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Abstract

Under the assumption of diffuse surfaces, the amount of radiative heat transfer between two surfaces can be evaluated
by a view factor. In the past, analytical view factor solutions were derived for many types of geometries. However,
view factor solutions of a spherical cap, which is a part of a sphere cut off by a plane, from an infinitesimal surface
have not been thoroughly investigated. In this study, geometrical configurations of a spherical cap and an infinitesimal
surface are classified into different cases, and an analytical solution is derived for each case. Actual view factor
values are calculated for various configurations, and the results are verified by view factors acquired by the numerical
methods.
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1. Introduction

In many engineering applications, it is common to evaluate radiative heat transfer between surfaces based on the
assumption of diffuse radiation and reflections. In such cases, the amount of radiative energy emitted from one surface
and reaching to another surface is determined by a view factor, which describes the geometrical relation of the two
surfaces. In the past researches, analytical view factor solutions were derived for many types of geometries, and the
collection of available view factors was compiled by Howell [1, 2].

With regard to a sphere and a circular disk related view factors, numbers of studies have been performed for differ-
ent geometrical configurations. Cunningham derived view factors of a sphere from an arbitrary oriented infinitesimal
surface [3]. Chung and Naraghi performed extensive investigation on view factors of a sphere [4], and variety of
axisymmetric geometries [5, 6]. Also the view factor of a circular disk from an infinitesimal surface was studied by
Naraghi [7], and Cabeza-Lainez [8, 9]. View factors from an infinitesimal surface to a spherical or a circular surface
have practical applications in different engineering fields. Various studies can be found regarding the radiative heat
exchange between an Earth orbiting satellite and the Earth [3, 10–20], the evaluation of thermal radiation from a
fireball caused by hazardous material [21–25], and the evaluation of lighting conditions in the field of architecture
[26].

In this article, new analytical view factor solutions of a spherical cap, which is a part of a sphere cut off by a plane,
are presented. Compared to the sphere view factor, the spherical cap view factor extends the application possibility
in terms of geometry, and it also enables users to evaluate spherical shape section-wise. That means that the variable
temperature or variable thermal properties on the surface can be considered in the analytical evaluation. In the entire
discussion, a view factor of a spherical cap means a view factor from an infinitesimal surface towards the convex side
of the spherical cap surface. View factors of the same type of geometry was studied by Naraghi [27]. However, the
reported solutions were limited to some specific configurations. The solutions acquired in this study cover arbitrary
size and relative positions of a spherical cap and an infinitesimal surface. In addition, the classification process to
determine a solution for an arbitrary configuration is presented.
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Nomenclature

α angular parameter for the L2 integration

α1 α value for the intersection of the spherical
cap edge and the projection plane edge

α2, α3 α values for the intersections of the spherical
cap edge and the view edge

αend ending angle of the L2 integration

αstart starting angle of the L2 integration

β angular parameter for the L1 integration

β0 β value for the intersection of the view edge
and the projection plane edge

β1 β value for the intersection of the spherical
cap edge and the projection plane edge

β2, β3 β values for the intersections of the spherical
cap edge and the view edge

βend ending angle of the L1 integration

βstart starting angle of the L1 integration

x2, x3 intersections of the spherical cap edge and
the view edge

xend ending point of the L4 integration

xstart starting point of the L4 integration

η latitudinal angular parameter for the area in-
tegration

γ angle between the +X direction and the in-
finitesimal surface normal vector projected to
the XY plane

λ longitudinal angular parameter for the area
integration

ω angle between the infinitesimal surface nor-
mal direction and the +Z direction

ψ angle between the captop direction and the
direction to the cap edge

θ angle between the Z axis and a tangential line
from the infinitesimal surface to the sphere

θ′ transformed θ for Case 18 and 19 configura-
tions

Θ0 angle between the normal vector of the in-
finitesimal surface and the line to a spherical
surface facet

Θ1 angle between the normal vector of a spheri-
cal surface facet and the line to the infinitesi-
mal surface

ϕ angle between the captop direction and the
−Z direction from the sphere center

d distance between the spherical cap center and
the infinitesimal surface

d′ transformed d for Case 18 and 19 configura-
tions

Fi view factor of Case i (i = 1, 2, . . . , 21)

h distance from the infinitesimal surface to the
projection plane

Li line integration of type i (i = 1, 2, 3, 4)

