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ABSTRACT 
To predict blade aerodynamic damping during the design 

phase, unsteady linearized CFD methods are commonly used as 

they offer a reasonable accuracy at acceptable computational 

costs. However, for moderate blade oscillation amplitudes, 

nonlinear aerodynamic effects may appear, yielding eventually 

an evolution into a stable, limit cycle oscillation (LCO). In the 

perspective of raising performance and safety, identifying such 

scenarios might open new development possibilities. Therefore, 

a valuable alternative to expensive CFD time domain methods 

consists in applying the nonlinear frequency domain harmonic 

balance (HB) approach to determine the aerodynamic 

response. An appropriate number of higher harmonics have to 

be retained depending on the severity of the aerodynamic 

nonlinearity under consideration. This number can be 

identified using either a convergence study with an increasing 

number of harmonics, or a direct comparison with time-domain 

simulations. For weak to moderate aerodynamic nonlinearities, 

this work proposes a guideline to determine the number of 

harmonics without additional, comparative simulations. First, 

the HB convergence properties are derived using the well-

known Duffing oscillator. Next, the method is applied to a 

compressor rotor blade subjected to a prescribed harmonic 

motion for conditions with and without aerodynamic 

nonlinearities.  

 

NOMENCLATURE 
CPU Central Processing Unit  

FSI  Fluid Structure Interaction 

HB  Harmonic Balance  

LCO Limit Cycle Oscillation 

LE  Blade Leading Edge 

LFD  Linear Frequency Domain method 

ND   Nodal Diameter 

PS, SS Blade Pressure resp. Suction Side 

SD  Standard Deviation 

TD     Time Domain method 

URANS Unsteady Reynolds-Averaged Navier-Stokes 

A0 Constant term of the Fourier coefficient 

(zeroth harmonic) 

An  Fourier coefficient of order n (sine comp.) 

Bn  Fourier coefficient of order n (cosine comp.) 

L2  L2 norm 

Nh  Number of harmonics 

P0  Constant perturbation amplitude 

P1  Harmonic perturbation amplitude  

R Discretized residual vector of the RANS 

equations 

T  Vibration period 

cp  Steady pressure coefficient 𝑐𝑝 =
p−𝑝1

𝑝𝑡1− 𝑝1
   

cpu  Unsteady pressure coefficient 𝑐𝑝𝑢 =
𝑝(𝑥,𝑡) 

𝐴 (𝑝𝑡1−𝑝1)
 

𝑚̃  Modal mass  

p(x, t)  Local unsteady pressure 

p  Local steady-state pressure 

p1  Upstream static pressure 

pt1   Upstream total pressure 

q(x, y, z, t) Vector of the conservative variables 

𝑞̂𝑛          Complex values of the harmonic solutions 

t  time 

x(t)  Displacement as a function of time 

x0  Steady-state solution  

xHB0  Zeroth harmonic solution, computed with HB  

xHB  Higher harmonic solution, computed with HB 



 2 Copyright © 2020 by ASME 

xTD Unsteady solution, computed with num. time 

integration  

                   Aerodynamic damping coefficient (log. dec.) 

  Cubic stiffness (nonlinear term) 

𝜀 Relative error between zeroth and steady-

state solution  

𝜀0  Tolerance value of the relative error 𝜀 

 Stiffness 

   Mass 

 Viscous damping 

ω0  Angular vibration frequency 

ℱ            Discrete Fourier Transform 

 
INTRODUCTION 
 Mid-term needs associated to aircraft engine design are 

focused on raising safety and performance while reducing 

weight, fuel consumption and noise emissions. In order to 

guarantee the safe operation of the engine, the prediction of the 

blade aeroelastic stability is essential. During the past two 

decades, the parallel development in computer power and CFD 

methods enabled significant progress in the blade design and in 

the understanding of complex unsteady flow phenomena in 

turbomachinery. Marshall and Imregun [1] and later on, Hall et 

al. [2] provide a detailed review of the advancements and 

developments on this topic.  

 For design purposes, one of the aeroelastic prediction tasks 

is focused on flutter. Here, only the blade instability onset is 

sought. Small prescribed vibration amplitudes are considered 

and unsteady linearized CFD methods are applied. They are 

based on small disturbances around the nonlinear steady-state 

condition and are commonly used due to their reasonable 

accuracy at acceptable computational costs (see references [3], 

[4], [5], [6] and [7]). However, for moderate blade oscillation 

amplitudes and transonic flows, nonlinear aerodynamic effects 

may appear, yielding eventually limited, finite oscillation 

amplitudes and an evolution into a stable, limit cycle oscillation 

(LCO) instead of linear flutter. Dowell [8] enhanced that the 

consideration of nonlinear aeroelasticity thus might, eventually, 

be favorable and offer new opportunities for performance and 

safety increase. An example was shown by Hall et al. [9] for a 

front stage compressor rotor blade vibrating at a prescribed 

pitching motion. In this sense, linear methods might be overly 

restrictive for the blade design.  

 In order to determine the blade stability at moderate 

amplitude values, nonlinear unsteady CFD methods can be used 

(see references [5], [10], [11], [12] and [13]). However, the 

direct time integration of the URANS equations has shown to 

be very expensive, as several periods have to be computed in 

order for the transient behavior to vanish. The harmonic 

balance (HB) method takes advantage of the turbomachinery 

unsteady periodic flow features by expanding the conservative 

variables of the RANS equations in a Fourier series for a finite 

number of integer multiples of the fundamental harmonic (see 

references [9], [14], [15], [16], [17], [18], [19] and [20]). It 

explicitly neglects this transient behavior and thus provides an 

efficient tool to determine the nonlinear aerodynamic response, 

the compromise thereby being the consideration of a limited 

number of higher harmonics only, which in turn depends on the 

severity of the aerodynamic nonlinearity under consideration. 

