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We discuss robustness and accuracy of time of arrival (ToA) estimation using meta-signal com-
bining (MSC). MSC is a receive strategy to process multiple navigation signals as a single wide-
band signal, even though they are transmitted on different carrier frequencies. This strategy was
originally proposed due its potentially high ToA estimation accuracy in combination with good
spectral efficiency and power efficiency. Furthermore, it offers the possibility to make optimal
use of legacy signals and newly added signal components; in this work, we focus on the example
of the E1 open serivce (OS) and the forthcoming E1-D signal. We discuss estimation robust-
ness against noise on the basis of the Ziv-Zakai Lower Bound (ZZLB); our analytical results
reveal that without large carrier-to-noise density ratio or long observation times, autocorrelation
sidelobes make it impossible for an unbiased ToA estimator to attain the excellent performance
promised by the simpler Cramér-Rao Lower Bound (CRLB). Furthermore, we demonstrate that
a carefully configured bank of correlators should be used in order to avoid further performance
losses.

1. Introduction

As the services of global navigation satellite systems (GNSS) are constantly being modernized,
they provide a variety of legacy signals as well as newly added signals. A recently discussed
option in future Galileo signal evolution is the extension of the E1 open service (OS) by intro-
ducing a new signal E1-D, located somewhere between 1 to 25 MHz above the E1 OS carrier
at 1575 MHz. At the receive side, this would offer the possibility to use both the legacy and the
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modernized signal for ranging, exploiting their spectral diversity. One way to achieve this is the
concept of meta-signal combining (MSC), which was investigated in [1] and in [2].

Briefly, the idea of MSC consists in processing two (or more) GNSS signals, potentially trans-
mitted at different carrier frequencies, as if they were one single signal. That is, the spectral
components from two different bands are processed relative to a virtual center frequency bisect-
ing the combined spectrum, instead of demodulating and processing each component individ-
ually at baseband. As a benefit, the bandwidth of the combined signal can be much larger than
the bandwidth of the individual components; this leads also to a larger Gabor bandwidth, hence
better time of arrival (ToA) estimation performance according to the Cramér-Rao Lower Bound
[7].

The robustness of MSC, however, is very poor due to the concentration of the received signal
power near the upper and lower end of the receiver bandwidth. Such a power spectral density
(PSD) corresponds to an autocorrelation function (ACF) with a sharp main peak that comes
along with considerable side peaks. When observed under noise, these side peaks can rise above
the main peak and produce large estimation errors. Due to their lack of an unambiguous main
peak, meta-signals belong to the class of ambiguity-prone signals [3]. For this class, the CRLB
on ToA estimation variance leads to overoptimistic results. While the CRLB is still valid as a
lower bound, it cannot serve as a benchmark that an optimal estimator can actually attain: in
other words, it is not a tight bound. A tight bound can be given, however, by the Ziv-Zakai
Bound (ZZB) [3].

The contribution of this work is twofold. Firstly, we calculate and discuss CRLB and ZZB for
an exemplary E1 meta-signal with spectral mainlobes separated by up to 25 MHz. We shall ob-
serve that not even a maximum likelihood estimator (MLE) with full knowledge of the received
signal will be able to attain the CRLB in low-to-medium SNR. This analytical result essentially
confirms the findings of the experimental study [1], which showed that MSC is not practicable
in dynamic conditions or with low-to-medium carrier-to-noise density ratio (C/N0). Our sec-
ond contribution is intended for the high SNR regime, where the ZZB coincides with the CRLB
and high accuracy is attainable by MSC. In this regime, the ACF sidelobes are not as hazardous
anymore because noise is not able to lift them above the central peak. The receiver must, how-
ever, ensure to estimate the correct global maximum of the ACF rather than a local maximum
− to this end, a correlator bank rather than the conventional two early/late correlators is neces-
sary [4]. We determine the optimal spacing and number of correlators via a simple estimation
theoretic argument: passing the received signal through a bank of correlators is a compression
step that comes with an information loss. By comparing the Fisher information measure (the
inverse of the CRLB) before and after the compression and requiring that the two are nearly
equal, we can determine feasible configurations of the correlator bank. Our results from theory
and simulation demonstrate that at least 15 correlators should be employed for robust MSC in
the high-SNR regime, if the E1/E1-D carriers are separated by 25 MHz.
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2. Signal Model

