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a b s t r a c t 

The computation of the coherent field in the case of a plane electromagnetic wave obliquely incident 

on a discrete random layer with non-scattering boundaries is addressed. For dense media, the analysis 

is based on a special-form solution for the conditional configuration-averaged exciting field coefficients, 

and is restricted to the computation of the so-called zeroth-order fields without a special treatment of 

the boundary regions. In this setting, we calculate the coherent fields reflected and transmitted by the 

layer, and the coherent field inside the layer. We found that these fields are analytically equivalent to 

plane electromagnetic waves, and investigated the fulfillment of the boundary conditions for the electric 

fields at the layer interfaces. The results are then particularized to the cases of normal incidence and 

a semi-infinite discrete random medium. For sparsely distributed particles, we present a self-consistent 

derivation of the coherent field and discuss the Twersky and Foldy approximations. 
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. Introduction 

In the first part of this series [1] , we derived the dispersion

quation and gave a prescription for computing the configuration-

veraged exciting field in the case of a plane electromagnetic wave

bliquely incident on a discrete random layer with non-scattering

oundaries. Using these results as a starting point we continue

ur survey with the analysis of the coherent field inside and out-

ide the scattering medium. To compute these fields in the case of

ense media, we will use the techniques developed by Waterman

nd Truell [2] , Fikioris and Waterman [3,4] , and Tsang and Kong

5,6] for calculating the coherent field in a semi-infinite discrete

andom medium. For sparse media, we will use a somewhat dif-

erent technique. 

To reveal the difference between these two approaches, we con-

ider the following Foldy–Lax model for the scattering by N parti-

les randomly distributed throughout a volume V [1] : 

 = u 0 + 

∑ 

i 

A 0 i u i , (1) 

 i = u 0 i + 

∑ 

j � = i 
A i j u j . (2) 

n Eqs. (1) and (2) , u is the total field, u 0 is the incident field, u i 
s the field exciting particle i centered at R i , A 0 i = A 0 i (r , R i ) is a

linear) operator describing the scattering from particle i to the ob-

ervation point r , u 0 i is the incident field at the origin of particle

 , and the operator A i j = A i j (R i , R j ) describes the scattering from

article j to particle i . Note that the vectors r and R i extend from

he common origin O of the laboratory coordinate system. Taking

he configuration average of Eqs. (1) and (2) under the assump-

ions that the positions of all the particles are equally probable

ithin the volume V , and that the Lax quasi-crystalline approxi-

ation 

〈
u j 
〉
i j 

= 

〈
u j 
〉

j 
applies, yields 

u 

〉
= u 0 + n 0 

∫ 
A 0 i 

〈
u i 

〉
i 
d 

3 
R i , (3) 

u i 

〉
i 
= u 0 i + n 0 

∫ 
A i j 

〈
u j 

〉
j 
g(R i j ) d 

3 
R j , (4) 

here n 0 = N/V is the particle number concentration, 
〈
u i 
〉
i 

is the

onditional configuration average of u i with the position of par-

icle i held fixed, 
〈
u i 
〉
i j 

is the conditional configuration average of

 i with the positions of particles i and j held fixed, and g(R i j ) =
(R i j ) = g(R i , R j ) with R i j = R i − R j is the pair correlation func-

ion. For dense media, we first solve the integral equation (4) for

u i 
〉
i 
, and then compute 

〈
u 
〉

from the integral representation (3) .

or sparse media, we consider the iterated solution of Eq. (4) with

(R i j ) = 1 , 

u i 

〉
i 
= u 0 i + n 0 

∫ 
A i j u 0 i d 

3 
R j + n 

2 
0 

∫ 
A i j A jk u 0 k d 

3 
R k d 

3 
R j + · · · , 

(5) 

um up the series (5) (assuming that it converges), and compute

u 
〉

from Eq. (3) . 

For sparse media, an alternative approach is the following [7–

] : (i) consider the iterated solution of Eq. (2) under the Twersky

pproximation, 

 i = u 0 i + 

∑ 

j � = i 
A i j u 0 j + 

∑ 

j � = i 

∑ 

k � = i, j 

A i j A jk u 0 k + · · · ; (6)

ii) insert Eq. (6) in Eq. (1) and obtain an order-of-scattering ex-

ansion for the total field 
 = u 0 + 

∑ 

i 

A 0 i u 0 i + 

∑ 

i 

∑ 

j � = i 
A 0 i A i j u 0 j 

+ 

∑ 

i 

∑ 

j � = i 

∑ 

k � = i, j 

A 0 i A i j A jk u 0 k i · · · ; (7) 

iii) take the configuration average of the expansion (7) under the

ssumption of independent particle positions and get 

u 

〉
= u 0 + n 0 

∫ 
A 0 i u 0 i d 

3 
R i + n 

2 
0 

∫ 
A 0 i A i j u 0 j d 

3 
R j d 

3 
R i 

+ n 

3 
0 

∫ 
A 0 i A i j A jk u 0 k d 

3 
R k d 

3 
R j d 

3 
R i + · · · ; (8) 

nd finally, (iv) sum up the series (8) . 

Our paper is organized as follows. In Section 2 , we summarize

he results of Ref. [1] . Section 3 deals with the computation of the

oherent field for a dense distribution of particles. Specifically, the

oherent fields reflected and transmitted by the layer, and the co-

erent field inside the layer will be computed. For the latter, sev-

ral solution methods based on the approaches by Waterman and

ruell [2] , and Tsang and Kong [6] , as well as on a simplified ap-

roach relying on a so called sparse-medium approximation for the

ntegration domain, will be examined. The results are then partic-

larized to the cases of normal incidence and a semi-infinite dis-

rete random medium. In Section 4 we present a self-consistent

erivation of the coherent field for a sparse distribution of parti-

les, and discuss the Twersky and Foldy approximations. The paper

s concluded with a short discussion. 

. Recapitulation of the results of Ref. [1] . 

In this section, we summarize the results established in Ref. [1] .

We consider the problem of electromagnetic scattering by a dis-

rete random medium. More specifically, we consider a group of N

dentical spherical particles of radius a centered at quasi-random

ositions R 1 , R 2 ,…, R N ∈ D , where the domain D is a laterally in-

nite plane-parallel layer with imaginary (non-scattering) bound-

ries z = 0 and z = H. The wavenumbers of the non-absorbing,

on-magnetic background medium and the particles are k 1 and

 2 = m k 1 , respectively, where m is the relative refractive index.

e denote by f = n 0 V 0 the particle volume concentration, where

 0 = N/V is their number concentration, V is the cumulative vol-

me occupied by the particles, and V 0 = (4 / 3) πa 3 is the volume

f each particle. The particulate medium is illuminated by a plane

lectromagnetic wave with the propagation direction given by the

nit vector ̂  s = ̂

 s (θ0 , ϕ 0 ) and the amplitude E 0 ( ̂  s ) , that is, 

 0 (r ) = E 0 ( ̂  s ) e j k 1 ̂ s ·r , (9) 

 0 ( ̂  s ) = E 0 θ ̂ θ( ̂  s ) + E 0 ϕ ̂ ϕ ( ̂  s ) , (10) 

here j = 

√ −1 ; θ and ϕ hereinafter denote the corresponding

pherical-coordinate angles; and E 0 θ and E 0 ϕ are the polarized

omponents of the amplitude vector. 

Under the quasi-crystalline approximation, the conditional

onfiguration-averaged exciting field coefficients 
〈
e i 
〉
i 
(R i ) satisfy

he integral equation 

e i 
〉
i 
(R i ) = e j k 1 s ·R i e 0 

+ n 0 

∫ 
D −D 2 a (R i ) 

Q (k 1 R i j ) 
〈
e j 
〉

j 
(R j ) g(R i j ) d 

3 
R j , (11) 

here D 2 a ( R i ) is a complete or a truncated sphere of ra-

ius 2 a centered at the origin of particle i ; k 1 s = k 1 ̂  s = k 1 s ⊥ +
 1 z (k 1 s ⊥ ) ̂  z is the wave vector of the incident field; k 1 z (k 1 s ⊥ ) =
 

k 2 
1 

− k 2 
1 s ⊥ ; e 0 = 4 πE 0 ( ̂  s ) · x � ( ̂  s ) is the vector of the incident

eld coefficients; x ( ̂  r ) = [(−j ) n m mn ( ̂  r ) , j (−j ) n n mn ( ̂  r )] T is a vec-

or concatenating the vector spherical harmonics m mn ( ̂  r ) and
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χ  
n mn ( ̂  r ) , Q (k 1 R i j ) = T T 
31 

