider [295] summarized the experimental work on hypersonic
boundary-layer transition with ablation and blowing and stated that with increasing
mass flow rate into the boundary layer, the transition onset location generally moves
upstream.

The ablation of a re-entry vehicle’s heat shield also affects the surface quality and
can lead to distributed surface roughness and the formation of discrete roughnesses
(see Fig. 1.1). An overview of the current state of research in the field of isolated
roughness-induced transition on blunt bodies is given in Sec. 6.1, whereas the findings
for distributed roughness effects on transition are summarized in Sec. 7.1.
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In situations where the flow does not support modal disturbance amplification, it does not
necessarily imply that perturbations may not grow and instigate turbulence. Nonmodal
transient growth is still a possible scenario for significant disturbance growth [288],
even in a modally stable flow.

The first studies based on temporal, incompressible nonmodal instability theory have
been conducted within the parallel-flow approximation, which allowed for explicit
computation of the algebraic disturbance growth and revealed that even without an
inflectional mean velocity profile [97], three-dimensional perturbations could get ampli-
fied linearly with time in various shear flows [22, 97, 130, 131, 166, 186]. Moreover,
the transient growth phenomenon was also extensively studied in meteorology by
Farrell [101, 102, 104], who, in order to quantify the upper threshold of maximum
realizable algebraic disturbance amplification, sought for the initial condition (optimal
perturbation) that produces the strongest kinetic energy growth [103, 105]. A similar
concept has also independently been proposed by Boberg & Brosa [34] for flow in a
pipe.

All of the studies mentioned above employed the temporal transient growth theory in
which the disturbances grow in time. However, the temporal analysis does not allow
the study of the downstream development of the perturbations. Since boundary layers
represent convectively unstable flows, it is physically more relevant to investigate the
nonmodal disturbance growth within the spatial framework. Luchini [207, 208] and
Andersson et al. [14] studied the spatial nonmodal growth in boundary layers within
the scope of linearized boundary-layer equations and also included non-parallel effects.
They both found that the optimal initial disturbance has the form of stationary counter-
rotating streamwise-oriented vortices (with the streamwise wavenumber α = 0) that
turn into streamwise streaks further downstream. For the investigated incompressible
flat-plate flow, the maximum disturbance energy growth occurred for steady pertur-
bations ( f = 0Hz) and a dimensionless spanwise wavenumber βδ = 0.45. Moreover,
Luchini [208] and Andersson et al. [14] showed that the maximum energy gain scales
with the Reynolds number based on the streamwise coordinate. Furthermore, the longi-
tudinal velocity oscillation induced by an optimal perturbation is also in accordance with
the experimental findings of Klebanoff [181], Kendall [178], Westin et al. [355], and
Matsubara & Alfredsson [217], where streaks in the pre-transitional boundary layers
subjected to freestream turbulence have been observed. When the streaks reach a critical
amplitude, they break down to turbulence due to secondary instability [15, 36, 153].

The first study of optimal disturbance growth in a compressible parallel flat plate
boundary layer has been performed by Hanifi et al. [134] within the temporal framework
for Mach numbers up to Ma∞ = 4.5. They found that the optimal perturbations in
compressible boundary layers share many characteristics with those in incompressible
ones. It is stated that the optimal disturbance also takes the form of streamwise vortices,
which subsequently create streamwise streaks. Moreover, the maximum energy gain
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occurs for α = 0, and the amplification is also driven by the lift-up effect. Furthermore,
Hanifi et al. [134] observed that optimal transient growth increases with the Mach
number. Subsequent nonmodal growth analyses of compressible boundary layers
by Tumin & Reshotko [334] employed the spatial framework but still assumed the
parallel flow approximation. Non-parallel flow effects were included in their later
studies [335, 337, 368, 369] by solving a parabolic set of equations based on the
boundary region approximation. The authors note that the parallel theory can be used
to describe the transient growth phenomenon; however, it does not provide correct
quantitative results concerning the maximum of the energy growth and its location
downstream [335].

It is well-known that the modal disturbance growth rates of first- and second-mode insta-
bilities are quite sensitive to variations in Mach number and wall temperature [209, 210].
Nonmodal disturbance growth computations for mainly flat-plate flow at subsonic [320,
335], supersonic [274, 335, 344, 368], and hypersonic [32, 241] speeds for various ra-
tios of boundary-layer wall temperature to adiabatic wall temperature T̄w/T̄ad also reveal
a significant dependency of the maximum realizable energy gain on the Mach number
and T̄w/T̄ad ratio. Throughout the investigated speed range of 0.001≤Ma∞ ≤ 10, the
maximum nonmodal disturbance growth increases with the Mach number at T̄w/T̄ad = 1.
On the other hand, the impact of flow cooling (T̄w/T̄ad < 1) on the optimal energy gain
is highly dependent on the Mach number. At subsonic speeds, transient growth is very
susceptible to cooling or heating of the wall, where, e.g., a factor of two change in
wall temperature leads to an order of magnitude increase in the maximum gain [32].
However, the sensitivity decreases with Mach number, and above Ma∞ = 2.5, the trend
inverts [274]. This means that wall cooling (T̄w/T̄ad < 1) above Ma∞ = 2.5 leads to
a decrease of the maximum transient growth [32, 241, 274]. Moreover, in compress-
ible boundary layers, the lift-up effect generates streaks of temperature and density
disturbances in addition to the streamwise velocity streak [320].

The impact of the pressure gradient on the nonmodal growth characteristics in two-
dimensional incompressible flows has been studied for the Falkner-Skan [100] boundary
layer by Corbett & Bottaro [69] using the temporal framework and by Levin & Henning-
son [193] employing the spatial theory. The authors conclude that the most pronounced
nonmodal growth amplification occurs in an adverse pressure gradient, whereas a favor-
able pressure gradient has a dampening effect on the transient disturbance growth. The
same observation has also been made in the nonmodal studies of the three-dimensional
Falkner-Skan-Cooke [68] boundary layer for incompressible flows by Corbett & Bot-
taro [70], Byström [47], and Tempelmann et al. [318]. In their later study, Tempelmann
et al. [320] extended the investigation towards compressible three-dimensional boundary
layers where they report similar results regarding the pressure gradient impact. Be-
sides nonmodal growth, Levin & Henningson [193] also investigated the modal growth
of Tollmien-Schlichting waves and revealed that the two growth mechanisms (modal

64



5.1. INTRODUCTION

vs. nonmodal) compete in two-dimensional boundary layers and become dominant for
different values regarding frequency, spanwise wavenumber, and pressure gradient. The
authors state that the modal growth is more significant in an adverse pressure gradi-
ent flow, whereas in a favorable pressure gradient environment, the transient growth
mechanism leads to the largest disturbance amplification.

In contrast to the two-dimensional flows where the optimal streaks bear no resemblance
to the dominant modal instability mechanism (i.e., T-S waves in incompressible flow),
the two growth mechanisms complement each other in three-dimensional flows [47, 70,
318]. Corbett & Bottaro [70] postulate that nonmodal growth may provide the proper
initial condition for the modal growth of cross-flow instabilities. Subsequent studies [47,
206, 318] showed that the propagated optimal disturbance strongly resembles the
eigenfunction of the most amplified cross-flow instability in three-dimensional boundary
layers.

The impact of surface curvature on the nonmodal growth of optimal perturbations has
been studied for three-dimensional flows [320], boundary layers on a sphere [336],
stagnation point flows [274], and the flow over a hemispherical capsule [243]. All of the
studies reveal the same trends; namely, concave curvature increases the maximum energy
gain [320] (though not to the same extent as the cross-flow modes were destabilized
by the concave curvature), whereas convex surface curvature reduces the transient
growth [243, 274, 336].

Unlike for two- and three-dimensional flows on mostly flat plate boundary layers, not
much work on nonmodal growth has been done concerning blunt re-entry vehicles.
Tumin & Reshotko [336] and Zuccher et al. [368] investigated the optimal steady
perturbations in the boundary layer over a sphere at Ma∞ = 6 within the scope of
the parabolized stability equations where local similarity solutions approximated the
boundary-layer flow. It was found that the highest energy gain occurs in the proximity
of the stagnation point at short optimization lengths. Moreover, an increase in energy
growth with the sphere radius was noted. Increasing the sphere radius results in higher
Reynolds numbers, and the convex curvature reduces. Paredes et al. [243] studied the
nonmodal growth characteristics of disturbances in the boundary layer of a hemisphere
located in a Ma∞ = 7.32 freestream. In their case, the basic flow was based on a
compressible Navier-Stokes computation, where the bow shock has been included.
In a subsequent study, Paredes et al. [246] extended the investigation to a spherical-
section capsule at an angle of attack with respect to the Ma∞ = 6 freestream. In both
studies, the maximum energy gain also occurred in the stagnation point region for
short optimization lengths when the conventional energy norm, comprising both kinetic
and thermodynamic fluctuations, was used. However, the authors note that in the
proximity of the stagnation point, the kinetic energy gain, which is more likely linked
with the transition of streak instabilities, is rather small in magnitude. Therefore, they
additionally performed nonmodal growth computations solely based on the kinetic
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energy norm. For those cases, the highest gain appears significantly further downstream
in the vicinity of the sonic point where transition has been observed during prior wind
tunnel [155, 191, 321] and flight experiments [364]. Nevertheless, Paredes et al. [243]
also pointed out that the magnitude of transient growth up to the sonic point was rather
small, which raises questions regarding the relevance of the optimal growth paradigm.

The outcome from optimal transient growth studies has been used to derive laminar-
turbulent transition correlations. Biau [31] and Vermeersch [344] developed bypass
transition criteria for flows with high freestream turbulence levels. On the other hand,
Reshotko & Tumin [274] used optimal nonmodal growth data to derive a correlation
independent of the freestream turbulence level, for roughness-induced transition in the
near vicinity of the stagnation point of blunt geometries. From here on, the Reshotko
& Tumin [274] correlation is denoted as ”RT-correlation.” The RT-correlation uses
the same parameters as these purely empirical correlations [158, 264], which relate
the momentum thickness Reynolds number at the transition-onset location with the
surface-roughness height and the ratio of surface to boundary-layer edge temperatures.
Though, the exponents describing the roughness and surface temperature impacts are
derived from physical considerations together with optimal transient-growth theory.
The RT-correlation was able to reproduce the trends of the various data sets used to
derive the empirical correlations. However, the optimal transient-growth approach of
Reshotko & Tumin [274] included some simplifying assumptions in the nonmodal
growth studies. Therefore, Paredes et al. [246] utilized an improved framework of
optimal transient-growth analysis that removed the shortcomings of the Reshotko &
Tumin [274] approach and applied it to the scale model of the Orion CEV geometry
investigated in the Mach 6 Actively Controlled Expansion (ACE) wind tunnel at Texas
A&M University (TAMU) [191, 192]. Despite the significant effects of the non-similar
boundary layer on the transient growth characteristics, Paredes et al. [246] found that
the transient-growth scalings concerning Reynolds number and the ratio of surface
to boundary-layer edge temperature did not change considerably after the improved
framework was applied. Because the RT-correlation depends only on those two scalings,
the modified correlation remained close to the original RT-correlation despite the
improvements in the computation of optimal growth factors.

5.2 Basic flows

This section describes the numerical setup and the freestream conditions utilized to
compute the steady laminar basic flow for a generic re-entry capsule with a nominally
smooth surface. Moreover, laminar basic flow results are presented for various Reynolds
numbers and wall temperatures. The findings are compared to experimental data and
analyzed with respect to the absence of amplified modal disturbances.
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5.2.1 Capsule geometry and freestream conditions

The model of interest within this thesis is an Apollo-shaped capsule geometry with a
spherical forebody. The capsule design is based on a wind tunnel model used in various
recent measurement campaigns [8, 228, 259, 321, 324] in the hypersonic Ludwieg
tube facility at the Technische Universität Braunschweig (HLB). From here on, this
blunt-body geometry will also be denoted as the ”HLB capsule.” The model has a base
diameter of D = 170mm with a spherical section radius of Rs = 203.98mm and was
designed and manufactured after preliminary tests of the maximum model size that
allows for reliable wind tunnel operations. The results presented in this work focus
on the flow around the windward side of the capsule model at an angle of attack of
0◦ and 24◦, whereas the majority of the investigations have been performed for the
latter angle. In the case of AoA = 0◦, a slightly smaller capsule with D = 160mm and
Rs = 191.98mm is utilized that matches the geometry of an HLB wind tunnel model
that was used prior to the HYPTRANS project [307]. Except for Sec. 5.3, the HLB
capsule results presented in this thesis are for the AoA = 24◦ case.

The freestream values for the laminar basic flow computations were chosen to match
typical HLB operating conditions at a Mach number of Ma∞ = 5.9 to allow for direct
comparisons between experimental and numerical results. The corresponding freestream
conditions are summarized in Table 5.1. The HLB is a blowdown wind tunnel that
provides a testing time of about 80 ms at a unit Reynolds number up to Re/l = 30×
106 /m [260]. Due to the short operating time of the wind tunnel, a uniform isothermal
wall boundary condition was imposed in the calculations at a temperature of T̄w = 295K
for all cases depicted in Table 5.1. In addition, to assess the influence of wall temperature
on the basic flow results and the instability characteristics, complementary computations
were also performed for the D = 170mm configuration at fixed freestream conditions
for Re/l = 10×106/m and modified surface temperatures with T̄w = 170K, 245K, and
395K, receptively.

The work presented in this thesis is also part of a collaborative investigation by the
NATO STO group AVT-240 on Hypersonic Boundary-Layer Transition Prediction,
inter alia, focusing on the blunt-body paradox. Therefore, the optimal transient growth
results presented in Sec. 5.4 for the HLB geometry are also compared to findings for
a different capsule model used in the ACE wind tunnel experiments at the National
Aerothermochemistry Laboratory (NAL) of Texas A&M University (TAMU) [191, 192].
In the following, this model is referred to as the ”TAMU capsule.” The TAMU capsule
also has an Apollo-like shape with a spherical-section forebody with a sphere radius
of Rs = 91.44mm and a face diameter of D = 76.2mm. Moreover, the TAMU config-
uration models the Orion CEV capsule geometry, and the remaining dimensions are
scaled according to Hollis et al. [156]. Paredes et al. [246] performed optimal transient
growth calculations for this geometry at AoA = 28◦ and four freestream unit Reynolds
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Table 5.1: Overview of investigated HLB capsule geometries and freestream conditions
with T̄w = 295K.

Case D [mm] AoA [deg.] Re/l [1/m] Ma∞ T̄∞ [K] p̄∞ [Pa] ρ̄∞ [kg/m3]

1? 170 24 10.0×106 5.9 59.0 764.9 0.04513
2? 170 24 12.5×106 5.9 59.0 956.1 0.05641
3? 170 24 16.0×106 5.9 59.0 1223.8 0.07221
4? 170 24 18.0×106 5.9 59.0 1376.8 0.08124
5? 170 24 20.0×106 5.9 59.0 1529.8 0.09026
6 170 24 120.0×106 5.9 59.0 9178.6 0.54156
7? 160 0 16.0×106 5.9 54.0 1071.0 0.06909
8 160 0 62.5×106 5.9 54.0 3924.9 0.25321
9 160 0 125×106 5.9 54.0 7849.7 0.50642

10 160 0 187.5×106 5.9 54.0 11774.6 0.75963
11 160 0 250.5×106 5.9 54.0 15699.4 1.01285
12 160 0 312.5×106 5.9 54.0 19624.3 1.26606

? freestream condition can be realized in the HLB

numbers, namely, Re/l = 3.4×106 /m, Re/l = 4.4×106 /m, Re/l = 5.4×106 /m, and
Re/l = 6.4× 106 /m. The surface temperature was set to T̄w = 391K, and the free-
stream temperature was equal to T̄∞ = 54.69K. In order to study the effects of surface
temperature on the optimal transient growth characteristics, computations were also
carried out for additional, cooler wall temperatures corresponding to T̄w = 300.0K,
195.5K, and 130.33K, respectively, with the unit Reynolds number left unchanged at
Re/l = 4.4×106 /m.

5.2.2 Numerical setup

The steady laminar basic flow over the HLB capsule was computed on block-structured
grids with the help of the three-dimensional, finite-volume, compressible Navier-Stokes
flow solver FLOWer [258], which has been developed by DLR. For all simulations with
a nominally smooth surface presented in this chapter, a second-order AUSMDV [350]
upwind scheme was used for the flux discretization, and an explicit 5-stage Runge-
Kutta time-stepping scheme was chosen for the time discretization. In order to obtain
a better convergence behavior, the capsule shoulder was flagged turbulent using the
one-equation turbulence model of Spalart and Allmaras [306]. The DLR freeware
program MegaCads [44] was utilized to generate the block-structured grids. For the
case with zero angle of attack, the laminar basic flow was computed on an axisymmetric
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2D grid, whereas a fully three-dimensional mesh was employed for the inclined capsule
model at AoA = 24◦. The corresponding grids, along with the boundary conditions used
in the basic flow computation, are depicted in Fig. 5.1. The surface mesh topology was
designed to avoid the singularity on the spherical-section forebody.

φ

Sp

Rs

Rs
Rs
Rsφ

Sp

Supersonic inflow
Supersonic outflow
No slip
Symmetry
Symmetry

D = 0.16 m D = 0.17 m

Figure 5.1: Employed mesh and boundary conditions for the basic flow computation.
(left) 2D axisymmetric grid, AoA = 0◦; only every 3rd point is shown. (right) 3D grid,
AoA = 24◦; only every 6th point is shown.

A grid convergence study had been performed for the 2D axisymmetric case to determine
the required number of points along the capsule’s surface and in the wall-normal
direction to obtain a grid converged basic state. The three-dimensional grid has a
similar mesh resolution along both surface coordinates and consists of approximately
26.8×106 points; broken down as follows: 440 points in the radial direction (starting
at the capsule’s center), 254 points in the wall-normal direction and 240 equally spaced
points in the azimuthal direction. Grid nodes are distributed in such a way to resolve
both the boundary layer (with at least 100 points in wall-normal direction) and the
bow-shock area (cf. Fig. 5.1). In the 3D-case, the mesh is divided into several blocks to
allow for parallel computing.

In order to quantitatively compare surface heat flux values with experimental data, the
temperature gradient at the wall has to be properly resolved. On that account, the first
grid spacing at the wall was adjusted to have a cell Reynolds number of Rew = O(1).
According to the experience of Edquist et al. [94], this is an appropriate order to obtain
reliable heating predictions. The Reynolds number is based on the first cell height ∆η

and is defined as

Rew =

(
ρ̄ ā∆η

µ̄

)
w
, (5.1)

where ā is the speed of sound.
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To reduce the computational effort for the three-dimensional simulations, a symmetry
condition was set in the symmetry plane at 0 and 180-degree azimuthal angle. Moreover,
the grid convergence study had revealed no influence of the model’s aft-body flow on
the forebody boundary-layer values; hence, the simulation domain was truncated at
the capsule’s shoulder (cf. Fig. 5.1) to reduce the numerical cost further. Freestream
conditions of Table 5.1 were used for the inflow, while a supersonic zeroth-order
extrapolation condition was specified for the outflow regions. At the wall, either the
no-slip isothermal or the no-slip adiabatic condition was applied.

Note, the steady laminar basic flow for a typical HLB condition was also calculated
by Theiss et al. [321] with the DLR TAU-code and by Stemmer & Fehn [308] and Di
Giovanni & Stemmer [83] using the NSMB-code. The boundary-layer profiles computed
by the two other flow solvers showed a good agreement with the corresponding FLOWer-
results.

Results for optimal transient growth on the HLB geometry are compared to published
findings for the TAMU capsule in Sec. 5.4. The underlying laminar boundary-layer flow
over the TAMU capsule’s forebody had been computed with a second-order accurate
numerical method as implemented in the finite-volume compressible Navier-Stokes
flow solver VULCAN-CFD (see the publication of Litton et al. [202] and http://vulcan-
cfd.larc.nasa.gov for further information about the solver). More details on the laminar
basic flow computations for the TAMU capsule are given in Ref. [246].

5.2.3 Basic-flow results

The flow data computed with the DLR FLOWer code serve as the laminar basic flow
solution for the instability analyses presented in this thesis. Apart from that, the numeri-
cally acquired flow field also provided support for the interpretation of experimental
data obtained in the HLB by Syed Ali [8, 321, 324]. For example, the flow start in
the HLB was tested for different angles of attack and positions within the test section
by taking Schlieren images and comparing the bow-shock shape and the shock stand-
off distance with numerical results. Such Schlieren images for 0◦ and 24◦ angle of
attack are shown in Fig. 5.2 with overlying Mach number contour lines from a FLOWer
simulation, respectively.

Furthermore, surface heat fluxes were measured in the experiments of Ali and cowork-
ers [8, 321, 324] with the help of infrared thermography to determine the state of the
boundary layer (transitional or non-transitional) on the HLB capsule model at various
unit Reynolds numbers. It turned out that the state of the boundary layer on the spheri-
cal section forebody not only depends on the Reynolds number but also on the mean
roughness height of the infrared paint coating and the vertical position of the capsule
model within the HLB test section. More details on the experimental findings can be
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Figure 5.2: Schlieren images of the HLB capsule model at (a) 0◦ and (b) 24◦ AoA with
overlying Mach number isolines from a CFD simulation. The experimental results have
been obtained by Syed R. C. Ali from the TU-BS [324].

found in the publications from Ali and coworkers [8, 321, 324] and in Sec. 7.1. In
order to ascertain whether the flow is laminar or already transitional, the experimentally
determined heat flow rates were compared to the respective values from a laminar CFD
computation. Such a comparison is depicted in Fig. 5.3 in terms of a Stanton number
evolution along the capsule’s symmetry plane at Re/l = 18×106 /m for a case where a
purely laminar flow can be assumed. An excellent agreement between numerical and
experimental values can be observed.

Figure 5.4 shows a three-dimensional view of the HLB capsule forebody. The Reynolds
number based on momentum thickness, Reθ , with boundary-layer edge streamlines
on the capsule forebody, and Mach number isocontours in the symmetry plane are
plotted for case 1 from Table 5.1. The thick dashed line indicates the sonic line. The
flow continuously accelerates from the stagnation point at ξ = 0 (also φ = 0◦) toward
the capsule shoulder, but because of the strong bow shock, the boundary-layer edge
Mach number remains subsonic or slightly supersonic. In this work, the focus is on
the leeward symmetry region above the stagnation point, where the laminar-turbulent
transition has been observed in experiments [192, 321].

Although the HLB capsule features about twice the size of the Orion CEV model (TAMU
capsule [192, 246]) and has been investigated at higher unit Reynolds numbers and a
different angle of attack (see Sec. 5.2.1), the boundary-layer edge values normalized
with the respective freestream values are very similar for the two flow configurations due
to the spherical forebody. In Fig. 5.5 boundary-layer edge quantities along the symmetry
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Figure 5.3: Comparison of Stanton number distribution along the HLB capsule symme-
try line at Re/l = 18×106 /m. The experimental results have been obtained by Syed R.
C. Ali from the TU-BS [260].

D = 2R
Ma∞ = 5.9

24◦

ReΘ

0
25
50
75
100
125
150
175
200

0.2
1.4
2.5

Ma

Mae = 1

ξst = 0

ξ

Figure 5.4: Three-dimensional view of the HLB capsule forebody with isocontours
of Mach number and streamlines along the symmetry plane and contours of Reynolds
number based on momentum thickness with boundary-layer edge streamlines on the
forebody for Re/l = 10×106 /m and T̄w = 295K. The thick dashed lines indicate the
sonic lines.

72



5.2. BASIC FLOWS

plane for the HLB capsule at Re/l = 10×106 /m and T̄w = 395K are compared with
those for the TAMU capsule at Re/l = 4.4× 106 /m and T̄w = 391K. In accordance
with Sec. 4.2.2, the boundary-layer edge is determined by the total enthalpy criterion
h̄t/h̄t,∞ = 0.995. For both capsule geometries, the boundary-layer edge Mach number
increases monotonically with distance from the stagnation point (φ = 0◦), whereas the
evolution of the edge temperature reveals an opposite trend. Moreover, the mass flux,
ρ̄eūe, increases with distance from the stagnation point and reaches its maximum at the
respective sonic point (Mae = 1, indicated by the black vertical lines in Fig. 5.5), in
agreement with the inviscid flow theory.
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Figure 5.5: Streamwise evolution of boundary-layer edge quantities along the symmetry
plane for ◦: HLB-capsule at Re/l = 10×106 /m and T̄w = 395 K, �: TAMU-capsule at
Re/l = 4.4×106 /m and T̄w = 391 K. The ρ̄eūe values are non-dimensionalized with the
respective freestream values.

The impact of unit Reynolds number on the streamwise evolution of the boundary-
layer thickness δh and the momentum-thickness Reynolds number Reθ along the HLB
capsule’s leeward line of symmetry is depicted in Fig. 5.6 for T̄w = 295K. As one would
expect, the boundary-layer thickness decreases with unit Reynolds number, whereas the
momentum-thickness Reynolds number increases. Figure 5.7 plots the corresponding
evolutions of δh and Reθ for three different wall temperatures at a fixed unit Reynolds
number of Re/l = 10×106 /m. Although the momentum-thickness Reynolds number
increases with wall cooling, the evolution of the boundary-layer thickness reveals a
non-monotonic trend. The boundary-layer thickness for T̄w = 170K is larger than for
T̄w = 395K, however, δh is slightly reduced for the T̄w = 295K case. This discrepancy
is attributed to the underlying total enthalpy criterion (h̄t/h̄t,∞ = 0.995) utilized to detect
the boundary-layer edge. The local total enthalpy profiles consist of the wall-normal
distribution of streamwise velocity ū and temperature T̄ . Figure 5.8 shows representative
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basic flow profiles of ū, T̄ , and h̄t at φ = 10.02◦ and at φ = 25.02◦, respectively. At
both positions, the basic-state profiles are non-dimensionalized with the respective
freestream (pre-shock) values. A comparison of the ū- and T̄ -profiles at φ = 10.02◦ and
φ = 25.02◦ indicates that the boundary-layer thickness based on the velocity profiles
seems to decrease with wall cooling, whereas the opposite is true for the temperature
profiles.
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Figure 5.6: Streamwise evolution of (a) boundary-layer thickness and (b) Reynolds
number based on momentum thickness within the symmetry plane for four different
unit Reynolds numbers. The wall temperature is T̄w = 295K.
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Figure 5.7: Streamwise evolution of (a) boundary-layer thickness and (b) Reynolds
number based on momentum-thickness within the symmetry plane for three different
wall temperatures. The unit Reynolds number is Re/l = 10×106 /m.
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Figure 5.8: Basic flow profiles of normalized streamwise velocity, temperature, and
total enthalpy at (a) φ = 10.02◦ and (b) φ = 25.02◦ for three different wall temperatures.
The unit Reynolds number is Re/l = 10×106 /m.

Modal instability analysis

Modal linear stability calculations (LST) are performed for the HLB capsule at typical
HLB operating conditions (listed in Table 5.1) and varying wall temperatures. Because
of the convex curvature, the Görtler-type instability cannot occur. However, at the inves-
tigated freestream Mach number of 5.9, the boundary-layer transition may be triggered
by first-mode instabilities, second-mode instabilities, and cross-flow instabilities. In
general, the most amplified first-mode instability at supersonic Mach numbers is an
oblique wave [210]. Therefore a wide range in the frequency and spanwise wavenumber
space should be investigated. However, second-mode amplification is excluded because
of subsonic to transonic post-shock boundary-layer edge Mach numbers on the spherical
heat shield part (see Figs. 5.4 and 5.5). Thus, the most unstable first-mode instability is
supposed to be at wave angles close to zero.

At wind tunnel conditions, the HLB capsule model features thin boundary layers on its
spherical-section forebody (cf. Figs. 5.6(a) and 5.7(a)). As a consequence, Reynolds
numbers based on boundary-layer thickness parameters (e.g., momentum thickness
θ ) are also comparatively small (cf. Figs. 5.6(b) and 5.7(b)). An empirically deter-
mined transition Reynolds number for re-entry capsules is Reθ > 200. This Reynolds
number limit is reached for the unit Reynolds number cases depicted in Fig. 5.6 with
Re/l ≥ 12.5×106 /m. The maximum Reθ on the HLB capsule’s windward side is at-
tained in the leeward line of symmetry close to the junction between spherical forebody
and capsule shoulder where a strong acceleration occurs (see Fig. 5.4). The sustained,
strongly favorable pressure gradient has a highly stabilizing effect on the first-mode
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instabilities and shifts the indifference Reynolds number to higher values compared to
zero pressure gradient cases [231]. As a consequence, the modal instability analysis
reveals no amplified first-mode instabilities at the investigated unit Reynolds numbers.

The boundary layer on the inclined HLB capsule possesses a cross-flow component.
The left part of Fig. 5.9 depicts the spatial distribution of the maximum cross-flow
velocity w̄max divided by the boundary-layer edge velocity ūe on the capsule’s forebody
at Re/l = 20×106 /m. Besides, the right part of Fig. 5.9 depicts the cross-flow Reynolds
number distribution with nine overlying boundary-layer edge streamlines. The cross-
flow Reynolds number is based on the maximum cross-flow velocity and the upper
boundary-layer height where the cross-flow velocity is 10% of the maximum. The
three-dimensional boundary layer on the leeward side of the HLB capsule’s forebody
exhibits rather low cross-flow velocities caused by almost straight boundary-layer edge
streamlines (streamline 1–4 in Fig. 5.9). The highest cross-flow velocities (associated
with curved edge streamlines) occur on the lower windward side and the junction
between spherical forebody and capsule shoulder. Although the maximum cross-flow
velocity reaches values of up to 6% of the boundary-layer edge velocity, the modal
linear stability analysis does not reveal any amplified stationary or traveling cross-flow
modes. Peak cross-flow Reynolds number values reach about half the necessary value
of the minimum critical cross-flow Reynolds number near the leading edge of a swept
wing (Rec f ,crit = 96 [234]).
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Figure 5.9: (left part) Contours of the maximum cross-flow velocity divided by the
boundary-layer edge velocity. (right part) Cross-flow Reynolds number contours and
boundary-layer edge streamlines. The unit Reynolds number is Re/l = 20×106 /m and
the selected wall temperature corresponds to T̄w = 295K.
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A first attempt has been made to identify the indifference Reynolds number for the HLB
capsule by successively increasing the unit Reynolds number in the laminar basic flow
computation while simultaneously keeping the inflow Mach number and the temperature
constant. This investigation was performed on the axisymmetric grid. Figure 5.10 shows
the evolution of the Reynolds number based on momentum thickness, Reθ , along the
spherical-section forebody at various unit Reynolds numbers. Therein, the curve with
the square symbols on it represents the result for the HLB wind tunnel condition at
Re/l = 16×106 /m. Even though the unit Reynolds number is continuously increased,
Reθ only grows proportional with the square root of the increase in Re/l. However,
the empirically determined transition Reynolds number for blunt re-entry geometries
of Reθ > 200 is exceeded for all cases with Re/l ≥ 62.5× 106 /m. Nevertheless, a
stability analysis for the highest unit Reynolds number investigated also revealed no
modal disturbance growth. Moreover, attempts to increase the unit Reynolds number
further led to convergence problems in the mean flow computations, presumably due to
very small grid cells with high aspect ratios close to the model surface.
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Figure 5.10: Streamwise evolution of Reynolds number based on boundary-layer
momentum thickness along the capsule centerline for various unit Reynolds number
at AoA = 0◦ and T̄w = 295K. The dashed horizontal line indicates the empirically
determined transition Reynolds number for re-entry capsules.
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5.3 Modal instability analysis for a scaled laminar
boundary layer

In this section, a scaling ansatz for the laminar basic-flow data is introduced to avoid
the convergence problems that appear in the Navier-Stokes computations when trying
to increase the unit Reynolds number further than Re/l = 312.5× 106 /m. First, the
underlying assumptions of the scaling method are presented, and the technique validated
based on the HLB capsule’s boundary-layer flow. Subsequently, modal instability results
are shown based on scaled boundary layers for first-mode instabilities in the leeward
line of symmetry and cross-flow instabilities in a three-dimensional boundary layer
away from the symmetry plane.

5.3.1 Scaling-ansatz for laminar basic flows

The laminar boundary layer on the HLB capsule’s spherical-section part features a
high degree of self-similarity; hence, it is particularly well-suited for scaling methods.
Figure 5.11(a) depicts the boundary-layer profiles of streamwise velocity, temperature,
and density at φ = 17.97◦ for three different unit Reynolds numbers normalized with
the respective freestream values. For all flow variables considered, the boundary-
layer thickness decreases with unit Reynolds number, and the normalized flow data
collapse onto nearly the same values at the boundary-layer edge, respectively. Hence,
Fig. 5.11(b) shows the boundary-layer profiles at the same position but normalized with
the respective flow values at the boundary-layer edge, revealing an excellent agreement
of the profiles at the considered unit Reynolds numbers.
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Figure 5.11: Laminar basic flow boundary-layer profiles of streamwise velocity, tem-
perature, and density at φ = 17.97◦ normalized with (a) freestream values and (b)
boundary-layer edge values for AoA = 0◦ and T̄w = 295K.
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In the following, the laminar basic flow solution for Re/l = 62.5×106 /m is scaled to
higher unit Reynolds numbers to identify the magnitude of the indifference Reynolds
number. Higher unit Reynolds numbers are realized by increasing the density, whereas
the temperature and Mach number are kept constant. Furthermore, it is assumed that
the local pressure distribution within the boundary layer remains constant. Moreover,
the boundary-layer thickness δh, the displacement thickness δ ∗, and the momentum
thickness θ are assumed to decrease with the square root of the increase in unit Reynolds
number. As a result, the scaled local nondimensional boundary-layer profiles will almost
collapse onto the same profile (similar to Fig. 5.11(b)).

The scaling approach is validated by means of the laminar basic-flow results used to pro-
duce Fig. 5.10. First, the flow values of the Re/l = 62.5×106 /m solution are scaled by
a factor of five to conform to the Re/l = 312.5×106 /m boundary layer. Subsequently,
the instability results for the scaled boundary layer are compared to the findings obtained
from the original basic flow solution at Re/l = 312.5× 106 /m. Figure 5.12 depicts
the first-mode growth rate as a function of disturbance frequency at φ = 17.97◦ and
the corresponding normalized eigenfunction at the least damped frequency computed
for both basic flow solutions (original and scaled) with Re/l = 312.5× 106 /m. The
instability results exhibit a very good agreement, thus, confirming the validity of the
introduced scaling approach (at least for the HLB capsule configuration considered in
this thesis).
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Figure 5.12: Comparison of instability results at φ = 17.97◦ obtained from a directly
computed boundary layer at Re/l = 312.5× 106 /m with corresponding values of a
scaled boundary layer in terms of (a) spatial growth rate as a function of disturbance
frequency and (b) normalized amplitude function of the streamwise velocity perturbation
at f = 118kHz. The scaled boundary layer corresponds to the direct flow solution of
Re/l = 62.5×106 /m that is scaled by a factor of 5. The selected wall temperature is
T̄w = 295K and AoA = 0◦.
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5.3.2 Linear instability results for the scaled capsule boundary layer

First-mode instability in the leeward line of symmetry

The scaling ansatz introduced in the previous subsection is utilized to trace the strongly
damped first-mode instability (see Fig. 5.12) in the Reynolds number space to larger
values of Reθ until the first modally amplified disturbances are detected. Figure 5.13
depicts the outcome of this investigation for an isothermal and an adiabatic boundary
layer in terms of nondimensional spatial growth rate as a function of the reduced
frequency F at φ = 20.43◦. The spatial growth rate is made dimensionless with the
momentum thickness, and the nondimensional frequency is defined as

F = 2π f
ν̄e

ū2
e
. (5.2)

As can be seen in Fig. 5.13, the potentially amplified disturbance frequency band
becomes narrower with increasing Reθ . Moreover, because of the stabilizing effect of
wall cooling on the first-mode disturbances [210], a higher Reynolds number based on
momentum thickness is required for the onset of modally amplified perturbations in the
case of the isothermal wall with T̄w = 295K compared to the adiabatic-wall case with
T̄w = 426K. Nevertheless, the indifference Reynolds number (Reθ ,ind) in both cases is
more than an order of magnitude higher to what can be realized in, e.g., the HLB wind
tunnel.
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Figure 5.13: Nondimensional spatial growth rate −αiθ vs. reduced disturbance fre-
quency F at φ = 20.43◦ for various Reynolds numbers based on momentum thickness,
AoA = 0◦. The selected laminar basic flow wall boundary condition is (a) isothermal
wall and (b) adiabatic wall.

Figure 5.14 displays the dependency of the spatial growth rate from the wave angle Ψ

at various Reynolds numbers based on the momentum thickness for the adiabatic wall
case at φ = 17.97◦. The respective disturbance frequency belongs to the least stable
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eigenmode. In the local spatial stability, as used in this subsection, the wave angle is
defined as

Ψ = arctan
(

hξ β

hζ αr

)
. (5.3)

Because of the subsonic boundary-layer edge Mach number at the considered loca-
tion (Mae = 0.49 at φ = 17.97◦), the most amplified disturbance belongs to a two-
dimensional wave with wave angle Ψ = 0◦.
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The ratio of viscous-layer height to boundary-layer thickness is a function of the
Reynolds number. With increasing Reynolds number, the viscous wall layer becomes
thinner, and the location of peak streamwise velocity perturbation moves closer to the
wall, as depicted in Fig. 5.15. Similar results for a flat-plate boundary layer at high
Reynolds numbers have been reported by Healey [135].

In order to gain a better understanding of the modal instability properties, N-factor
calculations for various disturbance frequencies have been performed. The laminar
adiabatic basic-flow solution at Re/l = 62.5×106 /m is scaled to higher unit Reynolds
numbers, and the corresponding envelope curves of maximum N-factor and disturbance
frequency are shown in Figs. 5.16(a,b). As one would expect, increasing the unit
Reynolds number leads to higher maximal N-factors and thinner boundary layers. As
a consequence, the most amplified disturbance frequency shifts toward higher values.
The sudden decrease in N-factor downstream of its peak value is most likely attributed
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to the increase in flow acceleration towards the capsule shoulder, concomitant with a
higher favorable streamwise pressure gradient. On that account, Fig. 5.16(c) displays
the evolution of the Pohlhausen shape factor Λ along the leeward line of symmetry. The
Pohlhausen shape factor is a measure of acceleration and yields in

Λ =
δ 2

h
ν̄e

dūe

dξ
. (5.4)

A positive shape factor stands for a favorable pressure gradient, whereas a negative
shape factor implies an adverse pressure gradient. As can be seen, the flow acceleration
only slightly increases along most parts of the forebody. However, the favorable pressure
gradient rapidly increases while approaching the junction between the spherical section
and capsule shoulder, leading to the progressive attenuation of the first-mode instability.
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Figure 5.16: (a) N-factor envelope evolution for the first-mode instability at vari-
ous scaled unit Reynolds numbers. The laminar basic flow solution corresponds to
Re/l = 62.5×106 /m and is scaled by the factors of 800, 1000, 1500 and 2000, respec-
tively. (b) Maximum N-factor as a function of disturbance frequency. (c) Streamwise
evolution of the shape factor Λ for Re/l = 62.5×106 /m. The arrows mark the stream-
wise location where the N-factor in part (a) returns to zero. The selected laminar basic
flow wall boundary condition is adiabatic wall and AoA = 0◦.
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Cross-flow instability away from the leeward line of symmetry

The introduced scaling ansatz is now used to determine the unit Reynolds number
necessary for the onset of modally amplified cross-flow modes on the HLB capsule
model. The boundary-layer edge streamline with number 5 in Fig. 5.9 is utilized for this
investigation, because of its long cross-flow influenced running length accompanied by
a high cross-flow velocity. The least stable stationary cross-flow mode, computed for the
laminar basic flow at Re/l = 20×106 /m, is traced in the Reynolds number space at the
position marked with the white dot in Fig. 5.9 until a first amplified cross-flow instability
is detected. It turns out that the amplitude of the stationary cross-flow mode starts to
grow at a unit Reynolds number of about Re/l = 120×106 /m. Thereupon, an additional
laminar basic-flow computation for Re/l = 120× 106 /m was performed to confirm
this finding and to further verify the scaling methodology used for three-dimensional
flows. A comparison of the cross-flow velocity profile obtained from the directly
computed basic state at Re/l = 120× 106 /m with a profile from a correspondingly
scaled boundary layer (basic flow solution of Re/l = 20×106 /m scaled by a factor of 6)
is given in Fig. 5.17(a). The cross-flow profile obtained from the scaled boundary layer
is in good agreement with the actually computed shape. Moreover, the modal instability
results for the stationary cross-flow perturbation depicted in Fig. 5.17(b) also fit well
for both basic flows (scaled and original boundary layer at Re/l = 120×106 /m).
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Figure 5.17: Comparison of boundary-layer data for a directly computed basic flow at
Re/l = 120×106 /m with corresponding values from a scaled boundary layer at the
position marked with the white dot in Fig. 5.9. (a) cross-flow velocity profile and (b)
spatial growth rate −αi of the steady cross-flow instability as a function of the spanwise
wavenumber β . The scaled boundary layer corresponds to the direct flow solution
of Re/l = 20× 106 /m that is scaled by a factor of 6. The selected isothermal wall
temperature is T̄w = 295K and AoA = 24◦.
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The comparison of instability results obtained from the scaled and the directly computed
boundary layer is extended to traveling cross-flow instability modes via scanning the
spanwise wavenumber and frequency space. A result of this investigation is shown
in Fig. 5.18 in terms of the spatial disturbance growth rate. The colored contour plot
belongs to the instability results obtained from the Re/l = 120×106 /m computation,
and the isolines correspond to the scaled solution (Re/l = 20× 106 /m× 6). Once
again, the agreement between the scaled and original solution is very good. Solely, a
small frequency shift is present in the scaled solution. The most unstable instability
belongs to a traveling cross-flow mode at f = 1260Hz leading to a maximum N-factor
of N = 0.29 for the investigated streamline (N = 0.26 at f = 0Hz). This integrated
amplification rate is much smaller than the correlated transition N-factor of about 5 for
shock tunnels [170]. Therefore, if laminar to turbulent transition occurs on the HLB
capsule at Re/l = 120×106 /m, the transition mechanism has to be based on something
rather different than modal disturbance growth, e.g., transient growth due to roughness.

f [kHz]

β
×

10
−

3
[1

/m
]

15

20

25

30

0 10 20 30 40

−αi [1/m]

-75
-60
-45
-30
-15
0
15
30

Figure 5.18: Contours of spatial disturbance growth rate for Re/l = 120×106 /m
at the position marked with the white dot in Fig. 5.9. The isolines, with levels
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84



5.4. NONMODAL INSTABILITY ANALYSIS

5.4 Nonmodal instability analysis

Optimal transient-growth results are presented in this section for the HLB capsule with
the focus being on the effects of the unit Reynolds number and wall temperature on the
nonmodal transient growth characteristics and optimal optimization parameters, namely,
azimuthal wavelength, optimization interval length, and disturbance frequency. For
each parametric study, the optimal transient-growth characteristics are compared to the
findings for the TAMU capsule presented in Ref. [246] (as far as comparable data are
available). Subsequently, the disturbance production and dissipation terms for optimal
initial perturbations are introduced to identify the significant contributing terms of the
corresponding growth mechanism. Finally, the implications of optimal transient growth
results on the transition correlation of Reshotko & Tumin [274] and Paredes et al. [246]
are investigated.