Applying the HB method to predict the flutter behaviour of a 

linear compressor cascade, Schuff and Chenaux [21] showed 

that the blade aerodynamic response depends on the vibration 

amplitude. Hence, the challenge lies in the appropriate selection 

of the number of harmonics to be retained in the nonlinear 

computation. To this end, the prediction of the nonlinear system 

behavior is typically verified using either a convergence study 

with an increasing number of harmonics, or a direct comparison 

with expensive time-domain simulations [22]. Examples of HB 

convergence studies are included in the works of Hall et al. [9] 

and Dufour et al. [23].  

For weak to moderate aerodynamic nonlinearities, this work 

proposes a simple and systematic approach to determine the 

number of harmonics to be retained when using the HB 

method.  

 First, the well-known Duffing oscillator nonlinear system 

is investigated to get an insight into how the HB convergence is 

correlated between its harmonics. The ordinary differential 

equation is solved with numerical time integration and with the 

HB method. Next, flutter predictions with HB are performed on 

a compressor rotor blade for one transonic flow condition. 

Cases with and without aerodynamic nonlinearities are 

investigated when imposing a harmonic excitation on one 

structural blade mode by means of the prescribed motion 

approach. The blade motion is limited to the fundamental 

harmonic whereas several harmonics are considered in the 

aerodynamic forces acting on the blade. This work shows that, 

in line with the results obtained with the Duffing oscillator, the 

correlation between the convergence behaviour of the various 

harmonics provides valuable information.  For cases including 

weak to moderate aerodynamic nonlinearities, this information 

can be used directly to analyze if the HB convergence is 

achieved, thus avoiding any additional, comparative 

simulations. 

 
METHODOLOGY 
Theory 
 For time periodic flows, the conservative variables of the 

RANS equations can be expanded in Fourier series in time. If 

the blade vibrates harmonically at an angular frequency ω0, the 

flow is periodic in time with a period 𝑇 =
2π

𝜔0
. The conservative 

variables q(x, y, z, t)
 
can be expanded in Fourier series in time 

for a truncated, finite number of terms Nh. The equation writes: 

 

𝑞(𝑥, 𝑦, 𝑧, 𝑡) = 𝐴𝑜(𝑥, 𝑦, 𝑧)  

+ ∑ (𝐴𝑛(𝑥, 𝑦, 𝑧) cos 𝜔0𝑛𝑡 + 𝐵𝑛(𝑥, 𝑦, 𝑧) sin 𝜔0𝑛𝑡)
𝑁ℎ
𝑛=1         (1)   

 

where A0, An and Bn are the spatial Fourier coefficients of the 

conservative flow variables. Equ.1 has to be substituted in the 

URANS equations in order to obtain a set of 2Nh+1 coupled 

nonlinear algebraic system. Note that the A0 coefficient is part 
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of the solution and is a constant term corresponding to the mean 

flow solution. In this work, it is referred as the zeroth harmonic. 

The harmonics corresponding to Nh = 1 and Nh > 1 are called 

respectively the fundamental (or first) harmonic and the higher 

harmonics. A detailed theory of HB is described in Krack and 

Gross [24] where they applied the HB method to nonlinear 

vibration problems.  

Hall et al. [9], and He and Ning [15] provide a detailed 

description on how the method was adapted to aerodynamic 

applications. In the present work, the spatial operators in the 

Navier-Stokes equations are discretized and the following 

system of ordinary differential equations is obtained 

 
𝑑𝑞

𝑑𝑡
= 𝑅(𝑞(𝑡)) = 0      (2) 

 

where q(t) is the vector of the conservative variables and R is 

the discretized RANS residual vector which denotes the 

physical time. Time-periodic solutions of Eq. 2 can be 

accurately described by a limited number 𝑛 of solution 

harmonics 

 

q(x, t) = 𝑅𝑒 [∑ 𝑞̂𝑛 (𝑥)𝑒𝑖𝑛𝜔0𝑡𝑁ℎ

𝑛=0
]       (3) 

 

where 𝑞̂𝑛 are the complex valued solution harmonics and 

𝜔0 =2πf is the fundamental angular vibration frequency. In 

such cases it is attractive to formulate the unsteady problem, 

(Eq. 2), in the frequency domain, i.e. to consider 

 

𝑖𝑘𝜔0𝑞̂𝑛 + 𝑅(𝑞)𝑛̂ = 0       (4)  

 

for only a finite number of harmonics, n = 0, …, Nh. In this 

work, nonlinear effects are considered and the modelling or 

computation of  𝑅(𝑞)𝑘̂  writes: 

 

ℱ(𝑅(ℱ−1𝑞̂)|n = 0           (5) 

 

where ℱ denotes the Discrete Fourier Transform (DFT). A 

detailed description of the HB method used within the frame of 

this work is presented by Ashcroft et al. [16]. 

In the next section, the HB method is applied to a Duffing 

nonlinear oscillator. The convergence of the HB method with 

various numbers of harmonics Nh is studied in order to define if 

a correlation exist between the harmonics.  

 
Duffing oscillator 

The first step of this work aims at defining how the HB 

solution converges against time domain methods and how the 

convergence of the HB solution behaves when increasing the 

number of harmonics. Therefore, the well-known nonlinear 

Duffing oscillator was selected and a model adapted from 

Krack and Gross [24], was implemented. This model is 

presented in Figure 1 and its ordinary differential equation 

writes:  

 

𝝁𝒙̈ + 𝝃𝒙̇ + 𝜿𝒙 + 𝜸𝒙𝟑 = 𝑷𝟎 + 𝑷𝟏 𝐜𝐨𝐬 𝝎𝟎𝒕           (𝟔) 

where 𝑥(𝑡), 𝜇, 𝜉, 𝜅, 𝛾 and 𝑡 are the displacement, mass, 

viscous damping, stiffness, cubic stiffness (which corresponds 

to the nonlinear term) and time respectively. A harmonic 

perturbation of amplitude  𝑃1  and angular frequency 𝜔0 is 

superimposed on a constant perturbation of amplitude 𝑃0. This 

form was imposed to enable the study of the system’s steady 

solution. For the resolution of the steady solution, the viscous 

damping was set to zero. The combination of the parameter 

values were selected so that the model corresponds to a realistic 

system including moderate nonlinearities and where the 

transient behaviour decays within a few number of periods. 

