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Abstract

The “Next Generation Train” (NGT) is a double-deck high speed train concept in light-weight design that has been
established as a technical and project framework in which the German Aerospace Center gathers its long-term railway
vehicle research. To reduce wheel and rail wear and to enhance the passenger capacity, a mechatronic running gear
with independently rotating wheels (IRW) is a key vehicle component under research. This running gear requires an
advanced control of the lateral dynamics in order to fully exploit its potential in minimizing wear and noise, but this
relies on information on its lateral position relative to the track. In daily railway operation it is difficult to directly
measure this displacement of the wheel-pair. However, according to previous work it is possible to design an appropriate
observer to estimate the lateral position, but its estimation accuracy highly depends on the chosen sensor configuration.
Nevertheless, it was shown that the lateral dynamics of the running were not completely reproduced by the system
description especially at suddenly changing directions in the movement of the IRW. In this work the system description
is complemented by a nonlinear description of the wheel-rail geometry. Therefore, an observability analysis and an
observer synthesis to estimate the lateral position for the nonlinear system of the 1:5 scaled hardware running gear is
carried out. For validation purposes an extended Kalman filter with the U-D formalism is implemented at the real-time
environment of the testbed and the estimation accuracy of the observer configurations is compared.

Keywords: Observability analysis, observer design, extended Kalman filter, nonlinear systems, railway, running gear,
train

1. Introduction

This article is motivated and partly based on our previ-
ous work [1] which is for the sake of completeness recalled
in the following.

1.1. NGT project demands5

The “Next Generation Train” (NGT) is an internal
project of the German Aerospace Center (DLR). The NGT
is equipped with independently rotating wheels (IRW)
which makes axle shafts obsolete. The aim of the project
is to elaborate a concept for a future high-speed train with10

a maximum speed of 400 km/h [2]. The NGT project de-
mands 50 % more seats per length and a wheel wear re-
duction of 20 % as the high-level goals.

Additional space between the wheels is gained, because
of the missing axle shaft. This allows also a continuous15

floor even at the lower deck of a double-deck train design.
The positive aspect of the IRWs, is their great potential to
reduce wear in curves and also on straight tracks, see [3].
Due to nonexistent kinematic coupling of the velocities
of the wheels, the lateral dynamics are unstable [4, 5].20
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Therefore, to fully utilize the wear reduction potential and
to stabilize the lateral dynamics, an active control of the
IRWs is required.

To test and to improve the model-based control design,
the DLR built a 1:5 scaled version of the running gear on25

a roller rig, see [2] and [3]. The hardware of the running
gear, see Figure 1a, was designed in regard to the similarity
laws as stated in [6].

1.2. System and sensor setup

The running gear runs on the 1:5 scaled roller rig of30

DLR, as shown in the principal sketch in Figure 1b.
Four IRWs which are independently driven by in-wheel
motors build the running gear. The in-wheel motors are
permanently-excited synchronous machines with each be-
ing controlled by its own power converters. Each wheel-35

pair is connected by an axle bridge, which are coupled
to the running gear frame via a leaf spring guidance as
depicted in Figure 2. The leaf spring is representing the
primary suspension of the running gear and thereby en-
ables a yaw motion of the axle bridges. The yaw motion40

is limited by bump stops. As shown in Figure 1b two re-
volving rollers with applied rail-profiles of the roller rig are
representing the longitudinal motion of the vehicle via its
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(a) Running gear.
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(b) Schematic diagram of the testbench.

Figure 1: Running gear on roller rig.
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Figure 2: Running gear with all degrees of freedom.

angular velocity ωR and the roller radius rR. To prevent
the running gear to fall off the rollers, the longitudinal mo-45

tion is locked by a lemniscate guidance which mounts the
central frame to the roller rig frame.

According to Figure 2 the degrees of freedom of the
running gear are the four wheel rotations ωms with m ∈
{f, r} for front (f) and rear (r) axle, and s ∈ {l, r} for50

left (l) and right (r) wheel, the yaw motions of the wheel-
carriers ψm and the three rotational motions of the frame,
i.e., the roll-angle αF , the pitch-angle βF and the yaw
angle ψF . The vertical and lateral motions of the frame
are represented by zF , and yF , respectively. The inertial55

system of the frame is denoted by the index F . The light

gray area depicts the rear half of the running gear, which
is not explicitly considered in the system description in
Section 2. As a result the system description is reduced
to a more manageable degree for our aim. For a detailed60

description see [7].
Figure 3 shows the schematic setup of the front wheel-

pair of the running gear. Herein, one drive unit consists of
the corresponding in-wheel motor, the integrated encoder
sensor and one force-torque sensor (FTS). The FTS is an65

in-house product and is based on interconnected strain
gauge system. The sensor signals of the FTS are trans-
ferred via RS-485 standard directly to the real-time unit.
The running gear hardware is connected to a rapid con-
trol prototyping environment. The simulation models are70

implemented in MATLAB / Simulink and compiled via
the Simulink Real-Time toolbox. With this toolbox a real
time environment on a personal computer (PC) hardware
is established. Except for the FTS, the sensor signals are
transferred to the target PC over CAN bus (Control Area75

Network). As a control synthesis testbed the running gear
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Figure 3: Schematic setup of the front wheel-pair.
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on roller rig is equipped with sensors to measure the sys-
tem states concerning the system dynamics. These mea-
surement signals are the yaw angle ψf of the wheel-carrier
relative to the running gear frame which is measured by80

two optical sensors attached to the frame. By this con-
figuration the pitch angle is compensated. In addition,
the angular velocity ωms of each wheel is measured by
its own absolute encoder. To measure the lateral posi-
tion yF directly under laboratory conditions optical sen-85

sors are used. These sensors are attached to the roller rig
frame and measure the lateral position yF as well as the
yaw angle ψF of the running gear frame. The configura-
tion of the optical sensors to directly measure the lateral
motion and the yaw angle is difficult to implement on a90

real track and is, therefore, only used on the testbed to
validate the estimated lateral displacement. An indirect
method to measure the lateral displacement is established
by the use of FTSs. The FTSs couple the wheels to the
axle bridges. Additionally, an IMU is integrated in each95

wheel-carrier. Each IMU consists of a gyroscope and an
acceleration sensor to measure about and along the three
axes in the wheel-carrier.