In this work, the spanwise disturbance wavelength, λζ (ξ ), is assumed to increase in
proportion to the distance from the stagnation point. This assures a constant wavenum-
ber in the azimuthal direction, mζ , at each streamwise location, as it was also used
for the axisymmetric hemisphere in Sec. 4.2.2. Note that in the axisymmetric case,
the dimensional spanwise wavenumber β in Eq. 2.27 turns into the nondimensional,
azimuthal wavenumber mζ . This assumption, however, may not hold for the fully
three-dimensional flows investigated in this thesis. In general, a physically accurate
description of the azimuthal wavenumber variation along a prescribed path in a com-
pletely three-dimensional basic flow remains an open question in the literature for both
modal and nonmodal disturbance growth. For the TAMU capsule studies, Paredes et
al. [246] have investigated the effect of different strategies for specifying the streamwise
variation in azimuthal disturbance wavelength on the nonmodal-growth properties for
the boundary layer along the leeward line of symmetry. In their investigation, the
researchers tested a constant wavelength approach, a variation based on streamline
divergence, and an axisymmetric flow assumption. Their computations revealed solely
a small influence of the selected wavelength variation on the optimal nonmodal growth
within the optimization interval that led to the highest disturbance energy amplifica-
tion. The assumption of an axisymmetric flow for the azimuthal-wavelength variation
led to the strongest growth of the perturbation energy. Therefore, it can be consid-
ered as the procedure that provides the upper bound for transient disturbance growth
on the spherical-section forebody geometries regarded in this thesis. Assuming an
axisymmetric flow, the metric factors yield in

hξ = 1+κξ η , (5.5)
hζ = rb +η cos(χ) , (5.6)

where κξ denotes the streamwise curvature (κξ = 1/Rs), rb is the local radius (rb =
Rs sin(φ)), and χ stands for the inclination of the local tangent to the body surface
(sin(χ) = drb/dξ ).
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5.4.1 Effects of unit Reynolds number and energy norm

Paredes et al. [246] pointed out that, in order to apply the optimal transient-growth
predictions toward transition correlations for non-similar boundary-layer flows such
as the TAMU and HLB capsules, in addition to the azimuthal wavenumber of the
perturbation, both the start and end positions of the transient-growth interval must
be altered. First, the impact of energy norm (total energy vs. kinetic energy only)
on the gain based on outlet energy (Eq. 2.41) is addressed at Re/l = 10×106 /m and
T̄w = 295 K. Figure 5.19 shows the maximum disturbance energy gain within all
possible optimization intervals [φ0,φ1] (max[φ0,φ1](G)) at the corresponding optimal
azimuthal wavenumber, mζ ,opt , for the total energy norm (Fig. 5.19(a)) and the kinetic
energy norm (Fig. 5.19(b)) with J = Gout , respectively. The black dot denotes the
location of the optimal interval, where the highest gain occurs, [φ0,φ1]opt . The black
line indicates the value of φ1 corresponding to the maximum energy gain for a given φ0.
The displayed area in the figure is limited by the line of the zero-length optimization
interval φ1 = φ0 with G = 1 on the diagonal, and a line on the left that delimits the
area of the [φ0,φ1] space that is omitted because the initial disturbance profiles at φ0
peak above the boundary-layer edge and do not exhibit sufficient decay in the wall-
normal direction (especially the wall-normal velocity component ŵ), which in turn
prevents the adjoint-based optimization algorithm from converging to a satisfactory
result. However, the excluded part in the plot is not considered relevant for the present
study because disturbances with extended wall-normal support are unlikely to be excited
by surface roughness. The maximum perturbation energy gain in the case of Jout

E arises
near the stagnation point, which is in accordance with the findings for a hemisphere in
hypersonic flow [243, 368] and the TAMU capsule with T̄w/T̄e < 1 [246]. When the
norm for the optimization is exclusively based on the kinetic energy (Jout

K ), the position
of the maximum gain shifts farther downstream toward the vicinity of the sonic point,
as shown in Fig. 5.19(b) (φMae=1 ≈ 35◦, see also Fig. 5.5), which again is consistent
with previous findings for blunt-body configurations [243, 246].

From here on, the overall transient growth characteristics of the boundary-layer flow
are presented in terms of an optimal combination of azimuthal wavenumber (mζ ,opt)
and optimal optimization interval length ([φ0,φ1]opt ) leading to the maximum value of
the disturbance energy gain for a specific initial position. In the following, the influence
of the unit Reynolds number on the optimal nonmodal-growth properties is discussed
with regard to objective functions based on outlet energy and mean energy, respectively.

Figure 5.20 presents the evolution of the maximum disturbance energy gain along the
angular coordinate for the four possible optimization options (Jout

E , Jmean
E , Jout

K , and
Jmean

K ) at different unit Reynolds numbers and T̄w = 295 K. Note that the area below
φ0 < 6◦ for GE and φ0 < 11◦ for GK is omitted, respectively. In those regions, the
spatial extent of the optimization interval is limited by the boundaries of the parameter
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Figure 5.19: Isocontours of maximum gain in interval [φ0,φ1], max[φ0,φ1](G), for an
optimization of (a) total energy gain Jout

E and (b) kinetic energy gain Jout
K . The white

dot in (a) indicates the location of the region I that is investigated in more detail in
Secs. 5.4.3 and 5.4.4.

space depicted in Fig. 5.19. In the case of mean energy gain optimization Jmean, the
length of the optimal optimization interval is much longer than when maximizing the
outlet energy gain Jout . For this reason, a meaningful comparison of both objective
functions with respect to the maximum possible disturbance energy gain is not feasible
below the mentioned regions. For all cases shown in Fig. 5.20, maximizing the outlet
energy, Jout , leads to the highest possible disturbance energy gain within [φ0,φ1]opt at
mζ ,opt . Hence, all of the results presented in the following to define the upper limit
of optimal transient growth for the smooth HLB capsule configuration will pertain
only to the objective function based on outlet energy gain (J = Gout). For all unit
Reynolds numbers considered here, the total energy gain of the disturbances reduces
with increasing distance from the stagnation point (φ0 = 0◦). In contrast, the kinetic
energy gain grows toward the capsule shoulder, which implies an increasing share
of the overall energy. The sudden decay in perturbation energy gain at φ0 ≈ 37◦ for
both considered energy norms, GE and GK , is attributed to the shortened optimization
interval length at the end of the simulation domain (see Fig. 5.19).

It is known from optimal transient-growth analyses for boundary-layer flows over flat
plates that the disturbance energy gain at high Reynolds numbers scales with the body-
length Reynolds number ReL [14, 368]. Figure 5.21 shows the quasi-linear scaling
of the optimal disturbance energy gain based on the full energy norm (GE ) with the
unit Reynolds number (ReR = R ·Re/l). Since the dimension of the capsule does not
change with variation of the unit Reynolds number, the minor deviations from the linear
trend are attributed to the differences in the ratio of boundary-layer thickness to surface
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Figure 5.20: Streamwise evolution of the maximum optimal disturbance energy gain,
max[φ0,φ1] (G), based on (a) total energy norm and (b) kinetic energy norm.

curvature radius. The linear-like unit Reynolds number dependence of the optimal
perturbation energy gain is also reported for the TAMU capsule [246].

The nonmodal-growth amplification with regard to the logarithmic amplification ratio,
i.e., N-factor, for T̄w = 295K is depicted in Fig. 5.22 in terms of N-factor envelope
curves (max[φ0,φ1]opt (N)) optimized for both considered energy norms (Jout

E and Jout
K ).

The logarithmic amplification factors based on the total (NE ) and kinetic energy norm
(NK) are defined as

NE (φ) = 1/2ln [E (φ)/E (φ0)] , NK(φ) = 1/2ln [K (φ)/K (φ0)] . (5.7)
The vertical dashed lines in Fig. 5.22 denote the transition locations for the experiments
of Ali et al. [8]. The N-factors at the determined transition location based on the
norm for kinetic disturbance energy and total energy are NK = 2.45 and NE = 2.54 at
Re/l = 16×106 /m and NK = 2.48 and NE = 2.61 at Re/l = 18×106 /m, respectively.

The optimal transient-growth results in Figs. 5.20 to 5.22 are presented for the optimal
parameters of azimuthal wavelength λζ ,opt and optimization interval [φ0, φ1]opt . Figure
5.23(a) shows the corresponding optimal spanwise wavelength for Jout

E with respect
to the boundary-layer thickness along the start optimization positions for the HLB
capsule for four different unit Reynolds numbers at T̄w = 295K. Furthermore, the
optimal parameters for the TAMU capsule with T̄w = 391K are also depicted at the
unit Reynolds numbers from Ref. [246]. For both capsule geometries, the optimal
perturbation wavelength shows good scalability with the boundary-layer thickness.
The optimal wavelength in terms of boundary-layer thickness varies in the range of
(λζ/δh)opt ≈ [2.2,3.0] for the TAMU capsule and (λζ/δh)opt ≈ [1.6,2.7] for the HLB
capsule (in the region without domain boundary effects) and is not too different from
the observations of Reshotko & Tumin [274] with (λζ/δh)opt ≈ 3.2 for stagnation
point flows and (λζ/δh)opt ≈ [3,3.5] for the flat plate. Though the predicted optimal
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Figure 5.21: Impact of unit Reynolds number on the maximum total energy gain,
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wavelengths are quite similar for both capsules, the minor difference could be caused by
the different wall temperatures in the two studies (T̄w,TAMU = 391 K, T̄w,HLB = 295 K)
and the corresponding ratios of wall temperature to boundary-layer edge temperature
((T̄w/T̄e)TAMU ≈ 1 and (T̄w/T̄e)HLB < 1). The implication of the T̄w/T̄e-ratio on the
optimal parameters for transient disturbance growth is addressed in the next subsection.
Figure 5.23(b) depicts the streamwise evolution of the optimal transient-growth interval
length for the TAMU and HLB capsules at the respective unit Reynolds numbers.
Although the dimension of the TAMU capsule is only about one half the size of the
HLB capsule, the optimal dimensional length of the transient-growth interval is nearly
the same for both geometries ((ξ1−ξ0)opt ≈ 1.0 cm) and decreases moderately with
the unit Reynolds number. Note, the relatively short optimal optimization length is
consistent with the findings for the laminar wake-flow development downstream of
an isolated roughness element on the forebody of the HLB capsule. More details on
the isolated roughness investigations are given in Chapter 6. Although not shown
here, the boundary layer on both capsule forebodies experiences optimal transient
disturbance growth within 30–40 boundary-layer thicknesses depending on the angular
coordinate, which is about fifteen times shorter in comparison to the results of Reshotko
& Tumin [274] for flat-plate flows.
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Figure 5.23: Impact of unit Reynolds number on (a) optimal spanwise disturbance
wavelength and (b) optimal optimization interval length. The results for the TAMU
capsule have been obtained by Dr. Pedro Paredes [141].
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5.4.2 Effect of wall temperature

The impact of the wall temperature on the optimal disturbance growth based on the total
(Jout

E ) and kinetic energy norm (Jout
K ) is presented in Fig. 5.24 for the TAMU capsule with

Re/l = 4.4×106 /m and in Fig. 5.25 for the HLB capsule with Re/l = 10×106 /m.
The disturbance energy gain increases with wall cooling, which is in accordance with
previous findings in the literature [273, 274, 320, 334, 335, 368, 369]. However, the
effect is more pronounced in the case of the total energy norm, especially in the vicinity
of the stagnation point. The disturbance energy amplification based on total and kinetic
energy norms is higher for the HLB capsule due to an about factor of five larger
body-length Reynolds number. The share of the kinetic energy on the total energy of
the perturbation increases with T̄w/T̄e, and for T̄w/T̄e ≈ 1 (HLB capsule: T̄w = 395K,
TAMU capsule: T̄w = 391K; see also Fig. 5.5) the total energy mainly consists of
kinetic energy, i.e., at φ0 = 35.5◦: GE = 70.6, GK = 69.7 for the HLB capsule and
GE = 10.3, GK = 9.9 for the TAMU capsule, respectively.
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Figure 5.24: Impact of wall temperature on the streamwise evolution of the maximum
optimal disturbance energy gain, max[φ0,φ1] (G), based on (a) total energy norm and (b)
kinetic energy norm for the TAMU capsule. The results were obtained by Dr. Pedro
Paredes [141].

The impact of wall temperature on the optimal azimuthal wavelength and the optimal
optimization interval length for both capsules is shown in Figs. 5.26(a) and 5.26(b). The
optimal spanwise wavelength scaled by the corresponding boundary-layer thickness de-
creases slightly with wall cooling for both capsule geometries. Moreover, the results for
the TAMU capsule at Re/l = 4.4×106 /m with (T̄w/T̄e)TAMU < 1 fall within the range
of the HLB capsule data for Re/l = 10×106 /m. Conversely, the optimal optimization
length slightly increases with wall cooling (∆ξopt = (ξ1−ξ0)opt ≈ 11mm) along with
a higher mean deviation.
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Figure 5.25: Impact of wall temperature on the streamwise evolution of the maximum
optimal disturbance energy gain, max[φ0,φ1] (G), based on (a) total energy norm and (b)
kinetic energy norm for the HLB capsule.
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Figure 5.26: Impact of wall temperature on (a) optimal spanwise disturbance wave-
length and (b) optimal optimization interval length. The results for the TAMU capsule
have been obtained by Dr. Pedro Paredes [141].
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5.4.3 Effect of disturbance frequency

According to comparable cases from the literature [193, 208], the zero Hertz perturba-
tion leads to the highest nonmodal energy amplification in two-dimensional boundary-
layer flows; hence, only steady optimal disturbances have been considered so far.
However, to possibly measure transient growth, detailed knowledge about the relevant
frequency range is indispensable. This means that one has to know the most nonmodally
amplified disturbance frequency and the sensitivity of the expected energy gain with
respect to changes in frequency. In the following, the optimal transient growth investi-
gation for the HLB capsule is, therefore, extended to unsteady disturbances with the
focus being on the impact of the objective function (Jout vs. Jmean), the unit Reynolds
number, and the wall temperature on the maximum obtainable energy gain, respectively.
Those parameter studies (J, Re/l and T̄w) are limited to two selected initial locations,
and the optimal optimization lengths correspond to the respective f = 0Hz case. The
first position is located close to the stagnation point region at φ0 = 8.59◦ (indicated by
the white dot in Fig. 5.19(a)), where maximizing the total energy in the disturbance (JE )
leads to the highest gain. The second chosen position is at φ0 = 34.38◦ (indicated by
the black dot in Fig. 5.19(b)) and matches the location where the highest energy gain is
obtained when maximizing the kinetic energy (JK). In the following, optimal transient
growth results for unsteady initial disturbances are presented based on JE for the first
region (I) and based on JK for the second region (II).

Impact of objective function and unit Reynolds number

Figure 5.27 depicts the evolution of the perturbation energy gain for the two considered
objective functions (Jout and Jmean) at different disturbance frequencies. The results
for the total energy maximization in region I are plotted in Fig. 5.27(a), whereas
Fig. 5.27(b) depicts the outcome for the kinetic energy maximization in region II.
As pointed out in Sec. 5.4.1, the optimal optimization length in the case of mean
energy maximization is longer than for optimizing Jout , i.e., ∆ξopt,Jout

E
= 14.28mm and

∆ξopt,Jmean
E

= 22.43mm in region I (Fig. 5.27(a)). However, the highest energy gain
in region I and region II is obtained for Jout at the selected frequencies. Though, the
disturbance total energy amplification in region I is more susceptible to changes in
frequency compared to the kinetic energy gain in region II. The maximum energy gain
Gmax, within the considered optimization interval |φ0, φ1| in region I, considerably
decreases with disturbance frequency for both objective functions, while in region II,
Gmax slightly increases with frequency (except for Jmean and f = 24kHz). The highest
gain is reached within the optimization interval when optimizing the mean energy
amplification (at both considered regions and all selected frequencies). In contrast, Gmax
is obtained at the outlet point of the optimization φ1 in the case of Jout for f = 0kHz in
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region I and at all frequencies in region II. However, the position where the maximum
gain occurs shifts upstream towards φ0 with increasing disturbance frequency in region
I for Jout

E .
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Figure 5.27: Impact of disturbance frequency and objective function on the streamwise
evolution of perturbation energy gain based on (a) total energy norm in region I with
ξ0 = 30.58 mm; Jout

E : ξ1 = 44.86 mm, Jmean
E : ξ1 = 53.01 mm and (b) kinetic energy norm

in region II with ξ0 = 122.33 mm; Jout
K : ξ1 = 130.49 mm, Jmean

K : ξ1 = 132.53 mm. The
unit Reynolds number is Re/l = 10×106 /m and the wall temperature corresponds to
T̄w = 295K.

The maximal obtainable disturbance energy gain within the optimization interval
max[φ0,φ1] (G) is depicted in Fig. 5.28 as a function of perturbation frequency at various
unit Reynolds numbers and for both objective functions (Fig. 5.28(a): max[φ0,φ1] (GE)
in region I; Fig. 5.28(b): max[φ0,φ1] (GK) in region II). In both regions I and II, the
disturbance energy gain increases linearly with unit Reynolds number (cf. Fig. 5.21).
The disturbance energy gain in region I reaches its maximum at f = 0Hz (for Jout

E and
Jmean

E ) and greatly decreases at higher frequencies, e.g., the maximal energy ampli-
fication has already halved at about f ≈ 12kHz. Maximizing the total outlet energy
Jout

E leads in comparison to Jmean
E to the highest disturbance energy gain in region I, at

least at the considered unit Reynolds numbers and perturbation frequencies. However,
maximizing the mean kinetic energy in region II results in a higher disturbance energy
amplification in comparison to Jout

K at the higher selected perturbation frequencies, i.e.
f > 40kHz at Re/l = 18× 106 /m. Moreover, the maximal energy gain within the
considered optimization interval in region II for both Jout

K and Jmean
K is rather insensi-

tive to variations in disturbance frequency up to about f ≈ 30kHz. Furthermore, the
highest possible disturbance energy gain is attained for an unsteady initial perturbation,
whereby the most amplified disturbance frequency fGmax increases with unit Reynolds
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number (for both Jout
K and Jmean

K ), e.g. fGmax,Jout
K

= 16kHz at Re/l = 10× 106 /m and
fGmax,Jout

K
= 20kHz for Re/l = 18× 106 /m. The fact that an unsteady disturbance in

region II with JK leads to the highest energy gain is in line with the observations of Karp
& Hack [173], who studied the optimal transient growth in an incompressible parallel
flow over a convex surface.
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Figure 5.28: Impact of unit Reynolds number and objective function on the maximal
energy gain within the optimization interval max[φ0,φ1] (G) as a function of disturbance
frequency for (a) total energy norm in region I with ξ0 = 30.58 mm; Jout

E : ξ1 = 44.86 mm,
Jmean

E : ξ1 = 53.01 mm and (b) kinetic energy norm in region II with ξ0 = 122.33 mm;
Jout

K : ξ1 = 130.49 mm, Jmean
K : ξ1 = 132.53 mm. The wall temperature corresponds to

T̄w = 295K.

Note, for both considered regions in Fig. 5.28, there is a deviation in the evolution of
the Jmean gain curves in comparison with the equivalent Jout lines within a specific
frequency range. In region I, for instance, the Jmean

E gain curves feature an additional
local minimum at f ≈ 6kHz. In Fig. 5.27(a) for Jmean

E and f = 3kHz, there is also a
change observable in the streamwise evolution of the disturbance energy gain compared
to the corresponding Jout

E curve, as well as to the other depicted frequency curves for
Jmean

E . Those differences are attributed to the shape of the optimal initial disturbance.
Therefore, Fig. 5.29(a) depicts the shape functions of the optimal perturbations at φ0 in
region I for various disturbance frequencies and both considered objective functions
(Jout

E and Jmean
E ). Note, solely the normalized shape functions for the spanwise v̂ and

wall-normal ŵ velocity fluctuations are shown in Fig. 5.29(a) because the amplitudes of
the other disturbance variables (ρ̂ , û and T̂ ) are negligibly small at φ0. For f = 0Hz, the
optimal perturbation on the HLB capsule in region I corresponds to a streamwise vortex
(for both Jout

E and Jmean
E ), just as for flat-plate flows (cf. Fig. 4.8). In the case of Jout

E , the
amplitude functions successively change with disturbance frequency, whereas for Jmean

E ,
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Figure 5.29: Normalized amplitude functions at various perturbation frequencies for
(a) optimal initial disturbance at ξ0 and (b) resulting disturbance at ξ1. The hori-
zontal dashed line indicates the boundary layer edge. The unit Reynolds number is
Re/l = 10×106 /m and the wall temperature corresponds to T̄w = 295K.

a considerable variation in the plotted perturbation velocity profiles is discernible at
f = 3kHz and f = 6kHz. Even though the initial disturbance profiles for Jout

E and Jmean
E

substantially differ at some of the considered perturbation frequencies, the resulting
mode shapes at the final optimization location φ1 are very similar to each other, as visible
in Fig. ??. Analogous to the incompressible flat plate case (see Fig. 4.8), the initial
streamwise vortex at φ0 develops into a streamwise streak with negligible amplitudes in
the v̂ and ŵ components. However, because of compressibility effects, the density ρ̂

and temperature T̂ (not shown) fluctuations also exhibit substantial amplitudes (at all
considered frequencies and for both objective functions).
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Impact of wall temperature

Figure 5.30 depicts the maximum energy gain (Fig. 5.30(a): region I, Jout
E ; Fig. 5.30(b):

region II, Jout
K ) as a function of disturbance frequency at different wall temperatures

for the basic flow at Re/l = 10× 106 /m. Wall cooling significantly increases the
maximal attainable energy gain in region I (cf. Fig. 5.25(a)) but has no impact on
the most amplified disturbance frequency. On the other hand, the maximum kinetic
energy gain also increases with decreasing wall temperatures in region II; however,
the most amplified disturbance frequency successively reduces from f = 26kHz at
T̄w = 395K towards f = 0kHz at T̄w = 170K. Moreover, the frequency range wherein
the maximum energy gain exhibits a weak frequency dependency also shrinks with wall
cooling. Note, max[φ0,φ1] (GK) reduces significantly faster with disturbance frequency
for the cooler wall cases, leading to a trend inversion at higher frequencies, e.g. at
f = 100kHz the highest kinetic energy gain is obtained with T̄w = 395K and the lowest
one at T̄w = 170K.
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Figure 5.30: Impact of wall temperature T̄w on the maximal obtainable energy gain
within the optimization interval max[φ0,φ1](G) as a function of disturbance frequency for
(a) total energy norm in region I with ξ0 = 30.58mm, ξ1 = 44.86 mm and (b) kinetic
energy norm in region II with ξ0 = 122.33mm, ξ1 = 130.49mm. The unit Reynolds
number is Re/l = 10×106 /m.

5.4.4 Optimal perturbation energy budget

In order to gain a better understanding of how the disturbance energy grows in an
optimal initial perturbation, it is useful to determine the disturbance energy balance (see
Sec. 2.5) and to identify the relevant terms contained therein. As already considered
in the preceding subsection (Sec. 5.4.3), the focus here is also on the two selected
regions (see Fig. 5.19: region I with Jout

E ; region II with Jout
K ). However, the current

study is limited to steady disturbances ( f = 0Hz), and only results obtained with Jout
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as the objective function are shown. First, the impact of unit Reynolds number on the
streamwise evolution of the disturbance energy production and dissipation terms at a
constant wall temperature are presented. Subsequently, the effect of wall temperature
on the disturbance energy balance is studied at an unchanged unit Reynolds number.
Note that no results for the flux terms are shown because of small negligible values at
the lower and upper domain boundaries (mostly due to the imposed Dirichlet boundary
conditions, see also Fig. 5.29). Furthermore, the difference between the outlet and inlet
flux is equal to the sum of the production and dissipation terms whose shares in the
energy budget are the essence of the current investigation.

Impact of unit Reynolds number

The streamwise evolution of the different energy production terms (P1 and P2 defined in
Eqs. 2.67 and 2.68, respectively) and the associated two dissipation terms (D1 and D2
provided in Eqs. 2.69 and 2.71) are shown in Fig. 5.31 for four unit Reynolds numbers
at T̄w = 295K. The results for region I with Jout

E are depicted in Fig. 5.31(a), whereas
the corresponding data for region II with Jout

K are plotted in Fig. 5.31(b). There is a
clear difference in the dominant production/dissipation term between both regions. In
the area close to the stagnation point (region I), most of the energy is produced and
dissipated via the respective term that is linked with the basic flow temperature gradient
(energy production term P2 and dissipation term D2). However, in region II (located
in the vicinity of the sonic point), the terms related to the basic flow velocity gradient
(production term P1 and dissipation term D1) have the largest share in the energy bud-
get. As the disturbance energy gain increases with unit Reynolds number (e.g., see
Fig. 5.20), the absolute values of the production and dissipation terms increase as well.
Note, starting at the initial optimization location ξ0, the most relevant production term
(P2 in region I and P1 in region II) grows rapidly in the streamwise direction and reaches
its maximum within the first half of the optimization interval, whereby the location of
the maximal value moves upstream with unit Reynolds number. On the other hand, the
associated dissipation term (D2 in region I and D1 in region II) grows moderately at
first, and its maximum is obtained in the vicinity of the outlet location ξ1.

Impact of wall temperature

In contrast to the marginal influence of the unit Reynolds number on the composition
of the disturbance energy balance (Fig. 5.31; at least for the considered unit Reynolds
number range), the impact of the wall temperature is more pronounced. Figure 5.32
depicts the streamwise evolution of all production and dissipation terms (Fig. 5.32(a)
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Figure 5.31: Impact of unit Reynolds number on the streamwise evolution of the most
relevant disturbance energy production and dissipation terms at T̄w = 295K in (a) region
I and (b) region II.

for region I and Fig. 5.32(b) for region II) for various wall temperatures at a constant
unit Reynolds number of Re/l = 10×106 /m. It can be seen that the absolute value
of the terms associated with the basic flow temperature gradient (production term P2
and dissipation term D2) significantly increases with wall cooling. Moreover, at the
lowest wall temperature considered (T̄w = 170K), the P2 term has the largest share in the
disturbance energy production; however, the term describing the interaction of Reynolds
stresses with the basic-flow velocity gradients (P1) is of about the same importance. On
the other hand, when T̄e/T̄w ≈ 1 in the case of T̄w = 395K, the contribution of the P2
term on the overall energy production is negligibly small (P1� P2). Note, the maximal
value of the production term linked with the basic flow velocity gradients (P1) also
increases with wall cooling, but not as pronounced as the increment in the P2 term.

5.4.5 Revision of transient-growth-based transition correlation

Recently, Paredes et al. [246] revisited the distributed roughness-induced transition
correlation of Reshotko & Tumin [274], which so far is the only physics-based model
that tackles the blunt-body paradox. The RT-correlation is defined as
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Figure 5.32: Impact of wall temperature on the streamwise evolution of disturbance
energy production and dissipation terms at Re/l = 10×106 /m in (a) region I and (b)
region II.

Reθ

(
k
θ

)(
T̄e

T̄w

)1.27

= 434. (5.8)

Reshotko & Tumin [274] assumed that an energy norm at the transition location is
related to the roughness-induced initial disturbance energy through the transient-growth
energy amplification factor G with Etr = GEin. Further assumptions are that the in-
put energy does scale with ρ̄kū2

k , where the roughness-induced disturbance veloci-
ties are proportional to the roughness height, ūk/ūe ∝ k/θ and the wall-cooling ratio
T̄e/T̄w is equivalent to ρ̄k/ρ̄e. As a result, the input energy can be approximated to
Ein = (T̄e/T̄w)(k/θ)2. Moreover, the gain is assumed to scale with the length Reynolds
number (as shown in Fig. 5.21) or with the square of a thickness Reynolds number.
Therefore, the energy at the transition location results in

(Etr)
1/2 =

(
G1/2

Reθ

)
Reθ

(
k
θ

)(
T̄e

T̄w

)0.5

. (5.9)

Assuming a power-law variation of the scaled optimum transient energy gain with
respect to the surface-to-edge temperature ratio,(

G1/2

Reθ

)
∝

(
T̄w

T̄e

)cT

, (5.10)

Reshotko & Tumin [273, 274] obtained a value for the power-law exponent of cT =
−0.77 in the vicinity of T̄w/T̄e ≈ 0.5, which finally yields Eq. 5.8. For their analysis,
they used optimal transient-growth calculations based on local, parallel theory and
self-similar boundary-layer flow without curvature effects. Also, the initial optimization
location and the azimuthal wavenumber remained unchanged. Paredes et al. [246]
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applied an advanced framework to improve the shortcomings of the optimal nonmodal-
growth calculations of Reshotko & Tumin [273, 274]; namely, nonlocal transient
growth computations including surface curvature effects for full Navier-Stokes basic
state solutions of the TAMU capsule at different wall temperatures (T̄w/T̄e)TAMU < 1.
Moreover, the initial (ξin = ξ0) and final positions (ξtr = ξ1), as well as the azimuthal
wavenumber, were also optimized. Based on the improved framework, Paredes et
al. [246] revised the original RT-correlation and also assumed a power-law variation for
the optimum transient energy gain with respect to the surface-to-edge temperature ratio(

G1/2

Reθ0

)(
ρ̄e,0ū2

e,0

ρ̄e,trū2
e,tr

)1/2

∝

(
T̄w

T̄e,0

)cT

. (5.11)

In their analysis, they computed the cT -value for several possible transition onset loca-
tions, φtr, based on the optimal parameter combinations (λζ ,opt , mζ ,opt , (φtr−φ0)opt)
for each of the different wall temperatures involved (T̄w/T̄e < 1) and for maximizing the
total energy gain (Jout

E ). Furthermore, three assumed variations in spanwise disturbance
wavelength were also considered. As a result, the set of exponents was nearly insensi-
tive to the assumed λζ -variation, and all cT -values were averaged, resulting in a mean
value of cT ≈−0.81. This mean value is remarkably close to the number calculated by
Reshotko & Tumin [273, 274] based on parallel flow transient-growth computations.
Consequently, the following revised RT-correlation of Paredes et al. [246] only slightly
deviates from the originally proposed correlation (Eq. 5.8)

Reθ

(
k
θ

)(
T̄e

T̄w

)1.31

= 455. (5.12)

The purpose of this subsection is not to derive an additional transient-growth-based tran-
sition correlation, but rather to check whether the non-modal growth data presented for
the HLB capsule will lead to a similar power-law exponent as derived from the TAMU
capsule data. The results plotted in Fig. 5.25(a) are used to estimate the best-fit exponent
through the relation given in Eq. 5.11. Note that only results are considered where
T̄w/T̄e < 1 (T̄w = 170K, 245 K, and 295 K). Figure 5.33 shows the variation of the cT -
value at selected transition onset locations for the HLB capsule with Re/l = 10×106 /m.
As a supplement, the TAMU capsule results at Re/l = 4.4×106 /m with the spanwise
perturbation wavelength variation based on axisymmetric flow (the same assumption
as used in this thesis) are also plotted. To match the boundary-layer edge Mach num-
ber conditions on the TAMU capsule (see Fig. 5.5), the angular coordinate for the
HLB capsule data is shifted by ∆φ ≈ 1.3◦. The averaged power-law exponent for the
HLB capsule data is cT,HLB =−0.813 and, therefore, in very good agreement with the
respective TAMU capsule value of cT,TAMU =−0.809.
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Figure 5.33: Best-fit power-law exponent of wall-to-edge temperature ratio for ◦: HLB
capsule and �: TAMU capsule [246].

5.5 Summary of results

This chapter focused on spherical capsule geometries with a nominally smooth surface
and the likely driving transition mechanisms. Although such a surface finish is not
expected under real re-entry conditions, this study serves as a starting point for all follow-
up investigations with roughness presented in the next two chapters. Moreover, the
most relevant instability mechanism even under cold hypersonic wind tunnel conditions
is still unknown. For this reason, the chapter dealt with the modal growth of primary
instabilities and the nonmodal growth of optimal disturbances and quantified their
transition potential in terms of logarithmic amplification factors.

Modal instability analysis of primary modes

First of all, the laminar basic flow for different typical HLB freestream conditions
(unit Reynolds numbers) and varying wall temperatures was presented. The Reynolds
number based on the boundary-layer momentum thickness in the capsule symmetry
plane reaches values that correlate with the onset of transition for capsule geometries
(i.e., Reθ > 200). However, the LST analyses do not reveal any modal disturbance
growth for the HLB capsule at the examined freestream conditions. Because of the
strong bow shock, the boundary-layer edge Mach number values remain subsonic or
low supersonic; thus, excluding the possibility of second-mode amplification. First-
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mode waves are not amplified because of the stabilizing effect of the strongly favorable
pressure gradient on the spherical-section part. The cross-flow component inside the
boundary layer is too small to lead to cross-flow-mode amplification, and the convex
surface curvature precludes the Görtler-type instability.

A scaling ansatz for the laminar boundary layer is postulated and validated to estimate
the necessary Reynolds number for the onset of modal growth of boundary-layer
disturbances on the Apollo-shaped capsule model. The scaling approach converts the
boundary-layer profiles computed at a certain Reynolds number into corresponding
profiles at desired higher Reynolds numbers. The indifference Reynolds number for
first-mode instability is more than an order of magnitude higher than what can be
realized in, e.g., the HLB wind tunnel. On the other hand, amplified cross-flow vortices
are predicted at lower unit Reynolds numbers. Therefore, the first modally unstable
primary instability mechanism on inclined Apollo-shaped capsules belongs to the
cross-flow-type instability.

Nonmodal instability analysis of optimal perturbations

After the modal growth of primary disturbances under typical wind-tunnel conditions
could be excluded as the driving transition mechanism on spherical capsule geometries,
the nonmodal growth of optimal perturbations was investigated using the variational ap-
proach of direct and adjoint PSE. The main objective of this investigation is to quantify
the maximum energy gain depending on optimization parameters (i.e., disturbance en-
ergy norm, objective function, frequency, spanwise wavenumber, optimization interval)
and freestream conditions (i.e., unit Reynolds numbers or wall temperature) to assess
the transition potential of these optimal disturbances.

It turns out that the maximum disturbance energy gain is obtained in the stagnation
point region of the capsule for relatively short optimization length and maximizing
the total outlet disturbance energy, which is consistent with previous findings in the
literature [243, 368]. Analyses of the perturbation energy balance for the stagnation
point region reveal that most of the disturbance energy is produced by the interaction of
entropy flux density with the basic flow temperature gradient. Thus, velocity fluctuations,
as, e.g., growing in the wake of isolated or distributed roughnesses, would have a
subordinate role in the transition process triggered by nonmodal disturbance growth.
Hence, transient growth experiments involving surface roughnesses on the forebodies
of Apollo-shaped capsules should ideally focus on the region where the highest gain
based on the kinetic energy norm is obtained. The maximum disturbance kinetic energy
gain for the capsule of interest in this thesis (HLB capsule) occurs in the vicinity of the
sonic point.
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The choice of the objective function (Jout vs. Jmean) in the optimization process has
a limited impact on the transient disturbance growth characteristics. However, for
optimal optimization parameters, such as the optimization interval length ([φ0, φ1]opt)
and the azimuthal wavenumber (mζ ,opt), the objective function based on outlet energy
optimization (Jout) always leads to the highest perturbation energy amplification. The
general trends known from flat-plate flow, such as the linear scaling of the optimal
disturbance energy gain with the unit Reynolds number and the increase in energy
amplification levels with wall cooling, also hold for the investigated HLB capsule
boundary layer. Nevertheless, the optimal optimization length for the capsule model is
considerably shorter than what has been observed for flat-plate flows.

The transient-growth results for the HLB capsule are compared with predictions by
Paredes et al. [246] for a similar capsule at Mach 6. Though, this model has a smaller
diameter and was investigated at lower unit Reynolds numbers for freestream values
matching the operating conditions of the Actively Controlled Expansion (ACE) tunnel
at Texas A&M University (TAMU). The maximum disturbance energy gain is higher
for the HLB capsule owing to the higher Reynolds numbers. However, similar trends
are observed for the two models, e.g., the relatively short optimal optimization interval
length and the spanwise wavelength normalized by the boundary-layer thickness of
the optimal disturbances. Furthermore, the surface-temperature dependence of the
optimal nonmodal disturbance energy gain is very well comparable. Using the non-
modal results of the HLB capsule, the value for the power-law exponent of the wall to
boundary-layer edge temperature ratio, appearing in the roughness-induced transition
correlation of Reshotko & Tumin [274] and the slightly different value computed by
Paredes at al. [246] with optimal transient growth data for the TAMU capsule, is further
substantiated for higher Reynolds numbers.

To enable the measurement of transient growth in experiments, detailed knowledge of
the relevant frequency range is indispensable. The sensitivity of the optimal growth
results concerning the disturbance frequency is studied for two representative locations
on the HLB capsule forebody, namely in the vicinity of the stagnation point where the
highest gain is realized for maximizing the total energy in the disturbance (region I) and
the position close to the sonic point where the peak kinetic energy gain occurs (region
II). For the reference surface temperature of T̄w = 295K, the maximum perturbation
energy gain occurs for the steady disturbance at f = 0Hz and significantly decreases
at higher frequencies. On the other hand, the maximum disturbance kinetic energy
gain in region II belongs to a traveling nonmodal instability and is rather insensitive to
variations in disturbance frequency up to about 30 kHz, which, in turn, should ease the
measurability of transiently-growing disturbances. Cooling the flow, however, reduces
the most amplified perturbation frequency.

Overall, it can be summarized that the magnitude of maximum optimal disturbance
growth for the HLB capsule is rather moderate (equivalent to N-factors of three or
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less) compared to the amplification factors that correlate with the onset of transition
in other flows with modal instabilities. Moreover, the physical realization of these
optimal disturbances is questionable, and the actual transient growth will be non-optimal,
resulting in even lower N-factors.

In conclusion, the modal and nonmodal growth of disturbances will most likely not lead
to boundary-layer transition on the HLB capsule geometry under the considered free-
stream conditions. However, no re-entry capsule is nominally smooth, and it is known
that surface roughness significantly affects the transition. Therefore, the subsequent two
chapters are devoted to the HLB capsule equipped with a discrete roughness element
(Chapter 6) and a micron-sized distributed roughness patch (Chapter 7).
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Chapter6
Linear instability analysis of wake
flows behind isolated roughness
elements

IN this chapter, results are reported from wake-flow instability studies behind discrete
roughness elements submerged in the leeward side boundary layer of typical re-

entry capsule configurations. First, an overview of the current state of research on
roughness-induced transition is presented, and the key findings, particularly for re-
entry capsules and the flat plate, are highlighted. Subsequently, the effects of different
roughness heights, widths, and shapes on the modal wake-flow instability characteristics
are investigated for the HLB capsule with the help of spatial 2D instability theory
(LST-2D). In addition, the impact of surface temperature and curvature on the most
amplified wake modes is also addressed. Moreover, supplementary results from PSE-3D
computations are presented to clarify the influence of streamwise mean flow gradients on
the wake-flow instabilities behind three-dimensional roughness elements. Furthermore,
wake-mode instability results for a different capsule model with a sphere-cone shape
are shown to highlight the impact of different pressure gradients (favorable pressure
gradient on the spherical HLB capsule forebody versus adverse pressure gradient on the
sphere-cone geometry) on the various types of wake modes, the length of the amplified
wake-flow region, and the maximum cumulative amplification ratios (N-factors).
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6.1 Introduction

Isolated roughnesses, such as protruding gap filler material between heat-shield tiles or
residue of an ablative Thermal Protection System (TPS), can have tremendous effects on
the surface heating rates on a hypersonic re-entry vehicle. It is, therefore, indispensable
to have precise knowledge of how isolated roughness elements affect the laminar-to-
turbulence transition. This knowledge is vital for the design process of the TPS due to
construction-related roughnesses, and hazard assessment of non-anticipated heat shield
deteriorations.

