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Abstract: The Al-Ni system has been intensively studied both experimentally and theoretically. The1

published first-principles calculations based on density-functional theory (DFT) typically investigate2

the stable phases of this system in their experimental stoichiometry. In this work, we present3

DFT calculations for the Al-Ni system that cover stable and metastable phases across the whole4

composition range for each phase. The considered metastable phases are relevant for applications5

as they are observed in engineering alloys based on Al-Ni. To model the Gibbs energies of solid6

phases of the Al-Ni system we combine our DFT calculations with the compound energy formalism7

(CEF) that takes the Bragg-Williams-Gorsky approximation for the configurational entropy. Our8

results indicate that the majority of the investigated configurations have negative energy of formation9

with respect to Al fcc and Ni fcc. The calculated molar volumes for all investigated phases show10

negative deviations from Zen’s law. The thermodynamic properties at finite temperatures of11

individual phases allow to predict the configurational contributions to the Gibbs energy. Applying12

a fully predictive approach without excess parameters, an acceptable topology of the DFT-based13

equilibrium phase diagram is obtained at low and intermediate temperatures. Further contributions14

can be added to improve the predictability of the method, such as phonons or going beyond the15

Bragg-Williams-Gorsky approximation that overestimates the stability range of the ordered phases.16

This is clearly demonstrated in the fcc order/disorder predicted metastable phase diagram.17

Keywords: DFT; Calphad; multiphase equilibria, thermodynamic properties.18

1. Introduction19

The compound energy formalism (CEF) [1] is a well established framework used to model Gibbs20

energies as a function of temperature, composition and pressure. The knowledge of the Gibbs energies21

allows the calculation of thermodynamic properties and equilibrium between phases. This procedure22

is used in the so called Calphad method [2] to obtain calculated phase diagrams. Quantum-mechanical23

approaches like density functional theory (DFT) [3] can make significant contributions to Calphad,24

e.g., with regard to the development of multicomponent databases based on information on stable and25

metastable binary phases, particularly after recent improvements on the models for multicomponent26

and structurally complex phases like the σ phase [4]. In this paper we use DFT to scan the configuration27
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space in the whole composition range for each phase in its stable or metastable state. The Al-Ni system28

was selected due to its significant technological and theoretical importance. It is a prototype system for29

order-disorder transformations and the base system of Ni-based superalloys that are used in turbine30

blades for aviation and power generation [5,6]. The design of these alloys requires knowledge of31

potential metastable phases [7,8] that can deteriorate the mechanical properties. Distinct to a recent32

publication [9] on the Al-Ni system where DFT calculations were carried out for fcc and bcc ordering33

families, we include ordered fcc, bcc and hcp phases, as well as D011, D513 and the topologically34

close-packed (TCP) phases σ, µ, χ, A15, C14, C15, C36. We follow the methodology previously used35

for Re-X (X = Ta, V, W) systems studying topologically closed-packed (TCP) phases [10]. In this way,36

finite temperature phase stability was investigated using the Bragg-Williams-Gorsky approximation37

(BWG) as implemented in the Thermo-Calc software [11,12] for the description of the configurational38

entropy. The methodology used in this work is referred as DFT-CEF approach and differs from other39

published studies which also use DFT calculations as input data, these differences are briefly described40

in Table 1.41

Table 1. Different thermodynamic approaches in the literature.

Reference Entropy model TDB available Approach

This work BWG yes DFT-CEF + no excess parameters
reference state at 0 K

Al-Ni [9] CE/MC no DFT 0 K
ATAT [13] CE/CVM/MD yes DFT + finite temperature

Co-Ta [14] BWG + excess yes DFT-CEF + excess parameters
reference state at 298.15 K (SGTE)

The structure of the paper is as follows: details of the methodology are indicated in Section 2. In42

Sections 3.1 and 3.2 we discuss the structural stability of the elements and the binary phases at 0 K43

and the trends of molar volumes with composition. The thermodynamic properties of the individual44

phases at finite temperatures are given in Section 3.3. The phase stability as a function of temperature45

and composition are presented in the phase diagram in Section 3.4. At the end of this section the46

overcoming of a major drawback of the thermodynamic model is discussed and finally, we conclude47

in Section 4.48

2. Methodology49

2.1. DFT calculations50

Electronic-structure calculations based on DFT were performed using the Vienna Ab initio51

Simulation Package (VASP) [15–17] within a high-throughput environment [18]. We used projector52

augmented wave (PAW) pseudopotentials and the generalized gradient approximation (GGA)53

of Perdew et al. [19] for the exchange-correlation functional. A cut-off energy of 400 eV and54

Monkhorst-Pack [20] k-point meshes with a density of 0.020 Å3 were sufficient to converge differences55

in the formation energy to less than 1 meV/atom. Spin-polarization was used for the calculations and56

full relaxation (P ≈ 0 GPa) of all the structures was performed. Initial magnetic moments were set to57

zero as a comprehensive study of the effects of magnetism with an exhaustive sampling of magnetic58

configurations for all considered phases would require a large number of DFT calculations and a59

corresponding treatment in the Calphad formalism that is beyond the scope of this work.60

The formation energies of the compound phases were obtained from the total energy of a given61

binary configuration, φ, of crystal structure, Γ, and composition (xAl , xNi) with respect to the energy of62

the pure elements in the ground-state structure fcc of Al and Ni:63

EΓ,φ
f = EΓ,φ

0 −
(

xAl
xAl + xNi

)
Efcc,Al

0 −
(

xNi

xAl + xNi

)
Efcc,Ni

0 (1)
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where EΓ,φ
f is the formation energy of the binary configuration, EΓ,φ

