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ABSTRACT: Braking forces occurring during emergency brake applications of passenger trains are 

generated by disc brake units. The acting friction forces depend on the frictional properties between disc 

and brake pad and are influenced by relative velocity, temperatures and normal pressure of the contacting 

surfaces. In this work a mathematical model is developed which aims to link these influencing variables to 

the instantaneous acting friction coefficient in order to include the characteristic behavior of friction forces 

in the calculation of longitudinal dynamics of railway vehicles. The model is identified by the use of data 

recorded on a full-scale dynamometer test rig and verified regarding the estimation of the brake distance.  
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1. Introduction 

The brake distance is a key requirement which a brake system of a railway vehicle has to meet, especially 

in emergency cases. Its early prediction is an important task during the development of railway brake 

systems and is conducted by applying calculations from the very beginning of the design based on 

standards, such as DIN EN 14531-1/2 [1] [2]. In these calculations frictional forces of disc brakes are 

usually taken into account by using a constant mean value as soon as the brake cylinders are fully actuated.  

However, measurements recorded during emergency brake applications of railway vehicles reveal that the 

deceleration of the train may vary strongly after the maximum pressure in the brake cylinders is reached. 

For a passenger train equipped with pneumatically actuated wheel-disc brakes this behavior is shown in 

Figure 1. The measured deceleration curves of different emergency brake applications with varying initial 

velocities are characterized by a mostly increasing progression. Furthermore, the curves indicate that the 

initial velocity has a major influence on the rate of growth during the brake phase. An increasing initial 

velocity seems to yield a decreasing maximum deceleration. In case of 𝑣0 =100km/h the initial deceleration 

changes by more than 30%, whereas a change of less than 20% is observed for 𝑣0 =160 km/h.  

As one can see from the first seconds in Figure 1 the deceleration caused by resistance forces is small in 

comparison to the total deceleration when the disc brakes are acting. In addition, the measurements are 

recorded on a flat and straight track and the driving resistance forces are decreasing with declining velocity. 

It follows that the brake system is mainly responsible for the varying deceleration. Furthermore, the 

measurements were conducted on regular track conditions and therefore the acting tangential contact forces 

between wheel and rail during braking were smaller than the limits of adhesion. Thus, no macroscopic 

skidding of the wheels on the track was present during braking. The change of deceleration is therefore 

caused by the brake torques of the disc brakes. However, the brake cylinder pressure and accordingly the 

normal forces acting on the brake pads are independent of the initial velocity and remain constant as soon 

as the maximum value is reached, as shown in Figure 2. In conclusion, the root cause of the varying brake 

torques must be linked to the frictional forces transmitted at the surface of the disc brakes. 
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Figure 1: Scaled representation of measured deceleration during emergency brake applications of a 

passenger train with varying initial velocities 

 

Figure 2: Scaled representation of measured brake cylinder pressure during emergency brake 

applications of a passenger train with varying initial velocities 

During braking the frictional boundary layer between disc and pads is exposed to high thermo-mechanical 

loads and relative movement. In this case more than 20 kN are pressing the single pads against the disc and 

the maximum frictional velocity at the beginning of the brake phase ranges from 65 km/h to 105 km/h. 

Depending on the transformed amount of energy, these external loads and operating conditions induce a 

change of frictional properties between pad and disc that is responsible for the varying brake torques. The 

instantaneous deceleration and the resulting brake distance are therefore strongly correlated to the acting 

friction coefficient. Its early prediction becomes a crucial task for the design of the entire brake system. 
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Different empirical approaches have been proposed in [3], [4] and [5] to estimate the instantaneous friction 

coefficient of railway vehicles based on numerical simulation. With the exception of [5], however, these 

approaches have their origin in the analysis of railway tread brakes and not disc brakes. Furthermore, all 

approaches are based on the imitation of the friction forces and lack a deeper analysis of the actual friction 

phenomena of disc brakes. This work aims to fill this gap by identifying a friction model that explains the 

characteristic behavior of railway disc brakes based on physical friction phenomena. 

The goal of this work is to derive a mathematical model for the instantaneous friction coefficient based on 

measurements recorded during a standard testing procedure of a wheel-mounted disc brake on a full-scale 

dynamometer test rig. The chosen approach interconnects the rate of change of the friction coefficient 

between brake pad and disc with growth and destruction of contact patches in the frictional boundary layer. 

The idea of the presented concept is based on the work of Ostermeyer [6] [7] in the context of automotive 

applications and requires the identification of terms primarily influencing the frictional properties of 

railway disc brakes. A nonlinear, first order differential equation is derived which correlates the change of 

friction coefficient to mechanical and thermal loads.  