1.3. Problem definition

The potential of a controlled lateral motion in combi-100

nation with an observer for the running gear was shown
in simulation studies, see [8]. The main message of the
studies is that, a reliable estimation of the lateral position
of the running gear is of crucial importance for the control
of the lateral motion. Thus, in the previous work [1] the105

nonlinear system description was introduced and its ob-
servability for different sensor configurations was verified.
Moreover, the suitability of each sensor configuration and
system description for the design of an observer was a mat-
ter of subject. The observers were synthesized and used to110

compare simulation results and hardware measurements of
the running gear. However, it was shown that the lateral
dynamics of the running were not completely reproduced
by the system description especially at sudden changing
directions in the movements of the IRWs.115

Therefore, it is the aim of this work to extend the sys-
tem description with a nonlinear description of the wheel-
rail geometry and to synthesize an appropriate observer to
estimate the lateral position more reliably. For this pur-
pose the running gear was equipped with a scaled S1002120

wheel profile, following the DIN standard [9]. To increase
the numerical precision of the herein applied extended
Kalman filter the U-D filtering formulation following [10]
is used.

Section 2 describes the equations of motion of the sys-125

tem and the chosen sensor configurations. Section 3 ana-
lyzes the structural observability of the nonlinear system.
The observer design is presented in Section 4. The re-
sults of the observer design and the validation based on
real measurements of the running gear are presented and130

discussed in Section 5. Section 6 concludes the paper and
gives an outlook to future work.

2. System description

In the following, the equations of motion of the system
derived in [1] are recalled and complemented by a nonlin-135

ear description of the wheel-rail geometry.

2.1. Running gear

To validate and to enhance the control strategies that
are developed in a simulation environment the running
gear on the roller rig was developed. The accurate deter-140

mination of the lateral position is of crucial importance
for the control development. Therefore, the main empha-
sis here is on the development of a practical sensor con-
cept in correspondence with an appropriate algorithm to
accurately describe the displacement of the running gear.145

Regarding sensor and data fusion, the potential offered
by model-based observer concepts is examined. For this
purpose, a multibody model (MBM), see [11], and a non-
linear analytical model using Modelica of the running gear
is developed and implemented [7].150

Using the Euler-Lagrange formalism the equations of
motion are derived as

d

dt

(
∂T

∂q̇

)T

−
(
∂T

∂q

)T

+

(
∂V

∂q

)T

= Qfr +Qfl, (1)

where Qfr and Qfl represent the generalized forces. Here,
the time derivative q̇ of the generalized coordinates q =
[yf , ψf , ϕfr, ϕfl]

T and the kinetic and potential energy T
and V , respectively are presented. The time derivative
of the rotation angles ϕfs yields the respective angular
velocity ϕ̇fs = ωfs. The kinetic and potential energy T
and V depend also on the vertical displacement zf of the
axle bridge and the roll-angle αf . The roll-angle can be
expressed as

αf ≈ tanαf = − d
b
2 − r0d

yf = −Γyf (2)

referring to the kinematic relation between the rotation
of the axle bridges about the x-axis and their translation
along the y-axis [6]. The vertical displacement of the wheel
carrier mass zf is on the one hand characterized through
the yaw motions of the axle bridges and on the other hand
through their lateral displacements. These influences can
be treated separately, see [6], so that the vertical displace-
ments of the axle bridges are

zf = zf,ψf
+ zf,αf

=
db

2

(
1

cosψf
− 1

)
+ yf tanαf . (3)

The roll-angle αf and the vertical displacement zf are sub-
stituted into T and V , respectively.

The calculation of the generalized forces is described
for the right wheel in the following. The generalized force
depends on the Jacobian of the absolute and angular ve-
locities vfr and Ωfr at the contact point of wheel and rail
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with respect to the generalized velocities

Qfr =

(
∂vfr
∂q̇

)T
ffr +

(
∂Ωfr

∂q̇

)T
 0

τf
0

 . (4)

The velocities

vfr = AψI

 0
ẏf
żf

+

Ωfr ×

xfryfr
rfs

 , (5)

Ωfr =

 0
ẏf
żf

+

cosψf α̇f
sinψf α̇f
ψ̇f

 (6)

and the creep forces ffr in the wheel-rail contact are de-
duced as suggested in [6]. Furthermore, Kalker’s linear
theory [12] is used to calculate the creep forces. The max-
imum creep force is limited to fmax = FNµ with the nor-
mal wheel force FN and the friction coefficient µ between
wheel and rail. To decrease the computational effort the
creep torque is neglected according to [13] and the Kalker
coefficients C11, C22, C23 are kept constant. Therefore, the
contact formulation

ffr =

(
fx,fr
fy,fr

)
= KKal

 sx,fr
sy,fr
φz,fr

 (7)

with

KKal = −abfrG
(
C11 0 0
0 C22

√
abfrC23

)
(8)

is considered as in [14]. Here, the longitudinal creep force
fx,fr, the lateral creep force fy,fr, and the slip sfr =

