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Abstract
Laser altimeters are commonly used in planetary research for their high geodetic accuracy. A key procedure in processing of
laser altimeter data is the geolocation. In this process, the time-of-flight measurements are converted to coordinates of laser
pulse footprints on the surface of the target body. Here, we present a consistent and systematic formulation of three commonly
used geolocation models with increasing complexity: static model, spacecraft motion model, pointing aberration model and
special relativity model. We show that for small velocities of the spacecraft relative to the target the special relativity model
can be reduced to the pointing aberration model without significant loss in the geolocation accuracy. We then discuss the
respective accuracies of the proposed models and apply them to time-of-flight measurements from the Mars Orbiter Laser
Altimeter (MOLA) onboard the Mars Global Surveyor (MGS) spacecraft and the Mercury Laser Altimeter (MLA) onboard
the MErcury Surface, Space ENvironment, GEochemistry and Ranging spacecraft (MESSENGER). While, the archived
datasets had not considered the effect of pointing aberration, we demonstrate that a correction due to pointing aberration
makes insignificant improvements of 4–5m laterally and up to ±3cm radially for MOLA profiles, these figures enormously
increase to up to about 150m laterally and ±25m radially when applied to the MLA orbital profiles.
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1 Introduction

Alaser altimeter is an instrument aiming at a precisemeasure-
ment of distances. The high precision is obtained by accurate
measurement of the time-of-flight (ToF) of short (few ns)
laser pulses. A laser footprint is the spot area illuminated
by a single laser pulse, which varies with the laser beam
divergence angle, the ranging geometry and the encountered
terrain. In planetary exploration, these instruments are very
useful for the derivation of shape and topography of a celes-
tial object (e.g., Perry et al. 2015). By studying the reflected
laser pulse from the surface, it is possible to derive surface
albedo and roughness at footprint scale (Smith et al. 2001a;
Neumann et al. 2016; Smith et al. 2017). Furthermore, differ-
ential rangemeasurements at intersecting profiles (cross-over
points) can be used for tidal deformation measurements
(Mazarico et al. 2014a; Steinbrügge et al. 2015, 2018) and
for precise orbit determination (e.g., Rowlands et al. 1999;
Mazarico et al. 2010). Co-registration of laser altimeter data
with topography information derived from stereo images can
be used for rotation measurements (Stark et al. 2015) and to
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improve the spatial coverage of the merged product (Barker
et al. 2016).

Due to their high measurement accuracy, laser altime-
ters continue to be used in planetary exploration (Huss-
mann 2014; Hussmann et al. 2019). Most recently, we
have seen launches of the BepiColombo Laser Altimeter
(BELA) (Thomas et al. 2007, 2019) onboard the Mercury
Planetary Orbiter (MPO), the OSIRIS-REx Laser Altime-
ter (OLA) (Daly et al. 2017) onboard the Origins Spec-
tral Interpretation Resource Identification Security-Regolith
Explorer (OSIRIS-REx) and the LIght Detection And Rang-
ing (LIDAR) onboard Hayabusa2 (Mizuno et al. 2017).

The concept of the laser altimetry is to measure the
round-trip ToF of laser pulses emitted to the surface and
reflected back at the instrument’s receiver. Currently, four
commonly adopted methods to measure the ToF exist: lead-
ing edge detection, waveform processing and analyzing,
constant fraction discrimination and photon counting (see
Zhou et al. 2017, for details). The ToF measurement itself
is typically performed with an ultra stable oscillator (USO)
featuring a high frequency stability over short time inter-
vals (μs). Typically, the long-term drift and aging of the
laser altimeter USO is such that it requires recurrent cal-
ibration using the spacecraft’s clock (Abshire et al. 2000;
Sun and Neumann 2015). The laser altimeter USO is cali-
brated against the spacecraft clock which is monitored and
calibrated using radio links to Earth. As a consequence, the
ToF measurements are expressed in Barycentric Dynami-
cal Time (TDB) scale, instead of the proper time of the
spacecraft. The implication of this is presented in Sect. 2.4,
and the conversion of these two timescales is detailed Sec-
tion A in Appendices. The measured ToF might require
additional calibration due to broadened return pulses (range
walk) and delays in the receiver electronics (Abshire et al.
2000; Sun and Neumann 2015). Typically, the measured
ToF is downlinked to Earth and associated with a surface
coordinate using auxiliary information from the spacecraft
(trajectory and pointing). The purpose of the here presented
paper is to discusses this critical processing step, the geolo-
cation, and to reveal important differences in the derived
surface coordinates depending on underlying assumptions.
For the Mars Orbiter Laser Altimeter (MOLA) onboard the
Mars Global Surveyor (MGS) spacecraft and the Mercury
Laser Altimeter (MLA) onboard theMErcury Surface, Space
ENvironment, GEochemistry and Ranging (MESSENGER)
spacecraft, there have been some brief descriptions of their
geolocation processes in user guide documents as distributed
with the corresponding data products in the Planetary Data
System (PDS) Geosciences Node (Smith et al. 2003b; Neu-
mann 2016). The difference in the positions of the spacecraft
at laser transmission and reception has been considered.
There are detailed geolocation specifications for some pre-

cise laser altimeters for applications on Earth, e.g., the Ice,
Cloud and Land Elevation Satellite (ICESat) Geoscience
Laser Altimeter System (GLAS) (Shutz and Urban 2014),
recently deployed ICESat-2 Advanced Topographic Laser
Altimeter System (ATLAS) (Luthcke et al. 2019a) and the
Global Ecosystem Dynamics Investigation (GEDI) laser
ranging system (Luthcke et al. 2019b). The ICESat mis-
sions are designed mainly for high-precision measurement
of height change of Earth’s cryosphere, e.g., Antarctic and
Greenland ice sheets and high-altitude mountain glaciers;
thus, any factor that might affect the geolocation will need to
be examined and taken care of. Indeed, both the spacecraft’s
motion during ToF and pointing aberration have been incor-
porated into their geolocation models. In this paper, we will
give a consistent and systematic formulation of three geolo-
cation models: static model (SM), spacecraft motion model
(SMM) and pointing aberration model (PAM). For the two
most typically used models, i.e., SMM and PAM, we will
additionally introduce in the concept of the external observer
which could be any body including the spacecraft itself. In
addition, we will present the novel special relativity model
(SRM) which copes with the special relativity effects due to
the relative velocity of the spacecraftwith respect to the target
body. Furthermore, it will be shown that the pointing aber-
ration correction for PAM could be directly deduced from
SRM under some assumptions. Using the cases of MOLA
and MLA, it will also be shown that for a spacecraft on an
elliptic orbit the effect of pointing aberration, caused by the
relative velocity of the spacecraftwith respect to the observer,
can lead to significant lateral and vertical displacement of
the footprint coordinates. It is worth noting that none of
the geolocation models presented here have dealt with the
inherent orbit, pointing and timing errors which could sig-
nificantly degrade the geolocation process. Thus, additional
calibrations to eliminate these error types are needed to fur-
ther improve the geolocation accuracy, e.g., terrainmatching,
ground-based laser detector approach, cross-over analysis,
satellite commanded maneuver method and so on (Row-
lands et al. 1999; Neumann et al. 2001; Luthcke et al. 2005;
Magruder et al. 2005). In particular, the accuracy of plan-
etary laser altimetry is often limited by significantly larger
unmodeled orbit, attitude errors and less precise transforma-
tion from inertial to planet body-fixed coordinates than in the
terrestrial case.