0 , Efcc,Al
0 and Efcc,Ni

0 are the64

total energies per atom for the binary configuration, fcc Al and fcc Ni, respectively. The energy-volume65

results were fitted using the Murnaghan equation of state. At 0 K and 0 Pa, EΓ,φ
f corresponds to the66

enthalpy of formation of the configuration φ in the structure Γ.67

2.2. Thermodynamic modelling68

The general expression of the Gibbs energy for a solid phase at T 6= 0 K is69

G = U + PV − TS (2)

where the pressure-volume term, PV, vanishes for our fully relaxed structures. If the entropy term70

includes only the configurational contribution (no vibrational entropy), an equivalent formulation of71

the CEF has the following expression72

G = Esrf − TSconf (3)

where, Esrf is the surface of reference, the sum of total energies of all the configurations, and Sconf
73

is the configurational entropy. In this work the configurational contribution is restricted to the BWG74

approximation [1,21] and no interaction parameters were considered to obtain temperature dependent75

properties (see Section 3.4). All considered phases were modelled using Eq. 3 and the energies of76

each individual configuration were calculated using DFT as indicated in the previous section. The77

number of possible configurations for each phase is determined by the permutation of Al and Ni on78

the respective Wyckoff positions (see Table 3 and 4 with A=Ni and B=Al).79

The CEF [1,4,22,23] describes the Gibbs energy of a given phase as a function of sublattices (SL)80

in its crystal structure. The number of considered SL will determine the number of configurations81

or end-members (limiting compositions) needed to describe the phase. For bcc, fcc and hcp solution82

phases a four-sublattice (4SL) model was used. For the TCP phases, for D513-Al3Ni2 and D011-Al3Ni a83

complete SL description was used, i.e. the Wyckoff sites of each phase determine the total number84

of SL and their multiplicity the number of sites in each SL. Hence, the µ, σ and C36 phase with five85

Wyckoff positions are modelled with five sublattices. Permutating Al and Ni on the five SL gives rise86

to 25=32 configurations. For a generic phase, ϕ, with five Wyckoff positions the first and second terms87

in Equation 3 are defined as88

Esrf = ∑
ABCDE

y(1)A y(2)B y(3)C y(4)D y(5)E Eϕ,ABCDE
f

Sconf = −R ∑
s

as ∑
i

ys
i ln(ys

i )
(4)

where, Eϕ,ABCDE
f is the structural energy of the end-member ABCDE calculated as explained in89

Section 2.1 and the summation over all end-members represents the energy of the surface of reference.90

The second term is the configurational entropy with as the number of sites in sublattice s, ys
i the site91

fraction of component i in sublattice s and R the gas constant.92

The structural energy of the configuration with the same element in all SL, i. e. Eϕ,AAAAA
f in93

Equation 4 represents the difference between a given crystal structure and the reference structure of94

element A. In this work we take the ground-state structure fcc-A1 of Al and Ni as reference states at 0 K.95

This structural energy difference is an essential parameter to define the Gibbs energies of competing96

phases and is referred to as lattice stability.97

In this work we investigate the lattice stabilities of Al-Ni in eleven crystal structures with respect98

to the energy of the fcc-A1 ground-state structure at 0 K. The formation energies of all possible99

configurations generated by permutation of Al and Ni in the different Wyckoff positions were100

calculated for: nearly all TCP phases, for the D513-Al3Ni2 and D011-Al3Ni phases stable in this101
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system and for several ordered fcc, bcc, and hcp phases (see Section 3.2). The liquid phase and the102

Al3Ni5 phase were not investigated in the present work.103

The thermodynamic calculations were done using the Thermo-Calc Gibbs energy minimizer104

software version 2020a [11,12] and a Gibbs energy set assembled with the DFT results. The TDB file is105

provided in the supplementary materials.106

3. Results107

3.1. Structural stability at 0 K for Al and Ni108

The DFT calculated structural energies or lattice stabilities along with relaxed molar volumes V0109

and bulk modulus B0 for pure Al and Ni at 0 K are presented in Tab. 2 and compared with values from110

the literature.111

Table 2. DFT calculated lattice stabilities, ∆H, with respect to fcc-A1 (EΓ, i
0 − Efcc, i

0 , cf. Equation 1),
relaxed volumes V0 and bulk modulus B0 of different Al and Ni structures compared with values
available in the literature.

Aluminium
Ref. A1 A2 A3 A15 A12(χ) D8b(σ) µ C36 C14 C15 D513 D011
∆H (kJ/mol)
This work 0.0 9.3 3.2 7.7 5.1 6.3 10.0 15.0 14.3 15.6 17.1 1.4
PAW-PW91 [24] 0.0 9.7 - 7.5 4.9 6.5 9.7 - 13.9 15.1 - -
PAW-PW91 [25] 0.0 9.21 2.85 - - - - - - - - -
SGTE [26]a 0.0 10.1 5.5 - - - - - - - - -
V0 (Å3/at)
This work 16.48 16.91 16.64 16.93 17.13 16.91 17.31 17.45 17.45 17.43 18.78 16.59
PAW-PBE [27] 16.71 - - - - - - - - - - -
FPLMTO-GGA [28]16.63 - - - - - - - - - - -
LMTO-LDA [29] 15.93 16.17 - - - - - - - - - -
Calphad [30]a - 17.13 16.85 - - - - - - - - -
Calphad [31]a 16.30 15.50 15.50 - - - - - - - - -
B0 (GPa)
This work 77.6 69.8 73.3 64.7 69.4 74.0 70.1 65.7 66.3 66.5 67.4 76.0
PAW-PBE [27] 72.5 - - - - - - - - - - -
FPLMTO-GGA [28] 74.4 - - - - - - - - - - -
LMTO-LDA [29] 87.0 88.0 - - - - - - - - - -
Exp. [32] 72.7 - - - - - - - - - - -