In Chapter 2 an overview of different mathematical models for the numerical simulation of friction 

phenomena is given and the chosen method is presented. In Chapter 3 the measurement set-up and data are 

presented. Subsequently, the data is used in Chapter 4 to identify the model and its parameters based on 

emergency brake applications with varying initial velocities and external loads. The model parameters are 

tuned by the use of numerical optimization. In order to verify the results, the calculated brake distances are 

compared to the measured ones in Chapter 5. Finally, a conclusion and an outlook for future work are given. 
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2. Friction models 

2.1 General approaches for numerical simulation 

Friction phenomena are the result of many different mechanisms that occur between contacting bodies 

depending on surface topography, contact geometry and materials, displacement, relative velocity, wear, 

normal contact forces, temperature, adhesion and lubrication [8]. Consequently, there is a huge variety of 

models that aim to describe tangential friction forces for different applications, scales and domains. In [9] 

and [10] an overview of the variety of models applied in numerical simulation is given. Starting from 

classical models, such as Coulomb Friction that connects the tangential friction force 𝐹𝑇 with the normal 

force 𝐹𝑁 by the friction coefficient 𝜇 

𝐹𝑇 = 𝜇 ∙ 𝐹𝑁, (1) 

more sophisticated models are presented, e.g. Armstrong’s Model. These models differentiate between 

sliding and sticking and consider the dependency of friction on the relative velocity. In contrast to quasi-

static models, which are mostly algebraic equations, dynamic models consider transition regions between 

different regimes to be continuous by introducing differential equations for the friction force. Beside the 

enhanced eligibility for the numerical solution, dynamic models are able to capture the transfer behavior 

between friction forces and variable external loads. 

2.2 Modelling approaches for disc brakes 

Friction phenomena occurring in disc brakes of ground vehicles are primarily characterized by the large 

amount of energy transformed in the contact region during braking. Therefore, disc and brake pad are 

exposed to large ranges of frictional velocity and external loads, such as frictional and normal forces as 

well as temperatures. Beside the resulting varying friction forces, a dependency of frictional properties on 

the load history might occur, as analyzed in [11]. Furthermore, vehicle disc brakes operate under 

environmental conditions including moisture, ice, impurities and vibrations, which influence the frictional 

properties. Additionally, brake squeal and creaking induced by stick-slip effects and self-induced vibrations 

are common problems closely linked to the frictional behavior of disc brakes. The briefly described 

complexity of the brake process yields a broad spectrum of friction models in order to analyze various 

problems of disc brakes, as discussed in [12]. The numerical analysis of longitudinal dynamics of vehicles 
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during braking is in general performed by applying the Coulomb Friction Model in equation (1) for disc 

brake forces in conjunction with a variable or constant friction coefficient. This is an effective method to 

include complex friction processes depending on diverse external loads in calculation models. Table 1 

shows different static and dynamic approaches to model the friction coefficient applied for friction brakes 

of railway and automotive vehicles.   

Table 1: Models for the friction coefficient of disc and tread brakes of railway vehicles (Rail.) and 

disc brakes of automotive vehicles (Auto.). The meaning of the parameters is given in the 

references. 

Model Formula for friction coefficient 𝜇 Appl. 

Constant [1] 𝜇 = 𝜇𝑚𝑒𝑎𝑛 Rail. 

Karwatzki [4] 𝜇 = 𝑘1 ∙ (
𝐹𝑁 + 𝑘2

𝐹𝑁 + 𝑘3

) ∙ (
𝑣 + 𝑘4

𝑣 + 𝑘5

) Rail. 

Gralla [4] 𝜇 = 𝐴 ∙ 𝑃 ∙ 𝑉 ∙ 𝑊 Rail. 

Cantone [3] 𝜇 = 𝑎0 + 𝑎1 ∙ 𝑣 + 𝑎2 ∙ 𝑣2 + 𝑎3 ∙ 𝑣3 ⋯ Rail. 

Lee [5] 𝜇 = 𝜇0 ∙ (𝑛𝑣𝑒−𝑚𝑣∙𝑣 + 1) ∙ (𝑛𝑇𝑒−𝑚𝑇∙𝑇𝑑 + 1) Rail. 

Rhee [13] 𝜇 = 𝑘 ∙ 𝐹𝑁
𝑎 ∙ 𝑣𝑏  Auto. 

Loh [14] 𝜇 = 𝑎 + 𝑏 ∙ 𝑒−
𝑡
𝑐 Auto. 

Velimir [15] 𝐼𝑛𝑝𝑢𝑡 → 𝑁𝑒𝑢𝑟𝑎𝑙 𝑁𝑒𝑡𝑤𝑜𝑟𝑘 → 𝜇 Auto. 

