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A B S T R A C T

Interrelations between the problems of electrical conductivity of a completely ionized plasma and the ion drag
force in a dusty plasma are discussed. It is shown that a physically motivated modification of the Coulomb
logarithm proposed in the context of ion-particle scattering in dusty plasma allows us to improve the theoretical
description of the conductivity in the moderately non-ideal regime. A simple theoretical expression obtained is in
reasonable agreement with available results from experiments and numerical simulations.

The electrophysical properties of matter are defined mainly by the
properties of the electron component. Electrical conductivity of a
completely ionized plasma is governed by electron–ion collisions.
Elementary formula for the ideal plasma electrical conductivity is [1]

≃σ e n
m ν

,e

e

2
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where e is the elementary charge, me and ne are the electron mass and
density, and νeff is the effective electron–ion collision (momentum
transfer) frequency. It is accurate up to a numerical coefficient, pro-
vided by the kinetic theory.

The simplest way to estimate the conductivity is to assume that the
ions are immobile uncorrelated scatterers and the electrons do not in-
teract with each other. This corresponds to the simple Lorentz gas
picture. The calculation proceeds as follows [2]. The kinetic equation
for the electron component reads
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where E is the electric field, f0 is the unperturbed (Maxwellian) velocity
distribution function, ν v( ) is the effective velocity-dependent collision
frequency, and f1 is a small perturbation of the distribution function.
The effective collision frequency is =ν v nvσ v( ) ( )s , where the classical
momentum transfer (Coulomb scattering) cross section in the binary
collision approximation is
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and Λ is the conventional Coulomb logarithm [3–6]
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Here =ρ e m v/ e0
2 2 is the Coulomb (Landau) radius and ρmax is the

maximum (cutoff) impact parameter. It has also been implicitly as-
sumed that the ions are singly charged and the quasineutrality condi-
tion holds, ≃ ≃n n ne i . The appearance of the Coulomb logarithm, Λ, is
a special feature of scattering in the ultra-soft long-ranged Coulomb
potential. The characteristic cross section of large-angle scattering,
≃ π e m v4 ( / )e

2 2 2 should be multiplied by a large number Λ to account
properly for the (dominant) contribution from small-angle scattering.
Note that we deal with the fully classical picture here, quantum me-
chanical effects [7–9] will not be considered.

Traditionally, the velocity dependence under the Coulomb loga-
rithm is removed by assuming ≃m v T3e e

2 [10], where Te is the electron
temperature in energy units. In addition, in the ideal (weakly coupled)
regime, the maximum impact parameter is chosen as the electron Debye
radius =λ T πe n/4eD

2 . This reflects the fact that electrons with larger
impact parameters practically do not contribute to the momentum
transfer due to exponential screening of the electrical potential; for
smaller impact parameters approximation of the unscreened Coulomb
potential is appropriate. The Coulomb logarithm can then be expressed

https://doi.org/10.1016/j.rinp.2020.103163
Received 24 March 2020; Received in revised form 7 May 2020; Accepted 10 May 2020

⁎ Corresponding author at: Institut für Materialphysik im Weltraum, Deutsches Zentrum für Luft- und Raumfahrt (DLR), 82234 Weßling, Germany.
E-mail addresses: Sergey.Khrapak@dlr.de (S.A. Khrapak), khrapak@mail.ru (A.G. Khrapak).

Results in Physics 17 (2020) 103163

Available online 19 May 2020
2211-3797/ © 2020 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/BY-NC-ND/4.0/).

T

http://www.sciencedirect.com/science/journal/22113797
https://www.elsevier.com/locate/rinp
https://doi.org/10.1016/j.rinp.2020.103163
https://doi.org/10.1016/j.rinp.2020.103163
mailto:Sergey.Khrapak@dlr.de
mailto:khrapak@mail.ru
https://doi.org/10.1016/j.rinp.2020.103163
http://crossmark.crossref.org/dialog/?doi=10.1016/j.rinp.2020.103163&domain=pdf


in terms of the coupling parameter = e aTΓ / e
2 , as = +Λ ln(1 3/Γ )1

2
3 ,

where = −a πn(4 /3) 1/3 is the Wigner–Seitz radius. The condition of
weak coupling ≪Γ 1 ensures that ≫λ ρD 0 and the Coulomb logarithm
is large. In this case we get approximately ≃Λ ln( 3 /Γ )3/2 .