Nickel
Ref. A1 A2 A3 A15 A12(χ) D8b(σ) µ C36 C14 C15 D513 D011
∆H (kJ/mol)
This work 0.0 5.3 2.7 11.2 8.3 8.4 14.1 17.5 17.0 18.2 30.5 5.8
PAW-GGA [24] 0.0 8.8 - 12.7 9.1 16.5 16.0 - 19.0 21.3 - -
PAW-GGA [25] 0.0 9.15 2.13 - - - - - - - - -
SGTE [26]a 0.0 8.7 2.9 - - - - - - - - -
V0 (Å3/at)
This work 10.88 10.94 10.92 11.11 11.07 11.08 11.30 11.40 11.39 11.43 12.20 11.08
PAW-PBE [27] 10.90 - - - - - - - - - - -
PAW-PBE [33] 10.94 - - - - - - - - - - -
LMTO-LDA [29] 10.53 10.62 - - - - - - - - - -
B0 (GPa)
This work 199.3 193.7 189.7 185.3 202.1 189.5 177.2 188.5 198.5 183.5 165 145.2
PAW-PBE [27] 190.5 - - - - - - - - - - -
PAW-PBE [33] 193.0 - - - - - - - - - - -
LMTO-LDA [29] 248.0 224.0 - - - - - - - - - -

a critically assessed experimental data
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The first row of Table 2 shows the enthalpy difference between the corresponding structure and112

the reference structure fcc-A1 of Al and Ni at 0 K. Our results are in good agreement with previous113

theoretical [24,25,34,35] and experimental [36] works.114

On the other hand, rough agreement is found with Scientific Group Thermodata Europe115

(SGTE) databank values [26]. SGTE is an extensive consistent compilation of lattice stabilities and116

Gibbs energies based on assessed experimental data widely used in the CALPHAD framework.117

Several comparisons between DFT calculation and SGTE have been done in order to combine these118

methodologies but disagreements were many times evident [37,38]. The conclusions after the works of119

Wang et al. [25] and Sluiter [24] indicate good agreement for most of the elements with exception of 3d120

transition metals.121

3.2. Phase stability and molar volumes of binary phases at 0 K122

3.2.1. Enthalpies of formation of ordered compounds123

The formation enthalpies for stable and metastable ordered compounds of Al-Ni were calculated124

as indicated in Section 2.1 and the results are presented in Figure 1. The same symbol has been125

used for configurations in a given crystallographic structure even if the individual structures showed126

distortions of the unit cell after structural relaxation. The calculated ordered structures for fcc, bcc and127

hcp are presented Table 3.128

The convex-hull (dashed gray line in Figure 1) indicates the sequence of stable phases at 0 K of129

Al (A1), Al3Ni (D011), Al3Ni2 (D513), AlNi (B2), AlNi3 (L12) and Ni (A1). This sequence of structural130

stability with chemical composition is in agreement with the experimental correspondence at 298.15 K131

(except for Al3Ni5 that is not considered in this work). Most of the ordered compounds show negative132

formation energy with respect to Al fcc and Ni fcc.133

Figure 1. Formation energy of ordered Al-Ni compounds at 0 K with respect to the Al and Ni
ground-state structure as obtained by DFT. The straight lines indicate the convex-hulls of the individual
phases as a function of composition. The dashed line defines the overall structural stability.
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When metastable and stable phases are energetically close, like in this case, stabilization is viable134

through phase transformation that can occur with increasing temperature, deformation, external135

pressure and/or impurities. A critical region is found around 75 at.% Ni where L12 is the energetically136

most favourable compound at 0 K while metastable D019 (hcp ordering) and L60 (fcc ordering) are only137

≈ 8 meV/at and ≈ 4 meV/at higher in energy. Starting form the L12 structure, the L60 corresponds138

to a slight tetragonal distortion while the D019 corresponds to a different sequence of the compact139

planes. In the Al-rich side it can be observed that D011 is the most stable structure at 25 at.% Ni (as140

expected). However, at 50 and 75 at.%Ni D011 is close to the respective stable B2 and L12 configurations.141

This proximity in formation energies leads to close energy competition of these compounds at finite142

temperatures (cf. Section 3.4). The formation energies in Figure 1 are also presented in Table 3 for143

bcc, fcc and hcp ordered structures including composition, Strukturbericht (where A=Ni and B= Al),144

formation energy, Pearson symbol, space group and Wyckoff positions. Shadowed rows indicate the145

actual orderings used in the 4SL model, see Section 3.4. In Table 4 the structural details and number of146

all possible configurations for TCP, D513 and D011 phases are presented. For these phases a complete147