Historically, most studies on roughness-induced transition in hypersonic boundary layers
have been experimental because of the limited computational resources. Reda [264]
and Schneider [294] provide an extensive summary of the early experimental work
related to blunt bodies. However, those studies mainly focused on the transition location
prediction and entirely neglected the receptivity process and the subsequent disturbance
growth.

Recent experimental studies considering roughness-induced transition on typical re-
entry capsule configurations also mainly concentrated on the determination of transition
onset locations instead of the underlying physical mechanism. Amar et al. [10] and
Berger [23] demonstrated the effect of isolated protuberances on the laminar-to-turbulent
boundary-layer transition on the forebody of the Orion CEV capsule model. The
experiments were conducted at low-enthalpy conditions in the 20-Inch Mach 6 Air
Tunnel (Refs. [10, 23]) and the 31-Inch Mach 10 Tunnel (Ref. [23]) located in the
Langley Aerothermodynamics Laboratory (LAL) at NASA LaRC. In both studies,
the capsule was mounted at an angle of attack to the oncoming flow. Tripping of
the boundary layer was achieved with discrete roughness elements to evaluate the
effectiveness of the trips (Amar et al. [10]) and to obtain turbulent forebody heating data
for comparison with computational predictions (Berger [23]). In the survey of Amar
et al. [10], transition to turbulence was successfully induced by a trip array of three
diamond-shaped discrete roughness elements on the leeward side. However, the flow
remained laminar on the windward facing side even for the largest element (k/δh ≈ 1)
and highest wind tunnel operating Reynolds number investigated. Liechty [201] studied
surface perturbations in the forebody heat shield of the Orion CEV capsule model in the
form of compression pads and tension ties required to keep the Crew Module attached
to the Service Module. One objective of the survey was to study the impact of the state
of the approaching boundary layer (either laminar or turbulent) on the surface heating
in the vicinity of the compression pad/tension tie location as well as the downstream
effects by using phosphor thermography. Liechty [201] utilized the boundary-layer
tripping strategy employed by Berger [23] (one roughness strip consisting of diamond-
shaped elements with k/δh ≈ 0.9) since the flow remained laminar within the nominal
Reynolds number range of the utilized LaRC 20-Inch Mach 6 Air Tunnel. For the case
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when the tension ties were concentric with the compression pads, the peak heating
levels in the turbulent case were reported to be lower than in the laminar approaching
boundary layer case. Marineau et al. [214] and Tanno et al. [317] investigated the
boundary-layer transition on an Apollo-shaped capsule at high-enthalpy conditions, and
they also used discrete roughnesses to induce transition on the leeward side of the model.
An overshoot in heat transfer downstream of the roughness followed by a progressive
relaxation to computed turbulent values was observed by Marineau et al. [214], whereby
the amplitude of the overshoot increased with protuberance height.

The mechanisms leading to transition behind a three-dimensional roughness are still
not fully understood, even for the flat pate. Analogous to the smooth wall case with-
out surface inhomogeneities, the onset of the roughness-induced transition is mainly
predicted by engineering correlations based on empirical criteria. The most popular
isolated roughness-induced transition correlations are the ”shuttle” [27], the ”Van Driest-
Blumer” [342], and the ”Potter-Whitfield” [253] criteria, which all rest upon a transition
roughness Reynolds number computed at the roughness location. This Reynolds number
is either based on conditions at the boundary-layer edge or at roughness height. The
reference length can be a characteristic boundary-layer length scale such as boundary-
layer thickness and momentum thickness or the roughness height itself. The roughness
Reynolds number, Rekk, as used in this thesis, is built with the roughness height k and
the flow values of the unperturbed basic flow at that height

Rekk =
ūkk
ν̄k

. (6.1)

However, those empirical correlations offer no physical insight into the transition
mechanism and are only applicable to the geometries and flow conditions for which they
were developed. Moreover, the data scatter is often very large, resulting in significant
uncertainties in the estimated transition location. Therefore, those empirical correlations
should be replaced by prediction tools based on the underlying physical instability
mechanisms associated with the roughness-induced transition.

One of the first studies investigating the flow topology in the vicinity of an isolated
roughness element was performed by Gregory & Walker [126]. The authors used smoke
flow visualization to identify the roll-up of fluid into the steady horseshoe vortex that
wraps around the front side of the cylindrical element and trails downstream as a pair
of counter-rotating vortices with axes parallel to the main flow direction. They also
observed a pair of spiral vortices in the aft recirculation region, which led to the onset
of hairpin-shaped vortex shedding after exceeding a certain roughness height. This
process has been generally associated with the occurrence of early boundary-layer
transition [180, 220]. The Gregory & Walker [126] findings have been enhanced by
various other detailed wake-flow-field studies [176, 220, 315] behind isolated roughness
elements, culminating with the water-channel experiments of Acarlar & Smith [1] where
the looped-shaped hairpin vortices were studied in more detail. Acarlar & Smith [1]

108



6.1. INTRODUCTION

considered a hemispherical roughness and reported that periodic vortex shedding started
at about Rekk ≈ 120. Moreover, the authors observed a strong resemblance between the
flow pattern generated by the vortices with those in the near-wall region of turbulent
boundary layers. This observation was further confirmed by Klebanoff et al. [183].
Klebanoff et al. [183] considered roughness heights in the order of the boundary-layer
displacement thickness or larger and identified two inflection points in the roughness
wake basic flow profiles as potential sources of flow destabilization. Ergin & White [98]
performed more detailed measurements focusing on the unsteady disturbances generated
by a spanwise array of cylindrical roughness elements in an incompressible flat-plate
flow. They note that the maximum fluctuation intensity coincides with the inflection
points and associate this phenomenon with a Kelvin-Helmholtz-type instability. The
Kelvin-Helmholtz-type instability was also observed in the experiment of Semper &
Bowersox [296] for a Ma∞ = 5.65 flow behind an array of diamond-shaped trips.

In summary, the above-cited studies reveal a strong resemblance of the flow topology
in the vicinity of a discrete three-dimensional roughness regardless of the obstacle
shape (both in compressible or incompressible flow). The isolated roughness imposes a
force on the approaching undisturbed laminar boundary layer, resulting in a complex
disturbance field. The flow is pushed in both spanwise directions to get around the
surface protuberance or is forced to go upwards and pass over the top platform. A
recirculation zone is formed up- and downstream of the roughness, whereby the detached
flow region in front of the obstacle origins a horseshoe vortex system. The legs of these
vortices wrap themselves around the element and turn into counter-rotating streamwise-
oriented vortex pairs, which via Landahl’s [186] lift-up mechanism generate both
high- and low-speed streaks in the roughness wake. The wake flow in the element’s
symmetry plane is initially dominated by a low-speed streak because of the velocity
deficit immediately downstream of the surface obstacle. The flow over the top of the
roughness leads to the development of a shear layer, which at sufficiently high roughness
Reynolds numbers can become unsteady. The unsteadiness of the shear layer results
in periodic shedding of vortices that interact with the legs of the horseshoe vortices
downstream of the discrete surface obstacle.

In the last two decades, the availability of greater computational resources and parallel
computing have enabled the study of isolated roughness-induced transition in low-
and high-speed regimes with the help of direct numerical simulations [17, 19, 26,
55, 61, 79, 80, 93, 168, 185, 215, 268, 278, 301, 311] and instability theory [61, 62,
79, 128, 185, 205, 222, 223, 239, 300]. A more thorough insight into the instability
mechanisms has also been obtained with a new generation of experiments focusing on
off-body flow-field measurements and visualizations in the wake of discrete roughness
elements [75, 76, 78, 99, 110, 174, 252, 257, 356, 357]. A lot of the recent work on
roughness-induced transition had been performed in the super- or hypersonic flow
regime. This work was largely motivated by the STS-114 Space Shuttle mission, in
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which an unplanned extravehicular activity (EVA) had to be performed to remove two
pieces of protruding gap filler from between the TPS tiles. At that time (in 2005),
NASA had too little data to estimate the impact of this isolated roughness on the
shuttle’s boundary-layer transition during de-orbiting. Thus, the risks of a never-before-
attempted EVA were deemed less than those of re-entry with the gap fillers protruding.
Subsequently, NASA initiated several studies on isolated roughness effects relevant to
the Space Shuttle and the Orion CEV.

Choudhari et al. [60] present an extensive and detailed review of the recent findings on
the physical mechanisms involved in the laminar-to-turbulence boundary-layer transition
induced by isolated three-dimensional roughness elements. They didactically separate
the mechanisms into five different categories, namely: (i) accelerated growth and/or
scattering of existing instability modes [62, 78, 252]; (ii) new classes of instabilities in
the trip-modified flow; (iii) strong transient growth of boundary-layer disturbances (i.e.,
see Sec. 7.1 and references cited therein); (iv) enhanced receptivity to the ambient per-
turbation environment [169, 199, 261], and (v) some other mechanism that is unknown
as yet. They also emphasize that these mechanisms may operate on their own or, more
likely, they all act in concert with one another. The studies presented in this chapter
solely focus on the second above mentioned mechanism, where new instability modes
appear in the roughness affected flow. Those roughness-induced instabilities can either
be convective modes amplified downstream of the element within the intermediate to
far-wake region or global/absolute instabilities of the detached flow near the element.
The roughness-perturbed boundary layer can sustain two types of convectively amplified
instabilities, namely varicose (symmetric or even) and sinuous modes (antisymmetric or
odd). Depending on the roughness geometry and flow conditions, either the varicose
mode or the sinuous mode is most amplified in the wake.

A helpful tool to characterize the convective wake modes and assess which type of
instability (varicose or sinuous) most likely leads to transition is the linear stability
theory. Groskopf et al. [127] applied temporal LST-2D and spatial DNS to study the
wake flow behind a diamond-shaped roughness element with k/δh ≈ 0.5 in a Ma∞ = 4.8
flat-plate flow. The authors report an excellent agreement of the disturbance shapes
computed with LST-2D and unsteady DNS. Moreover, the varicose mode was found to
be more unstable in the roughness near field (about 10–20 boundary-layer thicknesses),
whereas the amplification of the sinuous mode lasted further downstream. Choudhari
and coworkers [61, 62] have performed spatial two-dimensional partial-differential-
equation based instability analysis for the wake flow of a diamond-shaped roughness
element submerged in a Ma∞ = 3.5 laminar flat-plate boundary layer. They revealed
that the peak fluctuation levels of the dominant wake modes (both varicose and sinuous)
are located in the vicinity of the centerline streak. Moreover, the dominant instabil-
ity modes are already amplified immediately downstream of the element. Choudhari
et al. [61] also performed N-factor calculations for fixed frequency disturbances re-
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garding the impact of roughness height and width. At a fixed frontal half-width of
d/2δh ≈ 1.3, the sinuous mode reaches the highest N-factor within the considered
computational domain at all investigated roughness heights (0.37/ k/δh / 0.56). The
maximum N-factor obtained for the varicose mode reveals a significant sensitivity to
the roughness height, decreasing substantially for smaller k/δh. For the two largest
roughness heights considered (k/δh ≈ 0.44 and k/δh ≈ 0.56), the maximum N-factors
exceed the amplification factors that correlate with the onset of transition for modal
instabilities in flat-plate flows without roughness (e.g., Ntr = 9). At k/δh ≈ 0.56, the
initial growth of the varicose mode is more rapid than that of the sinuous mode. Thus,
an upstream movement of the transition onset location might also be linked with the
instability of the varicose mode since, e.g., N = 9 is reached first for the symmetric
mode. Choudhari et al. [61] also varied the roughness width while keeping the height
of the element fixed at k/δh ≈ 0.56. Reducing the frontal half-width from d/2δh ≈ 1.3
to d/2δh ≈ 0.52 lowers the maximum N-factor significantly, especially for the varicose
mode. Specifically, the maximum N-factor, Nmax, for the symmetric mode decreases
from Nmax ≈ 16 to Nmax ≈ 5. However, at k/δh ≈ 0.56, the symmetric modes still
had the largest growth rate in the near wake region, whereas the maximum N-factor
downstream belongs to the sinuous wake instabilities for all studied roughness widths
between 0.52/ d/2δh / 0.56.

Kegerise et al. [174] used hot-wire anemometry to measure the basic flow and unsteady
disturbance evolution behind a diamond-shaped element in the Mach 3.5 Supersonic
Low Disturbance Tunnel at the NASA Langley Research Center. The roughness ge-
ometry and the freestream condition matched those used by Choudhari et al. [61].
Comparisons between experimental measurements and numerical predictions displayed
good agreements regarding mean wake-flow structures, disturbance mode shapes, and
amplified frequencies; thus, further proving the applicability of LST-2D to wake flows.
Besides the diamond-shaped roughness element, Kegerise et al. [174] also investigated
three additional element shapes (circle, right triangle, and 45◦ fence) to study the impact
of roughness planform on wake-flow instabilities. For all considered planform cases,
they observed solely one dominant instability mode in the roughness wake, despite
the flow’s potential to support multiple families of instability modes. In the case of
the two symmetric planform shapes (diamond and circle), the measured amplitude
functions correspond to the varicose instability, whereas the mode shapes for the anti-
symmetric roughnesses (right triangle and 45◦ fence) were asymmetrically distributed
about the obstacle-wake centerline. Another good agreement between LST-2D predicted
mode shapes and experimentally determined amplitude functions is presented in Shin
et al. [300]. The authors used hot-film probes to measure the velocity fluctuations
downstream of a Rekk = 329 smooth roughness element in the laminar water channel of
the University of Stuttgart. Both varicose and sinuous modes have been identified in the
wake flow; though, the varicose mode was found to dominate the sinuous one. Further
applications of the LST-2D methodology to roughness wake flows are mainly limited to
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flat-plate flow cases at Ma∞ ≈ 6. Choudhari et al. [62] considered a diamond-shaped
isolated roughness element with k/δh ≈ 0.55 (Rekk ≈ 550) and studied the instability
characteristics of wake-flow instabilities at two representative flow conditions (wind
tunnel and high altitude flight conditions). A variety of different amplified wake modes
have been discovered at both flow cases; however, the sinuous wake modes reached
higher N-factor values than the varicose instabilities. On the other hand, Choudhari
et al. [63] also investigated a cylindrical-shaped roughness element with k/δh ≈ 0.4
and similar roughness Reynolds number of Rekk ≈ 550, modeling the experiment of
Wheaton & Schneider [357]. The results from two-dimensional eigenvalue analyses for
the wake instabilities behind the cylinder show slightly higher amplification ratios for the
symmetric modes than for the antisymmetric ones. Further LST-2D studies [223, 239]
at Ma∞ ≈ 6 for cuboidal roughness elements with Rekk = 331− 362 also predict the
varicose instability to be the most unstable wake mode.

Although two-dimensional eigenvalue analysis has proven to provide the correct mode
shape and relevant amplified frequency band for roughness wake modes in comparison
with measurements and DNS, the disturbance growth rate can be significantly underes-
timated due to negligence of nonlocal effects [79, 239, 339]. A more advanced linear
stability concept is represented by the three-dimensional parabolized stability equations
(PSE-3D), which, in addition to the LST-2D equations, contain additional terms to take
streamwise gradients into account. De Tullio et al. [79] comprehensively analyzed the
wake behind a cuboidal roughness element (k/δh = 0.44 and Ma∞ = 2.5) using DNS,
LST-2D, and PSE-3D. The two-dimensional eigenvalue analysis was found to provide
qualitatively correct mode shapes of the dominant sinuous and varicose wake modes,
but the computed growth rates significantly differed from the DNS results. On the
other hand, amplification rates obtained from PSE-3D simulations showed an excellent
agreement. In their study, the varicose modes also turned out to be more unstable than
the sinuous ones.

The first numerical investigation on the effect of surface irregularities (protuberance
and cavity) on a blunt re-entry capsule with a sphere-shaped forebody, namely a scaled
model of the Orion CEV, was performed by Chang et al. [56]. The authors used DNS
to study the flow field around an isolated cylindrical protuberance and cavity with
k/δh = 0.73 (Rekk = 800), each embedded in the accelerating subsonic region of the
boundary layer. It was found that the protrusion element induces strong wake instability
and spontaneous vortex shedding, whereas the cavity with an identical Rekk value
causes rather weak flow unsteadiness. Overall, the wake development and the shedding
of hairpin vortices turned out to be qualitatively similar to what has been observed
for an isolated hemisphere residing in a subsonic flat-plate boundary layer (e.g., see
Refs. [1, 183]).

The appearance of vortex shedding in the wake of moderate-to-large-height roughness
elements indicates that transition above a critical roughness Reynolds number is no
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longer due to convective instabilities but rather related to a global instability of the wake
flow. Recent numerical studies for incompressible [45, 67, 205] and compressible [185]
flow employed three-dimensional global linear stability theory to more accurately
estimate the Reynolds number at which roughness-induced transition occurs at the latest.
Loiseau et al. [205] performed three-dimensional global stability analyses on cylindrical
roughness elements inspired by the turbulence-tripping case in the experiments of
Fransson et al. [113]. Loiseau et al. [205] discovered that for larger aspect ratios
(d/k� 1), the first unstable global mode is varicose and sinuous for smaller aspect
ratios (d/k 6 1). The hot-film measurements by Puckert et al. [257] revealed that
the critical roughness Reynolds number for the onset of a global instability predicted
by Loiseau et al. [205] could also be found experimentally. However, transition was
observed to begin at a lower Reynolds number.

The disturbance height k is agreed to be one of the essential parameters to trigger
the laminar-turbulent transition behind an isolated three-dimensional roughness ele-
ment [341]. Besides the height, many other parameters have a substantial effect on
the roughness-induced transition, such as the geometries of the protuberance (shape,
height, and width), the freestream disturbance intensity [35, 51, 340], the wall tem-
perature [62, 80], the pressure gradient [252], the Mach number [26, 168], the high-
temperature gas effects in hypersonic flow [309, 310], and so on.

The impact of the roughness shape on the flow field was experimentally investigated
by Whitehead [361] in a hypersonic laminar flow to identify the optimum tripping
element from drag considerations. Whitehead [361] tested different element shapes,
i.e., a cylinder, a pinhead, a triangular prism, a rod, and two vortex-generator shapes.
Because of the large ratio of roughness height to boundary-layer thickness (k/δh≈ 2), all
elements were effective triggering transition; though, the fin generator induced the least
drag at the same frontal area compared to the other elements. However, the presented
data do not provide an indication on which element shape is most effective at promoting
roughness-induced transition (no transition-onset locations were reported). Hicks &
Harper [150] investigated the trip effectiveness of spherical and triangular-shaped
roughness elements in flat-plate experiments at supersonic Mach numbers. Although
the spherical element was slightly higher (approximately by 3% at Ma∞ = 2.91), the
triangular roughness is reported to be more effective at triggering transition. However,
the aspect ratio d/k of the triangular element was more than an order of magnitude
larger compared to the one of the spherical element. Tirtey [329] also studied the trip
effectiveness of various roughness shapes (e.g., ramp, cylinder, diamond, and half-
sphere) in consideration of drag; however, the respective heights and aspect ratios were
nearly identical. The experiments were performed in the hypersonic H3 wind tunnel of
the von Karman Institute (VKI) with Ma∞ = 6. Unfortunately, the streamwise evolution
of the Stanton number obtained from Infrared Thermography (IR) is not provided for
all of the elements at the same ratio of roughness height to boundary-layer thickness.

113



6.1. INTRODUCTION

Nevertheless, for k/δh ≈ 1, the cylinder is reported to be the most effective shape
(transition occurs in the direct vicinity of the element), followed by the half-sphere and
ramp where the turbulent heating levels were reached farther downstream, respectively.
The diamond-shaped element with k/δh ≈ 0.85 also tripped the boundary layer from the
laminar-to-turbulent state; though, turbulent heating levels occurred farther upstream in
comparison to the half-sphere and ramp geometry with k/δh ≈ 1. Tirtey [329] also used
the oil visualization technique to observe downstream propagating streamwise vortex
structures that were generated around the elements. Though, the number and strength
of theses structures differed depending on the trip geometry. Nevertheless, Tirtey [329]
states that the number of vortices did not have a definite impact on the roughness
efficiency to promote transition. Further experimental investigations revealing the
significance of roughness shape on the effectiveness to trigger transition have been
conducted by Kegerise et al. [174]. They revealed that transition onset for asymmetric
roughness elements is delayed relative to that for symmetric ones with the same frontal
area.

One of the first numerical studies on roughness-induced transition regarding the effect of
different roughness shapes was performed by Choudhari et al. [61] for a Ma∞ = 3.5 flat-
plate flow. The authors revealed that the streak amplitude (i.e., see Eq. 6.8) downstream
of a cylinder and diamond element were equivalent to each other, while a lower streak
amplitude was observed behind a half-sphere element. Thus, the perturbation of the
half-sphere induced into the flow is weaker compared to the other two isolated elements.
Duan & Xiao [93] used direct numerical simulation to re-examine the experiments of
Tirtey [329] for the cylinder, diamond, and ramp element with k/δh ≈ 1. Though, the
roughness height and width were identical for the three elements so that a consistent
frontal area was presented to the oncoming boundary layer (d/k = 4). The authors
report that the transition distance behind the ramp is slightly longer (80 mm) than those
of the cylinder and diamond (70 mm). Conclusively, Duan & Xiao [93] propose to use
the ramp geometry to trigger the hypersonic boundary-layer transition, since it features
the minimal heat flux and lowest drag increment among the considered shapes. Van
den Eynde & Sandham [340] studied the impact of roughness element front and aft
section shape (i.e., flat top, ramp, and smooth bump) and planform shape (i.e., diamond,
square, and cylinder) on the transition mechanisms at Ma∞ = 6 utilizing DNS. They
discovered that the roughness element planform has a marginal impact on instability
growth and subsequent transition, whereas the frontal profile has a larger effect. Van den
Eynde [339] also performed spatial LST-2D analyses for the wake flows downstream
of the various roughness configurations. It turned out that a downward ramp at the aft
section of the roughness element significantly dampens the wake-flow instabilities, and
the generated wake is much less unstable. Specifically, the N-factor reached by the
dominating wake mode behind the ramp-down element was about 30% lower than the
N-factor reached downstream of the corresponding no-ramp element.
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Since the vast amount of isolated roughness-induced transition studies have been per-
formed for flat plate cases, not much work on the pressure gradient impact has been
done. Plogmann et al. [252] experimentally investigated the effect of different pressure
gradients on the mode amplitudes behind a cylindrical roughness element in the incom-
pressible flow regime. The authors reveal that in the near wake of the roughness, the
amplitude of the leading mode is weakly dependent on the pressure gradient. However,
the amplitude in the favorable pressure gradient case is slightly lower compared with
the zero and adverse pressure (APG) case. For the far-wake region, the authors report
that the leading mode is damped in the FPG case, whereas in the ZPG and APG case,
the amplitude remains at a nearly constant level before being slightly damped [252]. A
similar observation is also mentioned in the paper by Chang et al. [56].

The impact wall temperature on the instability growth of roughness-induced wake
modes has solely been studied for hypersonic flows at Ma∞ = 6 [62, 80]. Cooling the
flow (T̄w < T̄ad.) has been found to stabilize the roughness wake modes [62, 80].

6.2 Basic flows

This section describes the numerical setup utilized to compute the steady laminar basic
flow for the HLB capsule at AoA = 24◦ with a discrete roughness element located in the
leeward symmetry plane on the spherical-section of the forebody. Moreover, laminar
basic flow results are presented for three different roughness shapes. Note, the focus in
Sec. 6.2.2 is on the general impact of an isolated roughness element on the mean flow,
whereas in Sec. 6.4.1, the effect of varying pressure gradients on the laminar roughness
wake-flow solution is addressed.

6.2.1 Numerical setup

Investigated roughness elements and computational grid

In this thesis, three different generic roughness planform shapes, namely, a cylinder, a
cuboid and, a diamond, are considered, and their impact on the mean flow solution and
wake-mode instabilities are studied. Within this thesis, the diamond-shaped roughness
is also referred to as the ”pizza-box” element. The isolated roughness element is placed
in the symmetry plane of the HLB capsule at φ = 22.3◦ (x2/R = 0.2329). Figure 6.1
provides a schematic overview of the three different planform shapes, whereas only
half of the element is simulated within a reduced computational domain (depicted in
Fig. 6.2), exploiting the azimuthal symmetry of the flow field. To work out the effect of
roughness dimension on the basic flow solution and the instabilities arising downstream
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of the protuberance, both the roughness height and width are varied, and all investigated
flow cases are summarized in Table 6.1.
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Figure 6.1: Schematic of investigated iso-
lated roughness elements with different
planform shapes. The roughness width is
denoted by d, and k represents the height
at the element’s center point.

Figure 6.2: Scheme of the truncated do-
main used for the roughness wake flow sim-
ulations with the specified boundary con-
ditions. The dashed line indicates the size
of the original domain used for the smooth
wall configuration at AoA = 24 ◦.

Block-structured grids are used to discretize the flow field around the sharp-edged
roughness elements. Depending on the planform shape of the disturbance element,
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Table 6.1: List of isolated roughness cases investigated for the HLB-capsule at
Re/l = 10×106 /m and T̄w = 295K

Case Shape k [µm] d [mm] k/δh k/δ ∗ Rekk Rekw

1 • 75 1 0.16 0.98 124 138
2 • 105 1 0.22 1.37 206 237
3 • 130 1 0.28 1.69 278 327
4 • 150 1 0.32 1.95 336 401
5 • 150 0.5 0.32 1.95 336 401
6 • 150 0.75 0.32 1.95 336 401
7 • 150 1.25 0.32 1.95 336 401
8 • 150 1.5 0.32 1.95 336 401
9 • 150 1.75 0.32 1.95 336 401
10 • 150 2 0.32 1.95 336 401
11 � 75 1 0.16 0.98 124 138
12 � 105 1 0.22 1.37 206 237
13 � 130 1 0.28 1.69 278 327
14 � 150 1 0.32 1.95 336 401
15 � 150 0.5 0.32 1.95 336 401
16 � 150 0.75 0.32 1.95 336 401
17 � 150 1.25 0.32 1.95 336 401
18 � 150 1.5 0.32 1.95 336 401
19 � 150 1.75 0.32 1.95 336 401
20 � 150 2 0.32 1.95 336 401
21 � 75 1 0.16 0.98 124 138
22 � 105 1 0.22 1.37 206 237
23 � 130 1 0.28 1.69 278 327
24 � 150 1 0.32 1.95 336 401
25 � 150 0.9 0.32 1.95 336 401
26 � 150 1.25 0.32 1.95 336 401
27 � 150 1.5 0.32 1.95 336 401
28 � 150 1.75 0.32 1.95 336 401
29 � 150 2 0.32 1.95 336 401

•: cylinder; �: cuboid; �: diamond
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different grid topologies are utilized. However, all grids have approximately the same
number of points behind the roughness element in streamwise, spanwise, and wall-
normal direction with about 1100, 260, and 300 points, respectively. In order to maintain
a reasonable computational effort, clustering towards the element in all directions is
used. The total grid count sums up to about 100×106 - 150×106 points, depending
on the topology. Figure 6.3 depicts the employed surface and symmetry-plane meshes
for the cylinder element with close-up views of the computational grid in the vicinity
of all three considered roughness elements (only every third mesh point is shown).
Grid studies have been conducted to ensure convergence of the results by performing
instability analyses of the roughness wake-flow field. More details on the associated
mesh convergence studies can be found in Theiss et al. [325] and Leyh [194].

x1

x2

x3

(a) (b)

(c)

(d)

Capsule surface

Symmetry plane

Figure 6.3: Computational surface and symmetry-plane grid of (a) the truncated domain
for the cylinder element and close-up view near the (b) cylinder, (c) cuboid, and (d)
diamond position. Only every third grid point is shown.

Laminar basic flow computation with roughness element

All mean flow results presented in this chapter have been obtained with the DLR
FLOWer code. The approach of using a smaller domain for the simulations with an
isolated roughness element substantially decreases the required number of points for
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the laminar basic flow computations. As an additional benefit, the truncated domain is
located below the bow shock. In contrast to the full-domain simulation where a second-
order upwind scheme was used (see Sec. 5.2.2), a second-order central scheme is chosen
here for the spatial discretization to speed up the simulations. The freestream condition
corresponds to case 1 from Table 5.1 (Re/l = 10×106 /m). Unless stated otherwise,
the isothermal wall temperature is T̄w = 295K. The numerical boundary conditions
imposed are those as depicted in Fig. 6.2. Converged basic flow data without the
protuberance element on the capsule are specified on all sides via a Dirichlet boundary
condition, except for the wall, the outflow region, and the capsule zero meridian, where
the no-slip, supersonic outflow, and symmetry conditions are set, respectively. The
corresponding numerical setup for the clean capsule configurations is given in Sec. 5.2.2.
The suitability of the Dirichlet boundary condition has been checked by simulating the
reduced domain without disturbance element and comparing the boundary-layer profiles
with the original solution of the whole domain. More details on the suitability study of
the Dirichlet boundary condition can be found in Refs. [325, 326].

In order to avoid any influence of the Dirichlet boundary condition on the flow around
the roughness element, the domain boundaries are placed far away from the protuberance
element. The largest dimensions of the disturbance element studied in this work are
k = 150µm and d = 2mm, leading to a minimal distance from the front, lateral, and
upper Dirichlet surface of about 23d, 28d, and 133k, respectively.

Classification of investigated roughnesses with respect to roughness-induced tran-
sition correlations

Most of the currently used roughness-induced transition prediction methods rely upon
empirical correlations, typically based on a critical roughness Reynolds number Rekk,cr.
Though, Braslow & Horton [40] point out that isolated roughness effects are only
expected to scale with the roughness Reynolds number when the obstacle is well
submerged in the boundary layer (k < δh). The critical roughness Reynolds number
marks the threshold value above which the natural transition process (i.e., for a nominally
smooth surface) is affected by the roughness, and the transition onset location starts
to move upstream. Continuing to increase the roughness Reynolds number moves the
transition position further forward. The roughness is denoted as ”effective” when the
transition front has advanced its closest location to the element. Various authors have
postulated different critical values of the roughness Reynolds number for subsonic,
supersonic, and hypersonic speeds (e.g., Rekk,cr = 600−900 at low speed [179] with
d/k ≈ 1 or Rekk,cr ' 500 for supersonic speeds [40]). Von Doenhoff & Braslow [347]
summarized the vast body of literature available on roughness-induced transition (the
paper was published in 1961) in a transition diagram, which allows the classification
of critical and sub-critical roughness Reynolds numbers depending on the obstacle
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aspect ratio d/k. Although the diagram was already published more than 50 years ago
and is strictly valid solely for low-speed flows, it is still widely used nowadays in the
industry [205]. Therefore, Fig. 6.4 depicts the roughness cases listed in Table 6.1 in the
von Doenhoff-Braslow transition diagram. Parameter combinations of

√
Rekk and d/k

that lie below the shaded grey zone represent sub-critical flow cases. If, however, these
parameters lie above the grey area, the flow undergoes a roughness-affected transition.
Within the grey zone, the roughness effect on the natural transition process is indefinite.
The large uncertainty between the sub-critical and critical region (the grey shaded area)
is a consequence of the various experimental investigations (i.e., different shapes of
isolated or periodic arrays of roughness elements studied across multiple wind tunnels
of variable quality and at varying pressure gradients) summarized in the transition
diagram. The majority of the considered roughness cases listed in Table 6.1 are located
in the indefinite zone. Hence, the laminar basic flow may undergo roughness-induced
transition. The flow cases with k = 150µm and d ≥ 1.5mm are located in the region
where the roughness should affect the transition scenario. However, the experimental
database for the higher fineness ratios (d/k ' 9) is considerably smaller than for lower
d/k-values.
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Figure 6.4: Classification of investigated roughness geometries in the transition diagram
by von Doenhoff & Braslow [347] (reproduction).

The classical roughness Reynolds number definition (Rekk) neither considers the rough-
ness planform shape, the frontal profile, the aspect ratio (d/k), the wall temperature,
the local pressure gradient, the local Mach number or the disturbance environment.
Bernardini et al. [25] proposed an alternative definition of the roughness Reynolds
number Rekw (also included in Table 6.1), where the dynamic viscosity at the roughness
height k is replaced by that at the wall to better take into account the wall temperature
effect,

Rekw =
ρ̄kūkk

µ̄w
. (6.2)
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Depending on the aspect ratio and roughness shape, the critical value of Rekw for
roughness-induced transition is Rekw,cr ∈ [400, 700] [25]. Based on the Rekw,cr-criterion,
a roughness-affected transition is not to be expected for the investigated flow cases with
k < 150µm. However, the underlying dataset used to derive the Rekw,cr-criterion solely
contained heated flow conditions (1≤ T̄w/T̄ad ≤ 2 [25]). Therefore, it may not apply
to the roughnesses studied in this thesis, where most of the computations have been
performed for a cooled flow (T̄w/T̄ad < 1).

In a further study, Bernardini et al. [26] extended their roughness Reynolds number
definition to also take the momentum defect, Q, of the roughness element into account.
The roughness Reynolds number based on the momentum deficit, ReQ, is defined as

ReQ =
QS−1/2

ηζ

µ̄w
, (6.3)

where Sηζ is the projected frontal area. Assuming that the upstream boundary layer is
not affected by the roughness and that the velocity profile is linear up to the top edge of
the obstacle, the momentum defect can be approximated to

Q = ρ̄kkdūkFQ (shape) , (6.4)
with

FQ (shape) =
∫ 1

0
η
>d> (

η
>)dη

>. (6.5)

The dimensionless height is η> = η/k and d> (η>) = dl (η)/d defines the cross-
sectional roughness shape. The term dl (η) stands for the local roughness width.
Equation 6.3 can also be expressed as

ReQ = Rekw (d/k)1/2 FQ (shape) , (6.6)
showing the superiority of ReQ over the classical roughness Reynolds number definition,
because of the additional incorporation of surface temperature effects, aspect ratio,
and frontal roughness shape. Bernardini et al. [26] specify the critical value for the
roughness-induced transition to be ReQ,cr = 200−280 for a wide range of roughness
shapes. The ReQ values for the investigated roughness cases listed in Table 6.1 are
ReQ ∈ [504,1464] and, thus, should noticeably affect the transition scenario on the
HLB capsule. However, Bernardini et al. [26] derived the ReQ criterion based on
direct numerical simulations for roughness elements with aspect ratios ranging from
d/k = 0.5− 2, which is considerably below the ratios studied in this thesis (d/k =
5− 13.33). Therefore, the ReQ,cr criterion is inapplicable for this work and should
ideally be adjusted for higher aspect ratios in future research.
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6.2.2 Basic-flow results

The purpose of this subsection is to identify the dominant flow features induced by
an isolated roughness element. Moreover, the impact of the obstacle shape on the
roughness wake-flow development is also addressed. Note, the subsequent sections
contain additional basic-flow results to support the interpretation of the instability
findings.

Two major flow features are definable, which appear in all of the steady laminar solutions
that have been investigated within this thesis (cases 1-29 of Table 6.1). The first one
is an up- and downstream reversed flow region (visualized by an isosurface of zero
streamwise velocity in Figs. 6.5 and 6.6), and the second one is a system of multiple
vortices, which originate from the upstream recirculation zone and wrap around the
roughness element. Figure 6.5 shows the topology of this vortical system for the
cylindrical roughness element with k = 150µm and d = 1mm in terms of streamlines
in the symmetry plane and surface limiting streamlines. Two primary vortices (V1 and
V2) and one secondary vortex (V3) are identifiable. In general, the number of counter-
rotating primary vortex pairs ranges from one to three [16]. Baker [16] thoroughly
studied these vortices via smoke visualizations and concluded that the particular vortical
topology mainly depends on the Reynolds number and the ratio of roughness width d to
boundary-layer displacement thickness δ ∗.
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x3

x1
x3
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Figure 6.5: Upstream flow topology for the cylindrical roughness element with
k = 150µm and d = 1mm.

The vortical system has a significant influence on the flow field and thus also on the
wake-mode instability characteristics. Upstream of the element, the entire vorticity is
in the spanwise direction. When the flow reaches the discrete roughness element, this
spanwise vorticity rolls up and forms the vortical system depicted in Fig. 6.5. Eventually,
the vortical structures wrap around the element and transform into streamwise vorticity
further downstream, hence forming the legs of the horseshoe vortices. Those legs are
almost aligned with the streamwise direction and bring down high-speed fluid from
the outer region of the boundary layer towards the wall and, in other parts, transport
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low-speed fluid from the wall to the upper boundary-layer region. This transport of
momentum is the lift-up effect and generates streamwise velocity high- and low-speed
streaks [187]. The roughness element induces a further central low-speed streak because
of the streamwise velocity blockage. Those high- and low-speed streaks are visualized
in Fig. 6.6 with overlying normalized mode shapes of the most amplified symmetric
wake mode. Detailed instability analyses for the streaky wake flow are presented in the
next section. The streaks in Fig. 6.6 have been identified by subtracting the undisturbed
basic flow streamwise velocity component from the corresponding roughness affected
flow, as used by Refs. [111, 205].

Low-speed streak

High-speed streak

Recirculation

Roughness elementFlow

s

0.95

0.05
0.35
0.65

|û/ûmax|

zone

x1

x2

x3

Evaluation plane

Figure 6.6: Three-dimensional view of the flow structures around the cylindrical
roughness element (k = 150µm and d = 1mm), superposed with isocontours of the
normalized streamwise velocity fluctuation of the most amplified varicose mode (shown
in equidistantly distributed evaluation planes downstream of the roughness). Grey color:
roughness element; Black color: recirculation zone, visualized by an isosurface of zero
streamwise velocity; Orange/Blue color: high- and low-speed streaks, visualized by
isosurfaces of ∆ū = ±0.3 with ∆ū defined as the difference between the normalized
streamwise velocity of the basic flow with and without roughness element.

The effect of the three different planform shapes (see Fig. 6.1) on the mean flow at
identical roughness heights and widths is shown in the following. The height of each
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element is k = 150µm, and the width corresponds to d = 1mm. Thus, a consistent
frontal area is presented to the oncoming boundary layer. Figures 6.7(a,c,e) depict
isocontours of the Mach number distribution around the respective element at a constant
wall-normal distance of η = 2/3k. In addition, the wake-flow profiles of the streamwise
velocity component at four downstream positions are also shown at the same wall-normal
height (Figs. 6.7(b,d,f)). The position s = 0mm represents the roughness trailing edge
(see also Fig. 6.6).

The Mach number isocontour plots and the wake-flow profiles reveal qualitatively similar
amplitudes and downstream evolutions of the high- and low-speed streaks behind the
cylinder and the cuboid, whereas the streak pattern behind the pizza-box element is
different. Instead of two primary vortices, the diamond element generates an additional
pair of counter-rotating vortices. The decrease in amplitude of the high- and low-speed
streaks with increasing distance from the roughness element is most likely attributed to
the strongly favorable pressure gradient on the HLB capsule forebody. Investigations
for flat-plate flows at similar roughness Reynolds numbers have shown a considerably
longer persistence of the streaky structures in the main flow direction [61, 205]. Here,
all wake flows have in common that, due to the down-wash motion of the vortices
(high-momentum fluid from the upper boundary layer part gets pushed towards the
surface), the streamwise velocity deficit in the central low-speed-streak region is first
annihilated and then substituted by a high-speed streak. Tumin & Reshotko [337] have
made similar observations for the flow behind a three-dimensional hump. The authors
report that after the point where the central streak changes its sign, the steady wake
flow experiences transient growth [337]. The presence of the additional counter-rotating
vortex pair behind the diamond element accelerates the reduction of the streamwise
velocity deficit in the wake and leads to the development of a broader and stronger
central high-speed streak downstream.

