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Saturation of the ion drift instability in collisional complex plasmas by ion trapping
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Competition between ion trapping and collisional detrapping is considered to be an important issue in the
stabilization of the ion flow instability. The saturation amplitudes in terms of the particle density are derived and
compared to the experimental data.
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I. INTRODUCTION

For some decades, many experimental and theoretical stud-
ies reported the excitation of dust density waves (DDWs)
in various plasma and discharge conditions due to the so-
called ion drift instability, and we refer to the recent review
papers [1–3] and references therein. However, up to now all
theoretical modelings of the ion drift instability have been re-
stricted to the linear stage. At the same time, experiments and
simulations of the wave excitation indicate that DDWs usually
quickly approach a quasistationary state with finite amplitudes
and thus are essentially nonlinear (see, e.g., Refs. [4–8]). In
the nonlinear theory, the wave-particle interaction becomes
an important factor. A wave with a finite amplitude can trap
plasma particles moving with velocities close to the wave
phase speed. This process modifies the initial (presumed)
Maxwellian distribution function and respective dispersion
relation, the instability growth rate or Landau damping, and
enabling “steady-state” modes [9–11].

In this paper, we consider the saturation of the ion drift
instability, incorporating the nonlinear effect of particle-wave
interactions. We suggest a simple approach based on a close
physical similarity between the current-driven ion-acoustic
instability in conventional low-temperature plasmas and ion
drift instability in complex plasmas. Thereby, we focus on the
trapping processes for the lightest plasma species involved
in the wave formation as discussed earlier in Refs. [12–17].
Hence, the plasma ions are assumed to be trapped by the
potential structure of the DDWs. At the same time, the
ion-neutral collisions can suppress the ion trapping. The equi-
librium between these two counteracting processes defines the
saturation amplitude.

The great advantage of a complex plasma is that the wave
amplitudes in terms of particle density can be directly mea-
sured by optical methods and thus provide an opportunity to
verify this mechanism. Below we use as input the amplitude
measurements obtained in the nonlinear wave experiments
of Refs. [8,18,19]. The experimental data are compared with
the respective estimates of the theoretically derived saturation
amplitudes. A favorable comparison of the measured ampli-
tudes with theoretical predictions is a strong indication for the
considered mechanism of saturation of the ion drift instability.

II. SATURATION OF ELECTROSTATIC INSTABILITIES
BY PARTICLE TRAPPING

The linear theory provides only the instability conditions,
specifying a frequency range or a wave-number width that can
be excited, and results in unlimited, exponentially growing
amplitudes. In reality, as the wave achieves a finite ampli-
tude one needs to consider nonlinear processes that eventually
lead to the saturation of the instability. There are many early
theoretical and experimental studies of the interactions be-
tween an electron beam and the plasma waves which aim
at understanding the nonlinear saturation of the electrostatic
instabilities such as the plasma-beam (Buneman) and the ion-
acoustic instabilities (see, e.g., Refs. [11–17,20,21]). It has
been widely accepted that the saturation of the waves occurs in
the following manner: Initially, waves are unstable in a finite
domain of the wave numbers. All these waves grow expo-
nentially out of the thermal noise, but eventually the fastest
growing mode necessarily adsorbs most of the energy so that
it dominates the particle dynamics. A finite amplitude wave
traps plasma particles moving with velocities close to the
wave phase speed vph, and the so-called resonant particles start
to bounce back and forth in the potential structure of the wave
with the bounce frequency ωB = k(eφ/m)1/2 [here, m = me(i)

denotes the electron (ion) mass, k is the wave number, and φ

is the electric potential].
The nonlinear effect of the particle trapping becomes an

essential factor whenever the wave frequency ω turns up to
be significantly below the bounce frequency ωB. This intro-
duces a threshold wave potential. Consider as an example
ion-acoustic waves with a dispersion relation ω � kλDeωpi,
where ωpi and λDe are the ion plasma frequency and electron
Debye length. It turns out that this mode can effectively trap
electrons, already at the level of thermal fluctuations of the
potential φth � √

Te/λDe [12]. Indeed, the condition ω � ωBe

is satisfied when the number of electrons in the electron Debye
sphere obeys (4πn0eλ