Ostermeyer [7] �̇� = 𝑓𝐺(𝜇, 𝑠1, 𝑠2, … ) − 𝑓𝐷(𝜇, 𝑠1, 𝑠2, … ) Auto. 

 

In comparison to most of the other approaches the usage of a constant friction coefficient representing the 

mean value of the coefficient 𝜇𝑚𝑒𝑎𝑛 over time, velocity or distance allows for a solution of longitudinal 

dynamics without numerical integration. However, it is not possible to retrace the time dependent dynamics 

of the brake forces. 

In order to describe brake forces produced by tread brakes of freight trains Karwatzki and Gralla developed 

empirical formulas for the friction coefficient taking into account normal force 𝐹𝑁, velocity  𝑣 and the 

configuration of train and brake pads [4]. In contrast to the model of Karwatzki, which is a single formula 

with five parameters 𝑘𝑖, the model of Gralla consists of four terms 𝐴, 𝑃, 𝑉 and 𝑊, depending on initial and 

instantaneous velocity, friction work and brake type. Another approach originating from tread brakes is the 

use of polynomial regression depending on the velocity suggested by Cantone in [3]. In this work two 

methods are presented in which the parameters 𝑎𝑖 are fitted to datasets with varying normal forces and 
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initial velocity. Although, the frictional behavior in tread brakes varies stronger than in disc brakes during 

braking [16], the models of Gralla, Karwatzki and Cantone are also applied for the friction coefficient of 

disc brakes.  

Lee proposes in [5] an exponential equation for the friction coefficient that depends on the vehicle speed 

and, in contrast to the other mentioned approaches in railway applications, on the disc temperature 𝑇𝑑. As 

shown in [13], the correlation of disc temperature and friction coefficient in automotive disc brakes has 

already been proposed by Rhee in 1974. Here, the exponents 𝑎 und 𝑏 are a set of parameters depending on 

the temperature.  

Based on the observed dynamics of the friction coefficient in automotive brakes Loh et al. developed a 

model for the friction coefficient based on a differential equation to describe a time dependent growth 

process [14]. For each load case, characterized by normal force, initial velocity and material of the brake 

lining, the parameters of the model 𝑎, 𝑏 and 𝑐 are fitted individually. 

In [15] Velimir analyzes the use of artificial neural networks for the estimation of the friction coefficient of 

disc brakes. In this approach, a network of artificial neurons is trained to reproduce the friction coefficient 

depending on input data, such as external loads, environmental conditions and material. The results, 

however, strongly dependent on the data basis and the network design.  

Based on the detailed analysis of the processes taking place in the frictional boundary layer between disc 

and pad Ostermeyer proposes a model for the derivative of friction coefficient with respect to time �̇� [7]. 

Due to a rough topography of the contacting surfaces, forces between pad and disc are primarily transmitted 

by certain zones of the pad surface [6] [7]. These so-called patches are the actual contact areas between pad 

and disc. The bigger the contact area, the higher the capability of transmitting frictional forces. It is therefore 

proposed that the friction coefficient can be linked to the total patch area [6]. The basic idea of the model 

approach implies that the dynamic of the friction coefficient �̇� is determined by processes affecting both 

growth 𝑓𝐺  and destruction 𝑓𝐷 of patch areas. As discussed in [7], diverse processes regulate the evolution 

of patches, which are in turn dependent on influencing factors 𝑠𝑖, such as the amount of abrasion, 

temperature of contacting materials or friction power. These are dynamic quantities themselves and might 
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be coupled to each other and external loads. Consequently, friction is considered as control loop which can 

be described by a system of differential equations [7]. 

2.3 Model choice 

In comparison to the other discussed models, Ostermeyer’s approach is not focusing on the imitation of the 

measured behavior, but tries to retrace the actual root causes of friction and its dynamics. Consequently, it 

is assumed that a model based on this approach captures the frictional behavior for multiple load cases 

without using individual parameters for each load case, as proposed by Gralla, Cantone, Loh and Rhee. In 

comparison to neural networks and polynomial regression, which are non-physical methods, the application 

of this model approach additionally supports an enhanced understanding of frictional processes taking place 

in railway disc brakes. Investigating and retracing these processes seems to be a promising method to 

provide individual models for commonly applied types of brake pads, discs and materials. Finally, the use 

of differential equations might enable to consider load history effects, for instance by assigning the initial 

value of the friction coefficient depending on previous loads. For the above mentioned reasons, a model 

based on the approach of Ostermeyer shall be developed and identified in this work and verified regarding 

its suitability for railway disc brakes.  