R radius of the projection plane

RS radius of a spherical cap

R′S transformed RS for Case 18 and 19 configu-
rations

S distance between the infinitesimal surface
and a point (x, y, z)

n/a not applicable

2. Spherical cap view factor

2.1. Geometrical configurations

In order to discuss view factor solutions, an arbitrary geometrical configuration of a spherical cap and an infinites-
imal surface has to be described by certain parameters. Without loss of generality, it can be assumed that the origin of
the orthogonal coordinate is at an infinitesimal surface, the center of a spherical cap is on the Z axis, and the top of a
spherical cap is on the XZ plane. With these assumptions, a geometrical configuration is described by six parameters
as shown in Fig. 1. RS (RS > 0) is the radius of the spherical cap. d (d > RS) is the distance between the infinitesimal
surface and the center of the spherical cap. ϕ (0 ≤ ϕ ≤ π) is the angle between the cap top direction and the −Z direc-
tion from the spherical cap center. ω (0 ≤ ω ≤ π) is the angle between the normal direction of the infinitesimal surface
and the +Z direction. γ (−π ≤ γ ≤ π) is the angle between the +X direction and the infinitesimal surface normal
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Figure 1: Geometrical configuration of a spherical cap and a infinitesimal surface.

vector projected to the XY plane. ψ (0 < ψ ≤ π/2) is the angle between the cap top direction and the spherical cap
edge direction from the spherical cap center. In principle, this parameter can take the range of 0 < ψ ≤ π. However,
in the following discussion, the range of ψ is assumed to be 0 < ψ ≤ π/2, since the rest can be easily calculated by
using the results of 0 < ψ ≤ π/2. In addition to these six independent parameters, some dependent parameters are
used in the discussion. θ (0 < θ < π/2) is the angle between the Z axis and the tangential line from the infinitesimal
surface to the spherical surface. This parameter satisfies the relation of d sin θ = RS. The projection plane in Fig. 1 is
the circular area which has the equivalent view factor as the sphere from the infinitesimal surface. The radius of the
projection plane is R, and it satisfies R = RS cos θ. The distance from the infinitesimal surface to the projection plane
is described by h = d cos θ.

2.2. Line integration solutions for the view factor calculation

As studied by Sparrow [28], a view factor from an infinitesimal surface to an arbitrary area can be calculated by
the contour integration as shown in Eq.(1). (l1,m1, n1) is the normal vector of the infinitesimal surface and S is the
distance from the infinitesimal surface to a point on the integration line.

F = l1

∫
zdy − ydz

2πS 2 + m1

∫
xdz − zdx

2πS 2 + n1

∫
ydx − xdy

2πS 2 . (1)

For a spherical cap view factor, this contour integration consists of four types of line integrations: L1, L2, L3 and L4.
A combination of these line integrations is different depending on the geometrical configuration. Before discussing
the details of each configuration, the solutions of the line integrations are derived in this section. Fig. 2 shows one
example of the contour configuration, which contains all four types of the line integrations.

The first type L1 is the line integration along the projection plane edge as shown in Fig. 2 (b). The projection
plane edge is described by  x

y
z

 =

 R cos β
R sin β

h

 . (2)

Based on Eqs. (1) and (2), the result of the line integration from βstart to βend is

L1(βstart, βend) = l1
hR(sin βend − sin βstart)

2π(R2 + h2)
+ m1

hR(− cos βend + cos βstart)
2π(R2 + h2)

+ n1
R2(−βend + βstart)

2π(R2 + h2)
. (3)
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The second type L2 is the line integration along the edge of the spherical cap as shown in Fig. 2 (c). The edge of
the spherical cap is described by x

y
z

 =

 −RS cosψ sinϕ + RS cosα sinψ cosϕ
RS sinα sinψ

d − RS cosψ cosϕ − RS cosα sinψ sinϕ

 . (4)

The line integration from αstart to αend is calculated by

L2(αstart, αend) =
l1A

4π sin θ sinψ sinϕ

∫ αend

αstart

l2 cosα − l3
1 − A cosα

dα +
m1A

4π sin θ sinψ sinϕ

∫ αend

αstart

m2 sinα
1 − A cosα

dα

+
n1A

4π sin θ sinψ sinϕ

∫ αend

αstart

n2 cosα − n3

1 − A cosα
dα. (5)

The used parameters are defined by Eqs. (6)–(11), and the exact solutions of the integrals in Eq. (5) are shown in Eqs.
(12)–(14). It should be noted that the solution is valid in the range of −π < α < π, and the line integration should not
cross α = ±π.