SL description was used with all configurations included in the thermodynamic model as can be seen148

in the TDB file and Figure provided in the supplementary materials.149

Table 3. Ordered fcc, bcc and hcp phases ofAl-Ni. It is indicated the atomic composition, the
Strukturbericht designation (where A=Ni and B= Al), calculated formation energy, Pearson symbol,
space group and Wyckoff positions.

x(Ni)
Strukturbericht formation energy

[kJ/mol at]
Pearson symbol space group Wyckoff

positions

fcc related
0.0 A1-BB 0.0 cF4 (Cu) Fm3̄m (225) 4a, 4b, 8c
0.111 Al8Ni-AB8 -10.3 tI18 (NbNi8) I4/mmm 2a, 8h, 8i
0.125 D1D7-AB7 -10.3 cF32(Ca7Ge) Fm3̄m (225) 4a, 4b, 24d
0.25 D022-AB3 -22.3 tI8 (Al3Ti) I4/mmm (139) 2a, 2b, 4d
0.25 L12-AB3 -22.3 cP4 (Cu3Au) Pm3̄m (227) 1a, 3c
0.25 D023-AB3 -22.8 tI16 (Al3Zr) I4/mmm (139) 4c, 4d, 4e
0.25 L60-AB3 -22.3 tP4 (CuTi3) P4/mmm (123) 1a 1c 2e 2e
0.333 β1β2-AB2 -38.5 tI6 I4/mmm (139) -
0.5 CH40-AB -58.2 tI8(NbP) I41/amd (141) 2a, 2b
0.5 D4-AB -31.0 - Fd3̄m -
0.5 L10-AB -52.4 tP2 (CuAu) P4/mmm (123) 1a, 1d
0.5 L11-AB -43.0 hR32 (CuPt) R3̄m (166) 1a, 1b
0.5 Z2-AB -39.3 tP8 P4/nmm (129)
0.667 β1β2-A2B -45.6 tI6 I4/mmm (139)
0.75 D022-A3B -43.1 tI8 (Al3Ti) I4/mmm (139) 2a, 2b, 4d
0.75 L12-A3B -45.4 cP4 (Cu3Au) Pm3̄m (227) 1a, 3c
0.75 L60-A3B -45.0 tP4 (CuTi3) P4/mmm (123) 1a 1c 2e 2e
0.875 D1D7-A7B -23.2 cF32(Ca7Ge) Fm3̄m (225) 4a, 4b, 24d
0.889 Al8Ni-A8B -21.1 tI18 (NbNi8) I4/mmm 2a, 8h, 8i
1.0 A1-AA 0.0 cF4 (Cu) Fm3̄m (225) 4a, 4b, 8c
bcc related
0.0 A2-BB +9.3 cI2 (W) Im3̄m (229) 2a
0.25 D03-AB3 -9.6 cF16 (AlFe3) Fm3̄m (225) 4a, 4b, 8c
0.333 C11b-AB2 -39.6 tl6 I4/mmm (139) 2a, 4e
0.375 PdTi-A3B5 -47.0 - - -
0.4 AlOs-A2B3 -51.5 - - -
0.428571 B11-A3B4 -45.1 tP4 (γCuTi) P4/nmm (129) 2c
0.444 VZn-A4B5 -31.5 tI18 (V4Zn5) I4/mmm (139) 2a, 8h, 8i
0.5 B2-AB -66.3 cP2 (CsCl) Pm3̄m (221) 1a, 1b
0.5 B32-AB -35.6 cF16 (NaTl) Fd3̄m (227) 8a, 8b
0.555556 VZn-A5B4 -43.7 tI18 (V4Zn5) I4/mmm (139) 2a, 8h, 8i
0.571429 B11-A4B3 -43.0 tP4 (γCuTi) P4/nmm (129) 2c
0.6 AlOs-A3B2 -55.7 - - -
0.625 PdTi-A5B3 -52.3 - - -

Continued on next page
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Table 3 – Continued from previous page

x(Ni) Strukturbericht formation energy
[kJ/mol at]

Pearson Symbol Space Group Wyckoff
positions

0.667 C11b-A2B -46.8 tl6 I4/mmm (139) 2a, 4e
0.75 D03-A3B -40.9 cF16 (AlFe3) Fm3̄m (225) 4a, 4b, 8c
1.0 A2-AA +5.3 cI2 (W) Im3̄m (229) 2a
hcp related
0.0 A3-BB +3.2 hP2 (Mg) P63/mmc (194) 2c
0.25 D019-AB3 -21.2 hP8 (Ni3Sn) P63/mmc (194) 2c, 6h
0.333 B82-AB2 -33.3 hP6 (InNi2) P63/mmc (194) 2a, 2c, 2d
0.333 Bb-AB2 -41.0 hP9 (ηAgZn) P3̄ (147) 1a, 2d, 6g
0.5 hcp-AB -48.2 hP2 P6̄m2 (187) 1a, 1f
0.5 Bh-AB -44.5 hP2 (WC) P6̄m2 (187) 1a, 1f
0.5 Bh-BA -44.5 hP2 (WC) P6̄m2 (187) 1a, 1f
0.5 Bi-AB -19.0 hP8 (AsTi) P63/mmc (194) 2a, 2d, 4f
0.5 Bi-BA -49.8 hP8 (AsTi) P63/mmc (194) 2a, 2d, 4f
0.5 B81-BA -10.3 hP4 (NiAs) P63/mmc (194) 2a, 2c
0.5 B35-BA -2.2 hP6 (CoSn) P6/mmm (191) 1a, 2d, 3f
0.667 Bb-A2B -43.8 hP9 (ηAgZn) P3̄ (147) 1a, 2d, 6g
0.667 B82-A2B -50.0 hP6 (InNi2) P63/mmc (194) 2a, 2c, 2d
0.75 D019-A3B -44.6 hP8 (Ni3Sn) P63/mmc (194) 2c, 6h
1.0 A3-AA +2.7 hP2 (Mg) P63/mmc (194) 2c

Table 4. Crystal structures of Al3Ni2, Al3Ni, and TCP phases studied in this work. Indicated are
Pearson symbol, space group, Wyckoff positions and number of configurations when allowing Al and
Ni in each position.