(k 1 R i j ) T ; T 31 (k 1 R i j ) is the translation ma-

trix relating the vectors of radiating and regular vector spher-

ical wave functions X 3 ( k 1 r j ) and X 1 ( k 1 r i ), respectively, that is,

X 3 (k 1 r j ) = T 31 (k 1 R i j ) X 1 (k 1 r i ) for r j = r i + R i j and r i < R ij ; and T is

the particle-centered transition matrix of a spherical particle. Also,

the asterisk denotes a complex-conjugate value, while T stands for

“transposed”. For the definitions of the vector spherical harmonics

and the vector spherical wave functions we refer to Appendix A of

Ref. [1] . To solve the integral equation (11) we look for a solution

in the form 〈
e i 
〉
i 
(R i ) = 

∑ 

b= ±
e j K b ·R i e b , (12)

where b stands for the signs + and − , and the vectors e b are

unknown and have to be determined. In terms of the effective

wavenumber in the particulate medium K , the wave vectors K b in

Eq. (12) are defined by K b = K ̂

 s b = K ⊥ + bK z (K ⊥ ) ̂ z , where K z (K ⊥ ) =√ 

K 

2 − K 

2 
⊥ , ̂ s + = ̂

 s T = ̂

 s T (θT , ϕ T ) is the direction of the transmit-

ted wave, ̂  s − = ̂

 s TR = ̂

 s TR (θTR , ϕ T ) is the direction of the transmit-

ted wave reflected by the upper boundary, and θTR = π − θT . The

analysis is performed under the assumptions that the represen-

tation (12) is valid for all z i in D even in the critical domains

0 ≤ z i < 2 a and H − 2 a < z i ≤ H. The solution obtained under these

assumptions is referred to as the zeroth-order solution. Substitut-

ing Eq. (12) in Eq. (11) , integrating over the positions of the parti-

cles, separating the upward and downward propagating waves, and

then balancing the waves with the wavenumbers k 1 and K , we are

led to 

1. two homogeneous systems of equations corresponding to the

generalized Lorenz–Lorentz law: 

e b = n 0 (J 
b 
1 a + J b 2 a ) Te b , b = ±; (13)

2. two inhomogeneous systems of equations corresponding to the

generalized Ewald–Oseen extinction theorem: 

e 0 + 

∑ 

b= ±
n 0 J 

b 
2 z 0 Te b = 0 , (14)

∑ 

b= ±
e j bK z (K ⊥ ) H J b 2 z H Te b = 0 ; (15)

and 

3. the Snell law: K sin θT = k 1 sin θ0 and ϕ T = ϕ 0 . 

The expressions for the matrices J b 
1 a 

, J b 
1 a 

, J b 
2 z 0 

, and J b 
2 z H 

are given

in Ref. [1] . 

For the η-polarized incident field 

E 0 η(r ) = 

̂ η( ̂  s ) e j k 1 ̂ s ·r , (16)

the polarized components e iη of e i , defined through the relation

e i = 

∑ 

η= θ,ϕ E 0 ηe iη, satisfy the integral equation 〈
e iη
〉
i 
= e j k 1 s ·R i e 0 η + n 0 

∫ 
D −D 2 a (R i ) 

Q (k 1 R i j ) 
〈
e jη
〉

j 
g(R i j ) d 

3 
R j . (17)

In Eq. (17) , we have e 0 η = 4 πx � η( ̂  s ) and x ( ̂  r ) = 

∑ 

η= θ,ϕ x η( ̂  r ) ̂ η( ̂  r ) ,

meaning that the components e 1 
0 ηmn 

and e 2 
0 ηmn 

of the vector e 0 η =
[ e 1 

0 ηmn 
, e 2 

0 ηmn 
] T are computed as 

e 1 0 ηmn = 4 π j 
n 
̂ η( ̂  s ) · m −mn ( ̂  s ) , (18)

e 2 0 ηmn = −4 π j 
n +1 

̂ η( ̂  s ) · n −mn ( ̂  s ) . (19)
s in Eq. (12) , the solution of the above integral equation is sought

n the form 

e iη
〉
i 
= 

∑ 

b= ±
e j K b ·R i e bη, (20)

n which case, the equations of the generalized Lorenz–Lorentz law

nd the generalized Ewald–Oseen extinction theorem read as 

 bη = n 0 (J 
b 
1 a + J b 2 a ) Te bη, b = ± (21)

nd 

 0 η + 

∑ 

b= ±
n 0 J 

b 
2 z 0 Te bη = 0 , (22)

∑ 

= ±
e j bK z H J b 2 z H Te bη = 0 , (23)

espectively. The subsequent procedure is to express the compo-

ents e 1 
bηmn 

and e 2 
bηmn 

of the vector e bη = [ e 1 
bηmn 

, e 2 
bηmn 

] T as 

 

1 
bηmn = 4 π j 

n 
̂ η( ̂  s b ) · m −mn ( ̂  s b ) x 

1 
bηn , (24)

 

2 
bηmn = −4 π j 

n +1 
̂ η( ̂  s b ) · n −mn ( ̂  s b ) x 

2 
bηn , (25)

nd to solve Eqs. (21) –(23) for the azimuth-independent coeffi-

ients x 1 
bηn 

and x 2 
bηn 

. 

The homogeneous systems of equations of the generalized

orenz–Lorentz law are used to derive a dispersion equation for

he effective wavenumber K . In Ref. [1] it was shown that the two

omogeneous systems of equations (21) are identical to the homo-

eneous system of equations for a semi-infinite discrete random

edium at normal incidence, and that the dispersion equation is

irection and polarization independent. After computing the ef-

ective wavenumber K , the components of the vectors e bη can be

xpressed in terms of two arbitrary constants, one for e + η and

he other one for e −η . These two constants are determined from

he two inhomogeneous systems of equations of the generalized

wald–Oseen extinction theorem (22) and (23) provided that each

ystem of equations reduces to a single scalar equation. To derive

hese scalar equations we used the addition theorem for vector

pherical harmonics, which yields the relations (cf. Appendix B of

ef. [1] ) 

 

m 

[ m mn ( ̂  k ) � m −mn ( ̂  k 

′ )] · ̂ θ( ̂  k 

′ ) = χn 

√ 

n (n + 1) M n ( ̂  k ·̂ k 

′ ) ̂ θ( ̂  k ) , 

(26)

 

m 

[ n mn ( ̂  k ) � n −mn ( ̂  k 

′ )] · ̂ θ( ̂  k 

′ ) = −χn 

√ 

n (n + 1) N n ( ̂  k ·̂ k 

′ ) ̂ θ( ̂  k ) 

(27)

or a θ-polarized incidence, and 

 

m 

[ m mn ( ̂  k ) � m −mn ( ̂  k 

′ )] · ̂ ϕ ( ̂  k 

′ ) = −χn 

√ 

n (n + 1) N n ( ̂  k ·̂ k 

′ ) ̂ ϕ ( ̂  k ) ,

(28)

 

m 

[ n mn ( ̂  k ) � n −mn ( ̂  k 

′ )] · ̂ ϕ ( ̂  k 

′ ) = χn 

√ 

n (n + 1) M n ( ̂  k ·̂ k 

′ ) ̂ ϕ ( ̂  k ) 

(29)

or a ϕ-polarized incidence. In Eqs. (26) –(29) , the coefficient χn is

iven by 

n = 

1 

2 πn (n + 1) 

√ 

2 n + 1 

2 

, (30)
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Fig. 1. Scattering by a layer of spherical particles. 
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nd for the directions ̂  k = ̂

 k (θ, ϕ) and ̂

 k 

′ = ̂

 k 

′ (θ ′ , ϕ) , the functions

 n ( ̂  k ·̂ k 

′ ) and N n ( ̂  k ·̂ k 

′ ) are given, respectively, by 

 n ( ̂  k ·̂ k 

′ ) = π1 
n (x ) , (31) 

 n ( ̂  k ·̂ k 

′ ) = xπ1 
n (x ) −

√ 

n (n + 1) P n (x ) , (32) 

here x = ̂

 k ·̂ k 

′ , π1 
n (x ) = P 1 n (x ) / 

√ 

1 − x 2 , and P 
| m | 
n are the normal-

zed associated Legendre functions of degree n and order m . The

calar equations are found to be 

 = −j 
8 π2 n 0 

k 1 k 1 z 

∑ 

b= ±

b 

K z − bk 1 z 

∑ 

n 

χn 

√ 

n (n + 1) 

×
[
M n ( ̂  s ·̂ s b ) T 

1 
n x 

1 
bθn − N n ( ̂  s ·̂ s b ) T 

2 
n x 

2 
bθn 

]
, (33) 

 = 

∑ 

b= ±

b 

K z + bk 1 z 
e j bK z H 

∑ 

n 

χn 

√ 

n (n + 1) 

×
[
M n ( ̂  s R ·̂ s b ) T 

1 
n x 

1 
bθn − N n ( ̂  s R ·̂ s b ) T 

2 
n x 

2 
bθn 

]
(34) 

or a θ-polarized incidence, and 

 = j 
8 π2 n 0 

k 1 k 1 z 

∑ 

b= ±

b 

K z − bk 1 z 

∑ 

n 

χn 

√ 

n (n + 1) 

×
[
N n ( ̂  s ·̂ s b ) T 

1 
n x 

1 
bϕn − M n ( ̂  s ·̂ s b ) T 

2 
n x 

2 
bϕn 

]
, (35) 

 = 

∑ 

b= ±

b 

K z + bk 1 z 
e j bK z H 

∑ 

n ′ 
χn 

√ 

n (n + 1) 

×
[
N n ( ̂  s R ·̂ s b ) T 

1 
n x 

1 
bϕn − M n ( ̂  s R ·̂ s b ) T 

2 
n x 

2 
bϕn 

]
(36) 

or a ϕ-polarized incidence. In Eqs. (33) –(36) , K z and k 1 z are given

y 

 z = K z (k 1 s ⊥ ) = 

√ 

K 

2 − k 2 
1 s ⊥ = 

√ 

K 

2 − k 2 
1 

sin 

2 θ0 , (37)

nd 

 1 z = k 1 z (k 1 s ⊥ ) = 

√ 

k 2 
1 

− k 2 
1 s ⊥ = 

√ 

k 2 
1 

− k 2 
1 

sin 

2 θ0 , (38)

espectively. Regarding the behavior of the coefficients x 1 , 2 
bηn 

, the

ollowing two results have been established through a represen-

ative numerical analysis: 

1. | x 1 , 2 −ηn | � | x 1 , 2 + ηn | , and 

2. x 1 , 2 + n ≈ 1 for small values of the volume concentration f , e.g., f =
0 . 01 . 