They are summarized in Table 1. 

 

Parameter Value Unit 

Mass  1 kg 

Viscous damping  5 kg/s 

Stiffness  10
3
 N/m 

Cubic stiffness  8.8 x 10
5 
 N/m 

P0 10 m 

P1 cos(0t) 0.18 x 10
3
  radm 

Number of periods simulated (T) 3 - 

Number of harmonics (Nh) 7 - 

Number of sampling points 201 - 

Excitation frequency 0  1.6 rad/s 

TABLE 1: Parameter values imposed in the study of the 

Duffing oscillator model  

The periodic solution 𝑥(𝑡) of equation (2) is sought firstly 

with the HB method and secondly with a typical numerical time 

integration method (TD).  

 
FIGURE 1: Nonlinear Duffing oscillator adapted from Krack 

and Gross [24].  

The results obtained with numerical integration in the time 

domain (three periods were simulated) are presented in Figure 2 

(red color). For comparison purposes, the solution 

corresponding to the linear model where  was set to zero is 

depicted in blue. The results obtained with the HB method 

retaining seven harmonics (Nh = 7) are plotted in black color. 

When considering seven harmonics, the HB and TD results 

show a very good agreement. Note that the HB method does 

not consider the transient behaviour. Since turbomachinery 

flows mostly involve transients over a large number of periods, 

this yields a significant advantage compared to TD methods. 
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Figure 3 left presents the results of the steady solution (dashed 

line, x0). It was obtained by setting 𝑃1 cos 𝜔0𝑡 to zero and by 

solving the resulting nonlinear algebraic equation. For HB, the 

steady solution is given by the constant term in the Fourier 

coefficient or in other words, the zeroth harmonic. Note that the 

steady solution and the zeroth harmonic component obtained 

from HB coincide when the appropriate number of harmonics 

has been considered in the HB solution. Figure 3 (right) shows 

the relative error between the TD and HB methods in the L2 

norm for both steady (black color) and unsteady solution (red 

color). The L2 value is based on the results obtained from the 

last computed period (T = 3 here) in order to ensure that the 

transient behaviour has vanished in the TD solution.   

 
FIGURE 2: Harmonic solution of Equ.1 obtained with the 

numerical integration method (TD) and HB method (Nh = 7).  

 
FIGURE 3: Left: steady-state and zeroth harmonic solution 

(dashed and full line respectively) obtained with TD and HB 

method plotted against the number of harmonics retained in 

HB. Right: Relative error against the number of harmonics 

between the steady and zeroth harmonic solution, and harmonic 

solution with TD and HB method with higher harmonics in the 

L2 norm.  

First, the results show that there is a correlation in the 

convergence rate between the steady component and the higher 

harmonic content of the unsteady solution. Thus, the 

convergence of the zeroth harmonic is representative of the 

convergence of the higher harmonics and may be used as 

convergence criterion. Second, it can be seen that both 

solutions converge rapidly when increasing the number 

harmonics. A variation of the cubic stiffness parameter showed 

identical results up to this order of magnitude (considered as 

moderate, see Table 1). For practical applications, it can be seen 

that when increasing the number of harmonics in the HB 

method, the zeroth harmonic value converges in the sense that 

 

𝜀 = ‖𝑥𝐻𝐵0
(𝑛)

− 𝑥0‖
2

/ ‖𝑥0‖2 < 𝜀0 for 𝑛 ≥ 𝑁ℎ   (7) 

 

with ε0 being an acceptable tolerance value of the relative error 

ε for the particular application. 
 

Numerical setup 
The next step of this work consists in applying the 

information gained in the former section to a compressor rotor 

blade geometry subjected to a prescribed motion in a transonic 

flow condition. 

The blade geometry can be seen in Figure 4 (left). The 

structural dynamic model was assessed with FEM simulations 

performed with NASTRAN for the two first blade natural 

modes. The model included the disk and the blade. To account 

for the disc effects, the simulations include complex mode 

shapes. Cyclic symmetry conditions were applied in the 

boundaries. The centrifugal (rotor rotational speed: 16000 

RPM) and steady aerodynamic loading (corresponding to the 

steady-state solution at the transonic flow condition selected) 

were imposed. The real displacements of the natural mode 

shapes, Mode 1 and Mode 2 are presented in Figure 4, left (the 

disk is not represented). For Mode 1 and Mode 2, Figure 4 right 

shows the effect of the nodal diameter (ND) on the blade 

natural frequencies. For Mode 1, the natural frequencies are 

independent of the ND. The disk is stiff, and does not 

participate to the vibration mode, yielding an uncoupled motion 

of the disk and blade. For Mode 2 and low NDs, the natural 

frequencies are lower than for higher NDs. For low NDs, the 

disk participates in the vibration mode with its own vibration 

motion. As a consequence, coupling occurs, influencing the 

blade natural frequency.  

 
FIGURE 4: Left: Real displacements obtained from FEM 

simulations for Mode 1 and 2 (blade and disk included in the 

model but only blade is represented). Right: Frequency against 

ND for Mode 1 and 2.  

For higher NDs, the disk motion is close to zero so that the 

blade natural frequencies are independent of the disk. For the 

flutter predictions, the blade is forced to vibrate harmonically at 

one frequency at imposed amplitude motion in either the Mode 

1 or 2. The energy method is applied (see [21]) and the blade 

motion is enforced on the CFD grid. This aeroelastic approach 

is referred to as prescribed motion and was used within the 

work of Ekici and Hall, [25] and Thomas et al. [20]. For 

external flows, van Roiij et al. [22] predicted LCOs using 
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prescribed motion against a coupled FSI approach. They 

showed that retaining only the fundamental harmonic in the 

blade motion in order to predict the stability can be considered 

as a reasonable assumption for the cases considered. 