Phase Pearson symbol space group Wyckoff positions configurations
D513 (Al3Ni2) hP5 (Al3Ni2) P3̄m1 (164) 1a 2d 2d 8
D011 (Al3Ni) oP16 (Fe3C) Pmna (62) 4c 4c 8d 8
TCP
µ hR39 (Fe7W6) R3̄m (166) 3a, 18h, 6c1, 6c2, 6c3 32
D8b(σ) tP30 (FeCr) P42/mnm (136) 2a, 4f, 8i1, 8i2, 8j 32
A12(χ) cI58 (α Mg) I4̄3m (217) 2a, 8c, 24g1, 24g2 16
A15 cP8 (Cr3Si) Pm3̄m (223) 6c, 2a 4
Laves
C14 hP12 (MgZn2) P63/mmc (194) 2a, 4f, 6h 8
C15 cF24 (MgCu2) Fd3̄m (227) 16d, 8a 4
C36 hP24 (MgNi2) P63/mmc (194) 4e, 4f1, 4f2, 6g, 6h 32

3.2.2. Molar volumes of ordered compounds150

In a multiphase equilibria modelling environment like Calphad, the knowledge of the molar151

volumes for all the phases is desirable in order to calculate, e.g., volume changes in phase152

transformations or volume fractions of stable phases. They are of particular importance when coupling153

thermodynamic descriptions to kinetic models in order to simulate the evolution of microstructures.154

In the superalloys framework, they are also very important in order to model the mismatch between155

the ordered and disordered fcc phases that are the basis of the γ (A1)/γ′ (L12) microstructure of156

single-crystal superalloys. The DFT calculated molar volumes of ordered stable and metastable157

compounds of Al-Ni are presented in Figure 2 as a function of composition. Molar volumes for the158

elements are also included (cf. Table 2).159

Only few publications on modelling the composition dependence of the molar volume are found in160

literature. Most of the molar volume assessments were done on unaries [31,39–41] for the temperature161

dependence using the integral of the thermal expansion [39]. For the variation with composition162

Vegard’s law [42] and Zen’s law [43] are first-order approximations in terms of the lattice constant and163

the volume, respectively.164
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Figure 2. Molar volumes of stable and metastable ordered Al-Ni phases at 0 K as obtained from DFT
calculations.

From our DFT calculations we compiled the composition-dependence of the volume of different165

Al-Ni compound phases at 0 K. The results in Figure 2 show small negative deviations from Zen’s166

law for all investigated compounds. The volumes obtained by DFT for each configuration were167

included in the database in the supplementary materials, allowing the calculation of molar volume168

with composition as shown in Figure 3 for the stable phases of Al-Ni and in Figures 4-6 for all the169

phases here investigated.170

For the stable phases the calculated volumes using the assembled TDB were compared with171

experimental and calculated data from literature as presented in Figure 3. We find that the molar172

volumes calculated in this work for ordered fcc phases are in fair agreement with other calculated173

values [29,44]. The volumes reported by Lu et al. [29] have been calculated as direct minimization174

of the total energies with respect to the molar volumes using the LMTO method for Vm1, using175

CE for the molar volumes minimizing the corresponding variance for Vm2 and minimizing the CE176

energies with respect to the molar volume for Vm3. These three calculations show good agreement177

between them but the tendency, when compared to our values, indicate lower molar volumes for178

all configurations and compositions even for the pure elements. For ordered bcc phase, comparison179

with Lu et al. [29] shows similar conclusions where our values are in very good agreement with the180

experimental volumes reported in Pearson’s Handbook [45]. In addition, for Al3Ni (D011) and Al3Ni2181

(D513) our results at 0 K are in good agreement with the volumes measured experimentally by Ellner182

et al. [46] at room temperature. For D011 comparison with other calculations [44] show less agreement,183

whereas for D513 there is excellent agreement, in the experimental range, with calculations [44] and184

measurements [46,47].185
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fcc bcc 

D513 D011 

Figure 3. Molar volumes at 0 K as obtained by DFT compared with Zen’s law (dashed line) and fitted
using a regular solution model Vφ

m (dashdotted line) for ordered compounds of fcc, bcc, D011-Al3Ni
and D513-Al3Ni2. Values from literature are, calculated: 91Lu [29] with three different methods,
Vm1 (LMTO), Vm2 and Vm3 (CE), and mp-AlNi3, mp-B2 and mp-Al3Ni2 from the materials project
database [44]; experimental: 82Ell [46] and 72Tay [47].

