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on a discrete random layer with non-scattering boundaries is addressed. For dense media, the analysis
is based on a special-form solution for the conditional configuration-averaged exciting field coefficients,
and is restricted to the computation of the so-called zeroth-order fields without a special treatment of
the boundary regions. In this setting, we calculate the coherent fields reflected and transmitted by the
layer, and the coherent field inside the layer. We found that these fields are analytically equivalent to
plane electromagnetic waves, and investigated the fulfillment of the boundary conditions for the electric
fields at the layer interfaces. The results are then particularized to the cases of normal incidence and
a semi-infinite discrete random medium. For sparsely distributed particles, we present a self-consistent
derivation of the coherent field and discuss the Twersky and Foldy approximations.
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1. Introduction

In the first part of this series [1], we derived the dispersion
equation and gave a prescription for computing the configuration-
averaged exciting field in the case of a plane electromagnetic wave
obliquely incident on a discrete random layer with non-scattering
boundaries. Using these results as a starting point we continue
our survey with the analysis of the coherent field inside and out-
side the scattering medium. To compute these fields in the case of
dense media, we will use the techniques developed by Waterman
and Truell [2], Fikioris and Waterman [3,4], and Tsang and Kong
[5,6] for calculating the coherent field in a semi-infinite discrete
random medium. For sparse media, we will use a somewhat dif-
ferent technique.

To reveal the difference between these two approaches, we con-
sider the following Foldy-Lax model for the scattering by N parti-
cles randomly distributed throughout a volume V [1]:

u=1up+y Al (M
i

U = g + »_ Ajjtj. (2)
J#

In Eqs. (1) and (2), u is the total field, ug is the incident field, u;
is the field exciting particle i centered at R;, Ag; = Ag;(r,R;) is a
(linear) operator describing the scattering from particle i to the ob-
servation point r, ug; is the incident field at the origin of particle
i, and the operator A;; = A;;(R;, R;) describes the scattering from
particle j to particle i. Note that the vectors r and R; extend from
the common origin O of the laboratory coordinate system. Taking
the configuration average of Egs. (1) and (2) under the assump-
tions that the positions of all the particles are equally probable
within the volume V, and that the Lax quasi-crystalline approxi-
mation (uj)l.j = (uj)]. applies, yields

(U> = Uy + No / A0i<ui>i d’R; (3)

(ui>i = Ug; + 1o / Ajj<uj>jg(R;j) d3R4, (4)

where ng = N/V is the particle number concentration, (u;). is the
conditional configuration average of u; with the position of par-
ticle i held fixed, (ui>ij is the conditional configuration average of
u; with the positions of particles i and j held fixed, and g(R;;) =
g(R;)) =g(R;,R;) with R;; =R; —R; is the pair correlation func-
tion. For dense media, we first solve the integral equation (4) for
(ui),, and then compute (u) from the integral representation (3).
For sparse media, we consider the iterated solution of Eq. (4) with

gRij) =1,

(ui>i = Up; + No / Aijll()i daRj + n% / AijAjkuOk d3de3R]‘ +ee,
(5)
sum up the series (5) (assuming that it converges), and compute
(u) from Eq. (3).
For sparse media, an alternative approach is the following [7-

9]: (i) consider the iterated solution of Eq. (2) under the Twersky
approximation,

Ui =Ugi+ Y Ajjtloj+ ) Y AijAjlior+--- 3 (6)
J# J# kL]

(ii) insert Eq. (6) in Eq. (1) and obtain an order-of-scattering ex-
pansion for the total field

u=1ug+ Z Apiloi + Z ZAOiAijuoj
i i i
+ Y D0 AvAijAjtioni - (7)
i A kAL
(iii) take the configuration average of the expansion (7) under the
assumption of independent particle positions and get

(U) = U+ no/AOiUOi d’R; + n? / AgiAijito; d’R;d’R;
+ ng/Ao:‘AijAijOk ’R’R; R+ - ; (8)

and finally, (iv) sum up the series (8).

Our paper is organized as follows. In Section 2, we summarize
the results of Ref. [1]. Section 3 deals with the computation of the
coherent field for a dense distribution of particles. Specifically, the
coherent fields reflected and transmitted by the layer, and the co-
herent field inside the layer will be computed. For the latter, sev-
eral solution methods based on the approaches by Waterman and
Truell [2], and Tsang and Kong [6], as well as on a simplified ap-
proach relying on a so called sparse-medium approximation for the
integration domain, will be examined. The results are then partic-
ularized to the cases of normal incidence and a semi-infinite dis-
crete random medium. In Section 4 we present a self-consistent
derivation of the coherent field for a sparse distribution of parti-
cles, and discuss the Twersky and Foldy approximations. The paper
is concluded with a short discussion.

2. Recapitulation of the results of Ref. [1].

In this section, we summarize the results established in Ref. [1].

We consider the problem of electromagnetic scattering by a dis-
crete random medium. More specifically, we consider a group of N
identical spherical particles of radius a centered at quasi-random
positions Ry, Ry,..., Ry eD, where the domain D is a laterally in-
finite plane-parallel layer with imaginary (non-scattering) bound-
aries z=0 and z=H. The wavenumbers of the non-absorbing,
non-magnetic background medium and the particles are k; and
k, = mky, respectively, where m is the relative refractive index.
We denote by f = ngVy the particle volume concentration, where
ng = N/V is their number concentration, V is the cumulative vol-
ume occupied by the particles, and V = (4/3)ma is the volume
of each particle. The particulate medium is illuminated by a plane
electromagnetic wave with the propagation direction given by the
unit vector s =5(y, o) and the amplitude £y (s), that is,

Eo(r) = & (S\)ejklg'r, (9)

£0) = E00B) + £0,7(S), (10)

where j=+/—1; 0 and ¢ hereinafter denote the corresponding
spherical-coordinate angles; and &y and &, are the polarized
components of the amplitude vector.

Under the quasi-crystalline approximation, the conditional
configuration-averaged exciting field coefficients <ei>i(Ri) satisfy
the integral equation

<ei),-(Ri) = elliRig,
w0 [ QUaRyle)),R)g(Ry) R, (1)
D—Dyq(R;)

where D,4(R;) is a complete or a truncated sphere of ra-
dius 2a centered at the origin of particle i; K5 = kiS =Kkqo, +
ki,(ki5,)Z is the wave vector of the incident field; ki, (Kis ) =
Vi3 =3 i eg=4mEy(S)-x*(5) is the vector of the incident
field coefficients; X(F) = [(—))™Mmn (F), j(—))™Mmn (F)]T is a vec-
tor concatenating the vector spherical harmonics my,(T) and
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N (F), Q(kiRyj) = T34 (kiRij)T; T31(kiR;;) is the translation ma-
trix relating the vectors of radiating and regular vector spher-
ical wave functions X3(krj) and X;(k;r;), respectively, that is,
X3 (I(ll'j) = T3 (klRij)xl (k]l‘,‘) for Ij=T; + R,] and T <Rij; and T is
the particle-centered transition matrix of a spherical particle. Also,
the asterisk denotes a complex-conjugate value, while T stands for
“transposed”. For the definitions of the vector spherical harmonics
and the vector spherical wave functions we refer to Appendix A of
Ref. [1]. To solve the integral equation (11) we look for a solution
in the form

o), R) =Y Moy, (12)
b=+
where b stands for the signs + and — , and the vectors e, are

unknown and have to be determined. In terms of the effective
wavenumber in the particulate medium K, the wave vectors K}, in
Eq. (12) are defined by K, = Ks, = K, + bK, (K, )Z, where K, (K, ) =
VK2 —K2, S, =Sy =51(61, ¢r) is the direction of the transmit-
ted wave, S_ =Stz = Stz (Ors, @or) is the direction of the transmit-
ted wave reflected by the upper boundary, and 6z = 7w — 61. The
analysis is performed under the assumptions that the represen-
tation (12) is valid for all z; in D even in the critical domains
0<z;<2a and H — 2a < z; < H. The solution obtained under these
assumptions is referred to as the zeroth-order solution. Substitut-
ing Eq. (12) in Eq. (11), integrating over the positions of the parti-
cles, separating the upward and downward propagating waves, and
then balancing the waves with the wavenumbers k; and K, we are
led to

1. two homogeneous systems of equations corresponding to the
generalized Lorenz-Lorentz law:

ep =S, +J5,)Tep, b=+; (13)

2. two inhomogeneous systems of equations corresponding to the
generalized Ewald-Oseen extinction theorem:

e + Z nngoneb =0, (14)
b=+

S IOH R e, 0, (15)

b=+

and

3. the Snell law: Ksinfr = kq sinfy and ¢r = ¢,.

; ; b b b b ;
The expressions for the matrices J7 , J7,, J5 o, and J3 ,, are given
in Ref. [1].
For the n-polarized incident field

Eo, (r) = §(S)elksT, (16)

the polarized components e;, of e;, defined through the relation
& =2 n_0,4 Eonein: satisfy the integral equation

el = ey 0 |
D—Dsq(R;)

In Eq. (17), we have eg, =471} (s) and x(F) = 3, _g , xy (@),
; 1 2 _
meaning that the components €0nmn and €5nmn of the vector eg,, =

Q(klRij)(ejr]>jg(Rij)d3Rj- (17)

1 2 T
[eOWmn, eO,]mn] are computed as

eg)nmn =47j")(S) - M_pny (), (18)

egnmn = _4ﬂjn+1ﬁ(§) N (). (19)

As in Eq. (12), the solution of the above integral equation is sought
in the form

(ein), = D M Rey, (20)
b=+

in which case, the equations of the generalized Lorenz-Lorentz law
and the generalized Ewald-Oseen extinction theorem read as

ey = Mo (B + 5 Tep,, b=+ (21)

and

eop + Z nngoneb,] =0, (22)
b=+

> ekt )b Tey, =0, (23)

b=+

respectively. The subsequent procedure is to express the compo-

1 2 — el 2 T
nents e, .. andej of the vector ey, = [ebnmn, ebnmn] as
1 na 1
Chymn = 47”n'7(s\b) -M_mp (S\b)xbnn’ (24)
2 N1~ )
ebnmn = _47”” T[(S\b) ‘Nomp (s\b)xbnn’ (25)

and to solve Egs. (21)-(23) for the azimuth-independent coeffi-
cients x}mn and xﬁnn.