[sx,fr, sy,fr, φz,fr]
T

with the longitudinal slip sx,fr, the
lateral slip sy,fr, and the spin φz,fr are multiplied by the
so-called Kalker matrixKKal. In addition, the shear mod-
ulus G and the Kalker coefficients, which depend on the
product of the semi-axes contact ellipse abfr, see [15], are
considered. The contact ellipse semi-axes used in (8) are
calculated as

√
abfr = 3

√
3
FN,fr(1− κKal)Eg
2π(A+D)G

√
gν

(9)

according to [16]. They depend on the force FN,fr nor-
mal to the contact patch and the geometrical parameters
A and D, which are determined by the curvature of the
contacting bodies in the vicinity of the contact patch. The
variation of these parameters due to small yaw angles and
lateral motions of the axle bridges is neglected. In the same
way, the associated, dimensionless parameters Eg and gν
are set to a fixed value. The slip and spin of the nonlinear
running gear model is formulated with the vector

sfr =
1

vR

 vx,fr + vR cosψf
vy,fr − vR sinψf

Ωz,fr

 , (10)

where the longitudinal roller velocity is represented by vR.
For a detailed explanation of the generalized forces and
the system parameters, the reader is referred to [7].155

2.2. Wheel-rail geometry

The wheel-rail profile is approximated analogous to [17]
for the test bench. One major nonlinearity of the rail-
way system originates from the nonlinear wheel-rail pro-
file. The profile standard used here is point-wise defined
by [9] and corresponds to a conventional pairing S1002 /
UIC60 wheel-rail profile. The rolling radius rfs, which
influences the creepage and therefore the contact forces,
determines the system dynamics substantially. Another
relevant value, which affects the direction of contact forces,
is the contact angle δ0,fs. The rolling radius rfs and the
contact angle δ0,fs depend on the lateral position yf . On
the left side of Figure 4 the nonlinear wheel-rail geometry
is sketched, where the dependencies of the rolling radius
rfs and the contact angle δ0,fs to the lateral position yf are
shown. The right upper plot in Figure 4 shows the relation-
ship between rolling radius and displacement and the right
lower plot illustrates the contact angle over the lateral po-
sition. In both plots the results of the multibody simu-
lation tool Simpack (black dashed line) and an approxi-
mation (blue line) in the relevant area yf = [−5, 5] mm is
depicted. To give a continuous description of the wheel-
rail geometry the data points from Simpack are fitted by
exponential functions, which are simple to differentiate.
Furthermore, the analytical description of the contact ge-
ometry makes it more convenient to handle in the system
description without the need of look-up tables from the
DIN standard in [9]. Continuous differentiability is a pre-
liminary for the observability analysis which is in principle
based on smooth vector fields and output functions, see
Section 3. The approximated wheel-rail geometry in the
form exponential functions is given by

δ0,fs(yf ) = δ1e
±δ2yf + δ3e

±δ4yf (11)

rfs(yf ) = r1 + r2e
±r3yf (12)

with the corresponding fitted coefficients ri, i ∈ {1, 2, 3}
and δj , j ∈ {1, 2, 3, 4}. The coefficients are derived by
using the Matlab Curve Fitting Toolbox to fit the course
of the S1002 profile geometry. Using these approximations
of the contact angle and the rolling radius the creep forces

fx,fr =
−GabfrC11

vR + 1

[
ẏfψf −

b

2
ψ̇f + ωfrrfs + yf

(
ψ̇f

+ δ0,frωfr

)
+ yfrfsΓ

(
ψ̇f + δ0,frωfr

)
+ ẏfψfrfsΓ

]
(13)
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Figure 4: Nonlinear wheel-rail geometry (left) and approximations of wheel-rail geometry (right). Approximated wheel radius and contact
angle (blue) by exponential functions (11) and (12) in comparison to Simpack results (black dashed line).

and

fy,fr =
GabfrC22

vR

[
ψf −

(
ẏf + Γẏfrfs + Γδ0,frẏfyf

+ Γ2δ0,frẏfrfsyf +
b

2

ψ̇fψfrfs
rfs + rR + δ0,fryf + Γδ0,frrfsyf

)]

+
Gab

3/2
fr C23

(
ψ̇f + δ0,fr (ωfr + Γẏfψf )

)
vR

(14)

can be formulated.

2.3. Equations of motion

In the present work the analytical model is expressed
with the state vector x = [yf , ẏf , ψf , ψ̇f , ωfr, ωfl]

T and the
input u = τf representing the differential torque between
left and right wheel generated by the respective drive-
units. The rotation angles ϕfs of the wheels are not impor-
tant for the state description in our case and are therefore
not included in the analytical model. Substituting (4) in
(1) and taking the definition of x into account yields a
model description in the form

ẋ = a(x) + bu,

gi = ci(x), i = 1, . . . , p.
(15)

Here p denotes the number of system outputs. By assum-
ing that the lateral velocity ẏf is directly proportional to
the yaw angle ψf and the longitudinal speed vR according
to

ẏf = ξvRψf , (16)

a reduced system description is established. Herein, ξ =
1/(1+Γr0) is assumed to be a constant parameter depend-
ing on the wheel geometry. The parameter Γ represents
the relation between the contact angle, the wheel gauge b,
and the nominal rolling radius r0. As stated in [6], this as-
sumption is only valid for low slip. Based on this a reduced
system with five states ζ = [yf , ψf , ψ̇f , ωfr, ωfl]

T is gener-
ated by eliminating the state ẏf and is given schematically

as

ζ̇ =


ξvRζ2
ζ3

a4(ζ)
a5(D5ζ)
a6(D6ζ)

+


0
0
0

1/C
−1/C

 τf . (17)

Herein, the matrices

D5 = diag(1, 1, 1, 1, 0),

D6 = diag(1, 1, 1, 0, 1)

are used to extract the relevant states from the vector ζ.