3.3. Thermodynamic properties of individual phases at finite temperature186

The thermodynamic properties of individual phases of Al-Ni at finite temperatures were187

calculated using the Gibbs energy set constructed from the DFT results as described in Section 2.2.188

The resulting configurational Gibbs energy, enthalpy, entropy, heat capacity and molar volume are189

presented in Figure 4-6 for each phase at 1000 K. Stable phases in the Al-Ni system are grouped in190

Figure 4 and metastable ones in Figures 5, 6.191

The 4SL model used for fcc and bcc solid solutions allows us to calculate separately the192

configurational free energy of the different order possibilities (variants). In Figure 4 columns193

correspond to different phases and rows to thermodynamic properties. The first column corresponds to194

the fcc family described with 4SL. It shows the completely disordered case A1 where all sublattices have195

the same site fractions (y(1)i =y(2)i =y(3)i =y(4)i ), the two L12 where only three SL have the same occupation196

(e.g. y(1)i =y(2)i =y(3)i 6= y(4)i ) identified as L12-Al for Al-rich and L12-Ni for Ni-rich. L12-Al is not very197

stable but it is slightly ordered at 1000 K and it can be observed in the plot of the Gibbs energy just198

below A1. Continuing with the rest of the fcc orderings, when two SL have the same site fraction but199

different from the other two (e.g. y(1)i =y(2)i 6= y(3)i =y(4)i ) the curves are identified as L10 and when two200

SL have the same site occupancy but the two other are different (e.g. y(1)i =y(2)i 6= y(3)i 6= y(4)i ) we obtain201
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the L′ ordering. L′ appears as a mixture between L10 and L12 and has a second order transformation202

with L10. The L′ phase was initially reported in the work of Shockley [48] (ζ phase), later on was203

confirmed by Cluster Variation Method [49] and Monte Carlo [50] methods and more recently was204

found experimentally in epitaxial films [51]. The Gibbs energy of the completely disordered and the205

most stable fcc based phases at 1000 K were calculated as a function of composition. The difference206

between the curves for the ordered phases and the disordered phase represent the energy required to207

bring one mole of an ordered alloy to complete disorder at the temperature of the calculation. Similar208

interpretation applies for the bcc and hcp solution phases.209

The second row of Figure 4 shows the enthalpy as a function of composition. In the first column,210

it is interesting to understand that the enthalpy of mixing of the disordered phase A1 is calculated from211

the DFT energies for the three fully ordered structures corresponding to the L12-Al3Ni, L10-AlNi and212

L12-AlNi3 (L12-B3A, L10-AB and L12-A3B in Table 3) and not from an interaction energy dependent on213

composition as in the Redlich-Kister formalism usually used in the Calphad approach when treating214

substitutional solutions. Similarly in the second column, the bcc disordered state description is based215

on the DFT results for the D03-Al3Ni, B2-AlNi, B32-AlNi and D03-AlNi3.216

The third row shows the configurational entropy and the different orderings are labelled217

accordingly. The entropy shows a sharp minima at the ideal ordering composition; the slight218

order-tendency of the L12-Al mentioned before can also be observed in the configurational entropy.219

Continuing, in the fourth row the configurational heat capacity is presented as a function of220

composition. The shape of the curve was first identified by Kusoffsky and Sundman [52] in a generic221

system A-B and later on in the fcc alloys of the Al-Ni system [53]. The most noticeable feature of222

the curve shape are the peaks and wings around stoichiometric compositions. In our case the heat223

capacity of the solid solutions, A1, A2 and A3, are zero since there is no heat capacity description for224

the pure elements. Our results evidence the asymmetry of the real system which can also be observed225

in [53] but can’t be observed in a prototype A-B system [52], and for the same reason the L12-Al226

and L′-Al phases are hard to stabilize in the Al-rich region. Yet, we were able to calculate the L′-Ni227

ordering in the Ni-rich side, it has no ideal ordering composition but does have a minimum in the heat228

capacity between the ideal ordering of L10 and L12, i.e. 50 and 75 at. % Ni. The previously mentioned229

second-order transition to L10 is indicated with a long-dashed line whereas the dotted line represents230

two-phase regions.231

Finally, in the last row the calculated DFT-CEF molar volumes are shown for each phase in the232

whole composition range. The departure from Zen’s law of the calculated volume represented here is233

due to the use of the volume obtained by DFT for each configuration included in the database and not234

to the use of any excess parameters. The circle-symbols represent the DFT energies and squares DFT235

volumes, while full and empty symbols represent included and not included in the TDB, respectively.236

In the same figure, it is possible to compare fcc and bcc phases with D011 and D513 and the main237

difference can be observed in the configurational entropy, where higher values indicate the higher238

degree of disorder for the solution phases with respect to D011 and D513, stoichiometric and with239

narrow homogeneity range in their experimental composition, respectively. Hence, it is worth to notice240

the calculated Gibbs energy for D011 and D513 in the whole composition range. This description of the241

Gibbs energy is important for diffusion and phase-field models that explore regions where experiments242

are not possible as the phase is not observable experimentally.243

Figure 5 shows the thermodynamic properties for phases of technological interest like, σ and µ that244

can precipitate in multicomponent systems like Ni-based superalloys that are based on Al-Ni. The hcp245

solution phase was also grouped in this figure as it is metastable in this system. Similar interpretations246

as the above described apply here as well. Only for the σ phase the selected temperature was 1200 K247

due to convergence issues at lower temperatures. Likewise, in Figure 6 the results for A15 and Laves248

phases are presented together with the DFT formation energies of the end-members at 0 K. These249

calculations allow to model driving forces for phase stabilization of important phases in higher order250
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systems, like the Laves C14 that forms in the Al-Ni-related systems, Al-Ni-Ti, Al-Ni-Ta and Al-Ni-Nb251

as ternary phase.252

D513 1000 KD011 1000 Kbcc 1000 Kfcc 1000 K

Figure 4. Calculated thermodynamic properties at 1000 K for fcc, bcc, D011 and D513 phases using
Thermo-Calc v.2020a and the assembled DFT-Calphad database. The circles represent the DFT
formation energies at 0 K for the ordered compounds, full and empty indicate included and not
in the assembled TDB, respectively.
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χ 1000 Khcp 1000 K σ 1200 K μ 1000 K