The homogeneous systems of equations of the generalized
Lorenz-Lorentz law are used to derive a dispersion equation for
the effective wavenumber K. In Ref. [1] it was shown that the two
homogeneous systems of equations (21) are identical to the homo-
geneous system of equations for a semi-infinite discrete random
medium at normal incidence, and that the dispersion equation is
direction and polarization independent. After computing the ef-
fective wavenumber K, the components of the vectors ey, can be
expressed in terms of two arbitrary constants, one for e,; and
the other one for e_,. These two constants are determined from
the two inhomogeneous systems of equations of the generalized
Ewald-Oseen extinction theorem (22) and (23) provided that each
system of equations reduces to a single scalar equation. To derive
these scalar equations we used the addition theorem for vector
spherical harmonics, which yields the relations (cf. Appendix B of
Ref. [1])

> (M () © My (K)] - O(K) = xuy/n(n + 1My (k- K)B(K).
" (26)

> [ () © Ny ()] - O(K') = — xay/n(n + DN (K- KO (K)

" 27)

for a 6-polarized incidence, and

> M (K) @ M (K)] - §(K') = —xny/n (1 + DN (k- K)G(K).
(28)

> [0 (K) © N (K)] - @(K) = xny/n(n+ 1My (k- K)@(K)
(29)

for a p-polarized incidence. In Eqgs. (26)-(29), the coefficient x, is
given by

1 2n+1
T 2an(n+1) 2

Xn (30)
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and for the directions | k= k(9 @) and K=K (¢’, @), the functions
My (k l() and N, (k l() are given, respectively, by

My (k- K) =7} (%), (31)
Nn(ﬁ~ﬁ’)=x7r,}(x)—\/n(n+1) (%), (32)

where x = k- K/, 7, (x) = P! (x)/+/1 — x2, and P/™ are the normal-
ized associated Legendre functions of degree n and order m. The
scalar equations are found to be

8
i nOZK “ bk, ZX”V”("H

k] k]z

x [Ma(8-$,) T X9, — Nu(S-85) Txpg, | (33)

B b ibK,H
0= % i, /)
X [Mn @R ~§b)T,11X1179n — N, @R ~§b)TnZX§9n] G4

for a 6-polarized incidence, and

8
T nogK T ZXM/n(n+1

kl klz

X [Nn@'sb)Tn]qum — Mn(S-8p)T7 qum]’ (35)

= b jbK,H
0= g, /e

X [Nn (Sx ',S\b)T,}X;(pn — M (e 'Eb)Tr,lez,(pn] (36)
for a ¢-polarized incidence. In Eqgs. (33)-(36), K, and kq, are given
by
K, = K.(ki1) = /K2 — k2, = /K2 — k2 sin* 6, (37)
and

oo = ki i) = V=R, = i~ K sin? . G8)

respectively. Regarding the behavior of the coefficients X;};Zn’ the
following two results have been established through a represen-

tative numerical analysis:

1 |x,,]n| < |x+nn| and

2. x}2 ~ 1 for small values of the volume concentration f, e.g., f =
0.01.

3. Coherent field in dense media

A rigorous method for computing the coherent field in a dis-
crete random medium has been given by Waterman and Truell
[2]. This method which takes into account whether the observation
point is inside or outside the discrete random layer is summarized
below.

If the observation point r is outside of any particle, the to-
tal field is the sum of the incident and all scattered fields, i.e.,
Eo(r) + YN | E..i(r); while inside particle i, the total field is the
internal field E,,.;(r) when excited by E.,(r). Defining the indi-
cator function

Fig. 1. Scattering by a layer of spherical particles.

S &

where Dg4(R;) is a sphere of radius a centered at R;, we express this
statement mathematically as

N N
E(r) = |:l_[06(1‘ - Ri)] |:E0 (r)+ ZEscti(l‘):|

i=1 i=1
N
+ 3 11— (1 = R)[Espui (). (40)
i=1

Using the identity

N N
[Jer-R)=1->"[1-a(-Ry)]. (41)
i=1 i=1
and the relation giving the field exciting particle i, E.,.(r) =
Eo(r) + Z#, sctj (r) for reDq(R;), we obtain

N
E(r) = Eo(r) + ) E...i(r)

i=1

N
+Z[1 _a(r_Ri)][Einti(r) _Eexci(r)]' (42)

i=1

Taking the configuration average of Eq. (42) over the particle
positions (for the equations governing the configuration averaging
process, we refer to Section 4 of Ref. [1]) we find that for an exter-
nal observation point r located in the domains z < —a or z> H +a,
the coherent field E. (r) = (E(r)) is

E.(1) = Eo(F) + 1o [ (Eccu()] &R (43)

while for an external observation point residing in the critical do-
mains —a <z <0 or H<z<H+a, a truncated sphere of radius a
should be excluded from the integration domain D (Fig. 2). For an
internal observation point r situated in the domain a <z<H —a,
the coherent field is

E.(r) = Eo(r) + no/

D—Dq(r)

(Escti(r)>id3Ri
+ o /Du(r)[(Einti(r))i — (Eexei (1)) 1Ry, (44)

where Dy(r) is a complete sphere of radius a centered at r; for an
internal observation point residing in the critical domains 0 <z <a
or H—a <z <H, Dg(r) is a truncated sphere of radius a (Fig. 3).
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)
i O.......P...Z... .

_a‘

Fig. 2. For an external observation point P and for —a <z <0 or H <z < H +a, the
domain of integration is D with a truncated sphere of radius a excluded. O is the
origin of the laboratory coordinate system.

In Egs. (43) and (44), the conditional configuration averages of the
fields are given by

(Becei (), = (B, (1), = XF (hear) T(es), (45)
(Bexci (), = (ED (1)), = X[ (krry)es).. (46)
(Bini(0), = (ED, (1), = X[ (ko)) Tune i), (47)

where r; =r —R,;, e,-)l. is the solution of the integral equation (11),
and, for a spherical particle, T;,. is the particle-centered “transi-
tion matrix” relating the expansion coefficients of the internal field
to those of the exciting field.

The first integral in Eq. (44) corresponds to the configurations
in which the observation point r is external to all particles. The
first term in the second integral of Eq. (44) gives the internal con-
tribution (the point r is inside the particle), while the second term
cancels out the external point contribution since the probability
that r is an outside point diminishes [2].

As for the exciting field coefficients, we will consider only the
zeroth-order solution for the coherent field, in which case the ex-
clusion domain D4(r) is a complete sphere of radius a. In partic-
ular, we will use Eq. (43) to compute the coherent fields reflected
and transmitted by the layer, and Eq. (44) to compute the coherent
field inside the layer. To integrate over all positions of particle i we
use a local coordinate system centered at the observation point.
In this regard, we make the change of variable p=R; —r = -1,
implying p = p. + p.z with p; =R;, —r; and p, =z —z, and use
the symmetry relations (cf. Eq. (256) of Ref. [1])

M, (—kip) = (=1)"M3,, (kip), (48)

N (=k1p) = (=1)"'N3,, (k1p). (49)

It should be pointed out that the coherent field component
given by the first integral in Eq. (44) alters the statistics of the

problem slightly in the sense that the single particle probability
density function p(R;) = 1/V is replaced by

1
pP(Ri;1) = m®a(Ri; r),

1, Rj € D —Dq(r),

0, otherwise. (50)

Oq.R;; 1) = {
The new probability density function (50), which is similar to the
hole-correction approximation, can be regarded as a conditional
probability given the position of the observation point r; it is also
normalized, and we have

N
> [ PR 0B (D) R = g [ Em) R
i a

~ o f (Exeri (1)), &Ry,
D—Dq(r)

3.1. The coherent field reflected by the layer

The coherent field reflected by the layer is
Eny(r)=ng ) Y / [T €} mn Mo (K1)
b=+ mn D
+ T2e3, Ny (kir) @R d’R;, 2 < —a. (51)
For z < —a < 0 < z;, we use the integral representations of the ra-

diating vector spherical wave functions in terms of plane electro-
magnetic waves, that is (p =R; —r = —r;) [10]

M3 (k )_ 1 /m (iE+)ej[krl)r*-klz(ki)(zi—z)]&
)= Sy J ik, ()
(52)
N3 (k )= 1 /'n (iE‘F)ej[ki'pi‘*'k]z(kL)(zi_Z)]& (53)
mn1R) = ooy [ M kikio (ko)
kt =K, + ki, (K,)Z, (54)
to obtain
[ Ma el R,
D
21— elOkethal
Rk B k) (59)
‘/E;N?nn(k]l',‘)ejl(bk"d?’Ri
_ ei(bKz+kiz)H
2 1-e ekinTin, - (S), (56)

T kakig (BK; + ki)

Fig. 3. For an internal observation point P, the exclusion domain D4(r) is a complete sphere of radius a if a <z < H — a (left), and a truncated sphere of radius a if 0<z<a

(middle) or H — a < z < H (right).
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with Kip = kiSg = Ky, — k1,Z. Inserting Eqgs. (24), (25), (55) and
(56) in Eq. (51), we find that the coherent reflected field is com-
puted according to

820 ol r b
Eny (1) =5 7 ZK ¥ bky,

X Z{[mmn(s\n) ® m—mn(s\b)] b n@b)Tn]ann

[1- eJ(sz+klz)H]

+ [0 8n) ® M B)] - NS T3, }- (57)
Defining the reflection coefficient R% through the relation
Ery (1) = §(S0)ROMT = (Ep)ROeMrs: e Ih1e2, (58)

and using the addition theorem for vector spherical harmonics (cf.
Egs. (26) and (27) and Egs. (28) and (29)), we obtain