. Coherent field in dense media 

A rigorous method for computing the coherent field in a dis-

rete random medium has been given by Waterman and Truell

2] . This method which takes into account whether the observation

oint is inside or outside the discrete random layer is summarized

elow. 

If the observation point r is outside of any particle, the to-

al field is the sum of the incident and all scattered fields, i.e.,

 0 ( r ) + 

∑ N 
i =1 E sct i (r ) ; while inside particle i , the total field is the

nternal field E int i (r ) when excited by E exc i (r ) . Defining the indi-

ator function 
(r − R i ) = 

{
0 , 

1 , 

r ∈ D a (R i ) , 
r / ∈ D a (R i ) , 

(39) 

here D a ( R i ) is a sphere of radius a centered at R i , we express this

tatement mathematically as 

 ( r ) = 

[ 

N ∏ 

i =1 

α(r − R i ) 

] [ 

E 0 (r ) + 

N ∑ 

i =1 

E sct i (r ) 

] 

+ 

N ∑ 

i =1 

[1 − α(r − R i )] E int i (r ) . (40) 

sing the identity 

N 
 

i =1 

α(r − R i ) = 1 −
N ∑ 

i =1 

[1 − α(r − R i )] , (41)

nd the relation giving the field exciting particle i , E exc i (r ) =
 0 ( r ) + 

∑ N 
j � = i E sct j (r ) for r ∈ D a ( R i ), we obtain 

 ( r ) = E 0 (r ) + 

N ∑ 

i =1 

E sct i (r ) 

+ 

N ∑ 

i =1 

[1 − α(r − R i )][ E int i (r ) − E exc i (r )] . (42) 

Taking the configuration average of Eq. (42) over the particle

ositions (for the equations governing the configuration averaging

rocess, we refer to Section 4 of Ref. [1] ) we find that for an exter-

al observation point r located in the domains z ≤ −a or z ≥ H + a,

he coherent field E c (r ) = 

〈
E (r ) 

〉
is 

 c (r ) = E 0 (r ) + n 0 

∫ 
D 

〈
E sct i (r ) 

〉
i 
d 

3 
R i , (43)

hile for an external observation point residing in the critical do-

ains −a < z ≤ 0 or H ≤ z < H + a, a truncated sphere of radius a

hould be excluded from the integration domain D ( Fig. 2 ). For an

nternal observation point r situated in the domain a ≤ z ≤ H − a,

he coherent field is 

 c (r ) = E 0 (r ) + n 0 

∫ 
D −D a (r ) 

〈
E sct i (r ) 

〉
i 
d 

3 
R i 

+ n 0 

∫ 
D a (r ) 

[ 
〈
E int i (r ) 

〉
i 
−
〈
E exc i (r ) 

〉
i 
] d 

3 
R i , (44) 

here D a ( r ) is a complete sphere of radius a centered at r ; for an

nternal observation point residing in the critical domains 0 ≤ z < a

r H − a < z ≤ H, D a ( r ) is a truncated sphere of radius a ( Fig. 3 ).
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Fig. 2. For an external observation point P and for −a < z ≤ 0 or H ≤ z < H + a, the 

domain of integration is D with a truncated sphere of radius a excluded. O is the 

origin of the laboratory coordinate system. 
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In Eqs. (43) and (44) , the conditional configuration averages of the

fields are given by 〈
E sct i (r ) 

〉
i 
= 

〈
E 

(i ) 
sct i 

(r i ) 
〉
i 
= X 

T 
3 (k 1 r i ) T 

〈
e i 
〉
i 
, (45)

〈
E exc i (r ) 

〉
i 
= 

〈
E 

(i ) 
exc i 

(r i ) 
〉
i 
= X 

T 
1 (k 1 r i ) 

〈
e i 
〉
i 
, (46)

〈
E int i (r ) 

〉
i 
= 

〈
E 

(i ) 
int i 

(r i ) 
〉
i 
= X 

T 
1 (k 2 r i ) T int 

〈
e i 
〉
i 
, (47)

where r i = r − R i , 
〈
e i 
〉
i 

is the solution of the integral equation (11) ,

and, for a spherical particle, T int is the particle-centered “transi-

tion matrix” relating the expansion coefficients of the internal field

to those of the exciting field. 

The first integral in Eq. (44) corresponds to the configurations

in which the observation point r is external to all particles. The

first term in the second integral of Eq. (44) gives the internal con-

tribution (the point r is inside the particle), while the second term

cancels out the external point contribution since the probability

that r is an outside point diminishes [2] . 

As for the exciting field coefficients, we will consider only the

zeroth-order solution for the coherent field, in which case the ex-

clusion domain D a ( r ) is a complete sphere of radius a . In partic-

ular, we will use Eq. (43) to compute the coherent fields reflected

and transmitted by the layer, and Eq. (44) to compute the coherent

field inside the layer. To integrate over all positions of particle i we

use a local coordinate system centered at the observation point.

In this regard, we make the change of variable p = R i − r = −r i ,

implying p = p ⊥ + p z ̂  z with p ⊥ = R i ⊥ − r ⊥ and p z = z i − z, and use

the symmetry relations (cf. Eq. (256) of Ref. [1] ) 

M 

3 
mn (−k 1 p ) = (−1) n M 

3 
mn (k 1 p ) , (48)

N 

3 
mn (−k 1 p ) = (−1) n +1 N 

3 
mn (k 1 p ) . (49)

It should be pointed out that the coherent field component

given by the first integral in Eq. (44) alters the statistics of the
Fig. 3. For an internal observation point P , the exclusion domain D a ( r ) is a complete sph

(middle) or H − a < z ≤ H (right). 
roblem slightly in the sense that the single particle probability

ensity function p(R i ) = 1 /V is replaced by 

p(R i ; r ) = 

1 

V − V 0 

	a (R i ; r ) , 

a (R i ; r ) = 

{
1 , R i ∈ D − D a (r ) , 
0 , otherwise . 

(50)

he new probability density function (50) , which is similar to the

ole-correction approximation, can be regarded as a conditional

robability given the position of the observation point r ; it is also

ormalized, and we have 

 

i 

∫ 
D 

p(R i ; r ) 
〈
E sct i (r ) 

〉
i 
d 

3 
R i = 

N 

V − V 0 

∫ 
D −D a (r ) 

〈
E sct i (r ) 

〉
i 
d 

3 
R i 

≈ n 0 

∫ 
D −D a (r ) 

〈
E sct i (r ) 

〉
i 
d 

3 
R i . 

.1. The coherent field reflected by the layer 

The coherent field reflected by the layer is 

 R η(r ) = n 0 

∑ 

b= ±

∑ 

mn 

∫ 
D 

[
T 1 n e 

1 
bηmn M 

3 
mn (k 1 r i ) 

+ T 2 n e 
2 
bηmn N 

3 
mn (k 1 r i ) 

]
e j K b ·R i d 

3 
R i , z ≤ −a. (51)

or z ≤ −a < 0 ≤ z i , we use the integral representations of the ra-

iating vector spherical wave functions in terms of plane electro-

agnetic waves, that is ( p = R i − r = −r i ) [10] 

 

3 
mn (k 1 p ) = 

1 

2 π j 
n 

∫ 
m mn ( ̂  k 

+ ) e j[ k ⊥ ·p ⊥ + k 1 z (k ⊥ )(z i −z)] d 

2 
k ⊥ 

k 1 k 1 z (k ⊥ ) 
, 

(52)

 

3 
mn (k 1 p ) = 

1 

2 π j 
n 

∫ 
j n mn ( ̂  k 

+ ) e j[ k ⊥ ·p ⊥ + k 1 z (k ⊥ )(z i −z)] d 

2 
k ⊥ 

k 1 k 1 z (k ⊥ ) 
, (53)

 

+ = k ⊥ + k 1 z (k ⊥ ) ̂  z , (54)

o obtain ∫ 
D 

M 

3 
mn (k 1 r i ) e 

j K b ·R i d 

3 
R i 

= − 2 π

j 
n +1 

1 − e j(bK z + k 1 z ) H 

k 1 k 1 z (bK z + k 1 z ) 
e j k 1 R ·r m mn ( ̂  s R ) , (55)

∫ 
D 

N 

3 
mn (k 1 r i ) e 

j K b ·R i d 

3 
R i 

= − 2 π

j 
n +1 

1 − e j(bK z + k 1 z ) H 

k 1 k 1 z (bK z + k 1 z ) 
e j k 1 R ·r j n mn ( ̂  s R ) , (56)
ere of radius a if a ≤ z ≤ H − a (left), and a truncated sphere of radius a if 0 ≤ z < a 
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ith k 1 R = k 1 ̂  s R = k 1 s ⊥ − k 1 z ̂  z . Inserting Eqs. (24), (25), (55) and