For the aerodynamic model, the DLR in-house CFD solver 

TRACE for turbomachinery flows was used. The solver 

consists of a nonlinear, harmonic balance and linear module 

and was developed at DLR Institute of Propulsion technology 

in Cologne (see references [5] and [16]). For the steady-state 

simulations, the nonlinear module of TRACE was used. For the 

unsteady simulations with blade prescribed motion, the HB 

module of TRACE with various numbers of harmonics Nh was 

applied.  

A transonic flow condition including aerodynamic 

nonlinearities for relatively small prescribed motion amplitudes 

was selected. The Mach number distribution corresponding to 

this condition is depicted on Figure 5 at 90% of the blade 

height. A large supersonic bubble can be identified at blade 

suction side leading edge (SS LE). Depending on the prescribed 

motion amplitude, a second supersonic bubble on the aft SS 

interacts with the PS LE supersonic area, yielding a choked 

passage within the vibration cycle.  

 

 
 

FIGURE 5: Steady-state Mach number flow field at 90% of 

blade span with supersonic bubble on the blade SS LE, aft SS 

and PS LE.  

For this geometry and within the frame of the European 

FUTURE project, experimental aeroelastic investigations and 

numerical flutter predictions were performed. For the blade 

oscillating in Mode 1 and for several NDs, experimental 

aerodynamic damping results (red color) and their standard 

deviation (SD, dashed line, red color) are presented in Figure 6. 

A detailed description of the experimental setup is included in 

Holzinger et al. [26]. For similar amplitudes and all NDs, 

aeroelastic predictions with blade prescribed motion (Mode 1) 

were performed using the HB module of TRACE retaining five 

harmonics (HB0-5 in Figure 6). It can be seen from Figure 6 

that numerical and experimental results are in reasonable 

agreement. Additional numerical predictions for ND = -7, 0 and 

5 were performed with the time accurate module of TRACE 

(TD in Figure 6). Phase lag conditions were imposed at the 

boundary for ND = -7 and 5. HB and TD results comparison 

shows a good agreement for ND = -7 and ND = 0. 

Since TRACE enables CFD computations with time-

linearized (LFD), HB and TD methods, several computations 

were performed in order to assess the order of magnitude of the 

respective computational times. The goal herewith is to define 

up to which number of harmonics Nh is HB still faster against 

the expensive but highly accurate TD method. For ND = 0, the 

unsteady simulations with prescribed motion (Mode 1) were 

performed with the same geometry, numerical setup, boundary 

conditions and convergence criteria.  

 
FIGURE 6: Aerodynamic damping results against ND for 

Mode 1, based on experiments, numerical predictions with 

HB0-5 and TD.   

 
FIGURE 7: CPU times required for HB (solid line) and LFD 

(dashed line) against time domain (TD = 1, normalized).  
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Figure 7 presents the CPU time results against the number 

of harmonics Nh considered for the HB simulations. Since the 

zeroth harmonic (time mean) is included in the HB 

computational time, LFD and TD results include the 

computational time required for the steady solution as well. All 

results are normalized using the CPU time required for the 

steady-state plus the unsteady TD computations, which 

correspond therefore to a constant value of one (TD constant 

line on Figure 7). The computational time required by the time 

linearized method corresponds to the constant dashed line 

(LFD). The black curve corresponds to the HB method 

computational time required when one, two, five and ten 

harmonics are respectively retained in the model. A linear 

interpolation was assumed between the respective harmonics. 

The results show that up to five harmonics the HB method is at 

least 50% faster than the TD method for the considered case. 

Thus, if HB convergence can be confirmed for Nh = 5, HB is a 

valuable alternative to TD methods. For Nh > 5, the HB 

computational time grows significantly. For Nh = 10, HB is 

only 10% faster than the TD method. For an airfoil oscillating 

in flap mode, the work of Dufour et al. [23] showed 

computational times in the same order of magnitude for HB and 

TD methods. 

 
RESULTS 

The results of the aerodynamic damping prediction 

simulations performed with the HB solver, with a prescribed 

motion in Mode 1 and Mode 2 (Figure 4) at the same transonic 

flow condition (Figure 5), are presented in this section. The 

mode shapes from modal analysis are scaled, so that modal 

mass is equal to unity. A low-, mid- and high-amplitude motion 

was imposed. The three amplitudes correspond to a fixed, 

constant deformation amplitude, multiplied by an amplitude 

scaling factor of 10
-4

, 5 x 10
-4 

and 10
-3 

respectively. For Mode 1 

this corresponds to 0.1%, 0.3% and 0.7% of the tip chord length 

and for Mode 2, 0.1%, 0.6% and 1.2%. Even though the highest 

amplitude remains relatively small, this order of magnitude is 

high enough to expect nonlinear effects. The simulations were 

carried out with respectively the zeroth and the fundamental 

harmonic (HB0-1), zeroth to two, five, seven and ten harmonics 

(HB0-2, HB0-5, HB0-7 and HB0-10 respectively). An 

overview of all computations is included in Table 2.   

Results present the blade aerodynamic damping coefficient 

 (in terms of logarithmic decrement) determined from the real 

aerodynamic work Wc performed on the blade: 

 

Λ =
−ℛ𝑒(𝑊𝑐)

2 𝐸𝑘𝑖𝑛
𝑚𝑎𝑥 =  

−ℛ𝑒(𝑊𝑐)
1

2
𝑚̃𝜔2

    (8) 

 

where 𝐸𝑘𝑖𝑛
𝑚𝑎𝑥 is the maximal kinetic energy, with 𝑚̃ and 𝜔 being 

the modal mass and angular frequency. A positive work entry 

(Wc > 0) indicates that energy is transferred from the fluid into 

the structure and exciting the blade. For Wc < 0, the blade 

releases energy so that vibrations are damped. For clarity 

purposes, the results are divided into two subsections. The first 

subsection presents the results obtained when the blade was 

forced to vibrate in Mode 1. For this case, the aerodynamic 

nonlinear effects are small within the range of amplitudes 

considered and can be neglected. Results for Mode 2 are 

included in the second subsection. For this case, aerodynamic 

nonlinearities are larger and have to be accounted for. For 

Mode 1 and Mode and ND = 2 and ND = 5 respectively, further 

subsections detail the results for the first and zeroth harmonic 

pressure solution. 