3
De)1/2 � mi/me, which is the case for

many discharge plasmas [13].
The trapped resonant plasma particles modify the initial

distribution function f0e(i) tending to create a plateau in the
vicinity of ve(i) ∼ vph with a width of �Vtr ∼ (eφ/me(i) )1/2

in the electron (ion) velocity space. The formation of such
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a local plateau quenches the exponential growth of the wave
amplitudes in the collisionless plasmas [11,16,17]. At the
same time, particle collisions can remove plasma particles
from the trapping region in velocity space. This reduces the
trapping effect, the perturbed distribution function may be-
come Maxwellian again, and the waves can grow to large
values of φ [6,7,12,13].

In Ref. [12] it was considered that collisions can suppress
trapping if the bounce frequency ωB reaches the order of
magnitude of the effective frequency for detrapping νU . Thus,
the condition ωB � νU defines the saturation wave amplitude.
In the case of ion-acoustic waves, the trapped electrons can
become detrapped either due to Coulomb collisions or due to
electron-neutral collisions. For the dominating Coulomb colli-
sions, electrons have to diffuse through an angle ∼(eφ/Te)1/2

which leads to the detrapping frequency νU ∼ (eφ/Te)νC,

where νC is the frequency of Coulomb collisions [13,15]. For
the dominating electron-neutral collisions with the frequency
νen, the detrapping frequency can be estimated as νU ∼
(�Vtr e/VTe)−2νen [22]. Such scenarios of the ion-acoustic
instability saturation have been discussed in experimental,
numerical, and theoretical studies [6,7,13–15].

III. EFFECT OF ION TRAPPING ON DDWs

For standard dust-acoustic waves (DAWs) in typical ex-
perimental conditions, only ion trapping merits consideration,
and the trapped ions induce an additional nonlinear frequency
shift ∝(eφ/Ti )1/2 in the dispersion relation [23]. One can
again formulate a condition of importance of the ion trapping
effect as ωBi = k(eφ/mi )1/2 � ω. Using a simplified disper-
sion relation for DAWs, ω � kuda, leads to eφ/Ti � ω2

pd/ω
2
pi.

In this case, the dust-acoustic speed is given by uda = ωpdλDi

with ωpd and λDi being the dust plasma frequency and ion
Debye length. For micron-sized particles employed in com-
plex plasma research, the term ω2

pd/ω
2
pi is typically extremely

small, ω2
pd/ω

2
pi ∼ miZd/md ∼ 10−9–10−8, where Zd and md

refer to the particle charge number and mass, respectively.
Therefore, even waves with a very small amplitude obeying
eφ/Ti � 1 can trap ions. Qualitatively similar results can be
expected for all dust density waves propagating in variety of
experimental conditions.

Assuming the importance of ion trapping for DDWs, one
has to keep in mind that the ion distribution function (IDF)
in the presence of electric fields and ion-neutral collisions can
deviate from the shifted Maxwellian distribution [24,25]. The
function f0i has a slower exponential decay in the direction
of the ion flow (x axis) than a respective Maxwellian distri-
bution and becomes broader, with an effective “temperature”
increase with the thermal ion Mach number ∝Ti(1 + M2

i ).
Moreover, the IDF maximum is not shifted towards ion veloc-
ities Vx/VTi ∼ Mi, but occurs at lower velocities (see, e.g., in
Fig. 1 in Ref. [25], Vx/VTi � 2 for Mi � 9). Here, the thermal
Mach number stands for Mi = u0/VTi with u0 and VTi being
the ion drift and thermal velocities, respectively.