Figure 6.8 shows the influence of the different planform shapes on the mean streamwise
velocity and its associated shear, expressed through the shear magnitude, ūs, which is
defined as

ūs =

√(
∂ ū
∂η

)2

+

(
∂ ū
∂ζ

)2

. (6.7)

The evaluation plane is located two millimeters downstream of the respective rough-
ness trailing edge (cf. Fig. 6.6). Two regions with an increased shear magnitude are
identifiable for all considered elements. The central low-speed-streak region comprises
a mushroom-like structure with a detached shear layer typical for wake flows behind
single roughness elements [55, 61, 309]. The footprint of the horseshoe vortex/vortices
is visible through a region of high shear close to the wall. In accordance with the
spanwise profiles of streamwise velocity shown in Figs. 6.7(b,d,f), the structure and
strength of the shear layers behind the cylinder and cuboid are also very similar, whereas
greater differences are observable for the pizza-box element. Besides the two additional
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Figure 6.7: Visualization of the wake-flow structures for the cylinder (a,b), cuboid
(c,d), and diamond (e,f) element with k = 150µm and d = 1mm, respectively. (a,c,e)
Isocontours of Mach number distribution in the wall-normal plane at η = 100µm. (b,d,f)
Wake-flow profiles of the streamwise velocity at η = 100µm for four downstream
locations.
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regions of high shear (attributed to the extra vortex pair), the detached shear layer is
located closer to the surface. A possible cause could be a reduced lift-up effect of the
inner vortex pair, which is an indication of lower streamwise vorticity values. The
streamwise vorticity downstream of the diamond element is distributed among three
vortex pairs instead of just two, as in the case for the other two roughnesses.
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Figure 6.8: Isocontours of shear magnitude in the roughness wake plane at s = 2 mm for
(a) the cylinder, (b) cuboid, and (c) diamond element with k = 150µm and d = 1mm,
respectively. The dashed line is the projection of the roughness element. The black lines
indicate equally spaced isolevels of the basic flow streamwise velocity component ū.
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6.3 Modal instability analysis of roughness wake flows
– HLB capsule

In line with the laminar basic-flow computation approach, the symmetry at the capsule’s
zero meridian (x3 = 0) is also exploited in the 2D eigenvalue computations (LST-2D) to
reduce the computational effort. To identify all relevant wake modes, either symmetric
or antisymmetric boundary conditions are set at x3 = 0. Dirichlet boundary conditions
are set on the opposing side. At the wall, the no-slip isothermal condition is imposed,
and the farfield condition is set at the upper boundary. In this chapter, the FD-q6 scheme
is used for the spatial discretization of both wall-normal and azimuthal direction. Unless
stated otherwise, the instability results presented in this section have been computed
with 121 points in spanwise and 141 points in wall-normal direction, which guaranteed
grid-converged solutions for all cases investigated in Table 6.1.

Note that for all instability results presented in this thesis, the first evaluation plane is
always located downstream of the examined object (isolated roughnesses in Chapter 6
and distributed roughnesses in Chapter 7). This is mainly due to the instability code’s
current limitation to handle a single plane instead of the multi-plane approach that
would be necessary to march over the object of interest. However, because of the strong
gradients in the streamwise direction near a roughness element, the assumptions of the
LST-2D and PSE-3D analysis would probably not apply anyway.

6.3.1 Amplified wake modes and impact of the wall-normal veloc-
ity

Amplified roughness wake-flow instabilities

Two-dimensional spatial instability analyses for the basic flows of the three different
roughness geometries in the plane depicted in Fig. 6.8 reveal both, amplified symmetric
modes (also known as varicose modes) and amplified antisymmetric modes (sinuous
modes) with respect to the streamwise velocity fluctuation. In this chapter, the following
convention is used for the presented instability results. Findings for the cylindrical,
cuboidal, and diamond element are marked by symbols of a circle, square, and diamond.
Closed symbols (i.e.,�) represent results for the symmetric mode (S), and open symbols
(i.e., �) stand for the antisymmetric mode (A). The most amplified varicose mode, in
terms of maximum N-factor reached, is referred to as the dominant symmetric mode
(S1), and the most amplified sinuous mode is referred to as the dominant antisymmetric
mode (A1), whereas the dominant mode of both mode families (S and A) is referred to
as the leading mode.
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The normalized amplitude functions of the streamwise velocity perturbation for modes
S1 and A1 are exemplarily depicted in Fig. 6.9 for the cylindrical roughness element
(k = 150µm and d = 1mm) in the considered evaluation plane of Fig. 6.8 (s = 2mm) at
their respective most amplified disturbance frequency. Note that the absolute value of the
complex-valued disturbance amplitude functions is plotted in Figs. 6.9(a,b). Therefore,
the magnitude of the streamwise velocity amplitude function of the antisymmetric
mode Fig. 6.9(b) appears to be symmetric. Though, the corresponding fluctuations
are opposite in phase with respect to the symmetry plane at ζ = 0mm, as shown
in Fig. 6.9(d). Moreover, in the case of the symmetric mode S1, the perturbation
components of ρ̂ , û, ŵ and T̂ exhibit a varicose symmetry concerning the spanwise
mid-plane. In contrast, the spanwise component v̂ has a sinuous symmetry with respect
to the same plane. In terms of the antisymmetric mode A1, it is the other way around
(sinuous symmetry for ρ̂ , û, ŵ, T̂ and varicose symmetry for v̂ w.r.t. the spanwise
mid-plane).

The velocity perturbation of the varicose mode is concentrated near the top of the
mushroom-like structure in a region with increased wall-normal shear (∂ ū/∂η), as
depicted in Fig. 6.9(e) (see also Fig. 6.6). On the other hand, the sinuous mode peaks on
either side of the mushroom structure, where the spanwise shear (∂ ū/∂ζ ) is large (see
Fig. 6.9(f)). Note, the shapes of the most amplified varicose and sinuous mode reveal a
close resemblance to the amplitude functions reported in the literature for roughness
wake-flow instabilities [61, 62, 79, 82, 205, 221, 339].

Besides the dominant symmetric (S1) and antisymmetric (A1) mode, the wake flows
behind the considered roughness geometries feature more amplified instabilities. There-
fore, Fig. 6.10 shows the spatial growth rate as a function of disturbance frequency for
all amplified modes at s = 2mm. Behind every obstacle, there exists one other unstable
sinuous mode (A2), which in contrast to mode A1, is amplified in a much narrower
frequency band. The maximal spatial growth rate of mode A2 is different for each
roughness shape. However, the amplified frequency band is very similar. The highest
spatial growth rate for the considered roughness dimensions is obtained for mode S1
behind the cylinder, whereas the most amplified varicose mode is already completely
damped behind the diamond element at s = 2mm. On the other hand, the wake flow
behind the pizza-box element features two additional unstable symmetric modes (S2
and S3).

An overview of the normalized mode shapes of the streamwise velocity fluctuation
components for modes S1, A1, and A2 is given in Fig. 6.11 at s = 2mm for the three
different planform shapes. The amplitude functions are plotted at the corresponding
peak disturbance frequency taken from Fig. 6.10. In addition, the amplitude function
of mode S1 for the pizza-box element is also provided for completeness, despite being
damped already. The velocity fluctuations of mode S1 are concentrated near the top of
the detached shear layer (see also Fig. 6.9), whereas the sinuous modes A1 and A2 peak
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Figure 6.9: Wake-mode shapes and basic flow gradient fields behind the cylinder with
k = 150µm and d = 1mm at s = 2 mm. The grey lines indicate fifteen equally spaced
isolevels of the normalized basic flow streamwise velocity component ū/ūe. The dashed
line is the projection of the roughness element. (a,b) Absolute value of the normalized
streamwise velocity fluctuation for (a) the varicose mode S1 and (b) sinuous mode A1;
contour levels below |û/ûmax|< 0.05 are blanked out. (c,d) Real part of the normalized
streamwise velocity fluctuation for (c) the varicose mode S1 and (d) sinuous mode A1.
(e,f) Normalized gradient of the basic flow streamwise velocity component with respect
to (e) the wall-normal direction and (f) the spanwise direction. Normalized gradients
below ∂ ū/∂η/(∂ ū/∂η)max < 0.22 are blanked out in (e), and normalized gradients
between 20% of the maximum and minimum shear are blanked out in (f).

129



6.3. MODAL INSTABILITY ANALYSIS OF ROUGHNESS WAKE FLOWS – HLB CAPSULE

f [kHz]

−
α

i
[1

/m
]

0

200

400

600

800

1000

0 50 100 150 200 250

(a)

f [kHz]
0 50 100 150 200 250

(b)

f [kHz]
0 50 100 150 200 250

(c)
S1 S2 S3symmetric modes: A1 A2antisymmetric modes:

Figure 6.10: Spatial growth rate as a function of disturbance frequency for all amplified
wake modes at s = 2 mm with k = 150µm and d = 1mm; (a) cylinder, (b) cuboid, and
(c) diamond element.

on either side of the mushroom-like structure. For each of the amplified mode families
shown in Fig. 6.11, the mode shape and the peak disturbance frequency are very similar.
The normalized amplitude functions for the varicose wake modes behind the diamond
element, S1–S3, at s = 2mm are depicted in Fig. 6.12. It is observable that the velocity
fluctuations of the higher modes (S2 and S3) are no longer concentrated around the
detached shear layer, but rather around the inner vortex pair (S2) and outer vortex pair
(S3), indicating different mode families.

Throughout the rest of this thesis, instability results are presented only for the most
amplified varicose and sinuous modes. If roughness-induced transition on the HLB
capsule is triggered by modal disturbance growth of wake-flow instabilities, then those
instabilities can most likely be assigned to modes S1 or A1 since they feature the highest
N-factors among all detected wake modes.
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Impact of the wall-normal velocity on roughness wake-flow instabilities

The instability results presented in Figs. 6.9–6.12 have been obtained by neglecting
the basic flow wall-normal velocity component. However, by virtue of the downstream
recirculation zone behind the surface roughness and the development of streamwise
vortices downstream, the consequences of the commonly made parallel flow assumption
in the local stability analysis may be significant. Therefore, Fig. 6.13 depicts the
instability characteristics of the dominant wake modes behind the cylindrical roughness
element computed under the local parallel flow assumption and by including the wall-
normal velocity. The amplified frequency band of both mode types has about the
same width (Figs. 6.13(b,c)). Nevertheless, the maximal growth rate with included
wall-normal velocity exceeds the results predicted under local parallel flow assumption
by more than 10 %, leading to higher N-factor values and a slightly longer amplified
wake-flow region (Fig. 6.13(a)). Moreover, the disparity between the two sets of results
increases with roughness height, as indicated in Fig. 6.13(a). On that account, it is
reasonable to include the wall-normal velocity component for roughness wake-flow
instability calculations.

However, for some of the cases listed in Table 6.1 with the highest protrusion height, the
inclusion of the basic flow wall-normal velocity component leads to the phenomenon
of avoided crossing similar to the process of mode switching in a supersonic boundary
layer [108]. This phenomenon occurs when two eigenvalues approach each other in
the eigenvalue spectrum, but their eigenvalue trajectories do not cross. This effect
by itself does not affect the approach of integrating the local growth rates into an
N-factor, as long as only downstream propagating convective modes are taken into
account. However, in the downstream reverse flow region the eigenvalue trajectory of
the dominant varicose mode approaches an eigenvalue of a mode with negative group
velocity and in the vicinity of the junction of both eigenvalue trajectories these two
modes interchange their properties, thus, making it difficult to distinguish between the
two modes. On that account, to ascertain the influence of roughness geometry (height,
width, and shape) and wall temperature on the instability characteristics, the LST-2D
results for the dominant varicose mode, unless stated otherwise, have been computed
without the basic flow wall-normal velocity component for convenience. On the other
hand, including the wall-normal velocity in the 2D eigenvalue studies helps to prevent
the unwanted avoided crossing of the dominant sinuous mode with an antisymmetric
mode of negative group velocity. Therefore, N-factor data for the sinuous mode are
presented, including the wall-normal velocity component. A more detailed analysis of
the avoided crossing phenomenon and its physical implications is not part of the current
study, but it is ideally suited for future research.
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Figure 6.13: Impact of the basic flow wall-normal velocity component on (a) the
streamwise evolution of the N-factor envelope curves and (b,c) the spatial growth rate as
a function of disturbance frequency. Cylinder element with d = 1mm; (b,c) k = 105µm;
(a,b) mode S1, (c) mode A1.

Impact of surface curvature on roughness wake-flow instabilities

All instability results presented in this thesis have been computed on an orthogonal
curvilinear grid, and the surface curvature is taken into account via the scale factors hi.
Figure 6.14 depicts the impact of surface curvature on the spatial growth rate (−αi) for
the most amplified symmetric mode at two downstream locations behind the cylinder
element (k = 150µm) computed with Cartesian metric (surface curvature is not taken
into account, hξ = 1, hζ = 1) and curvilinear metric (hξ 6= 1, hζ 6= 1). As evident from
the figure, the capsule’s forebody curvature has a negligible impact on the roughness
wake-flow instability characteristics. This is most likely attributed to the small boundary-
layer thickness (δh,max ≈ 0.6mm at Re/l = 10×106 /m) and, hence, to the high ratio
of capsule curvature radius to boundary-layer thickness Rs/δh,max ≈ 340. Moreover, the
peak velocity fluctuations of the most amplified wake-flow disturbances are concentrated
in the vicinity of the detached shear layer (see Figs. 6.9 and 6.11), whose wall-normal

133



6.3. MODAL INSTABILITY ANALYSIS OF ROUGHNESS WAKE FLOWS – HLB CAPSULE

distance is mainly linked with the roughness height, which results in an even larger
relevant ratio for the curvature impact of Rs/k ≥ 1360.
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Figure 6.14: Impact of surface curvature on the spatial growth rate as a function of
disturbance frequency for the S1 mode behind the cylinder element with k = 150µm
and d = 1mm.

6.3.2 Effect of roughness height

Results from a systematic variation of the roughness height k at a fixed roughness
width of d = 1mm are presented in this subsection for the three considered planform
shapes. First, the impact of roughness height on the basic flow shear layers is addressed.
Subsequently, the instability characteristics for the dominant wake modes are presented
in terms of N-factor data, followed by an analysis of the disturbance kinetic energy
budget. Finally, the impact of roughness height on the most amplified wake-mode
disturbance frequency is shown.

Impact of roughness height on the basic-flow shear layers

The boundary layer on the HLB capsule becomes more disturbed by the presence
of the distinct roughness element as the obstacle height increases. Moreover, the
roughness-related shears in both wall-normal and spanwise direction also increase with
k. Figure 6.15 depicts the spatial distribution of the wall-normal shear (∂ ū/∂η) in the
symmetry plane (x3 = 0) for the three considered planform shapes and at two different
roughness heights ((a,e,i): k = 105µm, (b,f,j): k = 150µm). Additionally, the spatial
distribution of the spanwise shear (∂ ū/∂ζ ) in the evaluation plane at s = 1.5mm is also
shown in Fig. 6.15 ((c,g,k): k = 105µm, (d,h,l): k = 150µm). For all roughness shapes
considered, both the spatial extent of the recirculation regions (indicated by the solid
black lines) and the intensity of the shear layer in the central low-speed-streak region
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(originating at the roughness leading edge) increase with roughness height. However,
the intensity of the detached shear layer decreases with increasing distance from the
trailing edge. The pizza-box element features the highest wall-normal shear among the
considered planform shapes, which also disappears the fastest downstream. Moreover,
the detached shear layer of the diamond element is located closer to the wall, which
might be the consequence of a weaker lift-up effect of the inner vortex pair. On the
other hand, the cuboid features the lowest shear rates in both wall-normal and spanwise
direction.
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Figure 6.15: (a,b,e,f,i,j) Isocontours of wall-normal shear ∂ ū/∂η in the symmetry
plane at x3 = 0 and (c,d,g,h,k,l) isocontours of spanwise shear ∂ ū/∂ζ at s = 1.5mm
for (a-d) the cylinder, (e-h) the cuboid, and (i-l) the diamond element with d = 1mm;
(a,c,e,g,i,k) k = 105µm, (b,d,f,h,j,l) k = 150µm. The reverse flow regions in the first
two columns of plots are visualized by black isolines of infinitesimally small negative
streamwise velocity. The projection of the roughness element is indicated by the black
dashed lines in the last two columns of plots. The color-coded isolines in columns 3
and 4 belong to the wall-normal shear distribution, and the grey contour lines represent
10% increments of ū.
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Impact of roughness height on the amplification of wake-flow instabilities

The main focus of this chapter is to study convective wake-flow instabilities behind the
three different roughness shapes. Therefore, to avoid the onset of a three-dimensional
global instability, no higher obstacles than listed in Table 6.1 are considered. For
the results presented in this subsection, the roughness width remains unchanged at
d = 1mm. The impact of the roughness height on the amplification of the dominant
wake-mode instabilities (modes S1 and A1) is depicted in Fig. 6.16 in terms of N-
factor envelope curves along the surface arc length. As one would expect, the N-factor
increases with roughness height for both dominant wake modes. For all obstacle heights
and shapes considered, the dominant wake modes are already amplified in the first
evaluation plane located 25µm downstream of the respective roughness trailing edge.
A similar observation is also reported by Choudhari et al. [61].

For the investigated roughness geometries on the spherical-section forebody of the
HLB capsule, the symmetric mode S1 always leads to the highest overall growth rate,
which is in close agreement with the findings of Refs. [17, 25, 61, 79, 127] for the
near field around the roughness element in a zero pressure gradient flow. However,
the authors of [17, 25, 61, 79, 127] report that the antisymmetric mode takes the lead
with increasing distance downstream of the roughness element. The instability results
for all considered roughness planform shapes with the highest roughness Reynolds
number (Rekk = 336) further confirm the reported findings. The dominant varicose
mode S1 reaches the highest N-factor, whereas the logarithmic amplification factor for
the dominant sinuous mode A1 is lower at first, but still increases beyond the amplified
distance of the S1 mode.

The cuboid features the most extended modally amplified wake-flow region among
all surface roughness shapes considered, whereas the dominant wake modes behind
the pizza-box element have the shortest amplified spatial extent. For all the cases
shown in Fig. 6.16, the zone of modal amplification is limited to a narrow downstream
region behind the protuberance element. Moreover, the modally amplified wake-flow
region is considerably shorter compared to published results at similar Rekk values for
flat-plate flows [61]. The distinct decay of the dominant wake modes is attributed to
the pronounced favorable pressure gradient on the spherical-section forebody. A more
detailed study on the pressure gradient effect on roughness wake-flow instabilities is
presented in Sec. 6.4.

At the considered roughness width of d = 1mm, the cylinder is the most dangerous
obstacle at all investigated roughness heights in terms of maximum modal distur-
bance N-factor for mode S1. On the other hand, the cuboidal shape is expected to
be the least dangerous one of the three investigated generic elements to trigger the
roughness-induced transition behind the protrusion element. This finding is in line with
observed basic flow shear intensities (cf. Fig. 6.15) and the results reported by Van den
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Eynde [339], who also performed stability analyses of wake flows behind a cylinder,
cuboid, and diamond element and compared the spatial growth rates to DNS. Though,
the stability analysis was limited to one frequency at one streamwise position. Van
den Eynde [339] states that based on the instability analysis, the dominant wake mode
behind the cylindrical element is the most unstable one, and the growth rate for the
corresponding instability downstream of the diamond obstacle is the lowest. However,
the spatial growth rate obtained from DNS indicates that the cuboid element is the least
dangerous obstacle among the roughness elements studied.
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Figure 6.16: N-factor envelope curves versus surface arc lengths for the dominant
(a,b,c) symmetric mode and (d,e,f) antisymmetric mode at four different roughness
heights; (a,d) cylinder, (b,e) cuboid, and (c,f) diamond.

Disturbance kinetic energy transfer

To obtain a better insight into the mechanisms of how the shear layers of the basic
flow transfer energy into the dominant wake modes, one helpful method is to calculate
the kinetic energy transfer in planes downstream of the roughness [38, 205]. The
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rate of change of kinetic energy is defined by Eq. 2.66, whereby the kinetic energy
production terms Pi, j and the viscous dissipation term D1 are defined in Eqs. 2.67 and
2.69, respectively. The sign of the production term Pi, j indicates whether the local
transfer of kinetic energy acts as destabilizing (positive sign) or stabilizing (negative
sign) on the disturbance. The following results are normalized with the total kinetic
energy to facilitate comparisons between the different kinetic energy production terms.
Moreover, the instability results for the varicose symmetric mode S1 have been obtained,
including the basic flow wall-normal velocity component. Figure 6.17 exemplarily
depicts the streamwise evolution of the kinetic energy production terms for modes S1
and A1 at their peak disturbance frequency with k = 130µm. The vertical dashed line
indicates the spatial extent of the amplified wake-flow region at the respective fluctuation
frequency. The basic flow gradients related to the streamwise velocity component (P1,1,
P1,2, P1,3) have the most significant contribution to the energy transfer.
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Figure 6.17: Streamwise evolution of the kinetic energy production terms Pi, j for
(a,b,c) mode S1 and (d,e,f) mode A1 at their most amplified disturbance frequency with
k = 130µm and d = 1 mm; (a,d) cylinder, (b,e) cuboid and (c,f) diamond element. The
black dashed line marks the downstream end of the amplified wake-flow region for the
indicated frequency, respectively.
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Regardless of the roughness planform shape, both dominant wake modes (S1 and A1)
mainly extract their energy in the amplified wake-flow region from the work of the
Reynolds stress τ1,3 = ρ̄ ûŵ on the wall-normal shear of the basic flow streamwise ve-
locity component ∂ ū/∂η (P1,3). This destabilizing impact of the wall-normal gradient
diminishes as the central low-speed region starts to fade away (see Figs. 6.6 and 6.15).
In the case of the cylinder and cuboid, the dominant varicose mode almost exclusively
feeds its kinetic energy from the P1,3-term and becomes stable when P1,3/K / 1. The
production term P1,3 for the dominant varicose mode downstream of the pizza-box
element has the highest initial value at the roughness trailing edge among all considered
roughness shapes and decays faster than the other elements. This, in turn, is in accor-
dance with an observable higher N-factor in the vicinity of the obstacle trailing edge
and a shorter amplified wake-flow region (see Fig. 6.16).

The kinetic energy production term related to the basic flow spanwise gradient of the
streamwise velocity component (P1,2) has a stabilizing impact on the dominant wake
modes in the reverse flow region behind the cylinder and cuboid. Once the counter-
rotating vortex system establishes downstream of all elements, P1,2 has a positive
contribution to the energy extraction process for both dominant wake modes. However,
the larger values of P1,2 are not able to compensate for the faster decrease of P1,3;
consequently, the dominant wake modes become stable before P1,2 reaches its maximum
downstream.

For all cases shown in Fig. 6.17, the work of the Reynolds stress τ1,1 = ρ̄ û2 on the
streamwise gradient of the basic flow streamwise velocity component ∂ ū/∂ξ (P1,1)
stabilizes the dominant varicose and sinuous modes, especially in the vicinity of the
reverse flow region.

Figure 6.18 points out the frequency dependency of the three kinetic energy production
terms with the largest share in the energy transfer (P1,1, P1,2 and P1,3) for both dominant
wake modes in the evaluation plane at s = 1.5mm. In addition, the local spatial growth
rate −αi is also included. Here, the cylindrical element features the highest spatial
growth rate and the widest amplified frequency band among the three roughness shapes.
The terms related to the spanwise and wall-normal shear (P1,2 and P1,3) exhibit a
noticeable frequency dependency, whereas P1,1 is less sensitive towards changes in
frequency and becomes less stabilizing with increasing frequency. The largest share
of the disturbance kinetic energy production stems from the work of the Reynolds
stress τ1,3 = ρ̄ ûŵ on the wall-normal gradient of the basic flow streamwise velocity
component ∂ ū/∂η (P1,3), particularly at higher frequencies. Note, this also holds for
the sinuous mode A1. On the other hand, the disturbance kinetic energy production
term P1,2 destabilizes both dominant wake modes at the lower frequencies and changes
its sign in the case of the cylindrical and cuboidal elements as the frequency increases.
However, the P1,2 term destabilizes the wake-mode instabilities behind the pizza-box
element at all considered frequencies.
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Figure 6.18: Frequency dependency of the normalized kinetic energy production terms
linked with the streamwise velocity component and spatial growth rate at s = 1.5 mm for
the cylinder, cuboid, and diamond element (k = 130µm and d = 1 mm).

The amplified wake-flow region downstream of the pizza-box element has the small-
est spatial extent compared to the other two investigated roughness shapes (e.g., see
Figs. 6.17 and 6.22); however, the resulting N-factors for both dominant wake modes are
nearly as large as those for the cylinder element (cf. Fig. 6.16). This, in turn, signifies
that much of the disturbance kinetic energy production and dissipation occurs within a
relatively small region. Figure 6.19 shows the streamwise evolution of the normalized
total disturbance kinetic energy production (P1/K, cf. Eq. 2.67) and dissipation term
(D1/K, cf. Eq. 2.69) downstream of the three roughness elements at the respective peak
disturbance frequency. The pizza-box element exhibits the largest disturbance kinetic
energy production, among all studied roughness shapes, in the vicinity of the roughness
trailing edge; however, it also features the highest viscous dissipation. Moreover, with
increasing distance from the obstacle, the viscous dissipation grows more strongly for
the diamond geometry along with a more significant decline of the perturbation kinetic
energy production term P1 compared to the other two shapes. This more pronounced
increase and decrease of disturbance kinetic energy production and viscous dissipation
for the pizza-box element could be due to the faster reduction of the central low-speed
streak because of the additional vortex pair. In the case of the symmetric mode S1
downstream of the diamond element, the viscous dissipation is rising steadily within
the considered interval shown in Fig. 6.19. In contrast, it also decreases within a certain
range downstream of the recirculation region (s' 1mm) in the case of the dominant
sinuous mode A1. On the other hand, the viscous dissipation solely slightly varies
within the considered region for the other two roughness shapes (valid for both modes
S1 and A1). In addition to the streamwise evolution of P1/K and D1/K at the peak
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disturbance frequency in Fig. 6.19, results are also plotted for a lower and higher fre-
quency. These additional lines constitute the boundaries of the shaded regions. For
all investigated cases, the perturbation total kinetic energy production term P1 and
the viscous dissipation D1 generally increase with disturbance frequency. However,
the absolute value of the additional gain in P1 at the higher frequency reduces with
increasing distance from the roughness trailing edge, whereas the absolute value of the
additional dissipation remains relatively constant.

f ↑

s [mm]

P 1
/

K
,D

1/
K

0

1

2

3

4

5

6

0 0.5 1 1.5 2 2.5

Cylinder, f = 150 kHz
Cuboid, f = 113 kHz
Diamond, f = 167 kHz

(a)

f ↑

s [mm]

P 1
/K

,D
1/

K

0

1

2

3

4

5

6

0 0.5 1 1.5 2 2.5

Cylinder, f = 138 kHz
Cuboid, f = 98 kHz
Diamond, f = 128 kHz

P1/K
D1/K

(b)

Figure 6.19: Streamwise evolution of the normalized disturbance total kinetic energy
production term P1 and viscous dissipation term D1 for (a) mode S1 and (b) mode A1
at selected disturbance frequencies with k = 130µm and d = 1mm. The sensitivity
of the production and dissipation terms towards changes in frequency is indicated by
the shaded area which is bounded by respective results for a lower and higher fre-
quency; mode S1: cylinder f ∈ [138, 168] kHz, cuboid f ∈ [92, 128] kHz, and diamond
f ∈ [155, 179] kHz; mode A1: cylinder f ∈ [123, 150] kHz, cuboid f ∈ [89, 104] kHz,
and diamond f ∈ [119, 134] kHz.

The cross-stream distributions of the production terms’ integrands (I1,2 and I1,3 of
Eq. 2.67) that have a destabilizing impact on both dominant wake-mode instabilities
(modes S1 and A1) are shown in Fig. 6.20 for the cylindrical element. The evaluation
plane is located at s = 1.5mm, and the production terms for modes S1 and A1 are
depicted at the peak disturbance frequency leading to the highest N-factor, respec-
tively. Besides, the spatial distribution of viscous dissipation of the disturbance kinetic
energy is also included in Fig. 6.20. At the selected position and frequency, the pro-
duction/destruction zones of perturbation kinetic energy are mainly wrapped around
the central low-speed region, coinciding with the viscous dissipation. In accordance
with the integral values of the production term P1,3 presented in Figs. 6.17 and 6.18, the
work of the Reynolds stress τ1,3 on the wall-normal shear of the basic flow streamwise
velocity component mainly acts to destabilize the disturbance (valid for both wake
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modes). On the other hand, the I1,2 production term features both destabilizing and
stabilizing regions. However, the integral value of−τ1,2∂ ū/∂ζ (i.e., P1,2) for both wake
modes is about zero at the considered disturbance frequency (see Fig. 6.18).

To sum up, it can be concluded that the dominant varicose and sinuous modes both
mainly extract their energy spatially from the delimiting shear layer of the central
low-speed streak region. Moreover, both mode families are the consequence of an
instability of the fully three-dimensional shear layer as a whole. Furthermore, although
the streamwise û and wall-normal ŵ perturbation velocities of mode A1 peak in the
region of increased spanwise shear (see Fig. 6.9) and are antisymmetric, thus zero in the
region of highest wall-normal shear, most of the disturbance kinetic energy is produced
through −ρ̄ ûŵ∂ ū/∂η (i.e., I1,3) owing to the vast area of strong wall-normal shear (see
Fig. 6.9). Note, Brandt [38] also made a similar observation in his instability study of
boundary-layer low-speed streaks.
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Figure 6.20: Cross-stream distribution of normalized (a,d) production term integrand
I1,2, (b,e) production term integrand I1,3, and (c,d) viscous dissipation term in the
plane at s = 1.5 mm behind the cylinder element with k = 130µm and d = 1 mm; (a,b,c)
varicose mode S1 and (d,e,f) sinuous mode A1. The black dashed line represents the
projection of the roughness element. The dashed grey lines represent isolines of the
basic flow streamwise velocity component. The solid grey lines stand for isolines of the
normalized û amplitude function.

142



6.3. MODAL INSTABILITY ANALYSIS OF ROUGHNESS WAKE FLOWS – HLB CAPSULE

Most amplified disturbance frequency

The maximum N-factor for the dominant varicose and sinuous mode as a function of dis-
turbance frequency is exemplarily shown in Figs. 6.21(a,b) for k = 150µm, respectively.
Although the wake flow structures and the associated gradient fields behind the cuboid
resemble those of the cylinder (cf. Figs. 6.7 and 6.8), the wake modes downstream of
the pizza-box and behind the cylinder are amplified at very similar frequency bands.
The most amplified disturbance frequency leading to the highest N-factor is presumably
dependent on (i) the spatial extent of the shear layers and (ii) the ability to transfer
energy from the basic flow three-dimensional shear layer to the disturbance flow. Both
the peak velocity fluctuations of the dominant wake modes and the major disturbance
kinetic energy production/destruction zones (I1,2 and I1,3) are mainly located in the
central low-speed region; hence, the detached shear layer’s spatial extent is most likely
relevant for the observed amplified frequency bands. For all roughness shapes consid-
ered, the peak disturbance frequency for mode S1 increases with roughness height, as
depicted in Fig. 6.21(c). Though, the pizza-box element features the smallest spatial
extent of the detached shear layer (see Fig. 6.8), in accordance with the highest predicted
peak disturbance frequency among the studied roughness shapes. On the other hand,
the broadest detached shear layer is formed downstream of the cuboidal element (see
Figs. 6.8 and 6.15), thus featuring the lowest most amplified disturbance frequencies of
all shapes (this also holds for the sinuous mode A1).

In the case of the dominant antisymmetric mode A1, the peak disturbance frequency
also initially increases with roughness height, whereby the highest frequency is obtained
for the cylinder element (valid for k ≤ 130µm). Increasing the obstacle height further,
the peak disturbance frequency shifts towards lower values in the case of the cylinder
and cuboid, whereas the most amplified disturbance frequency keeps increasing for
the antisymmetric mode behind the diamond element. The different trends for mode
A1 could once again be a result of the extra vortex pair forming behind the pizza-box
element and a distinction in the energy extraction process. As highlighted in Figs. 6.17
and 6.18, the energy transfer from the basic flow into the disturbance flow is mainly
associated with the mean flow wall-normal gradient, even for the sinuous mode. The
production term linked with that gradient (term P1,3) becomes more effective at higher
frequencies (see Fig. 6.18(b)). However, the disturbance kinetic energy production
term linked with the basic flow spanwise gradient (term P1,2) becomes more important
with increasing roughness height, as can be seen when comparing the streamwise
evolution of P1,2 depicted in Figs. 6.17(d,e,f) (k = 130µm) with the one shown in
Fig. 6.22 (k = 150µm). The share of the P1,2-term on the total disturbance energy
production P1 increases within the amplified wake-flow region samp, e.g., for the cylinder
element from

∫ samp
0 P1,2/P1ds = −0.13 at k = 130µm up to

∫ samp
0 P1,2/P1ds = 0.57 at

k = 150µm. Therefore, the observed decrease in peak disturbance frequency with
roughness height for the sinuous mode in the case of the cylindrical and cuboidal shapes
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Figure 6.21: (a,b) Maximum N-factor for (a) mode S1 and (b) mode A1 downstream
of three different roughness shapes at the corresponding disturbance frequency with
k = 150µm and d = 1mm. (c,d) Most amplified disturbance frequency as a function
of roughness height k for (c) mode S1 and (d) mode A1 for three different roughness
shapes with d = 1 mm.

may be linked to the increased share of the P1,2-term on the total disturbance kinetic
energy production, as the P1,2-term is more effective to destabilize the disturbance at the
lower considered frequencies (even acts stabilizing at higher frequencies; cf. Fig. 6.18).
On the other hand, the P1,2/P1-ratio within the amplified wake-flow region for the pizza-
box element is considerably smaller at k = 150µm (

∫ samp
0 P1,2/P1ds = 0.27); hence,

more disturbance kinetic energy is produced via the P1,3-term whose effectiveness
increases with frequency (cf. Fig. 6.18).

Note, within the German research project HYPTRANS, an investigation was performed
to measure the wall-pressure fluctuations of the numerically predicted wake-mode
instabilities behind the cylinder element at various roughness Reynolds numbers in the
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Figure 6.22: Streamwise evolution of the kinetic energy production terms P1,1, P1,2,
and P1,3 for mode A1 behind the roughness elements (k = 150µm and d = 1 mm) at their
corresponding peak disturbance frequency from Fig. 6.21(d). The vertical black dashed
lines mark the downstream end of the amplified wake-flow region.

HLB facility. The roughness element was placed on the HLB capsule’s forebody 2 mm
upstream of a flush-mounted high-frequency pressure transducer (PCB). A comparison
of the spectral distribution of pressure fluctuations with and without roughness revealed
the appearance of distinct spectral humps at the higher Rekk-values considered. The
frequency range of the second observed spectral hump was in quantitative agreement
with the modally most amplified disturbance frequency predicted by LST-2D at the
sensor position, including the observed shift in frequency with roughness Reynolds
number (cf. Figs. 6.21(c,d)). However, the observed spectral hump at lower frequencies
could not be explained by the N-factor results from modal instability analysis and might
be of different origin (e.g., due to transient disturbance growth). More details about the
investigation are given in Theiss et al. [324].
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6.3.3 Effect of roughness width

In this subsection, results from a systematic variation of the roughness width d at a fixed
roughness height of k = 150µm are presented. Hence, the roughness Reynolds number
Rekk remains unchanged. The roughness width is varied between d ∈ [0.5, 2]mm,
except for the diamond element where no steady laminar mean flow could be obtained
below values of d < 0.9mm due to convergence problems.

This subsection is organized as follows. First, the impact of roughness width on the
basic flow shear layers is addressed. Subsequently, instability results are presented in
terms of modal N-factor data for the dominant wake modes along with discussions
on the disturbance kinetic energy transfer. Finally, results for the peak disturbance
frequency depending on the roughness width are given.

Impact of roughness width on the basic-flow shear layers

All of the studied roughness geometries have a length-to-width ratio of one; hence,
the length of the surface protrusion increases proportionally to its width. The impact
of roughness width (and length) on the basic flow shear layers is exemplarily shown
for the cuboid-shaped element in Fig. 6.23. The first column of plots depicts the
spatial distribution of the wall-normal gradient of the mean flow streamwise velocity
component, ∂ ū/∂η , in the symmetry plane (x3 = 0). The respective recirculation
regions are enclosed by the thick black lines. As can be seen, the maximum wall-normal
shear decreases with roughness width/length, whereas the spatial extent of the reverse
flow region increases. Note, for the instability analyses in this thesis, the first evaluation
plane is always located downstream of the roughness trailing edge. Thus, the distance
to the region of maximum wall-normal shear (situated in the roughness leading-edge
region) also increases with increasing obstacle length. This, in turn, could result in
relatively lower shear rates (in the first and following evaluation planes) as the roughness
length increases, because of the dampening impact of the favorable pressure gradient.

The second column of plots in Fig. 6.23 depicts the spatial distribution of the spanwise
gradient of the basic flow streamwise velocity component ∂ ū/∂ζ . In order to facili-
tate better comparability of the basic-flow state with increasing roughness width, the
evaluation plane is located 0.5 mm downstream of the recirculation region (indicated
by the dashed vertical line in the left column of plots). In the closest evaluation plane
to the cuboid trailing edge (d = 0.5mm, Fig. 6.23(b)), the maximum spanwise shear
is wrapped around the central low-speed streak region, but moving downstream, the
streak intensity decreases and the zone with the highest spanwise shear shifts towards
the horseshoe vortex system at ζ ≈±d/2 (Figs. 6.23(d,f,h)). Moreover, increasing the
roughness diameter leads to a broadening of the wall-normal shear layer represented by
the colored isolines in the right column of plots.
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Figure 6.23: (a,c,e,g) Contours of wall-normal shear ∂ ū/∂η in the symmetry plane at
x3 = 0 and (b,d,f,h) contours of spanwise shear ∂ ū/∂ζ for the cuboid with k = 150µm
at various roughness widths; (a,b) d = 0.5mm, (c,d) d = 1.0mm, (e,f) d = 1.5mm, and
(g,h) d = 2.0mm. The reverse flow regions in the left column of plots are visualized by
black isolines of infinitesimally small negative streamwise velocity. The evaluation plane
depicted in the right column of plots is located 0.5 mm downstream of the respective
rearward recirculation region (indicated by the dashed vertical lines in the left column of
plots). The color-coded isolines in the right column of plots belong to the wall-normal
shear distribution, whereas the grey contour lines display the basic flow streamwise
velocity. The projection of the roughness element is indicated in (b,d,f,h) by the black
dashed lines.
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Impact of roughness width on the amplification of wake-flow instabilities

Figures 6.24(a,b) exemplarily show the N-factor envelope curves for the most amplified
roughness wake modes (Fig. 6.24(a): mode S1, Fig. 6.24(b): mode A1) downstream
of the cuboid-shaped element (N-factor envelope curves for the cylinder element at
identical aspect ratios d/k are depicted in Fig. 6.44 (Sec. 6.4.3) except for d = 0.5mm).
For both dominant wake modes, the respective maximum N-factor and the downstream
extent of the unstable wake-flow region initially increase when the width changes from
d = 0.5 mm to d = 0.75 mm. Increasing the width/length further leads to a decrease in
the maximum N-factor value, whereas the downstream extent of the wake-flow region
showing modal disturbance growth barely changes (samp ≈ 3.4mm) for mode S1. On
the other hand, the modally amplified wake-flow region progressively decreases from
samp = 7.7mm at d = 0.75mm to samp = 2.5mm at d = 2mm in the case of the sinuous
mode A1. Nevertheless, for d > 1mm, the maximum N-factor value remains relatively
constant at max(N)≈ 2.3.

Figures 6.24(c,d) depict the maximum N-factor as a function of element width for all
of the three investigated roughness shapes and both dominant wake-mode instabilities
(Fig. 6.24(c): mode S1, Fig. 6.24(d): mode A1). Regardless of the element shape, the
dominant varicose mode S1 always reaches a higher maximum N-factor compared to
the most amplified sinuous mode A1 at all considered roughness widths. Moreover,
the dominant wake modes downstream of the cylinder and cuboid exhibit a similar
dependence of the maximum N-factor on the roughness width, presumably due to the
similar wake flow topologies (see Figs. 6.7 and 6.8). The N-factor of both dominant
wake modes behind the cylinder initially increases with roughness width (here max(N)
is obtained at d = 1mm) before decreasing again. Interestingly, for all of the roughness
shapes considered, the maximal N-factor value of the A1 instability remains relatively
constant for the larger roughness widths investigated (d ≥ 1.25mm). The most dan-
gerous width in terms of the maximum modal N-factor behind the diamond element
settles towards small values. However, the actual value cannot be quantified due to the
appearance of the unwanted avoided crossing phenomenon below d < 1 mm for mode
S1, even though the basic flow wall-normal velocity component has been neglected in
the instability analysis. This, in turn, might be a precursor for the onset of absolute
instability, which could be the cause for the experienced convergence problems in the
mean flow computation with d < 0.9 mm.