2.4. Sensor configurations160

Two sensor configurations are defined to assess the pos-
sible sensor signals needed to estimate the lateral displace-
ment

3g = [ψf , ωfr, ωfl]
T
, (18)

6g =
[
ψf , ωfr, ωfl, F̄y, F̄z, M̄x

]T
. (19)

These sensor configurations consist of realistic sensor sig-
nals, which can be measured in a real train with corre-
sponding sensors. The low-level sensor configuration 3g is
defined, consisting of the yaw angle ψf and the rotational
speeds ωfs of the front wheel-pair. The high-level con-165

figuration 6g is generated through the combination of 3g
and the FTS signals lateral force F̄y, vertical force F̄z, and
torque M̄x about the longitudinal axis. From a technical
viewpoint the integration of the low-level setting into the
other configuration represents a fallback level. If a fail-170

ure in a sensor like the FTS in 6g occurs, the estimation
of the position is still ensured. In case malfunctioning or
total breakdown of the FTS, the general operation of the
running gear is not at risk but would require to reduce the
travel speed of the train.175

The configuration 3g provides the lateral position at
lower accuracy compared to 6g, see Table 1. Even with
lower accuracy, the low-level sensor configuration is ap-
pealing from an economic point of view. The results in
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Table 1 rely on the equation to calculate the contact point
of one wheel

yfs =
rFy,fs − aRFz,fs +Mx,fs + gMRycg

Fz,fs + gMR
. (20)

Equation 20 is derived from the moment equilibrium around
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Figure 5: Moment equilibrium around the contact point and the
FTS.

the contact between wheel and rail and the connection of
the FTS to the axle bridge [2]. The moment equilibrium
is depicted in Figure 5. Where the gravity constant is de-
noted with g and the mass of one wheel is specified by180

MR. The distance from the nominal wheel radius r0 to
the measuring plane of the FTS is denoted by aR and the
distance from r0 to the center of gravity of the wheel mass
is described by ycg. By inserting the measurement equa-
tions (28), (29) and (30) into (20) and by applying error185

propagation the accuracy of each sensor configuration, in
Table 1, is calculated.

Sensor configuration Error tolerance

3g ≈ 5× 10−4

6g ≈ 1.2× 10−4

Table 1: Accuracies of the lateral displacement estimation.

3. Nonlinear observability analysis

In order to create the basis for a reliable observer and
thus a safe system for determining the lateral position,190

the observability of the models determined in Section 2
are analyzed here. The observability analysis is adopted
from [1] .

3.1. Uniform observability analysis

A general output vector g = [g1, . . . , gp]
T is denoted

for the autonomous system ẋ = a(x) given u = 0 . By

making use of successive Lie derivatives for each output
component gi the vector

zi =
[
gi,Lagi, . . . ,L

ni−1
a gi

]T
(21)

is generated. Combination of zi for each i = 1, 2, . . . , p
yields the observability mapping

z =

z1

...
zp

 = h(x) with

p∑
i=1

ni = n. (22)

The system is called uniformly observable, if h−1(z) exists195

globally and locally observable, if the inverse exists only
in a neighborhood of a given x, see [18, 19]. Subsequently,
this approach is applied to the systems (15) and (17) with
the two sensor configurations defined in (18) and (19).

3.2. Observability of the low slip system200

For the reduced system the observability mapping h(ζ)
(17) with the sensor setting 3g is formed as

z = hζ(ζ) =

z1

z2

z3

 =


ζ2
ζ3

a4(ζ)

ζ4
ζ5

 . (23)

The element a4(ζ) of the right hand side vector field can
be solved for ζ1 explicitly for the reduced system (17). The
system (23) is locally observable with 3g due to the exis-
tence of the inverse ζ = h−1

ζ (z) for vR 6= 0 (due to the slip
model). The local observability of the low-level configura-205

tion 3g carries over to the high-level sensor configuration

6g under low slip conditions.

3.3. Observability of the full order system

For high acceleration and deceleration processes in which
high slip conditions appear the system (17) may not be210

valid. For this reason, the observability of the full order
system is analyzed due to the restrictions imposed by the
assumption (16) for the reduced system.

The dependencies of the right hand side of the full order
system description (15) can be schematically shown as

ẋ =



ẏf
a2(yf , ẏf , ψf , ψ̇f , ωfr, ωfl)

ψ̇f
a4(yf , ẏf , ψf , ψ̇f , ωfr, ωfl)

a5(yf , ẏf , ψf , ψ̇f , ωfr)

a6(yf , ẏf , ψf , ψ̇f , ωfl)

+


0
0
0
0

1/C
−1/C

 τf , (24)

where the equations a2, a5 and a6 are not provided due to
their complexity. The yaw-motion of the full order system
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is specified as

a4(x) =
ϑ7

(
GabfrC22ϑ5 +Gabfr

3/2C23ϑ3

)
B

− κψf
B

−
ϑ8

(
GabflC22ϑ6 +Gabfl

3/2C23ϑ4

)
B

−
GabflC11ϑ2

(
b
2 + ξyf

)
B

+
GabfrC11ϑ1

(
b
2 − ξyf

)
B

,

(25)

with the yaw stiffness κ between wheel pair and frame
and the moment of inertia B of the wheel carrier around215

its vertical axis. The substitutions ϑi can be found in the
appendix, for the sake of completeness. The component
a4(x) can be solved for x1 = yf , taking the system de-
scription of the full order system (15) with the sensor con-
figuration (18) into account. However, there is not only220

one solution to determine yf from a4(x). Nevertheless,
for the condition vR 6= 0 an appropriate inverse function
h−1

3g (z) can be formulated, so that the system is considered
to be locally observable.