A =
2 sin θ sinψ sinϕ

1 + sin2 θ − 2 sin θ cosψ cosϕ
, (6)

l2 = (1 − sin θ cosψ cosϕ) sin θ sinψ, (7)

l3 = sin2 θ sin2 ψ sinϕ, (8)

m2 = sin θ sinψ cosϕ − sin2 θ cosψ sinψ, (9)

n2 = sin2 θ cosψ sinψ sinϕ, (10)

n3 = sin2 θ sin2 ψ cosϕ. (11)

∫ αend

αstart

l2 cosα − l3
1 − A cosα

dα = −
l2
A

(αend − αstart) +

(
l2
A
− l3

)
2

√
1 − A2

×

arctan


√

1 + A
1 − A

tan
αend

2

 − arctan


√

1 + A
1 − A

tan
αstart

2


 , (12)∫ αend

αstart

m2 sinα
1 − A cosα

dα =
m2

A
{
log(1 − A cosαend) − log(1 − A cosαstart)

}
, (13)∫ αend

αstart

n2 cosα − n3

1 − A cosα
dα = −

n2

A
(αend − αstart) +

(n2

A
− n3

) 2
√

1 − A2

×

arctan


√

1 + A
1 − A

tan
αend

2

 − arctan


√

1 + A
1 − A

tan
αstart

2


 . (14)

The third type L3 is the line integration on a straight line from the infinitesimal surface to the projection plane.
The line from the infinitesimal surface to an arbitrary point (xa, ya, za) is described by x

y
z

 = s

 xa
ya
za

 . (15)

Regardless of the range of the parameter s, the integration of Eq. (1) on this line is always zero. Therefore, the L3
integration result is zero as well.

L3 = 0. (16)
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Figure 2: Contour integration consisting of four types of line integrations.

The fourth type L4 is the integration along a straight line on the projection plane as shown in Fig. 2 (b). The line
from xstart = (xstart, ystart, h) to xend = (xend, yend, h) is described by x

y
z

 =

 xstart + x∆t
ystart + y∆t

h

 , (17)

where:
x∆ = xend − xstart, y∆ = yend − ystart, 0 ≤ t ≤ 1. (18)

Based on Eqs.(1) and (17), the result of the line integration is

L4(xstart, xend) =l1
hy∆

2π
√

AC − B2

{
arctan

(
A + B
√

AC − B2

)
− arctan

(
B

√
AC − B2

)}
+ m1

−hx∆

2π
√

AC − B2

{
arctan

(
A + B
√

AC − B2

)
− arctan

(
B

√
AC − B2

)}
+ n1

ystartx∆ − xstarty∆

2π
√

AC − B2

{
arctan

(
A + B
√

AC − B2

)
− arctan

(
B

√
AC − B2

)}
, (19)

where:
A = x2

∆ + y2
∆, B = xstartx∆ + ystarty∆, C = x2

start + y2
start + h2. (20)

2.3. Classification and solutions of the spherical cap view factors
The analytical calculation of a spherical cap view factor requires detailed classification. Depending on the geo-

metrical configuration, the view factor calculations are divided into 21 cases. The complete cases and solutions are
summarized in Table 1.