.872ny b .
RO _ [1 _ (bl(z+l<1z)H] 1
" ok, & Ko+ b, ¢ Zﬂ Xny/n(n+1)
% [Mn (85 - $p) Ty Xy — Nu S - 8) T X, ] (59)
for a 6-polarized incidence, and
8m2n b :
0 _ _ 0 Z _ ai(bKp+kiz)H Z /
Rp= -l kikiz ~ Kz + bk, [1 ¢ ] " Koy 1)

x [Nn(Sa -§b)Tn‘x;q,n — M (e -§b)Tn2x§¢n] (60)
for a ¢-polarized incidence. Furthermore, from Eqs. (34)-(36) of
the generalized Ewald-Oseen extinction theorem, we find in a first
step

.87%n
0 _ 0
Rs = Tk, ZK +bi<1 ZX”V”(”“)

x [My (S - Sb)Tn]ngn — Np (S - Sb)Tn Xbé)n]’ (61)

87r n b
0 _ 0 /
Rw - k]klz 2Kz+bklz Xn:Xl‘l n(n+1)

% [Na (s - $p)Ti Xhy — Ma G - Sp) Tx0,, ], (62)
and in a second step,

872n ;
0 - 0 _ a2j]K;H
R = e, (K + o) (1 ¢ ) ; Koy n(n+1)

[MHGR ST)Tn]X+9n NnGR'ET)quzxign]’ (63)
87%n :
0 _ j 0 _ a2iKH
R = it s (1 );X"V”(”“)

[Nn(\ﬂ. ST)T<l +(pn MHGR ET)Tnzx«szn] (64)

For a f-polarized incidence, we plot in Fig. 4 the reflection coef-

ficient |R°| together with the reflection coefficient |R9m| for a ho-

mogeneous layer with thickness H and wavenumber K placed in a

background medium with wavenumber k;. The latter corresponds

to the effective field approximation, and is computed as
RO (1 _ ezszH)T,/

nEFA = 3 _ (rn)ZerI(ZH’ (65)

where
K cosBy — ki cos6 _0
KcosOy+kicos@’ ' 7
= (66)
kq cos 0y — K cos O
ki cosbBy + Kcos6’ n=¢-
The results show that (i) in general and in agreement with the
findings of Ref. [11], the reflection coefficients are small; (ii) they
increase with the volume concentration; and (iii) in the low fre-
quency limit, the effective field approximation is valid.

3.2. The coherent field transmitted by the layer

The coherent field transmitted by the layer is

Er, (r) = Eq, (r) +ng Z Z/ Tlebr]mn 3 n(kiry)

b=+ mn

Tzebnmn mn (klri)]ejl(bARid3Riv z>zH+a. (67)

For z>H+a > H >z, we use the integral representations (p =
Ri—r=-r;)

d’k
Y El — Pr—kiz(K1)(z-2)] L
mn (k11) ik (k)
(68)
N2 (kip) = — Pkt 4K (69)
mn {1 2" kikqz (Kp)’
k™ =k, —ki,(K.)Z, (70)
yielding
/ M?nn (kll‘j)ejl(blk’dBRi
27[ 1— ej(sz —kyz)H A o
=T Rk (K — By mm (8). (71)
/ N2 (kyr) @ R R,
D
27 1-— e.j(sz_klz)H N
—_— e —_—— 15T
= T k0K ) 1 (5). (72)
along with Egs. (24) and (25) to obtain
Eq, (r) = A@ekeT 4 j SIJTk no alkia T
1z
b )
_ i(bKz—kiz)H
D T L ]
b=+
X Z{[mmn@) Q@ M_pmp @b)] : ﬁ@b)Tr}x;qn
+ [nmn(’\) Q@ N_mp (b)] "(b)szbnn (73)
Defining the transmission coefficient Tn2 by
Er, (r) = ﬁ(s\)TnZejkls-r — ;,\(S\)Tnzejklsi-l‘ejklzlv (74)

and employing the addition theorem for vector spherical harmon-
ics (cf. Eqs. (26) and (27) and Eqgs. (28) and (29)), we get

.87m2ny b
k]z K, — bklz
b=+

x> xny/n(n+ D[MaS-$p) T Xy, — NS -$,) T2, ]
n

(75)

[1 _ ej(erk1Z)H]

for a 6-polarized incidence, and
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Fig. 4. Reflection coefficients IRgI (solid curve) and |R,

1

| (solid curve with circles) for a -polarized incidence as functions of the size parameter k;a and for two values of

the volume concentration f and the layer thickness H. The incidence angle is 6, = 30°, the wavenumber of the background medium is k; = 10 um~"', the relative refractive
index of the particles is m = 1.33, and the maximum expansion order in the expansion (61) is Nyanx = 15.

_j87t2n0 b
k] k]z bt Kz — bk]z

% Yt/ T+ D[NaG STl — Mo 8722, ]
n
(76)

2
T; =1

[] _ ej(sz—lqz)H:I

for a ¢-polarized incidence. Furthermore, invoking Eqs. (33)-(35)
of the generalized Ewald-Oseen extinction theorem, we find

.8m2ng b -
T2~ _ (bKy—ki)H
R A = By, ©
X Z Xnv/n(n+ 1)[Mn(§'§b)Tn]X1],9n - Nn@'gb)T;—thzz;gn]7
n
(77)
Tj .872ng b Qi (BKz —kiz)H

ki, K - bl

N Z Xn\/m[Nn(s\‘)s\b)Tnlxllxpn - M”(S\')S\b)Tnzxg(ﬂ”]’
n
(78)
and then

. 872n, :
T2 — e-i(Ketki)H {1 i 0 (1 _ 2JKZH>
0 ¢ +Jk1 k]z(Kz - klz) ¢

X Z Xny/n(n+ 1)[Mn6'§T)Tan_l,_9n - NntS\T)Tan_Z'_Gn]
n

I
(79)

, 8m2n A
T2 — —J<1<z+klz>H{1 i 0 (1_ ZJKZH>
0 =€ +Jk1k1z(Kz — k1) ¢

x 3 xuy/n(+ D[NaG ST, — Mn@.mr,fxiw]}.

n
(80)
Note that although the representations (77) and (78) are math-
ematically equivalent with the representations (79) and (80),
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Fig. 5. Transmission coefficients |T92\ (solid curve) and \TQZEFAl (solid curve with circles) for a 6-polarized incidence as functions of the size parameter k;a and for two values
of the volume concentration f and the layer thickness H. The incidence angle is 8y = 30°, the wavenumber of the background medium is k; = 10 um~?, the relative refractive
index of the particles is m = 1.33, and the maximum expansion order in the expansion (77) is Nyanx = 15.

respectively, the exponential term exp(—jK,H) shows that the last
two are numerically unstable for large H. Therefore, in numeri-
cal implementations, the representations (77) and (78) should be
used.

The plots in Fig. 5 show that the transmission coefficient |T92|
agrees with the transmission coefficient |T92EFA| corresponding to a
homogeneous layer, where

7 [1- (rr])z]ej(Kz_klz)H

NEFA — -1 _ (Ty])zezjKZH (81)

Moreover, for higher frequencies, the transmission coefficients de-
crease with increasing (i) the volume concentration, and (ii) the
geometrical thickness of the layer. To justify the result Tn2 ~ T,]Zm,
we consider Eq. (33) of the generalized Ewald-Oseen extinction
theorem, in which we employ the assumption |x7,| < [x};7,[; we

then get

8m2ng 1 —
-J k]k]z K, _klz ZX” n(n+l)

n

1=

x [Ma(8-81)T XL g, — Na(8-S0)T2x2%, ], (82)
so that from Egs. (79) and (80), we find
T2 ~ elke—ki)H (83)

On the other hand, it is obvious from Eq. (81) that the same ap-
proximation is valid for T%;, under the assumption [r3| « 1. It
should be pointed out that this result was exploited by Gustavsson
et al. [11] to compute the effective wavenumber in the framework
of the integral equation method developed by Kristensson [12] to
analyze the coherent scattering by a discrete random layer.

From the results of Figs. 4 and 5, we deduce that only the re-
flection data contain information of the particulate structure of the
layer (except for low frequencies, when the effective field approxi-
mation applies) [11].
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3.3. The coherent field inside the layer

In this section we present several methods for computing the
coherent field inside the layer.

3.3.1. The method of Fikioris and Waterman

We consider the coherent field E.(r) given by Eq. (44). From
Eqgs. (45)-(47) it is apparent that the computation of E. (r) requires
the calculation of the integrals

/ M2, (kir) R d°R,, N2 (kir)e®Rd®R,  (84)
D—Dy(r)

D—Dq(r)

and

M, (ky orp)elRid®R;,
Dq(r) Dq(r)

N (kyor)e®Rd®R;. (85)

These volume integrals are transformed into surface integrals by
means of the Green’s theorem of the second kind. For the scalar
function f = exp(jK, - R;) and the vector function G = M};3(kr;) or
N,ln% (kr;), solving the Helmholtz equation in the domain Dy with
the wavenumbers K and k, respectively, the Green’s theorem yields

o 96 _ S
Dofc;dv_ﬂ/%(fﬁ a)ds (86)

where S; is the boundary surface of Dy, and 0 is the outward-
pointing normal unit vector to Sy. Actually, the volume integral
over D — Dy (r) will be transformed into three surface integrals (we
neglect the integrals over the cylindrical surfaces at infinity), i.e

/ av — / ards— [ @rds, (87)
D—Dq(r) S20USzy Sa(r)

while the volume integral over D4(r) will be transformed into one
surface integral, i.e.,

/ av— [ fzds (88)
Dq(r) Sa(r)

Here, n} is the outward-pointing unit vector normal to the spheri-

cal surface S,(r) of radius a centered at r, and n} = -Z and n} =Z

are the outward-pointing unit vectors normal to the plane surfaces
S,0 and S,y, respectively.
Let us denote by

1. By (1) and B, (r) the integrals over the union of the
planes S,q US,y involving M3, (kir;) and N3, (k;r;), respec-
tively; and by

2. 125 (r) and 120, (r) the integrals over the spherical surface
Sa(r) involving M%, (kor;) and N%,, (kqr;), respectively.