Proceeding similarly for 6g defined in (19) in view of
the system equations (15) yields

z = h
6g(x) =


x3

x5

x6

F̄y(x)
F̄z(x)
M̄x(x)

 (26)

with the forces F̄y, F̄z and the torque M̄x are basically
representing the arithmetic mean of the particular forces
and torque of one wheel-pair

F̄y =
1

2
(Fy,fr + Fy,fl) ,

F̄z =
1

2
(Fz,fr + Fz,fl) ,

M̄x =
1

2
(Mx,fr +Mx,fl) .

(27)

The measurement equation for the lateral force in the con-
tact patch is described by

Fy,fs(x) = δ0,fs (σ4 − σ3)− σ10 + σ11

+ ΓgMRyf + σ2 − σ1, (28)

the equation for the vertical force reads

Fz,fs(x) = σ3 + σ4 − δ0,fs(σ10 + σ11 + σ1 + σ2), (29)

and the torque about the longitudinal axis is given by

Mx,fs(x) = (σ10 + σ1)(σ5 + lgδ0,fs − σ9)

+ (σ11 + σ2)(σ5 − lgδ0,fs + σ9)

− gMRlR − σ4(σ6 + δ0,fsrfs − lg)
− σ3(σ6 − δ0,fsrfs + lg).

(30)

The measurement equations of the FTS in (28)-(30) are225

generated by geometric relations and applied contact me-
chanics, see Figure 5. The expressions subsummed in σi
are summarized in the appendix. Under the assumption
that vR 6= 0 and by directly measuring the state com-
ponents x3 = ψf , x5 = ωfr, and x6 = ωfl the state230

x1 = yf can be reconstructed from F̄y(x) in (28). The

states x2 = ẏf and x4 = ψ̇f can be determined from (29)
and (30), respectively. Thus, the full order system with
the high-level sensor configuration 6g can be considered
locally observable .235

4. Observer synthesis

It has been shown in [1] that the extended Kalman fil-
ter (EKF) provides an appropriate observer to estimate
the lateral position of the nonlinear systems. However,
occasionally during operation of the testbed the conser-240

vative EKF algorithm has shown deficiency in numerical
precision. Therefore, in this work an alternate EKF formu-
lation namely U-D filtering is chosen. The U-D algorithm
introduced in [10] increases the numerical precision with
the side effect to increase the computational cost but not245

as severely as the square root filtering, see [20].

4.1. Extended Kalman filter

The standard EKF algorithm regards a discrete-time
nonlinear dynamic system with additive Gaussian noise.
The process noise ε ∼ N (0,Q) and measurement noise250

δ ∼ N (0,R) with the respective covariance matrices Q
and R, are assumed of zero mean. The EKF expects
the states to be Gaussian distributed. This distribution
is propagated through the first order linearization of the
nonlinear system.255

By using a third order Runge-Kutta scheme to dis-
cretize the system (15) the representation ak|k−1 is formu-
lated and the discrete time version is formulated by

xk = ak|k−1(xk−1, uk−1) + εk−1,

gk = c(xk) + δk,
(31)

with tk as the k -th sample time instant of a periodically
sampled data system, xk = x(k), gk = g(k). The predic-
tion step of the EKF algorithm is given as

x̂−k = ak|k−1(x̂k−1, uk−1), (32)

P−k = AkP kA
T
k +Q. (33)

Where Ak represents the Jacobian of the discrete system
ak|k−1 at x = x̂k−1. To correct the estimation of state
vector x̂k and the state covariance matrix P k the Kalman
gain Kk is used and the correction step cas be formulated
as

Kk = P−kH
T
k

(
HkP

−
kH

T
k +R

)−1

, (34)

x̂k = x̂−k +Kk

[
gk − ĝ

−
k

]
, (35)

P k = (I −KkHk)P−k . (36)
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The Jacobian Hk of the measurement function at x =
x̂−k is required to correct the state estimation from the
prediction step.

4.2. U-D filtering

In the U-D filtering formulation the n× n matrix P is
factorized as UDUT , where U is an n×n upper triangu-
lar matrix with ones along the diagonal and D is an n×n
diagonal matrix. This is always true for a symmetric pos-
itive definite matrix P and as such can be implemented in
a Kalman filter. Equations (34) and (36) are combined to
the measurement update equation

P i = P i−1 − P i−1H
T
i

(
HiP i−1H

T
i +Ri

)−1

HiP i−1

(37)

at the correction step, where Hi is the ith row of H, Ri
is the ith diagonal entry of R, and P i is the estimation
covariance after i measurements. With the definition of
the scalar

αi := HiP i−1H
T
i +Ri, (38)

and the assumptions

P i−1 = U i−1Di−1U
T
i−1, P i = U iDiU

T
i (39)

if P i−1 and P i are symmetric positive definite a U-D fac-
torization is possible. The derivation of the matrices U i

andDi can be found in [10] and is here briefly summarized
in view of the considered application. The U-D factors are
given by

U iDiU
T
i =

(
U i−1Ū i

)
D̄
(
U i−1Ū i

)T
(40)

and

ŪD̄Ū
T

=[
Di−1 −

1

αi

(
Di−1U

T
i−1H

T
i

)(
Di−1U

T
i−1H

T
i

)T
]
.