 

Amplitude /  

Nr. of harmonics (Nh) 
0-1 0-2 0-5 0-7 0-10 

Mode 1 

Low-amplitude x  x   

Mid-amplitude x  x   

High-amplitude x  x   

Mode 2 

Low-amplitude x  x   

Mid-amplitude x  x   

High-amplitude x x x x x 

TABLE 2: Overview of the prescribed motion simulations 

performed 

It is to note that an aerodynamic work analysis for 

dissipative or limit cycle oscillations is valid for both linear and 

nonlinear systems (see van Rooij et al. [27]). For linear 

systems, the damping determines the exponential increase or 

decrease of the blade stability behavior. For nonlinear systems, 

this evolution does not have to be exponential. Moreover, the 

growth rate cannot be determined because it would yield an 

amplitude change acting against the prescribed motion 

assumption of constant amplitude. Therefore, only the energy 

required or generated by the system to sustain the prescribed 

motion at constant amplitude is considered.  

 
Mode 1 
The results for Mode 1 are divided into three subsections. For 

the low- , mid- and high-amplitude motion, HB results of the 

aerodynamic damping coefficient obtained with Nh = 1 and Nh 

= 5 are depicted in the first subsection. The corresponding first 

and zeroth harmonic of the pressure coefficient cpu are 

presented in the second subsection for the low- and high-

amplitude motion respectively (ND = 2).  

 

Blade aerodynamic damping, amplitude variation, Nh ≤ 5 
Figure 8 shows the blade aerodynamic damping prediction 

results for the compressor blade vibrating in Mode 1, for low-, 

mid-, and high-amplitude prescribed motion and various 

numbers of harmonics. The blue, green and black color 

represents the results for low-, mid- and high-amplitude motion 

respectively. Circle and square symbols represent the results 

obtained with HB0-1 and HB0-5 respectively. For all nodal 

diameters (ND), the aerodynamic damping coefficient (log. 

dec.) is positive and the blade is stable. The results are 

independent of the vibration amplitudes considered and of the 
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number of harmonics retained in the HB solver. For this range 

of amplitudes, the nonlinear model behaves like a linear 

system. Increasing the number of harmonics in the aerodynamic 

model does not influence the solution, meaning that the 

solution with one harmonic only (HB0-1) is converged in the 

HB sense.  

 
Blade harmonic pressure distribution, low-and high-
amplitude motion, Nh ≤ 5, ND = 2  
 For prescribed motion simulations, the first harmonic of 

the blade unsteady pressure is the only harmonic which 

contributes to the aerodynamic work.  Since the higher 

harmonics are orthogonal to the prescribed motion, they cancel 

out. Nevertheless, nonlinear effects in the aerodynamic solution 

lead to a coupling so that the higher harmonics might influence 

the first harmonic. Figure 9 presents the first harmonic of the 

real and imaginary unsteady pressure coefficient cpu along the 

blade chord at 90% span. The low- and high-amplitude motion 

results are presented and the cpu value is normalized to the 

respective amplitude motion.  

 

   
 

FIGURE 8: Numerical aerodynamic damping coefficient 

prediction results for Mode 1, HB0-1 and HB0-5, low-, mid- 

and high-amplitude motion.  

 The solution was computed using the zeroth and 

fundamental harmonic (HB0-1) and zeroth to five harmonics 

(HB0-5). It can be seen that increasing the number of 

harmonics does not influence the first harmonic solution. 

Several ND were analyzed and yield the same conclusion. For 

this mode and this range of vibration amplitudes, the 

normalized cpu scales with the amplitude motion. The nonlinear 

effects are small and including only the fundamental harmonic 

in the aerodynamical model is sufficient to properly predict the 

blade aerodynamic damping. Note that the additional 

simulations with four higher harmonics are expensive in terms 

of CPU time costs because they just serve to verify that the 

HB0-1 solution is converged.  

 

 
 

FIGURE 9: First harmonic real and imaginary parts of 

unsteady blade pressure distribution at 90% span for Mode 1, 

normalized to the respective amplitude motion. ND=2, HB0-1 

and HB0-5, low- and high-amplitude motion.  

  
FIGURE 10: Steady-state pressure coefficient cp, zeroth 

harmonic of HB solution distribution at 90% span for Mode 1, 

ND=2, HB0-1 and HB0-5, low- and high-amplitude motion.  

Next, a closer look at the zeroth harmonic of the unsteady 

pressure coefficient gives an insight into the HB convergence 

(Figure 10). For ND = 2 and low- and high-amplitude 

prescribed motions, the zeroth harmonic solution computed 

with various number of harmonics (HB0-1 and HB0-5) is 

compared to the blade steady-state pressure coefficient cp 

distribution obtained without blade vibration. The graph shows 

that for this range of vibration amplitudes, the steady-state and 

the zeroth harmonic coefficient distribution over one vibration 

period is identical. This is consistent with the results of the first 

harmonic of the unsteady pressure distribution (Figure 9) and 

with the conclusions obtained from the Duffing oscillator 

model (Figure 3), showing that for a fixed number of harmonics 

retained, the convergence of the HB solution and zeroth 
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harmonic component are correlated. The zeroth harmonic 

converges towards the steady-state solution with a relative error 

𝜀 within a small tolerance value 𝜀0 (see Equation 7). It suggests 

that for small nonlinear effects, if the zeroth harmonic and 

steady-state solutions are in agreement, the HB solution of the 

first harmonic is also converged. This is a significant result 

because based on the zeroth harmonic only, which is already 

accessible, the HB convergence can be verified and there is no 

need for expensive, comparative TD simulations. 