The initial increase and the subsequent decrease of the maximum N-factor with rough-
ness width for the dominant wake modes behind the cylinder and cuboid could be
the consequence of a combination of different factors. As already shown before, the
amplitude functions of the dominant wake modes S1 and A1 have their peak fluctuation
levels in the central low-speed streak region (i.e., see Figs. 6.6, 6.9 and 6.11). Moreover,
the largest share on the disturbance kinetic energy production within the amplified wake-
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Figure 6.24: (a,b) Streamwise evolution of N-factor envelope curves for the cuboidal
roughness element at different roughness widths d and constant height k = 150µm. (c,d)
Maximum N-factor as a function of roughness width d for (a,c) varicose mode S1 and
(b,d) sinuous mode A1.

flow region for both modes stems from the work of the Reynolds stress τ1,3 against
the wall-normal shear of the basic flow streamwise velocity component (see Figs. 6.17
and 6.18). Furthermore, the maximum wall-normal shear decreases with roughness
width (see Fig. 6.23), and the region of increased spanwise shear shifts from the central
low-speed streak region towards the horseshoe vortex system; thus, out of the area of
peak fluctuation levels of the dominant wake modes. Hence, both ascertained effects
(reduction of streamwise wall-normal shear and relocation of the region with maximal
spanwise shear), could relate to the observed decrease of maximum N-factor value
with roughness width in Fig. 6.24. On the other hand, the maximum N-factor might be
expected for the cases with the smallest diameter d since the highest wall-normal shear
occurs for the thinnest element (see Fig. 6.23(a)), and the highest spanwise gradients
also appear in the central low-speed-streak region (see Fig. 6.23(b)). However, the
maximum N-factor for modes S1 and A1 behind the cylinder and cuboid is not reached
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at the smallest width investigated (cf. Figs. 6.23(c,d)). One reason for the observed
trend could be the increased down-wash effect as the two vortex cores get closer to each
other for the smaller diameters, leading to a faster reduction of the velocity deficit in the
central low-speed-streak region (accompanied by a faster reduction of the wall-normal
shear; compare Figs. 6.23(a) and (c)). Thus, the results in Figs. 6.23(c,d) for the cylinder
and cuboid could be a consequence of opposing trends in maximum wall-normal shear
production at the roughness leading edge and decay of wall-normal shear through the
down-wash effect.
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Figure 6.25: (a,b) Streamwise evolution of the normalized P1,2 and P1,3 production
terms for the cuboid at a constant roughness height of k = 150µm and various roughness
widths d. (c,d) Integral contribution of the P1,2 and P1,3 terms on the overall disturbance
energy production term P1 within the amplified wake-flow region as a function of
roughness width for (a,c) varicose mode S1 and (b,d) sinuous mode A1.

The hypothesis of the aforementioned competing effects for the thinnest elements (wall-
normal shear production and down-wash effect for the cylinder and cuboid) is further
substantiated by evaluating the production terms that significantly contribute to the
disturbance kinetic energy production term P1 within the amplified wake-flow region
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samp. Figures 6.25(a,b) exemplarily show the streamwise evolution of the production
terms linked with the basic flow spanwise gradient (term P1,2) and wall-normal shear
(term P1,3) for the cuboid-shaped element at various roughness widths for modes S1 and
A1 at their respective peak disturbance frequency (the peak disturbance frequencies for
the roughness width variation study are shown in Fig. 6.26). The symbols represent the
spatial extent of the amplified wake-flow region, respectively. In the case of mode S1 and
d = 0.5mm, both the P1,2 and P1,3 terms exhibit the highest value (normalized with the
disturbance kinetic energy K) among all investigated widths, but also the fastest decline
of P1,3, presumably due to the down-wash effect. In addition, Figs. 6.25(c,d) show the
share of the P1,2 and P1,3 terms on the overall disturbance kinetic energy production term
P1 within the amplified wake-flow region samp for the three considered roughness shapes
for modes S1 (Fig. 6.25(c)) and A1 (Fig. 6.25(d)) at their respective peak disturbance
frequency (see Fig. 6.26). As mentioned earlier, the amplitude function of the dominant
varicose mode for all of the three roughness shapes has its maximum in the central low-
speed region, and the spanwise gradient of the streamwise velocity component decreases
with roughness width; hence, the share of the P1,2 term on the overall disturbance kinetic
energy production reduces with roughness width (see Fig. 6.25(c)). As a consequence,
the varicose mode for the larger roughness widths considered (d ≥ 1.5mm) is mainly
an instability caused by the wall-normal shear layer. Remarkably, the same statement
also holds for the most amplified sinuous mode A1 (see Fig. 6.25(d)) with d ≥ 1.5mm.
For the smaller widths considered (d ≤ 1.5mm), the production term linked with the
spanwise gradient of the streamwise velocity component has a substantially higher
share on the overall production of kinetic energy within the amplified wake-flow region.
However, solely in the case of the cuboid-shaped roughness element with d ≤ 1mm,
the P1,2 term has the highest integral contribution to the disturbance kinetic energy
production, most likely bound up with the farthest modally amplified wake-flow region
for k = 150µm (cf. Figs. 6.16, 6.19 and 6.22). Note that in the case of the cylinder and
cuboid with d ≥ 1.5mm, the amplified wake-flow region is so short that the P1,2 term
only acts stabilizing on the sinuous mode.

Most amplified disturbance frequency

Figures 6.26(a,b) exemplarily depict the maximum N-factor for modes S1 and A1 down-
stream of the cuboid-shaped roughness element as a function of disturbance frequency.
The amplified frequency band seems to narrow for the varicose mode with increasing
roughness width, whereas it changes only slightly in the case of the most amplified
sinuous mode. Note, this also holds for the cylinder element (cf. Fig. 6.44(f)). The
peak disturbance frequency of the dominant varicose mode decreases with roughness
width for all three considered shapes, presumably due to the widening of the detached
wall-normal shear layer (see right column of plots in Fig. 6.23). On the other hand, the
peak disturbance frequencies of the dominant sinuous mode seem to be less sensitive
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to variations in roughness width (Fig. 6.26(b)). The peak disturbance frequency of the
diamond element appears to be less affected by changes in the element width, at least
for the diameters investigated in this thesis.
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Figure 6.26: (a,b) Maximum N-factor as a function of disturbance frequency for (a)
mode S1 and (b) mode A1 mode behind the cuboid-shaped roughness element at various
diameters with k = 150µm. (c,d) Peak disturbance frequency as a function of roughness
width d for (c) mode S1 and (d) mode A1 with k = 150µm.

6.3.4 Effect of wall temperature

In this subsection, wake-flow instability results are presented for the flow around an
isolated roughness element at different wall temperatures. Like the Tollmien-Schlichting
wave or the second-mode instability, the modal amplification of wake-flow perturbations
depends on the considered wall temperature. For instance, Choudhari et al. [62] and
De Tullio & Sandham [80] showed that wall cooling stabilizes the dominant roughness
related wake-flow instabilities at Ma∞ = 6. To possibly avoid the likelihood of triggering
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an absolute instability when changing the wall temperature, the roughness Reynolds
number is limited to Rekk = 278 in the present study. Moreover, the study is restricted
to the cuboid element, since it has the least dangerous planform shape in terms of modal
N-factor data (cf. Figs. 6.16 and 6.24). In addition to the isothermal wall temperature at
HLB operating conditions (T̄w = 295K), a more intensively cooled flow with T̄w = 195K
and a heated flow with T̄w = 495K are investigated here.

In order to ensure comparability between the investigated wall temperature cases con-
cerning the basic flow and wake-flow instability properties, roughness characteristic
values (e.g., k/δh, Rekk or Rekw) should also remain comparable. In this work, the rough-
ness Reynolds (Rekk) number remains unchanged to make direct comparisons with the
trends observed by Choudhari et al. [62] and De Tullio & Sandham [80]. Since the
boundary-layer profile changes with the wall temperature (cf. Fig. 5.8), the roughness
height is adapted to guarantee identical roughness Reynolds numbers. Note, Choudhari
et al. [62] and De Tullio & Sandham [80] left the roughness height unchanged and
instead lowered the unit Reynolds number in their cooled flow cases to keep Rekk nearly
constant.

Table 6.2 lists the three isothermal wall cases studied in this subsection and the associated
roughness heights, including ratios concerning boundary-layer thicknesses. The element
width and length are the same for all of the three cases with d = 1mm. Besides,
Table 6.2 also lists the modified roughness Reynolds number (Rekw) proposed by
Bernardini et al. [25, 26]. Note, against expectations, the trends in the ratios of k/δh
and k/δ ∗ with T̄w are precisely opposite. Expectedly, the boundary-layer thickness
should increase with the wall temperature. However, here, the thinnest boundary layer is
obtained for the T̄w = 495K case (i.e., at the roughness location: δh,T̄w=195K = 0.468mm,
δh,T̄w=295K = 0.471mm, and δh,T̄w=495K = 0.420mm). This discrepancy is attributed to
the employed total enthalpy criterion (h̄t/h̄t,∞ = 0.995) for detecting the boundary-layer
edge. As a consequence, the determined δh is the result of opposing trends. Wall
cooling decreases the boundary-layer thickness based on the velocity profiles, whereas
the boundary-layer thickness increases based on the temperature profiles (cf. Fig. 5.8).
On the other hand, the displacement thickness only decreases with wall cooling.

Table 6.2: List of all investigated surface temperatures at Rekk = 278 with Re/l =
10×106 /m and d = 1mm.

Case T̄w [K] T̄w/T̄e k [µm] k/δh k/δ ∗ Rekk Rekw

1 195 0.452 104.75 0.224 2.41 278 410
2 295 0.684 130.00 0.276 1.69 278 327
3 495 1.148 181.90 0.433 1.40 278 277
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This subsection is organized as follows. First, the impact of the wall temperature on
the basic flow shear layers is discussed in a representative plane downstream of the
roughness. Subsequently, instability characteristics of the dominant wake modes are
presented in terms of modal N-factor data and relevant disturbance frequency bands.
Finally, the impact of wall temperature on the instability results is discussed with respect
to the disturbance energy budget.

Impact of wall temperature on the basic-flow shear layers

At the constant roughness Reynolds number of Rekk = 278, wall cooling leads to
an increase in the shear intensities of the basic flow streamwise velocity component
and temperature gradient in both spanwise and wall-normal direction. Figure 6.27
exemplarily depicts the spatial distribution of the shear layers mentioned above in the
evaluation plane at s = 1.5mm for the three considered wall temperatures. The upper
row of plots shows the spanwise shear distribution, whereas the lower row illustrates
the wall-normal shears. Moreover, the isocontours represent the temperature gradients,
whereas the isolines stand for the gradients of the streamwise velocity component. The
increase of the boundary-layer thickness based on the streamwise velocity with wall
temperature is observable via the grey isolines of ū in the top row of plots.

Impact of wall temperature on the amplification of wake-flow instabilities

Although the roughness Reynolds number, Rekk, is the same for all three studied
wall temperatures, the modified version proposed by Bernardini et al. [25, 26], Rekw,
indicates that the flow is more affected (expressed through higher shear intensities, cf.
Fig. 6.27) by the presence of the roughness in the case of the coldest wall temperature
considered. The modal instability results for the dominant wake modes in terms of
N-factor envelope curves affirm this presumption, as shown in Fig. 6.28 ((a) mode S1
and (c) mode A1). For both dominant wake modes S1 and A1, the maximum N-factor
increases with wall cooling. However, the amplified frequency band is less affected
by a change in wall temperature (see Fig. 6.28(b) for mode S1 and 6.28(d) for mode
A1). Note, the basic flow wall-normal velocity component has been included in the
instability analysis.

In line with the findings reported in Secs. 6.3.2 and 6.3.3, the varicose mode S1 always
leads to the highest maximum N-factor and is most amplified at higher disturbance
frequencies in comparison to the sinuous mode A1, at least for the wall temperatures
investigated here. Although the maximum N-factor increases with wall cooling for both
dominant wake modes, the respective length of the amplified wake-flow region decreases
(cf. Figs. 6.28(a,c)). Note, the streamwise evolution of the N-factor envelope curves for
mode A1 at T̄w = 295K and T̄w = 495K exhibits two local maxima (see Fig. 6.28(c)),
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Figure 6.27: Impact of wall temperature on the basic flow gradient fields behind the
cuboid with Rekk = 278 and d = 1mm at s = 1.5mm; (a,d) T̄w = 195K, (b,e) T̄w =
295K, and (c,f) T̄w = 495K. (a,b,c) Spanwise gradients of the basic flow temperature
(isocontours) and of the streamwise velocity component (isolines). (d,e,f) Absolute
values of the wall-normal gradients of the basic flow temperature (isocontours) and of
the streamwise velocity component (colored isolines). The grey contour lines in the
top row display the basic flow streamwise velocity component. The black dashed line
represents the projection of the roughness element.

which are also present in the amplified frequency band (see Fig. 6.28(d)). The maximum
N-factor for the sinuous wake instability at T̄w = 295K is reached at s = 1.72mm and
belongs to the f = 98kHz mode (second local maximum in Fig. 6.28(d)). However, the
antisymmetric mode is amplified up to s = 3.2mm at f = 62kHz (first local maximum
in Fig. 6.28(d)). At T̄w = 495K, the trend is inverted. The high-frequency mode
( f = 110kHz, second local maximum in Fig. 6.28(d)) corresponds to the first local
maximum in the N-factor evolution depicted in Fig. 6.28(c), and the low-frequency
mode ( f = 59kHz, first local maximum in Fig. 6.28(d)) leads to the highest maximum N-
factor at s= 6.77mm (second local maximum in Fig. 6.28(c)). Thus, for T̄w≥ 295K, the
dominant sinuous mode is amplified the farthest downstream at the lower investigated
frequencies.

The observed trend that wall cooling enhances wake-mode instabilities downstream
of an isolated roughness element is contrary to the reported findings of Choudhari et
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Figure 6.28: Impact of wall temperature on the modal instability characteristics for
(a,b) the dominant varicose mode and (c,d) sinuous mode in terms of (a,c) N-factor
envelope curves and (b,d) maximum N-factor as a function of disturbance frequency.
Cuboid roughness element with Rekk = 278 and d = 1mm.

al. [62] and De Tullio & Sandham [80]. The discrepancy in the detected trends may be a
consequence of different pressure gradients (here: favorable pressure gradient; cases in
the literature: zero pressure gradient) and different approaches of keeping the roughness
Reynolds number constant while varying the wall temperatures (here: adaptation of the
roughness height; cases in the literature: adjustment of the unit Reynolds number). A
further significant difference is the considered Mach number regime (here: Mae = 0.65;
cases in the literature: Mae = 6) and the resulting ratio of adiabatic wall temperature
to the boundary-layer edge temperature. (here: T̄w,ad/T̄e ≈ 1.07; cases in the literature
T̄w,ad/T̄e ≈ 7.11). Thus, the cases studied in the literature have a more pronounced
temperature gradient within the boundary layer in the case of the uncooled wall. Further-
more, for the HLB operating conditions considered in this work, wall cooling increases
the shear rate in the roughness wake (cf. Fig. 6.27), whereas it has a stabilizing effect
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on the roughness wake shear layers at Mae = 6 [339]. Therefore, the impact of the wall
temperature on the roughness wake-mode instabilities is presumably dependent on the
considered Mach number regime and, consequently, on whether changes in wall temper-
ature have a stabilizing or destabilizing effect on the shear layers. Nevertheless, further
investigations at various Mach numbers are necessary to substantiate this hypothesis.
Moreover, the modified roughness Reynolds number definition (Rekw) has proven to
indicate the correct trends concerning the wall temperature sensitivity of the dominant
wake modes, at least for the flow conditions considered in this thesis. If this trend is
consistent for other Mach number regimes, then Rekw should be preferred over Rekk to
estimate the impact of an isolated roughness element on the flow field.

As shown in Fig. 6.27, wall cooling increases the basic flow temperature gradient in
both wall-normal and spanwise direction. Thus, the disturbance energy production and
dissipation terms related to the basic flow temperature gradient in the perturbation energy
balance of the roughness wake-flow instabilities should also be affected by changes
in the wall temperature. The impact of wall cooling on the streamwise evolution of
the most relevant disturbance energy production and dissipation terms is depicted in
Fig. 6.29 for both dominant wake modes. The results for each temperature and wake-
mode instability are plotted at their peak disturbance frequency (see Figs. 6.28(b,d)),
respectively. Moreover, the streamwise extent of the respective amplified wake-flow
region, samp, is indicated by the grey square symbol. The general trend for both dominant
wake-mode instabilities (except for the near vicinity of the roughness trailing edge) is
that the normalized production and dissipation terms related to the velocity gradient
field (terms P1/E and D1/E) decrease with wall cooling, whereas the normalized terms
associated with the temperature gradient field (terms P2/E and D2/E) increase. Hence,
similar to the findings for the optimal perturbation presented in Sec. 5.4.4, wall cooling
significantly increases the relevance of the P2 and D2 terms within the disturbance
energy balance. Nevertheless, the decrease of the P1 and D1 terms with wall cooling
differs from the nonmodal findings for the smooth capsule configuration (cf. Fig. 5.32).

Note, the location where the energy production and dissipation terms related to the
velocity gradient field cancel out (P1/E−D1/E = 0) nearly coincides with the position
where also the temperature gradient connected production and dissipation terms intersect
(P2/E−D2/E = 0). Moreover, the location where the disturbance energy production
and dissipation cancel out (P1/E−D1/E +P2/E−D2/E = 0) corresponds to the end
of the amplified wake-flow region samp.

6.3.5 Nonlocal effects

So far, the presented instability results for the dominant roughness wake modes have
been computed with the newly developed two-dimensional eigenvalue solver by utilizing
the local spatial stability theory (cf. Sec. 2.3.1). However, the consequences of the
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Figure 6.29: Impact of wall temperature on the streamwise evolution of the normalized
disturbance energy production and dissipation terms. (a) Varicose mode; T̄w = 195K:
f = 131kHz, T̄w = 295K: f = 113kHz and T̄w = 495K: f = 119kHz. (b) Sinuous
mode; T̄w = 195K: f = 89kHz, T̄w = 295K: f = 98kHz and T̄w = 495K: f = 59kHz.
The dashed vertical lines indicate the downstream end of the amplified wake-flow region.
Cuboid roughness element with Rekk = 278 and d = 1mm.

parallel flow assumption made in the LST-2D computations may be significant in virtue
of the downstream recirculation zone and the streamwise gradients in the roughness
wake flow.

In this subsection, nonlocal instability results are presented, computed with the newly
developed plane-marching PSE-3D code for the three different roughness shapes. Taking
nonlocal effects into account is especially crucial for the considered HLB capsule
geometry. The amplified wake-flow region behind the studied roughness elements
is limited to a few roughness diameters and, thus, a significant portion of the modal
disturbance growth occurs within the recirculation region. However, the PSE-3D
methodology is limited to weak streamwise gradients and, hence, might also not be
suited to correctly predict the spatial growth rate downstream of three-dimensional
isolated roughness elements, especially in the reverse flow regions. Therefore, in this
study, the roughness height is limited to k = 105µm, and the diameter is d = 1mm. At
this examined roughness height, the streamwise gradients are not as pronounced as in
the higher roughness cases (see Fig. 6.15). Moreover, there also exist modally amplified
wake-mode instabilities downstream of the recirculation zone (at least in the case of the
varicose mode S1; see Fig. 6.16), which is not the case for all of the three considered
roughness shapes at k = 75µm.

The impact of the nonlocal effects on the spatial growth rate becomes apparent when
comparing the PSE-3D results with the equivalent findings from LST-2D computations.
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Such a comparison is shown in Fig. 6.30 for the most amplified varicose mode S1 and
sinuous mode A1 downstream of the three considered roughness shapes, respectively.
Here, the whole plane perpendicular to the streamwise direction is discretized with the
FD-q8 scheme using 241 points in the spanwise direction and 141 points in the wall-
normal direction. Moreover, the basic flow wall-normal velocity component is included
in the LST-2D computations. The streamwise direction in the PSE-3D calculations is
discretized with the first-order accurate backward finite difference scheme, and the step
size in the streamwise direction ∆ξ is set to satisfy the minimum step-size restriction
(Eq. 3.24). Periodic boundary conditions are imposed on the spanwise boundaries.
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Figure 6.30: Impact of local (LST-2D) vs. nonlocal (PSE-3D) instability theory on the
streamwise evolution of the spatial growth rate for the most amplified (a,b,c) varicose
mode and (d,e,f) sinuous mode: (a,d) cylinder, (b,e) cuboid, and (c,f) diamond. Results
obtained with the nonlocal theory are shown without any stabilization (PSE-3D), with τ-
stabilization (PSE-3D, 2τ

(∆ξ+2τ)
= 0.3), and with p-stabilization (PSE-3D, ∂ p̂/∂ξ = 0).

A transient phase is observable in all of the presented PSE-3D growth rates, especially
for the varicose mode downstream of the cylinder. The transients for the sinuous
modes depicted in Fig. 6.30 are, in general, less pronounced compared to the respective
symmetric modes at the same frequency. However, in all considered cases, the transient
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region covers a large extent of the physically interesting amplified wake-flow distance.
The PSE-3D marching integration is initialized from an LST-2D computation, whereby
the basic flow wall-normal velocity component and the streamwise gradients have also
been taken into account. Here, this local non-parallel initial condition led to the shortest
transient region. Because of the PSE-3D step-size restriction, solely a few data points
are available that are located downstream of the spatial transient and are still within the
amplified wake-flow distance. Note, this trend further aggravates for lower frequencies.
Therefore, the τ-stabilization method is also used in the PSE-3D simulations to increase
the streamwise resolution (the results are also depicted in Fig. 6.30). Thereby, at each
streamwise location, the stabilization parameter τ is chosen based on Eq. 3.29 to fulfill
the condition 2τ/(∆ξ +2τ) = 0.3. As a consequence, the streamwise resolution is
increased by more than 20% compared to the case without stabilization. Moreover,
the initial transient is also slightly reduced. Furthermore, the orange dashed line
in Figs. 6.30(a,d) exemplarily depicts the implications of the p-stabilization method
(∂ p̂/∂ξ = 0) on the PSE-3D growth rate. Neglecting the streamwise disturbance
pressure gradient significantly reduces the transients and leads to higher disturbance
growth in the vicinity of the reverse flow region in comparison to the PSE-3D results
for the τ-stabilization and without any stabilization. However, the assessment of
nonlocal effects in the following is limited to the PSE-3D results obtained from the
τ-stabilization method. It is expected that the high streamwise gradients in the vicinity
of the roughness trailing edge (cf. Fig. 6.15) significantly stabilize the dominant wake
modes (cf. Figs. 6.17 and 6.22). Thus, neglecting ∂ p̂/∂ξ could result in physically
incorrect higher growth rates downstream of isolated roughness elements. Note that
further downstream of the element (i.e., s ≥ 2mm in Figs. 6.30(a,d)), the PSE-3D
results are hardly affected by the chosen stabilization technique. Therefore, the findings
regarding the nonlocal effects generally do not depend on the particular PSE-3D method
(with or without stabilization).

For the three investigated roughness shapes, considering nonlocal effects in the in-
stability analysis (PSE-3D computation) leads to higher spatial growth rates for both
dominant wake modes compared to the local findings (LST-2D solution). Moreover, the
spatial extent of the amplified wake-flow region also increases. In the local instability
theory approach (LST-2D), the growth of the sinuous mode A1 is mainly limited to
the recirculation region (srec ≈ 1mm, see Fig. 6.15), whereas in the nonlocal theory
(PSE-3D), the amplified domain extends beyond srec and increases by more than 50%.
Figure 6.31 depicts the spatial growth rate as a function of disturbance frequency com-
puted with LST-2D and PSE-3D (with τ-stabilization) at two downstream positions. The
results are shown for all considered roughness shapes and both dominant wake modes.
Moreover, the two selected locations can be considered as transient free (see Fig. 6.30),
allowing direct comparisons between the LST-2D and PSE-3D results. Regardless of
the roughness shape and wake-mode instability type, the maximum nonlocal (PSE-3D)
growth rates always exceed the values computed with the local stability theory (LST-

160



6.3. MODAL INSTABILITY ANALYSIS OF ROUGHNESS WAKE FLOWS – HLB CAPSULE

2D). This discovery is consistent with the findings reported in the literature [79, 86].
However, here in some of the cases, the deviation between nonlocal and local growth
rates is significantly larger. De Tullio et al. [79] quantify the difference in the spatial
growth rate of the dominant varicose mode between PSE-3D and LST-2D to about 12%,
whereas, e.g., here for the varicose mode downstream of the cylinder at s = 1.5mm,
the deviation is approximately 115% at f = 114kHz (see Fig. 6.31(a); though, De
Tullio et al. [79] performed their PSE-3D analyses significant farther downstream of
the roughness). Consequently, nonlocal effects should be taken into account when
quantifying the disturbance growth of wake-mode instabilities.
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6.4 Effect of streamwise pressure gradient – 50◦-MSL
capsule

The wake-flow instability results presented in the previous section reveal that the zone
of modal amplification behind an isolated roughness, located on the HLB capsule’s
forebody, is much shorter in comparison to literature results for flat-plate flows with
similar Rekk values [61, 63]. The deviation to the flat-plate results most likely stems
from the strongly favorable pressure gradient (FPG) inherent to the flow over the
spherical forebody. Therefore, this section intends to clarify the effect of different
pressure gradients on the instability characteristics of roughness wake modes.

Here, the focus is on the instability properties of the streaky wake flow behind a
cylindrical roughness element located in an adverse pressure gradient region (APG).
First, the new model of interest with the APG is introduced. Subsequently, the numerical
setup for the laminar basic flow computation is presented, and disparities in the laminar
roughness wake flow between FPG and APG conditions at similar roughness dimensions
are addressed. Moreover, the instability characteristics for several roughness heights
and diameters are analyzed with the help of spatial two-dimensional instability theory
(LST-2D). Thereby, the influence of different pressure gradients (FPG and APG) on
the various types of wake modes, the length of the amplified wake-flow region, and the
maximum N-factors are discussed. Finally, a correlation of the spatial growth rate with
the streak amplitude is given based on all presented LST-2D results (from both Secs. 6.3
and 6.4).

6.4.1 Numerical setup and basic flow results

This subsection comprises the numerical setup for the laminar basic flow computation of
an isolated roughness element in an adverse pressure gradient environment. Moreover,
laminar basic flow results are shown for a selected roughness case and compared to
similar findings at FPG conditions (presented in the previous section).

Capsule model and freestream conditions

This section focuses on a capsule model with a pronounced adverse pressure gradient
region. The capsule geometry has a base diameter of D = 152.4 mm and is based on
a variant of the Mars Science Laboratory vehicle with a sphere-cone forebody. The
freestream conditions are chosen to match the experiments of Hollis et al. [154] and
are summarized in Table 6.3. Furthermore, the findings for the MSL-capsule model
(APG) are compared to the results presented in the previous section (Sec. 6.3); thus,
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the corresponding freestream conditions for the HLB-capsule (FPG; from here on also
referred to as the Apollo-capsule) are also listed in Table 6.3 for comparative purposes.

Table 6.3: Overview of the investigated freestream conditions in the study on the effects
of the streamwise pressure gradient.

Model AOA [◦] Re/l [1/m] Ma∞ p̄∞ [Pa] T̄∞ [K] T̄wall [K]

50◦-MSL 16 24.05×106 6.02 2090 63.8 300
Apollo 24 10.00×106 5.9 764.9 59.0 295

The intensity and length of the adverse pressure gradient region on the MSL-capsule
substantially depends on the cone angle. Figure 6.32 depicts the Pohlhausen shape
parameter, Λ, for both capsule models and various cone angles (MSL only), starting
from the capsule center up to the shoulder. The Apollo capsule solely features a
favorable pressure gradient (Λ > 0) on the forebody. On the other hand, the MSL
configuration also exhibits the FPG on the spherical part, followed by a pronounced
increase in the pressure gradient at the junction between the spherical and conical
sections. Decreasing the cone angle leads to an increase in the spatial extent of the
adverse pressure gradient region. Therefore, to study the wake flow development and
the associated instabilities at APG conditions, the MSL configuration with Θ = 50◦ is
chosen as the model of interest in the current section (from here on, also referred to as
the 50◦-MSL capsule).
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Figure 6.32: Impact of capsule geometry and cone angle on the evolution of the
Pohlhausen pressure parameter Λ in the symmetry plane at x3 = 0.
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Investigated roughness dimensions

In this section, results are presented for a cylindrical roughness located on the conical
section part of the 50◦-MSL capsule, and all of the examined obstacle dimensions
are summarized in Table 6.4. The roughness Reynolds numbers, Rekk, and the aspect
ratio, d/k, are similar to the cases investigated in Sec. 6.3 (cases 1–10 from Table 6.1
in an FPG environment), and corresponding results are also shown again to facilitate
comparisons.

Table 6.4: List of all investigated roughness dimensions for the 50◦-MSL capsule.

Case k [µm] d [mm] d/k k/δh k/δ ∗ Rekk Rekw Mak

1 51.5 0.6866 13.33 0.173 0.631 150 165 0.49
2 82.2 0.6324 7.69 0.277 1.007 348 394 0.75
3 92.0 0.6134 6.67 0.301 1.127 424 483 0.83
4 69.0 0.6580 9.54 0.232 0.846 254 285 0.64
5 69.0 0.3450 5.00 0.232 0.846 254 285 0.64
6 69.0 0.4600 6.67 0.232 0.846 254 285 0.64
7 69.0 0.5750 8.33 0.232 0.846 254 285 0.64
8 69.0 0.6900 10.00 0.232 0.846 254 285 0.64
9 69.0 0.8050 11.67 0.232 0.846 254 285 0.64

10 69.0 0.9200 13.33 0.232 0.846 254 285 0.64

Laminar basic flow computation with roughness element

The methodology for simulating an isolated cylindrical roughness element in the leeward
symmetry plane of the 50◦-MSL capsule is identical to that described in Sec. 6.2.1 for the
HLB-capsule. First, the laminar flow for the smooth capsule configuration is computed
in the original simulation domain including the bow shock. Subsequently, a smaller
truncated domain, located below the shock and comprising the roughness element,
is used. A schematic representation of the utilized simulation domains is shown in
Fig. 6.33.

As in the Apollo capsule case, the unperturbed boundary-layer flow on the inclined
MSL surface is also computed on block-structured grids using the second-order accurate
AUSMDV upwind scheme as implemented in the FLOWer code [258]. The singularity
free, shock-adopted mesh consists of about 12.1×106 points with at least one hundred
cells within the boundary layer in wall-normal direction. More details on the employed
grid and the associated mesh convergence study can be found in Lichtmes [200].
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Figure 6.33: Scheme of the truncated domain used for the roughness wake-flow simu-
lations with the specified boundary conditions for the 50◦-MSL capsule.

Since the truncated domain is located below the bow shock, the second-order accurate
central discretization scheme is also used. Moreover, the applied boundary conditions
are identical to the HLB-capsule case (cf. Figs. 6.2 and 6.33). Furthermore, the mesh
topology and the number of grid points are congruent with the one used for the cylinder
element on the Apollo-capsule. Nevertheless, grid convergence was also checked [194].

The cylindrical roughness element is placed on the conical section part of the 50◦-MSL
capsule at x2/R = 0.45. As indicated in Fig. 6.34, at this location, the protuberance
is in the APG area and exhibits an adequate margin towards the FPG region on the
spherical nose part and the downstream position where first-mode instabilities start to
grow (see Refs. [54, 200, 323]). The objective of this thesis is to exclusively investigate
convective wake-flow instabilities and exclude hybrid modes with significant fluctuation
levels in the wake region and in the outer region. The solid lines in Fig. 6.34 indicate
the evolution of the roughness height k along the capsule surface at constant roughness
Reynolds numbers (the values that are used in this section). For the selected cylinder
location, it is assumed that a shock will not occur above the roughness, due to a sufficient
vertical margin towards the sonic roughness Mach number Mak = 1, which is defined
with the values of the unperturbed basic flow at the roughness edge.
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Figure 6.34: Evolution of the resulting roughness height along the 50 ◦-MSL capsule
centerline at fixed roughness Reynolds number. The vertical dashed line at x2/R = 0.45
marks the roughness position.

Basic-flow results

The flow field along the capsule surface differs depending on the pressure gradient,
as shown in Fig. 6.35. The Mach number isocontours at η = 2/3k for the 50 ◦-MSL
capsule highlight the flow deceleration on the conical capsule section (Fig. 6.35(c)),
whereas an almost constant acceleration occurs on the spherical forebody of the Apollo-
shaped geometry (Fig. 6.35(a); see also Fig. 6.32). However, the impact of a cylindrical
roughness element on the mean flow field is similar for both capsule geometries. The
presence of the protuberance leads to a region of flow reversal both upstream and
downstream of the roughness and a formation of a counter-rotating vortex pair with
an additional central low-speed streak in the roughness mid-plane. Moreover, at both
considered pressure gradients, the velocity deficit in the central low-speed streak re-
gion is first annihilated and then replaced by a high-speed streak further downstream.
Furthermore, the spanwise profiles of the streamwise velocity component, at selected
locations behind the roughness trailing edge, reveal a similar wake-flow development
(Figs. 6.35(b,d)); though, the amplitudes and spanwise gradients are more pronounced
for the 50◦-MSL capsule. For the considered different pressure gradients, the wake
flow in the FPG case nearly relaxes towards the unperturbed state before it reaches
the capsule shoulder, while for the APG condition, a roughness-induced perturbation
persists up to the end of the simulation domain.

Figure 6.36 depicts the normalized wall-normal shear distribution in the symmetry
plane (x3 = 0) at similar roughness Reynolds numbers and aspect ratios (50 ◦-MSL
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Figure 6.35: (a,c) Mach number distribution and (b,d) wake-flow profiles of streamwise
velocity at η = 2/3k; (a,b) HLB capsule, Rekk = 336, d/k = 6.67 (FPG case), (c,d)
50 ◦-MSL capsule, Rekk = 348, d/k = 7.69 (APG case).

capsule: Rekk = 348, d/k = 7.69, Apollo-shaped capsule: Rekk = 336, d/k = 6.67).
Also, the solid black line displays the spatial extent of the upstream and downstream
recirculation zones, revealing an upward tilt of the rearward reversed flow region in the
APG case. For both pressure gradients, the intensity of the shear layer (originating at
the roughness leading edge) decreases with downstream distance, whereas there is a
second maximum in the wall-normal streamwise velocity gradient above the rear part
of the reversed flow region on the 50 ◦-MSL capsule, accompanied by an increase in
wall-normal distance of the detached shear layer. In the FPG case, the vertical position
of the shear layer remains nearly unchanged, presumably due to a much smaller increase
in boundary-layer thickness compared to the APG condition.

Although the intensity of the shear layer decreases downstream at both pressure gradi-
ents, the mean flow in the favorable pressure gradient environment relaxes considerably
faster towards the unperturbed state, as indicated by the juxtaposition of contour plots of
the shear magnitude in Fig. 6.37 for three different downstream locations (left column:
APG, right column: FPG). The black isolines of the normalized streamwise velocity
component indicate a more significant increase of the boundary-layer thickness on the
sphere-cone geometry, especially in the vicinity of the typical mushroom-like structure.
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at x3 = 0 in the vicinity of the roughness element for (a) the Apollo-like capsule and
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Figure 6.37: Juxtaposition of the normalized shear magnitude distribution between
(a,c,d) 50 ◦-MSL capsule with Rekk = 348, d/k = 7.69 (APG case) and (b,d,f) HLB-
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6.4.2 Roughness height variation

Impact of roughness height on the streak amplitude under different pressure gra-
dients

A meaningful characteristic variable to quantify the impact of an isolated roughness
element on the basic flow is the streak amplitude [15, 61, 324], defined as:

Ast =
1
2

[
max
ζ ,η

(ū− ūb)−min
ζ ,η

(ū− ūb)

]
, (6.8)

where ū is the streamwise velocity, and ūb denotes the undisturbed laminar mean flow.
The evolution of the streak amplitude along the capsules symmetry meridians (x3 = 0) is
shown in Fig. 6.38 for four different roughness Reynolds numbers. For both considered
capsule geometries, the streak amplitude increases with roughness height and generally
decreases with distance downstream of the roughness trailing edge in the far-wake
region (HLB capsule: s > 1mm, 50 ◦-MSL capsule: s > 5mm). For the roughness near
field, a distinct increase in streak amplitude is present for the APG condition (s < 5mm
and FPG with Rekk ≥ 278 and s < 1mm) in the area where the main contribution on
the streak amplitude shifts from the central low-speed streak towards the high-speed
streak of the vortex system (see also Fig. 6.35). A substantial decrease of Ast for the
sphere-cone shape occurs at s≈ 31mm where the flow starts to accelerate again towards
the capsule shoulder (see also Fig. 6.35), further indicating the dampening effect of a
favorable pressure gradient on roughness wake flows.
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Figure 6.38: Evolution of the streak amplitude along the capsule symmetry plane
at x3 = 0 for various roughness Reynolds numbers. The position s = 0 indicates the
roughness trailing edge.
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element. Values |û/ûmax|< 0.05 are blanked out.

Impact of roughness height on the amplification of wake-flow instabilities under
different pressure gradients

Two-dimensional spatial instability analyses (LST-2D) for the stationary mean flow for
all cases from Table 6.4 reveal both amplified varicose modes and sinuous modes. As
in Sec. 6.3, results are only presented for the most amplified symmetric mode (S1), in
terms of maximum N-factor reached, and for the most amplified antisymmetric mode
(A1).

The normalized mode shapes of the streamwise velocity fluctuation for the investigated
dominant wake modes are visualized in Fig. 6.39 at their peak disturbance frequency
in the plane at s = 2mm, respectively. The amplitude functions of the dominant wake
modes on both capsule geometries display strong similarities; though, the roughness-
induced mean flow distortion is more pronounced in the case of an APG, associated
with a shift of the shear layers in the direction normal to the wall (see also Fig. 6.36).

Figure 6.40 shows the N-factor envelope curves plotted versus the surface arc length
for the varicose mode S1 (solid lines) and sinuous mode A1 (dashed lines) dependent
on the roughness Reynolds number. Note that the mean flow wall-normal velocity
component is included in the LST-2D computations for all sphere-cone cases, whereas
it had to be excluded for the production of mode S1 results on the HLB-capsule to
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prevent the avoided crossing phenomenon [324]. Nevertheless, deviations in the local
growth rate owing to the wall-normal velocity impact are on the order of 10 % and
do not alter the trends presented in Fig. 6.40. For both gradients and all roughness
heights considered, the dominant wake-flow instabilities are already amplified at the
first evaluation plane (see also Fig. 6.16), and the maximum N-factor increases with
roughness height. In the case of a favorable pressure gradient, the varicose mode S1
leads to the highest N-factor for all considered roughness Reynolds numbers, whereas
there is no clear trend in the presented APG results. The maximum N-factor of mode A1
for the intermediate roughness Reynolds numbers (Rekk = 254 and Rekk = 348) is higher
than the equivalent results for mode S1, while for the smallest and highest protrusion
height the trend is inverted. The impact of a streamwise pressure gradient on the
instability characteristics changes with the roughness Reynolds number. For the lowest
value studied (Apollo-shaped capsule: Rekk = 124, 50 ◦-MSL capsule: Rekk = 150), the
maximum N-factors on the spherical forebody and the sphere-cone shape are about one
for the dominant symmetric mode. However, with increasing protrusion height modes
S1 and A1 are more amplified at APG conditions. The peak N-factor for either mode
type is significantly higher for Rekk > 150, so an earlier laminar-turbulent transition
downstream of the cylinder on the 50 ◦-MSL capsule is expected for the investigated
freestream conditions. On the other hand, higher roughness Reynolds number values are
needed to trip the boundary layer from a laminar to a turbulent state on the HLB-capsule.
For both capsule forebody shapes considered, the dominant symmetric mode S1 grows
the fastest and may dominate the roughness-induced transition process, at least for
Rekk > 254 and when the initial amplitudes of both mode families are comparable.
The spatial extent of the amplified wake-flow region is significantly longer in an APG
environment. The dominant varicose mode in the FPG case is amplified the furthest
downstream, except for Rekk = 336, where the amplitude of mode A1 grows up to about
twice the length of the unstable region of the symmetric mode. In contrast, the dominant
sinuous mode at APG conditions is always amplified the furthest downstream.

Figures 6.40(c,d) depict the maximum N-factor computed downstream of the cylinder
as a function of disturbance frequency. Regardless of the pressure gradient, the peak
disturbance frequencies of mode S1 are generally higher in comparison to mode A1
(except for the FPG case with Rekk = 124, see also Fig. 6.21). Increasing the roughness
Reynolds number leads to a broadening of the amplified frequency band. Moreover, the
maximum N-factor appears at higher frequencies (except for the most amplified sinuous
mode at Rekk = 336 on the HLB-capsule model). The most amplified perturbation
frequency expressed as the nondimensional frequency Fk = f k/ūk for all investigated
roughness Reynolds numbers is shown in Fig. 6.41. A linear-like dependency of the
nondimensional frequency from the roughness Reynolds number is observable for the
dominant symmetric mode in both FPG and APG conditions. Conversely, no clear trend
is discernible for the most amplified antisymmetric mode (not even if a reference length
associated with the spanwise roughness extent, such as the width d, is chosen). As on
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the Apollo-shaped capsule, hybrid modes on the 50◦-MSL capsule also do not occur,
most likely due to a mismatch of the relevant frequency range (most unstable first-mode
instability predicted at f ≈ 30kHz [200, 323]).
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Figure 6.41: Peak nondimensional disturbance frequency as a function of roughness
Reynolds number.

Disturbance kinetic energy transfer

In order to obtain a better understanding of how the streamwise pressure gradient
affects the wake-flow instability characteristics, the kinetic energy transfer in planes
downstream of the cylinder is analyzed following the approach described in Sec. 6.3.2.