Figure 5. Calculated thermodynamic properties at 1000 K for metastable: hcp, χ, σ and µ phases in the
whole composition range using Thermo-Calc v.2020a and the assembled DFT-Calphad database. The
dots represent the DFT formation energies at 0 K for the ordered compounds.
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C14 1000 K A15 1000 K C15 1000 K C36 1000 K

Figure 6. Calculated thermodynamic properties at 1000 K for A15, C14, C15 and C36 phases using
Thermo-Calc v.2020a and the assembled DFT-Calphad database. The dots represent the DFT formation
energies at 0 K for the ordered compounds.
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3.4. Phase stability at finite temperature, the phase diagram253

The DFT-CEF equilibrium diagram for Al-Ni is presented in Figure 7a. It was calculated combining254

the formation energies at 0 K from our DFT calculations with the BWG approximation for the255

configurational entropy in the CEF model as described in Section 2. The equilibrium calculation256

included the formation energies for all configurations of Table 4 and for phases with order-disorder257

transitions like fcc, bcc, and hcp the shadowed configurations of Table 3 were used. For the latter the258

number of end-members is limited to the 4SL model as implemented in Thermo-Calc using the "F/B"259

option 1 : L12-AB3, L10-AB, L12-A3B for fcc, D03-AB3, B32, B2, D03-A3B for bcc, and D019-AB3, hcp-AB,260

D019-A3B for hcp phase (see also TDB file in supplementary materials). In Figure 7a, the ordered fcc261

phases are coloured with red (A1), yellow (L10, L′) and orange (L12) while the ordered bcc phases are262

coloured with light blue. The lightgray symbols superimposed to the equilibrium diagram represent a263

metastable diagram calculated suspending the phase D011 to show how the fcc-A1 equilibrates with264

D513 and B2 at high temperature. D011-Al3Ni is experimentally stoichiometric however when it is265

modelled with a 3SL model, like: (Al,Ni)4(Al,Ni)4(Al,Ni)8 using the DFT end-members it shows a266

significant homogeneity range at finite temperature while at 0 K shows the correct stoichiometry. D011267

stabilizes in regions where the liquid and Al3Ni5 are competing phases but were not included in the268

present work.269

Several paths to improve the description of the D011 at finite temperatures can be suggested. In the270

current approximation, the Gibbs energy of the end-members are only modelled using DFT energies271

of formation at 0 K. The effects of the phonons are thus neglected or more exactly the difference of272

vibrations between the different phases are neglected. The D011 is less compact (cf. Figure 2) than the273

other stable phases and could show significantly different vibrational behaviour. Another explanation274

could come from the use of the BWG approximation. Repulsive excess interaction parameters to275

account for the interactions between the atoms belonging to the same Wyckoff position could be276

needed to keep the phase stoichiometric. This feature will be demonstrated in the following for the277

case of the ordered fcc phases.278

For comparison, the critically assessed equilibrium diagram of Al-Ni is presented in Figure 7b279

calculated with the TCNI9 database of Thermo-Calc [12]. It is remarkable from Figure 7a that the280

correct set of stable phases is predicted at low and intermediate temperatures even when metastable281

phases are entered in the calculation. However some differences deserve discussion. One of the282

important differences is the missing homogeneity range of the B2 phase towards the Al rich range.283

Experimentally this feature has been shown to be due to the presence of vacant sites [54] which are284

beyond the scope of this work.285

A technologically very important region of stability is the two phase region L12/A1 in Figure 7a,286

the so-called γ/γ′ two-phase region. Typical multicomponent alloy processing requires careful control287

of the composition in order to avoid the precipitation of TCP phases in the coherent γ/γ′ matrix in288

detriment of the alloy properties. The predicted L12/A1 stability range is not fully in agreement with289

the accepted equilibrium diagram and it also shows a wide range of non-stoichiometry for L12 at290

0 K (cf. Figure 7a, b). The range of non-stoichiometry at 0 K can also be observed in the calculated291

fcc metastable phase diagrams in Figure 7c, not only for L12 but also for L10. Figure 7d shows the292

metastable fcc diagram using the TCNI9 database for comparison, yet a more distinctive feature here is293

the absence of L10 when using the Thermo-Calc database. The reason is that the fcc phase is modelled294

in this work with a 4SL model allowing the description of L10 and L′ orderings, while the Thermo-Calc295

database TCNI9 contains a 2SL model for fcc.296

1 The symmetry of the phase is taken into account using the F option after the name of the phase, allowing to enter equivalent
parameters only once in the thermodynamic database.
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3 - Al3Ni5

1 - D011
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(c)
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Figure 7. Calculated Al-Ni phase diagrams using Thermo-Calc v.2020a. (a) Equilibrium predicted
using the assembled DFT-CEF database. (b) Equilibrium calculated using Thermo-Calc proprietary
database TCNI9. (c) Metastable fcc predicted using the assembled DFT-CEF database. (d) Metastable
fcc calculated using TCNI9.