In the latter case, the vector spherical wave functions M%,, (keT;)
and N¢,, (kqr;) are defined as follows:

1. for @ = 1, we have ky = k;, M%, = M}, and N%, = N}nn;

2. for @ =2, we have ky =k, M%, = M},,, and N%&, =N} ;
and

3. for @ = 3, we have ky = ki, M%,, = M3, and N%, = N3, .

With this notation, we express the coherent field as

Ec; (r) = Ecp1 (1) + Ecya (7). (89)
where E ;1 (r) and E,, (r) are given by
Ecyi(r) = Egy (1)
+10 ) Y [Th ehymnliumn (0 + T7€3, Loy (0], (90)
b=+ mn
and
Ecpp(r) = Z( DYES, (1), (91)

a=1

an(r) - nOZZ[

b=+ mn

ebnmnlgr?mn (l‘) +T ebr]mnlghlljmn (l’)], (92)

respectively. In Eq. (92), we used the convention that (i) To}nz =1
for o = 1 (exciting field), (ii) T;2 = T..2, for o = 2 (internal field),
and (iii) T2 = T)? for o = 3 (scattered field).

In the following, we will calculate the components E.;; (r) and
E_2(r) of the coherent field separately. In fact, we will show that
E.;1(r) =0, so that E;(r) = E.,p(r). In view of Eq. (90), the re-
sult E;;(r) =0 means that the waves produced by the particles
situated at the lower and upper boundaries of the medium extin-
guishes the incident wave.

3.3.1.1. Computation of E ;1. To compute lemn (r) and lszn (r), we
employ the integral representations of the radiating vector spher-
ical wave functions in terms of plane electromagnetic waves; in
particular, for z>a and in the plane p, = —z (z; = 0), we use (p =
R,‘ —-r= —l'l')

d’k
M3 — Prtkiz(k1)z] L
mn(k1P) Kk (k)
N3 (kip) = 1 il p iz (k1 )2] d’k,
m 2" kiki, (k)
while for z < H — a and in the plane p, = H —z (z; = H), we use
1 d’k
M. (kD) = Ptk H-2)]_ KL
m(aP) = oo fikr ()
1 ~ d’k
3 _ +) @ilKi-Pi+kiz(KL) (H-2)] L
N (kiP) = o K)e Kk (K1)’

where kb = k. + bk, (k,)Z for b =+ and ki, (k.) = \/k? — p2. We
obtain
2
b elkiar
Laonn (0 = = kg (BK, — ki) M ()
2w ) . )
+ ejklsi-neJk]z(H—z)eijsz (§ )
" kika, (BK, + k1) R
(93)
and
(1) = 21 i, (§)
Yo ™ kyky (DK, — ky,) "
27 Ko r ik (Heg) i
+ eJ K1s1 llejﬁz(H Z)e]bl(an (§ )’
j"+1 k] klz(b1<z + klz) R

(94)

so that the field E,; (r) computes as

Z bK — klz

x Z n+] [ ebnmnmmn(\) +JT2ebnmnnmn C)]

2mng el
k k]z

E.i(r) = nNS)elk=T —

e]bK H
K, + klz

270 ik, 1. ks (H-2)
+ Kk, e el Z 5

X Z n+l [ ebnmnmmn(ﬁ) +JTzebnmnnmn(§R ] (95)

Next we proceed as follows.
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1. Let Elm (r) be the cumulative contribution of the first two
terms on the right-hand side of Eq. (95). By means of

Egs. (24) and (25), this contribution can be written as
872n
— Kisr 0 ajkis T
Eon (0 = HE " +j7 Z bK, — ki, k12
X Z{[mmn@) @ M_pp Gb)] : ﬂ@b)Tn Xb,,n
+ [nmno RN_mn(Sp)] - "(b)szbnn (96)
Using Eqs. (26)-(29) along with Egs. (33)-(35) of the gen-

eralized Ewald—Oseen extinction theorem, we find that
El,(r)=
2. Let Ezm (r) be the contribution of the third term on the
right-hand side of Eq. (95). Again, by means of Eqs. (24) and
(25), we have

EﬂbK H

872 Mo elkis 1 T1 ajkiz (H-2) Z 5

ci’]] (r) - .] I k]

K, + k]z
% Z {[mmn (§R) Q® M_pp (§b)] : ﬁ(skb)Tr}Xgmn
mn

+ [y (Sr) ® Ny Gb)] : ﬁ@b)Tnzxinn} (97)

Using Egs. (26)-(29) along with Eqs. (34)-(36) of the gen-
eralized Ewald-Oseen extinction theorem, we find that

E%m (r) =0.

Thus, the field E;(r) =
have E; (r) = E;;, (1).

(r) +E2__(r) vanishes, and we

c7]1 cnl

3.3.1.2. Computation of E.,. To compute 1%, (r) and Ig5, (1), we
make the change of variable p=R; —r = —r;, and use (i) the ex-
pansion (cf. Appendix A)

TP — JelkSp
= — 47 Y " L w 8) ® L, (KD)

m'n’

+JM_p (Sp) © M}y, (KP) + 1 man)®Nmn,(Kp)];( |
98

(i) the dyadic identities a=1-a and (a®@b)-c=a(b-c); (iii) the
relations

0
[ [y k) 35y Min (kP

— KM, (ko) - M, (Kp)]d2

0
3(Kp)
- / { oD ML, (Kp) x N&, (kyp)]

+ KB - [N}, (Kp) x M2, (kapﬂ}dzﬁ, (99)

[N (D) - N )
— KNG, (ke) - 5 (?() mn,(Kp)]dzA
= [{ka N (kD) x M (Kap))

+KP - [y, (KP) x Niy (ko) ]| 7. (100)

and

1 R
gz [ Kol (K00 5N k)

ol 2~
3Kp) m”’(KP)]d

/ M, (kop) - [ x Ly (Kp)1d%P:

(iv) the representation of the vector spherical wave functions in
terms of the vector spherical harmonics v}, () = lmn (D). V2, (P) =
Nn (P), and v3,,(P) = myn(P); (v) the orthogonality relations (cf.
Appendix A of Ref. [1])

[ i ®) Vo ®) 4B = b mn. @ f=1.2.3;
and finally, (vi) the identities

P x lnn(P) =0, P x Nyp(P) = —My (P), P X My (P) = Ny (P).

(103)
Note that the relations (99)-(101) have been derived by using the
representations of the vector spherical wave functions in terms of
vector spherical harmonics (cf. Appendix A of Ref. [1]) and the
differential equation satisfied by the spherical Bessel and Hankel
functions z,(x), i.e.,

— KNg,,, (kep) -

(101)

(102)

X2z} (%) + 2xz;,(X) + [¥* —n(n + 1))z, (x) = 0 (104)
We obtain
14h (1) = 47" (@) My (Sp), (105)
b (1) = — 4" [ (@)hnn $p) + Iy (@M (Sp)], (106)
where
B (@ = 1 Ko lkaz (ke

— 2% (ko) [Kajin (Ka)]/}, (107)
Ba@) = 17 | (K2t (@

Ky o

- 5 2 (ka@)[Kajy (Ka)] } (108)

Ik, (@) = %\/Wzg (ko@)jn (Ka), (109)

ZV (%) = Z2(x) = jn(X), Z2(x) = hy(x), and jn(x) and hp(x) are the
spherical Bessel and Hankel functions, respectively. Thus, the fields
Egr;z (r) result from Eq. (92) along with Eqgs. (105)-(109).

Before continuing our analysis, we make a short comment. In
view of Eq. (98), the volume integrals

/ M}, (kyp)e™P d*p and / N}, (kep)eP d’p, (110)
Dq Dq

where @ = 1,2 and D, is the domain occupied by a spherical par-
ticle of radius a centered at the origin of the coordinate system,
reduces to the calculation of the following integrals:

;n(kam) e

/ Mm’n’ (Kp) : (llvvl;nn (kap)
1

/ Ny k) (Nien) ) @
1

0 o) (N fien))

Instead of using the Green’s theorem (86), we can compute the in-
tegrals (111)-(112) by means of the second vector Green’s theorem.

(111)

(112)

(113)
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For P(r) =M, (Kr)/NL,  (Kr), Q(r) = My, (keT)/Njy, (ker), and a
spherical domain, we use

/[P-(VxVxQ)—Q-(VxVxP)]d31‘
Dq

:aZ/?-[QX(VxP)—Px(VxQ)]dz?. (114)
On the other hand, by taking into account that V x L}n,n, =0, the
integral (113) can be computed by means of the first vector Green'’s
theorem. For P(r) =L}, ,(Kr), Q(r) = M}, (ker)/N}; (keT), and a
spherical domain, we use

[(VxP)-(VxQ) —P.-(VxVxQ)]dr
Da

:aZ/?~[P>< (V x Q)] d*F. (115)

The final expressions for I%2. (r) and I&2,.(r) are as in
Egs. (105) and (106) along with Eqs. (107)-(109); however, the
proof is now more straightforward and does not make use on the
identities (99)-(101).