In the case of the dust density waves, the phase velocity vph

is much lower then the ion thermal velocity, vph � VTi, and
hence the ions will always be trapped in the bulk of their distri-
bution. The resonant interaction covers velocity space vph −
�Vtr/2 < Vx < vph + �Vtr/2, where �Vtr = 2(eφ/mi )1/2

FIG. 1. Collisional detrapping of resonant ions in the bulk of the
ion distribution in the case of DDWs. The figure has been respec-
tively adapted from Ref. [22].

denotes the full ion trapping width. For particles trapped
in the bulk of their distribution, only transverse diffusion
may lead to collisional detrapping and we estimate the
characteristic timescale for the ion detrapping in the same
way as the electron detrapping time in the case of ion-acoustic
waves [22]. Note that in order to correctly account for pitch
angle scattering (transverse diffusion) one needs an additional
velocity space direction V⊥, perpendicular to the direction
of the wave propagation, as schematically shown in Fig. 1.
It is plausible to assume that in this direction the IDF
is Maxwellian. In complex plasmas, the charged species
collide mostly with neutral atoms, and the ion-neutral
collisions represent the main effective mechanism which
can provide for ion detrapping. The average ion scattering
angle θ ∼ �Vtr/VTi (see Fig. 1) gives the characteristic time
for the ion detrapping by transverse collisional diffusion
ν−1

U � θ2/νin ∼ �V 2
tr /(V2

Tiνin). In the latter expression the
ion-neutral collision frequency νin has to be calculated at the
ion velocity V⊥ � VTi.

Following the idea of the nonlinear saturation of the
ion-acoustic instability [12], we assume that the ion drift insta-
bility of DDWs can be suppressed when the ion bounce period
∼ω−1

Bi reaches the order of magnitude of the ion detrapping
time ν−1

U . This provides the equation which determines the
saturation potential φs,

1

k
√

(eφs/mi )
� 4eφs

Tiνin
. (1)

For the dimensionless quantity ϕ = eφs/Ti the solution reads
as

ϕ � 3

√
ν2

in

16k2V 2
Ti

. (2)

Increasing the gas pressure pn yields a higher saturation po-
tential ϕ for the same k. Physically, this means that the growth
of the ion-neutral collisions could reduce ion trapping, so
that a wave with the same wave number k would grow to a
larger ϕ.
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In order to give an idea of the values of the saturation
level (2), we estimate ϕ in the parameter space of some DDW
experiments performed in argon gas. The different normalized
potentials are computed as ϕ ∼ 0.6 for the most unstable wave
number k ∼ 30 cm−1 at pressure pn = 12 Pa in Ref. [26];
ϕ ∼ 1 for k ∼ 20–30 cm−1 at pn = 16.5 Pa [27], and ϕ ∼
1.5 for k ∼ 45 cm−1 at pn = 50 Pa [8]. The attained values
ϕ = eφs/Ti ∼ 1 are consistent with the order of magnitude
estimates of ϕ obtained in the particle-in-cell (PIC) simula-
tions of the ion flow instability in collisional plasmas [6].
However, in order to apply the estimates of ϕ to experimental
data, one needs to determine how the electrostatic potential (2)
is related to the wave amplitudes in terms of the particle
density that can be directly measured. The standard procedure
includes analysis of the wave video images and calculation
of space-time diagrams, where the brightness of the image
is proportional to the local particle density nd . For example,
one can define the DDW amplitudes as dust density varia-
tions δnd with respect to their mean (background) value n0d ,
i.e., δnd/nd0 = |nd − nd0|/nd0.

Explicit expressions for nd (ϕ) can be obtained only for the
most simple cases. For the waves with small finite amplitudes
δnd/n0d < 1, one can expect that the relation between δnd/n0d

and the associated potential φs is close to that given by the
linearized fluid-dynamical dust momentum and continuity
equations, viz.,

δnd

n0d
�

∣∣∣∣− eφsZd k2

ω(ω + iνdn)md

∣∣∣∣, (3)

where νdn denotes the dust-neutral collision frequency. In-
serting the potential ϕ = eφs/Ti in the form of (2) gives the
saturation level of the particle density as

δnd

n0d
� ϕ

k2TiZd

md

√(
ω2

r + γ 2
)[

ω2
r + (γ + νdn)2

] . (4)

Here, ωr and γ refer to the real and imaginary part of the wave
frequency.