 

Mode 2 
The results for Mode 2 are divided into three subsections. For 

the low- , mid- and high-amplitude motion, HB results of the 

aerodynamic damping coefficient obtained with Nh = 1 and    

Nh = 5 are depicted in the first subsection. The corresponding 

first and zeroth harmonic of the pressure coefficients are 

presented in the second subsection for the low- and high-

amplitude motion respectively. For high-amplitude motion, the 

third subsection presents the first and zeroth pressure harmonic 

pressure coefficient for HB simulations extended up to Nh = 10.  

 
Blade aerodynamic damping, amplitude variation, Nh ≤ 5 
 Similar to the results for Mode 1, Figure 11 shows the 

blade aerodynamic damping results for Mode 2, for low-, mid- 

and high-amplitude values in the prescribed motion. Again, the 

blue, green and black color represents the results for low-, mid- 

and high-amplitude motion respectively. Circle and square 

symbols represent the results obtained with HB0-1 and HB0-5 

respectively. For low-amplitude values, results are similar to 

those of Mode 1 and show that increasing the number of 

harmonics does not change the solution. Retaining the 

fundamental harmonic in the aerodynamic model is sufficient to 

guarantee the HB convergence.  

 
 

FIGURE 11: Numerical aerodynamic damping coefficient 

prediction results for Mode 2, HB0-1 and HB0-5, low-, mid- 

and high-amplitude motion. 

 For mid- and high-amplitude motion and for positive     

ND = 4 to ND = 7, two effects can be observed. First, varying 

the amplitude value changes the aerodynamic damping.  

Second, for one defined amplitude motion, the solution depends 

on the number of harmonics considered in the aerodynamic 

computation. This is a sign that for this range of amplitudes, 

nonlinear aerodynamic effects play a role and for the highest 

amplitude, the higher harmonics influence the fundamental 

harmonic. 

 
FIGURE 12: Instantaneous pressure flow field at 90% of blade 

span, for Mode 1, ND = 2 (top), Mode 2, ND = 5 (bottom), for 

low- and high-amplitude motion (left and right). 

To get an insight into the source of the aerodynamic 

nonlinearity, Figure 12 shows the instantaneous pressure flow 

field at 90% of the blade span for Mode 1 (ND = 2, top) and 

Mode 2 (ND = 5, bottom), for low- and high-amplitude motion 

(left and right respectively). For both modes, a representative 

time value in the vibration cycle was selected. The low- and 

high-amplitude motion were multiplied by a factor hundred and 

ten respectively, to enable a representative comparison. For 

Mode 1, the shock wave interaction shows a similar structure 

between the low- and high- amplitude motion. For Mode 2 
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however, a significant difference in the flow field structure is 

present between both amplitude motion and a stronger 

interaction of the shock waves occurs in the interblade passage, 

yielding most likely moderate to strong aerodynamic 

nonlinearities. 

 

Blade harmonic pressure distribution, low- and high-
amplitude motion, Nh ≤ 5, ND = 5 

For ND = 5, the first harmonic of the real and imaginary 

unsteady pressure distribution are presented in Figure 13 for the 

low- and high-amplitude motion. Again, the cpu is normalized to 

the respective amplitude motion. For the low-amplitude 

vibration motion, increasing the number of harmonics from one 

to five does not affect the solution. For high-amplitude motion 

clearly, increasing the number of harmonics affects the first 

harmonic pressure distribution and thus the aerodynamic work. 

In this case, the cpu does not scale with the amplitude. The shock 

amplitude is reduced when increasing the number of harmonics 

in the aerodynamic model. From a general point of view, the 

results show that for this ND, a certain number of higher 

harmonics are required to capture correctly the nonlinear 

unsteady aerodynamic effects and their influence on the 

pressure perturbation. However, it has to be noted that based on 

the HB0-5 results alone, it is not possible to know if the HB 

convergence is achieved. To verify this, additional simulations 

should be carried out with an even higher number of harmonics 

or with time-domain methods. 

 

 
 

FIGURE 13: First harmonic amplitude and phase of unsteady 

blade pressure distribution at 90% span for Mode 2, normalized 

to the respective amplitude motion. ND = 5, HB0-1 and HB0-5, 

low- and high-amplitude motion. 

As shown for the Duffing oscillator model for moderate 

nonlinearities, the HB convergence of the higher harmonic 

solution is correlated to the convergence of the zeroth harmonic 

solution. Figure 14 shows the zeroth harmonic and the steady-

state blade pressure coefficient results (without blade vibration) 

for the low- and high-amplitude motion, computed with an 

aerodynamic model including the fundamental harmonic (HB0-

1) and five harmonics (HB0-5).   

For the low-amplitude motion, the zeroth harmonic and 

steady-state solution are very similar and HB0-1 is converged 

in the HB sense. In other words, the system still behaves 

linearly.  For the high-amplitude motion, the zeroth harmonic 

obtained with HB0-1 does not match with the steady-state 

pressure coefficient. This suggests that for strong nonlinear 

effects, the relative error 𝜀 is much larger than for cases with 

weak to moderate nonlinear effects. The shock position on the 

blade aft SS differs significantly. The harmonic solution 

obtained with HB0-5 converges towards the steady-state 

pressure coefficient, but still shows a large relative error 𝜀.  

Based on the zeroth harmonic results and without comparative 

simulations including higher number of harmonics, it can be 

concluded firstly, that HB0-5 is not converged in the HB sense 

and secondly, that when nonlinear aerodynamic effects occur, 

the coupling with the higher harmonics influence not only the 

first and but also the zeroth harmonic when taken into account 

in the HB solution. 