3.3.1.3. Computation of E;. We are now in a position to ob-
tain a complete representation for the coherent field. Inserting
Egs. (105) and (106) together with Eqgs. (24) and (25) in Eq. (92),
and the result in Eq. (91), we get

E.,(r) = 167%ng ) _ el*T

b=+

3
xS M) © M 60)] - HE) [ Y (1D Tkl (@ i
mn a=1
3
@) @ 1G] 7G| XD Thnlka @ |1,
a=1

3
) &0 ma @] 1) [ XD i@ |46, (16)
a=1

Next, we use the following result. The addition theorem for the
vector spherical harmonics 1y, (K) and n_py, (K') in the case ¢ = ¢’
is (cf. Appendix B of Ref. [1])

~ ~ OP,(X) ~ ~~
Pl ® @1 m(®) = 10 Tk 0 IK), (117)
m
where K=Kk(0, ¢), K =K (0, ¢), x=Kk-K = cos(6 — 0'),
ag"e(f‘) — J/nn+ DLk K), (118)
L,k K') = sin(0 — ")} (x). (119)

and P;(x) = f,? '(x) are the Legendre polynomials. Since for k=K
we have L,(k, k) = 0, it is readily seen that

Z[lmn (§b) ® N_mn Gb)] : 77\(’S\b) =0.

m

(120)

Thus, the last term in Eq. (116) vanishes. Substituting Eqs. (26)-
(29) in Eq. (116), using the special values of the functions M, and
Ny at x =1 (cf. Egs. (31) and (32)),

Mp(1) = — Np(1) = wy, (121)
with

1 [n(n+1)2n+1)
wnzi f’ (122)

we find that the coherent field can be written in the form
Ecr] (l') = ﬁ@T)Tr}FwengT'r + ﬁ(S\TR)R}]FwejI@TR-r
= N(S1) T, @5 T 4 (S1a )R} @10 Te T2,

where the transmission and reflection coefficients are given by

3
Tr;]Fw =2mng Z(Zn + 1){ |:Z(1)°‘T0}n1ga (a):|x1rrm
a=1

(123)

mn

+ [i(—l)“Tinlﬂa(a)]xinn} (124)
o
and
Rjey =270 Y (20 + 1){ [i(—mmnm& (a)j|xl_nn
3 mn ozt
+ [;(—l)“Tjnlﬂa(a)]xznn}, (125)

respectively.

From Eq. (123), we see that the coherent field E.,(r) is a su-
perposition of upwelling and downwelling plane electromagnetic
waves propagating in an effective medium with wavenumber K.
If we extend the representations of the coherent fields reflected
and transmitted by the layer in the critical domains —a < z < 0 and
H <z < H + a, respectively, as well as the representation of the co-
herent field in the critical domains 0<z<a and H—-a <z <H, we
may expect that the boundary conditions for the electric fields,

Z x Eep(r) =Z x [Ery(r) + Egy(r)] at z=10 (126)
and
ZxEcy(r) =Z x Epy(r) at z=H, (127)

are satisfied. Fikioris and Waterman [3,4] proved that the zeroth-
order fields satisfy the boundary conditions (126) and (127) in the
low frequency limit kja < 1. Unfortunately, at higher frequencies,
these boundary conditions are not satisfied. This can be inferred
from Fig. 6 illustrating the relative errors in the reflection and
transmission coefficients
. IR | — IR, 1 T | = 1Tyl
=" p17 > = 1
IR} |75

where |Ré| and |T91| correspond to a model in which the boundary
conditions for the electric fields are matched (cf. Eqs. (129) and
(130) below). Therefore, for particles with sizes comparable to or
larger than the wavelength, higher-order approximations to the
fields should by computed by means of the iteration scheme de-
scribed in Ref. [1] and the validity of the boundary conditions
(126) and (127) for each order of approximation should be ana-
lyzed [2-4].

3.3.2. The method of Tsang and Kong

The method of Tsang and Kong [6] is a simplified approach
that avoids an explicit computation of the coherent field inside the
layer, and so, of higher-order approximations. In this approach,

1. the representations of the (zeroth-order) coherent fields re-
flected and transmitted by the layer are extended in the crit-
ical domains;

2. the coherent field inside the layer is assumed to be a super-
position of plane electromagnetic waves propagating in an
effective medium with wavenumber K, that is,

Ec (1) = J(81) T, e9e Tee 4 (Smm )Ry 1= Te %, (128)
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Fig. 6. Relative errors in |R}| and \Tgll for a 6-polarized incidence as functions of the size parameter k;a and for two values of the volume concentration f. The layer thickness
is H = 10q, the incidence angle is 6y = 30°, the wavenumber of the background medium is k; = 10 um~", the relative refractive index of the particles is m = 1.33, and the
maximum expansion order is Nyanx = 15. Note that in the case H = 100a, the relative errors have virtually the same dependency on kia.

3. the reflection and transmission coefficients R}] and T,} are
computed from the boundary conditions for the electric
fields (126) and (127).

We obtain
1 ; - cos b,
1 _ RO\R2iKH T2 aj(Kp+ki)H 0
Ry = —w [(1 RO)e etk ]COS 2o (29
1 0,€0s6y
Iy =(1-Rp) 030, +Ry (130)
for a 6-polarized incidence, and
1 )
1 _ 0 2 aj(Kz+kiz)H
T} = g [ 1+ R — T2eierio ], (131)
R, =1+R) T, (132)

for a ¢-polarized incidence.

We emphasize once again that the coefficients R}, and Tnl are
computed from the boundary conditions for the electric fields,
while in the effective field approximation, the coefficients R}/EFA

and Tz, given by
Rl :_kJM :El"'ir" (133)
EFA ™ K 1 — ()22 OEFA T KT (r,)2e200GH
and
1y (1 + ry)eikeH 147
Rg]oEFA =—- . 1 (134)

1 — (ry)2e2kH ?OUQEFA T 1 (rn)2e2j1<zH’

are computed from the boundary conditions for both the electric
and magnetic fields. For the magnetic field, the discontinuity in the
coefficients R% and T,} can be used to predict the effective magnetic
permeability of the discrete random layer [4].

3.3.3. Sparse-medium approximation
Let us compute the coherent field E.(r) from Eq. (44) by ne-
glecting the integrals over Dgy(r). In other words, in the course of

evaluating the integrals in Eq. (44) we treat the particles as point
scatterers. Note in this respect that the approximation

/ d3R,' ~ / d3Ri
D—Dq (r) D

is typical of sparse media and is referred to as the sparse-medium
approximation for the integration domain. Also note that in this
case, the standard definition of the single particle probability den-
sity function p(R;) = 1/V is maintained.

The integrals of the radiating vector spherical wave functions
are computed in the sense of Cauchy’s principal value by excluding
from the integration domain D a layer of thickness 2¢ around the
plane z, and then by letting ¢ — 0. We obtain

(135)

2

M3, (kir;)e®eRid®R; = — it (8)
/D e L ™ kke, (DK, — ki) m
2w - . )
+ eJklsrlleJkyz(Hfz)erKZHm (S\)
I kekig (DK, + ki) e
T eiklsmejbkzz[ M (5) _ mmn@)] (136)
" ke ky, bK, — ki,  bK, + ki,
and
/E)ann(klri)ej'(b'kid3R,-
27j :
= — ellas Ty (g)
P hk, (B — ki) "
27j Ko b ik (Heg) i
+ elkiss T gikiz(H-2)@ibK:Hpy - (30
7™ kikr, (DK, + k1) e
+ 27 ejklsL‘rLeijzZ[ Ny (5) _ Ninn (Sg) ] (137)
jn+l k] k]z bI(z - k]z bI(z + k]z

Consequently, we find that the coherent field E,(r) is given by
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e 2mng 1
_ KisT _ 0 LjkisT
ECn (l') - "G)ej k] k]z ¢ IE bKZ — k]z

1 .
X Z F [Tn] ellmmnmmn )+ JTnzei,,mnnmn ®]

mn
27Ny - 4 elbkzH
ellis 1 gjkiz (H-2)
* kiki, b;i bK, + k1.,

1 .
X Z F [TJ ellmmnmmn (Sz) + JTnzelzmmnnmn GR)]

mn

" 27 Mo ellasi 1 7 gibhez

k] k]z b
1 1.1 Mynn @) Mpn Gﬂ)
: ; i {Tn ebnmn[sz - k]z B bl{z + k]z]

Npn(S)  Npn(Se) ” (138)

2 2 _
+JT; ebnmn[sz — ki, DK, + ki,

As before, the field Elm(r) summing the contributions of the first

two terms on the right-hand side of Eq. (138), as well as the
field Ezm(r) given by the third term on the right-hand side of
Eq. (138) vanish. Hence, by taking into account the representations
(24) and (25) for the coefficients e}mmn and eﬁnmn, respectively, we
obtain

.8m2ny
e b_zi DK, — ki,

X Z {[mmn© ® M_mp Gb)] : ﬁ@b)Tquxllwnn

+ [N (8) ® N_yn (Sp)] - 77\(S\b)Tan§ﬂn}
E}jl(,,-r
ol sz + k]z

.872ng
J k1klz

X Z {[mmn @R) ® M_pp @b)] : ﬁ@b)Tn]XI]mn

+ [nmn@R) ®n—mn6b)] 'ﬁ@b)Tnzxiy]n}- (139)

We are now concerned with the computation of the field E., (r)
at the lower and upper boundaries, that is, at z =0 and z = H. For
this purpose, we extend the representations (57) and (73) for the
coherent fields reflected and transmitted by the layer in the critical
domains.

