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Abstract. Suction through porous aircraft wings is a promising concept
to reduce its drag, but the modified boundary layer can be more suscep-
tible to external forcing, like surface roughness and inhomogeneities in
the suction distribution. This paper analyzes the effects of suction on
the linear receptivity of a swept-wing boundary layer to surface rough-
ness and non-uniform suction, focusing on stationary crossflow instabili-
ties. Employing a compressible adjoint approach, receptivity coefficients
for a Falkner-Skan-Cooke similarity solution and a transonic swept-wing
boundary layer on an A320 vertical tail plane with and without suction
are given.
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1 Introduction

Aerodynamic drag has a significant influence on the fuel consumption of mod-
ern airplanes. Hybrid Laminar Flow Control (HLFC) is a promising concept to
reduce the drag of future commercial airplanes. Suction through porous sur-
faces is used to delay laminar-turbulent transition and thus to reduce the overall
skin-friction drag. In three-dimensional boundary layers (BL), suction in the
leading-edge region of the transonic swept wings is used to stabilize crossflow
(CF) instabilities. The thinner BL can be more susceptible to a given external
forcing, however, i.e. the effectiveness with which CF instabilities are generated
by environmental disturbances increases. Moreover, suction through porous sur-
faces typically increases surface roughness and results in a non-uniform suction
distribution. Both types of external forcing can trigger stationary CF instabili-
ties. In N -factor based transition prediction with Linear Stability Theory (LST)
or with Parabolized Stability Equations (PSE), the processes that lead to the
formation of boundary-layer instabilities are not considered at all. Hence, only
the stabilizing effect of the idealized spanwise homogeneous suction on the sub-
sequent development of the boundary-layer instabilities is covered. Changes in
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the receptivity characteristics of the modified boundary-layer flow and the typ-
ically increased external forcing due to suction through porous surfaces, which
presumably both contribute to the increase in initial boundary-layer instability
amplitudes, therefore have to be compensated by assuming lower CF transition
N -factors when predicting laminar-turbulent transition on HLFC wings.

Receptivity coefficients are a local measure quantifying the effectiveness with
which a boundary-layer instability mode can be generated by a certain type of
external forcing. Only few data exist in literature on receptivity coefficients
of realistic transonic swept-wing boundary layers without and with suction.
Together with information on the actual surface roughness and suction distribu-
tion, such data allow quantifying detrimental effects on the emergence of instabil-
ities and could provide guidelines on how to adjust the corresponding transition
N-factors. The negative impact of suction in boundary layers on receptivity has
been shown for Tollmien-Schlichting waves in a two-dimensional boundary layer
by Crouch [1]. Janke [2] has previously shown that an equivalent forcing model
together with a PSE-like method is a suitable tool to predict receptivity of three-
dimensional boundary layers to roughness and suction by comparing the results
to a Direct Numerical Simulation (DNS). An efficient approach for receptivity
modeling, which does not require a new direct solution for each forcing configu-
ration, is to employ the adjoint solution. How adjoint Orr-Sommerfeld and PSE
equations predict forced and natural receptivity has been extensively studied by
Hill [3,4]. Adjoint solutions have henceforth been employed to e.g. determine
sensitivities of BL flows [5], receptivity to roughness, suction, acoustic and free-
stream disturbances [6,7]. Schrader [8] employed a DNS solution to determine
receptivity coefficients for the self-similar Falkner-Skan-Cooke (FSC) boundary
layer, while Piot and Schrader [9] expanded his work and showed that these
coefficients are dependent on the forcing shape in spatially evolving flows, when
the Fourier component of the shape at the chordwise instability wavenumber is
small. Bertolotti [10] suggested to include the streamwise derivative of the shape
function as a remedy.

This paper demonstrates the influence of suction on the local boundary-
layer receptivity to surface roughness and inhomogeneous suction. We focus on
steady crossflow instabilities in swept-wing boundary layers. Compressible PSE
or LST are used to quantify the downstream growth of instabilities and adjoint
PSE or LST respectively are employed to quantify receptivity. This approach is
validated for a Falkner-Skan-Cooke BL and applied to the boundary layer on an
A320 vertical tail plane. The flow over this fin is analyzed with and without a
generic suction distribution, and the receptivity coefficients for both cases are
given.