56) in Eq. (51) , we find that the coherent reflected field is com-

uted according to 

 R η(r ) = j 
8 π2 n 0 

k 1 k 1 z 
e j k 1 R ·r 

∑ 

b= ±

b 

K z + bk 1 z 
[1 − e j(bK z + k 1 z ) H ] 

×
∑ 

mn 

{
[ m mn ( ̂  s R ) � m −mn ( ̂  s b )] · ̂ η( ̂  s b ) T 

1 
n x 

1 
bηn 

+ [ n mn ( ̂  s R ) � n −mn ( ̂  s b )] · ̂ η( ̂  s b ) T 
2 

n x 
2 
bηn 

}
. (57) 

efining the reflection coefficient R 0 η through the relation 

 R η(r ) = 

̂ η( ̂  s R ) R 

0 
ηe j k 1 R ·r = 

̂ η( ̂  s R ) R 

0 
ηe j k 1 s ⊥ ·r e −j k 1 z z , (58) 

nd using the addition theorem for vector spherical harmonics (cf.

qs. (26) and (27) and Eqs. (28) and (29) ), we obtain 

 

0 
θ = j 

8 π2 n 0 

k 1 k 1 z 

∑ 

b= ±

b 

K z + bk 1 z 

[ 
1 − e j(bK z + k 1 z ) H 

] ∑ 

n 

χn 

√ 

n (n + 1) 

× [ M n ( ̂  s R ·̂ s b ) T 
1 

n x 
1 
bθn − N n ( ̂  s R ·̂ s b ) T 

2 
n x 

2 
bθn ] (59) 

or a θ-polarized incidence, and 

 

0 
ϕ = − j 

8 π2 n 0 

k 1 k 1 z 

∑ 

b= ±

b 

K z + bk 1 z 

[ 
1 − e j(bK z + k 1 z ) H 

] ∑ 

n 

χn 

√ 

n (n + 1) 

× [ N n ( ̂  s R ·̂ s b ) T 
1 

n x 
1 
bϕn − M n ( ̂  s R ·̂ s b ) T 

2 
n x 

2 
bϕn ] (60) 

or a ϕ-polarized incidence. Furthermore, from Eqs. (34) –(36) of

he generalized Ewald–Oseen extinction theorem, we find in a first

tep 

 

0 
θ = j 

8 π2 n 0 

k 1 k 1 z 

∑ 

b= ±

b 

K z + bk 1 z 

∑ 

n 

χn 

√ 

n (n + 1) 

× [ M n ( ̂  s R ·̂ s b ) T 
1 

n x 
1 
bθn − N n ( ̂  s R ·̂ s b ) T 

2 
n x 

2 
bθn ] , (61) 

 

0 
ϕ = − j 

8 π2 n 0 

k 1 k 1 z 

∑ 

b= ±

b 

K z + bk 1 z 

∑ 

n 

χn 

√ 

n (n + 1) 

× [ N n ( ̂  s R ·̂ s b ) T 
1 

n x 
1 
bϕn − M n ( ̂  s R ·̂ s b ) T 

2 
n x 

2 
bϕn ] , (62) 

nd in a second step, 

 

0 
θ = j 

8 π2 n 0 

k 1 k 1 z (K z + k 1 z ) 

(
1 − e 2j K z H 

)∑ 

n 

χn 

√ 

n (n + 1) 

× [ M n ( ̂  s R ·̂ s T ) T 
1 

n x 
1 
+ θn − N n ( ̂  s R ·̂ s T ) T 

2 
n x 

2 
+ θn ] , (63) 

 

0 
ϕ = − j 

8 π2 n 0 

k 1 k 1 z (K z + k 1 z ) 

(
1 − e 2j K z H 

)∑ 

n 

χn 

√ 

n (n + 1) 

× [ N n ( ̂  s R ·̂ s T ) T 
1 

n x 
1 
+ ϕn − M n ( ̂  s R ·̂ s T ) T 

2 
n x 

2 
+ ϕn ] . (64) 

For a θ-polarized incidence, we plot in Fig. 4 the reflection coef-

cient | R 0 
θ
| together with the reflection coefficient | R 0 

θEFA 
| for a ho-

ogeneous layer with thickness H and wavenumber K placed in a

ackground medium with wavenumber k 1 . The latter corresponds

o the effective field approximation, and is computed as 

 

0 
ηEFA = 

(1 − e 2j K z H ) r η

1 − (r η) 2 e 2j K z H 
, (65) 

here 

 η = 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

K cos θ0 − k 1 cos θ

K cos θ0 + k 1 cos θ
, η = θ, 

k 1 cos θ0 − K cos θ

k 1 cos θ0 + K cos θ
, η = ϕ. 

(66) 

he results show that (i) in general and in agreement with the

ndings of Ref. [11] , the reflection coefficients are small; (ii) they

ncrease with the volume concentration; and (iii) in the low fre-

uency limit, the effective field approximation is valid. 
.2. The coherent field transmitted by the layer 

The coherent field transmitted by the layer is 

 T η(r ) = E 0 η(r ) + n 0 

∑ 

b= ±

∑ 

mn 

∫ 
D 

[
T 1 n e 

1 
bηmn M 

3 
mn (k 1 r i ) 

+ T 2 n e 
2 
bηmn N 

3 
mn (k 1 r i ) 

]
e j K b ·R i d 

3 
R i , z ≥ H + a. (67) 

or z ≥ H + a > H ≥ z i , we use the integral representations ( p =
 i − r = −r i ) 

 

3 
mn (k 1 p ) = 

1 

2 π j 
n 

∫ 
m mn ( ̂  k 

−) e j[ k ⊥ ·p ⊥ −k 1 z (k ⊥ )(z i −z)] d 

2 
k ⊥ 

k 1 k 1 z (k ⊥ ) 
, 

(68) 

 

3 
mn (k 1 p ) = 

1 

2 π j 
n 

∫ 
j n mn ( ̂  k 

−) e j[ k ⊥ ·p ⊥ −k 1 z (k ⊥ )(z i −z)] d 

2 
k ⊥ 

k 1 k 1 z (k ⊥ ) 
, (69) 

 

− = k ⊥ − k 1 z (k ⊥ ) ̂  z , (70) 

ielding ∫ 
D 

M 

3 
mn (k 1 r i ) e 

j K b ·R i d 

3 
R i 

 − 2 π

j 
n +1 

1 − e j(bK z −k 1 z ) H 

k 1 k 1 z (bK z − k 1 z ) 
e j k 1 s ·r m mn ( ̂  s ) , (71) 

∫ 
D 

N 

3 
mn (k 1 r i ) e 

j K b ·R i d 

3 
R i 

 − 2 π

j 
n +1 

1 − e j(bK z −k 1 z ) H 

k 1 k 1 z (bK z − k 1 z ) 
e j k 1 s ·r j n mn ( ̂  s ) , (72) 

long with Eqs. (24) and (25) to obtain 

 T η(r ) = 

̂ η( ̂  s ) e j k 1 s ·r + j 
8 π2 n 0 

kk 1 z 
e j k 1 s ·r 

×
∑ 

b= ±

b 

K z − bk 1 z 

[ 
1 − e j(bK z −k 1 z ) H 

] 
×
∑ 

mn 

{ [ m mn ( ̂  s ) � m −mn ( ̂  s b )] · ̂ η( ̂  s b ) T 
1 

n x 
1 
bηn 

+ [ n mn ( ̂  s ) � n −mn ( ̂  s b )] · ̂ η( ̂  s b ) T 
2 

n x 
2 
bηn } . (73) 

efining the transmission coefficient T 2 η by 

 T η(r ) = 

̂ η( ̂  s ) T 2 η e j k 1 s ·r = 

̂ η( ̂  s ) T 2 η e j k 1 s ⊥ ·r e j k 1 z z , (74)

nd employing the addition theorem for vector spherical harmon-

cs (cf. Eqs. (26) and (27) and Eqs. (28) and (29) ), we get 

 

2 
θ = 1 + j 

8 π2 n 0 

k 1 k 1 z 

∑ 

b= ±

b 

K z − bk 1 z 

[ 
1 − e j(bK z −k 1 z ) H 

] 
×
∑ 

n 

χn 

√ 

n (n + 1) 
[
M n ( ̂  s ·̂ s b ) T 

1 
n x 

1 
bθn − N n ( ̂  s ·̂ s b ) T 

2 
n x 

2 
bθn 

]
(75) 

or a θ-polarized incidence, and 
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Fig. 4. Reflection coefficients | R 0 
θ
| (solid curve) and | R 0 

θEFA 
| (solid curve with circles) for a θ-polarized incidence as functions of the size parameter k 1 a and for two values of 

the volume concentration f and the layer thickness H . The incidence angle is θ0 = 30 ◦, the wavenumber of the background medium is k 1 = 10 μm 

−1 , the relative refractive 

index of the particles is m = 1 . 33 , and the maximum expansion order in the expansion (61) is N rank = 15 . 