(41)

In short this means that

U i = U i−1Ū i (42)

Di = D̄, (43)

where U i−1Ū i is an upper triangular matrix with diago-
nal elements equal to 1, and D̄ is a diagonal matrix. The
time-update equation for the covariance of the U-D filter-
ing necessary for the prediction step of the Kalman filter
algorithm is derived from (33) and can be written as

P− = AP+AT +Q

=
[
AU+ I

] [D+ 0
0 Q

] [
U+TAT

I

]
= WD̂WT,

(44)

supposing that P+ is generated as U+D+U+T from the
equations above and under the assumption

P− = U−D−U−T (45)

to find the U-D factors. Here P− represents the state
covariance matrix and U−D− the U-D factors in the pre-
diction step. Note that W is an n× 2n matrix and D̂ is a
2n× 2n matrix. With the matrix WT =

[
wT

1 · · ·wT
n

]
and

vkD̂v
T
j = 0 for k 6= j, where wi and vi are 2n-element

row vectors and can be found with the Gram-Schmidt or-
thogonalization procedure, see [21], as

wk = vk +

n∑
j=k+1

u(k, j)vj k = 1, · · · , n. (46)

By this the definition of u(k, j) follows

u(k, j) =
wkD̂v

T
j

vjD̂vT
j

j, k ∈ {1, · · · , n} (47)

and the calculation of W can be written as
w1

w2

...
wn

 =


1 u(1, 2) · · · u(1, n)

0 1
. . .

...
...

. . .
. . . u(n− 1, n)

0 · · · 0 1



v1

v2

...
vn


or, respectively,

W = U−V , (48)

where V is a n × 2n matrix. Finally, the matrix product
can be written as

WD̂WT = U−D−U−T (49)

to calculate the estimation covariance in the prediction
step and the U-D factors can be determined by (48) and

D− = V D̂V T = diag(d1, · · · , dn)

dk = vkD̂v
T
k . (50)

The extended Kalman filter with the U-D formalism is two260

times more precise than the standard EKF, just like the
square root filter [22], but it requires less computational
effort compared to the square root filter. Note that a se-
quential Kalman filter needs a diagonal and or constant
measurement noise covariance matrix R.265

4.3. Optimization of covariances

To design an appropriate estimator the covariance ma-
trices of the process noise Q and measurement noise R
need to be configured. A correct design of the covariance
matrices ensures the convergence of the estimation error
of the observers. Hence, the covariance matrices of the ob-
servers are optimized with the objective to minimize the
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error integral of the absolute difference between the mea-
sured lateral position yf and the estimated displacement
ŷf . The software MOPS (Multi-Objective Parameter Syn-
thesis) in Simulink, see [23], is used to configure Q and
R for 27 measurements of motion scenarios of the run-
ning gear. For each optimization case j ∈ S the decision
variables ρ = ([diag(Q),diag(R)]) are subject to the con-
straints 10−6 ≤ ρi ≤ 100. The aim of the optimization
is to get an ideal parameter set defined in ρ which fulfills
the criterion o =

∫
|yf − ŷf |dt for each optimization case.

The demand value d ensures that max(oj(ρ)) ≤ d, i.e. the
maximum estimation error lies within a specific boundary
for each optimization case. The general multi-case opti-
mization problem is stated as

min
ρ

max
j∈S

oj(ρ). (51)

The number of decision variables ρ is adjusted with regard
to the considered system (reduced or full order) and a cor-
responding sensor configuration. For each motion scenario
of S a set of parameters determines the movement of the
running gear. A reference trajectory

YwS = yS sin (2πfSt), (52)

which describes a sinusoidal movement is provided for the
lateral controller. Equation (52) represents the natural
hunting motion of a conventional wheel-set. Note, that
the running gear with IRW is a-priori unstable and there-270

fore a feedback controller to applies the demanding motion
scenario. The parameters of the motion scenarios used in

ωms in min−1 100 150 200

yS in mm 1 3 5 1 3 5 1 3 5

fS in Hz fh fh fh fh fh fh fh fh fh

Table 2: Optimization szenarios.

the optimization cases are shown in Table 2. In accor-
dance to the angular velocity ωms, lateral displacement
yS and the motion frequency fS with the chosen frequen-275

cies fh ∈ {0.1, 0.3, 0.5}Hz the optimization scenarios are
distinguished.

5. Results

This section presents the results of the optimization
process to design the covariance matrices of the EKF with280

the U-D formalism. Furthermore, the designed observers
are implemented on the real-time control system of the
running gear to validate the estimation of the lateral po-
sition. The measured data is shown and discussed. The
results for the estimated lateral position using the reduced285

model (17) and the full order model (15) with both sensor
configurations (18) and (19) for chosen motion scenarios
of the running gear are shown and discussed.

The following data was measured with a sample time
TS = 200 Hz. Furthermore, to reduce signal noise, the290

measured signals contained in the sensor configurations 3g
and 6g are low-pass filtered with the cutoff frequency fe =
10 Hz. The cutoff is based on the common assumption
from real wheel-rail application, that frequencies above
fco = 20 Hz are of minor interest to the dynamics of a295

running gear. In accordance with the similarity laws from
[6] the cutoff is scaled by the factor ι = 1/

√
5, which yields

fe = fco/ι.