2 Methodology

In this section, the equations to obtain the linear receptivity coefficients for
infinite swept-wing flows are derived. A compressible, non-local formulation for
the direct and adjoint problem in curvilinear coordinates is chosen to analyze
realistic airfoil flows.
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2.1 PSE

To derive the compressible Parabolized Stability Equations (PSE), the total
three-dimensional flow is split into the mean flow quantities Q = {ρ̄, U, V,W, T̄}
and disturbance quantities q′ = {ρ′, u′, v′, w′, T ′}, which are assumed to be small.
In the following, {x, y, z} denote the chordwise, wall-normal and spanwise direc-
tions respectively and {U, V, W} the respective velocities. The non-dimensional,
compressible Navier-Stokes equations are then formulated in disturbance form
by introducing this decomposition and subtracting the equations describing the
baseflow (see [6]). The PSE equations are then derived from a Wentzel–Kramers–
Brillouin (WKB) ansatz where the disturbance q′ is decomposed into a shape
function q and a phase function Θ:

q′(x, y, z, t) = q(x, y)Θ(x) eiβz−iωt ,

Θ(x) = ei
∫ x
x0

α(x′)dx′
.

(1)

Hereby q = {ρ, u, v, w, T} is assumed to be slowly varying in chordwise direc-
tion x and q̂ = qΘ. An ambiguity arises due to both shape function and
exponential part being functions of x, which is removed with the condition∫ ∞
0

qH 1
h1

∂q
∂x h2dy = 0, ensuring minimal streamwise changes of q across y.

The scale factors hi are necessary for a derivation in an arbitrary orthogonal
curvilinear coordinate system. Ansatz 1 is then introduced into the linearised
Navier-Stokes equations, a scale separation between slow variations in chord-
wise direction and faster ones in wall-normal direction is performed, resulting in
a parabolic equation system of the form Lp q = 0, with Lp the linear operator
defined as follows

Lp = A + BDy + CDyy + DDx , (2)

with

Dx =
1
h1

∂

∂x
, Dy =

1
h2

∂

∂y
, Dyy =

1
h2
2

∂2

(∂y)2
. (3)

The operator matrices A,B,C and D can be found in [11]. These equations can
be solved marching downstream with boundary conditions

T = u = v = w = 0 at y = 0 and as y → ∞ . (4)

The equation system of LST can be derived from Eq. (2) by introducing the
assumption of locally parallel flow and neglecting non-local terms, i.e. D = 0.

2.2 Roughness and Inhomogeneous Suction Boundary Conditions

The surface roughness is not simulated directly, but instead modeled via inho-
mogeneous boundary conditions [8]. No-slip conditions are projected using a
Taylor-series expansion under the assumption that the roughness height is small
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compared to the boundary-layer thickness, thus truncating it at first order.
Therefore, the boundary conditions are:

û(x, 0) = −hx
∂U

∂y
, v̂(x, 0) = −hx

∂V

∂y
,

ŵ(x, 0) = −hx
∂W

∂y
, T̂ (x, 0) = −hx

∂T̄

∂y
,

(5)

with some spanwise periodic roughness element h(x, z) = hx(x) · eiβRz , βR its
spanwise wavenumber and hx(x) the chordwise shape function. A roughness with
shape h triggers instabilities with the same spanwise wavenumber β.

Analogously, an inhomogeneous suction distribution vs(x, z) = vb(x) · eiβSz

with the spanwise wavenumber βS = β is defined on top of an arbitrary span-
wise homogeneous distribution. The difference to the homogeneous boundary
conditions (BC) in Eq. (4) is:

v̂(x, 0) = vb . (6)

2.3 Adjoint PSE

Knowledge of the initial amplitudes of any disturbance inside the boundary
layer is necessary for a precise assessment of the transition location. Receptivity
analysis via adjoint equations aims to provide these amplitudes effectively.