Another possibility for evaluating nd (ϕ) is to consider the
initial nonlinear momentum and continuity equations for the
dust component under the assumption of cold particles and
neglecting the dust-neutral collisions. The latter requires that
the nonlinear wave frequency obeys ω � νdn. In this case,
one works in a frame which follows the nonlinear structure,
and all quantities depend on the space variable x and time
variable t through a combination of ς = x − V t , where V
is the velocity of the nonlinear wave. The set of the dust
continuity and momentum equation can be integrated with
vanishing perturbations at ς → ∞ in a standard way (see,
e.g., Ref. [28]), yielding

nd

n0d
= V [V 2 + 2eZdφ/md ]−1/2. (5)

Assuming V � ω/k and φ = φs leads to the saturation ampli-
tude

δnd

n0d
= 1 − 1√

1 + 2ϕk2TiZd/(mdω2)
. (6)

Inserting the complex plasma parameters and wave fre-
quencies in the appropriate Eq. (4) or (6) provides the

saturation amplitude in terms of the particle density for a
given wave number. The validity of the model for saturation
of the ion flow instability can be then verified by comparison
of the obtained theoretical values of δnd/n0d to the respective
experimentally determined wave amplitudes.

IV. COMPARISON WITH EXPERIMENTAL DATA

Successful studies of the nonlinear dust density waves
performed in the ground-based experiments have been re-
cently reported in Refs. [8,18,19]. Microparticles of 4.8 μm
diameter were electrically confined using a glass box in the
argon rf plasma at pressures 372–420 mTorr. The plane-wave
excitation occurred due to a downward ion flow at pn � 420
mTorr and the wave propagation was one dimensional. Video
images of the self-excited DDWs were used for calculation of
the space-time diagram, power spectrum, and the amplitude
detection. The analysis at different gas pressures thus resulted
in the measured wave amplitudes (in terms of the particle
density), wave number, frequency, and growth rate of the
most unstable DDW. For experimental details, a description
of the analysis methods, as well as estimates of the plasma
and particle parameters, we refer to original papers [8,18,19].

While previous studies of the nonlinear waves in Ref. [8]
mostly focused on the wave form and its interpretation as
an exact solution of the Korteweg–de Vries equation, in this
paper, we analyze the wave amplitudes at the final stage of
the ion flow instability. Being close to the linear perturbations
in the upper part of the particle cloud, the waves achieve the
highest amplitudes in the lower part. Hence, for our analysis
we select two types of data associated with the most down-
stream parts of the cloud [so-called regions of interest ROI-4
and ROI-5, identified in Fig. 2(a) of Ref. [8]]. Moreover, in
order to avoid a strong effect of the higher harmonic gen-
eration, that grows with decreasing pressure, we restrict our
analysis to the narrow range of gas pressures in the vicinity of
the instability threshold and consider pn ∼ 404–416 mTorr.

First, we estimate the theoretical saturation amplitudes of
the DDWs due to the ion flow instability in the experimental
parameter space. For this purpose, we employ a set of the
complex plasma parameters in the argon discharge listed in
Table I of Ref. [18]. Moreover, we use the data of Table I of
Ref. [8], where one finds the experimentally measured values
of the wave frequencies f = ω/2π and relative damping rate
νdn/2π f for a given gas pressure. In the regions of interest
ROI-4 and ROI-5 νdn/2π f ∼ 0.7–0.8 and thus for evaluation
of the saturation amplitudes one can use the expression (4)
accounting for the particle-neutral collisions. Furthermore, at
the considered high gas pressures the maximum of the insta-
bility growth rate γ remains much lower than the respective
wave frequency 2π f , and γ can be safely neglected in our fur-
ther calculations. Here, the γ estimate has been computed as
γ ∼ (kiVg) using the highest spatial growth rate ki ∼ 7 cm−1

and the group velocity Vg ∼ 3 cm/s found in the plots in
Figs. 6 and 7 of Ref. [19]. Finally, we take into account that
the nonlinear waves are excited at the same wave number
k ∼ 45 cm−1 independently of the gas pressure.