 

 

 

 

a

T

 

T

 

N  

e  
T 2 ϕ = 1 − j 
8 π2 n 0 

k 1 k 1 z 

∑ 

b= ±

b 

K z − bk 1 z 

[ 
1 − e j(bK z −k 1 z ) H 

] 
×
∑ 

n 

χn 

√ 

n (n + 1) 
[
N n ( ̂  s ·̂ s b ) T 

1 
n x 

1 
bϕn − M n ( ̂  s ·̂ s b ) T 

2 
n x 

2 
bϕn 

]
(76)

for a ϕ-polarized incidence. Furthermore, invoking Eqs. (33) –(35)

of the generalized Ewald–Oseen extinction theorem, we find 

T 2 θ = − j 
8 π2 n 0 

k 1 k 1 z 

∑ 

b= ±

b 

K z − bk 1 z 
e j(bK z −k 1 z ) H 

×
∑ 

n 

χn 

√ 

n (n + 1) 
[
M n ( ̂  s ·̂ s b ) T 

1 
n x 

1 
bθn − N n ( ̂  s ·̂ s b ) T 

2 
n x 

2 
bθn 

]
, 

(77)

T 2 ϕ = j 
8 π2 n 0 

k 1 k 1 z 

∑ 

b= ±

b 

K z − bk 1 z 
e j(bK z −k 1 z ) H 
×
∑ 

n 

χn 

√ 

n (n + 1) 
[
N n ( ̂  s ·̂ s b ) T 

1 
n x 

1 
bϕn − M n ( ̂  s ·̂ s b ) T 

2 
n x 

2 
bϕn 

]
, 

(78)

nd then 

 

2 
θ = e −j(K z + k 1 z ) H 

{ 
1 + j 

8 π2 n 0 

k 1 k 1 z (K z − k 1 z ) 

(
1 − e 2j K z H 

)
×
∑ 

n 

χn 

√ 

n (n + 1) 
[
M n ( ̂  s ·̂ s T ) T 

1 
n x 

1 
+ θn − N n ( ̂  s ·̂ s T ) T 

2 
n x 

2 
+ θn 

]} 
, 

(79)

 

2 
ϕ = e −j(K z + k 1 z ) H 

{ 
1 + j 

8 π2 n 0 

k 1 k 1 z (K z − k 1 z ) 

(
1 − e 2j K z H 

)
×
∑ 

n 

χn 

√ 

n (n + 1) 
[
N n ( ̂  s ·̂ s T ) T 

1 
n x 

1 
+ ϕn − M n ( ̂  s ·̂ s T ) T 

2 
n x 

2 
+ ϕn 

]} 
. 

(80)

ote that although the representations (77) and (78) are math-

matically equivalent with the representations (79) and (80) ,
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Fig. 5. Transmission coefficients | T 2 
θ
| (solid curve) and | T 2 

θEFA 
| (solid curve with circles) for a θ-polarized incidence as functions of the size parameter k 1 a and for two values 

of the volume concentration f and the layer thickness H . The incidence angle is θ0 = 30 ◦, the wavenumber of the background medium is k 1 = 10 μm 

−1 , the relative refractive 

index of the particles is m = 1 . 33 , and the maximum expansion order in the expansion (77) is N rank = 15 . 
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espectively, the exponential term exp (−j K z H) shows that the last

wo are numerically unstable for large H . Therefore, in numeri-

al implementations, the representations (77) and (78) should be

sed. 

The plots in Fig. 5 show that the transmission coefficient | T 2 
θ
|

grees with the transmission coefficient | T 2 
θEFA 

| corresponding to a

omogeneous layer, where 

 

2 
ηEFA = 

[1 − (r η) 2 ] e j(K z −k 1 z ) H 

1 − (r η) 2 e 2j K z H 
. (81) 

oreover, for higher frequencies, the transmission coefficients de-

rease with increasing (i) the volume concentration, and (ii) the

eometrical thickness of the layer. To justify the result T 2 η ≈ T 2 ηEFA ,

e consider Eq. (33) of the generalized Ewald–Oseen extinction

heorem, in which we employ the assumption | x 1 , 2 −ηn | � | x 1 , 2 + ηn | ; we

hen get 
 = − j 
8 π2 n 0 

k 1 k 1 z 

1 

K z − k 1 z 

∑ 

n 

χn 

√ 

n (n + 1) 

×
[
M n ( ̂  s ·̂ s T ) T 

1 
n x 

1 
+ θn − N n ( ̂  s ·̂ s T ) T 

2 
n x 

2 
+ θn 

]
, (82) 

o that from Eqs. (79) and (80) , we find 

 

2 
η ≈ e j(K z −k 1 z ) H . (83) 

n the other hand, it is obvious from Eq. (81) that the same ap-

roximation is valid for T 2 ηEFA under the assumption | r 2 η| � 1 . It

hould be pointed out that this result was exploited by Gustavsson

t al. [11] to compute the effective wavenumber in the framework

f the integral equation method developed by Kristensson [12] to

nalyze the coherent scattering by a discrete random layer. 

From the results of Figs. 4 and 5 , we deduce that only the re-

ection data contain information of the particulate structure of the

ayer (except for low frequencies, when the effective field approxi-

ation applies) [11] . 
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3.3. The coherent field inside the layer 

In this section we present several methods for computing the

coherent field inside the layer. 

3.3.1. The method of Fikioris and Waterman 

We consider the coherent field E c (r ) given by Eq. (44) . From

Eqs. (45) –(47) it is apparent that the computation of E c (r ) requires

the calculation of the integrals ∫ 
D −D a (r ) 

M 

3 
mn (k 1 r i ) e 

j K b ·R i d 

3 
R i , 

∫ 
D −D a (r ) 

N 

3 
mn (k 1 r i ) e 

j K b ·R i d 

3 
R i (84)

and ∫ 
D a (r ) 

M 

1 
mn (k 1 , 2 r i ) e 

j K b ·R i d 

3 
R i , 

∫ 
D a (r ) 

N 

1 
mn (k 1 , 2 r i ) e 

j K b ·R i d 

3 
R i . (85)

These volume integrals are transformed into surface integrals by

means of the Green’s theorem of the second kind. For the scalar

function f = exp ( j K b · R i ) and the vector function G = M 

1 , 3 
mn (k r i ) or

N 

1 , 3 
mn (k r i ) , solving the Helmholtz equation in the domain D 0 with

the wavenumbers K and k , respectively, the Green’s theorem yields∫ 
D 0 

f G d V = 

1 

K 

2 − k 2 

∫ 
S 0 

(
f 
∂G 

∂ ̂  n 

− G 

∂ f 

∂ ̂  n 

)
d S, (86)

where S 0 is the boundary surface of D 0 , and 

̂ n is the outward-

pointing normal unit vector to S 0 . Actually, the volume integral

over D − D a (r ) will be transformed into three surface integrals (we

neglect the integrals over the cylindrical surfaces at infinity), i.e., ∫ 
D −D a (r ) 

d V → 

∫ 
S z 0 ∪ S z H 

̂ n 

+ 
z d S −

∫ 
S a (r ) 

̂ n 

+ 
a d S, (87)

while the volume integral over D a ( r ) will be transformed into one

surface integral, i.e., ∫ 
D a (r ) 

d V → 

∫ 
S a (r ) 

̂ n 

+ 
a d S. (88)

Here, ̂  n 

+ 
a is the outward-pointing unit vector normal to the spheri-

cal surface S a ( r ) of radius a centered at r , and ̂

 n 

+ 
z = −̂  z and ̂

 n 

+ 
z = ̂z

are the outward-pointing unit vectors normal to the plane surfaces

S z 0 and S z H , respectively. 

Let us denote by 

1. I b zM mn (r ) and I b zN mn (r ) the integrals over the union of the

planes S z 0 ∪ S z H involving M 

3 
mn (k 1 r i ) and N 

3 
mn (k 1 r i ) , respec-

tively; and by 

2. I αb 
a M mn (r ) and I αb 

a N mn (r ) the integrals over the spherical surface

S a ( r ) involving M 

α
mn (k αr i ) and N 

α
mn (k αr i ) , respectively. 

In the latter case, the vector spherical wave functions M 

α
mn (k αr i )

and N 

α
mn (k αr i ) are defined as follows: 

1. for α = 1 , we have k α = k 1 , M 

α
mn = M 

1 
mn , and N 

α
mn = N 

1 
mn ; 

2. for α = 2 , we have k α = k 2 , M 

α
mn = M 

1 
mn , and N 

α
mn = N 

1 
mn ;

and 

3. for α = 3 , we have k α = k 1 , M 

α
mn = M 

3 
mn , and N 

α
mn = N 

3 
mn . 

With this notation, we express the coherent field as 

E c η(r ) = E c η1 (r ) + E c η2 (r ) , (89)

where E c η1 (r ) and E c η2 (r ) are given by 

E c η1 (r ) = E 0 η(r ) 

+ n 0 

∑ 

b= ±

∑ 

mn 

[
T 1 n e 

1 
bηmn I 

b 
zM mn (r ) + T 2 n e 

2 
bηmn I 

b 
zN mn (r ) 

]
, (90)

and 

E c η2 (r ) = 

3 ∑ 

α=1 

(−1) αE 

α
c η2 (r ) , (91)
 

α
c η2 (r ) = n 0 

∑ 

b= ±

∑ 

mn 

[
T 1 αn e 

1 
bηmn I 

αb 
a M mn (r ) + T 2 αn e 

2 
bηmn I 

αb 
a N mn (r ) 

]
, (92)

espectively. In Eq. (92) , we used the convention that (i) T 1 , 2 αn = 1

or α = 1 (exciting field), (ii) T 1 , 2 αn = T 1 , 2 int n for α = 2 (internal field),

nd (iii) T 1 , 2 αn = T 1 , 2 n for α = 3 (scattered field). 