The derivation employs a definition for the inner product ‘< ·, · >’:

< a, b >=
∫ X1

X0

∫ ∞

0

aHb h1h2 dxdy , (7)

with ()H being the conjugate transpose. We define an adjoint operator L∗
p and

obtain the following Lagrange identity

< q∗, Lp q >=< L∗
p q∗, q > +

∫ X1

X0

∫ ∞

0

∇ · J(q, q∗)h1h2dxdy (8)

with the adjoint flow vector q∗ = {ρ∗, u∗, v∗, w∗, T ∗} and the bilinear concomi-
tant J = (Jx, Jy)T . Since the adjoint quantities q∗ can be chosen arbitrarily,
we define them to fulfill L∗

pq
∗ = 0. After partial integration of the left side in

Eq. (8), the adjoint operator is derived as:

L∗
p = A∗ + B∗Dy + C∗Dyy + D∗Dx . (9)

The adjoint operators A∗, B∗, C∗ and D∗ can be found in Ref. [5]. Again, the
equation system of adjoint LST can be derived from Eq. (9) by introducing
the assumption of locally parallel flow and neglecting non-local terms, i.e. the
D∗-term is zero.

If no external disturbances are introduced inside the domain, the absolute
value of the streamwise part of the integrated bilinear concomitant

∫ ∞
0

Jx h2 dy
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is a constant and therefore poses a natural normalisation value, which is also
derived from the integration by parts as:

Jx = q∗HDq , (10)

with q∗ and q obtained from the unforced problem with boundary conditions
Eq. (4).

2.4 Receptivity Coefficients

To calculate amplitudes triggered inside the boundary layers by external distur-
bances, the Lagrange identity Eq. (8) is expanded:

0 =
∫ ∞

0

[Jx]x1
x0

h2 dy −
∫ x1

x0

[

q∗H

(

B − 1
h1h2

∂h1

∂y
C − Dy(C)

)

q

−Dy(q∗H)Cq + q∗HCDy(q)
]∞

y=0

h1 dx .

(11)

Equation 11 offers an efficient way to calculate instability amplitudes from the
adjoint solution. We define the complex instability amplitude A as the stream-
wise disturbance velocity at the position ymax where its absolute value |u| is
maximal, A(x) = û(x, ymax). To introduce A into Eq. (11), a new variable Ĵ is
defined, Ĵ =

∫ ∞
0

Jx h2 dy /A. No incoming disturbances are assumed, i.e. x0 is
located upstream of any sources, thus A(x0) = 0. Equation 11 is simplified with
the boundary conditions (u∗, v∗, w∗, T ∗) = 0 at y = 0 and as y → 0, and taking
into account the entries of matrix C (cf. [5]), Eq. (11) becomes

A(x1) =
1

Ĵ(x1)

∫ x1

x0

[

q∗HBq − q∗H 1
h1h2

∂h1

∂y
Cq − Dy(q∗H)Cq

]

y=0

h1 dx . (12)

For the two cases considered in this work, surface roughness and inhomo-
geneous suction, we assume that q̂ = qΘ satisfies the boundary conditions Eq.
(5) or Eq. (6) respectively. The receptivity coefficient cs(x;β) for suction is then
defined as

cs =
1

Ĵ(x)

[

q∗HBq̃ − q∗H 1
h1h2

∂h1

∂y
Cq̃ − Dy(q∗H)Cq̃

]

y=0

. (13)

and the receptivity coefficient cr(x;β) for roughness as

cr =
1

Ĵ(x)

[

q∗H 1
h1h2

∂h1

∂y
Cq̃ + Dy(q∗H)Cq̃

]

y=0

, (14)

since inserting the boundary conditions Eq. (5) for q = Θ−1q̂ into Eq. (12) results
in the B-term vanishing. The receptivity coefficients cs and cr are formulated to
be independent of the disturbance distribution at the wall (i.e. vb(x) or hx(x))



Swept-Wing Receptivity 229

by dividing Eq. (5) and Eq. (6) with the respective disturbance shape (e.g. ũ =
û/(Θhx)). The amplitude at some position x1 is then calculated as

A(x1) =
∫ x1

x0

ci f(x)h1 dx (15)

with ci being cr or cs and f(x) being either hx or vb for a roughness or suction
distribution respectively. Note that cr and cs have different units and can be
compared in terms of amplitude A if information on f(x) is given.
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Fig. 1. Pressure and generic suction distributions.