It is important to notice that even weak nonlinearity of
the system modifies the wave dispersion relation. The latter
becomes dependent on a finite wave amplitude, and thus the
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FIG. 2. Theoretical saturation level (4) and experimental esti-
mates of the wave amplitude δnd/n0d defined through values of
�n/nav and H of Table I in Ref. [8] in two different parts of the
particle cloud, ROI-4 (upper panel) and ROI-5 (lower panel), at
various gas pressures. The regions ROI-4 and ROI-5 are identified
in Fig. 2 of Ref. [8].

measured frequencies f in Table I of Ref. [8] cannot be
directly associated with the linear frequencies ωr , involved
in Eq. (4). In other words, we cannot use the simple rela-
tion ωr = 2π f . To derive the nonlinear dispersion relation,
we apply the approach considered previously for DAWs in
collisionless plasmas [23].

We assume that the measured wave frequency can be pre-
sented in the form f � fL + � f , where fL = ωr/2π denotes
the linear wave frequency. The nonlinear frequency shift � f
that appears due to the trapped ions can be estimated as [23]

� f � −α
ω2

pi

2πk2
�Vtr

[
∂εL(ωr )

∂ω

]−1
∂2( f0i/n0i )

∂V 2
x

∣∣∣∣
ωr/k

, (7)

where n0i refers to the background ion density and εL is the
linear dielectric function. For the propagating DDWs (ωr >

γ ), one can use as a first-order approximation

∂εL(ωr )

∂ω
� 2ω2

pdωr(
ω2

r + ν2
dn

)2 . (8)

In the considered experiments Mi � 2 [18], and the ion
distribution function along the ion flow direction can be ap-
proximated by the Maxwellian IDF with an increased width

∼VTi(1 + M2
i )1/2. For ωr/k � VTi this yields

∂2( f0i/n0i )

∂V 2
x

� − 1√
2πV 3

T (1 + M2
i )3/2

. (9)

Inserting the expressions (8) and (9) into (7) gives a positive
frequency shift � f ∝ √

ϕ and provides the following relation
between the frequencies f and ωr ,

2π f � ωr

(
1 + α

(
ω2

r + ν2
dn

)2√
ϕ

√
2πk2u2

daω
2
r

(
1 + M2

i

)3/2

)
. (10)

Here, the numerical coefficient α depends on the distribu-
tion of the trapped resonant ions [29]. If the wave is driven
slowly with respect to the bounce timescale by an external
force up to a finite amplitude, it evolves to a so-called adi-
abatic distribution of resonant particles and α = 0.544. For
the above-considered plasma parameters, the wave number
k ∼ 45 cm−1, and the potential ϕ ∼ 1, one finds the following
ordering of the characteristic timescales: The bounce time
ω−1

Bi ∼ 10−6–10−5 s is much smaller than the timescale of the
wave growth due to the ion flow instability which is γ −1 ∼
1/(kiVg) � 10−2–10−1 s. Therefore the adiabatic distribution
of the resonant ions is well suited for our estimates.

Using the saturation potential (2) and solving (10) numer-
ically for a given f at a certain pressure yields the respective
wave frequency ωr , that should be inserted into Eq. (4) that
determines the amplitude in terms of particle density. In
our calculations, we consider the average wave number k ∼
45 cm−1, the electric field E ∼ 15 V/cm, and the ion density
n0i ∼ 6 × 108 cm−1, and all other parameters are specified in
Table I of Ref. [18]. Figure 2 illustrates obtained estimates for
δnd/n0d as a function of gas pressure for two different regions
ROI4 and ROI-5. The model indicates a weak decrease of the
saturation amplitude δnd/n0d with gas pressure in both regions
of interests.

Furthermore, we compare the obtained values of δnd/n0d

with respective amplitude measurements given in Table I of
Ref. [8]. In the experiments, the peak-to-peak amplitudes �n
were normalized in two different ways, either to the average
particle density nav or to the minimum observed density H =
�n/nmin. Adapting the measured values of �n/nav and H
to the introduced δnd/n0d leads either to δnd/n0d � �n/2nav

or to δnd/n0d � H/(2 + H ). For a given gas pressure, we
thus have two measured values of δnd/n0d . In Fig. 2, we
superimpose both experimental amplitudes (δnd/n0d ) on the
respective theoretical values. It can be clearly seen that the
theoretical values match well to the trends in the experimental
data, revealing quite good qualitative and quantitative agree-
ment in the considered range of gas pressure for both regions
of interests and the ion flow instability saturates at the level
δnd/n0d ∼ 0.25–0.4.