3. Data basis 

A model based on the chosen approach is identified using measurements from a full-scale dynamometer 

test rig. The test rig is placed at KNORR-BREMSE SfS GmbH and applied for the evaluation of disc brakes 

and pads in conjunction with brake caliper units during the design of brake systems according to the 

requirements of standards, e.g. given in [17], and customers. 

3.1 Measurement set-up  

A simplified sketch of the test rig and the acting forces is drawn in Figure 3. The disc brake or wheel-disc 

brake is mounted on an axle and connected to the inertia dynamometer in order to simulate an adjustable 

rotating inertia 𝑚𝑒𝑓𝑓 . The brake torque 𝑇𝐵 is generated by a single caliper unit and is actuated by the brake 

cylinder pressure 𝑝𝐶 .  
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Figure 3: Simplified sketch of dynamometer test rig applied for wheel-disc brake 

The force acting on the piston of the brake cylinder is transmitted via the caliper to the normal force 𝐹𝑁. 

This force presses the brake pads against each side of the disc. Consequently, the total friction force 𝐹𝐹𝑟 

results from two friction contacts, and thus two coefficients 𝜇1/2, respectively. 

𝐹𝐹𝑟 = 𝐹𝐹𝑟1 + 𝐹𝐹𝑟2 = 𝐹𝑁 ∙ (𝜇1 + 𝜇2) (2) 

Assuming the friction forces 𝐹𝐹𝑟1/2 act on the same distance 𝑟𝐹𝑟  in relation to the center of the axle, the 

brake torque is given by:  

𝑇𝐵 = 𝑟𝐹𝑟 ∙ 𝐹𝐹𝑟 = 𝑟𝐹𝑟 ∙ 𝐹𝑁 ∙ (𝜇1 + 𝜇2) (3) 

The estimation of the instantaneous acting friction coefficient using this set-up is based on the measurement 

of the brake torque and the cylinder pressure, respectively the normal forces: 

𝜇1 + 𝜇2 =
𝑇𝐵

𝑟𝐹𝑟 ∙ 𝐹𝑁

 (4) 

With this set-up it is not possible to measure the single friction forces 𝐹𝐹𝑟1/2 and therefore to distinguish 

between 𝜇1 and 𝜇2. Assuming they are equal 

𝜇1 = 𝜇2 = 𝜇, (5) 

and introducing the total clamping force 𝐹𝐶, it follows: 

𝜇 =
𝑇𝐵

𝑟𝐹𝑟 ∙ 2 ∙ 𝐹𝑁

=
𝑇𝐵

𝑟𝐹𝑟 ∙ 𝐹𝐶

 (6) 

Beside the estimation of the friction coefficient the rotational speed �̇� is measured, which is related to the 

vehicle speed 𝑣 by the wheel radius 𝑟𝑊, respectively the friction velocity 𝑣𝐹𝑟  by the friction radius 𝑟𝐹𝑟: 
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�̇� =
𝑣

𝑟𝑊

=
𝑣𝐹𝑟

𝑟𝐹𝑟

 (7) 

Furthermore, the temperature of the disc is measured at three different radii, located in the middle radius 

and close to the inner and outer radius. All measurement positions are located close to the surface on both 

of the disc sides, yielding six measurement positions. These measurements represent the temperature 

evolution in the disc near the actual friction contact. 

3.2 Measurement data 

The measurement data provided for this work is part of a standard UIC test program, specified in [17]. 

According to this procedure, emergency brake applications with varying loads, brake modes, effective 

masses, initial velocities and disc temperatures as well as environmental conditions are performed in a 

predefined order. The selected measurements simulate a wheel-mounted disc brake, made of cast steel, that 

operates under dry conditions without an additional electrodynamic brake. The brake pad is a so-called 

UIC200 dovetail according to [17], which is a standard type applied for railway disc brakes. It is made of 

sintered copper and iron powder. The basic pad properties are given in Table 2. 