2.5 Baseflow Configuration

The adjoint approach has been employed for the BL on the vertical tail plane
(VTP) of an A320 aircraft. The flow data stem from a check-out flight test
performed in November 2017 within the AFLoNext project [12]. The suction
panel was located on both sides of the VTP, covering the first 20% of the chord
length, designed as a double skin structure with a micro-perforated titanium
sheet as outer skin supported by an inner sheet with stringers between them
[12].

The laminar baseflow for the pressure distribution (Fig. 1) on the starboard
side measured at a freestream Mach number of 0.76 and a side slip angle of 0.5◦

was computed using the boundary-layer code COCO [13]. For the present study,
the complicated suction distribution from the actual suction chamber design (see
[12]) was replaced by a generic one, cq,gen, resembling the actual distribution in
terms of the level of suction and its chordwise evolution. The generic distribution
is defined as

cq,gen =
vb

Q∞
= −0.0007 − 0.002 · (1 + 20x/c)−3 for x/c < 0.2 (16)

with Q∞ being the freestream velocity and c the chord length. Three baseflows
have been generated by introducing multiples of cq,gen into COCO: (i) no suction,
cq = 0, (ii) half suction, cq = 0.5 × cq,gen, and (iii) full suction, cq = cq,gen.
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3 Results

The receptivity coefficients are presented for a FSC similarity solution, verifying
our implementation based on the adjoint LST and PSE framework, and for the
realistic BL over an A320 vertical tail plane equipped with a suction panel.
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Fig. 2. Roughness receptivity coefficients for a FSC boundary layer.

3.1 FSC Results

The parameters of the FSC test case have been chosen as in [14], i.e. βH = 0.6 and
φn(xn) = 30◦ at Re(xn) = 1000, with the Hartree parameter βH determining the
pressure gradient and φn(xn) denoting the local sweep angle at the normalization
position xn. We validate the results by following the adjoint method under the
assumption of locally parallel flow, similar to [14]. The receptivity coefficients
for a steady crossflow instability with a spanwise wavenumber of β = 0.45 have
been obtained utilizing compressible equations according to Eq. (13). The results
are shown in Fig. 2 together with those in [14], derived from an incompressible
set of equations. The results with parallel flow approximation are in perfect
agreement, as compressibility has a negligible influence for this flow. As expected,
receptivity is higher towards the leading edge and decreases further downstream,
with maximum receptivity at the initial chordwise position. The PSE results
show the influence of non-local and non-parallel effects. At larger values of x,
the coefficients get similar to those obtained assuming parallel flow, while the
discrepancy towards the leading edge is of the order of magnitude of cr. Hence,
local theory over-predicts receptivity to surface roughness.

Note that the depicted adjoint PSE results have also been compared to
unpublished receptivity coefficients obtained from a different PSE code within
the Telfona project [15]. Those non-local results also show a very good agree-
ment.
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3.2 A320 VTP Receptivity Results