Figure 6.42 depicts the streamwise evolution of the kinetic energy production terms of
the dominant varicose and sinuous mode for the 50◦-MSL capsule at the most amplified
perturbation frequency leading to the highest N-factor, respectively. As in the FPG case
(see Fig. 6.17 and inserts in Fig. 6.42), the mean flow gradients related to the streamwise
velocity component (P1,1, P1,2, P1,3) have the most significant contribution to the energy
transfer. Though, the relevance of the different production terms on the overall energy
transfer varies within the unstable wake-flow region (indicated by the vertical dashed
line in Fig. 6.42) depending on the streamwise pressure gradient.

In the case of the favorable pressure gradient, the dominant varicose mode mainly
extracts its energy from the work of the Reynolds stress τ1,3 = ρ̄ ûŵ against the wall-
normal shear of the mean flow streamwise velocity component ∂u/∂η . As the central
low-speed region starts to fade away, the destabilizing effect of the wall-normal gradient
also diminishes. Moreover, when the counter-rotating vortex system starts to establish
downstream of the cylinder, P1,2 also has a positive contribution to the energy extraction
process for both dominant wake modes. On the other hand, the production term
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Figure 6.42: Streamwise evolution of the kinetic energy production terms Pi, j for (a)
mode S1 and (b) mode A1 at Rekk = 348 for the 50 ◦-MSL capsule. The black dashed
line marks the downstream end of the amplified wake-flow region for the indicated
frequency. The inserts depict the equivalent results for the Apollo-shaped capsule at
Rekk = 336.

P1,1, related to the streamwise shear of the basic flow streamwise velocity component,
stabilizes the dominant wake modes, especially in the vicinity of the recirculation zone.

In the case of the adverse pressure gradient on the sphere-cone capsule, the trend is
reversed, and P1,1 mainly destabilizes the dominant wake modes. The P1,1 term solely
has a stabilizing impact when the flow begins to accelerate again towards the capsule
shoulder. In contrast to the FPG case, the kinetic energy production for the dominant
varicose mode is no longer solely dominated by the P1,3 term. A collaboration of mainly
the P1,3 term with the P1,2 term is observable within the amplified wake-flow region.
However, the P1,3 term has the most significant integral contribution to the overall
kinetic energy production (P1) for mode S1, whereas in the case of mode A1 the P1,2
term has the largest integral share on P1.

The oscillation visible in the region s = 7−9mm is most likely caused by an interaction
of expansion waves with the Dirichlet boundary condition used in the LST-2D analysis
at the upper boundary of the evaluation plane. Although the cylindrical roughness
element is well submerged in the subsonic part of the boundary layer (cf. Fig. 6.34), the
flow deflection above the roughness extends into the supersonic flow regime.
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6.4.3 Roughness diameter variation

In this subsection, the outcome from a systematic variation of the roughness aspect ratio,
d/k, is presented at a fixed cylinder height. Hence, the roughness Reynolds number
Rekk remains constant, although different Rekk values are used for the FPG and APG
conditions. The instability results for the FPG case have been obtained at Rekk = 336
and are presented in Sec. 6.3.3. It turns out that depending on the cylinder aspect ratio,
avoided crossing occurs in the vicinity of the roughness trailing edge, which can be a
precursor of an absolute instability. Furthermore, the N-factor results presented in the
previous subsection are considerably higher at APG conditions. Therefore, to study only
convective wake-mode instabilities subjected to a positive streamwise pressure gradient
on the sphere-cone capsule, a smaller roughness Reynolds number of Rekk = 254 is
chosen for the present investigation.

Impact of roughness width on the streak amplitude under different pressure gra-
dients

Figure 6.43 shows the effect of different aspect ratios on the evolution of the streak am-
plitude in the capsule symmetry plane at x3 = 0. For both pressure gradients considered,
the roughness-induced perturbation decreases with increasing cylinder aspect ratio for
the roughness near field (s ≤ 1mm). However, the streak amplitude linearly reduces
for s > 1mm with increasing downstream distance under a favorable pressure gradient
environment, whereas increasing d/k in the APG case leads to the development of a
second maximum followed by a subsequent decrease in the region of flow acceleration.
The streak amplitude is a measure of roughness-induced perturbation; thus, the ampli-
fied wake-flow instabilities will likely need a longer distance to decay when increasing
the roughness width in the APG case.

Impact of aspect ratio on the amplification of wake-flow instabilities under differ-
ent pressure gradients

The instability results presented in Fig. 6.44 substantiate the above-postulated hypothesis
that the larger aspect ratios will lead to longer amplified wake-flow distances at APG
conditions. In the adverse pressure gradient environment on the sphere-cone capsule, the
spatial extent of the amplified wake-flow region increases with d/k for both dominant
wake modes, whereby the unstable region of the sinuous mode is about five times as
long compared to the one of the varicose mode. Moreover, the maximum N-factor for
mode A1 also increases with d/k (for the APG case), revealing a strong correlation
with the streak amplitude for the far-wake region (both APG and FPG). Regardless
of the pressure gradient, the dominant varicose mode is mainly linked with the shear
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Figure 6.43: Evolution of streak amplitude along the capsule symmetry plane at various
roughness aspect ratios.

layers along the central low-speed region (e.g., see Fig. 6.39) and becomes damped
as soon as the destabilizing effect of the wall-normal gradient subsides (i.e., see the
evolution of the P1,3 term in Fig. 6.42). Moreover, the intensity of the detached shear
layer decreases with aspect ratio (see, e.g., Fig. 6.23), resulting in lower maximum
N-factors for the varicose mode S1 at both considered pressure gradients. On the other
hand, when the element width increases, the horseshoe vortex cores will be further apart.
This, in turn, leads to a slower reduction of the velocity deficit in the central low-speed
streak area (accompanied by a more gradual decline of the wall-normal shear) and,
therefore, supposedly to the longer spatial extent of the unstable wake-flow region of
the symmetric mode S1 (both APG and FPG).

The unstable perturbation frequency band shrinks with increasing d/k for both dominant
wake modes on the 50◦-MSL model, as well as for mode S1 on the HLB-capsule (see
the bottom row of plots in Fig. 6.44). On the other hand, the amplified disturbance
frequency band remains nearly unchanged for mode A1 at FPG condition. As can
be seen from Figs. 6.44(e,f), the most amplified disturbance frequency also reduces
with aspect ratio, and the relevant range of frequencies is substantially smaller for the
antisymmetric mode. Note, although the considered roughness Reynolds numbers are
different, the most unstable frequencies for the dominant sinuous mode are almost equal
at both investigated pressure gradients.
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Figure 6.44: Impact of the basic flow streamwise pressure gradient on (a-d) the N-
factor envelope curves and (e,f) the maximum N-factor as a function of disturbance
frequency at various roughness aspect ratios d/k; (a,c,e) varicose mode S1 and (b,d,f)
sinuous mode A1.
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6.4.4 Correlation of the instability results with the streak ampli-
tude

Although the roughness-induced transition has been investigated for decades, a physics-
based transition correlation does not yet exist. An essential step towards improved
prediction capabilities would be to link the wake-flow instability properties (i.e., the
spatial growth rate) to a characteristical macroscopic flow feature. So far, the empirical
transition correlations based on a roughness Reynolds number definition (e.g., based
on Rekk [268], Rekw [25] or ReQ [26]) are not adequately suited to estimate roughness-
induced transition. As shown in Secs. 6.3 and 6.4, discrete elements with the same
roughness Reynolds number can result in entirely different growth rates and hence
differing transition onset locations.

As pointed out in Sec. 6.4.2, the streak amplitude is such a meaningful characteristic
variable since it quantifies the impact of a roughness element on the flow field. Initially,
the streak amplitude Ast , as defined in Eq. 6.8, was introduced by Andersson et al. [15]
in their secondary instability study of boundary-layer streaks in an incompressible flow.
The authors point out that for their mean flow, the sinuous modes are the dominating
instabilities and become amplified when the streak amplitude reaches about 26 % of the
freestream speed. The varicose modes turned out to be more stable and start to grow for
a streak amplitude larger than 37 % of the freestream velocity. Moreover, they also point
out a direct relationship between the streak amplitude and the growth rate of the streak
instabilities. De Tullio et al. [79] applied the streak amplitude definition to describe the
wake-flow properties behind an isolated roughness element in a compressible supersonic
flow environment. However, the definition of Ast in Eq. 6.8 does not resolve a streak
from a vortex; thus, for the roughness-related studies presented in this thesis, Ast
contains contributions from both the central low-speed streak and the counter-rotating
vortex pair.

Van den Eynde & Sandham [340] observed a linear-like relationship between the
maximum streak amplitude Ast,max and the averaged growth rate σavg of the integrated
disturbance energy in their roughness-induced transition studies at Ma∞ = 6. The
relationship yields

σavg = 0.416Ast,max−0.130 (6.9)

with σavg = σ100<x<140 and the roughness elements being located at xr = 53. However,
Eq. 6.9 is based on a limited number of flow conditions (different freestream turbulence
levels and roughness Reynolds numbers) and has been derived solely for the far-wake
region in a zero pressure gradient environment.

The purpose of this section is to check whether there also exists a relationship between
the streak amplitude and the spatial growth rate of the dominant wake modes for the
roughness cases considered in this thesis. Figure 6.45 depicts the spatial growth rate
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at six different downstream locations as a function of the local streak amplitude for all
cases listed in Tables 6.1, 6.2 and 6.4. The growth rate plotted is the maximum growth
rate obtained from all dominant wake modes across all frequencies at the respective
location. As clearly visible, a linear-like dependency seems to evolve with increasing
distance from the obstacle trailing edge (indicated by the black dashed trend line). Thus,
for the far-wake region (s > 1.5mm), the streak amplitude correlates well with the
local growth rate for an extensive parameter rage, including various roughness shapes,
roughness Reynolds number, aspect ratios, wall temperatures, and pressure gradients.
Note that the maximum growth rate for s < 4.5mm mainly corresponds to the most
unstable varicose mode S1, which is amplified significantly below the critical amplitude
criterion (Ast > 0.37ūe) proposed by Andersson et al. [15]. Nevertheless, the standard
deviation from the linear least-squares fit increases towards the roughness trailing edge
for the near-field region in the vicinity of the recirculation zone (s ≤ 1.5mm). This
could be due to violations of the local instability theory assumptions and to the different
evolution of the streak amplitude for the near-field region (see Figs. 6.38 and 6.43).

Although the maximum spatial growth rate closely correlates with the streak amplitude
for the far-wake region, the linear fit reveals a different gradient at each streamwise
location and decreases with s (cf. Figs. 6.45(b-f)). Thus, a general mechanism-based
transition correlation that takes the streak amplitude as defined in Eq. 6.8 into account
can not be specified. One cause for the varying gradients can be the lack of the mean
streamwise velocity gradient in the spanwise direction, which is not considered in the
original definition of Ast by Andersson et al. [15]. If a linear-like relationship between
the spatial growth rate and a more sophisticated streak amplitude definition (that, e.g.,
takes the three-dimensional gradient field into account) can be found at all downstream
locations, then the transition onset location could be estimated by an N-factor-type
criterion without the need for instability analyses.
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Figure 6.45: Maximum spatial growth rate as a function of the streak amplitude at six
different downstream locations for the cases listed in Tables 6.1, 6.2 and 6.4.
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6.5 Summary of results

After the modal and nonmodal growth of disturbances could be excluded as driving
transition mechanisms for the nominally smooth capsule, this chapter dealt with the
influence of discrete roughness elements on the transition process. In particular, the
impact of roughness geometry, wall temperature, nonlocal effects, and pressure gradient
on the basic flow and stability properties were investigated.

Impact of roughness geometry, wall temperature, and nonlocal effects

Laminar steady basic flow computations were performed for three different roughness
element shapes, namely, a cylinder, cuboid, and diamond. The isolated roughnesses
are submerged in the boundary layer along the leeward symmetry plane of an Apollo-
like generic re-entry capsule studied at cold hypersonic wind tunnel conditions with
AoA = 24◦. Both the roughness height k and width d were systematically varied to
study the effects on the laminar basic flow and instability characteristics of the most
amplified wake modes. The flow topology in the roughness near field is comparable
for the three considered discrete elements. A recirculation zone is formed up- and
downstream of the roughness, whereby the detached flow region in front of the obstacle
originates a horseshoe vortex system. The legs of these vortices wrap themselves around
the element and turn into counter-rotating streamwise-oriented vortex pairs, which via
Landahl’s [186] lift-up mechanism generate both high- and low-speed streaks in the
roughness wake. The flow over the top of the roughness forms a shear layer, and high
shear stresses arise on top and in between the streaks. These shear layers give rise to
the convective wake instabilities. The flow field downstream of the cylinder and cuboid
is very similar, whereas an additional vortex pair exists in the wake of the diamond
element. However, because of the vortices’ down-wash motion present at all three
roughness shapes, the streamwise velocity deficit in the central low-speed-streak region
initially decreases and is then replaced by a high-speed streak. The intensity of the shear
layer increases with roughness height and reduces with streamwise distance downstream
of each element. The roughness width also plays an essential role in the development
and strength of the roughness-induced shear layers. Slender elements with d/k ≤ 6.67
generate the highest shear rates, while the shear intensities decrease with roughness
width for d/k > 6.67.

Two-dimensional spatial instability analyses for the streaky wake flows downstream
of the three different roughness geometries reveal amplified symmetric modes (also
known as varicose modes) and antisymmetric modes (sinuous modes) concerning the
streamwise velocity fluctuation. Within the scope of the thesis, detailed descriptions
of the instability characteristics were limited to the most amplified instability (in terms
of maximum N-factors) of each wake-mode family, namely the varicose mode S1 and
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the sinuous mode A1. The streamwise velocity fluctuations of both considered wake
modes are concentrated in the vicinity of a mushroom-like structure forming in the
central shear-layer region. The peak velocity perturbation of the varicose mode occurs
in a neighborhood with increased wall-normal shear, whereas the sinuous mode peaks
on either side of the mushroom-like structure where the spanwise shear is large. Both
dominant wake modes (S1 and A1) are already amplified in the first evaluation plane
considered. For all studied roughness shapes and dimensions, the dominant symmetric
mode S1 is always amplified at higher frequencies within a broader frequency band
compared to the most unstable antisymmetric mode A1.

An analysis of the disturbance kinetic energy production terms for the lower investigated
roughness heights (Rekk ≤ 278) reveals that the wall-normal shear is mainly responsible
for both dominant instability modes in the amplified wake-flow region. It turns out that
the maximum N-factor downstream of all elements belongs to the varicose mode S1.
Even though in the highest roughness Reynolds number case considered (Rekk = 336),
the sinuous mode is amplified over a longer downstream range, accompanied by an
increased destabilizing influence of the basic flow spanwise shear on the disturbance.
Overall, the spatial extent of the amplified wake-flow region downstream of an isolated
roughness located on the Apollo-shaped capsule model is considerably shorter than
what has been observed for flat-plate flows with equivalent roughness values.

It is found that the cuboidal geometry is the least dangerous one in terms of maximum
disturbance N-factor reached, at least for the roughness aspect ratios and flow conditions
considered in this thesis. At the highest roughness Reynolds number case studied, the
cylindrical shape produces the maximum N-factor for roughness widths d ≥ 1mm,
whereas, at smaller widths, the diamond element is more dangerous. Though, it was not
possible to obtain a converged stationary laminar flow solution at d < 0.9mm for the
latter roughness shape.

The impact of wall cooling was studied for the cuboid-shaped element while keeping
the roughness Reynolds number fixed. Analyses of the gradient fields reveal that both
the spanwise and wall-normal gradients increase with wall cooling. Thus, the associated
thermal energy production rate also increases and has the largest integral share on the
overall perturbation energy production within the amplified wake-flow region in the
coolest wall case considered (T̄w/T̄e = 0.452). Hence, the maximum N-factor also rises
with lowering the surface temperature, which, in turn, contradicts previous findings
for discrete roughnesses embedded in Ma∞ = 6 flat-plate flows [80, 339]. Therefore,
the impact of the surface temperature on the roughness wake-mode instabilities is
presumably dependent on the considered Mach number regime and, consequently, on
whether changes in wall temperature have a stabilizing or destabilizing effect on the
shear layers.
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In virtue of the downstream recirculation zone behind the roughness and the presence
of streamwise gradients in the roughness wake flow, the consequences of the local
flow assumption made in the LST-2D approach are significant. Therefore, the impact
of nonlocal effects on the wake-mode instability characteristics is studied with the
plane-marching three-dimensional parabolized stability equations (PSE-3D), which
take streamwise gradients and the disturbance upstream history into account. Nonlocal
computations were performed for the three different roughness shapes with Rekk = 124,
respectively. For the three investigated roughness shapes, considering nonlocal effects
in the instability analysis (PSE-3D computation) leads to higher spatial growth rates for
both dominant wake modes compared to the local findings (LST-2D solution). Moreover,
the spatial extent of the amplified wake-flow region also increases. The underprediction
of the spatial growth rate with the LST-2D methodology is consistent with the findings
reported in the literature [79, 86]. Consequently, nonlocal effects should be taken into
account when quantifying the disturbance growth of wake-mode instabilities. If, for
example, the amplified disturbance frequency band or general trends like the impact of
wall temperature, pressure gradients are of interest, the LST-2D approach is ordinarily
sufficient.

Impact of streamwise pressure gradient

The wake-flow instability results for the HLB capsule equipped with a discrete roughness
element reveal a considerably shorter modally amplified wake region compared to what
has been reported [61] for a roughness element with a similar Rekk value in flat-plate
flow. The deviation to the zero pressure gradient findings is believed to originate in
the strongly favorable pressure gradient (FPG) on the capsule forebody. Therefore,
laminar steady basic flow computations were also performed for a discrete cylindrical
roughness element submerged in the boundary layer along the leeward symmetry plane
of an MSL-like sphere-cone geometry, which features a different pressure gradient.

Starting from the stagnation point, the flow on the Apollo capsule accelerates towards
the shoulder, exhibiting a favorable pressure gradient, whereas, on the 50 ◦-MSL capsule,
the flow is at first strongly accelerated over the spherical part followed by a sharp flow
deceleration on the conical section. The dimensions of the cylinder element were
also varied in height and diameter to study the roughness wake-flow development and
the inherent instabilities subjected to different streamwise pressure gradients. The
flow topology around the protuberance reveals a strong resemblance at both pressure
gradients considered. Though, the roughness-induced shear layers are preserved longer
in an adverse pressure gradient (APG) environment.

The streak amplitude, which is a measure of the perturbation caused by the surface
inhomogeneity, increases with roughness height and reduces with the cylinder diameter
for the roughness near field. For all investigated roughness dimensions, the streak
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amplitude decays towards the shoulder in case of a favorable streamwise pressure
gradient. However, depending on the roughness Reynolds number (Rekk) and the aspect
ratio (d/k), an additional maximum evolves far downstream of the element at APG
conditions. Once the flow starts to accelerate again towards the shoulder on the 50 ◦-
MSL capsule, the streak amplitude substantially decreases due to the upcoming negative
pressure gradient.

The instability properties of the streaky wake flow behind the cylinder were analyzed
with the help of spatial two-dimensional instability theory (LST-2D), where the focus
was again on the most amplified symmetric (varicose) and antisymmetric (sinuous)
modes. It turns out that on the sphere-cone capsule (APG), the unstable wake-flow region
extends much further downstream, and the wake-mode instabilities are considerably
more amplified in terms of modal N-factor data. In the APG case, the wake mode
amplification ratios for Rekk ≥ 254 reach a value range that typically correlates with the
onset of transition. However, to either induce transition in the vicinity of the roughness
element or move the transition onset location upstream, higher Rekk values are necessary
for an FPG environment.

For all considered cylinder dimensions, the most unstable sinuous mode (A1) is the
one that is always amplified the furthest downstream in the APG region, whereas in
the FPG case, this only holds for the highest roughness Reynolds number investigated
(Rekk = 336). However, the amplitude of the most amplified symmetric mode (S1)
grows the fastest (both in FPG and APG) and will most likely dominate the roughness-
induced transition process above a critical threshold value, which has to be a function
of height, aspect ratio, planform shape, wall temperature, and pressure gradient. On the
other hand, mode A1 grows slower at the beginning (both at FPG and APG conditions)
but can reach higher N-factors downstream (only valid for the APG case).

An analysis of the disturbance kinetic energy production terms reveals that the basic
flow shear layers related to the streamwise velocity component have the most significant
contribution to the energy transfer. In particular, the wall-normal shear layer, formed at
the roughness leading edge, solely destabilizes modes S1 on the Apollo-shaped capsule.
In contrast, modes S1 and A1 both originate from the instability of the whole three-
dimensional shear layer at the investigated APG conditions. The favorable pressure
gradient reduces the growth of the dominant wake modes, whereas an adverse pressure
gradient is destabilizing the wake.

Mechanism-based instability correlation

Simple engineering correlations are still used nowadays to a priori assess whether an
isolated roughness element will induce transition to turbulence or not. However, those
correlations (i.e., based on a roughness Reynolds number, e.g., Rekk, Rekw, or ReQ)
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do not rest on the actual physical mechanisms involved in the transition process. The
results presented in this thesis clearly show that the dominant wake modes’ instability
characteristics significantly depend on various parameters (e.g., roughness shape, wall
temperature, and pressure gradient), which can not be reflected by an empirical correla-
tion that lacks the underlying physics. Therefore, mechanism-based roughness-induced
forecasting methods are highly desirable.

In this work, a direct relationship between the streak amplitude and the maximum spatial
growth rate of wake-flow instabilities at distinct downstream locations is observed. A
linear-like dependency evolves with increasing distance from the roughness trailing
edge. For the far-wake region (s > 1.5mm), the streak amplitude correlates well with
the local growth rate for an extensive parameter range, including various roughness
shapes, Reynolds number, aspect ratios, wall temperatures, and pressure gradients.
However, the linear fit reveals a different gradient at each streamwise location. Thus, a
general mechanism-based transition correlation based on the streak amplitude can not
be specified as yet. Still, it serves as a starting point for future physics-based correlation
approaches.

In summary, it can be concluded that the modal growth of discrete roughness-induced
wake-flow instabilities has a decisive influence on the laminar-turbulent transition on
spherical re-entry capsules. The present results highlight the significant impact of
not only the roughness height but also of the ratio of wall to boundary-layer edge
temperature and especially of the local pressure gradient on the roughness-affected
transition process.
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Chapter7
Linear instability analysis of wake
flows behind distributed
roughness elements

THIS chapter focuses on the modal and nonmodal growth of disturbances in the wake
flow behind a distributed roughness patch located on a hemisphere. First, the

current state of research on distributed roughness effects and roughness-induced tran-
sient growth is provided. Subsequently, the numerical setup for the laminar basic flow
computation and selected flow results are presented. Thereafter, the modal instability
properties of the roughness patch are investigated with the help of the two-dimensional
partial-differential-equation-based eigenvalue problem (LST-2D) for various roughness
heights. Furthermore, the nonmodal growth results based on optimal theory are given
for the smooth-wall configuration, which, in turn, serve as baseline data for the subse-
quent OTG-3D study considering the roughness. The focus in the latter case is on the
impact of roughness Reynolds number and wall temperature on the maximum transient
disturbance growth.

7.1 Introduction

The thermal protection system of a human-crewed re-entry capsule typically consists
of ablative material. During the laminar flow phase of a capsule’s planetary re-entry,
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heat shield ablation can significantly alter the surface finishing, leading to an increase in
the surface mean roughness height (in the order of the boundary-layer thickness [125])
and, therefore, possibly promoting an earlier boundary-layer transition compared to
the ideally smooth case. Moreover, distributed roughnesses can also exist as a result
of thermal surface deformation and manufacturing uncertainties. However, due to the
complexity of the roughness-induced transition problem, a re-entry capsule’s TPS is
typically designed based on the assumption of a clean surface, and roughness effects on
the aerodynamic properties are included by approximate engineering correlation and
methods [159].

Initially, most works on the distributed-roughness problem were experimental due to the
complexity of the subject and the lack of advanced computing resources. Experimental
investigations summarized by Reda [264] for blunt geometries have shown that a three-
dimensional distributed roughness pattern promotes earlier transition compared to an
isolated element with equivalent height and shape. In particular, the critical roughness
Reynolds number based on the mean roughness height for a distributed roughness can
be 4–10 times smaller than the corresponding value for an isolated element. However,
the experiments of Von Doenhoff & Horton [346] and Von Doenhoff & Braslow [347]
indicate that for a distributed roughness with various heights, the onset of transition is
not linked with the mean roughness height of the surface but rather with the individual
projections of maximum height. In their studies, transition was observed when the
largest roughness element on the surface exceeded the critical value Rekk,crit for an
isolated element (Rekk,crit is about 600 for a height-to-width ratio of one [316]). On
the other hand, no transition was observed when none of the protuberances reached
Rekk,crit . In the steady direct numerical simulations of the flat plate incompressible
laminar boundary layer over a quasi-random distributed roughness patch by Drews et
al. [92], it was also the highest roughness peaks that primarily influenced the wake-
flow characteristics. Both single vortex cores and counter-rotating vortex pairs were
generated by the three distinct tallest regions depending on the roughness shape and the
freestream alignment. The authors further compared the computed wake-flow profiles
with hot-wire data from corresponding experimental results (Downs et al. [90]) and
showed a good agreement. Di Giovanni & Stemmer [86] performed compressible
unsteady DNS for roughness-induced instabilities in a highly accelerated boundary
layer on a capsule-like hemispherical forebody at Ma∞ = 5.9. The roughness Reynolds
number for the local roughness peaks in the investigated distributed roughness patch
ranged from 87 to 406. Laminar to turbulent transition also occurred solely in the wake
flow behind the highest roughness peak in their unsteady simulation. It is reported that
the surface irregularity induces a new cross-flow-like vortex, which would not be present
in the smooth-wall configuration due to insignificant spanwise velocity. Furthermore,
the growth of the unsteady cross-flow type instability is characterized by the formation
of finger-like vortical structures that alternatingly wrap themselves on both ascending
and descending sides of the cross-flow type vortex, which has not been observed so
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far in the cross-flow transition scenario in three-dimensional boundary layers. Di
Giovanni & Stemmer [86] also investigated a spanwise periodic roughness element
with similar Rekk and k/δh values but did not observe transition for that case. Thus, the
onset of distributed roughness-induced transition is subjected to a variety of influencing
parameters besides the maximum roughness Reynolds number alone, such as particle
shape and distribution. In the case of spanwise-oriented roughness arrays, Cowled [74]
states that the spacing between the elements is solely a relevant parameter for distances
below three times the roughness diameter. Conversely, the roughness elements can be
treated as isolated for larger spacings. Carmicheal [49] showed that a closer spanwise
spacing of cylindrical particles of the same dimension reduces the necessary height
to trigger transition. Moreover, the experiments of Grossir et al. [129] at Ma∞ = 14
for the EXPERT model, tested with sand-grain roughness on the vehicle nose, and the
investigations of Hollis [157] at Ma∞ = 6 for a sphere-cone and hemisphere geometry,
equipped with both pattern and sand-grain distributed surface roughness, revealed an
upstream shift of the transition location with increased distributed roughness density.
On the contrary, transition can also be delayed via the shielding mechanism, where
smaller distributed roughness shifts the boundary layer away from the wall and reduces
the impact of larger roughness peaks [176, 184, 218, 312].

Reda et al. [265] estimate the critical roughness Reynolds number (in their study built
with the arithmetic mean measured roughness height and the viscosity at wall tempera-
ture) for blunt-body geometries to be 250 ± 20%. Wilder et al. [363] conducted addi-
tional distributed roughness-dominated boundary-layer transition studies on blunt-body
geometries in hypersonic free flight in carbon dioxide and air-dominated atmosphere.
The critical roughness Reynolds number in their studies was Rekk,tr = 223±25% for
the tests conducted in air and Rekk,tr = 259± 25% for the experiments performed in
carbon dioxide. Furthermore, Hollis [157] carried out investigations on the effects of
distributed roughness on a sphere-cone and hemisphere model with both pattern and
sand-grain distributed surface roughness at Mach 6. The determined transition onset
locations on the capsule centerline match the general trends of Reda’s [265] transition
correlation; however, the scatter of the data is higher than Reda’s given uncertainty
bounds.

A roughness-induced transition model based on parallel optimal transient growth theory
has been proposed by Reshotko & Tumin (RT) [274]. The model correctly reproduces
the trends of Reda’s [263, 264] ballistic-range experiments on nose-tip transition and
the trends from the passive nose-tip technology (PANT) wind-tunnel program [20, 21].
Leidy et al. [192] further show that the RT-model provides the correct transition onset
locations within 25% uncertainty bounds for the TAMU capsule geometry with a
uniformly distributed surface roughness tested in the Mach 6 ACE wind tunnel at Texas
A&M University. The roughness height necessary to trigger transition in the stagnation
point region was in the order of 0.7–1.5 boundary-layer thicknesses.
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Numerical investigations on distributed surface roughness have mainly been performed
for the flat plate case. Brehm et al. [41] investigated the effect of two-dimensional,
sinusoidal, and rectangular roughness elements on the amplitude growth of Tollmien-
Schlichting waves in an incompressible boundary layer. For the most amplified dis-
turbance frequency considered ( f = 85.9437Hz, smooth-wall condition), the spatial
growth rate for the sinusoidal roughness elements is significantly larger than for the
rectangular protuberance elements. It was indicated that the increase in amplification
might be linked with the extended separated flow region induced by the sinusoidal
shape. Moreover, the authors demonstrated that the roughness wavelength with the
highest disturbance growth rate does not coincide with the Tollmien-Schlichting insta-
bility wavelength. Furthermore, pressure gradient effects on the disturbance growth
in case of the distributed surface roughness seem to be less pronounced compared to
the smooth-wall case. On the other hand, the roughness wavelength is an essential
parameter in delaying the onset of second-mode (Mack mode) triggered transition.
Fujii [116] experimentally studied the impact of two-dimensional wavy wall roughness
on the tripping of a hypersonic boundary layer on a 5-degree half-angle sharp cone
model at Ma∞ = 7.1. A delay of the transition onset was observed when the wavelength
of the wavy wall roughness is approximately equal to that of the unstable second mode.

The three-dimensional case of distributed, sinusoidal roughness in compressible flow
has been studied by Muppidi & Mahesh [229] for a flat plate at Ma∞ = 2.9 and by
Choudhari et al. [64] for both a 7-degree half-angle circular cone at Ma∞ = 5.3 and a flat
plate at Ma∞ = 3.5. In the studies of both groups, a shear layer was formed above the
wavy surface with strong velocity gradients. Below the shear layer, a spanwise periodic
array of streamwise vortices was present, and the streamwise vorticity increased with
distance along the roughness strip. In the study of Muppidi & Mahesh [229], the ratio
of roughness height to boundary-layer thickness was about k/δh ≈ 0.3. Even though
no external physical forcing was used in their simulation, spontaneous instabilities
developed in the flow and led to transition when the upward-directed streamwise vortices
started to interact with the shear layer. On the other hand, the work of Choudhari et
al. [64] focused on convective wake-flow instabilities downstream of the roughness
patch. The investigated roughness heights were k/δh ≈ 0.2−0.25 for the Ma∞ = 5.3
study and varied between k = 68−340µm in the case of Ma∞ = 3.5. The authors were
able to validate the observations made in the experiments by Holloway & Sterrett [160]
that distributed roughness is capable of decreasing the second-mode growth rate at
hypersonic speed and accelerating transition at supersonic Mach numbers.

The surface quality plays an essential role in the laminar-to-turbulent transition pro-
cess, particularly on blunt geometries with a spherical forebody where the dominating
transition mechanism is still unknown. Experimental studies [8, 259, 321] on laminar-
turbulent transition in the boundary layer of a blunt Apollo-like capsule were performed
at Ma∞ = 5.9 in the HLB for unit Reynolds numbers ranging from Re/l ≈ 6×106 /m
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to Re/l ≈ 20× 106 /m. Laminar and transitional surface heating was detected using
infrared (IR) thermography. The capsule was coated with a standard IR paint resulting
in a mean roughness height of Ra≈ 10µm. Transitional surface heating was observed
in the experiments at Re/l ≈ 15×106 /m. However, for a highly polished surface with
Ra≈ 0.5µm, no indication of transition was found within the HLB’s feasible Reynolds
number range. The impact of distributed surface roughness was further studied in
a subsequent investigation [259, 260] where a specially designed surface-roughness
patch, consisting of uniformly spaced rectangular micron-sized roughness elements, was
fabricated and placed at the center of the capsule forebody. The patch had a comparable
Ra value as the model with the standard IR coating and triggered the laminar-turbulent
transition at similar unit Reynolds numbers. However, the onset of transition depended
on the position of the capsule model within the wind tunnel test section. Transition was
only observed for Re/l ' 15×106 /m when the capsule model with the roughness patch
was located in the centerline of the test section. When the capsule was moved further
away from the centerline, then no transition was detected. Because of the peculiar
design characteristics of the HLB, the freestream disturbance level is the highest at
the centerline and decreases with the radial distance. Hein et al. [140, 141] numeri-
cally investigated the effect of this roughness patch on the boundary-layer flow field at
Re/l = 18×106 /m, where transitional surface heating was observed in the experiment.
However, 2D linear eigenvalue analysis (LST-2D) based on partial differential equations
did not reveal any modal instability in the roughness wake at the considered roughness
dimensions. Moreover, the steady disturbance flow field introduced by the roughness
patch and its interaction with additional unsteady disturbances was also studied by direct
numerical simulations. However, neither modal amplification nor transient growth of
perturbations could be found.

Optimal perturbations that experience the maximum transient amplification are known
to be streamwise vortices that turn into streamwise elongated streaks (see Fig. 4.8). The
counter-rotating streamwise vortices induced by a three-dimensional roughness element
(i.e., the horseshoe vortex system [119, 126, 278]) are a conceptually perfect realization
of the initial disturbance, which through Landahl’s [186] lift-up effect can potentially
lead to significant nonmodal growth and breakdown to turbulence. Therefore, White and
coworkers [90, 98, 358, 359] conducted a series of flat plate boundary-layer experiments
at Case Western Reserve University to better understand the transient growth route to
turbulence associated with the roughness-induced transition. In their studies, spanwise
periodic arrays of geometrically simple cylindrical roughness elements were located at
the leading edge of a flat-plate model, and their stationary induced disturbances were
measured via hot-wire anemometry for various values of Rekk. Similar experiments have
also been performed by Gaster et al. [119] and Fransson et al. [112]. The key finding of
the experimental investigations was that three-dimensional roughness elements induce
stationary disturbances that undergo transient growth. Moreover, the energy levels of the
dominant stationary disturbances were found to scale with Re2

kk, which was confirmed
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in subsequent DNS studies [59, 111] up to at least Rekk ≈ 250. However, the resulting
high and low-speed streaks do not agree well with the optimal perturbation theory
predictions; hence, roughness-induced disturbances are suboptimal. Moreover, the
physically realized transient disturbances achieve maximum energy growth far upstream
of the optimal prediction [359], and the experimentally and numerically observed energy
gain is much lower compared to the optimal disturbance theory findings. Denissen &
White [81] conclusively show by using multimode decomposition [338] that roughness-
induced perturbation cannot be described by optimal disturbance calculations. Moreover,
in a subsequent study [82], they point out that suboptimal transient perturbation growth
induced by a surface roughness is considerably more susceptible to destabilization than
optimal disturbance predictions. Recently, roughness-induced transient growth has also
been studied in compressible flows, both numerically [352] and experimentally [299].
In the numerical work of Wang & Zhong [352], a Ma∞ = 5.92 flow over a flat plate with
a small three-dimensional surface roughness was studied, whereas Sharp & White [299]
measured roughness effects on transient growth at Ma∞ = 6 with a 5-degree half-angle
straight cone model holding a ring array of 18 periodically-spaced cube-like discrete
roughness elements. In both studies, transient growth was witnessed downstream of
the roughness; however, the nonmodal disturbance amplification was weak, and no
transition to turbulence had been observed. It is noteworthy that the experimentally
ascertained disturbance energy evolution in a hypersonic flow field behaves much like
low-speed roughness-induced transient growth experiments [299].

The streaks induced from suitably designed, periodically-spaced discrete roughness
elements can even be used to delay transition. Fransson et al. [113, 115] and Shahinfar
et al. [297] demonstrated that the sub-optimal disturbances caused by the roughnesses
(e.g., cylinder elements [113, 115] or miniature vortex generators [297]) on a flat-plate
model in a two-dimensional incompressible flow could sensibly attenuate the growth
of Tollmien-Schlichting waves. Thus, they experimentally confirmed the numerical
findings of Cossu & Brandt [72, 73], where optimal streaks were shown to have a
stabilizing effect on the viscous instability. The wake flow behind periodically-spaced
discrete roughness elements can also be used to delay the cross-flow-vortex-induced
transition in three-dimensional boundary layers via the upstream flow deformation
mechanism [50, 162, 269, 285, 353]. Recently, Paredes et al. [244, 247] demonstrated
that the interaction of stationary streaks undergoing nonmodal growth with modally
unstable instability waves at supersonic and hypersonic velocities could also have a
stabilizing effect on the respective dominant transition mechanism. The stabilizing
impact of finite-amplitude streaks on hypersonic boundary-layer instabilities has also
been demonstrated by Ren et al. [272].

Optimal perturbation theory has mainly been applied to flows with a smooth surface.
Cherubini et al. [57] were the first to use a global optimization analysis to seek the
optimal disturbances in an incompressible boundary-layer flow in the presence of a
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smooth axisymmetric roughness element. They discovered that depending on the
roughness height and the target time, there are various optimal disturbance structures.
For small roughness heights, the optimal perturbation has the shape of a wavepacket
with alternated quasi-streamwise vortices resembling those as found in Blasius boundary
layers. However, for the larger roughness heights considered, either sinuous or varicose
structures are optimally amplified depending on the target time, whereby the varicose
perturbations induce the highest energy amplification.

7.2 Basic flows

This section outlines the numerical tools and strategies used to simulate a generic
re-entry capsule at cold hypersonic flow conditions without and with a distributed
roughness patch on its forebody. The laminar basic flow was computed by Antonio Di
Giovanni of the TU Munich and was kindly made available for the instability analyses
presented in this chapter.

7.2.1 Flow solver

The laminar basic flow presented in this work was computed with the semi-commercial
solver Navier Stokes Multi Block (NSMB [152, 349]). The code is finite-volume based
and works with block-structured grids and has been successfully applied in numerous
studies of hypersonic flows [86, 87, 141, 308, 309, 310, 348].

In the case of a bow shock in the computational domain, the steady simulations are
started with an advection upstream splitting method (AUSM+) upwind scheme of first-
order accuracy and an implicit Euler time integration based on a lower-upper symmetric
Gauss-Seidel method. When the shock system has been established, the simulation
is continued with a central discretization scheme of second-order accuracy and an
explicit five-stage Runge-Kutta time-integration method. The shock is captured with
a shock-fitted grid, and spurious oscillations are suppressed by locally adding explicit
artificial dissipation terms of second and fourth order.

In the case of no shocks within the simulation domain, the laminar basic flow computa-
tions are performed with a fourth-order central discretization scheme and a five-stage
Runge-Kutta time-integration method.
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7.2.2 Computational domain and boundary conditions

The geometry studied here corresponds to a hemispherical capsule with a base diameter
of D = 0.294 m at zero degrees angle of attack. It is the same model used by Di Giovanni
& Stemmer [86] and Hein et al. [140, 141], and its shape and dimension are depicted
in Fig. 7.1. The hemisphere has an angular extension of about 90.8◦ with a shoulder
attached to it. The shoulder acts as a natural sponge zone due to the pronounced
flow acceleration and closely resembles the Apollo capsule geometry investigated in
Chapters 5 and 6. Furthermore, the spherical-segment radius Rs of the hemisphere
equals the Apollo model, and the boundary-layer profiles are nearly identical on both
geometries in the region of the distributed roughness patch [140]. However, due to
the azimuthal periodicity of the hemisphere approximation, the simulation domain is
smaller, and less computational resources are required compared to the HLB geometry
with an angle of attack.

Ma∞ = 5.9
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Figure 7.1: Scheme of the full and restricted domain used for the distributed roughness
simulations on the hemispherical capsule model.

To further reduce the computational effort for the steady basic flow computation with
a distributed roughness patch, a two-stage simulation is performed on two different
numerical domains (Fig. 7.1). First, the flow over the entire hemispherical capsule (full
domain) without the roughness patch is computed at a Mach number of Ma∞ = 5.9
on a two-dimensional, axisymmetric grid consisting of about 76000 points. Previous
computations with the same grid resolution have been successfully compared with
experimental results and data from other numerical simulations including a mesh study
(Refs. [85, 308]).
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The freestream values for the present investigation correspond to one of the conditions
from the experiments presented by Radespiel et al. [259], where a transition onset was
observed (case 4 in Table 5.1).