0 50 100 150 200 250
-0.02

-0.01

0

0.01

0.02

Figure 6: Measurement of yaw angle.

The measured yaw angle is shown in Figure 6. To
avoid repetition, the measured angular velocities ωms are300

not shown as they mainly correspond to the velocity de-
picted in Figure 7c. Relatively high peaks of the ψf at
approximately t ∈ {45, 50, 75, 130, 230, 25} s are visible.
These high amplitudes correspond to the sudden changes
of the lateral position in Figure 7a. Figure 7a shows es-305

timation results based on the reduced model (17) from
real measurements of the running gear. The scenario cov-
ers a mixed motion consisting of different constant lateral
positions and different sinusoidal displacements. The esti-
mation error of the measurement and estimation above is310

illustrated in Figure 7b. Herein, the estimation error is de-
picted in percentage, which lies mainly under 2.5 %. The
estimation errors are calculated with respect to the direct
measurement of the lateral position via optical sensors and
the corresponding estimation of the observer based on the315

reduced model (17) In Figure 7c the measured speed of
the wheels in longitudinal direction is depicted. It can be
seen that the velocity varies over the course of the mea-
surement. It is worth to mention, that a direct correlation
between the changing velocity and the estimation error320

can not be determined. The estimation error seems to be
higher at sudden changes of the lateral position such as
in jumps of the displacement as well as in high frequent
sinusoidal motions.

In Figure 8a the estimation results based on the full325

order model are shown. Here, the estimation error, from
Figure 8b lies below 1 % with the low-level sensor con-
figuration and overall lower than 0.5 % with the high-level
sensor configuration. The velocity profile of these measure-
ments is equal to Figure 7c. Just as in the measurements330

from the Figures 7b and 7b there is no noticeable link-
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0

5
10-3

(a) Estimation results for reduced model observer settings. The measure-
ment is represented by the black line and the estimation by the dashed red
line.
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0

1

2

3

4

5

6

(b) Estimation error with the observer based on the reduced model.

0 50 100 150 200 250
0

0.5

1

1.5

2

(c) Velocity profile from the measurement shown in Figures 7a and 8a.

Figure 7: Results for reduced model observer settings.

age between velocity and estimation error. Nevertheless,
sudden changes of the lateral position of the real system
visibly raise the estimation error. The estimations with
the low-level sensor configuration are based on the mea-335

sured signals of the yaw angle ψf shown in Figure 6 and for
the high-level setup in addition on the measurement of the
FTS sensors in Figure 9. According to 27, the measure-
ments are averaged. In the diagrams the signals are scaled
with respect to their particular mean value. In the range340

t ∈ [150, 260] s the vertical force F̄z in Figure 9a shows
similar characteristics to the lateral position from Figure
8a. Note, over the course of this motion scenario the rel-

0 50 100 150 200 250
-5

0

5
10-3

(a) Estimation based on full order model (15) with low-level 3g and high-
level sensor configuration 6g represented by the dashed red and blue line,
respectively.

0 50 100 150 200 250
0

1

2

3

4

5

6

0 50 100 150 200 250
0

0.5

1

1.5

(b) Estimation error based on full order model (15) with low-level 3g and
high-level sensor configuration 6g represented by the dashed red and blue
line, respectively.

Figure 8: Results for full order model observer settings.

ative change of ∆F̄z ≈ ±5 %. However, the overall rela-
tive change of the lateral force, in Figure 9b, amounts to345

∆F̄y ≈ ±20 %. Furthermore, the qualitative lateral move-
ment can be deduced better than from the vertical force
in Figure 9a. Figure 9 shows the measured torque about
the longitudinal axis corresponding to the movement sce-
nario. Similar to the measurement of F̄y the characteristic350

of the movement can be deduced, though not as accurate.
Additionally, compared to ∆F̄y the overall relative change
of the torque is higher with ∆M̄x ≈ ±50%. The impact
of high sudden changes of the lateral position is reflected
by prominent peaks at t ∈ {45, 75, 130} s contrary to the355

measurements of F̄z and F̄y. The measurements in Figure
9 show that the qualitative movement of the running gear
in the form of the lateral displacement can be reflected
via the FTS. This explains the higher estimation accuracy
of the 6g sensor configuration compared to the low-level360

setup 3g. Due to the better reproduction of the move-
ment characteristics, it seems reasonable that the lateral
force F̄y and the torque M̄x have a greater impact on the
estimation accuracy than the vertical force F̄z.

Figure 10a shows a demanding sinusoidal motion of365

the running gear with an increasing velocity in the range
vR ∈ [0, 4]ms , shown in Figure 10c. The change of the
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1

1.05

(a) Measured normed vertical force F̄z .
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1
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(b) Measured normed lateral force F̄y .
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(c) Measured normed torque about the x-axis M̄x.

Figure 9: Measured normed signals by FTS for the estimations based
on the full order system with the low-level 3g and high-level sensor
configuration 6g.

velocity occurs stepwise. From 50s onward an unstable
behavior of the running gear can be seen which becomes
more pronounced with increasing speed. At about 102s,370

the first contact of the contact flange with the rail can be
seen in Figure 10a. The overall accuracy in percent lies be-
low 2 % as shown in Figure 10c. It should be noted, that
the observer is able to estimate the lateral position despite
wheel flange contact, in which a double contact patch be-375

tween flange and rail occurs. This double contact is not
considered in the model description. At this point it should
be highlighted that at this particular time of the running
gear operation, the rotary drive for simulating the longi-

tudinal speed is initiated by the rollers. Therefore, higher380

estimation errors can occur at rapidly rising speed, high
slip situations, probably because of the changing roller ve-
locity due to a yaw angle which differs from zero and as
such results in an accelerated lateral velocity and hereby
causing a sudden change in the lateral position. It can also385

be seen that the EKF with the high-level sensor configura-
tion 6g provides a better overall accuracy of under 1 % in
comparison to the low-level sensor configuration 3g with
an overall accuracy of under 2 %.