Table 2: Basic properties of investigated sinter brake pad  

Limits of application Physical data 

Max. velocity 380 km/h 
Nominal friction 

coefficient 
0.35 - 0.40 

Max. pressure 120 N/cm2 Thermal Conductivity 39 W/mK 

Max. permanent temperature 700°C Specific thermal capacity 0.46 J/gK 

Max. instantaneous 

temperature 
900°C Hardness Brinell 22 

 

During a single run six brake procedures with the same clamping force and effective mass are carried out 

for varying initial velocities. The chosen dataset consists of three runs with different clamping forces, 

yielding 18 load cases, as shown in Table 3. A scaled representation of train velocity 𝑣, clamping force 𝐹𝐶, 

mean disc temperature of all 6 measurement positions 𝑇𝐷 and acting friction coefficient 𝜇 of each run is 

depicted in Figure 4, Figure 5 and Figure 6. In order to guarantee similar initial conditions, the initial disc 

temperature needs to fall below a certain value before the next brake process is performed during a single 

run. For presentation purposes the time axis in the graphs is reduced to the brake processes. The cooling 

process of the brake disc is therefore not visible in these figures. 
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In all three runs the friction coefficient strongly increases during brake applications with initial velocities 

below 100 km/h, resulting in a change between initial and final values of more than 30 %. At higher 

velocities a weakening of growth is observed during the first half of the brake process. This impact increases 

with larger clamping forces and initial velocities. Simultaneously, the mean disc temperature increases with 

larger clamping forces and initial velocities, due to a higher amount of energy which is transformed during 

braking. In case of 200km/h and 55kN the maximum mean temperature is reached and a reduction of the 

friction coefficient during the first half of the brake process is identified. The evolution of the estimated 

instantaneous friction coefficient on the test rig shows qualitative similarities to the measured train 

deceleration curves in Figure 1. This observation supports the hypothesis in which the friction forces are 

assumed to be responsible for the characteristic behavior of the measured deceleration curves of the train. 

Table 3: Runs including measurement data of brake applications for different load cases 

Run 𝐹𝐶 [𝑘𝑁] 𝑚𝑒𝑓𝑓 [𝑘𝑔] 𝑣0 [𝑘𝑚/ℎ] 

1 55 10000 50, 80, 120, 140,160, 200 

2 36 10000 50, 80, 120, 140,160, 200 

3 18 10000 50, 80, 120, 140,160, 200 
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Figure 4: Scaled representation of measured data  

 Run 1: 𝑭𝑪=55 kN, 𝒗𝟎=50, 80, 120, 140, 160, 200 km/h 
 

 

 

Figure 5: Scaled representation of measured data  

Run 2: 𝑭𝑪=36 kN, 𝒗𝟎=50, 80, 120, 140, 160, 200 km/h 

 

 

Figure 6: Scaled representation of measured data  

Run 3: 𝑭𝑪=18 kN, 𝒗𝟎=50, 80, 120, 140, 160, 200 km/h 
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4. Model Identification 

4.1 Identification of factors influencing the instantaneous friction coefficient 

Applying the theory behind the chosen model approach, the observed behavior of the friction coefficient is 

a result of processes affecting growth, destruction and adhesion properties of the contact patches described 

by a differential equation. In scope of this work, it was not possible to analyze the surface topography of 

the pads and measure actual patch sizes. Therefore, the identification of factors primarily influencing the 

processes in the frictional boundary layer of the examined brake pad is based on a rather practical approach. 

Different factors, proposed in [6], [7] and [18], are systematically integrated in a differential equation 

according to the suggested formula in Table 1. By applying numerical integration, the instantaneous friction 

coefficient is simulated and qualitatively compared to the measured curve. Based on this procedure it is 

concluded that friction power 𝜇 ∙ 𝐹𝐶 ∙ 𝑣𝐹𝑟 , disc temperature 𝑇𝐷, clamping force 𝐹𝐶 and the friction 

coefficient 𝜇 itself determine the characteristic behavior of the investigated brake pad. Besides the 

identification of these factors, it is assumed that their influence on the change of the friction coefficient is 

generally nonlinear. Therefore, the following nonlinear differential equation is suggested: 

�̇� = −𝑎 ∙ (𝜇 ∙ 𝐹𝐶 ∙ 𝑣𝐹𝑟)𝑥 − 𝑏 ∙ 𝜇 𝑦 − 𝑐 ∙ (𝜇 ∙ 𝑇𝐷)𝑧 + 𝑑 ∙ 𝐹𝐶
𝑟 (8) 

The contribution of each factor is weighted with the coefficients 𝑎, 𝑏, 𝑐 and 𝑑 and the exponents 𝑥, 𝑦, 𝑧 and 

𝑟, resulting in 8 parameters for the proposed model.  

4.2 Model interpretation 

Since the gradient of the friction coefficient is nearly constant at low initial velocities, a constant term is 

assumed to be responsible for the growth of the friction coefficient. In equation (8) this term is 𝑑 ∙ 𝐹𝐶
𝑟, 

which dependents on the mostly constant clamping force. The author assumes that increasing clamping 

forces lead to higher temperatures in the frictional boundary layer, which stimulates the growth of patches. 