The results on the full domain are used to generate the boundary conditions for a
second restricted domain ranging from s ∈ [73.98, 101.33] mm. Since the shock is
excluded from this smaller domain, the fourth-order central discretization scheme is
used. Moreover, the grid resolution is increased to resolve the flow field in the presence
of the rough wall. In order to maintain a reasonable computational effort, the grid
points are clustered towards the roughness elements in the streamwise and wall-normal
direction, while in the spanwise direction, the grid points are equally spaced. The mesh
consists of approximately 50×106 points with 1601, 121, and 258 points in streamwise,
spanwise, and wall-normal direction, respectively. An additional grid-convergence study
for the restricted domain has not been performed for this work. However, Di Giovanni
& Stemmer [86] carried out a mesh-convergence survey for the same hemispherical
capsule model with a restricted domain comprising randomly distributed roughness
elements and obtained a grid-converged solution with fewer mesh points in all spatial
dimensions at identical freestream conditions. The extension of the restricted domain in
wall-normal direction is about 5 mm, corresponding to approximately 11 boundary-layer
thicknesses at the roughness location. Dirichlet boundary conditions are applied at the
inflow boundaries (face numbers 1 and 2 in Fig. 7.1), whereas azimuthal-periodicity is
enforced in the spanwise direction (face 3). Face 4 represents the non-slip isothermal
wall, and Riemann invariants are used at the outflow boundary (face 5).

azimuthal periodic

azimuthal periodic
L L

2L

k

Flow

Figure 7.2: Sketch of the distributed roughness patch.

The roughness patch geometry is deduced from capsule experiments in the HLB [259]
and mimics the Nextel Velvet coating that allows for infrared surface temperature
measurements and appears to have a distinct influence on transition [321]. The patch
consists of five equally-spaced, streamwise-aligned micron-sized roughness elements,
with each one having a square base of 100µm×100µm. A schematic drawing of the
roughness patch is depicted in Fig. 7.2. The patch starts at s = 76.57 mm, and the spacing
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of the elements in the streamwise direction is 2L = 200µm. The simulation domain is
limited to one single roughness periodicity (2L) in the spanwise direction. The basic
state computed in this manner is used as input for the modal and nonmodal instability
analyses of the roughness wake.

In the following, instability results are presented for the hemispherical capsule model
with a distributed roughness patch on its forebody for the flow cases summarized
in Table 7.1. First, the laminar boundary-layer flow with and without roughness is
analyzed. Subsequently, the modal disturbance growth properties of the roughness
wake flow are provided for the two largest roughness heights. Finally, the nonmodal
disturbance growth characteristics are described with an emphasis on the impact of (i)
roughness Reynolds number and (ii) wall temperature. For each parametric study, the
transient-growth properties of the configuration with the roughness patch are compared
to the smooth-wall case and set in relation to the findings of the modal disturbance
growth study.

Table 7.1: List of all investigated distributed roughness dimensions on the hemispherical
capsule model.

Case k [µm] L [µm] L/k k/δh k/δ ∗ Rekk

1 12.24 100 8.17 0.031 0.194 10
2 20.00 100 3.37 0.075 0.471 25
3 29.65 100 2.66 0.095 0.596 50
4 37.57 100 2.24 0.113 0.710 75
5 44.70 100 1.95 0.130 0.815 100

7.2.3 Basic-flow results

The streamwise evolution of boundary-layer edge values nondimensionalized with the
respective freestream values is displayed in Fig. 7.3 for the full simulation domain
without the roughness patch. Furthermore, the boundary-layer thickness as a function
of the angular coordinate φ is also shown. In this chapter, the boundary-layer edge is
also defined as the wall-normal position, where the total enthalpy reaches 99.5% of
the freestream value (ht/ht,∞ = 0.995). Because of the strong bow shock (see Fig. 7.1),
the boundary-layer edge Mach number is in the subsonic-to-transonic regime, and the
flow ceaselessly accelerates from the stagnation point at φ = 0◦ towards the attached
shoulder. However, within the spatial extent of the restricted domain, indicated by the
dashed vertical lines in Fig. 7.3, the flow is entirely subsonic.
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Figure 7.3: Streamwise evolution of basic flow boundary-layer edge variables and
boundary-layer thickness for the full simulation domain of the hemispherical capsule.
The grey-shaded area marks the region of the restricted domain.

Figure 7.4 depicts the normalized wall-normal shear distribution in the symmetry plane
around the distributed roughness patch with Rekk = 50. The solid black line indicates
the spatial extent of the reverse flow regions, revealing a detached flow between the
micron-sized elements. The wall-normal shear layer on top of the roughness patch is
not continuously developing. The highest gradient is reached above each element‘s
respective leading edge, whereby the steepest overall gradient occurs at the beginning
of the roughness patch. Compared to an isolated roughness element with a higher Rekk
value, there is no detached shear layer formed that originates at the roughness leading
edge and continues downstream of the element (as, e.g., shown in Figs. 6.15 and 6.36).
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Figure 7.4: Contours of the normalized wall-normal shear distribution in the symmetry
plane around the roughness elements with Rekk = 50. The reverse flow regions are
visualized by black isolines of zero streamwise velocity.

The protuberances also induce streamwise vorticity into the flow, as depicted in
Fig. 7.5(a). Vorticity is an indicator for the formation of streamwise streaks whereby
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through the lift-up mechanism (Landahl [187]), low-momentum fluid from the near-wall
region is moved upwards, which in turn is a requirement for transient growth. With
increasing roughness height, the absolute value of the maximum induced vorticity
downstream of the roughness patch also increases, whereby a linear-like relationship
between maximal streamwise vorticity and roughness Reynolds number can be observed
(Fig. 7.5(b)). However, the impact of the surface defects on the laminar basic flow is
limited to a narrow region downstream of the patch, as indicated by the exponential-
like decay of maximal streamwise vorticity along the surface arc length in Fig. 7.5(c).
Furthermore, the boundary layer, represented by the isolines of the streamwise velocity
component in Fig. 7.5(a), also rapidly relaxes towards the unperturbed state without
displaying the typical mushroom-shaped structure that is known from cases with isolated
roughness elements (see, e.g., Fig. 6.37).

7.3 Modal instability analysis

In line with the HLB capsule findings in Sec. 5.2.3, the boundary layer on the hemi-
spherical capsule model without surface defects does not feature any modal disturbance
growth due to the strongly favorable pressure gradient. Amplified modal disturbances
are only present in the wake flow behind the two largest roughness heights examined
(case 4 and 5 from Table 7.1). An LST-2D analysis for the first considered evaluation
plane at ξ = 0.05mm, where ξ = 0mm corresponds to the trailing edge of the last
element in the roughness patch, reveals two amplified wake-flow modes, namely a
varicose mode S1 and a sinuous mode A1 (concerning the streamwise velocity fluc-
tuation). The normalized amplitude functions of the streamwise disturbance velocity
at the respective most amplified perturbation frequency with superimposed isolines
of the steady flow component are shown in Fig. 7.6. The peak velocity fluctuations
appear in a wall-normal region above the roughness height (indicated by the dashed
black line in Fig. 7.6) with both, increased wall-normal shear (location of |û|max of
mode S1) and increased spanwise shear (location of |û|max of mode A1). The mode
shapes reveal a high degree of similarity with the amplitude functions of the dominant
wake modes behind isolated roughness elements studied in the previous chapter. Also,
following the findings for the smaller roughness heights investigated in Sec. 6.3.2, the
symmetric mode S1 is more amplified in a broader frequency band than the antisym-
metric mode A1 as depicted in the left part of Fig. 7.7. Furthermore, the maximum
growth rate and the amplified frequency range increase with roughness height. In the
case of Rekk = 100, the symmetric mode is amplified at fS1 ∈ [22,168] kHz and the
sinuous mode at fA1 ∈ [28,116] kHz. The evolution of the N-factor envelope curves
(computed with LST-2D) along the wake-flow region for modes S1 and A1 at Rekk = 75
and Rekk = 100 are shown in the right part of Fig. 7.7. The amplified wake-flow region
in the case of mode S1 for Rekk = 100 extends to ξ = 0.62mm corresponding to about
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Figure 7.5: (a) Isosurfaces of streamwise vorticity (red, ωξ = +2× 105 1/s; blue,
ωξ =−2×105 1/s) near the roughness patch with Rekk = 50. (b) Absolute streamwise
vorticity as a function of roughness Reynolds number at four downstream locations. (c)
Streamwise evolution of the absolute streamwise vorticity behind the roughness patch
for different Rekk values.
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0.69 roughness patch lengths, and the maximum N-factor amounts to NS1,max = 0.194.
In the case of Rekk = 75, the maximum N-factor for mode S1 is considerably smaller,
NS1,max = 0.017, and mode A1 becomes damped already at the second evaluation plane.

In conclusion, the clean configuration does not feature any modal instability growth,
and the wake flow behind the distributed roughness patch solely supports weak modal
disturbance growth at the highest roughness Reynolds numbers considered. Thus,
distributed roughness-induced transition based on a modal growth mechanism can be
ruled out to a great extent.
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Figure 7.6: Contours of the normalized û amplitude function for Rekk = 100 in the
plane at ξ = 0.05mm for (a) mode S1 at f = 78kHz and (b) mode A1 at f = 70kHz.
Values below 10% of the maximum value are blanked out. The grey lines represent
isolines of the basic state ū-velocity distribution between 0–180 m/s. The dashed black
line represents the projection of one roughness element.
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Figure 7.7: Instability characteristics for all amplified wake modes with Rekk = 75
and Rekk = 100 in terms of (a) spatial growth rate versus disturbance frequency at
ξ = 0.05mm and (b) N-factor envelope curves versus surface arc length.
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7.4 Nonmodal instability analysis

This subsection provides the optimal transient growth results for the distributed rough-
ness patch at different roughness Reynolds numbers and wall temperatures. First, the
nonmodal-growth characteristics are given for the smooth-wall case as the reference
solution. Subsequently, the impact of the micron-sized roughness elements on the opti-
mal transient disturbance growth is analyzed concerning variations of (i) the roughness
Reynolds number Rekk and (ii) the isothermal wall temperature T̄w. Thereby, the impact
of the optimization interval length and disturbance frequency are addressed, respectively.
Moreover, the disturbance energy budget is used to assess the influence of roughness
height and wall temperature on the energy production and dissipation terms.

7.4.1 Clean configuration

Figure 7.8 shows the maximum energy gain within all possible optimization intervals
[φ0,φ1] (max[φ0,φ1](G)) at the corresponding optimal azimuthal wavenumber, mζ ,opt ,
based on outlet energy optimization (Jout ). The results for the total energy norm (Jout

E )
are shown in the left part of the plot, whereas the right part displays the outcome for the
kinetic energy norm (Jout

K ). Similar to the findings from the optimal transient growth
analysis for the HLB capsule at AoA = 24◦, the highest gain (indicated by the black dot)
occurs in the stagnation point region when optimizing for Jout

E (cf. Fig. 5.19(a)).

Further in agreement with the HLB capsule results is the fact that the location of the
maximum gain shifts farther downstream when the optimization is based on the kinetic
energy alone (Jout

K ), though the position of the maximum gain, φGK,max,Hem. = 33.40◦,
is not in the direct vicinity of the sonic point (φMae=0 = 41.48◦) as it is the case for
the HLB capsule results (see Fig. 5.19(b)). However, the angular position (φGK,max,Hem.)
closely coincides with the respective value for the HLB capsule at an angle of attack,
namely φGK,max,HLB = 34.53◦. The blanked out regions in Fig. 7.8 correspond to the
optimization cases where the adjoint-based optimization algorithm fails to converge
due to insufficient decay of the initial disturbance profiles in wall-normal direction.
However, those areas are irrelevant for the present study, since they are far apart from
the restricted simulation domain of interest (indicated by the shaded region in Fig. 7.8).
The maximum gain within the restricted domain based on outlet energy optimization
is max[φ0,φ1](GE) ∈ [221,256] for the total energy norm and max[φ0,φ1](GK) ∈ [88,161]
for the kinetic energy norm. The associated optimal optimization parameters in the
case of Jout

E within the restricted domain are an optimization length ∆ξ = ξ1− ξ0 of
∆ξ ∈ [7.29mm,9.09mm] corresponding to about 18-20 boundary-layer thicknesses
and an azimuthal wavenumber of mζ ,opt = 680–793. However, taking the distributed
roughness into account for the optimal transient growth study, the resolved plane is
limited to one single roughness periodicity (2L) in the spanwise direction. Therefore, the
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spatially resolved azimuthal wavenumber might be suboptimal, resulting in a possibly
lower gain compared to the clean configuration case.
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Figure 7.8: Isocontours of maximum gain on the hemispherical capsule in interval
[φ0,φ1], max[φ0,φ1](G), for an optimization of (a) total energy gain Jout

E and (b) kinetic
energy gain Jout

K . The black dot indicates the location of the highest gain for all φ0–φ1
combinations and the solid black line represents the value of φ1 where the highest gain
for a given φ0 occurs. The grey-shaded area marks the region of the restricted domain.

Figure 7.9 depicts the sensitivity of max[ξ0,ξ1](G) for Jout
E with respect to variations of

the azimuthal wavenumber for three fixed outlet positions and varying inlet locations.
The dashed vertical line represents the minimal number of wavefronts in the azimuthal
direction that can be resolved in the restricted domain at ξ = 0.05mm. The sensitivity
of max[ξ0,ξ1](G) towards changes in mζ lowers with decreasing optimization length.
In the case of the shortest optimization interval considered (Fig. 7.9(a)), the resolved
spanwise wavenumber within the restricted domain approximately corresponds to
mζ ,opt of the clean configuration. Nevertheless, the sub-optimality increases with
∆ξ (see Figs. 7.9(b,c)). If, e.g., the azimuthal wavenumber is resolved within the
restricted domain (i.e., via Eq. 2.30), the maximum obtainable energy gain in the case
of ξ1 = 10.65mm (Fig. 7.9(c)) will be about one third lower than the theoretically
conceivable value with wave approximation in the spanwise direction (Eq. 2.27).

7.4.2 Effect of roughness Reynolds number

This subsection focuses on the impact of the roughness Reynolds number on the
optimal transient growth characteristics behind the roughness patch at a constant wall
temperature of T̄w = 295K. In particular, the following aspects are investigated in
more detail: the impact of surface curvature, the effect of the objective function and
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Figure 7.9: Maximum energy gain max[ξ0,ξ1](G) for Jout
E as a function of the azimuthal

wavenumber mζ for selected initial and final optimization positions; (a) ξ1 = 3.20mm,
(b) ξ1 = 6.92mm, and (c) ξ1 = 10.65mm. The vertical dashed line represents the
minimal number of wavefronts in azimuthal direction that can be resolved in the
restricted domain at ξ = 0.05mm.

optimization interval, the influence of the disturbance frequency, and the composition
of the perturbation energy budget.

Impact of surface curvature

The effect of surface curvature and flow divergence on the optimal transient growth re-
sults is studied in Fig. 7.10 for Rekk = 10. Optimal outlet energy gain based on the total
energy norm, Jout

E , is computed by employing the same basic flow but artificially neglect-
ing the streamwise curvature term and its associated derivatives (hξ = 1, mξ , j = 0 with
j = (ξ ,ζ ,η)). Furthermore, results are also shown for solely neglecting the azimuthal
curvature and divergence terms (hζ = 1, mζ , j = 0), all curvature and divergence terms
(hξ = 1, mξ , j = 0, hζ = 1, mζ , j = 0), and including surface curvature and divergence
effects as a reference (hξ 6= 1, hζ 6= 1). This study focuses on the impact of surface
curvature and flow divergence on the nonmodal disturbance growth evolution for the
hemisphere model. Roughness effects are excluded by placing the initial optimization
location sufficiently far downstream of the roughness patch trailing edge, namely at
ξ0 = 13.92mm. Nevertheless, this investigation serves as a further cross-validation case
between the plane-marching adjoint-based optimization algorithm (OTG-3D) and the
line-marching equivalent (OTG). Therefore, the results for the smooth-wall configura-
tion are also included in Fig. 7.10. The metric terms in case of the OTG computations
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are determined from Eqs. 5.5 and 5.6, whereas for the OTG-3D simulations, the terms
are derived numerically. An excellent agreement of the outcome between the two
codes is noted in all cases. When all curvature and divergence terms are taken into
account (hξ 6= 1, hζ 6= 1), the maximum energy gain is reached within the optimization
interval at ξmax(GE ) = 21.11mm. On the contrary, the highest gain is obtained at ξ = ξ1
when solely neglecting the streamwise curvature and divergence terms (hξ = 1 with
mξ , j = 0, hζ 6= 1). Furthermore, the maximum energy amplification increases by a
factor of approximately two. On the other hand, the maximum gain reduces when
solely dropping the azimuthal curvature and divergence terms (hξ 6= 1, hζ = 1 with
mζ , j = 0), and the position of maximum energy amplification shifts further upstream
to ξmax(GE ) = 19.91mm. Note, the reported amplifying and dampening effects of the
surface curvature and divergence terms are in line with the observations of Paredes et
al. [243] for a hemisphere in a hypersonic flow at Ma∞ = 7.32.
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Figure 7.10: Impact of surface curvature and flow divergence on the streamwise
evolution of the maximum energy gain for Jout

E with ξ0 = 13.92mm and ξ1 = 23.87mm.

Impact of objective function and optimization interval

The impact of the roughness Reynolds number Rekk on the disturbance energy gain
based on the kinetic and total energy norm is shown in Fig. 7.11. The initial optimization
position is located close to the roughness patch trailing edge at ξ0 = 0.05mm, and the fi-
nal optimization location ξ1 is successively moved downstream. Furthermore, the upper
row of plots (Figs. 7.11(a–c)) represents the gain as a function of the surface arc length
while maximizing the outlet energy Jout , whereas the lower row (Figs. 7.11(d–f)) depicts
the results for the mean energy optimization Jmean. Moreover, the clean configuration re-
sults with the azimuthal wavenumber matching the restricted domain’s spanwise extent
are also shown in Fig. 7.11 as a reference. For all optimization parameters considered
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in Fig. 7.11 (ξ1, Jout
E , Jout

K , Jmean
E , Jmean

K ), the disturbance energy gain increases with
roughness Reynolds number. However, the increase is rather moderate, even for the
higher Rekk values considered. The maximum gain is reached at the final optimization
location for ξ1 = 3.20mm (Figs. 7.11(a,c)), whereas for the larger optimization lengths
(second and third column of plots in Fig. 7.11), an overshoot is present within the
optimized region. Moreover, the overshoot is more pronounced in the case of Jmean and
further increases with ∆ξ . For ξ1 = 6.92mm and ξ1 = 10.65mm the maximum energy
gain max[ξ0,ξ1](G) based on the mean energy optimization Jmean exceeds the respective
values of the outlet energy optimization Jout . This is contrary to the findings for the
HLB capsule (see Fig. 5.20) and is likely due to the suboptimal spanwise wavelength
resolved in the restricted domain in case of Jout (see Figs. 7.9(b,c)). Nevertheless, the
choice of the objective function (Jout vs. Jmean) has no impact on the general trends
concerning distributed roughness influence on the optimal transient growth character-
istics. Therefore, in the following, all results are presented solely for outlet energy
optimization Jout .

The region where the distributed roughness impacts the optimal transient growth char-
acteristics is limited to a short length downstream of the patch, as indicated in Fig. 7.12.
For all plots shown in Fig. 7.12, the final optimization location is fixed at ξ1 = 6.92mm,
and the initial optimization position is successively moved downstream. With increas-
ing distance from the roughness trailing edge, the additional gain due to roughness
effects decreases, and at ξ0 = 2.48mm, the results computed with the plane-marching
optimization approach (cases with Rekk > 0) nearly coincide with the respective values
predicted with the line-marching version (smooth-wall configuration).

Figure 7.13 depicts one-dimensional profiles of the initial optimal perturbation at ξ0 =
0.05mm and the resulting mode shapes at the final optimization position ξ1 = 6.92mm.
The shown amplitude functions have the largest share in the total disturbance energy E
(e.g., (v̂, ŵ) at ξ0 and (û, ρ̂ , T̂ ) at ξ1) and are normalized with respect to

√
Eξ . Note

for Rekk ≥ 10, the profiles are extracted at the spanwise location where the maximum
amplitude in wall-normal direction occurs. At both, the initial and final stations of the
optimization, the shape of the solution marginally changes with roughness Reynolds
number. Solely, the wall-normal distance of the respective maximum amplitude in-
creases with roughness height at ξ0, whereas at ξ1, it moves closer to the wall. Thus,
the optimal disturbance shape downstream of the roughness patch resembles those of
the flat-plate boundary layer, at least for the roughness Reynolds numbers considered
herein. Note, Cherubini et al. [57] made the same observation for isolated roughnesses
in an incompressible flow with Rekk < 100.

In this thesis, a linear-like relationship between the maximum optimal energy gain and
the roughness Reynolds number is observed. Figure 7.14 depicts the maximum energy
gain within the optimization interval, max[ξ0,ξ1](G), as a function of the roughness
Reynolds number for ξ0 = 0.05mm and three different final optimization locations.
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Figure 7.11: Impact of roughness Reynolds number on the streamwise evolution of
the optimal energy gain for both energy norms, GE and GK , based on (a,b,c) outlet
energy optimization Jout , and (d,e,f) mean energy optimization Jmean with a fixed initial
optimization position at ξ0 = 0.05mm; (a,d) ξ1 = 3.20mm, (b,e) ξ1 = 6.92mm, and
(c,f) ξ1 = 10.65mm.
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Figure 7.12: Impact of roughness Reynolds number on the streamwise evolution of
the optimal energy gain for both energy norms, GE and GK , based on outlet energy
optimization Jout with a fixed final optimization position at ξ1 = 6.92mm; (a) ξ0 =
0.33mm, (b) ξ0 = 1.19mm, and (c) ξ0 = 2.48mm.
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|ŵ0|

(a)

|q̂1|/
√

Eξ1

η
[m

m
]

0

0.1

0.2

0.3

0.4

0.5

0 0.2 0.4 0.6 0.8

|û1|
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Figure 7.13: Impact of roughness Reynolds number on the normalized mode shapes
of (a) the initial optimal perturbation at ξ0 = 0.05mm and (b) the resulting amplitude
functions at ξ1 = 6.92mm with Jout

E . The horizontal black dashed line represents the
boundary-layer edge.
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The solid line represents the best-fit in a linear least-squares sense. The highest gain is
obtained for ξ = 6.92mm since it closely corresponds to the optimal interval length (e.g.,
see Fig. 7.8 and 7.11); however, the steepest gradient of the best-fit line belongs to the
case with the shortest optimization length (ξ = 3.20mm). Increasing the optimization
length further leads to a successive decrease of the best-fit-line slope, as observed in
the relationship between absolute streamwise vorticity and Rekk at selected downstream
locations (see Fig. 7.5(b)). Note, the experimental results of White and coworkers [359,
360] and the DNS of Fischer & Choudhari [111] indicate that for a spanwise array of
cylindrical roughness elements, the disturbance energy scales with Re2

kk. However, no
relationship has been given so far for the optimal disturbance energy gain.
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Figure 7.14: Maximum energy gain as a function of the roughness Reynolds number
with ξ0 = 0.05mm and varying ξ1. The solid line is the best-fit in a linear least-squares
sense.

Impact of disturbance frequency

The influence of the distributed roughness on the sensitivity of the maximum en-
ergy gain to changes in the disturbance frequency is shown in Fig. 7.15 for (ξ0,ξ1) =
(0.33mm,6.92mm). Regardless of the roughness Reynolds number and energy norm
(Jout

E vs. Jout
K ) considered, the most amplified perturbation frequency is f = 0Hz and,

therefore, far away from the frequency range of the most amplified varicose mode
(see Fig. 7.7). Following the findings for the HLB capsule (see results for region I in
Fig. 5.28), the nonmodal energy amplification decreases with frequency. Thereby, the
share of the roughness-related increase in energy gain compared to the smooth-wall case
remains nearly constant at the regarded frequencies. Note, at even higher disturbance
frequencies ( f > 58kHz), the optimization algorithm for the cases with Rekk ≥ 10
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converges towards a completely different initial disturbance with a greater amplification
of perturbation energy. However, the disturbance profiles do not exhibit sufficient decay
towards the upper boundary within the wall-normal extent of the restricted simulation
domain.
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Figure 7.15: Impact of roughness Reynolds number on the maximum energy gain
max[ξ0,ξ 1](G) as a function of the disturbance frequency; ξ0 = 0.33mm and ξ1 =
6.92mm.

Impact of roughness Reynolds number on the disturbance energy budget

The contribution of the individual perturbation components (q̂ =
(
ρ̂, û, v̂, ŵ, T̂

)T ) to the
total energy norm (i.e., E = Eû +Ev̂ +Eŵ +Eρ̂ +ET̂ with Eû = 0.5ρ̄ ũ2, Ev̂ = 0.5ρ̄ ṽ2,
Eŵ = 0.5ρ̄w̃2, Eρ̂ = 0.5ā2ρ̃2/γρ̄ , and ET̂ = 0.5ρ̄cV T̃ 2/T̄ ; cf. Eqs. 2.37 and 2.39) within
(ξ0,ξ1) = (0.05mm, 6.92mm) is shown in Fig. 7.16 for various roughness Reynolds
numbers. Each energy component is normalized with the total energy. Thus, the sum
of all normalized individual energies is equal to one. Initially, most of the energy
is concentrated in the v̂ and ŵ components. Subsequently, nearly all of the energy
redistributes to the û, T̂ , and ρ̂ components within the following 2 mm. At ξ1, most
of the energy fraction is contained in the streamwise velocity component, followed by
the temperature and density component (e.g., for Rekk = 0: Eû/E = 0.46, ET̂/E = 0.38
and Eρ̂/E = 0.15). With increasing roughness Reynolds number, the contribution of Eû
to the total energy increases, whereas the share of ET̂ and Eρ̂ decreases, respectively.
On the contrary, the proportions of Ev̂ and Eŵ on the total energy are less affected
by changes in roughness height. Note, the roughness affected redistribution of the
energy shares (i.e., (Ei/E)Rekk>0− (Ei/E)Rekk=0) is most pronounced for the near field
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behind the patch (ξ . 3mm) and successively decreases to the end of the considered
optimization interval.
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Figure 7.16: Impact of roughness Reynolds number on the distribution of energy among
the different components of an optimal disturbance; ξ0 = 0.05mm and ξ1 = 6.92mm.

In order to obtain a better insight into how the distributed roughness affects the optimal
transient growth characteristics on the hemispherical capsule model, the transfer of
kinetic and thermal energy between the basic flow and the optimal initial disturbance
is investigated. Figure 7.17(a) provides an excerpt of the disturbance energy budget
for the case of Rekk = 100. The depicted production (Pi, j and Ti) and associated
dissipation (D1 and D2) terms have been integrated over the considered optimization
interval ([ξ0,ξ1] = [0.05mm, 6.92mm]) and are normalized by the total energy E,
respectively. A positive value (blue color bar) indicates that the local transfer of
kinetic or thermal energy acts destabilizing on the disturbance, whereas a negative
value (red color bar) indicates a stabilizing impact. In accordance with the HLB
capsule findings with an isolated roughness element (see Fig. 6.17), the shears related
to the basic flow streamwise-velocity component (P1,1, P1,2, P1,3) provide the most
significant contribution to the kinetic energy transfer. This observation is further in
line with the findings of Loiseau et al. [205] for global instabilities induced by an
isolated roughness element on a flat plate. Moreover, the energy production terms
linked with the basic flow wall-normal gradient (P1,3 and T3) account for almost the
entire destabilizing effect on the disturbance. On the other hand, the quantities related
to the basic flow streamwise gradient (P1,1 and T1) stabilize the optimal perturbation
within the considered optimization interval. Compared to the clean configuration
without basic flow spanwise gradients in the symmetry plane, the production terms
related to the distributed-roughness-induced azimuthal gradients (P1,2 and T2) have an
additional destabilizing impact on the optimal perturbation. This destabilizing effect

209



7.4. NONMODAL INSTABILITY ANALYSIS

is in accordance with the results of modal disturbance growth in the wake of isolated
roughnesses (cf. Figs. 6.17 and 6.22).

The streamwise evolution of the production terms related to the basic flow streamwise
and wall-normal gradient for all cases listed in Table 7.1 are shown in Fig. 7.17(b) for
the kinetic energy and Fig. 7.17(c) for the thermal energy. Additionally, results for
the viscous (D1) and thermal (D2) dissipation are also depicted. The production and
dissipation terms are normalized with the maximum total energy within the optimization
interval to facilitate comparison.

For both energy types considered (kinetic and thermal energy), the streamwise max-
imum of the production term linked with the basic flow wall-normal gradient (P1,3
and T3) increases with the roughness Reynolds number and its location shifts in the
upstream direction. The largest share of the disturbance energy production stems from
the production term related to the basic flow wall-normal temperature gradient (term T3).
However, the P1,3 term is more sensitive to changes in Rekk since its maximum normal-
ized value increased from the smooth-wall configuration to the case with Rekk = 100 by
about 30%, whereas the gain in the maximum T3 term is only about 15%. Though, the
streamwise maximal dissipation (both viscous and thermal) increases with roughness
height as well, whereas the maximum thermal dissipation is once again less sensitive to
changes in roughness Reynolds number. The stabilizing effect of the streamwise basic
flow gradient on the kinetic energy in an optimal perturbation increases with Rekk (P1,1
term), while the T1 term is solely affected in the near roughness wake region (ξ ≤ 3mm).
Subsequently, the T1 term changes its sign (indicating a destabilizing effect) and exhibits
an insignificant sensitivity towards distributed roughness impacts.

The consequences of the roughness patch induced spanwise gradients on the associated
energy production terms (P1,2 and T2) are shown in Figs. 7.17(d,e), respectively. As
expected, the streamwise maximum of the P1,2 and T2 terms increases with roughness
Reynolds number, whereby the maximum energy gain due to the kinetic energy pro-
duction term (P1,2) is higher than the respective maximum gain based on the thermal
energy production term (T2). Similar to the findings for the most modally amplified
wake-flow modes behind an isolated roughness element presented in Sec. 6.3, the work
of ρ̄ ûv̂ against the spanwise gradient ∂ ū/∂ζ slightly stabilizes the optimal perturbation
in the recirculation region downstream of the roughness patch, followed by the positive
contribution to the energy extraction process. However, the additional disturbance
energy produced by the production terms related to the roughness-induced spanwise
gradients is about two orders of magnitude lower than the energy produced by the terms
linked with the basic flow wall-normal gradient (P1,3 and T3).
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Figure 7.17: Optimal perturbation energy budget for varying roughness Reynolds
numbers and (ξ0,ξ1) = (0.05mm, 6.92mm). (a) Kinetic and thermal energy budget for
the optimal disturbance integrated over the whole optimization interval for Rekk = 100.
(b,c) Streamwise evolution of the production terms P1,1, P1,3, T1, T2 and dissipation
terms D1 and D2. (d,e) Streamwise evolution of the production terms P1,2 and T2.
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7.4.3 Effect of wall temperature

This subsection focuses on the impact of wall temperature on the optimal transient
growth characteristics behind the patch at a fixed roughness height of k = 29.65µm
(corresponding to Rekk = 50 at T̄w = 295K). Therefore, additional laminar basic flow
computations were performed for T̄w = 195K and T̄w = 395K. These laminar basic
flows have also been computed by Antonio Di Giovanni of the TUM and were kindly
made available for the instability analyses presented in this subsection.

Impact of optimization interval

The effect of wall temperature on the outlet energy gain based on the total energy norm
(Jout

E ) is shown in Fig. 7.18 for a fixed initial optimization location at ξ0 = 0.05mm
and varying outlet positions. Additionally, Fig. 7.19 displays the nonmodal growth
results for a constant outlet optimization location at ξ1 = 6.92mm and different inlet
positions. The results for the smooth-wall configuration are also included to assess
the roughness impact. For all the cases presented in Figs. 7.18 and 7.19, the presence
of the distributed roughness at the considered surface protuberance height does not
affect the general optimal transient growth trends concerning the wall temperature
influence. Following the findings for the HLB capsule model presented in Sec. 5.4.2,
wall cooling significantly increases the disturbance energy gain. Moreover, the current
results are also in line with the outcome of the roughness Reynolds number variation
study (see Sec. 7.4.2). The disturbance energy gain increases due to roughness effects;
however, the roughness impact reduces substantially with increasing distance of the
inlet optimization position from the patch (see Fig. 7.19).

The impact of the wall temperature on the one-dimensional optimal perturbation pro-
files at ξ0 = 0.05mm and the resulting mode shapes at the final optimization position
ξ1 = 6.92mm is shown in Fig. 7.20 for k = 29.65µm. The horizontal black lines in-
dicate the boundary-layer thickness δh for each considered wall temperature. As in
Fig. 7.13, the displayed amplitude functions contribute the most to the total disturbance
energy norm. They are extracted at the spanwise location where the maximum amplitude
in wall-normal direction is reached, and they are normalized with

√
Eξ .

As one would expect, lowering the wall temperature at ξ0 leads to a vertical displacement
of the maximum amplitudes towards the surface because of the thinner boundary layer.
Here, however, the smallest boundary-layer thickness belongs to the T̄w = 395K case.
This controversy is rooted in the total enthalpy criterion used to detect the boundary-
layer edge (h̄t/h̄t,∞ = 0.995; cf. Sec. 5.2.3). The boundary-layer thickness based on
the velocity profiles decreases with wall cooling, whereas the thickness based on the
temperature profiles increases (see Fig. 5.8).
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Figure 7.18: Impact of wall temperature on the streamwise evolution of the optimal
energy gain for Jout

E with a fixed initial optimization position at ξ0 = 0.05mm. The final
locations are: (a) ξ1 = 3.20mm, (b) ξ1 = 6.92mm, and (c) ξ1 = 10.65mm.
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Figure 7.19: Impact of wall temperature on the streamwise evolution of the optimal
energy gain for Jout

E with a fixed final optimization position at ξ1 = 6.92mm. The initial
locations are: (a) ξ0 = 0.33mm, (b) ξ0 = 1.19mm, and (c) ξ0 = 2.48mm.
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The wall-normal distance of the respective maximum amplitudes at ξ1 reduces with
wall cooling as well. However, the highest absolute value of û noticeably decreases with
the surface temperature, whereas the magnitude of ρ̂ and T̂ increases. Nevertheless, the
disturbance streamwise velocity component û still has the largest amplitude among all
perturbation variables (at least for the considered wall temperatures).
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Figure 7.20: Impact of wall temperature on the normalized mode shapes at (a)
ξ0 = 0.05mm and (b) ξ1 = 6.92mm; k = 29.65µm. The horizontal black lines repre-
sent the boundary-layer edges.

Impact of disturbance frequency

Cooling (T̄w = 195K) or heating (T̄w = 395K) the flow has no impact on the opti-
mal most amplified perturbation frequency, as shown in Fig. 7.21. At both energy
norms considered (Jout

E and Jout
K ), the steady disturbance leads to the highest energy

gain irrespective of the wall temperature. Though, for f > 47kHz at T̄w = 395K and
f > 58kHz for T̄w ≥ 295K, the optimization algorithm for k > 0µm converges towards
a different initial perturbation with the insufficient decay of the amplitude functions in
wall-normal direction, as reported in the roughness Reynolds number study in Sec. 7.4.2.
Remarkably, this described behavior does not occur at T̄w = 195K, at least not up to the
f = 100kHz investigated in this study.

The fact that for the smooth wall configuration, the optimal transient growth optimization
algorithm converges for all investigated frequencies, while for Rekk > 0 and T̄w > 195K
numerical difficulties occur, might be an indication that the roughness-induced gradients
become more important at the higher fluctuation frequencies considered. This, in turn,
could indicate that beyond the identified threshold frequencies (those having the same
order of magnitude as the amplified frequency band of modally growing wake modes),
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the shape of the optimal perturbation develops from a form typical for a smooth-wall
configuration (belonging to a streamwise aligned stationary vortex; e.g., see Figs. 4.8(a),
7.13(a) and 7.20(a)) into a shape that is more affected by the presence of the roughness
(e.g., see Fig.7.6). Though, this presumably rapid change of the optimal perturbation
profiles above the threshold frequency likely leads to the numerical problems in the
optimization.
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Figure 7.21: Impact of wall temperature on the maximum energy gain max[ξ0,ξ 1](G)
as a function of the disturbance frequency for (a) Jout

E and (b) Jout
K ; ξ0 = 0.33mm and

ξ1 = 6.92mm.

Impact of wall temperature on the disturbance energy budget

The contribution of the individual perturbation energies (Eû, Ev̂, Eŵ, Eρ̂ , and ET̂ ) to
the total disturbance energy norm for the three investigated wall temperatures with
k = 29.65µm is shown in Fig. 7.22 within [ξ0,ξ1] = [0.05mm, 6.92mm]. As in the
study of the roughness Reynolds number impact presented in Fig. 7.16, each disturbance
energy component is normalized with the total energy E; thus, their sum is equal
to one. Also, most of the energy is initially concentrated in the shares related to
the spanwise (v̂) and wall-normal (ŵ) velocity disturbance components before being
redistributed within the following 2 mm into energy portions linked with the û, T̂ , and ρ̂

components. Thereby, the redistribution length increases with wall temperature. At the
highest surface temperature considered (T̄w = 395K), most of the disturbance energy
at the outlet location ξ1 is contained in the energy share linked with the streamwise
velocity perturbation component with a small proportion also belonging to ET̂ and Eρ̂

(i.e., Eû/E = 0.90 , ET̂/E = 0.07, and Eρ̂/E = 0.03). However, decreasing the wall
temperature causes a significant redistribution of the energy shares within the total
energy. Specifically, the energy portion related to the streamwise perturbation velocity
component successively reduces with wall cooling, whereas the energy shares linked
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with disturbance temperature and density increase, respectively (e.g., at T̄w = 195K;
Eû/E = 0.23 , ET̂/E = 0.55, and Eρ̂/E = 0.22).
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Figure 7.22: Impact of wall temperature on the distribution of disturbance energy
among the different components of an optimal disturbance behind the roughness patch
with k = 29.65µm; ξ0 = 0.05mm and ξ1 = 6.92mm.

Heating or cooling the flow also substantially impacts the transfer of perturbation
energy between the basic flow and the optimal initial disturbance leading to the largest
nonmodal energy growth. Figure 7.23 shows an excerpt of the disturbance energy
balance containing the terms with the most significant contributions to the energy
transfer for the three temperatures considered. The hatches indicate the results for
the distributed roughness patch with k = 29.65µm. Additionally, the findings for the
smooth-wall configuration are also included as a reference (clean color bars). As
indicated by the data depicted in Fig. 7.22, most of the disturbance energy at T̄w = 395K
belongs to the kinetic energy portion produced due to the interaction of the Reynolds
stress −ρ̄ ûŵ with the wall-normal gradient of the basic flow streamwise velocity
gradient ∂ ū/∂η (i.e., term P1,3). Also, most of the energy dissipation is due to viscous
effects (represented via term D1). A reduction of the surface temperature to T̄w = 195K
shifts most of the energy production away from the kinetic energy production terms
towards the production of thermal energy due to the interaction of entropy flux density
−ρ̄ ŝŵ with the basic flow wall-normal temperature gradient ∂ T̄/∂η (i.e., term T3).
Moreover, at T̄w = 195K, most of the energy is dissipated by the thermal dissipation
process (i.e., term D2). The distributed roughness patch enhances the disturbance energy
production and dissipation at all considered wall temperatures. However, the production
terms related to the distributed-roughness-induced azimuthal gradients (i.e., P1,2 and T2)
are considerably smaller than those linked with the respective wall-normal gradient at
all investigated surface temperatures (see also Fig.7.17). Note, the stabilizing impact of
the favorable pressure gradient (expressed via term P1,1) reduces with wall cooling.
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Figure 7.23: Impact of wall temperature on the optimal perturbation energy budget
integrated over the whole optimization domain with [ξ0,ξ1] = [0.05mm, 6.92mm].

7.5 Summary of results

The study presented in this chapter is a continuation of the previous chapter, which
dealt with localized sharp-edged roughness elements. Here, however, the focus is on the
boundary-layer tripping potential of disturbances that experience modal or nonmodal
growth in the wake of a roughness patch consisting of deterministically distributed
micron-sized cuboid elements. The numerical study mimics the experiment of Radespiel
et al. [259, 260], where transitional surface heating had been observed on the HLB
capsule downstream of distributed roughness elements with Rekk = 25; though, the
driving physical transition mechanism remained unclear in the experiment.

A hemisphere geometry has been chosen for this study to ease the computational cost
for the laminar basic flow computation with the roughness patch (the flow solution was
kindly made available by Antonio Di Giovanni of the TU Munich). Previous surveys
have shown that the boundary-layer profiles on the hemisphere in the region of interest
are similar to the flow over the HLB capsule with Ma∞ = 5.9 at an angle of attack (e.g.,
see Refs. [86, 141]).

Modal growth of roughness-induced disturbances are studied with two-dimensional
linear eigenvalue analysis based on partial differential equations (LST-2D) for Rekk ∈
[10, 100]. No modally amplified wake modes are found for Rekk < 75; hence, the
observed transition in the experiment with Rekk = 25 most likely does not rest on
a modal growth mechanism. In the cases of Rekk ≥ 75, two unstable wake modes
are detected, resembling the dominant varicose and sinuous modes already known
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from the cases with isolated roughness elements. However, the integrated logarithmic
amplification factors are negligibly small (i.e., Nmax < 0.2 for Rekk = 100).