The first classification flow chart is shown in Fig. 3, and examples of the geometrical configurations are shown
in Fig. 4. In this preliminary classification, five simple configurations are identified (Case 1–5), and the other config-
urations are divided to two groups. In Case 1, the spherical cap is in the invisible part of the sphere. In Case 2, any
part of the sphere is not visible because of the infinitesimal surface direction. Case 3 and Case 4 are practically the
same as sphere view factors, since the spherical cap covers the entire area which can be visible from the infinitesimal
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Table 1: Spherical cap view factor solutions for each geometrical configuration.
Case Short description Classification Solution
Case 1 Cap Orientation Mismatch Fig. 3 F1 = 0
Case 2 Infinitesimal Surface Direction Mismatch Fig. 3 F2 = 0
Case 3 Full Sphere Fig. 3 Eq. (21)
Case 4 Partial Sphere Fig. 3 Eq. (22)
Case 5 Full Spherical Cap Fig. 3 Eq. (28)
Case 6 Partial Cap, No Intersection 1 Figs. 3, 5, 6 F6 = 0
Case 7 Partial Cap, No Intersection 2 Figs. 3, 5, 6 Eq. (35)
Case 8 Partial Cap, No Intersection 3 Figs. 3, 5, 6 Eq. (36)
Case 9 Partial Cap, No Intersection 4 Figs. 3, 5, 6 Eq. (37)
Case 10 Partial Cap, One Intersection 1 Figs. 3, 5, 8 Eq. (38)
Case 11 Partial Cap, One Intersection 2 Figs. 3, 5, 8 Eq. (43)
Case 12 Partial Cap, Two Intersections 1 Figs. 3, 5, 10 Eq. (44)
Case 13 Partial Cap, Two Intersections 2 Figs. 3, 5, 10 Eq. (47)
Case 14 Partial Cap, Two Intersections 3 Figs. 3, 5, 10 Eq. (48)
Case 15 Partial Cap, Two Intersections 4 Figs. 3, 5, 10 Eq. (49)
Case 16 Small Cap, View Direction Mismatch Figs. 3, 12 F16 = 0
Case 17 Small Cap, No Intersection Figs. 3, 12 Eq. (50)
Case 18 Small Cap, No Intersection ϕ = 0 Figs. 3, 12 Eq. (51)
Case 19 Small Cap, Two Intersections ϕ = 0 Figs. 3, 12 Eq. (52)
Case 20 Small Cap, Two Intersections 1 Figs. 3, 12 Eq. (56)
Case 21 Small Cap, Two Intersections 2 Figs. 3, 12 Eq. (57)
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Figure 3: Preliminary classification of arbitrary configurations (Case 1 – Case 21).
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surface. A Case 3 view factor is calculated by using the L1 integration as shown in Eq. (21). This equation means that
the given parameters π and −π are substituted to βstart and βend of Eq. (3).

F3 = L1(π,−π). (21)

A Case 4 view factor is calculated by a combination of the L1 and L4 integration.

F4 = L1(γ + β0, γ − β0) + L4(xstart, xend), (22)

where the parameter β0 is determined by the following relation:

R cos β0 = −h tan
(
π

2
− ω

)
, 0 ≤ β0 ≤ π. (23)

The starting point xstart and the ending point xend of the L4 integration are

xstart =

 R cos(γ − β0)
R sin(γ − β0)

h

 , (24)

xend =

 R cos(γ + β0)
R sin(γ + β0)

h

 . (25)

The analytical view factor solutions of Case 3 and Case 4 or the corresponding circular disk view factors are com-
monly available in the literatures, such as [1–9]. For Case 3, the explicit description of Eq. (21) after the parameter
substitution is

F3 =
R2

R2 + h2 cosω =
R2

S

d2 cosω, (26)

which agrees with the solution presented in [1, 2]. Also for Case 4, the explicit description of Eq. (22) can be presented
in the following form:

F4 = −
Rh sinω sin β0

π(R2 + h2)
+

R2β0 cosω
π(R2 + h2)

+
h sinω

π
√

R2 cos2 β0 + h2
arctan

 R sin β0√
R2 cos2 β0 + h2


−

R cosω cos β0

π
√

R2 cos2 β0 + h2
arctan

 R sin β0√
R2 cos2 β0 + h2

 . (27)
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Figure 5: Classification of the partial cap configurations (Case 6 – Case 15).

This equation is further transformed by using Eq. (23) and parameter definitions of h and R. Finally, it is confirmed
to be precisely the same as the solution presented in [4, 5]. In Case 5, the contour integration consists of two parts:
the edge of the projection plane and the edge of the spherical cap.