Now taking into account that ∂ ∂ = −f m T fv v/ ( / )e e0 0, the perturbation
of the electron velocity distribution function becomes

= −f e
ν v T

fEv
( )

.
e

1 0 (5)

The electrical conductivity is then obtained from

∫= − ≡en f d v σj v E.1
3
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This results in the integral of the form
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Neglecting the velocity dependence under the Coulomb logarithm, as
discussed above, we end up with the conductivity in Lorentzian ap-
proximation:
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To further improve the accuracy of the derived expression it is neces-
sary to account properly for the effect of electron-electron collisions.
This has been done by Spitzer and Härm [10], who derived a correction
factor ≃γ 0.5816E for singly charged ions.

It is customary to define the effective electron collision frequency by
[11,12]
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Combining expressions (8) and (9) with the Spitzer and Härm correc-
tion factor we get
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A very similar numerical coefficient (1.96) appears in Braginskii’ theory
of transport processes in plasma [11] and is further quoted in NRL
Plasma Formulary. Since the electrical conductivity is expressed in in-
verse seconds, it is more or less natural to normalize it by the electron
plasma frequency =ω πe n m4 / ep

2 . The reduced conductivity then
reads

= ≃∗σ σ
ω

0.34
Γ Λ

.SH

p
3/2 (11)

As the coupling parameter increases and the non-ideal regime is ap-
proached, the problem of electron-ion scattering becomes to some ex-
tent reminiscent of the problem of ion scattering on charged grains and
the ion drag force in a complex (dusty) plasma. The ion drag force is
associated with the momentum transfer from drifting ions to massive
highly negatively charged grains immersed in conventional weakly
ionized plasma [3,13–16]. Ions lose their momentum in collisions with
the dust grains and push them in the direction of the ion flow; this force
is equal and opposite to the frictional force experienced by the ion
component.

The important similarities between the two processes is that in both
cases we deal with scattering of light particles on massive motionless
centers, whose positions are uncorrelated in space. The scattering oc-
curs in the screened Coulomb potential. The problems are not fully
equivalent, because in the conventional completely ionized plasmas the
asymmetric component of the electron velocity distribution function is
formed by electron–ion collisions (and is affected by electron-electron
collisions), whereas in complex plasmas ion-neutral collisions are nor-
mally responsible for that (another clear difference is the finite size of

the grains, but we can easily avoid it by taking the point-like grain
limit). However, as long as the ion mean free path between collisions
with neutrals exceeds considerably the plasma screening length, binary
collision formalism applies and the two scattering problems are essen-
tially equivalent. For some examples of the ion drag force calculation in
the opposite highly collisional regime for the ions see e.g. Refs.
[17–20].

The specifics of dusty plasmas is that the grain charge is normally
rather high and the condition ≫λ ρD 0 is usually not satisfied for near-
thermal ions. In this case, it is not sufficient to consider the ions with
impact parameters below λD, because there exist considerable fraction
of ions which can approach close to the particle even if the impact
parameter is larger than λD. In terms of electron–ion collisions this si-
tuation corresponds to the regime ≳Γ 1. A modification to the con-
ventional Coulomb scattering theory in this regime has been put for-
ward in Ref. [3]. Here it was proposed to take into account all the ions
that approach the grain closer than the Debye radius. This resulted in a
simple analytical expression for the momentum transfer cross section.
The modification mainly affects the Coulomb logarithm, which be-
comes
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This modified Coulomb logarithm reduces to the conventional one in
the weak coupling limit ≫λ ρD 0, but provides much better estimate of
the momentum transfer cross section at λ ρ~D 0. The form of Eq. (12) is
relevant to the attractive interaction between the charges of different
signs, the difference from repulsive collisions between the particles of
the same sign becomes significant at moderate and strong coupling
[21,22]. At even higher coupling Eq. (12) is inappropriate; specifics of
scattering in strongly attractive potentials has to be invoked [13,23,24].
The discussed modification of the Coulomb logarithm is the only
modification of the scattering process description that we make use of;
all other special features of collisions in dusty plasmas are not relevant
in the present context.

The suggested modification is expected to provide better accuracy at
Oe T λ/ ~Γ ~ (1)e

2
D

3/2 . Since in this regime the argument of the logarithm is
not large, velocity dependence under the logarithm should not be
omitted. Performing the same steps of the derivation [that is combining
Eqs. (5) and (6) with the scattering cross Section (3) and the Coulomb
logarithm (12)] we arrive again at Eq. (8), but with the modified
Coulomb logarithm. For the problem considered it reads
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We also chose to keep the Spitzer-Härm correction factor unaffected,
although there have been predictions that its magnitude can somewhat
increase towards unity when Γ increases [25].