The paper is structured as follows: In Sect. 2, four geolo-
cation models designed to convert the ToF measurements
to footprint geodetic coordinates will be introduced. This
will be followed by applications of these models to MOLA
and to MLA in Sects. 3 and 4, respectively. Discussions
of the MOLA and MLA results and their implications are
presented in Sect. 5, and finally, conclusions are drawn in
Sect. 6.
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2 Geolocation in laser altimetry

The process of geolocation, i.e., the conversion of ToF mea-
surements to surface coordinates in the body-fixed reference
frame of the target body, can be divided into two steps. In the
first step, the ToF measurements are combined with instru-
ment orientation, spacecraft orbit position and pointing to
retrieve coordinates of the footprints in the International
Celestial Reference Frame (ICRF) centered at the center
of mass (CoM) of the target body. For the computation of
the inertial coordinates r in, we will systematically formulate
three commonly used geolocation models (SM, SMM and
PAM) with increasing complexity and accuracy. Then, we
will present the fourth model, i.e., SRM, to account for the
effects of special relativity and examine its relation to PAM.
Before we discuss these models, we outline the second step
which consists of the transformation of the inertial coordi-
nates to body-fixed coordinates by evaluating an appropriate
rotation model for the target body at the time of the laser
pulse reflection. With r in denoting the inertial coordinates of
the footprint with respect to the CoM of the target body, the
body-fixed coordinates can be obtained by

rbf = Rin→bf(t
∗) · r in, (1)

where rbf are the body-fixed coordinates and t∗ is the time of
the reflection in TDB timescale. The transformation matrix
Rin→bf can be expressed as

Rin→bf = Rz

(
W (t∗ )

)
Rx

(π

2
− δ(t∗)

)
Rz

(π

2
+ α(t∗)

)
,

(2)

with the time-dependent Euler angles α, δ and W denoting
the right ascension, declination and prime meridian angle,
respectively (see Archinal et al. 2018, for details). Rx,z

denotes counterclockwise rotationmatrices about the respec-
tive axis

Rx (θ) =
⎡
⎣
1 0 0
0 cos θ − sin θ

0 sin θ cos θ

⎤
⎦

Rz(θ) =
⎡
⎣
cos θ − sin θ 0
sin θ cos θ 0
0 0 1

⎤
⎦ .

(3)

2.1 Static model

We start with the static model (SM) which is the simplest
among the proposed models. It basically corresponds to the
case where the speed of the spacecraft and hence its relative
motion during ToF are ignored. It is equivalent to the case in
which the speed of light is assumed to reach infinity. Under

S/C&LA

Footprint

CoM of target

ICRF

t*Time (TDB)

rs

rin

r1

v1

ϕ

Fig. 1 Scheme for the laser altimeter measurement within the static
model (SM). r in is the position vector of the footprint, r1 is the laser
pulse one-way transmit vector, rs is the position vector of the spacecraft,
v1 is the velocity vector of the spacecraft relative to the target body,
and φ is the off-nadir angle of the emitted laser beam. All vectors are
evaluated at time t∗ and refer to the ICRF centered at the CoM of the
target body

this assumption, the emission, reflection and detection of the
laser pulse are then condensed to a concurrent event at t∗
(Fig. 1). With these approximations, the derivation of the
inertial coordinates r in is straightforward. The laser pulse
one-way transmit vector r1 (Fig. 1) is obtained by an equation
often cited in connection to laser altimetry

r1 = cτ

2
e1, (4)

where c is the speed of light in vacuum, τ is the ToF and e1 is
the normalized boresight vector denoting the orientation of
the emitter of the laser altimeter. With r1 given, the inertial
coordinates of the footprint are obtained by

r in = rs + r1, (5)

with rs being the positional vector of the spacecraft with
respect to the target’s CoM. The local radius of the target
body at the footprint location rin = |r in| can be expressed as

rin =
√
r2s + r21 − 2 rs · r1 (6)

=
√
r2s + r21 − 2 rsr1 cosφ, (7)

where rs = |rs| is the distance from CoM to the spacecraft,
r1 = |r1| is the one-way range and φ is the off-nadir angle.
Note that Eq. (7) is identical toEq. (2) inAbshire et al. (2000).
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Fig. 2 Scheme of the spacecraft motion model (SMM). r in is the posi-
tional vector of the bounce point with respect to the target body. r1
is the one-way vector of the outgoing leg, while r2 is the receipt leg.
r12 is the vector directed from the spacecraft’s position at t1 to that at
t2 = t1 + τ . The rs(t1) and rs(t2) are the spacecraft’s position vectors
with respect to the CoM of the observer at t1 and t2, respectively. rb(t∗)
is the position vector of the CoM of the target body with respect to the
CoM of the observer at the reflection time t∗

2.2 Spacecraft motionmodel

In the second model, we now account for the spacecraft’s
motion between the transmission and reception of the laser
pulse. The geometry for the spacecraft motionmodel (SMM)
is shown in Fig. 2. To enable for different observers, we
have generalized the observation conditions with an exter-
nal observer which could be any body in the Solar System
including the spacecraft itself. Here, the measured quanti-
ties are the laser transmission time stamp t1 and receipt time
stamp t2 (hence the ToF τ = t2 − t1), while the unknown
to be solved is the footprint positional vector with respect to
the CoM of target body r in at the reflection time t∗. It can be
vividly imaged that a string of length of the two-way range
is attached at the ends to the spacecraft evaluated at laser
transmission rs(t1) and reception rs(t2). The string is pulled
along the laser boresight e1 until it is tight and the point at
which it becomes tight is the bounce point. As in the pre-
vious model, the position vectors of the spacecraft at pulse
transmission rs(t1), at pulse reception rs(t2) and the location

of the target body rb(t∗) can be readily known as long as the
required spacecraft and planetary ephemerides are provided.
With these vectors, the change in spacecraft position during
the ToF is obtained through

r12 = rs(t2) − rs(t1). (8)

Given that r12 is known from spacecraft ephemeris, the angle
θ between r12 and the boresight normalized vector e1 =
ela(t1) at time t1 can be computed by

cos θ = r12 · e1
r12

= v12 · e1
v12

. (9)

Considering the triangle formed by r1, r2 and r12, and apply-
ing the Law of Cosines, one obtains

r21 + r212 − r22 = 2r1r12 cos θ = 2r1r12 · e1. (10)

Another constraint is that the sum of the norms of r1 and r2
corresponding to two sides of the triangle in question equals
the total distance the laser pulse has traveled, and is the two-
way range cτ :

r1 + r2 = cτ. (11)

Combining Eqs. (8)–(11), the geometric solution of the norm
of the emission leg r1 is

r1 = r212 − c2τ 2

2(r12 · e1 − cτ)
= cτ

2

(r12/cτ)2 − 1

r12/cτ · e1 − 1
. (12)

Considering that r12/τ = v12 andusingβ = (
βx , βy, βz

)T =
v12/c, we can write

r1 = cτ

2

β2 − 1

β · e1 − 1
= cτ

2
− δ, (13)

with β = |β| and the range difference δ given by

δ = cτ

2

β · e1 − β2

β · e1 − 1

= cτ

2

(
−β cos θ + β2 sin2 θ

)
+ O(β3). (14)

Following this derivation, the laser pulse is reflected at the
surface at

t∗ = t1 + r1
c

= t1 + τ

2

β2 − 1

β · e1 − 1

= t1 + τ

2
(1 + β cos θ) + O(β2). (15)

When θ ≤ 90◦, then β cos θ ≥ 0, the time of reflection is
thus always longer than or equals a half of ToF t∗ − t1 ≥ τ/2

123



Processing of laser altimeter time-of-flight measurements to geodetic coordinates Page 5 of 23    22 

and the outgoing leg is longer than or equals the receipt leg
r1 ≥ r2.