F5 = L1(2π − β1, β1) + L2(α1,−α1), (28)

where the parameter β1 and α1 are determined by the following relations:

cos β1 = −
cosψ sinϕ

cos θ
+

sin θ − cosψ cosϕ
cos θ

cosϕ
sinϕ

, 0 ≤ β1 ≤ π, (29)

cosα1 =
sin θ − cosψ cosϕ

sinψ sinϕ
, 0 ≤ α1 ≤ π. (30)

From Case 6 to Case 15, the edge of the spherical cap comes into the visible area. In these cases, the edge of
the spherical cap and the edge of the view may have intersections. In this discussion, the interested intersections are
those with a Z coordinate of z ≤ h. Depending on the number of such intersections, they are divided into different
cases as shown in Fig. 5. The number of intersections and their coordinates are acquired by solving Eqs. (31)–(33),
which correspond to different geometries. Eq. (31) is the sphere surface, Eq. (32) is the plane dividing the spherical
cap from the sphere, and Eq. (33) is the edge of the view from the infinitesimal surface. The cases of γ = 0, ± π are
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Figure 6: Classification of the no-intersection configurations (Case 6 – Case 9).

handled separately, in order to avoid zero division.

x2 + y2 + (z − d)2 = RS
2, (31)

(x + RS cosψ sinϕ) sinϕ + (z − d + RS cosψ cosϕ) cosϕ = 0, (32)
x sinω cos γ + y sinω sin γ + z cosω = 0. (33)

If there are no intersections between the edge of the spherical cap and the edge of the view, the cases are divided
into further four cases. Fig. 6 shows the classification flow chart, and Fig. 7 shows examples of those configurations,
viewing from the infinitesimal surface. For each case, a view factor can be calculated by using the already discussed
solutions:

F6 = 0, (34)
F7 = F5 + F4 − F3, (35)
F8 = F4, (36)
F9 = F5. (37)

If there is one intersection, the configurations are divided into two cases. The classification flow chart and config-
uration examples are shown in Figs. 6 and 9, respectively. A view factor for Case 10 can be calculated as a sum of
four line integrations (Fig. 2):

F10 = L1(γ + β0, β1) + L2(α1, α2) + L3 + L4(xstart, xend). (38)
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Assuming that coordinates of the intersection are x2 = (x2, y2, z2), the parameter α2 can be determined by the following
relations:

cosα2 =
x2 + RS cosψ sinϕ

RS sinψ cosϕ
, (39)

sinα2 =
y2

RS sinψ
, (40)

where the range of α2 is −π < α2 ≤ π. The other parameters, β0, β1 and α1 are determined by Eqs. (23), (29) and (30),
respectively. The starting point and the ending point of the L4 integration are:

xstart =
h
z2

x2, (41)

xend =

 R cos(γ + β0)
R sin(γ + β0)

h

 . (42)

The order of Case 11 contour integration is different from that of Case 10, but it is possible to find a corresponding
Case 10 configuration by rotating the infinitesimal surface direction around the Z axis. Therefore, the solution of Case
11 can be described by using the solution of Case 10 as shown in Eq. (43).

F11(d,RS, ϕ, ω, γ, ψ) = F10(d,RS, ϕ, ω,−γ, ψ). (43)

The cases of two intersections are divided into four cases. The classification flow chart is shown in Fig. 10
and configuration examples are presented in Fig. 11. A view factor of Case 12 is calculated as a sum of four line
integrations as shown in Eq. (44). The first L2 integration is along the edge of the spherical cap, the second L3
integration is on the line from one intersection to the projection plane, the third L4 integration is on the projection
plane, and the fourth L3 integration is on the line from the projection plane to the other intersection. As already
discussed, two L3 integrations are zero.

F12 = L2(α2, α3) + L3 + L4(xstart, xend) + L3. (44)

Assuming that the intersections are x2 = (x2, y2, z2) and x3 = (x3, y3, z3), the corresponding α2 and α3 are determined
by substituting these parameters to Eqs. (40) and (39). The intersections are acquired by solving Eqs. (31)–(33), and
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the numbering of the intersections has to be selected so that α2 > α3. With regard to the L4 integration, the starting
point and the ending point are

xstart =
h
z3

x3, (45)

xend =
h
z2

x2. (46)

The other cases can be calculated by using the result of Case 12:

F13 = F5 − F12, (47)
F14 = F4 − (F3 − F5 − F12), (48)
F15 = F4 − F12. (49)

From Case 16 to Case 21, the entire spherical cap is within the possible visible area of the sphere. The classification
flow chart and configuration examples are shown in Figs. 12 and 13, respectively. In Case 17, a view factor can be
calculated as a complete round of the L2 integration. Since the parameter range of the L2 integration is −π < α < π, a
round of the L2 integration is calculated as a limit value.