A direct correlation between �̇� and the actual patch temperature, as proposed in [6] and [18], is not 

considered in equation (8). The measurements provided for this work only contain data of the disc 

temperature close to the surface, which does not represent the temperature in the frictional boundary layer. 
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An estimation of the patch temperature �̇�𝑃 during the brake process based on two parameters 𝛿 and 휀 is 

given in [18]:  

�̇�𝑃  = −𝛿 ∙ (𝑇𝑃 − 𝑇𝐷 − 휀 ∙ 𝐹𝐶 ∙ 𝑣𝐹𝑟) (9) 

However, parameters and results of equation (9) cannot be identified and verified with the available data. 

Furthermore, the correlation between �̇� and an estimated patch temperature based on equation (9) yielded 

dynamics of the friction coefficient which do not match with the measured behavior. It is concluded that 

the indirect consideration of a stationary patch temperature via clamping forces is sufficient to depict the 

growth of 𝜇. 

Friction power 𝜇 ∙ 𝐹𝐶 ∙ 𝑣𝐹𝑟 , friction coefficient 𝜇 itself and disc temperature 𝑇𝐷 are the identified variables 

which contribute to the reduction of the friction coefficient. As described in [6] and [7] mechanical loads 

drive the destruction of contact patches in the boundary layer. These loads are correlated to the transmitted 

friction power. Additionally, it is assumed that the size of the patches influences their stability [6]. Since 

the size of the total patch area is correlated to the friction coefficient, an enlargement of the coefficient 

yields reinforced patch destruction. The term including the disc temperature represents the so-called fading 

effect, as proposed in [18]. It is presumed that a change of the material properties due to high disc 

temperatures leads to a reduction of the friction coefficient [19]. In this case, a lag behavior of this term is 

identified, which can be recognized by the coupling of the disc temperature to 𝜇. 

4.3 Identification of model parameters 

For the identification of model parameters, a numerical optimization is performed, which aims to minimize 

the area arising from the deviation of measured and simulated friction coefficient by tuning the values of 

the parameters. In order to work with easy to handle values, the variables 𝑇𝐷, 𝜇 ∙ 𝐹𝐶 ∙ 𝑣 and 𝐹𝐶 in equation 

(8) are scaled to reference values. For the optimization task the Optimization Library for Dymola, described 

in [20] is used.  

A multi-case optimization is performed in which the parameters of the nonlinear model are fitted for all 

three runs simultaneously. The objective function 𝑓𝑂𝑏1 is the sum of the squared integrated deviation 

between measured and simulated friction coefficient of all 18 brake processes (𝑖 =1-18) over time. Each 



15 

deviation integral is normalized to the length of the brake interval 𝑇𝑖  in order to guarantee the same weight 

for each brake process regarding the summed criterion: 

𝑓𝑂𝑏1 = ∑ (
1

𝑇𝑖

∫ |𝜇𝑚,𝑖(𝑡) − 𝜇𝑠,𝑖(𝑡)|𝑑𝑡

𝑡𝑠𝑡𝑜𝑝,𝑖

𝑡0𝑖

)

2
18

𝑖=1

 (10) 

The identified parameters are shown in Table 4. The start value is set to be the same for each simulation 

𝜇0=const. This value represents the mean value of the measured friction coefficient at the beginning of each 

brake application, when the maximum pad force is reached. The scaled comparisons of the measured 

friction coefficient 𝜇𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑  and simulated friction coefficient 𝜇𝑚𝑜𝑑𝑒𝑙 1 for run 1, 2 and 3 are shown in 

Figure 7, Figure 8 and Figure 9 (blue continuous and red dash/dotted lines). Except for the first and third 

brake process of run 1 and the last brake processes of run 2 and 3, the evolution of the friction coefficient 

of the simulated model is well represented. This means that the identified model is able to reproduce 14 of 

18 different load cases using a single set of parameters. Larger deviations occur in brake processes with an 

initial velocity of 200 km/h and clamping forces smaller 40 kN. It is assumed that the predominant processes 

in the frictional boundary layer are not considered properly by the model in case of these brake applications.  