Finally, the position vector of the bounce point with
respect to the CoM of the target body is given by

r in = r1e1 + rs(t1) − rb(t∗)

= cτ

2

β2 − 1

β · e1 − 1
e1 + rs(t1) − rb

(
t∗

)
. (16)

For small β, we may write

r in = cτ

2
e1 (1 + β cos θ) + rs(t1) − rb(t∗) + O(β2). (17)

If the CoMof the target body is assumed as the observer,
i.e., rb(t∗) = 0, and if we assume that r12 � cτ (β ≈ 0),
Eq. (16) is equivalent to the expression of the static model
described in Sect. 2.1. Typically, β is about 10−5 for space-
craft in planetary orbits or when performing flybys. Such
small values for β might be considered negligible, but can
lead to range differences δ as large as 10 m when ranging in
the direction of the target body (θ = 0) from a distance of
1000 km.Critical for the effect is the productβ ·e1 = β cos θ ,
i.e., the direction of the pulse emission with respect to the
spacecraft’s direction of motion. The more the two direc-
tions coincide (θ ≈ 0 → β cos θ ≈ β), i.e., the higher the
off-nadir angle and/or the higher the orbital eccentricity, the
larger becomes the absolute values of δ. For range measure-
ments performed from a circular orbit with nadir pointing,
i.e., θ = 90◦, the range difference δ is typically below 1
mm and the result is comparable to the static model. These
findings will be confirmed when applying the geolocation
methods to MLA data (large off-nadir angles on an eccentric
orbit) in Sect. 4.

2.3 Pointing aberrationmodel

An important aspect of the geolocation process is the depen-
dence of e1 on the relative velocity of the spacecraft with
respect to the observer. This effect is known as aberration
and can be of significant importance for both the lateral and
radial positions of the laser pulse footprint. Typically, the
orientation of the spacecraft (and consequently of the laser
altimeter transmitter) is expressed with respect to a refer-
ence frame centered at the spacecraft. This implies that in
case another observer than the spacecraft is chosen, Eq. (16)
is only correct when the emission direction e1 is corrected for
aberration. We will therefore present the pointing aberration
model (PAM) which features an observer-independent treat-
ment. The geometry of this model is depicted in Fig. 3. The
pointing aberration model is an extension of the spacecraft
motion model and differs from it only in that it takes the
pointing aberration into account. By applying the velocity

S/C&LA
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r1'θ'
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Fig. 3 Scheme of the pointing aberration model (PAM). The same
nomenclature is applied as shown in Fig. 2. The aberration correction
angle is denoted by 	θ

aberration correction to the initial boresight unit vector e1 to
account for the relative velocity of the spacecraft with respect
to the observer, we obtain the corrected boresight unit vector
e′
1 that defines the one-way vector r

′
1 in Fig. 3. The corrected

boresight vector e′
1 can be obtained by the parallelogram law

of addition of velocity vectors v12 and ce1

e′
1 = v12 + ce1

|v12 + ce1| = e1 + β√
β2 + 2β · e1 + 1

. (18)

Note that Eq. (18) is a nonrelativistic approach which man-
ifests itself in an absolute velocity that can become greater
than the speed of light if the boresight vector e1 has a com-
ponent parallel to v12. However, we find that in practice this
approximation works reasonably well (Bae and Schutz 2002;
Luthcke et al. 2019a, b). A fully relativistic approach will be
presented in Sect. 2.4.

The magnitude of the pointing aberration depends on the
component of the relative velocity of the spacecraft and the
observer v12 that is perpendicular to the laser altimeter initial
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boresight e1 (Bae and Schutz 2002)

	θ = arccos
(
e1 · e′

1

)

= arccos

(
β cos θ + 1√

β2 + 2β cos θ + 1

)

= β sin θ + O
(
β2

)
≈ v12

c
sin θ,

(19)

where θ represents the angular separation between v12 and
the laser altimeter’s uncorrected boresight unit vector e1, i.e.,
cos θ = β · e1/β. As can be observed from Eq. (19), the
aberration correction 	θ increases with the relative velocity
v12, but is minimized for pulse emissions in flight direction,
i.e., θ ≈ 0.

Using the corrected boresight vector, the one-way vector
becomes

r ′
1 = r ′

1e
′
1 = cτ

2

β2 − 1

β · e′
1 − 1

e′
1

= cτ

2

β2 − 1

β2 + β · e1 − √
β2 + 2β · e1 + 1

(e1 + β) .

(20)

Analogous to Sect. 2.2, the time at which the laser pulse is
reflected by the surface is given by t ′∗ = t1 + r ′

1/c and the
position vector of the bounce point with respect to the CoM
of the target body becomes

r ′
in = r ′

1 + rs(t1) − rb(t ′∗). (21)

In contrast to SMM in which pointing aberration has been
neglected, the obtained expression can now be used to obtain
consistent and accurate results for all different observers.
However, for applications concerned with high accuracy of
footprint coordinates, such as cross-over analysis, a relativis-
tic approach should be considered.

For small relative velocities β � 1, the expression in
Eq. (20) can be simplified to

r ′
1 = cτ

2
(e1 + β)

(
1 − 1

2
β2 sin2 θ

)
+ O(β3), (22)

and the one-way range r ′
1 can be expressed as

r ′
1 = cτ

2
− δ = cτ

2
+ cτ

2

(
β cos θ − 1

2
β3 cos θ sin2 θ

)

+O(β4). (23)

Finally, the footprint coordinates can be written as

r ′
in = cτ

2
(e1 + β)

(
1 − 1

2
β2 sin2 θ

)
+ rs(t1)

−rb(t ′∗) + O(β3). (24)

The comparison of the derived expression for r ′
in to the one

obtained in SMM reveals that the boresight vector e1 is now
corrected for aberration indicated by the term e1 + β. If the
spacecraft itself was chosen to be the observer, i.e., β = 0,
then Eq. (24) can be reduced to Eq. (17) in SMM.

2.4 Special relativity model

In the special relativitymodel (SRM), the observables will be
transformed from a quasi-inertial spacecraft-centered ICRF
to one centered at the CoM of the target body, accounting
for the effects of special relativity. The geometry of the spe-
cial relativity model is shown in Fig. 4. Two assumptions
are made to facilitate this process: (1) The relative velocity
of spacecraft and target body v12 remains constant between
transmission and reception of the laser beam and (2) no
effects of general relativity are incorporated.

It is worthmentioning, under the aforementioned assump-
tions, from the spacecraft’s perspective the laser pulse has
been fired at t1, hit the ground at exactly t1 + τ/2 and then
returned at t2. This means that the reflection of the laser
pulse always takes place at the mid of the round-trip ToF.
The directions of the laser pulse’s outgoing and receipt legs
always align with the initial boresight e1 measured at time
tag t1. However, for an observer located elsewhere, e.g., at
the CoM of the target body, the duration and direction of the
outgoing and receipt legs might be observed as different.

We consider two four-vectors with origin at t1 in the
Minkowski space referenced to the spacecraft (left panel of
Fig. 4). The first four-vector connects the events when the
laser pulse leaves the laser altimeter transmitter at t1 and gets
reflected from the target body surface at t1 + τ/2

r1 =
[
cτ/2
r1

]
= cτ

2
e1 = cτ

2

[
1
e1

]
, (25)

where we have made use of the one-way range vector

r1 = cτ

2
e1. (26)

The second four-vector connects the events of laser pulse
emission on the spacecraft and the position of the target body
(with respect to the spacecraft) at laser pulse reflection at
t1 + τ/2

rs(t∗) =
[
c(t∗ − t1)
rs(t∗)

]
=

[
0

rs(t1)

]
+

[
cτ/2

v12τ/2

]
. (27)

Note, as we have assumed that v12 is constant we can simply
compute the position vector between spacecraft and target
by rs(t∗) = rs(t1) + v12τ/2.
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θ

e1

CoM of target

r's(t*)

r'1e'1 r'2

S/C&LA

t'*t'1 t'2

v'12

r'in

Footprint

r's(t1)

z'
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e'1

Λ
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Fig. 4 Scheme of the special relativity model (SRM). The left and right
panels denote the measurement process as observed from the spacecraft
and the target body, respectively. Vectors printed in bold denote (space–
time) four-vectors and those printed in bold and italic denote regular
spatial vectors, i.e., with zero time component. r in is the positional vec-
tor of the bounce point with respect to the target body. r1 is the one-way

four-vectors of the transmission leg. e1 is the four-vector representation
of the boresight direction e1. rs(t∗) is the four-vector of the target body
with respect to the spacecraft at the reflection time t∗. v12 is the relative
velocity vector of the target body with respect to the spacecraft. t is
the proper time of the spacecraft. The definitions are vice versa for the
quantities with primes in the right panel

By computing the difference of these two four-vectors, we
obtain the four-vector for the footprint

rin = r1 − rs(t∗)

=
[
cτ/2
r1

]
−

[
c(t∗ − t1)
rs(t∗)

]
=

[
cτ/2 − cτ/2
r1 − rs(t∗)

]

=
[

0
r1 − rs(t1) − v12τ/2

]
=

[
0
r in

]
. (28)

Thus, observed from the spacecraft the laser pulse is
reflected at t∗ = t1 + τ/2 and the footprint coordinates are
r in = r1− rs(t∗). In order to obtain the corresponding coun-
terparts of quantities as observed from the target body, we
need to apply a Lorentz transformation.