F17 = lim
δ→+0

L2(π − δ,−π + δ). (50)

Cases of ϕ = 0 need to be handled separately as Case 18 and Case 19. In these cases, view factors can be calculated
by using the solutions of Case 3 and Case 4, with the parameter transformation.

F18(d,RS, ϕ, ω, γ, ψ) = F3(d′,R′S, ϕ, ω, γ, ψ), (51)
F19(d,RS, ϕ, ω, γ, ψ) = F4(d′,R′S, ϕ, ω, γ, ψ). (52)
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Figure 10: Classification of the two-intersection configurations (Case 12 – Case 15).

The parameter transformation is performed by

R′S =
RS sinψ
cos θ′

, (53)

d′ = d − RS cosψ + R′S sin θ′, (54)

where:
tan θ′ =

RS sin θ
d − RS cosψ

. (55)

Fig. 14 shows the geometrical meaning of the parameter transformation. The transformation corresponds to replacing
the original spherical cap with a new sphere with the same view factor.

The integrations of Case 20 and Case 21 are described by

F20 = L2(α2, α3) + L3 + L4(xstart, xend) + L3, (56)
F21 = lim

δ→+0
L2(π − δ,−π + δ) + L2(α2, α3) + L3 + L4(xstart, xend) + L3. (57)

For both cases, the parameter α0, α1 are determined by Eqs. (39) and (40), and the starting point and the ending point
of the L4 integration can be determined by Eqs. (45) and (46). In Case 21, the L2 integration is described as a sum of
two terms, in order to avoid crossing α = ±π during the line integration.
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Figure 11: Examples of the two-intersection configurations (Case 12 – Case 15).
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Figure 12: Classification of the small cap configurations (Case 16 – Case 21).
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Figure 13: Examples of the small cap configurations (Case 16 – Case 21).
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Figure 14: Parameter transformation for the ϕ = 0 configurations (Case 18 and Case 19).
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2.4. Comparison of view factor calculation results

For an arbitrary geometrical configuration, it is possible to analytically calculate a spherical cap view factor by
using the presented classification flow and the solutions. This analysis process is implemented in a Python script and
tested for various parameter sets. The calculation results are compared with two different numerical results. The first
method is the numerical area integration based on the view factor definition. The integration is performed on the
spherical surface described by  x

y
z

 = RS

 sin η cos λ
sin η sin λ

cos η

 +

 0
0
d

 , (58)

where η and λ are angular parameters in the latitudinal and longitudinal direction, as shown in Fig. 15. During the
numerical area integration, each facet of the spherical surface is determined if it is a part of the spherical cap and
visible from the infinitesimal surface by the following conditions: x

y
z

 ·
 sinω cos γ

sinω sin γ
cosω

 > 0, (59)

 x + RS cosψ sinϕ
y

z − d + RS cosψ cosϕ

 ·
 − sinϕ

0
− cosϕ

 > 0. (60)

The integration is described by Eq. (61) based on the view factor definition. For the actual calculation, the longitudinal
direction λ is divided into 240 sections, and the latitudinal direction η is divided into 60 sections.

F =

∫ π

π
2 +θ

∫ 2π

0

cos Θ0 cos Θ1

πS 2 R2
S sin η dλdη. (61)

Θ0 is an angle between the infinitesimal surface normal and the line connecting the infinitesimal surface and a facet on
the spherical surface. Θ1 is an angle between the normal direction of the facet and the line connecting the infinitesimal
surface and the facet. These angles satisfy the following conditions:

cos Θ0 =
1
S

 sinω cos γ
sinω sin γ

cosω

 ·
 x

y
z

 , (62)

cos Θ1 =
1

S RS

 x
y

z − d

 ·
 −x
−y
−z

 . (63)

The second approach is to use the commercial thermal analysis software Thermal Desktop®with the RadCAD®mod-
ule, which is capable of calculating view factors based on the Monte Carlo ray tracing method [29]. The model con-
sists of two nodes: a circular disk with an area of 1 and a spherical cap surface with a radius of 6.371 × 106, which
correspond to a 1 m2 surface and the Earth surface. 1 × 105 rays per node are used to evaluate the view factor.