Since the flow conditions around the VTP are very similar for the port and star-
board side, the following results are limited to the spatial extent of the suction
panel of the VTP’s starboard side. Figure 3 shows the N -factor results, calcu-
lated according to the local stability theory, for stationary crossflow instabilities
for the case without suction (Fig. 3(a)) and the case with half of the generic suc-
tion rate (Fig. 3(b)). The N -factor is a measure of the accumulated growth of a
disturbance and is defined as N(x) = ln (A(x)/A0), where A0 corresponds to the
disturbance amplitude at the streamwise location where the instability starts
to grow. For the case without suction, boundary-layer transition is expected
at x/c = 0.016, assuming a typical transition N -factor of 9. In contrast, with
only half of the generic suction rate, the overall growth of stationary crossflow
instabilities (CFI) is probably insufficient to cause transition up to x/c = 0.2.
At the full generic suction rate, there is no amplification of stationary crossflow
vortices on the suction panel anymore. Taking the surface curvature of the air-
foil into account via metric terms in the local instability analysis, the maximum
achievable N -factor reduces significantly, and at cq = 0.5× cq,gen., all stationary
CFI are also damped. In the following, the receptivity investigations are limited
to surface roughness and suction distributions with a spanwise wavenumber of
β = 16001/m. The CFI triggered at this wavenumber reaches one of the highest
N -factors at the end of the suction panel (cf. Fig. 3(a)). Figure 4(a) depicts the
receptivity of the boundary layer to surface roughness, whereas Fig. 4(b) shows
the respective coefficient for non-uniform suction, both computed employing the
adjoint LST framework. For all investigated cases, the receptivity coefficient for
both roughness and inhomogeneous suction is highest in the leading-edge area
and decreases towards the end of the suction panel. Note that the observable
kink in the cr-distribution at x/c > 0.15 coincides with the beginning of an
adverse pressure gradient region (cf. Fig. 1). In line with the expected trend,
the boundary-layer thickness decreases with increasing suction rate and the flow
becomes more receptive to disturbances at the wall. Hence, special care should
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Fig. 3. Streamwise evolution of the N -factor for the stationary crossflow instability for
selected spanwise wavenumbers β in case of (a) cq = 0 and (b) cq = 0.5 × cq,gen..
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Fig. 4. Impact of the suction rate cq on the boundary-layer receptivity due to (a)
surface roughness and (b) suction with β = 16001/m.

be taken when arranging and manufacturing the suction panel to ensure that the
desired effect of transition delay is not jeopardized by the increased receptivity
efficiency of crossflow-dominated boundary layers to external forcing. The inclu-
sion of the metric terms, which significantly impact the CFI growth rates (cf.
Fig. 3(a)), affects the receptivity coefficients only to a small extent, as indicated
by the black dashed line for the cq = 0 case in Fig. 4.

Investigations utilizing the adjoint PSE framework are planned to further
investigate the effects of nonlocal and non-parallel flow terms on the observed
trends.

4 Summary and Conclusions

The impact of varying suction rate on the receptivity of crossflow-dominated
boundary layers to surface roughness and non-uniform suction was studied.
The corresponding receptivity coefficients were derived from direct and adjoint
solutions of the linear local and nonlocal stability equations. The numerical
approach was verified by comparing the roughness receptivity coefficients for a
Falkner-Skan-Cooke similarity solution with suitable reference data from the lit-
erature. Subsequently, the receptivity analysis was extended to a realistic tran-
sonic swept-wing boundary-layer flow on the A320 vertical tale plane with a
porous suction panel. The amount of suction was systematically varied starting
from a generic chordwise suction distribution that resembles the suction distri-
bution of the corresponding flight test data point.

It has been shown that for stationary crossflow vortices, the effects of sur-
face curvature on the receptivity coefficients were negligible, in contrast to
their significance for the crossflow disturbance amplification rates. Moreover, as
boundary-layer thickness decreases with rising spanwise homogeneous suction
rate, the boundary layer can be more susceptible to a given external forcing,
like surface roughness and spanwise suction non-uniformities, which both can
trigger stationary crossflow vortices. The results from the present local linear
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receptivity analysis confirm this expected trend and, for the first time, provided
quantitative data on the rise of the corresponding linear receptivity coefficients
with increasing mean suction rates for a realistic HLFC configuration. The rising
receptivity of the boundary layer with suction is one of the two main reasons
why typically lower CF transition N -factors have to be assumed in laminar-
turbulent transition prediction on HLFC wings. As the same external forcing
leads to higher initial amplitudes when receptivity increases, the N -factor at a
similiar transition amplitude decreases. The second contribution stems from the
increased amount of external forcing due to the presence of the porous suction
panel itself. Quantifying the latter effect would require detailed information on
the corresponding changes in surface roughness and the suction non-uniformity,
however.
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