1. Case z=0. Using the expression of the coherent reflected
field Eg,(r) as given by Eq. (57) in conjunction with
Eq. (58), and the result ngﬂ (r) =0, where Eim(r) is given
by Eq. (97), we find the identity

2
.8m“ng

1
SN
NERy =J 77 172 bK, + ki,

X Z {[mmn (§R) Q@ M_pmp (§b)] : ﬁ@b)Tnlxgnn

+ [n 60) O 1-m G| A& TG, ). (140)

Setting z =0 in Eq. (139), using Eq. (140) and the fact that
the field Eirﬂ (r) as given by Eq. (96) vanishes, we obtain
E,(r..z=0) =q(s)el=™ + ﬁ(S\R)R?)ejklsrn

=Eo,(r.,z=0) +Ep,(r.,z=0). (141)

2. Case z = H. Using the expression of the coherent transmitted
field Er,(r) as given by Egs. (73) and (74), and the result
Elm(") =0, we find the identity

i 872n, @ibk.H

k1k1, = bK, — k1,

RET2ekH

% Z {[mmn(§) ® M_mp @b)] : ﬁ@b)’mx}mn

+ [nmn(§) Q@ N_mp (§b)] : ﬁ@b)ﬂzxgnn}, (142)

so that, by setting z = H in Eq. (139), using Eq. (142) and the
result Eim (r) =0, we obtain

E,(r..z=H) = ﬁ@Tnzejkmnejk”H =Er,(r,,z=H).
(143)
Thus, from Eqs. (141) and (143) it is readily seen that the coher-

ent field E.,(r) satisfies the continuity conditions for the electric
fields

E.;(r) = Epy(r) + Eg,(r) at z=0 (144)
and
E.,(r) =Eq,(r) at z=H. (145)

From Eqgs. (139), (141), and (143), it is straightforward to show
that E; (r) can first be written as

E., (r) = 7(8)el=r (A, el 4 B, e-il:2)

+ (8w )eks: T2 (C %2 4 Dy eIz, (146)
where
1 2 Aj(ki,+Kz)H
Aﬁm[l—%@“ ] (147)
1 2jK.H 2 Aj(kiz+Kz)H
By = — 1 | — el (148)
C= — R 149
1T 1 _e2ikH M (149)
@2ik.H
Dy = - 1 — e2ikzH "m° (150)
and then as
E,(r) = [(S1)T,) + AT, z]elMis Telkz2
+ [N(S12)R)], + AR Z]elt=: Teikez, (151)
where
AT, = AR, =0 (152)
and
1 , .
BT = ~ g |1+ R~ Tt sinely
— [1 —R) - T;eﬂ'@*’ﬁz)*’] sin GT}, (153)
1 , 4 .
AR} = T { [(1 + RQ)edkeH _ Tezej(l(z+klz)H:| sinfy
+ [(1 — RO)edaH _ T92e1<'<z+’<u>ﬂ] sin eT}. (154)

From the above analysis the following conclusions can be
drawn.
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Fig. 7. The ratio |AT}|/|T}| as a function of the volume concentration f for three values of the size parameter k;a. The layer thickness is H = 50a, the incidence angle
is 8o = 30°, the wavenumber of the background medium is k; = 10 um~"', the relative refractive index of the particles is m = 1.33, and the maximum expansion order is

Nranx = 15. The ratio |AR}|/|R}| has a similar dependency on f.

1. The electric fields are continuous across the boundaries (not
only their tangential components).

2. For normal incidence, as well as for a ¢-polarized incidence,
the representations (128) and (151) for the coherent field
coincide, i.e., the coherent field is a superposition of plane
electromagnetic waves with the wavenumber K.

3. For an oblique #-polarized incidence, the coherent field sat-
isfies the vector Helmholtz equation but is not divergence
free, i.e., the coherent field is not a superposition of plane
electromagnetic waves with a wavenumber K. However, as
it can be infered from Fig. 7, AT} and AR} are small com-
pared to Te1 and Rg), respectively; in the case kja =5, we
have |AT]| <2 x 10-3|T}| for f =0.01 and |AT}| < 0.01|T}|
for f=0.05, while in the case kya =10, we have |AT]| <
1.5 x 1073|T}| for f<0.01 and |AT}| < 8 x 103|T}| for f =
0.05. Thus, for small volume concentrations, the coherent
field can be assumed to be approximately divergence free.

3.4. Normal incidence

Let us particularize the above findings to the case of normal
incidence.

Using the special values of the functions M, and N, at x =1 as
given by Eq. (121), as well as their special values at x = —1 given
by

My (=1) = Np(=1) = —(=1)"wn, (155)
we find that for a -polarized incidence, Eqs. (33) and (34) of the
generalized Ewald-Oseen extinction theorem become
nn
1= — Z(2n+ UI:K k (Tnl 1011 Tn2 i&n)
-1
+ 1(<+?<1 (Tix'y, T,fx{en)], (156)
(_1)nejKH
0= Z(2n+ 1)[W(TJ ]+9n - Tr12 2+9n)
n
e_JKH 1y 2,2
+ e B+ T xfen)], (157)

while for a ¢-polarized incidence, Eqs. (35) and (36) become

1= — Z(2n+1)[K (Ta X + TiX on)
(—1) 1 2,2
- K+k (T —(pn 7T wn)] (158)
(_-l)nejKH
0 Z(2n+1)[w(rl Ky — T2 ,)
€ —IkH Tl 1 T2 2 1
TR e W")] (159)
Substituting Eq. (155) in Eqgs. (63) and (64) gives
. T No i
RO— —j (1 _ EZJKH)
0 k3 (K + ki)
x @2+ 1) (=DNTXL, — TEg,), (160)
n
0 —j T g (1 _ 2jKH>
kT ©
x> @2+ 1) (=D)NTXL,, — T2x3,,). (161)
n

while substituting Eqs. (121) and (155) in Eqs. (77) and (78) gives

LTTN
TGZ B e 2(21’1 * 1)[ eJ(K kI)H(Tl Xion T Tn2 ~2+0n)

(71) —j(K+k)H (1,1
4 e J(K+ki) (Tnxfan

K+ ki (162)

-T2,

.Tn
=i e 1)[ (T, - TE,)
(—1)

K4k (163)

eJ(Kz+klz)H(T11 ~ T2 vm)]

The reflection and transmission coefficients for the coherent field
inside the layer are then obtained by inserting Eqs. (160)-(163) in
Eqs. (129)-(132).
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Note that in view of the result |x,,7n| < |x+nn| Egs. (156)—(159)

yield x+9n _an _x . Hence, as in the effective field approxi-
mation, we have R} = —Rg and T2 =T¢, as well as R}, = —R} and
T(/} = Tel.

3.5. Semi-infinite discrete random medium

In the limit H— oo, the above formalism reduces to that of
a semi-infinite discrete random medium. Actually, because K] >
0, we have efzfe, . 0 as H— co. Employing this result in
Eq. (15) and taking into account the representations of the ele-
ments of the matrix ngH given by Eqgs. (133) and (134) of Ref.
[1], we find that e XzHe_ — 0 as H— oo. Consequently, e_ — 0 as
H— o0, and the equations of the Lorenz-Lorentz law (13) and the
generalized Ewald-Oseen extinction theorem (14) become

er =nNog(Jf, +J3 ) Tes (164)
and
eg + n()erone+ =0, (165)
respectively. Further simplifications are listed below.
1. The generalized Ewald-Oseen extinction theorem
(165) gives
. 872
1=-j———— v 1
Jk1k1z(K —kiz) X,I:Xn nn+1)
X [Mn(8-31)T X g — NaS - $2)T7x g, ] (166)
for a 6-polarized incidence, and
. 8?2
1=j——F—— 1
Sk 0 ey 22 XY+ 1)
% [Na( -8 TIX. = Ma B -30) T2 ] (167)
for a ¢-polarized incidence. For normal incidence,
X7 =xL2, =xl7, and the above equations reduces to
(cf Eqs (156) and (158))
n
K=k — I—Z"Z(zwr (T %, + T2, (168)
1 n

2. For the coherent field reflected by the layer (cf. Eq. (57)),

872n,
ek K+ )

X Z [mmn(\R) ®m—mn(\T)] n(\T)T1 +7]Tl

jKip-T

Ey,(r) =

+ [nmnG) ® N_mn(S1)] - NE A%, ), (169)
the reflection coefficients are given by (cf. Egs. (63) and

(64))
. 8m2ng —
Jklk]z(K + klz) ;XH n(n + 1)
X [Mn (s - ST, XYy, — No (S - S1)Tx3 | (170)
and
8m2n,
0 _ _ 0 /
R(ﬂ B Jl(ll<1z(Kz+klz) ;X” n(n+1)
< [NaGr - ST XLy — Ma (e - $1)T2X2 |- (171)

3. Setting X—nn =0 in Egs. (77) and (78), we find in the limit
H— oo that T} = T2 =0, that is, the coherent field transmit-
ted by the layer vanishes. Consequently,

0,C0S6y 4 0
=(1- )Ts@T’ T, =1+R), (172)

and R}
Eo (r) = §6n)T, /™. (173)

Note that the coherent field computed under the sparse-
medium approximation for the integration domain is (cf.
Eq. (151))

= R}) = 0; and furthermore,

E., (r) = [T, + ATzl (174)
with AT(; =0 and
AT} = (1 -RY)sin6r — (1+RY) sin6bp. (175)

4. Coherent field in a sparse medium

In principle, expressions for the effective wavenumber K and
the coherent field E.(r) can be obtained by particularizing the re-
sults for a semi-infinite discrete random medium in the case of
low volume concentration f. The procedure is as follows.

1. In Eq. (168), we approximate x ~ 1 for f« 1, and find that
the effective wavenumber K can be computed as
K=k —J”T’;" S @+ DT +T2). (176)
1 n
In view of Egs. (18) and (19) and Egs. (24) and (25) these
approximations imply e, ~ eg, ,, and 2, ~ €, this
means that for sparse media, the conditional configuration-
averaged exciting field can be considered to be approxi-
mately equal to the incident field [6].

2. In Eq. (172), we approximate 67 ~ 6 and R} ~ 0; then T, ~
1, and so, from Eq. (173), Ec,(r) = §(St) exp(jKSt - r). This
result implies that in the case of an incident wave of arbi-
trary polarization, we have

E.(r) = e¥7g,(Sp), (177)

where 80(§T):€095(§T)+€0¢(75(§T). Under the same ap-
proximations, Eq. (175) yields AT} =0, and the coherent
field computed under the sparse-medium approximation for
the integration domain is as in Eq. (177). Thus, the incon-
sistency between the two states of polarization of this field
disappears.

It is interesting to mention that in the case of a layer of fi-
nite geometrical thickness H and normal incidence, the assumption
|x,,m| < |x+,m| implies

TP =T = JJT,;OK G Ixl, T2,
(178)

so that from Eq. (176) and the approximation x1:? ~ 1, we find

Tj = T2 = el kH, (179)

Hence, by using the result K — K* = jngCeys, Where Ceyy is the ex-
tinction cross section of a spherical particle, we are led to the cele-
brated Bouguer exponential attenuation law [13] for the transmis-
sivity T of the layer [11]:

T=(T3)* = (T 1)* = (180)

In the following we intend to derive a self-contained theory for
a sparse medium by starting from the initial formulae (11) and
(44). Since the volume concentration is low, we (i) assume that the
positions of the particles are uncorrelated (g(R;;) = 1), and (ii) use
the far-field approximation for the fields. Note that these assump-
tions are standard in deriving the vector radiative transfer equa-
tion. With these simplifications, the solution method is as follows.