0 50 100 150
-5

0

5
10-3

(a) High velocity estimation results based on full order model (15) with low-
level 3g and high-level sensor configuration 6g represented by the dashed
red and blue line, respectively.

0 50 100 150
0

0.5

1

1.5

2

(b) High velocity estimation error based on full order model (15) with low-
level 3g and high-level sensor configuration 6g represented by the dashed
red and blue line, respectively.
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(c) Velocity profile from the measurement shown in Figure 10a.

Figure 10: Results for full order model observer settings with high
velocity profile.
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In the end, the required accuracy for the estimation390

of the lateral position during train operation determines
the sensor configuration. At this stage of the develop-
ment non-Gaussian disturbances are not considered. This
is probably why the operation of the estimators on the real-
time control unit of the running gear on a roller rig needs395

to be realized with an additional prefiltering of the input
signals ωms and the FTS. The non-Gaussian disturbances
are presumably caused by eccentricities and damages on
the running gear wheels. These defects may induce cyclical
disturbances in the system. Moreover, these disturbances400

can be superimposed by similar defects of the rail-profile
of the rollers.

6. Conclusion

The information of the lateral position of the running
gear with IRW is indispensable for the track guidance sys-405

tem in the NGT high speed train concept of the DLR. The
direct measurement of the displacement of the wheel-pair
is difficult to realize in a practical environment. For this
reason, the aim is to design an appropriate observer to esti-
mate this position. To create a reliable estimation system410

in as many operating states as possible the observability of
a full order and a reduced nonlinear system with two dif-
ferent sensor configurations is verified. On this basis EKF
observers with U-D formalism are designed. The estima-
tors are synthesized by optimizing the covariance matrices415

Q and R of the process and measurement noise to get a
minimal estimation error for the lateral position. A multi-
case optimization with a variation of measured scenarios
of the real running gear is used to design the covariance
matrices.420

The EKFs are implemented in the real-time environ-
ment of the running gear testbed and are each validated in
operation for two sensor configurations. The obtained ex-
perimental results confirm that the observer is well-suited
to estimate the lateral position of the running gear. The425

estimation of the lateral position with the EKF based
on the full order system is with an overall accuracy of
under 2 % more accurate than the estimation with a re-
duced model formulation. The estimation accuracy with
the high-level sensor configuration is more precise than430

with the low-level sensor configuration. This means that it
depends on the required accuracy of the estimation which
sensor configuration has to be chosen.

In the end, it is shown that the observer is able to esti-
mate the lateral position despite wheel flange contact and435

an unstable behavior of the running gear on the roller rig.
In the future we want to implement and test our approach
in estimating the lateral position on a full scale running
gear with IRW and thus provide the necessary information
for the realization of mechatronic track guidance system440

in the NGT.

7. Apendix

The substitutions

ϑ1 :=
ξ

vR

(
ẏfψf + yf ψ̇f + yfδ0,fsωfr

)
+
ωfrrfs − b

2 ψ̇f

vR
+ 1,

ϑ2 :=
ξ

vR

(
ẏfψf + yf ψ̇f − yfδ0,fsωfl

)
+
ωflrfs + b

2 ψ̇f

vR
+ 1,

ϑ3 :=
1

vR

(
ψ̇f + δ0,fs(ωfr + Γẏfψf )

)
,

ϑ4 :=
1

vR

(
ψ̇f − δ0,fs(ωfl + Γẏfψf )

)
,

ϑ5 :=ψf −
ξẏf (1 + Γδ0,fsyf ) + ϑ7ψ̇f

vR
,

ϑ6 :=ψf −
ξẏf (1− Γδ0,fsyf )− ϑ8ψ̇f

vR
,

ϑ7 :=
bψfrfs

2 (rfs + rR + δ0,fsξyf )
, ϑ8 =

bψfrfs
2 (rfs + rR − δ0,fsξyf )

,

complete equation (25). The measurement equations (28),
(29) und (30) are complemented with the substitutions:

σ1 :=
Gabfr

3/2c23

2vR

(
ψ̇f + δ0,fs(ωfr + Γẏfψf )

)
,

σ2 :=
Gabfl

3/2c23

2vR

(
ψ̇f − δ0,fs(ωfl + Γẏfψf )

)
,

σ3 :=
g(MF +MT )

4

(
2yf
b
− 1

)
,

σ4 :=
g(MF +MT )

4

(
2yf
b

+ 1

)
,

σ5 := δ0,fs
(
rfsΓ− ξδ0,fs2

)
yf , σ6 =

(
1 + ξδ0,fs

2
)
yf ,

σ7 :=
Gabfrc22ϑ5

2
, σ8 :=

Gabflc22ϑ6

2
,

σ9 := rfs
(
δ0,fs

2 − 1
)
,

σ10 :=
bψ̇fψfr0

2v0(rfs + rR + δ0,fsyf (1 + Γδ0,fs))
,

σ11 :=
bψ̇fψfrfs

2v0(rfs + rR − δ0,fsyf (1 + Γδ0,fs))
.
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