The nonmodal growth of optimal disturbances is studied for the hemisphere capsule
without a roughness patch as a reference by optimizing the total and kinetic outlet energy.
Similar to the findings from the optimal transient growth analysis for the HLB capsule
at AoA = 24◦, the highest gain occurs in the stagnation point region when optimizing
the total energy Jout

E . In contrast, the maximum kinetic energy gain occurs significantly
further downstream. The roughness patch is located between those two maxima.

A Lagrange multiplier technique in conjunction with the direct and adjoint plane-
marching parabolized stability equations (OTG-3D) is used to identify the optimal initial
disturbance in a distributed-roughness-affected laminar flow that leads to the maximum
energy gain within a selected streamwise domain. For all micron-sized roughnesses
investigated (Rekk ∈ [10, 100]), the optimal perturbation structure resembles the one
recovered from flat-plate flows and the one obtained for the smooth capsule configuration
without a roughness patch. This finding is in line with the results reported by Cherubini
et al. [57] for an isolated roughness element with Rekk < 100 in an incompressible flow
using the temporal framework.

It is found that the maximum disturbance energy gain increases with the roughness
Reynolds number. Moreover, a linear-like relationship between the maximum optimal
energy gain and the roughness Reynolds number is observed for both considered energy
norms (Jout

E and Jout
K ). However, the region where the distributed roughness has an

impact on the optimal transient growth characteristics is limited to a short length
downstream of the patch (< 2.5mm). Increasing the height of the distributed elements
does not affect the perturbation frequency that leads to the highest nonmodal energy
amplification (stationary disturbance).

In order to gain a better understanding of how the distributed roughness affects the
optimal transient growth characteristics, the transfer of kinetic and thermal energy
between the basic flow and the optimal initial disturbance is investigated employing the
total energy norm. The kinetic and thermal energy production terms linked with the
basic flow wall-normal gradient account for almost the entire destabilizing effect on
the disturbance. On the other hand, the quantities related to the mean flow streamwise
gradient stabilize the optimal perturbation within the considered optimization interval.
The distributed-roughness-induced azimuthal gradients have an additional destabilizing
impact on the optimal perturbation; though, the extra disturbance energy produced is
about two orders of magnitude lower compared to the energy generated by the terms
linked with the basic flow wall-normal gradient. Both the kinetic and thermal energy
production increase with roughness Reynolds number; however, the effect is more
pronounced for the energy budget terms associated with the kinetic energy.
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The impact of wall temperature on the optimal transient growth characteristics behind
the distributed roughness patch at fixed element heights of k = 29.65µm (corresponding
to Rekk = 50 at T̄w = 295K) is also studied with the OTG-3D framework. Besides the
roughness-associated increase in disturbance energy gain, the transient growth charac-
teristics of the optimal initial perturbation do not differ from the trends obtained for the
smooth-capsule configuration. These are as follows: the zero Hertz perturbation leads to
the highest gain; the maximum disturbance energy-amplification-factor increases with
wall cooling, and more perturbation energy is produced and dissipated by the energy
balance terms linked with the basic flow temperature gradient.

Even though the presence of the deterministically distributed roughnesses raises the
optimal disturbance energy gain downstream of the roughness patch, the maximum per-
turbation energy amplification for the considered roughness heights is only marginally
higher compared to the optimal gain obtained for the smooth capsule configuration
where no transition has been observed in the HLB experiment. Therefore, transient
disturbance growth in the wake of the roughness patch can be ruled out to a great
extent as a possible transition mechanism, as long as the initial disturbance amplitude
levels are not high enough to cause secondary instabilities. Thus, further studies on
the interaction of freestream disturbances with small surface roughness are required to
obtain a plausible explanation for the observed transition onset in the experiment.
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Chapter8
Concluding remarks

THE main objective of this thesis is to investigate various instability mechanisms
that may cause the unexpected premature laminar-to-turbulent boundary-layer

transition observed on spherical forebodies flying at supersonic to hypersonic speeds.
The principal focus has been on quantifying the influences of modal growth of primary
instabilities, nonmodal growth of optimal perturbations, and modal as well as transient
growth of roughness-induced disturbances on the likelihood of onsetting transition on
typical re-entry capsule configurations. The studies have been performed numerically
by first computing the laminar basic state, followed by subsequent linear instability
analyses. To this end and within the scope of this dissertation, a new instability code
has been developed. The code is capable of performing the above-mentioned tasks
considering either one or two inhomogeneous spatial directions and has been extensively
verified.

This thesis comprises three main result chapters, each one portraying differentiated
objectives of the current research work. The first result chapter (Chapter 5) discusses the
modal growth of primary disturbances and the transient growth of optimal perturbations
in the boundary layer of an Apollo-shaped capsule with a smooth surface. In the
second chapter (Chapter 6), the wake flow behind discrete roughness elements is studied
with modal instability theory. Special focuses are put on the impact of roughness
geometry (shape, width, and height), surface temperatures, nonlocal effects, and pressure
gradient on the instability characteristics of the most amplified wake modes. In the
final result chapter (Chapter 7), the growth of optimal disturbances in the wake of a
distributed roughness patch is studied with OTG-3D for various roughness heights
and wall temperatures. A summary of the major findings of this work is given in the
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following section. Suggestions for further investigations are provided in the subsequent
section.

8.1 Summary

Instability analyses for an Apollo-type capsule geometry with a nominally smooth
surface

The first part of the dissertation focuses on an Apollo-shaped capsule with a nominally
smooth surface. Laminar basic flow computations are performed for freestream con-
ditions at Ma∞ = 5.9, matching the operating conditions of the hypersonic Ludwieg
tube facility at the Technische Universität Braunschweig (HLB). The Reynolds number
based on the momentum thickness reaches an order of magnitude at which transition
has typically been observed on re-entry capsules (i.e., Reθ > 200). However, instability
analyses based on the classical linear theory reveal no modal disturbance growth of
primary instabilities at the considered unit Reynolds numbers.

Hitherto and to the author’s best knowledge, no modal instability results for capsules
with a spherical-section forebody (Apollo-shaped geometries) have been published
so far. The results in this thesis close this gap in the literature. A scaling ansatz for
laminar boundary layers is introduced to estimate the indifference Reynolds number
range for primary modal instabilities. The key finding of the investigation is that the
growth of first-mode instabilities requires unit Reynolds numbers of more than one
order of magnitude higher to what is realizable in the HLB. Furthermore, it turns out
that on the inclined capsule model, the cross-flow instabilities are already amplified at
lower unit Reynolds numbers compared to the first-mode instability. The introduced
scaling approach is well suited for the Apollo capsule since it features a self-similar-like
boundary layer. However, the validity of the procedure has to be further checked for
other geometries.

After excluding the modal disturbance growth as the driving transition mechanism
for the smooth capsule under typical wind-tunnel conditions, the work focused on the
nonmodal (transient) growth of optimal perturbations. The transient disturbance growth
was long considered as the missing puzzle piece that could explain the premature
transition on blunt bodies. However, few studies quantify the nonmodal growth of
disturbances on re-entry capsules, and those are either based on similarity solutions
or have been performed for low Reynolds numbers. The investigations presented here
make a substantial contribution to the clarification of the transition potential of optimal
transiently-growing disturbances on re-entry capsule configurations with a spherical
forebody.
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The optimal disturbance energy gain is computed by utilizing an optimization algorithm
based on the Lagrange multiplier technique in conjunction with the variational approach
of direct and adjoint PSE (OTG). Depending on the energy norm used in the optimization
(kinetic vs. total energy norm), the regions of maximum energy gain are located at
different positions on the capsule forebody, and the underlying energy production
mechanisms are utterly disparate. The highest disturbance energy gain occurs in the
stagnation point region when optimizing the total disturbance energy gain. In this area,
most of the perturbation energy is produced by the interaction of entropy flux density
with the basic flow temperature gradient. Hence, this energy gain is mainly attributed to
disturbances entering the boundary layer from the outside via a receptivity mechanism.
On the other hand, the highest disturbance kinetic energy gain linked with velocity
fluctuations, e.g., growing in the wake of isolated or distributed roughnesses, occurs
in the sonic point region. Therefore, transient growth experiments involving surface
roughnesses should preferably be performed in the vicinity of the sonic point. Moreover,
the maximum kinetic energy gain in this area reveals a weak frequency dependence of
the transiently-growing disturbances from zero up to 30 kHz, which should facilitate the
measurability.

The characteristics of the optimal perturbation with respect to shape, wall temperature
sensitivity, frequency dependency, and Reynolds number bear strong resemblances to
what is known from flat-plate flow studies. However, the optimal optimization lengths
are considerably shorter on spherical capsule geometries. One other main outcome of the
present study is that the value of the power-law exponent of the wall to boundary-layer
edge temperature ratio, which appears in the roughness-induced transition correlation
of Reshotko & Tumin [274], and the slightly different value computed by Paredes at
al. [246] with optimal transient growth data for a different smaller capsule, is further
substantiated for higher Reynolds numbers by the nonmodal HLB capsule findings.

The maximum nonmodal disturbance energy gain on the HLB capsule is rather moderate
(equivalent to N-factors of three or less) so that the laminar-turbulent boundary-layer
transition is most likely not caused by optimally growing disturbances. Thus, neither the
modal nor the nonmodal growth of perturbations can be considered a relevant transition
mechanism for the nominally smooth capsule model at HLB wind tunnel conditions.

Linear instability analysis of discrete roughness wake flows

Since no re-entry capsule features a nominally smooth surface, the modal growth of
isolated roughness-induced disturbances was investigated as a further relevant transition
mechanism. Although the roughness-induced transition has been studied for decades
(mainly for flat-plate flows), the enormous parameter space, the high sensitivity of the
mechanisms involved in the roughness-induced transition process to these parameters,
and the complexity and subtleties of the analysis leave much that is not understood as
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yet. The instability analyses presented in this dissertation contribute in several respects
to expanding the knowledge of the mechanisms involved in the roughness-induced
transition process. On the one hand, the employed two-dimensional linear eigenvalue
analysis, being significantly less computational demanding compared to DNS, enables
the investigation of a wide parameter range (i.e., the impact of roughness shape and
dimension, wall temperature, local pressure gradient, and surface curvature), which
has not yet been published in that entirety. On the other hand, as an advantage of
the LST-2D, each wake-flow mode involved in the transition process can be studied
independently, and the impact of the various parameters is quantifiable in terms of
spatial growth rates or N-factors.

The focus in this thesis is entirely on the investigation of convective instabilities that,
e.g., grow in the wake downstream of an isolated roughness element. One of the key
results of the study (among the to be expected trends like the increase of maximum
N-factor with roughness height) is the destabilizing effect of wall cooling on the most
amplified wake mode families (both varicose and sinuous modes). This observed trend
contradicts previous findings for isolated roughnesses embedded in Ma∞ = 6 flat-plate
flows [80, 339]. Although the HLB capsule is also investigated for similar freestream
conditions, the boundary-layer edge Mach number at the roughness location is below
one because of the strong bow shock. Therefore, the effect of surface temperature on
the wake-flow instabilities is presumably dependent on the considered Mach number
regime, and further studies have yet to be conducted.

The essential novelty of the present work consists in the thorough study of the stream-
wise pressure gradient impact on roughness wake-flow instability characteristics. A
cylindrical roughness element is placed on the forebodies of two different re-entry
capsule configurations, each with a unique pressure gradient. The first capsule is the
Apollo-shaped geometry with a spherical-section forebody that features a strongly
favorable pressure gradient (FPG). The second capsule is a variant of the Mars Sci-
ence Laboratory vehicle with a sphere-cone forebody (50◦-MSL capsule), where a
pronounced adverse pressure gradient (APG) region exists. With the help of the distur-
bance kinetic energy budget, it is shown that the FPG stabilizes the roughness wake
instabilities, whereas an APG has a destabilizing effect. Two main conclusions are
derived from these findings. First, roughness-induced disturbances relax faster to the
unperturbed state in a favorable pressure gradient environment for sub-critical roughness
heights (cases where the transition location is not moved upstream by the presence of
the roughness). Second, for the same roughness dimensions (i.e., for the same roughness
Reynolds number Rekk), the wake instability modes reach higher N-factors in an APG
environment. Consequently, the flow for isolated roughness elements placed in an
adverse pressure gradient is more susceptible to roughness-induced transition compared
to the favorable pressure gradient case.
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The instability analyses based on LST-2D prove to be a suitable approach to quantifying
the influence of different parameters on the wake-mode instability characteristics and
identifying the relevant frequency ranges. However, the local flow assumption made in
the LST-2D neglects the nonlocal effects such as streamwise gradients in the roughness
wake flow and the upstream disturbance history. In order to estimate the impact of these
neglects, computations are therefore performed using the plane-marching parabolized
stability equations (PSE-3D), which take the nonlocal effects into account. As a core
result, and in line with previous findings in the literature, it turns out that the local
analysis underestimates the spatial growth rate for the most amplified roughness wake
modes. Hence, PSE-3D should be preferably used to quantify the modal growth of
roughness-induced wake-flow disturbances.

This dissertation also makes a valuable contribution to advance from empirical correla-
tions for the roughness-induced transition (those usually rest on a roughness Reynolds
number) towards prediction methods that have a physics-based approach. It is known
from the literature [15, 340] that the growth rate exhibits a dependence on the streak
amplitude, which is a measure to quantify the impact of an isolated roughness element
on the basic flow. The instability results presented in this thesis also exhibit a linear-like
dependence on the streak amplitude. Thus, the relationship between the spatial growth
rate and streak amplitude is confirmed for a wide parameter range covering various
roughness shapes, heights, and aspect ratios, as well as different wall temperatures
and pressure gradients. However, the range of validity of these correlations is locally
limited, so further correlation approaches should be considered to derive a physics-based
roughness-induced transition prediction method.

Linear instability analysis of wake flows behind distributed roughness elements

Apart from discrete protrusions, distributed surface roughness is an inherent feature
of any re-entry capsule. Therefore, the growth of disturbances induced by distributed
surface roughnesses is investigated as a further possible transition mechanism for blunt
re-entry capsules with a spherical forebody. The numerical study mimics the experiment
of Radespiel et al. [259, 260], where transitional surface heating was observed on the
HLB capsule downstream of a patch consisting of sharp-edged distributed roughness
elements with Rekk = 25 each. However, the driving physical transition mechanism
remained unclear in the experiment.

The modal growth of distributed roughness-induced wake instabilities is analyzed by
means of LST-2D for a distributed roughness patch with Rekk ∈ [10, 100] located on a
hemisphere geometry that features similar boundary-layer profiles as the HLB capsule.
It turns out that the wake-flow disturbances start to grow for roughness geometries
with Rekk ≥ 75. Hence, the modal growth mechanism is out of the question for the
transitional surface heating observed in the experiment.
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Thereupon, the maximum disturbance energy gain of transiently-growing optimal
disturbances in the wake of the roughness patch is quantified and set in relation to
the findings for the hemisphere geometry with a nominal smooth surface. In order
to compute this nonmodal disturbance growth, a Lagrange multiplier technique in
conjunction with direct and adjoint plane-marching parabolized stability equations
(OTG-3D) is used for the first time. Moreover, the OTG-3D study presented in this
thesis represents the first global optimization analysis for optimal three-dimensional
disturbances in a compressible flow to the author’s best knowledge.

The main result of the study is that there exists a linear-like relationship between the
maximum disturbance energy gain downstream of the roughness patch and the roughness
Reynolds number, at least within the Reynolds number range considered in this thesis
(Rekk ∈ [10, 100]). However, even at Rekk = 100, the micron-sized roughnesses only
slightly influence the flow field compared to the smooth capsule geometry. Therefore,
the characteristics of the optimal disturbance in terms of shape, perturbation frequency,
and wall temperature sensitivity are similar to those of the undisturbed mean flow.

Overall, the roughness-related gain in disturbance energy amplification is moderate,
so the experimentally observed transition onset downstream of the roughness patch
can neither be explained by the modal growth of wake-flow disturbances nor by the
nonmodal growth of optimal perturbations. Thus, further studies are necessary to
identify the driving instability mechanism. To that end, the following section provides
recommendations for future work.

8.2 Outlook

The current work has thoroughly characterized the modal and nonmodal growth of
disturbances in boundary layers of typical re-entry capsule configurations with and
without roughness on their forebodies. However, some aspects remain unanswered. In
the following, several recommendations for promising extensions of the research topics
covered in this thesis are provided.

Optimal transient growth in boundary layers of typical re-entry capsule configu-
rations

The optimal transient growth analyses presented in this work were limited to the
boundary layer developing in the symmetry plane of the Apollo-shaped capsule model;
thus, lacking the cross-flow velocity component. Therefore, future investigations should
extend the nonmodal instability analysis to three-dimensional boundary layers, i.e.,
present in locations away from the line of symmetry. In three-dimensional flows,
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however, the nonmodal disturbances may not be perfectly aligned with the external
streamline, and the assumption of a zero streamwise wavenumber can lead to cumulated
errors in the optimal gain factors. For that reason, the developed instability code must be
extended to determine the disturbance propagation direction in three-dimensional flows
correctly (resulting in α 6= 0). Different approaches to iteratively adapt the streamwise
wavenumber, employing the Lagrange multiplier technique based on direct and adjoint
PSE, can be found, e.g., in the works of Tempelmann et al. [318] and Lucas [206].

The computed N-factors based on nonmodal disturbance growth for the Apollo-shaped
capsule at typical HLB operating conditions are significantly below the values where
transition would be expected based on the modal growth of primary disturbances. Nev-
ertheless, transient growth could still be a relevant transition mechanism for spherical
capsule configurations when the initial amplitude of these optimal disturbances are large
enough to cause substantial growth of secondary instabilities. In order to estimate the
necessary initial amplitude that reaches a significant secondary instability N-factor, the
linear plane-marching PSE-3D code has to be extended to a nonlinear version. Then, the
nonlinear evolution of optimal disturbances can be computed, and the modal instability
characteristics of the deformed mean flow can be analyzed with either LST-2D or PSE-
3D. However, as pointed out by Karp & Cohen [172] and further substantiated by the
findings of Paredes et al. [245], the optimal disturbance that leads to the highest energy
gain does not necessarily ensure maximal secondary instability. Karp & Cohen [172]
revealed that the most dangerous secondary perturbations in Couette flow are associated
with spanwise wavenumbers that lead to the strongest inflection points, rather than with
those that maximize the nonmodal disturbance energy gain. Hence, a new optimization
algorithm has to be developed that seeks the initial optimal disturbance, which leads
to the highest secondary instability N-factor. Moreover, nonlinearities should also be
taken into account when searching for the most dangerous initial disturbance.

Modal instability analysis in the wake of discrete roughness elements

The objective of this thesis is to investigate exclusively convective roughness wake-flow
instabilities and to exclude hybrid modes with significant fluctuation levels in the wake
region as well as in the outer part. For future research tasks, the discrete roughness
element on the 50◦-MSL capsule could be placed farther downstream, where first-mode
instabilities are amplified. This would allow the investigation of the likely altered
modal growth characteristics of the first-mode instability waves by the presence of the
three-dimensional roughness. Moreover, the modal growth rates of hybrid wake modes
could be set in relation to the plain roughness wake instabilities to determine which
convective wake mode will probably affect the transition scenario.

In this work, it has been found that wall cooling increases the amplification of the
dominant roughness wake instabilities for an unvaryingly roughness Reynolds number,
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whereas previous investigations for discrete roughnesses embedded in Ma∞ = 6 flat-
plate flows [80, 339] reached the opposite conclusion. In the context of this thesis,
it has been argued that the surface temperature impact on the roughness wake-mode
instabilities is presumably dependent on the considered Mach number regime. Therefore,
further investigations at various Mach numbers should be performed to substantiate this
hypothesis. Furthermore, in the Ma∞ = 6 flat-plate studies, the unit Reynolds number
was changed to fix the Rekk value, whereas here, the roughness height had been modified
to achieve the same effect. The consequences of these two different approaches should,
therefore, also be assessed in future work.

In this dissertation, it has been shown that neglecting nonlocal effects in the instability
analysis for roughness wake modes within the LST-2D framework results in an under-
estimation of the spatial growth rate. Therefore, further work on roughness-induced
perturbations should employ more sophisticated instability analysis methods such as
PSE-3D or DNS to study convective wake modes or TriGlobal theory to investigate
absolute/global instabilities. However, the latter two concepts require a vast amount
of computational resources and are, therefore, only partially suitable for performing
extensive parameter studies. In the case of convective wake instabilities, the plane-
marching PSE-3D methodology should be preferably used. Since the modally amplified
wake-flow region downstream of a discrete roughness element can be particularly short
(especially in a favorable pressure gradient environment), the precise determination of
the spatial growth rate can be limited by the PSE step-size restriction. A promising
approach to overcome the principle flaw in PSE would be to extend the framework
of the linearized One-Way Navier-Stokes equations (OWNSE), to a plane-marching
version. The OWNSE methodology was developed by Towne & Colonius [331, 332]
and advanced by Rigas et al. [277] and consists of a one-way spatial marching algorithm
for slowly varying flows that removes upstream propagating modes.

Development of mechanism-based prediction methods for roughness-induced tran-
sition

Under the prerequisite of an extensive existing database for the roughness-induced transi-
tion (either obtained through experiments or DNS), a promising step for future research
is to examine whether transition prediction based on the eN-method is applicable for
convectively amplified wake modes. When there is a generally valid transition N-factor
for discrete roughness wake modes and roughness geometries triggering an absolute
global instability are excluded (e.g., by means of TriGlobal instability calculations),
the following three approaches could predict the roughness-induced boundary-layer
transition based on a laminar mean flow.
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1. The transition N-factor is determined based on spatial linear stability calculations
in cross-stream planes downstream of the isolated element. Since the growth rate
of the dominant wake modes can be considerably underestimated using LST-2D,
the computations should ideally be performed with PSE-3D or plane-marching
OWNSE.

2. A physics-based correlation can be utilized to obtain the transition N-factor for
the dominant wake modes without the need for instability analyses. In this work,
a linear-like dependency between the streak amplitude and the maximum spatial
growth rate of wake-flow modes has been observed. However, the linear fit
obtained at a particular downstream location does not apply to the whole wake-
flow region, likely because of neglecting spanwise gradient information in the
streak amplitude definition (the original definition of Andersson et al. [15] has
been used in this thesis). A promising approach for further studies would be to
test an integral-based streak amplitude definition as used by Shahinfar et al. [298],
where the whole gradient field in the cross-stream plane is considered.

3. Future work should also focus on predicting the roughness-induced transition
based on data-driven techniques (i.e., via machine learning approaches). A well-
trained machine learning model should, in the best case, be able to either estimate
the growth rates of the dominant wake modes or directly predict the transition
onset location. Moreover, the data-enabled prediction method should require
considerably less computational efforts than DNS and linear instability analysis.

The empirical correlations that rest on a roughness Reynolds number definition (e.g.,
based on Rekk [268], Rekw [25] or ReQ [26]) are not suited to estimate roughness-induced
transition since they lack the underlying physics. However, they might provide the
correct trends. In Sec. 6.3.2, increasing Rekk led to higher maximum N-factors, and the
increase in Rekw with wall cooling in Sec. 6.3.4 also resulted in higher amplification
rates for the dominant wake modes, whereas Rekk remained constant. Therefore, it is
worthwhile to enhance the roughness Reynolds number definition (taking more relevant
parameters, e.g., the pressure gradient, into account) to better assess the particular
discrete roughness element’s impact on the wake-flow instability characteristics (mode
shapes, growth rates, and frequencies).

Nonmodal instability analysis in the wake of distributed roughness elements

In this work, only micron-sized deterministically distributed roughness elements with
Rekk ≤ 100 have been studied within the OTG-3D framework. For all considered cases,
the shape of the optimal initial disturbance always resembled the one obtained for
the smooth surface configuration. Therefore, future studies should consider different
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distributions of the roughness elements and increase the height of the obstacles. Of
particular interest would be to identify a threshold height above which the optimal
initial disturbance in the roughness wake takes the shape of a sinuous or varicose
perturbation known from three-dimensional isolated roughness investigations (see
Ref. [57]). However, increasing the roughness height will also result in stronger
streamwise gradients, which might violate the PSE-3D assumption of slow basic flow
variations in the streamwise direction. For that reason, optimal disturbance growth
computations should also be performed employing an optimization algorithm utilizing
the direct and adjoint linearized Navier-Stokes equations to identify the validity range
of the OTG-3D framework.

Future work should further check whether the observed linear-like relationship between
maximum disturbance energy gain and roughness Reynolds number (Rekk) is also valid
for other geometries.

Algebraic growth of optimal disturbances in the wake of the distributed roughness patch
can be ruled out as the driving mechanism for the observed boundary-layer transition in
the experiment of Radespiel et al. [259, 260]. However, Denissen et al. [82] revealed:

”For predicting transition in the wake of roughness, optimal perturbations
do not represent a conservative estimate for design purposes. They dramat-
ically underpredict the susceptibility of the boundary layer to secondary
instabilities” [82].

For this reason, a new optimization algorithm (e.g., also based on direct and adjoint
PSE-3D) has to be developed that seeks an initial disturbance that maximizes the growth
rates of the secondary instabilities (as also proposed for the clean surface configuration).
Thereby, nonlinearities should also be taken into account.
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diskreten Rauigkeit auf einer Wiedereintrittskapsel. Master’s thesis, Technische
Universität Berlin.

[195] Li, F. and Malik, M. R. (1994). Secondary instability of Görtler vortices. In
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AppendixA
Matrix elements of the direct
LST-2D and PSE-3D operators

The direct plane-marching parabolized stability equations can compactly be written in
operator form as

Lpq̂ = 0, (A.1)

where Lp is the linear operator that can be expanded to

Lp = P+QD3 +RD33 +SD2 +TD22 +UD23 +VD1. (A.2)

These compressible linear instability equations, capable of solving disturbances inhomo-
geneous in two spatial directions, are formulated in orthogonal curvilinear coordinates.
On that account, the scale factors hi and their derivatives

mi j =
1

hih j

∂hi

∂x j
(A.3)

appear in the equations. Moreover, the following abbreviations are defined

Di =
1
hi

∂

∂xi
, Di j =

1
hih j

∂ 2

∂xi∂x j
, α0 =

α

h1
. (A.4)

The matrices that appear in the local (Eq. 2.20, here listed without parallel flow as-
sumption) and nonlocal equations (Eqs. 2.31 and A.2) are (5×5) matrices and con-
tain the basic flow values. The first through last rows correspond to the continuity,
ξ -momentum, ζ -momentum, η-momentum, and energy equation. Accordingly, the
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matrices are formatted such that columns 1–5 represent terms associated with ρ̂ , û, v̂, ŵ,
and T̂ , respectively. The non-zero matrix coefficients at leading order are as follows,

P:

P(1,1) =α0iū+D1(ū)+D2(v̄)+D3(w̄)+2m12v̄+m21ū+m31ū− iω

P(1,2) =α0iρ̄ +D1(ρ̄)+m21ρ̄ +m31ρ̄

P(1,3) =D2(ρ̄)+2m12ρ̄

P(1,4) =D3(ρ̄)+m13ρ̄ +m23ρ̄

P(2,1) =α0
1

γMa2 iReT̄ +
1

γMa2 ReD1(T̄ )+ReūD1(ū)+Rev̄D2(ū)+Rew̄D3(ū)

+m12Reūv̄−m21Rev̄2

P(2,2) =α0iReρ̄ ū+Reρ̄D1(ū)− iωReρ̄ +m12Reρ̄ v̄+α
2
0 λ̄µ +2α

2
0 µ̄

P(2,3) = −α0
∂ µ̄

∂ T̄
iD2(T̄ )+Reρ̄D2(ū)+m12Reρ̄ ū−2m21Reρ̄ v̄

P(2,4) = −α0
∂ µ̄

∂ T̄
iD3(T̄ )+Reρ̄D3(ū)+m13Reρ̄ ū

P(2,5) = −α0
∂ µ̄

∂ T̄
1
µ̄

iλ̄µ D2(v̄)+α0
1

γMa2 iReρ̄ +
1

γMa2 ReD1(ρ̄)

− ∂ 2µ̄

∂ T̄ 2 D2(T̄ )D2(ū)−
∂ 2µ̄

∂ T̄ 2 D3(T̄ )D3(ū)−
∂ µ̄

∂ T̄
D22(ū)−

∂ µ̄

∂ T̄
D33(ū)

P(3,1) =ReūD1(v̄)+
1

γMa2 ReD2(T̄ )+Rev̄D2(v̄)+Rew̄D3(v̄)−m12Reū2 +m21Reūv̄

P(3,2) = −α0
∂ µ̄

∂ T̄
1
µ̄

iλ̄µ D2(T̄ )+Reρ̄D1(v̄)−2m12Reρ̄ ū+m21Reρ̄ v̄

P(3,3) =α0iReρ̄ ū+Reρ̄D2(v̄)− iωReρ̄ +m21Reρ̄ ū+α
2
0 µ̄

P(3,4) =Reρ̄D3(v̄)+m23Reρ̄ v̄

P(3,5) = −α0
∂ µ̄

∂ T̄
iD2(ū)−

∂ 2µ̄

∂ T̄ 2
1
µ̄

λ̄µ D2(T̄ )D2(v̄)−2
∂ 2µ̄

∂ T̄ 2 D2(T̄ )D2(v̄)

+
1

γMa2 ReD2(ρ̄)−
∂ 2µ̄

∂ T̄ 2 D3(T̄ )D3(v̄)−
∂ µ̄

∂ T̄
1
µ̄

λ̄µ D22(v̄)

−2
∂ µ̄

∂ T̄
D22(v̄)−

∂ µ̄

∂ T̄
D33(v̄)

P(4,1) =Reρ̄ v̄D2(w̄)+
1

γMa2 Reρ̄D3(T̄ )−m13Reρ̄ ū2−m23Reρ̄ v̄2

P(4,2) = −α0
∂ µ̄

∂ T̄
1
µ̄

iλ̄µ ρ̄D3(T̄ )−2m13Reρ̄
2ū
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P(4,3) =Reρ̄
2D2(w̄)−2m23Reρ̄

2v̄

P(4,4) =α0iReρ̄
2ū+α

2
0 µ̄ρ̄ +Reρ̄

2D3(w̄)− iωReρ̄
2 +m12Reρ̄

2v̄+m31Reρ̄
2ū

P(4,5) = −α0
∂ µ̄

∂ T̄
iρ̄D3(ū)−

∂ 2µ̄

∂ T̄ 2
1
µ̄

λ̄µ ρ̄D2(v̄)D3(T̄ )−
∂ 2µ̄

∂ T̄ 2 ρ̄D2(T̄ )D3(v̄)

− ∂ µ̄

∂ T̄
1
µ̄

λ̄µ ρ̄D23(v̄)−
∂ µ̄

∂ T̄
ρ̄D23(v̄)+

1
γMa2 Reρ̄D3(ρ̄)

P(5,1) =α0
γ−1

γ
iPrReT̄ ū− c̄pPrReūD1(T̄ )− c̄pPrRev̄D2(T̄ )− c̄pPrRew̄D3(T̄ )

+
γ−1

γ
PrReūD1(T̄ )+

γ−1
γ

PrRev̄D2(T̄ )+
γ−1

γ
PrRew̄D3(T̄ )

− γ−1
γ

iωPrReT̄

P(5,2) =2α0
γ−1

γ
γMa2iλ̄µ PrD2(v̄)− c̄pPrReρ̄D1(T̄ )+

γ−1
γ

PrReρ̄D1(T̄ )

+
γ−1

γ
PrReT̄ D1(ρ̄)

P(5,3) =2α0
γ−1

γ
γMa2iµ̄PrD2(ū)− c̄pPrReρ̄D2(T̄ )+

γ−1
γ

PrReρ̄D2(T̄ )

+
γ−1

γ
PrReT̄ D2(ρ̄)

P(5,4) =2α0
γ−1

γ
γMa2iµ̄PrD3(ū)− c̄pPrReρ̄D3(T̄ )+

γ−1
γ

PrReρ̄D3(T̄ )

+
γ−1

γ
PrReT̄ D3(ρ̄)

P(5,5) = −α0c̄piPrReρ̄ ū+α0
γ−1

γ
iPrReρ̄ ū+ c̄piωPrReρ̄−

∂ c̄p

∂ T̄
PrReρ̄ ūD1(T̄ )

+
γ−1

γ
PrReūD1(ρ̄)−

∂ c̄p

∂ T̄
PrReρ̄ v̄D2(T̄ )+

∂ 2κ̄

∂ T̄ 2 D2(T̄ )2

+
∂ µ̄

∂ T̄
γ−1

γ
γMa2 1

µ̄
λ̄µ PrD2(v̄)2 +

∂ µ̄

∂ T̄
γ−1

γ
γMa2PrD2(ū)2

+2
∂ µ̄

∂ T̄
γ−1

γ
γMa2PrD2(v̄)2 +

γ−1
γ

PrRev̄D2(ρ̄)−
∂ c̄p

∂ T̄
PrReρ̄w̄D3(T̄ )

+
∂ 2κ̄

∂ T̄ 2 D3(T̄ )2 +
∂ µ̄

∂ T̄
γ−1

γ
γMa2PrD3(ū)2 +

∂ µ̄

∂ T̄
γ−1

γ
γMa2PrD3(v̄)2

+
γ−1

γ
PrRew̄D3(ρ̄)+

∂ κ̄

∂ T̄
D22(T̄ )+

∂ κ̄

∂ T̄
D33(T̄ )−

γ−1
γ

iωPrReρ̄−α
2
0 κ̄
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Q:

Q(1,1) = w̄

Q(1,4) = ρ̄

Q(2,2) =Reρ̄w̄− ∂ µ̄

∂ T̄
D3(T̄ )

Q(2,4) = −α0iλ̄µ −α0iµ̄

Q(2,5) = − ∂ µ̄

∂ T̄
D3(ū)

Q(3,3) =Reρ̄w̄− ∂ µ̄

∂ T̄
D3(T̄ )

Q(3,4) = − ∂ µ̄

∂ T̄
1
µ̄

λ̄µ D2(T̄ )

Q(3,5) = − ∂ µ̄

∂ T̄
D3(v̄)

Q(4,1) =
1

γMa2 Reρ̄T̄

Q(4,2) = −α0iλ̄µ ρ̄−α0iµ̄ρ̄

Q(4,3) = − ∂ µ̄

∂ T̄
ρ̄D2(T̄ )

Q(4,4) = − ∂ µ̄

∂ T̄
1
µ̄

λ̄µ ρ̄D3(T̄ )−2
∂ µ̄

∂ T̄
ρ̄D3(T̄ )+Reρ̄

2w̄

Q(4,5) =
1

γMa2 Reρ̄
2− ∂ µ̄

∂ T̄
1
µ̄

λ̄µ ρ̄D2(v̄)

Q(5,1) =
γ−1

γ
PrReT̄ w̄

Q(5,2) =2
γ−1

γ
γMa2

µ̄PrD3(ū)

Q(5,3) =2
γ−1

γ
γMa2

µ̄PrD3(v̄)

Q(5,4) =2
γ−1

γ
γMa2

λ̄µ PrD2(v̄)

Q(5,5) = − c̄pPrReρ̄w̄+2
∂ κ̄

∂ T̄
D3(T̄ )+

γ−1
γ

PrReρ̄w̄

R:

R(1,1) = w̄

R(2,2) = − µ̄
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R(3,3) = − µ̄

R(4,1) =
1

γMa2 Reρ̄T̄

R(4,4) = − λ̄µ ρ̄−2µ̄ρ̄

R(5,1) =
γ−1

γ
PrReT̄ w̄

R(5,5) = κ̄

S:

S(1,1) = v̄

S(1,3) = ρ̄

S(2,2) =Reρ̄ v̄− ∂ µ̄

∂ T̄
D2(T̄ )

S(2,3) = −α0iλ̄µ −α0iµ̄

S(2,5) = − ∂ µ̄

∂ T̄
D2(ū)

S(3,1) =
1

γMa2 ReT̄

S(3,2) = −α0iλ̄µ −α0iµ̄

S(3,3) = − ∂ µ̄

∂ T̄
1
µ̄

λ̄µ D2(T̄ )−2
∂ µ̄

∂ T̄
D2(T̄ )+Reρ̄ v̄

S(3,4) = − ∂ µ̄

∂ T̄
D3(T̄ )

S(3,5) = − ∂ µ̄

∂ T̄
1
µ̄

λ̄µ D2(v̄)−2
∂ µ̄

∂ T̄
D2(v̄)+

1
γMa2 Reρ̄

S(4,3) = − ∂ µ̄

∂ T̄
1
µ̄

λ̄µ ρ̄D3(T̄ )

S(4,4) =Reρ̄
2v̄− ∂ µ̄

∂ T̄
ρ̄D2(T̄ )

S(4,5) = − ∂ µ̄

∂ T̄
ρ̄D3(v̄)

S(5,1) =
γ−1

γ
PrReT̄ v̄

S(5,2) =2
γ−1

γ
γMa2

µ̄PrD2(ū)

S(5,3) =2
γ−1

γ
γMa2

λ̄µ PrD2(v̄)+4
γ−1

γ
γMa2

µ̄PrD2(v̄)
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S(5,4) =2
γ−1

γ
γMa2

µ̄PrD3(v̄)

S(5,5) = − c̄pPrReρ̄ v̄+2
∂ κ̄

∂ T̄
D2(T̄ )+

γ−1
γ

PrReρ̄ v̄

T:

T (2,2) = − µ̄

T (3,3) = − λ̄µ −2µ̄

T (4,4) = − µ̄ρ̄

T (5,5) = κ̄

U:

U(3,4) = − λ̄µ − µ̄

U(4,3) = − λ̄µ ρ̄− µ̄ρ̄

V:

V (1,1) = ū

V (1,2) = ρ̄

V (2,1) =
1

γMa2 ReT̄

V (2,2) =Reρ̄ ū

V (2,5) =
1

γMa2 Reρ̄

V (3,3) =Reρ̄ ū

V (4,4) =Reρ̄
2ū

V (5,1) =
γ−1

γ
PrReT̄ ū

V (5,5) =
γ−1

γ
PrReρ̄ ū− c̄pPrReρ̄ ū
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AppendixB
Derivation of the adjoint PSE-3D
operators

The formal adjoint L†
p of the direct differential operator Lp (Eq. A.2) can be derived by

the relation

〈q̂†, Lpq̂〉= 〈L†
pq̂†, q̂〉+

∫
ξ

∫
ζ

∫
η

∇ ·K h1h2h3 dη dζ dξ︸ ︷︷ ︸
B.T.

, (B.1)

where the superscript ()† stands for adjoint quantities, K is the bilinear concomitant
describing the boundary terms (B.T.) in the three dimensions, and 〈·, ·〉 is the inner
product for complex-valued functions

〈a, b〉=
∫

ξ

∫
ζ

∫
η

aHbh1h2h3 dη dζ dξ . (B.2)

The adjoint PSE-3D operator L†
p can be obtained by performing integrations by parts

on the leftmost inner product in Eq. B.1, yielding

∫
ξ1

ξ0

∫
ζmax

ζmin

∫
ηmax

0
q̂†H (Lpq̂) h1h2h3 dηdζ dξ = (B.3)∫

ξ1

ξ0

∫
ζmax

ζmin

∫
ηmax

0

(
L†

pq̂†)H q̂h1h2h3 dηdζ dξ (B.4)

+
∫

ξ1

ξ0

∫
ζmax

ζmin

[
q̂†H
(

q̂
(
Q− (m13 +m23−m33)R
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−D3(R)
)
+RD3(q̂) (B.5)

+UD2(q̂)
)
−Rq̂D3(q̂†H)

]ηmax

0
h1h2dζ dξ

+
∫

ξ1

ξ0

∫
ηmax

0

[
q̂†H
(

q̂
(
S− (m12 +m32−m22)T−m13U−D3(U)

−D2(T)
)
+TD2(q̂)

)
(B.6)

− q̂
(

UD3(q̂†H)+TD2(q̂†H)
)]ζmax

ζmin
h1h3dηdξ

+
∫

ζmax

ζmin

∫
ηmax

0

[
q̂†HVq̂

]ξ1

ξ0
h2h3 dηdζ . (B.7)

The first integral on the right-hand side provides the adjoint PSE-3D operator
L†

p = P† +Q†D3 +R†D33 +S†D2 +T†D22 +U†D23 +V†D1 (B.8)
with

P† = PH −D3(QH)− (m13 +m23)QH +D33(RH)+2(m13 +m23−m33)D3(RH)

−D2(SH)−2m12SH +D22(TH)+2(m12−m22 +m32)D2(TH)+D23(UH)

+m12D3(UH)+m13D2(UH)−D1(VH)− (m21 +m31)VH

Q† = −QH +2D3(RH)+2(m13 +m23−m33)RH +D2(UH)+m12UH

R† = RH

S† = −SH +2D2(TH)+2(m12−m22 +m32)TH +D3(UH)+m13UH

T† = TH

U† = UH

V† = −VH

The subsequent integrals on the right-hand side represent the boundary terms, whereby
the last integral B.7 contributes to the optimality conditions that link the direct and
adjoint systems.
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