@lK=KOH _ a=noCoxsH
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1. We consider the integral equation (11) with g(R;;) =1 and the
sparse-medium approximation for the integration domain, that
is,

(ei)i = epj + N /);) Q(klRU)<eJ)j d3Rj, (181)
where the incident field coefficients are given by

eoi = elkiSRigy. (182)
=h) =47TX"(§) ~50@) =4ﬂ[xé@)509 +X;(S\)50(p] (183)

with £¢(s) = 50(;9@ + £9,@(8). Employing the far-field repre-
sentation for the matrix Q(k{R;;) (cf. Eq. (45) of Ref. [1])

QiRy) = -20(R)Qx Ry). (184)
where go(R;;) = exp(jkR;j)/R;; and (cf. Eq. (46) of Ref. [1])
Qw(Ryj) = — 4mjx*(R;j) - X" R;)T

= —47jlx; (Rip)x; (Rip) + x5, (Rip)x, R)IT,  (185)

we compute the conditional configuration-averaged exciting
field coefficients from the integral equation

(ei)i = egj + %? /Dgo (Rl])Qoo(ﬁU)(e])] d3R]

2. In the integral representation (cf. Eq. (44) with the sparse-
medium approximation for the integration domain)

E.(r) = Eo(r) + o [ XS (kir)Te), &R,

(186)

(187)

we use the far-field approximation for the radiating vector
spherical wave functions (cf. Eq. (11) of Ref. [1])

Xz (kir;) = —kj—lgo(ri)XGf),
and compute the coherent field according to

E.(1) = Eo(®) ~ o [ 20(rx! @)Te), &R, (188)

The procedure of configuration averaging requires the computa-
tion of integrals over particle positions. To integrate over all posi-
tions of particle i we use a local coordinate system with the origin
at the observation point; to integrate over all positions of particle j
we use a local coordinate system with the origin at particle i; and
so on. In other words, we make the changes of variables

Ri=r+p, RJZR,-‘rRJ,, (189)

The integration domain is D without any exclusion sphere. As
shown in Fig. 8, for direction P, p ranges from zero at the obser-
vation point to the corresponding value at the point C (where the
straight line with the direction vector p crosses the lower plane
boundary); for direction ﬁﬁ, Rj; ranges from zero at the origin of
particle i to the corresponding value at the point C; (where the
straight line with the direction vector ﬁﬁ crosses the lower plane
boundary), etc.

4.1. Conditional configuration-averaged exciting field coefficients
The iterated solution of Eq. (186) is
n ~
(ei>i =ep + ﬁ ngo(Rij)ro(Rij)eo]‘ d’R;

n2 ~ —~
+ Fg/DgO(Rij)gO(Rjk)Qoo(Rij)Qoo(Rjk)eok d3de3Rj +-e
1
(190)

Fig. 8. Scattering geometry for computing the coherent field in the case of a sparse
discrete random medium.

Our objective is to compute each integral in Eq. (190) and then to
sum up the resulting series.

Consider the first integral in Eq. (190) and denote it by I (R;).
Making the change of variable (cf. Eq. (189)) R; = R; + R;; and us-
ing the asymptotic spherical-wave expansion of the plane wave
exp(jk;s - Rj) [14],

e 27
eJkS-Rj,' — i
Jk] Rﬁ

[5@+ Rje ik _ 56— ﬁﬁ>ej’<1Rﬁ] (191)

as kiRjj — oo, where 8(S) is the solid-angle delta function, we ob-
tain

27 ik SR; s
(R = (Jk7n0>é ! ’[Qoo@ég/o dRj
1

§ .
- Qw(—aeof() EZJMR"‘dRﬁ]

(et 0 -
1

erk]E -1 =N 192
—_— —S .

Zi— Qe (Do (192)
Here, s=s(R;,—s) =5 (R; — Ry) and 5= s(R;,S) =5 (Ry —Ry),

1
where Ry and R, are the points where the straight lines with the
1

direction vectors —s and S going through O; cross the lower and
the upper boundary of the layer, respectively. By assuming that the
particles are separated by distances much larger than the wave-
length, i.e., k;s>>1 (except for points in the immediate vicinity of
the boundary), and taking account of

2jki5 o o
%‘—1&%5—1‘5%(@%5 +1)=1, (193)
we find

1 eZkis _ 1
.

Thus, the second term on the right-hand side of Eq. (192) is much
smaller than the first term, and the result is

2T s 1
L (R) = (JETIOS)ejk’S'R‘[EQm(S\)]eo (195)

For the second integral, denoted by I, (R;), we change variables ac-
cording to R; =R; +R;; and R, = R; 4 Ry;, employ the asymptotic

spherical-waves representations for the plane waves exp(jk;s - R;i)
and exp(jkiS - Ry;), and hence derive
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n o< oo ~
(R = kfgeka; ‘/Dgo (Rj,-)ej"ls‘Rﬂro(—Rj,-)
1
X [Lgo (Rkj)ejk]gkkaoc(_ﬁkj)eo dBRkj] d3ij
2 2 s s
= (leno> e-'klsRil:lQoo(s\)iI eo/ |:/ dej] de,'
k1 k] 0 R

Jji
1/.2mw 2 ik;S-R; 1 2
= §<Jﬂnos> ell [EQOOG)] €.

Next, we use Eqgs. (183) and (185), the expression of the ele-
ments of the amplitude matrix given by (cf. Eq. (13) of Ref. [1])

Su6.5) =

and the well-known identity for spherically symmetric particles

(196)

——XTC)TX (), n,u=0,9, (197)

Siu(8.8) =0, n#pu, (198)
to derive
Qoo (8)eg = 41k [x} (3)Sa9 (5, 8)E0g + X, (8)Spy (8. 5) Eny ]

= 1(15(0)60, (]99)
where
S(0) =S, (8,8) = — = Z(Zn +1)(TI+T?), n=6,¢. (200)
From Eq. (199), it is readily seen that in general,

n
[0=®)] e0=5"@e0, n=1.2..... (201)
1

Proceeding similarly for all terms in the series (190), and ac-
counting for Eq. (201), we find that the sum of the series (190) is

(ei),. = expij[k]s R + 2, noS(0)s(R;, A)]}eo. (202)

4.2. Coherent field

To compute the coherent field, we consider the integral repre-
sentation (188). Using the series expansion (cf. Eq. (202))

() ejk‘SR[l—Hl n0S(0)s(R;, =) + - - ] (203)

the result
/Dgo (r;)eSRis"(R;, —$)XT (T;) Teo d°R;
n+1 _ N
_ .277'[5 (l‘, g)eJl<1s'rXTG)Te0, n=0,1,...,

k4 n+1
and the identity (cf. Eqs. (183), (197), and (198))

_iﬂ©m=_£&%ﬁmg%@

= [Xg (39(3 + x5 (8 O¢O]T[X9 ($)op + %, Ogowl
= 5(0)50('3,

we end up with

(204)

(205)

E.(F) = exp[i 7 naS(0)s(r. =5) [Eo(r). (206)
Here, s(r, —s) is defined through the relation s(r, =S) =S - (r —ry),
where ry is the point where the straight line parallel to the inci-
dence direction and going through the observation point crosses
the boundary of the medium (see Fig. 8).

Using the incident field representation

Eq(r) = e 9B (rp), (207)
with Eq(ry) = exp(jkiS - 14)Eo(S), we express Eq. (206) as
2w
E.(r) = exp{i[ ki + T-noS(0) |str. =5) [ Eo(r). (208)

Let us define the wavenumber K by the relation (compare with Eq.
(176)) [16]

K =k + n05(0> — Kk —]7-;';0 Z(2n+ DT +T2).  (209)
Then, from Eq. (208) we deduce that the coherent field is an-
alytically equivalent to a plane electromagnetic wave with the
wavenumber K, propagation direction s, and amplitude exp(—jKs -
ry)Eqg(rs). Therefore, K can be interpreted as the effective
wavenumber in the particulate medium. Setting r=r, in Eq.
(208) and taking into account that s(ry,—S) =0, we find the
boundary condition

E.(ra) = Eo(ra), (210)

and so, the following equivalent representation for the coherent
field

E.(r) = e, (1y). (211)

Thus, in contrast to a layer with densely packed spherical particles,
the coherent field in a layer with a sparse concentration of parti-
cles is an upwelling wave. The upper boundary does not produce
a downwelling wave, and the upwelling coherent field is uniquely
determined by the boundary condition (210). It is for this reason
that in the introductory part of the section, we computed the ef-
fective wavenumber and the coherent field by particularizing the
results for a semi-infinite discrete random medium.
Let us define the wave vector Ky by

A

27
Ky = k]S + HQS( )CO 9 (212)
implying that (cf. Eq. (209))
~ z
Ko = kis+ (K — kl)m (213)

Using the relation s(r, —S) =Z-r/ cos 6, we express Eqs. (202) and
(208) in terms of the wave vector K; as (compare with Eq. (12))

(e,—)i = ejKO'Rieo (214)
and
E.(r) = e®Tg((3), (215)

respectively. Thus, for a layer with a sparse concentration of par-
ticles, the effective wavenumber is computed from Eq. (209), the
conditional configuration-averaged exciting field coefficients from
Eq. (214), and the coherent field from Eq. (215).

Some comments are in order.

1. The effective wave vector K, defined by K = KSr, is related to
Ky by the relation

Ko = K+ AK,Z, (216)
where
AK, = M}( (217)

cos b

Approximating 6r ~ 6y, yields AK, ~ 0, and so, K~Ky. There-
fore, Ky can be interpreted as the effective wave vector in
a sparse medium. In view of the approximations K~K, and
0r ~ 6y implying st ~§, we deduce that the representations
(177) and (215) for the coherent field are equivalent.
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2. Setting r =R; in the representation of the coherent field as
given by Eq. (215) yields E.(R;) = exp(jKq - R;)Eo(S), so that
from Eq. (214) and the representation (cf. Eq. (183)) e =
47x* () - £9(s), we find

(ei)i =47x*(s) - E.(Ry).