Table 4: Identified model parameters for all runs based on criterion 𝒇𝑶𝒃𝟏 

Parameters 

(Coefficients) 

a b c d 

0.01 0.02 8e-5 0.04 

Parameters 

(Exponents) 

x y z r 

0.6 0.4 0.9 0.3 
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Figure 7: Scaled representation of measured and simulated 𝝁  

Run 1: 𝑭𝑪=55 kN, 𝒗𝟎=50, 80, 120, 140, 160, 200 km/h 

(𝝁𝒎𝒐𝒅𝒆𝒍 𝟏 based on criterion 𝒇𝑶𝒃𝟏 and 𝝁𝒎𝒐𝒅𝒆𝒍 𝟐 based on criterion 𝒇𝑶𝒃𝟐) 

 

 
Figure 8: Scaled representation of measured and simulated 𝝁  

 Run 2: 𝑭𝑪=36 kN, 𝒗𝟎=50, 80, 120, 140, 160, 200 km/h 

(𝝁𝒎𝒐𝒅𝒆𝒍 𝟏 based on criterion 𝒇𝑶𝒃𝟏 and 𝝁𝒎𝒐𝒅𝒆𝒍 𝟐 based on criterion 𝒇𝑶𝒃𝟐) 

 

 
Figure 9: Scaled representation of measured and simulated 𝝁  

Run 3: 𝑭𝑪=18 kN, 𝒗𝟎=50, 80, 120, 140, 160, 200 km/h 

(𝝁𝒎𝒐𝒅𝒆𝒍 𝟏 based on criterion 𝒇𝑶𝒃𝟏 and 𝝁𝒎𝒐𝒅𝒆𝒍 𝟐 based on criterion 𝒇𝑶𝒃𝟐) 
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5. Model Verification 

Finally, the identified model is verified regarding its suitability for the estimation of the brake distance. The 

curves 𝜇(𝑡) from the multi-case optimization, which took all runs into account, are used to calculate the 

brake distance 𝑠 by applying numerical integration for the time interval [𝑡0, 𝑡𝑠𝑡𝑜𝑝]: 

𝑠 = − ∬ (
𝜇(𝑡) ∙ 𝑟𝐹𝑟 ∙ 𝐹𝐶(𝑡)

𝑚𝑒𝑓𝑓

) 𝑑𝑡𝑑𝑡

𝑡𝑠𝑡𝑜𝑝

𝑡0

+ 𝑣0 ∙ 𝑡 (11) 

Additionally, the brake distance is calculated based on (11) using a constant value for the friction 

coefficient, 𝜇(𝑡) = 𝜇𝑚𝑒𝑎𝑛. This value corresponds to the mean friction value of all 18 brake applications 

with respect to the distance 𝑠0.95 measured from the point of time at which 95% of the maximum normal 

force is acting [21]: 

𝜇𝑚𝑒𝑎𝑛 =
1

18
∑ (

1

𝑠0.95,𝑖

∫ 𝜇𝑖(𝑡)𝑑𝑠

𝑠0.95,𝑖

0

)

18

𝑖=1

 (12) 

In Figure 10 the relative deviation between calculated and measured brake distance using both approaches 

for 𝜇(𝑡) are compared (blue and red bars). As one can see in the legend, the mean deviation over all runs 

is nearly the same for both approaches, ∆𝑠 ≈ 2.5%. For the brake applications 1, 2, 6, 7, 8, 9, 13, and 17 

the use of the model with variable 𝜇(𝑡) = 𝜇𝑚𝑜𝑑𝑒𝑙1 performs better than 𝜇𝑚𝑒𝑎𝑛 . The maximum deviation of 

both models is about 8%. The deviation of the friction coefficient at high velocities has a larger impact on 

the difference of the brake distance than errors at low velocities. This means that simulated curves that 

coincide better with the measured friction value at the beginning of the brake interval lead to a smaller 

deviation. In comparison to equation (12), the criterion 𝑓𝑂𝑏1 of the performed multi-case optimization does 

not weight the deviation of the friction coefficient with respect to distance. However, the model yields a 

comparable accuracy and furthermore allows for an appropriate estimation of the instantaneous friction 

forces during the entire brake process. The latter is not possible with a constant mean value for 𝜇(𝑡).  

It becomes apparent that the choice of the optimization criterion influences the accuracy of the identified 

model regarding the brake distance. Furthermore, the choice of an appropriate initial value 𝜇0 is crucial for 

the estimation of the brake distance, since this value is present at the beginning of the brake process. By 
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weighting the deviation of the friction coefficient with the instantaneous velocity 𝑣(𝑡) it is possible to 

assign the criterion of the objective function regarding the brake distance:  

𝑓𝑂𝑏2 = ∑ (
1

𝑇𝑖

∫ |𝜇𝑚,𝑖(𝑡) − 𝜇𝑠,𝑖(𝑡)| ∙ 𝑣(𝑡) ∙ 𝑑𝑡

𝑡𝑠𝑡𝑜𝑝,𝑖

𝑡0𝑖

)

2
18

𝑖=1

 (13) 

Using this objective function and introducing 𝜇0 as parameter that is additionally tuned during optimization, 

a mean deviation of the brake distance of 2.1% with a maximum deviation lower than 6% is reached (Figure 

10, yellow bars of 𝜇𝑚𝑜𝑑𝑒𝑙 2). A smaller maximum deviation allows for a reduction of the safety margin 

when using the model for calculation of brake distances. However, this model might not provide appropriate 

information for the instantaneous friction forces, as shown in Figure 7, Figure 8 and Figure 9 (𝜇𝑚𝑜𝑑𝑒𝑙 2, 

yellow dotted line). Thus, the choice of the optimization criterion depends on the application of the model 

and its simulation results.  