The proper Lorentz transformation boost matrix � from
the spacecraft quasi-inertial reference frame to the target
body quasi-inertial reference frame can be written as (Nolt-
ing 2013)

� =
[

γ −γβT

−γβ L

]

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

γ −γβx −γβy −γβz

−γβx 1 + (γ − 1)
β2
x

β2 (γ − 1)
βxβy

β2 (γ − 1)
βxβz

β2

−γβy (γ − 1)
βyβx

β2 1 + (γ − 1)
β2
y

β2 (γ − 1)
βyβz

β2

−γβz (γ − 1)
βzβx

β2 (γ − 1)
βzβy

β2 1 + (γ − 1)
β2
z

β2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(29)

where β is the norm of β = −v12/c and the Lorentz factor
γ is defined by

γ = 1√
1 − β2

. (30)

Note that v12 denotes the relative velocity vector of the
target body with respect to the spacecraft, which is constant
given the assumptions made at the beginning. The matrix L
is the sliced (spatial) part of � and can be expressed as

L = I + γ − 1

β2 ββT, (31)

where I represents the 3 × 3 identity matrix.
Now the four-vector of the footprint as observed from the

target body can be obtained by

r′
in = � · rin = �

[
0
r in

]

=
[−γβ · r in

L · r in
]

=
[ −γβ · r in
L · (r1 − rs(t∗))

]
. (32)

Finally the r ′
in can be expressed as

r ′
in = L · (

r1 − rs(t∗)
) = r1 − rs(t∗)

+γ − 1

β2

(
ββT

)
· (r1 − rs(t∗)), (33)

Note that the involved quantities rs(t∗) and r1 are still those
which were observed from the spacecraft. In particular, for
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the time of reflection t∗ in the proper timescale of the space-
craft it holds t∗ = t1+τ/2.However, to obtain the body-fixed
position of the footprint on the surface of the target bodywith
Eq. (1) we need to convert τ to TDB timescale. This aspect
is discussed in more detail in Section A in Appendices.

2.5 Relation between PAM and SRM

Theoretically, the pointing aberration can be straightfor-
wardly derived using the Lorentz velocity transformation,
while the Lorentz velocity transformation can be inferred
from the Lorentz transformation by calculation of the deriva-
tive with respect to time on both sides of the equation. Thus,
the pointing aberration correction could also be deduced from
the Lorentz transformation in its general form as represented
by Eq. (29) and PAMwith the targets as the observers should
be nearly identical to SRM with difference on the order of
O(β2) in terms of the pointing correction. Here, we carry out
a two-step analysis to tap into the relation between these two
models: (1) Simplify and approximate the resultant formula
Eq. (33) from SRM and (2) deduce the pointing correction
angle 	θ

′
inferred from SRM to see whether it equals the

pointing aberration correction 	θ as in PAM.
For (1), we first expand the expression for L in Eq. (31)

as series of β

L = I + 1

2
ββT + 3

8
β2ββT + O(β6), (34)

With that, Eq. (33) becomes

r ′
in = r1 − rs(t∗) + 1

2
ββTr1 − 1

2
ββTrs(t∗) + O(β4).(35)

Recalling that r1 = r1e1, we obtain

1

2
ββTr1 = 1

2
r1ββTe1 = 1

2
βr1 cos θβ. (36)

Rearranging terms in Eq. (35) and neglecting ββTrs(t∗) lead
to

r ′
in ≈ r1

(
e1 + 1

2
β cos θβ

)
− rs(t∗). (37)

Compared to the obtained result in PAM, we find that the
boresight direction is now corrected by e1+β cos θβ/2.Note
that the direction of rs(t∗) is opposite to the one used in SMM
and PAM. The one-way range r ′

1 can be approximated to

r ′
1 = |L r1| = r1

(
1 + 1

2
β2 cos2 θ

)
+ O(β4). (38)

The maximum radius error associated with this approxi-
mation can be given by

	 ‖r in‖ ≤ (γ − 1)
∥∥∥ββT · (r1 − rs(t∗))

∥∥∥
≤ (γ − 1)

∥∥∥ββT
∥∥∥ ∥∥r1 − rs(t∗)

∥∥
< β2

∥∥r1 − rs(t∗)
∥∥ . (39)

Thus, this approximation error is solely related to the relative
velocity of the spacecraft with respect to the target and to the
radius of the target at the footprint.

For (2), we first apply the Lorentz transformation on the
one-way range four-vector r1 from Eq. (25)

r′
1 = � · r1 = cτ

2
� ·

[
1
e1

]
= cτ

2

[
γ (1 − β · e1)
−γβ + L · e1

]
. (40)

The time component of the four-vector denotes the ToF τ ′ as
observed by the target body

τ ′ = τγ (1 − β · e1) = τγ (1 − β cos θ) , (41)

which is the classical equation of time dilatation. The spatial
component e′

1 is the corrected boresight vector and can be
expressed as

e
′
1 = L · e1 − γβ = e1 + [

(γ − 1) cos θ − γβ
] β

β
. (42)

The magnitude of e′
1 is then constrained to be

e
′
1 =

√
sin2 θ + γ 2(cos2 θ − 2β cos θ + β2), (43)

which is always less than unity due to the length contrac-
tion effect induced by the special relativity. As in previous
derivations, θ represents the angular separation between the
relative velocity vector of the spacecraft with respect to the
target body v12 and e1 (see also Fig. 3). Finally, the point-
ing correction by SRM 	θ

′
can be calculated as the angular

separation between e
′
1 and e1 as

	θ
′ = arccos

(
e1 · e′

1

e
′
1

)

= arccos

(
1 + [

(γ − 1) cos θ − γβ
]
cos θ

e
′
1

)

= β sin θ + O(β2) ≈ v12

c
sin θ. (44)

Thus, for β12 � 0 the derived expression for 	θ
′
coincides

with 	θ from PAM (Eq. (19)), indicating that SRM can also
be reduced to PAM if we assume that the relative velocity of
the spacecraft with respect to the observer v12 is small.
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2.6 Post-correction of the geolocation

As has already been stated, the performance of the geolo-
cation models described above is often compromised by
significant unmodeled orbit, attitude errors and less precise
rotational parameters that are required to transform the foot-
print inertial coordinates to body-fixed ones, especially in the
planetary case. Due to the lack of a ground truth for valida-
tion and calibration on planetary bodies, the most common
approaches to post-correct the geolocation are the cross-over
analysis (e.g., Neumann et al. 2001; Hu et al. 2013) and
registration to optical stereoscopic Digital Terrain Models
(DTMs) (e.g., Gläser et al. 2013; Barker et al. 2016). For
MOLA, Neumann et al. (2001) has done a global cross-over
analysis with corrections parameterized by slowly varying
functions to adjust the tracks in 3D and to post-correct for
residual spacecraft orbit, timing and pointing errors. The
accuracy of individual footprints after the global cross-over
analysis of MOLA is reported to be about 1 m radially and
within 100 m laterally (Neumann et al. 2001).