Inserting Eq. (218) in Eq. (188) and taking into account the rep-
resentation for the far-field scattering dyadic (cf. Eq. (15) of Ref.
(1

AGES) =T @ee®),

1

(218)

we infer that for sparse media, the coherent field satisfies the
integral equation

E.(r) = Eo(r) + n / (A 5) - E.(R)) d°R;. (219)

This equation is the so-called Foldy integral equation for the
coherent field.

In the following parts of this series, we will compute the
second-order moment of the fields by approximating the condi-
tional configuration-averaged exciting field coefficients of a layer
with densely packed particles by those of a semi-infinite medium
with densely packed particles. In this context, with K being calcu-
lated from the generalized Lorenz-Lorentz law for a dense semi-
infinite discrete random medium at normal incidence, Tishkovets
and Jockers [15] assumed that the sparse-medium approximation
(214) is also valid in this case. The benefit of using Eq. (214) to-
gether with Eq. (213) is that the vector e;, which determines (e;),
according to the generalized Lorenz-Lorentz law and the general-
ized Ewald-Oseen extinction theorem for a dense semi-infinite dis-
crete random medium, does not need to be computed.

4.3. The Twersky and Foldy approximations

In this section, we will show that the Twersky and Foldy ap-
proximations are implicit in our derivation.

Consider a configuration with N —1 particles A}'V_] in which
particle i is removed from the group. According to the Twersky
approximation, the field exciting particle i at a point r; near par-
ticle i is the total electric field that would exists at that point if
the particle i were removed from the group, i.e.,

ED (r) = ED(ri] AL ). (220)

excl
Here, the superscript “(i)” indicates that the fields are written in
the coordinate system of particle i. Taking the configuration aver-
age of Eq. (220) with the position of particle i held fixed, and using
the configuration average rule

(fr. An) = / F@ AN)P(AL 4 R) dAY,
yields
(D (), = ED (x| Al ).

Thus, in the Twersky approximation, the conditional configuration-
averaged field exciting particle i at a point r; near particle i is the co-
herent field that would exists at that point if particle i were removed
from the group. Let us prove this conjecture. The conditional con-
figuration average of the field exciting particle i at the field point
r=R;+r;is

(Bexei (), = (ED (1), = X[ (ki) (ey)..

On the other hand, upon removing particle i from the group, the
coherent field at the same field point r produced by the remain-
ing N—1 particles, denoted by E.(r|A}_;), computes as (ng ~

(221)

(222)

(N-1)/v)

Ec(r| Ay ;) = Eo(r) + ) (Eecej(r))
J#
=Eo(r) + n0/ Xg (kq rj)T<ej>jd3Rj~ (223)
D

Choosing r; in the neighborhood of particle i before the re-
moval, we use the translation addition theorem Xj(kir;) =
T31(k1R;j)Xq (kir;) with r; =1; +R;;, the incident field represen-
tation Ey(r) = Eg) (r;) = exp(jk;S - 1;))Eo(R;) = X{(klri)em, and the
integral equation for the conditional configuration-averaged excit-
ing field coefficients (cf. Eq. (181)),

<ei>i =egi + 1o /;) T (klRij)T(ej)j d3Rj,

to obtain

Ec(r|Al 1) = ED (1| Af ;) = X] (kiry)(e) (224)

1
From Egs. (222) and (224), the Twersky approximation (221) read-
ily follows.

The Foldy approximation states that the coherent field at a point
r; near particle i is the conditional configuration average of the field
exciting particle i at that point, or equivalently and in view of
Eq. (221), that the coherent field at a point r; near particle i is the
coherent field that would exist at that point if the particle i were re-
moved from the group:
EQ (r;) = (B, (rp), = B (| Afy_y).

exci

(225)

To prove this result we use Eq. (218), that is, (e;), = 47x*(5) -

E.(R;), where (cf. Egs. (213) and (215)) :
E.(R;) = /RSy (R)), (226)

and Eq. (222) to conclude that (Eg{)ci(ri)>i is analytically equivalent
to the plane electromagnetic wave

<Ee(3ix)ci(ri)>,‘ _ ejklar,-Ec (R) = ejklir,-ej(l(—kl)s(R,-,—?)EO (R). (227)
Apart from that, Egs. (213) and (215) also give
E(r) = E{)(r)) = elSniel (ks -9Ey (Ry). (228)

If the point r; is near particle i, and the boundary is in the far-
field region of this particle, we approximate s(R;, —8) ~ s(r, —S);
hence from Eqs. (227) and (228), we obtain the Foldy approx-
imation (225). It is interesting to note that the representation
EY (r,) = exp(jkiS - 1;)E (R;), which follows from Eq. (227), shows
that the coherent field near a particle can be analytically approx-
imated by a plane electromagnetic wave with wavenumber k; and
propagation direction s.

5. Discussion

The analysis performed in this paper is based on the assump-
tion that the conditional configuration-averaged exciting field co-
efficients are of the form (ei)i(Ri) =Y, exp(jK, - R;)ep, and is re-
stricted to the computation of the zeroth-order fields without a
special treatment of the critical domains.

In this setting we have calculated the coherent fields reflected
and transmitted by the layer and the coherent field inside the
layer, and found that these fields are analytically equivalent to
plane electromagnetic waves. The main problem which arises is
that if the representations of the zeroth-order fields are extended
in the critical domains, the boundary conditions for the electric
fields at the layer interfaces are not satisfied. A rigorous approach
dealing with this problem is to compute higher-order approxima-
tions to the fields (which are valid in the critical domains), while
a pragmatic and approximate approach is to compute the coherent
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field inside the layer from the boundary conditions for the elec-
tric fields. Another approximate method relies on the computation
of the coherent field inside the layer under the sparse-medium
approximation for the integration domain. In this case, we have
found that (i) the boundary conditions for the electric fields are
satisfied; (ii) for normal incidence and an oblique ¢-polarized in-
cidence, the coherent field is a superposition of plane electromag-
netic waves; while (iii) for an oblique 6-polarized incidence, the
coherent field is not divergence free. The inconsistency between
the two states of polarization disappears for sparse media. This
approximate method will be used as the starting point in a forth-
coming paper to derive a simplified radiative transfer equation for
dense media.

In Ref. [1] we discussed an approach proposed by Kristensson
[12] to solve the integral equation (11) without assuming a special
form for the conditional configuration-averaged exciting field coef-
ficients. For an oblique n-polarized incidence, we assumed that the
solution is of the form

(ein),(Ri) = &Rz, (z), 0 <z <H, (229)
and found that &, (z;) satisfies the integral equation
&, (z) = hiefieg, + no/ Q(—kiRj)
D—Daq(R;)
x el Ring, (z)g(R;i) d3Rj (230)

with ki, = k1,(Ki5,) = ,/ kfsl and kq5, = kq sinfy. After solv-
ing the integral Eq. (230) for & (z) = [E}]mn ), Eim" z)]T (eventu-
ally by using the approach described in Ref. [1]) the coherent field
reflected by the layer is computed as

mm—mzf

+T7e enmn (2N, (ky ;) eikrss Ris &’R;,

3]mn (Zl)an (klrl)

(231)

where the integrals over the particle positions are given by

/ M3, (kq r,)enmn (z;)esRi PR,

elkintm,,, (§r) / eherigl (z)dz, (232)

.] k1 k]z

/ sz (k] l‘,')é,zmm (Z,-)ejklsrRu d3R1

i, (e / elhi@ | (z)dz; (233)

.] kl k]z

As in the calculation of the integrals (55) and (56), the integrals
(232) and (233) are evaluated by using the integral representations
(52) and (53). Similarly, the coherent field transmitted by the layer
is computed as

Bry (1) = Eo(6) + 10 Y [ [T/€)m(20M2 ki)
mn

Tnzézzmn (Zi)Nﬁm (kll‘,')]ejk’“'ku d3Ri, (234)
with
/ M%‘m (k] rl')é;mn (Zi)ejklsrRu d3R1
2 Ho
= i mm®) [ e )z (235)
1"z

/ Ngm (k] l'i)éimn (zi)ejklsrRu d3R,'

&= i, 8) / e g | (z)dz; (236)

nk] k]z
An interesting feature of the method proposed by Kristensson is
that the effective wavenumber K is computed from the equation
T2 (K) = T3z, (K), and not by finding the roots of a determinant as
in Ref. [1].
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Appendix A

The regular vector spherical wave functions can be expressed as
integrals over vector spherical harmonics [10]

2 pm oo
Un(kr,0.0) =~ [ "1 (@, ) Fsin'de'dy,
4] o Jo

(237)

2
/ / My (6, ¢ )4 ¥ s5in 6'd6’ g,
(238)

Ta(kr, 0, @) = pre

2 pm P
Nylnn(krv 0, ‘P) = %f / nmn(g/a (p/)ejkrr T sin9/d9/d<p/,
4rj " Jo Jo
(239)

where (6’, ¢’) are the polar angles of the direction T. From
Eqs. (237)-(239), and the orthogonality relation of the vector
spherical harmonics

2 b4
[ [ vin®.0) -V, 0. 0)5in006G0 = 8,58 (240)

where &, B =1,2,3, Vjy (0, 9) =lnn (0, 9), V2, (0, ) = nmn (0, 9),
and v2,,(0, ¢) = My (0, @), we find the following expansion of the
dyadic exp(jp - r)I [6]:

1P = — 47 3 " L (6. @) ® Ly, (pr. 6. 9)

mn
+jm*mﬂ (epv (pp) ® M:nn (prﬂ 9! (p)
+0_n (O, 9p) ® N,lnn (pr, 6, 9)],

where (6, ¢p) are the polar angles of the direction p.

(241)
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