 

 

FIGURE 14: Steady-state pressure coefficient (without blade 

vibration) and zeroth harmonic of blade unsteady pressure 

distribution at 90% span for Mode 2, ND=5, HB0-1 and HB0-5, 

low- and high-amplitude motion. 

Blade harmonic pressure distribution, high-amplitude 
motion, Nh > 10, ND = 5 

For this flow condition and the high prescribed amplitude 

motion, HB simulations have to be carried out with a higher 

number of harmonics. Figure 15 shows the zeroth harmonic of 

the pressure coefficient distribution obtained using the 

fundamental harmonic, two, five, seven and ten harmonics 

(HB0-1, HB0-2, HB0-5, HB0-7 and HB0-10 respectively). The 

steady-state pressure coefficient obtained without blade 

vibration is also depicted. Based on the good match between 

the HB0-7 and HB0-10 results, it seems that although the 

zeroth harmonic still does not correspond to the steady-state 

solution, the HB convergence is most likely achieved. In this 

case, the relative amplitude motion is small (1.2% of the blade 

chord) but the aerodynamic nonlinearities induced are strong 

and the mean flow solution represented by the zeroth harmonic 
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might not converge to the steady solution. The relative error 

𝜀 remains large. To enable a final statement, time-domain 

simulations would be required.  It is also to note from the HB0-

2 results that retaining one higher harmonic to the fundamental 

significantly improves the harmonic solution (HB0-2 results 

almost match the HB0-5 results). This suggests that adding one 

higher harmonic only in the aerodynamic model might be 

sufficient for weak aerodynamic nonlinearities and is still 

attractive in terms of CPU time. 

 

 
FIGURE 15: Steady-state pressure coefficient (without blade 

vibration), zeroth harmonic of blade unsteady pressure 

coefficient distribution at 90% span for Mode 2, ND=5, high-

amplitude motion computed with HB0-1, HB0-2, HB0-5, HB0-

7 and HB0-10. 

 

FIGURE 16: First harmonic real and imaginary parts of 

unsteady blade pressure coefficient distribution at 90% span for 

Mode 2, ND=5, high-amplitude motion, HB0-1, HB0-2, HB0-

5, HB0-7 and HB0-10.  

Note that when a high number of harmonics in the HB 

solution is required, as for this flow condition, mode and 

amplitude motion, applying the HB method might not be an 

interesting choice, as the CPU time costs are comparable to 

those involved in a TD solution. Additionally, further increasing 

the number of harmonics in the HB solution may cause 

convergence issues [9]. 

Figure 16 shows the first harmonic of the unsteady 

pressure coefficient distribution, for all simulations performed 

and for the high-amplitude motion (see Table 2). The results are 

consistent with the ones obtained from the zeroth harmonic 

(Figure 15), showing that the solution obtained with HB0-7 is 

most likely converged. This result shows that for cases where 

strong aerodynamic nonlinearities are present, the convergence 

of the first and zeroth harmonic are still correlated but the 

zeroth harmonic does not necessarily converge to the steady 

solution and the relative error 𝜀 remains larger than for weak to 

moderate aerodynamic nonlinearities.   

 
DISCUSSION 
 For simulations with prescribed motion and a HB solver, 

the results presented in the former section showed that for weak 

to moderate aerodynamic nonlinearities, it is possible to use the 

zeroth harmonic solution in order to verify the HB 

convergence. It provides also an estimation of the number of 

harmonics Nh to include in the aerodynamic model to achieve 

the HB convergence. The relative error 𝜀 between the zeroth 

harmonic and the steady-state solution (Equation 7) was 

computed for low- and high-amplitude motion, for the Mode 1 

(HB01 and HB05 for both amplitudes) and Mode 2 results 

(HB01 and HB05 for the low-amplitude, HB01, HB05, HB07 

and HB010 for the high-amplitude). The results are shown in 

Figure 17. For this application, a tolerance value of 𝜀0 =
0.02 was imposed as HB convergence criterion. It is the note 

that this value was selected on engineering judgement and 

depends on the application and case at hand. Based on Equation 

7, the convergence of the zeroth (and by correlation of the first 

harmonic) is achieved for relative error values corresponding 

to 𝜀 <  𝜀0 (and is not achieved for values 𝜀 >  𝜀0).  

 

 
 

FIGURE 17: Value of relative error 𝛆 for the Mode 1 and 2 

results, low- and high-amplitude motion. A representative value 

of 𝛆𝟎 = 0.02 was selected as HB convergence criterion. 

 It can be seen that for Mode 1 and 2, low-amplitude motion 

and Mode 1 high-amplitude motion, the relative error 𝜀 is 

small, within the tolerance value 𝜀0 and remains fairly constant 
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when increasing the number of harmonics. For Mode 2 high-

amplitude motion, although the error 𝜀 decreases when 

increasing the number of harmonics, this error remains large 

(𝜀 >  𝜀0 with 𝜀 = 0.052). This is consistent with the results 

presented in Figure 15.  

 The advantage of this approach is that the computation of 

the zeroth harmonic, being the constant term of the Fourier 

coefficients, is already included in the HB simulations. It does 

not require additional, expensive, comparative simulations with 

a higher number of harmonics or with TD methods. Even 

though it requires a comparison with the steady-state solution, 

this one is accessible in terms of CPU times. Moreover, this 

solution is mostly, in any case, computed to assess the steady-

state loading or to provide a basis for the unsteady simulations. 

 

 
 

FIGURE 18: Overview of the criteria to select the number of 

harmonics to include and verify the HB convergence 

(prescribed motion and single stage setups).  

For this compressor blade geometry and this range of 

amplitudes, other flow conditions were investigated in order to 

confirm the results. In all cases, comparing the zeroth harmonic 

of HB0-1 with the steady-state solution yields one of the 

following three options:  

 The comparison yielded a relative error 𝜀 <  𝜀0: in all cases, 

further HB simulations performed with a higher number of 

harmonics showed that the HB0-1 computation was already 

converged in the HB sense. Increasing the number of 

harmonics did not affect the zeroth and first harmonic 

components of the unsteady pressure and the system behaves 

linearly. 