Before closing this section, it is worth speculating about
the saturation level at significantly lower pressures, when the
DDW resembles a standard dust-acoustic mode. Assuming
ω > νdn, γ , the saturation amplitude follows from Eq. (6)
as δnd/n0d � 1 − [1 + 2(1 + k2λ2

Di )ϕ/p]−1/2, where p refers
to the Havnes parameter p = Zd n0d/n0i. Considering as an
example the parameter space of the earlier mentioned wave
experiment at pn = 16.5 Pa (124 mTorr) [27] and assuming
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p ∼ 1 gives a minimum saturation amplitude δnd/n0d ∼ 0.5.
The obtained estimate of δnd/n0d ∼ 0.5 seems to be consis-
tent with variations of the wave image intensity observed in
the bulk of the particle cloud as shown in Fig. 3(a) of Ref. [27].

V. CONCLUSIONS

In this paper, we discuss a possible mechanism responsi-
ble for the saturation of the ion flow instability in complex
plasmas based on ion trapping that is modified by ion-neutral
collisions. The idea is based on previous studies of the non-
linear saturation of the ion-acoustic instability in conventional
plasmas [12,13] and the close similarity between ion-acoustic
and dust-acoustic waves. The important feature of the de-
scribed approach is a single wave model that is based on the
fact that already at the linear stage, the fastest growing mode
adsorbs most of the energy as it grows and thus strongly domi-
nates the particle-wave interaction. Furthermore, it is assumed
that the equilibrium between the resonant ion trapping by
the wave of a finite amplitude and detrapping by ion-neutral
collisions is a key process in the nonlinear saturation of the
ion flow instability.

In such a scenario, the predicted saturation potentials in
the typical experiments ϕ = eφs/Ti ∼ 1 are consistent with
the order of magnitude of the respective estimates obtained
in PIC simulations [6]. In order to apply the results to specific
wave experiments, the wave amplitudes have been recalcu-
lated as a function of the particle density. Estimations of the
saturation level of the particle density have been performed
in the parameter space of the wave experiments [8,18,19],
based on the linearized relation (4) that was correspondingly
modified in order to account for the nonlinear contribution to
the experimentally measured frequency. Theory leads to the
maximal amplitudes δnd/n0d ∼ 0.3–0.4 slightly decreasing
with the gas pressure (Fig. 2). The theoretically derived values
and the overall trend are fully consistent with the amplitude
measurements of the self-excited DDWs at the bottom of a
dust cloud as described in Ref. [8]. The estimated satura-
tion levels δnd/n0d � 0.5 expected at lower pressures in the

condition of the experiment [27] are also supported by the
measurements.

The agreement between theory and experiments within the
considered plasma conditions seems to be surprisingly good,
keeping in mind some of the simplified assumptions such as
fixed particle charge and density, constant electric field and
wave number, an approximated ion distribution function, etc.
We remark also that we have left aside the generation of higher
harmonics. At the same time, a closer look at Fig. 2 indicates
that the best fit is observed in the ROI-4 part of the cloud,
where the deviations between the theoretical and the experi-
mental amplitudes are ∼10%, while in the most downstream
ROI-5 part they can reach up to 20%. The growing discrep-
ancies in ROI-5 can be explained by the generation of higher
harmonics. In fact, the analysis of the experimental data in
Ref. [19] revealed the appearance of Fourier harmonics of the
fundamental mode in the Fourier spectrum of the DDWs at the
bottom of the dust cloud (ROI-5). The increasing role of the
higher harmonics might additionally influence the dispersion
relation (see, e.g., Ref. [23]) and thus the theoretical estimates
of δnd/n0d .

This theoretical consideration of the saturation of the ion
flow instability, which establishes an agreement of the mea-
sured amplitudes with theoretical predictions, indicates that
competition between ion trapping and collisional detrapping
can be important for the saturation of the ion drift instability.
However, more experiments are required to provide a further
test of the presented saturation mechanism over a wide range
of discharge conditions. At the same time, the experimental
evidence highlights the need for a more complete theory,
accounting for both nonlinear effects, the particle-wave in-
teraction, and harmonic generation, which appears still to be
lacking.
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