3 Application toMOLA

3.1 Selected profiles and preprocessing

The MGS MOLA was inherited from the Mars Observer
Laser Altimeter for which the requirements were a preci-
sion of 1.5 m and an accuracy of 30 m accuracy (Zuber
et al. 1992). Enabled by improved electronics (Abshire et al.
2000) and precision gravity analysis and orbit determina-
tion (Lemoine et al. 2001), the performance of the MGS
MOLAwas substantially improved to be about 30 cm in pre-
cision over smooth terrain. The profile analysis of MOLA
footprints after the cross-over analysis by Neumann et al.
(2001) enabled the detection of the temporal variations in
seasonal CO2 ice/snow depth (Smith et al. 2001b). Up to the
current day, MOLA data are still used extensively for geo-
logical and geophysical applications (Robbins and Hynek
2013; Heavens 2017; Parro et al. 2017). The MOLA Preci-
sion Experiment Data Records (PEDR) dataset Version L (
Smith et al. 2003b, released on May 27, 2003) includes a
total of more than 8600 valid profiles acquired in the map-
ping and extended phases from March 1999 to June 2001. It
contains shot emission times, one-way ranges, laser altimeter
pointing, as well as range corrections and other instrument
and observation characteristics. For this study, five profiles in
the mapping phase numbered orbit 1000, 3000, 5000, 7000
and 8000 have been selected for testing. The locations of the
selected profiles are shown in Fig. 5. They cover latitudes
of up to 86◦S/N due to the inclination of the MGS frozen
orbit and nadir-oriented configuration of MOLA. Some key
measurement characteristics corresponding to these selected

profiles are visualized in Fig. 6. Due to the near-circular orbit
during the mapping and extended phases, the relative veloc-
ity of MGS with respect to the CoM of Mars is around 3.4
km/s. The ranging distance slightly increases from about 370
km at the South Pole to 440 km at the North Pole. Given
the aforementioned MOLA one-way ranging distance (thus
ToF) and relative velocity of MGS, a motion of 8 to 10 m
of the spacecraft with respect to Mars during ToF can be
expected. In addition, MOLA remained nadir-pointed with
off-nadir angle less than 1◦ during operation. In the PEDR
processing, flagged noise returns and shots with missing
attitude information have been excluded from the analysis.
Further, corrections due to the detector response and range
walk have been applied (Neumann et al. 2001). These range
corrections are on the order of meters. Besides timing biases
specific to MOLA, including the MOLA internal timing bias
of 117.1875 ms, the CK time tag adjustment bias of -1.15 s
has been accounted for (Neumann et al. 2001).

3.2 Comparison of SRM and PAM

We have theoretically proved that SRM can reduce to PAM
given some assumptions in Sect. 2.5. Here, SRM and PAM
are compared in the case of MOLA for verification. The dif-
ferences of SRMwith respect to PAMwith Mars as observer
(supplied with the attitude information and refined orbit
model from NAIF (Konopliv et al. 2006)) are within 0.1 mm
laterally and 3 mm radially (Fig. 7). Furthermore, the maxi-
mum approximation errors in radius as indicated in Eq. (39)
are estimated to be∼0.5mmforMOLAprofiles. These errors
are relatively small compared to the differences between
SRM and PAM as shown in Fig. 7. Thus, the effect of the
special relativity could be well compensated by accounting
for a simple pointing aberration correction. We then inves-
tigate the impact of this pointing aberration on the MOLA
geolocation.

3.3 Impact of pointing aberration

The MOLA PEDR dataset has adopted SMM with Mars as
the observer for the geolocation (Smith et al. 2003b). To
investigate the improvement that can be achieved by solely
incorporating the pointing aberration correction, the model
outputs of PAM and SMM, with both using Mars as the
observer, are compared in Fig. 8. The lateral differences do
not show much variation and slowly increase from 4 m at
south to amaximumof 5m toward the north. Themagnitudes
of the radial differences peak at about 3 cm nearly midway
between the equator and the poles (although with different
signs for the ascending and descending tracks) and gradually
decrease to 0.5 cm toward both the northern and southern
ends of the track. The maximum height biases at the cross-
over points of the ascending and descending tracks caused by
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Fig. 5 Location of the selected
five profiles with the color scale
indicating the height with
respect to the IAU2015 Mars
ellipsoid with an equatorial
radius of 3396.19 km and mean
polar radius of 3376.20km
(Archinal et al. 2018). The
background is the 463m per
pixel resolution global greyscale
hillshade of the MOLA Mission
Experiment Gridded Data
Record (MEGDR) (Smith et al.
2003a) in a van der Grinten
projection with a central
meridian of 90◦E

orbit 5000
orbit 3000
orbit 1000

orbit 7000

orbit 8000

North Pole

South Pole

90º E0º E 180º W
90º W60º S

60º N

0º

Fig. 6 MOLA measurement
characteristics versus latitude
for the selected profiles. Top:
relative velocity with respect to
the CoM of Mars. Center:
one-way ranging distance.
Bottom: off-nadir angle
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Fig. 7 Lateral (top) and radial
(bottom) differences of SRM
with respect to PAM with Mars
as the observer for the selected
MOLA profiles

Fig. 8 Lateral (top) and radial
(bottom) differences of PAM
with Mars as observer with
respect to SMM with Mars as
observer for the selected profiles
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Table 1 Statistical summary of the comparison of different geolocation models applied to MOLA

Comparison pair Lateral statistics Radial statistics

Mean RMS Max Mean RMS Max Min

SRM versus PAM Mars as observer 0.0mm 0.0mm 0.0mm −2.2mm 2.2mm −1.6mm −2.8mm

PAM versus SMM Mars as observer 4.4m 4.4m 4.9m −0.8cm 1.8cm 3.2cm −5.6cm

pointing aberration alone can thus only be 6 cm. Therefore,
the effects of pointing aberration for circular orbits as the
case of MOLA are relatively small. This has been expected,
due to the nature of the circular orbit and the nadir pointing of
the laser, especially when the relative velocity of the space-
craft and the observer (Mars) is small [compare Eq. (17) to
Eq (24)].

3.4 Summary

The statistics for comparison of different geolocationmodels
applied toMOLAdataset as shown in Figs. 7 and 8 is given in
Table 1 for better interpretation. The relatively small numbers
in the first row in the table indicates that the effect of the spe-
cial relativity could be well compensated by accounting for
a simple pointing aberration correction. The MOLA PEDR
dataset has adopted SMM with Mars as the observer for the
geolocation, neglecting the pointing aberration or special rel-
ativity effects. But the impact of this neglection is limited to
4 to 5 m laterally and up to ±3 cm (second row in Table 1).
Compared to the accuracy of 100 laterally and approximately
1 m radially of the MOLA PEDR after the global cross-over
analysis Neumann et al. (2001), the impact of the pointing
aberration could thus be largely left unattended.