In the following, we will calculate the components E c η1 (r ) and

 c η2 (r ) of the coherent field separately. In fact, we will show that

 c η1 (r ) = 0 , so that E c η(r ) = E c η2 (r ) . In view of Eq. (90) , the re-

ult E c η1 (r ) = 0 means that the waves produced by the particles

ituated at the lower and upper boundaries of the medium extin-

uishes the incident wave. 

.3.1.1. Computation of E c η1 . To compute I b zM mn (r ) and I b zN mn (r ) , we

mploy the integral representations of the radiating vector spher-

cal wave functions in terms of plane electromagnetic waves; in

articular, for z ≥ a and in the plane p z = −z ( z i = 0 ), we use ( p =
 i − r = −r i ) 

 

3 
mn (k 1 p ) = 

1 

2 π j 
n 

∫ 
m mn ( ̂  k 

−) e j[ k ⊥ ·p ⊥ + k 1 z (k ⊥ ) z] d 

2 
k ⊥ 

k 1 k 1 z (k ⊥ ) 
, 

N 

3 
mn (k 1 p ) = 

1 

2 π j 
n 

∫ 
j n mn ( ̂  k 

−) e j[ k ⊥ ·p ⊥ + k 1 z (k ⊥ ) z] d 

2 
k ⊥ 

k 1 k 1 z (k ⊥ ) 
, 

hile for z ≤ H − a and in the plane p z = H − z ( z i = H), we use 

 

3 
mn (k 1 p ) = 

1 

2 π j 
n 

∫ 
m mn ( ̂  k 

+ ) e j[ k ⊥ ·p ⊥ + k 1 z (k ⊥ )(H−z)] d 

2 
k ⊥ 

k 1 k 1 z (k ⊥ ) 
, 

N 

3 
mn (k 1 p ) = 

1 

2 π j 
n 

∫ 
j n mn ( ̂  k 

+ ) e j[ k ⊥ ·p ⊥ + k 1 z (k ⊥ )(H−z)] d 

2 
k ⊥ 

k 1 k 1 z (k ⊥ ) 
, 

here k 

b = k ⊥ + bk 1 z (k ⊥ ) ̂  z for b = ± and k 1 z (k ⊥ ) = 

√ 

k 2 
1 

− p 2 ⊥ . We

btain 

 

b 
zM mn (r ) = − 2 π

j 
n +1 

k 1 k 1 z (bK z − k 1 z ) 
e j k 1 s ·r m mn ( ̂  s ) 

+ 

2 π

j 
n +1 

k 1 k 1 z (bK z + k 1 z ) 
e j k 1 s ⊥ ·r ⊥ e j k 1 z (H−z) e j bK z H m mn ( ̂  s R ) 

(93)

nd 

 

b 
zN mn (r ) = − 2 π j 

j 
n +1 

k 1 k 1 z (bK z − k 1 z ) 
e j k 1 s ·r n mn ( ̂  s ) 

+ 

2 π j 

j 
n +1 

k 1 k 1 z (bK z + k 1 z ) 
e j k 1 s ⊥ ·r ⊥ e j k 1 z (H−z) e j bK z H n mn ( ̂  s R ) , 

(94)

o that the field E c η1 (r ) computes as 

 c η1 (r ) = 

̂ η( ̂  s ) e j k 1 s ·r − 2 πn 0 

k 1 k 1 z 
e j k 1 s ·r 

∑ 

b= ±

1 

bK z − k 1 z 

×
∑ 

mn 

1 

j 
n +1 

[
T 1 n e 

1 
bηmn m mn ( ̂  s ) + j T 2 n e 

2 
bηmn n mn ( ̂  s ) 

]
+ 

2 πn 0 

k 1 k 1 z 
e j k 1 s ⊥ ·r ⊥ e j k 1 z (H−z) 

∑ 

b= ±

e j bK z H 

bK z + k 1 z 

×
∑ 

mn 

1 

j 
n +1 

[
T 1 n e 

1 
bηmn m mn ( ̂  s R ) + j T 2 n e 

2 
bηmn n mn ( ̂  s R ) 

]
. (95)

ext we proceed as follows. 
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I  
1. Let E 

1 
c η1 

(r ) be the cumulative contribution of the first two

terms on the right-hand side of Eq. (95) . By means of

Eqs. (24) and (25) , this contribution can be written as 

E 

1 
c η1 (r ) = 

̂ η( ̂  s ) e j k 1 s ·r + j 
8 π2 n 0 

k 1 k 1 z 
e j k 1 s ·r 

∑ 

b= ±

1 

bK z − k 1 z 

×
∑ 

mn 

{ [ m mn ( ̂  s ) � m −mn ( ̂  s b )] · ̂ η( ̂  s b ) T 
1 

n x 
1 
bηn 

+ [ n mn ( ̂  s ) � n −mn ( ̂  s b )] · ̂ η( ̂  s b ) T 
2 

n x 
2 
bηn } . (96) 

Using Eqs. (26) –(29) along with Eqs. (33) –(35) of the gen-

eralized Ewald–Oseen extinction theorem, we find that

E 

1 
c η1 

(r ) = 0 . 

2. Let E 

2 
c η1 

(r ) be the contribution of the third term on the

right-hand side of Eq. (95) . Again, by means of Eqs. (24) and

(25) , we have 

E 

2 
c η1 (r ) = − j 

8 π2 n 0 

k 1 k 1 z 
e j k 1 s ⊥ ·r ⊥ e j k 1 z (H−z) 

∑ 

b= ±

e j bK z H 

bK z + k 1 z 

×
∑ 

mn 

{ 
[ m mn ( ̂  s R ) � m −mn ( ̂  s b ) ] · ̂ η( ̂  s b ) T 

1 
n x 

1 
bηn 

+ [ n mn ( ̂  s R ) � n −mn ( ̂  s b ) ] · ̂ η( ̂  s b ) T 
2 

n x 
2 
bηn 

} 
. (97) 

Using Eqs. (26) –(29) along with Eqs. (34) –(36) of the gen-

eralized Ewald–Oseen extinction theorem, we find that

E 

2 
c η1 

(r ) = 0 . 

Thus, the field E c η1 (r ) = E 

1 
c η1 (r ) + E 

2 
c η1 (r ) vanishes, and we

ave E c η(r ) = E c η2 (r ) . 

.3.1.2. Computation of E c η2 . To compute I αb 
a M mn (r ) and I αb 

a N mn (r ) , we

ake the change of variable p = R i − r = −r i , and use (i) the ex-

ansion (cf. Appendix A) 

 e j K b ·p = I e j K ̂  s b ·p 

= − 4 π
∑ 

m 

′ n ′ 
j 
n ′ +1 

[ l −m 

′ n ′ ( ̂  s b ) � L 1 m 

′ n ′ (Kp ) 

+ j m −m 

′ n ′ ( ̂  s b ) � M 

1 
m 

′ n ′ (Kp ) + n −m 

′ n ′ ( ̂  s b ) � N 

1 
m 

′ n ′ (Kp )] ;
(98) 

ii) the dyadic identities a = I · a and ( a �b ) · c = a (b · c ) ; (iii) the

elations ∫ [ 
k αM 

1 
m 

′ n ′ (Kp ) · ∂ 

∂(k α p) 
M 

α
mn (k αp ) 

− KM 

α
mn (k αp ) · ∂ 

∂(K p) 
M 

1 
m 

′ n ′ (Kp ) 
] 

d 

2 ̂ p 

 

∫ { 
k α̂ p · [ M 

1 
m 

′ n ′ (Kp ) × N 

α
mn (k αp )] 

+ K ̂

 p · [ N 

1 
m 

′ n ′ (Kp ) × M 

α
mn (k αp )] 

} 
d 

2 ̂ p , (99) 

∫ [ 
k αN 

1 
m 

′ n ′ (Kp ) · ∂ 

∂(k α p) 
N 

α
mn (k αp ) 

− KN 

α
mn (k αp ) · ∂ 

∂(K p) 
N 

1 
m 

′ n ′ (Kp ) 
] 

d 

2 ̂ p 

 

∫ { 
k α̂ p · [ N 

1 
m 

′ n ′ (Kp ) × M 

α
mn (k αp )] 

+ K ̂

 p · [ M 

1 
m 

′ n ′ (Kp ) × N 

α
mn (k αp )] 

} 
d 

2 ̂ p , (100) 

nd 

1 

K 

2 − k 2 α

∫ [ 
k αL 1 m 

′ n ′ (Kp ) · ∂ 

∂(k α p) 
N 

α
mn (k αp ) 
t  
− KN 

α
mn (k αp ) · ∂ 

∂(K p) 
L 1 m 

′ n ′ (Kp ) 
] 

d 

2 ̂ p 

 − 1 

k α

∫ 
M 

α
mn (k αp ) · [ ̂  p × L 1 m 

′ n ′ (Kp )] d 

2 ̂ p ; (101) 

iv) the representation of the vector spherical wave functions in

erms of the vector spherical harmonics v 1 mn ( ̂  p ) = l mn ( ̂  p ) , v 2 mn ( ̂  p ) =
 mn ( ̂  p ) , and v 3 mn ( ̂  p ) = m mn ( ̂  p ) ; (v) the orthogonality relations (cf.