For the discussion, consider a radio frequency power spectrum like the one shown in Fig. 1. It
consists of the power spectra of two individual pseudorandom noise (PRN) signals: a binary
offset carrier (BOC(1,1)) spectrum at carrier frequency f1, and a binary-phase shift keying
(BPSK(1)) signal at carrier frequency f2. The common chip-time is Tc. Choosing the virtual
carrier frequency (f1 + f2)/2, the baseband power spectrum can be given as

Φ̃(f) = C1Tc

(
sinc

(
(f + fM)Tc

)
tan
(
π(f + fM)Tc/2

))2
+C2Tc

(
sinc

(
(f − fM)Tc

))2
, (1)

where fM = (f2− f1)/2. In the above equation, the first summand represents the BOC compo-
nent and the second summand represents the BPSK component. The constants C1 and C2 have
dimension Watt and indicate the power of the individual components. We assume that only the
signal mainlobes are processed, which are indicated by the shaded blue area in Fig. 1. Therefore,
the final PSD of the received baseband signal is given by

Φ(f) =


C1Tc

(
sinc

(
(f + fM)Tc

)
tan
(
π(f + fM)Tc/2

))2
if |f + fM | ≤ 2/Tc

C2Tc

(
sinc

(
(f − fM)Tc

))2
if |f − fM | ≤ 1/Tc

0 else.

(2)

We denote the strictly limited receiver passband B = [−fM− 2
Tc
,−fM+ 2

Tc
]∪[fM− 1

Tc
, fM+ 1

Tc
].

Note also that this is an asymmetric PSD. The corresponding complex-valued ACF

φ(τ) =

∫
B

Φ(f)ej2πfτ dτ (3)

is shown in Fig. 2.

Let s(t) be the noiseless analytic baseband signal with PSD given by (2). It can be given in
terms of baseband PRN signals s1(t) and s2(t) as follows

s(t) =
√
C1e

jϕ1s1(t)e
−jπfM t +

√
C2e

jϕ2s2(t)e
jπfM t, (4)

where ϕ1, ϕ2 represent (unknown) phase offsets.

3. Performance Bounds for Time of Arrival Estimation

We consider the problem of estimating the unknown time of arrival (ToA) τ based on a noisy
observation

y(t) = s(t− τ) + n(t), t ∈ [0, Ti] (5)

where the real and imaginary part of n(t) are independent white Gaussian noise processes, each
with double-sided PSD N0/2.
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Figure 1: Radio frequency PSD of a BOC signal at f1 = 1575.42 MHz and a BPSK signal at f2 = 1600.995.
Signal mainlobes are shaded.

Figure 2: Autocorrelation function of the BOC/BPSK meta-signal.
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Let us define the carrier-to-noise-density ratio of the bandlimited meta-signal

C/N0 =

∫
B Φ(f) df

N0

≤ C1 + C2

N0

, (6)

where equality holds if and only if the bandlimitation step in Eq. (2) is omitted. Further, we
define SNR as the product of C/N0 and the coherent integration time

SNR = C/N0 × Ti. (7)

The Gabor (or root mean square) bandwidth of the meta-signal is given as

β =

√∫
B Φ(f) f 2 df∫
B Φ(f) df

. (8)

In the following, we briefly state the CRLB and ZZB from the literature. On the one hand,
the well-known CRLB [7] states that the variance of any unbiased ToA estimator τ̂ is bounded
below by

Var(τ̂) ≥ 1

8π2 SNR β2
. (9)

While the CRLB is valid for all SNR regions, it can usually only be attained for asymptotically
high SNR and therefore is not always a good indicator for the actual performance. [3]. A more
accurate bound, which models the estimation variance in all SNR regions more realistically, is
given by the ZZB

Var(τ̂) ≥ T 2
0

6
Q(
√

SNR) +
1

2β2 SNR
Γ 3

2

(
SNR

2

)
− 4

3T0
√
π

(β2 SNR)−
3
2 Γ2

(
SNR

2

)
, (10)

where Q denotes the Q-function and Γa(z) the incomplete gamma function. Unlike the CRLB,
the ZZB depends also on the width T0 of the search interval for the ToA. For SNR → ∞, the
two lower bounds coincide. For SNR→ 0, the best an unbiased ToA estimator can do is return
a uniformly random ToA within [−T0/2, T0/2]. Interestingly, the ZZB also characterizes the
transition (”waterfall”) region, where the performance of optimal estimators begins to deviate
from the CRLB. An extensive derivation and study of the ZZB was developed in [8].