4 Application toMLA

4.1 Selected profiles and preprocessing

MLA had acquired one profile during each of the two Mer-
cury flybys in 2008 and a total of 3270 profiles had been
obtained in the 4 years fromMarch 2011 to April 2015 in the
orbital phase. Here, the MLA Reduced Data Record (RDR)
MESSSMLA2001 dataset is utilized for the analysis (Neu-
mann 2016). These records contain among others the shot
ToF, firing time, instrument alignment, spacecraft orientation
and quality flags. Here, apart from the two equatorial flyby
profiles numbered 0801141902 and 0810060836, five other
profiles numbered 1104010231, 1204011915, 1304010004,
1404011002 and 1504012318 have been selected out for
tests. These 10-digit naming codes correspond to the Coor-
dinated Universal Time (UTC) time when the first shot in
the respective track was recorded. The distribution of the

selected seven profiles on the surface of Mercury is shown
in Fig. 9. The two flyby profiles run approximately along
the equator, while the other orbital profiles cluster in the
northern hemisphere due to MESSENGER’s eccentric, high
inclination orbit and the limitation of the MLA ranging dis-
tance. The spacecraft speed, altitude and off-nadir pointing
angle when these profiles were acquired are plotted versus
the longitude (flyby profiles) and latitude (orbital profiles)
in Fig. 10. Note that the flyby profile 0810060836 has been
offset by -180◦ in longitude to fit in the depicted range; the
same is done in Figs. 11, 12 and 13. The relative velocity of
MESSENGER with respect to the CoM of Mercury of the
two flyby profiles is located at relatively high values with 6
to 7 km/s compared to 3 to 4 km/s for the orbital profiles.
The one-way ranging distance culminates at 1500 km for the
flyby profiles, while for most of the orbital profiles it grad-
ually increases toward the lower latitudes to a maximum of
1000 km. Constrained by the fact that MESSENGER should
always have its sunshade faced to the Sun, off-nadir angles
generally increase southward and can be as high as 60◦, but
can be almost zero for profiles acquired from a dawn–dusk
orbit, as profile 1304010004 marked in blue–violet in our
case (Fig. 10). The large variations of the measuring charac-
teristics between different orbital profiles are a result of the
orbit correctionmaneuvers (OCMs) and orbital evolution due
to various perturbing forces (Mazarico et al. 2014b). For the
preprocessing, erroneous returns and shotswithmissing laser
start trigger time and pulse width have been filtered out. The
range walk error of MLA (about 0.6 m under ideal condi-
tions) is much smaller than that of MOLA (1 to 3 m) and
is further mitigated by the usage of a variable-gain ampli-
fier (VGA) gain control that allows MLA to accommodate
the wide signal dynamic range resulting from the constantly
changing spacecraft altitude during measurements. There-
fore, the range walk error is neglected. Unlike MOLA, the
corrections to the range offsets due to electronic delays have
already been incorporated in the RDR ToF records, which
vary with different channels and thresholds and can be up to
tens of meters (Sun and Neumann 2015).

4.2 Recomputation of RDRMESSMLA2001

Based on SMM with the Solar System Barycenter (SSB) as
the observer (supplied with the same attitude and orbit ker-
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Fig. 9 Location of the seven
selected profiles with the color
scale indicating the height
defined with respect to the
IAU2015 Mercury sphere with a
radius of 2439.4 km (Archinal
et al. 2018). The background is
the 250m resolution Mercury
Dual Imaging System (MDIS)
global mosaic (Denevi et al.
2017) in a van der Grinten
projection with a central
meridian of 0◦E

flyby 0801141902

South Pole

flyby 0810060836

orbit 1104010231

North Pole

orbit 1304010004
orbit 1204011915

orbit 1404011002
orbit 1504012318

90º E0º
180º E

90º W
60º S

60º N

0º

Fig. 10 MLA measuring
characteristics with respect to
longitude and latitude for the
selected flyby and orbital
profiles, respectively. Top:
relative velocity with respect to
the CoM of Mercury. Center:
one-way ranging distance.
Bottom: off-nadir angle
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Fig. 11 Lateral (top) and radial
(bottom) differences of SMM
with the Solar System
Barycenter (SSB) as observer
with respect to RDR
MESSMLA2001 for the
selected profiles. The lateral
difference is treated here and
after as the geodetic distance
along the IAU2015 Mercury
sphere

nels that theRDRMESSMLA2001has adopted and using the
IAU2015 Mercury rotational model (Archinal et al. 2018)),
we had managed to reproduce the RDR MESSMLA2001
locations. The recomputed footprint locations are then com-
pared to the RDR MESSMLA2001 footprint positions as
shown in Fig. 11. The residuals are below ∼30 cm laterally
and range from ∼-15 cm to ∼5 cm radially. The residuals
are fairly uniformly distributed within the band-like pattern
for each profile, implying the cause to be the representation
errors of relevant values by the RDR MESSMLA2001 files.
Indeed, in these files the longitudes and latitudes in degree
of the footprints are represented to five decimal places with
radii in kilometers to four decimal places, and ToF mea-
surements in nanoseconds are documented to first decimal
place. Besides, the general trends of magnitudes on the order
of several centimeters are due to the Shapiro delay that has
been additionally taken care of in RDR MESSMLA 2001
by iteratively converging to the two-way light time solution
(Neumann 2016) (see also Section C in Appendices). Thus,
the RDR MESSMLA2001 is confirmed to have adopted
SMMprocessing scheme in combination with the SSB being
appointed as the observerwith a small adjustment for Shapiro
delay.

4.3 Comparison of SRM and PAM

As with MOLA in Sect. 3.2, SRM and PAM are compared
in the case of MLA as well. The differences with Mercury

as observer (supplied with the attitude and orbit kernels that
adopted by the RDR MESSMLA2001) are within 2 cm lat-
erally and 6 cm radially (Fig. 12). Mercury is chosen here as
the observer for PAM in order to have a consistent compari-
son with SRM in which the target body is set as the observer
for concise illustration. The maximum approximation errors
as inferred by Eq. (39) are ∼0.5 mm for MLA orbital pro-
files, while this number increases to∼1.3mm forMLAflyby
profiles. Like MOLA, these errors can be neglected com-
pared to the differences between SRM and PAM as shown
in Fig. 12. Thus, the effects of the special relativity could be
aptly compensated by a pointing aberration correction. We
then investigate the impact of this pointing aberration on the
MLA geolocation.

4.4 Impact of pointing aberration

To investigate the improvement that can be achieved on the
MLA RDR MESSMLA2001 by incorporating the pointing
aberration correction, the model outputs of PAM and SMM
both with the SSB as the observer (supplied with the attitude
and orbit kernels that adopted by RDRMESSMLA2001) are
compared in Fig. 13. The lateral differences vary from ∼0
m to up to more than 150 m for the orbital profiles and ∼20
m to ∼100 m for the flyby profiles. The maximum mag-
nitude of the radial differences can be up to ∼25 m top
for the orbital and ∼50 m for the flyby profiles. Note that
the radial differences for ascending and descending tracks
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Fig. 12 Lateral (top) and radial
(bottom) differences of SRM
with respect to PAM with
Mercury as the observer for the
selected MLA profiles

Fig. 13 Lateral (top) and radial
(bottom) differences of PAM
with the SSB as observer with
respect to SMM with the SSB as
observer for the selected profiles
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of the orbital profiles are nearly symmetrically distributed
around zero. The maximum height differences at the cross-
over points of the ascending and descending tracks caused by
pointing aberration can thus be ∼50 m in magnitude when
approaching the equator. Owning to MESSENGER’s highly
eccentric orbit and significantMLA off-nadir pointing angle,
these improvements by accounting for the relative velocity
of MESSENGER with respect to SSB (∼47 km/s on aver-
age with maximum of ∼63 km/s) can be significantly larger
than the ones of MOLA (Fig. 8). Thus, applying the correct
model (PAM) can result in significant improvements of the
MLA geolocation, especially for the flyby profiles [compare
Eq. (17) to Eq. (24)].

To validate the improvements that could be brought
by the pointing aberration correction in terms of RDR
MESSMLA2001, we have compared the height misfits
at cross-overs for RDR MESSMLA2001 and the repro-
cessed RDRMESSMLA2001 using PAMat the Shakespeare
Quadrangle (H3) (22.5◦ to 65◦N and 180◦ to 270◦E).
Before statistical analysis, these height discrepancies have
been edited through a 3-sigma and 8-sigma iterative filter-
ing process, respectively. As a result, 1.1% and 0.1% of
these height misfits have been excluded from analysis for
RDR MESSMLA2001 dataset (122206 left) and the repro-
cessed RDR MESSMLA2001 (95594 left), respectively.
The histograms of these cross-over height misfits for RDR
MESSMLA2001 and reprocessed RDR MESSMLA2001
are shown for comparison in Fig. 14. Note the long-tailing
extreme large discrepancies for RDRMESSMLA2001 com-
pared to the much more concentrated distribution for the
reprocessed RDRMESSMLA2001. After accounting for the
pointing aberration due to the relative velocity of MESSEN-
GERERwith respect to SSB, themean andRMSof the height
misfits at cross-overs have been improved from 11.8 m and
828.5 m to −2.8 m and 300.1 m, respectively, showcasing
the significant improvements that could be brought to RDR
MESSMLA2001 internal consistency after applying the
pointing aberration correction. In addition,wehave also com-
pared the aforementioned results of RDR MESSMLA2001
to the new version of RDRMESSMLA2101 which has ben-
efited from a refined MESSENGER orbit model derived
from a simultaneously reprocessing of the radio tracking
data with the MLA altimeter data (Neumann 2017). The his-
togram of RDR MESSMLA2101 is close to that of RDR
MESSMLA2001 with mean of -13.4 m and RMS of 864.7 m
from 117981 cross-overs, indicating that the errors induced
by pointing aberration still remain in RDRMESSMLA2101.