 

Figure 10: Deviation of measured and simulated brake distance based on use of constant mean 

friction coefficient (𝝁𝒎𝒆𝒂𝒏) and estimated instantaneous friction coefficient (𝝁𝒎𝒐𝒅𝒆𝒍𝟏, 𝝁𝒎𝒐𝒅𝒆𝒍𝟐) 
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6. Conclusion and Outlook 

In this work a dynamic model for the friction coefficient acting in railway disc brakes is developed. In 

comparison to common approaches applied for railway vehicles the presented method is based on processes 

taking place in the frictional boundary layer. This yields a differential equation correlating the instantaneous 

friction coefficient to external loads. Measurements recorded on a full-scale dynamometer test rig are used 

for the model identification. These measurements support the hypothesis that the change in frictional 

properties is considered to be the cause for the varying deceleration of the train during emergency brake 

applications shown in Figure 1. For the examined sintered brake pad, specified in Table 2, it is concluded 

that the clamping force is primarily responsible for the rise of the instantaneous friction coefficient, whereas 

friction power, disc temperature and the coefficient itself are the predominant variables affecting the 

decrease of the friction coefficient. Furthermore, it is found that the relationship between the variables and 

the change of the friction coefficient is in general nonlinear.  

The model parameters are identified by applying numerical optimization. The resulting simulated friction 

coefficient shows good accordance to the measurements for most cases using a single set of parameters. 

Larger deviations occur for load cases with an initial velocity of 200 km/h. The application of the simulated 

curves for the estimation of the brake distances leads to a mean deviation of 2.6% compared to the 

measurements on the test rig. This accuracy is comparable to the use of a constant mean value for the 

friction coefficient with respect to distance (2.5%). It is possible to improve the accuracy of the model 

regarding the brake distance by weighting the optimization criterion with the instantaneous velocity. This 

leads to a mean deviation of 2.1% and a maximum deviation less than 6%. Based on the results it is 

concluded that the chosen dynamic model approach is suitable for the simulation of instantaneous friction 

forces in railway disc brakes. 

The results of this work motivate further investigations. Initially, the findings need to be verified by a more 

detailed analysis of the pad surface and its frictional properties during braking. An investigation of the pad 

topography before and after brake procedures on the test rig, as done in [11], seems to be a promising 

method to understand the processes taking place in the frictional boundary layer of railway disc brakes. 
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Furthermore, an exchange with experts dealing with frictional materials of disc brakes is necessary to assess 

the results. 

It is important to mention that the processes acting in the frictional boundary layer strongly depend on the 

brake components, especially the brake pad and its material. In this work a sintered material has been 

investigated. The processes acting in other common pad materials applied in railway applications, such as 

organic materials, might be different and the suggested model might not be applicable. Thus, the 

identification needs to be extended to provide models for different pad materials as well as disc types and 

environmental conditions. This includes the development of a valid model for the estimation of the disc 

temperature. Applying the method suggested in this work for common types of brake pads and discs might 

lead to a broader and deeper understanding of the friction processes in railway disc brakes. This knowledge 

is indispensable for the system optimization and further development of friction brake systems, such as 

electro-mechanic and controlled friction brakes. Furthermore, enhanced friction models can be applied in 

online control strategies which are based on the real time estimation of frictional properties, as presented 

in [22]. 

Finally, the model of the friction coefficient needs to be linked to models for the disc temperature, brake 

actuation, wheel-rail adhesion as well as longitudinal dynamics to estimate the deceleration of entire 

railway vehicles during braking. In order to use these models for virtual homologation tests, the simulation 

results need to be verified with measured data from field tests, as shown in Figure 1 and Figure 2. The 

verified models can be applied to analyze large numbers of emergency brake applications as well as route 

profiles, regarding brake distance, temperature evolution in discs and resulting wear. Furthermore, the 

models can be used to develop and assess control algorithms for the actuation of frictional and electro-

dynamic brake systems during various operational brake scenarios. This includes prospective operational 

scenarios, such as moving in relative brake distance, that aim to increase traffic volumes on the existing 

infrastructure. 
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