In Fig. 16, some of the calculation results by the analytical method (Analytical), the numerical area integration
(Numerical), and the thermal analysis software (RadCAD) are presented. In the latter two approaches, one general
calculation procedure is applied to any configuration. On the other hand, in the analytical approach, one of the 21 cases
is determined for each parameter set, and the resulting view factor value is calculated by using the selected solution.
The difference between Fig. 16 (a) and (b) is the parameter ψ which defines the spherical cap size. Regarding the
cases shown in Fig. 16 (a), the size of the spherical cap (ψ = 90◦) is larger than the visible area on the spherical
surface, which leads to Case 1–15. Meanwhile, many cases shown in Fig. 16 (b) are classified to Case 16–21, because
of the smaller cap size (ψ = 15◦).
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Figure 15: View factor calculation by the numerical area integration.
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Figure 16: Spherical cap view factors for d/RS = 1.1, γ = 0◦, ψ = 90◦ and 15◦.

Table 2: Tested parameter values on the analytical and numerical methods.
Parameter Tested values Number of cases
d/RS 1.1, 2.0 2
ψ for Numerical 15◦, 30◦, . . . , 180◦ 12
ψ for RadCAD 15◦, 30◦, . . . , 90◦ 6
γ for Numerical 0◦,±15◦, . . . ,±180◦ 25
γ for RadCAD 0◦, 30◦, . . . , 180◦ 7
ω for Numerical 0◦, 15◦, . . . , 180◦ 13
ω for RadCAD 0◦, 30◦, . . . , 180◦ 7
ϕ for Numerical 0◦, 1◦, . . . , 180◦ 181
ϕ for RadCAD 0◦, 5◦, . . . , 180◦ 37
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The tested parameter values are summarized in Table 2. The calculations are performed for the entire combinations
of these parameter values. The classification result, the calculation time, and the maximum view factor deviation from
the Numerical and RadCAD results are summarized in Table 3. The calculation result shows that view factors acquired
by the analytical method agree with the results of the numerical methods. The deviations between the analytical and
the other results are less than view factor of 0.003 for any Numerical cases, and less than view factor of 0.006 for
any RadCAD cases. With regard to the necessary calculation time, the presented values are the average within each
case. In general, cases of 90◦ < ψ < 180◦ requires longer time than cases of 0◦ < ψ < 90◦. This is because a view
factor of 90◦ < ψ < 180◦ case is calculated by subtracting the corresponding 0◦ < ψ < 90◦ view factor from the
sphere view factor (ψ = 180◦). Comparing the calculation time for different cases, the most time consuming case is
Case 14. As shown in Eq. (48), a view factor of Case 14 is calculated by using view factors of four different cases,
which presumably causes longer calculation time than the other cases. Focusing on Case 14 with 90◦ < ψ < 180◦,
the calculation time is compared with the other numerical methods. The exact test case is defined by the following
parameters: d = 1.1, RS = 1.0, ψ = 105◦, γ = 180◦, ω = 60◦, ϕ = 100◦. The numerical calculations are performed
for different facet size and different number of rays, and the result is summarized in Table 4. For each method, the
calculation time is estimated as an average of 100 executions. With regard to RadCAD results, the standard deviation
of the 100 executions is presented as well. As shown in the standard deviations in Table 4 and the facet size presented
in Fig. 17, it is necessary to increase the number of facets or rays, in order to numerically evaluate a view factor with
higher accuracy. For Numerical method, the calculation time linearly increases according to the number of facets. On
the other hand, RadCAD calculation time is similar for 1 × 104, 1 × 105, and 1 × 106 rays. This indicates that the
RadCAD calculation includes a time consuming task which is not part of the ray tracing. Based on the calculation
time of 1 × 105 and 1 × 106 rays, it could be estimated that the ray tracing for 1 × 107 rays in this two node model
takes approximately 2.1 seconds. For both numerical methods, the number of facets or rays needs to be defined
considering on the necessary calculation accuracy and the corresponding calculation cost. On the other hand, by
using the analytical method, an analytically exact spherical cap view factor can be acquired with low calculation cost.

Table 3: The number of classified test cases and the averaged calculation time.