4.5 Summary

The statistics for comparison of different geolocation mod-
els applied to MLA dataset as shown in Figs. 11, 12 and
13 are summarized in Table 2 for better interpretation. The

centimeter-level numbers in the first row of the table indicate
the MLA RDR MESSMLA2001 dataset has adopted SMM
with SSB as the observer for the geolocation with a small
adjustment for Shapiro delay, neglecting the pointing aber-
ration correction to the boresight. In contrast to MOLA, the
resultant geolocation errors can be up to ∼150 m laterally
and∼ ±25 m radially for the orbital profiles and up to ∼100
m laterally and ∼-50 m radially for the flyby profiles (third
row of Table 2). Concerning cross-over height discrepan-
cies at the Shakespeare Quadrangle (H3), the RMS could be
reduced from 828.5 m for RDR MESSMLA2001 and 864.7
for RDR MESSMLA2101 to 300.1 m for the reprocessed
RDRMESSMLA2001 incorporating the pointing aberration
correction, nearly a threefold improvement in terms of self-
consistency.

5 Discussion

The remarkable improvements in terms of self-consistency
evaluated by the height misfits of cross-overs brought to
RDR MESSMLA2001 by applying the pointing aberration
correction as shown in Fig. 14 could be mainly attributed
to the following factors: (1) along-track gaps up to 440
m between consecutive footprints means significant height
interpolation distances to the cross-overs which would trans-
late to large errors when the underlying terrain features rough
crater rims and central peaks. (2) Large relative velocity of
MESSENGER and SSB of magnitude ∼47 km/s on aver-
age could lead to significant pointing aberration correction
and hence non-negligible lateral and radial shifts, especially
toward the equator where one-way range and off-nadir angle
generally increase (Figs. 10, 13). (3) Owing to the rela-
tive velocity vector of MESSENGER with respect to SSB
being nearly perpendicular to the approximately meridian-
parallel profiles at the Shakespeare Quadrangle (H3), the
lateral shifts could have cross-track components, especially
for profiles collected when MESSENGER was at noon–
midnight orbit. These cross-track displacements are capable
of shifting the intersection points dramatically upwards or
downwards along the near-parallel profiles in question. (4)
The radial shifts for ascending and descending profiles are
nearly symmetrically distributed around zero; thus, the height
misfits could be doubled at cross-overs (Fig. 13). As for
RDRMESSMLA2101, although eachMLA profile has been
adjusted to an existing MLA DTM for refined MESSEN-
GER orbit and MLA pointing, this postprocessing has not
even slightly absorbed the pointing aberration errors. This
could be due to the fact that a constant correction is applied
to each MLA profile, while the pointing aberration errors as
shown in Fig. 13 are largely nonlinear.

Three different kinds of general relativity effects on the
geolocation, i.e., converting the ToF measurement in TDB

123



Processing of laser altimeter time-of-flight measurements to geodetic coordinates Page 17 of 23    22 

Fig. 14 Histogram of the height discrepancies at cross-overs for RDR MESSMLA2001 (blue), the reprocessed RDR MESSMLA2001 accounting
for the pointing aberration (red) and RDR MESSMLA2101 (black) at the Shakespeare Quadrangle (H3)

Table 2 Statistical summary of the comparison of different geolocation models applied to MLA

Comparison pair Lateral statistics Radial statistics

Mean RMS Max Mean RMS Max Min

SMM SSB as observer versus MESSMLA2001 12.9cm 14.2cm 30.6cm −1.6cm 3.4cm 5.0cm −13.1cm

SRM versus PAM Mercury as observer 0.2cm 0.3cm 1.9cm 0.8cm 0.9cm 4.9cm 0.0cm

PAM versus SMM SSB as observer 46.9m 52.1m 161.8m −0.4m 8.2m 28.6m −48.1m

scale to proper time of the spacecraft, errors of the laser pulse
emission time stamps and the Shapiro delay, have also been
examined and are detailed in Appendices. The maximum
Shapiro delay of the transmit one-way leg has been estimated
to be ∼6 mm and ∼9 cm for MOLA and MLA, respectively
(Section C). Thus, for future laser altimeters toMercury with
long-ranging distance, e.g., BELA, the Shapiro delay has also
to be compensated in the geolocation process.

6 Conclusion

We have presented a consistent and systematic formulation
of three commonly used geolocation models which could
account for the spacecraft’s motion during the ToF of the
laser pulse and pointing aberration. Then, the special relativ-
ity model is proposed to compensate for the special relativity

effects. Furthermore, other conceivable effects (e.g., Shapiro
delay) induced by general relativity have been discussed.
Thesemodels have been applied toMOLA andMLAprofiles
as case examples.We have analytically demonstrated that the
special relativity effects can be reduced to a simple point-
ing aberration correction given some assumptions. More
importantly, ignoring the pointing aberration correction can
lead to significant geolocation errors, especially when the
laser altimeter is operating in an off-nadir configuration and
the spacecraft is moving fast with respect to the observer
body. This geolocation errors can be up to ∼150 m later-
ally and ∼ ±25 m radially when applied to the MLA orbital
profiles. Concerning cross-over height discrepancies at the
Shakespeare Quadrangle (H3), the RMS could be improved
by a factor of 3 from 828.5 m for RDR MESSMLA2001
and 864.7 for RDR MESSMLA2101 to 300.1 m for RDR
MESSMLA2001 corrected for the pointing aberration. This
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paper can serve as a processing guide for future laser altime-
try geolocation applications.
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Appendices

Here, we further discuss three other relativistic effects that
have not been considered within SRMmodel which are gen-
erally small, but could be important to consider for future
precise laser altimetry missions.

Appendix A: ToFmeasurement in TDB scale

In Sect. 2.4, τ denotes the proper ToF as measured in the
spacecraft reference frame. But as mentioned before, due
to the calibration of the spacecraft clock and laser altimeter
USO by radio links to Earth, the documented ToF measure-
ments are actually expressed in TDB scale τTDB, not as the
proper time of the spacecraft. The conversion of τTDB to τ

can be done via the time-dependent multiplicative scaling
factor �TDB→proper

τ = τTDB�TDB→proper. (A.1)

�TDB→proper can be deduced by examining the rate deviation
of spacecraft proper time and TDB with respect to Barycen-
tric Coordinate Time (TCB) (Bauer et al. 2017)

�TDB→proper = dclock
dTCB

/
dTDB
dTCB

=
√
1 − 2ϕs/c/c2 − |vs/c SSB|2/c2

1 − Lb
, (A.2)

with ϕs/c being the total gravitational potential at the space-
craft’s location, summed up over all bodies that cannot be
neglected. vs/c SSB represents the relative velocity vector of
the spacecraft with respect to the SSB, while

1 − Lb = 1 − 1.50519768 × 10−8 (A.3)

is the constant scaling of TDBwith respect to the TCB
dTDB
dTCB

(see Bauer et al. 2017, for details). If we assume that themag-
nitude of the relative velocity of the spacecraft with respect
to SSB remains constant for the each measurement process,
then the rate difference between the laser altimeter internal
clock and TDB �TDB→proper is a constant. Since ToF mea-
surements are typically expressed inTDBscale, Eq. (A.1) can
be used to obtain the proper ToF τ as measured by the space-
craft and then further used in the calculations in Sect. 2.4.