ppendix A of Ref. [1] ) 
 

v αmn ( ̂  p ) · v 
β
m 

′ n ′ ( ̂  p ) d 

2 ̂ p = δpq δm 

′ , −m 

δn ′ n , α, β = 1 , 2 , 3 ; (102)

nd finally, (vi) the identities 

 

 × l mn ( ̂  p ) = 0 , ̂  p × n mn ( ̂  p ) = −m mn ( ̂  p ) , ̂  p × m mn ( ̂  p ) = n mn ( ̂  p ) . 
(103) 

ote that the relations (99) –(101) have been derived by using the

epresentations of the vector spherical wave functions in terms of

ector spherical harmonics (cf. Appendix A of Ref. [1] ) and the

ifferential equation satisfied by the spherical Bessel and Hankel

unctions z n ( x ), i.e., 

 

2 z ′′ n (x ) + 2 xz ′ n (x ) + [ x 2 − n (n + 1)] z n (x ) = 0 . (104)

e obtain 

 

αb 
a M mn (r ) = 4 π j 

n 
I M nα(a ) m mn ( ̂  s b ) , (105) 

 

αb 
a N mn (r ) = − 4 π j 

n +1 
[ I L nα(a ) l mn ( ̂  s b ) + I N nα(a ) n mn ( ̂  s b )] , (106) 

here 

 

M 
nα(a ) = 

a 

K 

2 − k 2 α

{ 
j n (Ka )[ k αaz αn (k αa )] ′ 

− z αn (k αa )[ Ka j n (Ka )] ′ 
} 
, (107) 

 

N 
nα(a ) = 

a 

K 

2 − k 2 α

{ 
K 

k α
j n (Ka )[ k αaz αn (k αa )] ′ 

− k α

K 

z αn (k αa )[ Ka j n (Ka )] ′ 
} 
, (108) 

 

L 
nα(a ) = 

a 

Kk α

√ 

n (n + 1) z αn (k αa ) j n (Ka ) , (109) 

 

1 
n (x ) = z 2 n (x ) = j n (x ) , z 3 n (x ) = h n (x ) , and j n ( x ) and h n ( x ) are the

pherical Bessel and Hankel functions, respectively. Thus, the fields

 

α
c η2 

(r ) result from Eq. (92) along with Eqs. (105) –(109) . 

Before continuing our analysis, we make a short comment. In

iew of Eq. (98) , the volume integrals 
 

D a 

M 

1 
mn (k αp ) e j K b ·p d 

3 
p and 

∫ 
D a 

N 

1 
mn (k αp ) e j K b ·p d 

3 
p , (110)

here α = 1 , 2 and D a is the domain occupied by a spherical par-

icle of radius a centered at the origin of the coordinate system,

educes to the calculation of the following integrals: 

 

D a 

M 

1 
m 

′ n ′ (Kp ) ·
(

M 

1 
mn (k αp ) 

N 

1 
mn (k αp ) 

)
d 

3 
p , (111) 

 

D a 

N 

1 
m 

′ n ′ (Kp ) ·
(

M 

1 
mn (k αp ) 

N 

1 
mn (k αp ) 

)
d 

3 
p , (112) 

nd 

 

D a 

L 1 m 

′ n ′ (Kp ) ·
(

M 

1 
mn (k αp ) 

N 

1 
mn (k αp ) 

)
d 

3 
p . (113)

nstead of using the Green’s theorem (86) , we can compute the in-

egrals (111) –(112) by means of the second vector Green’s theorem.
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ẑ  

a
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E c η(r ) = η( s T ) T η e e + η( s TR ) R ηe e ; (128) 
For P (r ) = M 

1 
m 

′ n ′ (Kr ) / N 

1 
m 

′ n ′ (Kr ) , Q (r ) = M 

1 
mn (k αr ) / N 

1 
mn (k αr ) , and a

spherical domain, we use ∫ 
D a 

[ P · (∇ × ∇ × Q ) − Q · (∇ × ∇ × P )] d 

3 
r 

= a 2 
∫ ̂ r · [ Q × (∇ × P ) − P × (∇ × Q )] d 

2 ̂ r . (114)

On the other hand, by taking into account that ∇ × L 1 
m 

′ n ′ = 0 , the

integral (113) can be computed by means of the first vector Green’s

theorem. For P (r ) = L 1 
m 

′ n ′ (Kr ) , Q (r ) = M 

1 
mn (k αr ) / N 

1 
mn (k αr ) , and a

spherical domain, we use ∫ 
D a 

[(∇ × P ) · (∇ × Q ) − P · (∇ × ∇ × Q )] d 

3 
r 

= a 2 
∫ ̂ r · [ P × (∇ × Q )] d 

2 ̂ r . (115)

The final expressions for I αb 
a M mn (r ) and I αb 

a N mn (r ) are as in

Eqs. (105) and (106) along with Eqs. (107) –(109) ; however, the

proof is now more straightforward and does not make use on the

identities (99) –(101) . 

3.3.1.3. Computation of E c η . We are now in a position to ob-

tain a complete representation for the coherent field. Inserting

Eqs. (105) and (106) together with Eqs. (24) and (25) in Eq. (92) ,

and the result in Eq. (91) , we get 

E c η(r ) = 16 π2 n 0 

∑ 

b= ±
e j K b ·r 

×
∑ 

mn 

{ 
[ m mn ( ̂  s b ) � m −mn ( ̂  s b )] · ̂ η( ̂  s b ) 

[ 3 ∑ 

α=1 

(−1) αT 1 αn I 
M 
nα(a ) 

] 
x 1 bηn 

+ [ n mn ( ̂  s b ) � n −mn ( ̂  s b )] · ̂ η( ̂  s b ) 
[ 3 ∑ 

α=1 

(−1) αT 2 αn I 
N 
nα(a ) 

] 
x 2 bηn 

+ [ l mn ( ̂  s b ) � n −mn ( ̂  s b )] · ̂ η( ̂  s b ) 
[ 3 ∑ 

α=1 

(−1) αT 2 αn I 
L 
nα(a ) 

] 
x 2 bηn 

} 
. (116)

Next, we use the following result. The addition theorem for the

vector spherical harmonics l mn ( ̂  k ) and n −mn ( ̂  k 

′ ) in the case ϕ = ϕ 

′ 
is (cf. Appendix B of Ref. [1] ) ∑ 

m 

l mn ( ̂  k ) � n −mn ( ̂  k 

′ ) = χn 
∂P n (x ) 

∂θ ′ 
̂ k �

̂ θ( ̂  k 

′ ) , (117)

where ̂  k = ̂

 k (θ, ϕ) , ̂  k 

′ = ̂

 k 

′ (θ ′ , ϕ) , x = ̂

 k ·̂ k 

′ = cos (θ − θ ′ ) , 
∂P n (x ) 

∂θ ′ = 

√ 

n (n + 1) L n ( ̂  k , ̂  k 

′ ) , (118)

L n ( ̂  k , ̂  k 

′ ) = sin (θ − θ ′ ) π1 
n (x ) , (119)

and P n (x ) = P 0 n (x ) are the Legendre polynomials. Since for ̂ k = ̂

 k 

′ 
we have L n ( ̂  k , ̂  k ) = 0 , it is readily seen that ∑ 

m 

[ l mn ( ̂  s b ) � n −mn ( ̂  s b )] · ̂ η( ̂  s b ) = 0 . (120)

Thus, the last term in Eq. (116) vanishes. Substituting Eqs. (26) –

(29) in Eq. (116) , using the special values of the functions M n and

N n at x = 1 (cf. Eqs. (31) and (32) ), 

M n (1) = − N n (1) = ω n , (121)

with 

ω n = 

1 

2 

√ 

n (n + 1)(2 n + 1) 

2 

, (122)
e find that the coherent field can be written in the form 

 c η(r ) = 

̂ η( ̂  s T ) T 
1 
ηFW e 

j K ̂  s T ·r + 

̂ η( ̂  s TR ) R 

1 
ηFW e 

j K ̂  s TR ·r 

= 

̂ η( ̂  s T ) T 
1 
ηFW e 

j k 1 s ⊥ ·r e j K z z + 

̂ η( ̂  s TR ) R 

1 
ηFW e 

j k 1 s ⊥ ·r e −j K z z , (123)

here the transmission and reflection coefficients are given by 

 

1 
ηFW = 2 πn 0 

∑ 

mn 

(2 n + 1) 

{ [ 

3 ∑ 

α=1 

(−1) αT 1 αn I 
M 
nα(a ) 

] 

x 1 + ηn 

+ 

[ 

3 ∑ 

α=1 

(−1) αT 2 αn I 
N 
nα(a ) 

] 

x 2 + ηn 

} 

(124)

nd 

 

1 
ηFW = 2 πn 0 

∑ 

mn 

(2 n + 1) 

{ [ 

3 ∑ 

α=1 

(−1) αT 1 αn I 
M 
nα(a ) 

] 

x 1 −ηn 

+ 

[ 

3 ∑ 

α=1 

(−1) αT 2 αn I 
N 
nα(a ) 

] 

x 2 −ηn 

} 

, (125)

espectively. 