Number of cases Averaged calculation time [µs] Maximum view factor deviation
Case 15◦–90◦? 105◦–180◦? 180◦? 15◦–90◦? 105◦–180◦? 180◦? from Numerical from RadCAD
Case 1 335400 303875 0 7.3 87.1 n/a 0.000432 0.00000
Case 2 107625 83125 27150 54.6 72.3 7.7 0.000000 0.00000
Case 3 15000 7825 31675 117.3 139.4 35.1 0.000432 0.00371
Case 4 44100 26925 58825 238.0 361.0 134.9 0.000374 0.00466
Case 5 80500 63425 0 272.5 258.2 n/a 0.001198 0.00362
Case 6 13836 13888 0 210.6 332.1 n/a 0.000374 0.00000
Case 7 5821 4912 0 505.3 614.4 n/a 0.001222 0.00532
Case 8 7082 4011 0 374.0 471.6 n/a 0.002096 0.00459
Case 9 16030 12049 0 344.9 446.5 n/a 0.001135 0.00336
Case 10 26969 21152 0 523.8 595.5 n/a 0.001123 0.00410
Case 11 26969 21152 0 526.4 593.0 n/a 0.001123 n/a
Case 12 2160 2634 0 489.6 571.4 n/a 0.000983 0.00185
Case 13 2694 2138 0 625.2 684.3 n/a 0.000758 0.00272
Case 14 138 118 0 756.6 831.6 n/a 0.000472 0.00003
Case 15 226 71 0 685.7 679.4 n/a 0.000165 0.00071
Case 16 1077 1162 0 165.5 292.9 n/a 0.000009 0.00000
Case 17 12867 12475 0 204.7 248.3 n/a 0.001208 0.00354
Case 18 450 450 0 173.4 207.6 n/a 0.002319 0.00321
Case 19 400 400 0 265.9 391.9 n/a 0.002027 0.00286
Case 20 3080 3268 0 349.4 479.8 n/a 0.001258 0.00305
Case 21 3476 3195 0 397.3 527.0 n/a 0.001162 0.00283

?The parameter range of ψ.
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Figure 17: Geometrical configuration of Case 14, d = 1.1, RS = 1.0, ψ = 105◦, γ = 180◦, ω = 60◦, ϕ = 100◦, and the facets for the numerical view
factor calculation. (a) for the complete view and (b, c, d) for the section view near the intersection of the spherical cap edge and the view edge.
(a, b) 60 sections in the radial direction and 240 sections in the angular direction. (c) 120 sections in the radial direction and 480 sections in the
angular direction. (d) 240 sections in the radial direction and 960 sections in the angular direction.

Table 4: Calculation time and accuracy for different view factor calculation methods (Case 14, d = 1.1, RS = 1.0, ψ = 105◦,
γ = 180◦, ω = 60◦, ϕ = 100◦).

Calculation method Calculation time [s] View factor Standard deviation
Analytical 0.000834 0.48140759 n/a
Numerical (15 × 60)? 0.020333 0.4851364 n/a
Numerical (30 × 120)? 0.067368 0.4822866 n/a
Numerical (60 × 240)? 0.281720 0.4816237 n/a
Numerical (120 × 480)? 1.138267 0.4814602 n/a
Numerical (240 × 960)? 4.427971 0.4814213 n/a
RadCAD (1 × 104 rays) 8.146 0.481426 0.004734
RadCAD (1 × 105 rays) 8.161 0.4812201 0.0014660
RadCAD (1 × 106 rays) 8.338 0.48141795 0.00054163
RadCAD (1 × 107 rays) 10.325 0.48141679 0.00018128
RadCAD (1 × 108 rays) 29.666 0.48143359 0.00004319

?The number of sections for the numerical area integration in the radial and angular direction.
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3. Conclusion

The analytical view factor solutions of a spherical cap from an infinitesimal surface are derived. The solutions are
classified into 21 cases depending on the geometrical configuration, and the classification procedure is also presented.
Actual view factor values are calculated for various parameter sets, and the analytical results agree with the numerical
calculation results. By using the analytical solutions, it is possible to evaluate view factors of a spherical cap with
reduced calculation cost compared to that of the numerical methods. Therefore, the analytical view factor solutions
are useful, especially if a large number of cases need to be evaluated. In addition, spherical cap view factors can be
applied not only on the heat transfer evaluation of a spherical cap itself but also on that of a sphere with section-wise
different temperatures or different thermal properties.
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