Appendix B: Errors in the emission time

While the uncertainty of the time stamps in the MLA RDR
dataset is well below 150μs which is mainly due to the
Shapiro delay unmodeled in the MESSENGER timekeep-
ing system (Cooper et al. 2012), the accuracy of the MGS
Spacecraft Clock Coefficients Kernels (SCLKs), which con-
vert the spacecraft clock ticks to Terrestrial Dynamical Time
(TDT) time, is only 10 ms (corresponding to almost 30 m
on the Martian surface) in the orbital phase (Neumann et al.
2006). This constitutes a significant source of geolocation
error when considering that the mean errors of the refined
MGSorbit have been reduced to less than 2m (Konopliv et al.
2006). The laser timing is affected by the clock’s drift and
aging and also the relativity effects. If each of these factors
could be accurately modeled, then the errors of the footprint
emission time stamps could be significantly lowered, con-
tributing to more rigorous and precise geolocation. Here, we
have investigated the effects of gravitational potential at the
spacecraft’s location and its relative velocity with respect to
the SSB on the MGS onboard clock rate as in Bauer et al.
(2017). The result for the MGS mapping phase is plotted in
the top panel of Fig. 15. Variations due toMGS’s orbit around
the Sun and Mars (see the inset) are visible with an average
difference of ∼ 5.5 × 10−9 s/s. Meanwhile, we have con-
verted the TDT time tags documented in the MGS SCLKs to
TDB timestamps and calculated the normalized deviation of
the MGS onboard clock rate with respect to TDB (Fig. 15,
bottom). Apparently, relativistic effects only account for a
small fraction (a maximum of ∼0.06) of the total deviations
(more than 110 × 10−9 s/s at the beginning of the map-
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Fig. 15 MGS onboard clock
rate deviation with respect to
TDB during the MGS mapping
phase. Top: rate deviation
induced by the effects of
relativity, the inset shows a
zoomed view of the periodic
variations inflicted by the
gravity of Mars over one Earth
day; Bottom: total rate deviation
indicated by the MGS SCLK
piecewise linear fitting. Grey
shade denotes the period of the
solar conjunction

ping phase and increasing with mission elapsed time); the
most influential factors are still the drift of the MGS clock
itself. Unfortunately, the deterministic clock model was not
revealed to the public, also gaps from solar conjunction and
other causes exist; therefore, we did not attempt to further
refine the MOLA emission time.

Appendix C: Shapiro delay

When the light propagates in a gravitational well, the coor-
dinate velocity of light will be reduced to below c and a
bending of the light path will occur. Thus, the light will
travel an extra distance. These two effects will add up to the
Shapiro delay (Shapiro 1964). We adopt the one-way light-
time solution between any two points in the Solar System
barycentric space–time frame to estimate the prolongation of
the MLA one-way down-leg light path inflicted by Shapiro
delay (Moyer 2005; Turyshev et al. 2010):

c(t2 − t1) = r12 +
n∑

B=1

(1 + γ )μB

c2

ln

[
rB1 + rB2 + rB12
rB1 + rB2 − rB12

]
+ O(c−4). (A.4)

B denotes a celestial body in the Solar System. The μB term
denotes the accumulating retardation effect of the celestial
bodies. t1 refers to the emission time of the laser pulse and
t2 is the reflection time on the surface of the target body. r1
is the linear distance of the spacecraft with respect to the
gravitational body at emission time, r2 is the distance from
the bounce point to the gravitational body at the reflection
time. r12 is the relativistically uncorrected linear range of the
transmit one-way leg. γ is one of the ten parameters in the
parameterized post-Newtonian (PPN) formalism. μB is the
standard gravitational parameter of a celestial body.

The potential upper limit of the impact of each grav-
itational body in the Solar System is estimated separately
to infer the maximum delay MOLA and MLA might have
experienced. For MOLA, mostly nadir-pointed in the map-
ping phase, the one-way distance r12 ranges from 368 to 438
km. We use the maximum distance for the error estimation.
The Shapiro delay inflicted on the MOLA transmit one-way
leg by the Sun is at its maximum when Mars is at its peri-
helion (25 November 1999). For simplicity, we focus on the
two extreme cases, which are (1) Mars being in opposition
to the MGS spacecraft and (2) the MGS spacecraft being in
opposition to Mars (top left and top right in Fig. 16, respec-
tively). In these two cases, r1 and r2 can be easily related to R,
d and r12 as embedded in the geometry. Here, R is the mean
radius of Mars and d is the Mars–Sun distance at perihelion
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Fig. 16 Top: two extreme cases
used to constrain the maximum
prolongation on the MOLA
transmit leg by the Sun. Bottom:
configuration where the MGS
altitude and the gravitational
delay impact of Mars maximize

Perihelion

Mars OrbitTerminator

View From Mars
North Pole

Perihelion

Mars OrbitTerminator

View From Mars
North Pole

MGS Orbit

Mars  

Fig. 17 Top: two extreme cases
used to constrain the maximum
prolongation on the MLA
transmit leg induced by the
gravitational field of the Sun.
Bottom: configuration when the
MLA ranging distance is the
longest and the gravitational
delay impact of Mercury peaks.
Here, R is the mean radius of
Mercury and d is the distance
between Mercury’s perihelion
and the Sun

Perihelion

Mercury OrbitTerminator

View From Mercury
North Pole

Perihelion

Mercury OrbitTerminator

View From Mercury
North Pole

MESSENGER 
Dawn-dusk Orbit

Mercury
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(see Fig. 16). Inserting these parameters into the second term
of Eq. (A.4), both scenarios yield nearly identical maximum
range prolongation of 6.3 mm as for the impact of the Sun.
When it comes to Mars, assuming it to be a point source of
gravity, then the impact peaks at 0.12 mm when MGS is at
apoapsis where the maximum ranging distance is reached
(over the North Pole, see bottom panel in Fig. 16). For other
planets, the impacts are all at least two order of magnitudes
smaller than the impact of Mars itself and can be neglected.
Thus, the maximum prolongation exerted on MOLA’s one-
way range by all the gravitational bodies in the Solar System
is less than 1 cm. Among MGS orbit and attitude errors and
MOLA timing errors, the Shapiro delay for MOLA could
thus be largely neglected during geolocation.

MLA can successfully perform range measurements up
to 1500 km altitude, assuming nadir operation in an eccen-
tric dawn–dusk orbit (Zuber et al. 2012). Thus, the MLA
one-way distance of r12 is set to 1500 km to estimate the
maximum gravitational delay MLA might experience. The
maximum impact exerted by Sun occurs when Mercury is at
perihelion. As with MOLA, we consider two extreme sce-
narios to constrain the magnitude (see Fig. 17). r1 denotes
the distance of the Sun to MESSENGER and r2 denotes the
distance of the Sun to the bounce point, which can be readily
known given their simple geometric relations with respect
to R, d and r12. Using the formalism discussed before, the
two extreme cases yield similar range prolongation of 9.4
cm with a difference on the order of 0.01 mm; thus, the max-
imum gravitational delay of Sun on MLA one-way leg is
∼ 9.4 cm. Similarly, for the impact of Mercury itself, the
maximum is when MESSENGER is in a dawn–dusk orbit
and the ranging distance reaches the maximum of 1500 km
in a nadir pointing configuration (bottom plot in Fig. 17).
The corresponding range prolongation for the transmit leg
is then calculated to be 0.46 mm. For all other bodies, the
impacts are all at least two order of magnitudes smaller than
that of Mercury and can be neglected. Thus, the maximum
prolongation exerted on MLA one-way range due to Shapiro
delay is ∼9 cm. Future laser altimeter missions to Mercury
with the aim of achieving centimeter-level ranging accuracy
should take the Shapiro delay into careful consideration.
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