 The comparison yielded a relative error 𝜀 >  𝜀0:  from a 

qualitative point of view, the shock amplitudes differ. In all 

cases, further HB simulations performed with a higher 

number of harmonics showed that retaining one higher 

harmonic in the aerodynamic model (HB0-2) was sufficient 

for the solution to converge in the HB sense. This might be 

interpreted as a sign that weak nonlinear aerodynamic effects 

are present in the system and in this case, adding one higher 

harmonic may be sufficient to capture the physics correctly.  

 The comparison yielded a relative error 𝜀 ≫  𝜀0: from a 

qualitative point of view, results differ significantly in terms 

of shock position and shock amplitude. In this case, 

increasing firstly the number of harmonics to five is the most 

appropriate choice. A renewed comparison determines if the 

HB convergence is reached (if yes, the strength of the 

nonlinear effects can be defined as moderate). If not, this is a 

sign that strong nonlinearities are present and increasing 

further the number of harmonics can improve the HB 

convergence but the CPU times involved are close to the 

order of magnitude required by the TD methods. The relative 

error 𝜺 remains large and the zeroth harmonic might not 

converge to the steady solution. Besides expensive CPU 

times, it is also to note that retaining more than five 

harmonics in the aerodynamic model is critical in terms of 

numerical setup consistency. Higher harmonics induce higher 

frequencies and thus shorter wavelengths, which might turn 

out to be too short for the grid resolutions usually considered 

for unsteady CFD computations. This feature was discussed 

by Hall et al. [9].   

  
 A visual overview and rough guidelines to summarize the 

options observed during this work is included in Figure 18. 

This is especially meant to ease the selection of the number of 

harmonics to retain in the aerodynamic model when performing 

blade stability predictions with prescribed motion (one 

harmonic only in the structural model) and thus, when only the 

first harmonic is of relevance for the aerodynamic work. 

 

CONCLUSIONS 
This work aimed at defining a systematic approach to 

determine the number of harmonics to retain in the 

aerodynamic model when using the HB method.  

Solving the nonlinear Duffing oscillator equation using a 

TD and HB method provided two basic results: 

 

 For weak to moderate nonlinearities, the zeroth harmonic 

component rapidly converges to the steady-state solution 

when increasing the number of harmonic Nh.  

 In this case, the convergence of the zeroth and first harmonic 

component is correlated and behaves similarly, such that if 

the zeroth harmonic is converged, so is the first harmonic. 

 

These results were applied to a compressor rotor blade 

subjected to a transonic flow with two blade prescribed 

motions, and various amplitudes for which several numbers of 

harmonics were retained. For this application and case, a 

tolerance value 𝜀0 of the relative error 𝜀 between the zeroth 

harmonic and steady-state solution was selected and fixed. This 

value depends on the application and case investigated. Based 

on the results, some guidelines may be proposed:  
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1. Perform a basic HB computation with Nh = 1 and compare 

the zeroth harmonic solution of the blade pressure 

distribution to the steady-state pressure distribution (without 

blade vibration). 

2. If the comparison yields a relative error <  𝜀0, the solution of 

the zeroth harmonic is converged in the HB convergence 

sense. No (or negligible) aerodynamic nonlinearities are 

present and the system behaves linearly. Retaining the 

fundamental harmonic only in the aerodynamic model is 

sufficient. This corresponds to a linear model.  

3. If the comparison yields 𝜀 >  𝜀0 (typically, shock amplitudes 

differ), the solution of the zeroth harmonic is not converged 

in the HB sense and the process should be repeated with Nh = 

2. In this case, weak aerodynamic nonlinearities are present 

which have to be taken into account in the aerodynamic 

model.  

4. If the comparison yields 𝜀 ≫  𝜀0 (typically, shock position 

and amplitudes differ), the solution of the zeroth harmonic is 

not converged in the HB sense and the process should be 

repeated with Nh = 5. This case typically corresponds to the 

presence of moderate nonlinear aerodynamic effects.  

5. From a general point of view, for single stage computations, 

if the HB convergence is still not reached for Nh = 5 (relative 

error 𝜀 remains large and Nh > 5 is required), strong 

aerodynamic nonlinearities are present and it might be more 

appropriate to consider time domain simulations. In this case 

and based on the results shown in this study, the HB 

convergence cannot be inferred on the only basis of the 

zeroth harmonic convergence criterion.    

 

The results presented for the case with and without 

aerodynamic nonlinearities confirmed the statements above. 

For Mode 2 and a high-amplitude motion, strong aerodynamic 

nonlinearities are present and additional computations with Nh 

up to 10 were considered. For Nh ≥ 7, the zeroth and first 

harmonic solution remained unchanged, which suggests that the 

HB convergence is reached. Time-domain simulations are 

required to state this result more precisely. Based on the results 

presented in this work, using the results of the zeroth harmonic 

is therefore useful up to moderate nonlinear aerodynamic 

effects to determine if the HB convergence is achieved.  

 
OUTLOOK 

The qualitative guideline presented in this work was 

coarsely verified with a second compressor blade geometry for 

which former aeroelastic data was already available, pointing 

out the same trend. However, further systematic investigations 

with various geometries and flow conditions are required to 

generalize and validate the method presented in this work. 

Additionally to this first step, time-domain simulations have to 

be performed in order to verify the HB results and get a 

reference solution. In particular, they would help validate the 

results presented for Mode 2. In a second step, the database 

gained will serve to define more rigorously the tolerance value 

 𝜀0  and if this value can (at all) be generalized for CFD 

applications. Adapting this method to a full aeroelastic HB 

method (aerodynamic and structure, see Berthold et al. [28]) 

would extend the perspectives of LCO investigations. For 

strong aerodynamic nonlinearities, further investigations have 

to be performed in order to state more precisely if this HB 

convergence criterion still applies. 
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