Our DFT equilibrium diagram in Figure 7a can be compared with the work of Goiri et al. [9]297

where the Al-Ni phase diagram was calculated using DFT energies, cluster expansion and Monte298

Carlo methods. Although, the equilibrium diagram below 600 ◦C is not shown in their publication the299

authors obtained the correct tendency down to 0 K for equilibrium calculations taking into account300

only ordered fcc and bcc phases of Al-Ni [9,55].301

The incorrect tendency of the L12 and L10 phases at lower temperatures indicates that more302

ordered fcc structures are needed to properly converge to the ideal stoichiometry at 0 K. However, in303

order to include more structures from the ones listed in Table 3, a model with more SL is needed since304

with 4 SL structures like, D022 or D023, can not be described.305

We investigate the possibility of including an excess term, i.e. an interaction parameter to306

overcome the above mentioned limitation of the 4SL model. In order to correct the predicted range of307

non-stoichiometry at 0 K for the fcc phase we modify the Gibbs energy including one excess term,308

namely, L12 L0
Al,Ni:∗:∗:∗ = +5000 J/mol. This is a regular parameter that accounts for the interaction of309

constituents in the same SL, independent of the occupation of all other SL, as indicated by asterisk, ∗.310

In Figure 8a the metastable fcc diagram without excess parameters is reproduced for comparison with311

the one including the excess term on the fcc phase, Figure 8b, where the convergence of the phases to312
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the correct stoichiometry at 0 K is shown. Furthermore, Figure 8c shows the corresponding calculated313

Gibbs energies for the fcc phase at 1000 K without interaction parameter (dashed-red line) and with314

L12 L0
Al,Ni:∗:∗:∗ = +5000 J/mol (solid-black line). The effect of the regular interaction parameter can be315

clearly seen in the Gibbs energy curves where the major effect is the destabilization of the A1 fully316

disorder solution. It explains the widening of the two phase field A1/L12 and A1/L10 as well as the317

increase of the ordering temperatures. The effect is not so drastic on the Gibbs energy of the ordered318

phases, L10 and L12, but enough to significantly widen the L12/L10 field at low temperature.319

320

L'-Ni 

L12-Ni 

L12-Al 

1000 K 

A1

L10 

X(NI)

A1

L10

L'

L10

L'

L12

L12

A1

(a) (b) (c)

Figure 8. Al-Ni calculated DFT-CEF metastable diagrams with a regular parameter (a) L12 L0
Al,Ni:∗:∗:∗ =

0 J/mol and (b) L12 L0
Al,Ni:∗:∗:∗ = +5000 J/mol. (c) Gibbs energy curves with reference to fcc-A1

at the actual temperature for the fcc phase with L12 L0
Al,Ni:∗:∗:∗ = 0 J/mol (dashed red line) and

L12 L0
Al,Ni:∗:∗:∗ = +5000 J/mol (solid black line).

4. Conclusion321

The phase stability in the Al-Ni system was investigated using a DFT-CEF approach for the whole322

range of compositions. The formation energies of ordered fcc, bcc and hcp phases, as well as D011, D513323

and the topologically close-packed (TCP) phases σ, µ, χ, A15, C14, C15, C36 were obtained by DFT324

calculations with full chemical permutation on the respective Wyckoff sites. The volumes obtained325

by the DFT calculations as a function of composition show a fairly linear variation of volume with326

chemical composition. This provides a significant contribution to the modelling of molar volumes327

within the Calphad approach.328

Using the DFT results, the individual phases were modelled with a complete sublattice description329

closely related to their crystallographic structure. In particular, the ordered fcc, bcc and hcp phases330

were modelled with a 4SL model and particular improvements were identified for the fcc phase.331

The other phases were modelled with one sublattice per Wyckoff site. This combined modelling332

approach lead a good prediction of the phase diagram and the thermodynamic properties at low and333

intermediate temperatures. The limitations of the applied BWG approximation at high temperatures334

highlight the importance of further improvements like the consideration of further contributions to the335

free energy and the improvement of the underlying thermodynamic models.336
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Supplementary Materials: The following are available online at http://www.mdpi.com/2075-4701/xx/1/5/s1,337

TDB file S1: Thermodynamic database assembled in this work with DFT calculations and the CEF formalism;338

Figure S1: Crystallographic representation of all the stable configurations including metastable ones for the solid339

solution phases, compound phases, Laves and TCP phases of the Al-Ni system.340
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Abbreviations356

The following abbreviations are used in this manuscript:357

358

ATAT Alloy Theoretic Automated Toolkit
BWG Bragg-Williams-Gorsky
Calphad CALculation of PHAse Diagrams
CE Cluster Expansion
CEF Compound Energy Formalism
CVM Cluster Variation Method
DFT Density Functional Theory
FP First Principles
FPLMTO Full-Potential Linear Muffin-Tin Orbital
GGA Generalized Gradient Approximation
LMTO Linear Muffin-Tin Orbital
MC Monte Carlo Simulations
MD Molecular Dynamics
PAW Projector Augmented Wave
PBE Perdew-Burke-Ernzerhof
SL Sublattice(-s)
SGTE Scientific Group Thermodata Europe
TCP Topologically Closed Packed
TDB Thermodynamic Database
VASP Vienna Ab initio Simulation Package
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