In Fig. 1 (a) we plot the ratio of the modified-to-conventional
Coulomb logarithms. It is observed that, as expected, they nearly co-
incide at weak coupling, ≪Γ 1, whereas the modified version becomes
considerably larger at ≳Γ 1. In Fig. 1 (b) a comparison with available
experimental and numerical simulation results on electrical con-
ductivity is presented. The data displayed correspond to the Coulomb
part of the conductivity of partially ionized plasma of different elements
extracted from the total conductivity measurements. Because of un-
certainties of the extraction procedure the accuracy of these data is
limited and relative deviations of about 30% are possible. The used
experimental data set has been tabulated in Ref. [26], the original ex-
perimental results are from Refs. [27–31]. An extended collection of
experimental data can be found for instance in Ref. [32]. Also shown in
the Figure are Molecular Dynamics (MD) simulation results [26] from a
series of recent publications [26,33,34].
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Comparison demonstrates that in the ideal plasma limit ( ≪Γ 1) the
difference between the conventional and modified approaches van-
ishes. Here the Coulomb logarithm of the simple weakly coupled form

=Λ ln(3/Γ )1
2

3 does a very good job. On approaching the moderately
non-ideal regime with Γ~1, this simple form predicts the conductivity
divergence and should not be used. The use of the non-simplified
Coulomb logarithm = +Λ ln(1 3/Γ )1

2
3 allows one to avoid divergence,

but this form still somewhat overestimates most of the experimental
and MD data. The modified Coulomb logarithm defined by Eq. (13)
provides better agreement with experiments and simulations. Taking
into account scattering of available data, this simple model seems to
provide a useful tool for semi-quantitative conductivity estimates in the
moderately non-ideal plasma regime, which can be required in practical
calculations [35,36].

There have been predictions from MD simulations [37] and theo-
retical consideration [38] that the reduced conductivity may exhibit
increase with Γ in the nonideal regime with >Γ 1. To the best of our
knowledge, this tendency has not yet been observed experimentally.
Our present model is not consistent with this behavior. At the same
time, it should be noted that in the strongly non-ideal regime, this
model overestimates the momentum transfer cross section [3]. In ad-
dition, the assumption of uncorrelated scatterers becomes inappropriate
in this regime. Moreover, in a recent paper it has been suggested that
the “classical Coulomb logarithm” approach is itself insufficiently ac-
curate for <Λ 3, and quantum calculations are required in this domain
[5].

Let us summarize the applicability limits of the obtained results.
Completely ionized plasma does not mean that neutrals are not allowed
at all. The important requirement is that the electron-ion collisions
dominate over the electron-neutral collisions, ≫ν νeneff . Note, that
electron-neutral collisions can also affect νeff itself [6,39], but this effect
is not relevant in the considered highly ionized plasma regime. The
classical analysis has been performed, which is appropriate when the
electrons and ions are seldom found at distances comparable with the
thermal electron wavelength =λ mTℏ/ 2e e [32]. Since the character-
istic radius of the ion-electron interaction is e T/ e

2 , the condition of
classicality can be written as ≪λ e T/e

2 . Therefore, a plasma is classical
at relatively low temperatures, ≪ =T e mRy /ℏ4 2. On the other hand,
classical statistics can be employed when the electron Fermi energy is

smaller than the kinetic energy. This is equivalent to require ≪λ ae ,
which limits the temperatures from below by the condition

≫T n mℏ / e
2 2/3 [40]. From the side of coupling parameters, the applic-

ability of the modified Coulomb logarithm (12) is limited by Γ values
about unity. The derived expression should not be used in the strongly
coupled regime with ≫Γ 1. The result is based on the analysis of tra-
jectories in the central screened Coulomb potential. This, for instance,
limits the applicability by sufficiently weak electric fields, when the
average relative electron drift velocity is subthermal. Only in this case
an anisotropy in electron-ion interaction does not result in considerable
corrections to the momentum transfer cross section and a shifted
Maxwellian distribution for drifting electrons is appropriate.

To conclude, we have suggested a connection between the con-
ductivity of a moderately non-ideal plasma and the ion drag force in
dusty plasma. Physically motivated modification of the Coulomb loga-
rithm proposed initially in the context of ion-grain collisions in dusty
plasmas performs equally well when applied to electron-ion collisions
in completely ionized plasma. Reasonable agreement (especially taking
into account experimental uncertainties) between theory, experimental
results, and MD simulations has been documented.
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