4. Multicorrelator Signal Compression

The CRLB and ZZB as formulated in the previous section are valid for ToA estimators with
knowledge of the full noisy pre-correlation signal y(t). However, some information may be lost
in the process of correlating y(t) with a set of time-shifted local replicas of s(t). While this
effect is less pronounced for simple signals such as BPSK(1), it is crucial for meta-signals. In
the following, we will formulate the CRLB in post-correlation to illustrate this problem.
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We first represent y(t), t ∈ [0, Ti] by its sampled version. Continuous-time and discrete-time
representation are equivalent as long as the sampling rate 1/Ts is at least the Nyquist rate. For
instance, if the carrier frequency difference is f2−f1 = 25.575 MHz, then we must sample with
at least 1/Ts ≥ 2× 28.644 MHz to prevent aliasing of the BOC(1,1) and BPSK(1) components.
The sampled signal is given by

y(u) =
[
y(0) y(Ts) . . . y(NTs)

]T
, (11)

which consists of N + 1 = Ti/Ts complex samples. This vector represents the full (uncom-
pressed) signal. On the other hand, the post-correlation (compressed) signal, for P correlators,
is

y(c) = THy(u) ∈ CP , T =
[
s(τ1) s(τ2) . . . s(τP ),

]
(12)

where the P columns of the compression matrix T contain the sampled and shifted local replicas

s(τp) =
[
s(−τp) s(Ts − τp) . . . s(NTs − τp)

]
, p = 1, . . . , P. (13)

The CRLB before correlation is given by

Var(τ̂) ≥
∥∥∥∥∂s(τ)

∂τ

∥∥∥∥−2 , (14)

which is a time-domain representation of (9), while after the correlation it is given by

Var(τ̂) ≥
∥∥∥∥TH ∂s(τ)

∂τ

∥∥∥∥−2 . (15)

Therefore, the correlators should be configured in a way that the information loss satisfies

λ(τ) =

∥∥∥∂s(τ)∂τ

∥∥∥2∥∥∥TH ∂s(τ)
∂τ

∥∥∥2 ≤ 1 + ε, ∀τ ∈ [−T0/2, T0/2], (16)

i.e., that it does not exceed a small tolerable loss with some ε > 0 for all possible ToAs τ . For
example, a tolerable loss would be 10 log10(1 + ε) = 0.1 dB.

For simplicity, we assume that the correlator delays τp, p = 1, . . . , P , are equally spaced.
Moreover, we consider only odd numbers of correlators to ensure that the prompt-correlator is
included. Then, suitable combinations of spacing ∆p and number of correlators P are shown in
Fig. 3 for a carrier frequency separation of f2− f1 = 25.575 MHz. Two things can be observed.
First, the less correlators are used, the more accurately should a certain spacing be kept. Second,
the number of correlators should not fall short of a certain minimum number (in this example,
13).
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Figure 3: Information loss 10 log10(λ(τ)) maximized over τ ∈ [−Tc, Tc]. Those numbers of correlators P and
correlator spacings ∆p which lead to a (quasi-)lossless compression lie within the regions outlined in white.
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Figure 4: MLE, CRLB and ZZB for the pre-correlation signals (top and bottom left) and post-correlation sig-
nals (top and bottom right). CRLB(u) and CRLB(c) denote the CRLB for the pre- and post-correlation signals,
respectively.
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5. Simulation Results

We conducted simulations for a meta-signal with PSD as shown in Fig. 1 and as given in Eq.
(2), with carrier frequency difference f2 − f1 = 25.575 MHz. The coherent integration time
is always equal to Ti = 1 ms. Further, the power of the individual signal components was set
to C1 = C2, while the noise floor is N0 = −204 dBW/Hz. The ToA uncertainty is assumed
as T0 = 2Tc. The correlator bank was configured with p = 15 correlators and a spacing of
∆p = 0.18Tc. The results are shown in Fig. 4. We computed the ZZB, as well as the CRLB
before and after the compression step. Interestingly, due to the very large sidelobes of the meta-
signal ACF, the ZZB starts to deviate from the CRLB already when the C/N0 goes below 41
dB-Hz. We also show the performance of an optimal maximum likelihood estimator (MLE),
each before and after the multicorrelator compression. (Explicit expressions for the MLE will
be provided in the full paper.) It can be observed that the multicorrelator compression loss does
not lead to significant performance loss of the MLE, but that asymptotic performance is reached
only at around 50 dB-Hz. However, note that it is possible to operate efficiently in lower C/N0

regions if the coherent integration time Ti is increased, since SNR (7), not C/N0, is decisive for
performance.
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