From Eq. (123) , we see that the coherent field E c η(r ) is a su-

erposition of upwelling and downwelling plane electromagnetic

aves propagating in an effective medium with wavenumber K .

f we extend the representations of the coherent fields reflected

nd transmitted by the layer in the critical domains −a < z ≤ 0 and

 ≤ z < H + a, respectively, as well as the representation of the co-

erent field in the critical domains 0 ≤ z < a and H − a < z ≤ H, we

ay expect that the boundary conditions for the electric fields, 

 

 × E c η(r ) = ̂

 z × [ E R η(r ) + E 0 η(r )] at z = 0 (126)

nd 

 

 × E c η(r ) = ̂

 z × E T η(r ) at z = H, (127)

re satisfied. Fikioris and Waterman [3,4] proved that the zeroth-

rder fields satisfy the boundary conditions (126) and (127) in the

ow frequency limit k 1 a � 1. Unfortunately, at higher frequencies,

hese boundary conditions are not satisfied. This can be inferred

rom Fig. 6 illustrating the relative errors in the reflection and

ransmission coefficients 

 R θ = 

|| R 

1 
θ
| − | R 

1 
θFW 

|| 
| R 

1 
θ
| , ε T θ = 

|| T 1 
θ
| − | T 1 

θFW 
|| 

| T 1 
θ
| , 

here | R 1 
θ
| and | T 1 

θ
| correspond to a model in which the boundary

onditions for the electric fields are matched (cf. Eqs. (129) and

130) below). Therefore, for particles with sizes comparable to or

arger than the wavelength, higher-order approximations to the

elds should by computed by means of the iteration scheme de-

cribed in Ref. [1] and the validity of the boundary conditions

126) and (127) for each order of approximation should be ana-

yzed [2–4] . 

.3.2. The method of Tsang and Kong 

The method of Tsang and Kong [6] is a simplified approach

hat avoids an explicit computation of the coherent field inside the

ayer, and so, of higher-order approximations. In this approach, 

1. the representations of the (zeroth-order) coherent fields re-

flected and transmitted by the layer are extended in the crit-

ical domains; 

2. the coherent field inside the layer is assumed to be a super-

position of plane electromagnetic waves propagating in an

effective medium with wavenumber K , that is, 

̂ ̂  

1 j k 1 s ⊥ ·r j K z z 
̂ ̂  

1 j k 1 s ⊥ ·r −j K z z 
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Fig. 6. Relative errors in | R 1 
θ
| and | T 1 

θ
| for a θ-polarized incidence as functions of the size parameter k 1 a and for two values of the volume concentration f . The layer thickness 

is H = 10 a, the incidence angle is θ0 = 30 ◦, the wavenumber of the background medium is k 1 = 10 μm 

−1 , the relative refractive index of the particles is m = 1 . 33 , and the 

maximum expansion order is N rank = 15 . Note that in the case H = 100 a, the relative errors have virtually the same dependency on k 1 a . 
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3. the reflection and transmission coefficients R 1 η and T 1 η are

computed from the boundary conditions for the electric

fields (126) and (127) . 

We obtain 

 

1 
θ = 

1 

1 − e 2j K z H 

[ 
(1 − R 

0 
θ ) e 2j K z H − T 2 θ e j(K z + k 1 z ) H 

] 
cos θ0 

cos θT 
, (129) 

 

1 
θ = (1 − R 

0 
θ ) 

cos θ0 

cos θT 
+ R 

1 
θ (130) 

or a θ-polarized incidence, and 

 

1 
ϕ = 

1 

1 − e 2j K z H 

[ 
1 + R 

0 
ϕ − T 2 ϕ e 

j(K z + k 1 z ) H 
] 
, (131) 

 

1 
ϕ = 1 + R 

0 
ϕ − T 1 ϕ (132) 

or a ϕ-polarized incidence. 

We emphasize once again that the coefficients R 1 η and T 1 η are

omputed from the boundary conditions for the electric fields,

hile in the effective field approximation, the coefficients R 1 ηEFA 
nd T 1 ηEFA , given by 

 

1 
θEFA = −k 1 

K 

r η(1 + r η) e 2j K z H 

1 − (r η) 2 e 2j K z H 
, T 1 θEFA = 

k 1 
K 

1 + r η

1 − (r η) 2 e 2j K z H 
, (133)

nd 

 

1 
ϕ EFA = − r η(1 + r η) e 2j K z H 

1 − (r η) 2 e 2j K z H 
, T 1 ϕ EFA = 

1 + r η

1 − (r η) 2 e 2j K z H 
, (134)

re computed from the boundary conditions for both the electric

nd magnetic fields. For the magnetic field, the discontinuity in the

oefficients R 1 η and T 1 η can be used to predict the effective magnetic

ermeability of the discrete random layer [4] . 

.3.3. Sparse-medium approximation 

Let us compute the coherent field E c (r ) from Eq. (44) by ne-

lecting the integrals over D a ( r ). In other words, in the course of
valuating the integrals in Eq. (44) we treat the particles as point

catterers. Note in this respect that the approximation 

 

D −D a (r ) 
d 

3 
R i ≈

∫ 
D 

d 

3 
R i (135) 

s typical of sparse media and is referred to as the sparse-medium

pproximation for the integration domain . Also note that in this

ase, the standard definition of the single particle probability den-

ity function p(R i ) = 1 /V is maintained. 

The integrals of the radiating vector spherical wave functions

re computed in the sense of Cauchy’s principal value by excluding

rom the integration domain D a layer of thickness 2 ε around the

lane z , and then by letting ε → 0. We obtain 

∫ 
D 

M 

3 
mn (k 1 r i ) e 

j K b ·R i d 

3 
R i = − 2 π

j 
n +1 

k 1 k 1 z (bK z − k 1 z ) 
e j k 1 s ·r m mn ( ̂  s ) 

+ 

2 π

j 
n +1 

k 1 k 1 z (bK z + k 1 z ) 
e j k 1 s ⊥ ·r ⊥ e j k 1 z (H−z) e j bK z H m mn ( ̂  s R ) 

+ 

2 π

j 
n +1 

k 1 k 1 z 
e j k 1 s ⊥ ·r ⊥ e j bK z z 

[ 
m mn ( ̂  s ) 

bK z − k 1 z 
− m mn ( ̂  s R ) 

bK z + k 1 z 

] 
(136) 

nd 

∫ 
D 

N 

3 
mn (k 1 r i ) e 

j K b ·R i d 

3 
R i 

 − 2 π j 

j 
n +1 

k 1 k 1 z (bK z − k 1 z ) 
e j k 1 s ·r n mn ( ̂  s ) 

+ 

2 π j 

j 
n +1 

k 1 k 1 z (bK z + k 1 z ) 
e j k 1 s ⊥ ·r ⊥ e j k 1 z (H−z) e j bK z H n mn ( ̂  s R ) 

+ 

2 π j 

j 
n +1 

k 1 k 1 z 
e j k 1 s ⊥ ·r ⊥ e j bK z z 

[ 
n mn ( ̂  s ) 

bK z − k 1 z 
− n mn ( ̂  s R ) 

bK z + k 1 z 

] 
. (137) 

onsequently, we find that the coherent field E c η(r ) is given by 



98 A. Doicu and M.I. Mishchenko / Journal of Quantitative Spectroscopy & Radiative Transfer 230 (2019) 86–105 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

T  

e  

fi

E  

a

E  

 

t

E

 

w

A  

B  

C  

D  

a

E

 

w

�  

a

�

 

�

 

 

E c η(r ) = 

̂ η( ̂  s ) e j k 1 s ·r − 2 πn 0 

k 1 k 1 z 
e j k 1 s ·r 

∑ 

b= ±

1 

bK z − k 1 z 

×
∑ 

mn 

1 

j 
n +1 

[ T 1 n e 
1 
bηmn m mn ( ̂  s ) + j T 2 n e 

2 
bηmn n mn ( ̂  s )] 

+ 

2 πn 0 

k 1 k 1 z 
e j k 1 s ⊥ ·r ⊥ e j k 1 z (H−z) 

∑ 

b= ±

e j bK z H 

bK z + k 1 z 

×
∑ 

mn 

1 

j 
n +1 

[
T 1 n e 

1 
bηmn m mn ( ̂  s R ) + j T 2 n e 

2 
bηmn n mn ( ̂  s R ) 

]
+ 

2 πn 0 

k 1 k 1 z 
e j k 1 s ⊥ ·r ⊥ 

∑ 

b= ±
e j bK z z 

×
∑ 

mn 

1 

j 
n +1 

{
T 1 n e 

1 
bηmn 

[ 
m mn ( ̂  s ) 

bK z − k 1 z 
− m mn ( ̂  s R ) 

bK z + k 1 z 

] 
+ j T 2 n e 

2 
bηmn 

[ 
n mn ( ̂  s ) 

bK z − k 1 z 
− n mn ( ̂  s R ) 

bK z + k 1 z 

] }
. (138)

As before, the field E 

1 
c η1 (r ) summing the contributions of the first

two terms on the right-hand side of Eq. (138) , as well as the

field E 

2 
c η1 

(r ) given by the third term on the right-hand side of

Eq. (138) vanish. Hence, by taking into account the representations

(24) and (25) for the coefficients e 1 
bηmn 

and e 2 
bηmn 

, respectively, we

obtain 

E c η(r ) = − j 
8 π2 n 0 

k 1 k 1 z 

∑ 

b= ±

e j K b ·r 

bK z − k 1 z 

×
∑ 

mn 

{ 
[ m mn ( ̂  s ) � m −mn ( ̂  s b ) ] · ̂ η( ̂  s b ) T 

1 
n x 

1 
bηn 

+ [ n mn ( ̂  s ) � n −mn ( ̂  s b ) ] · ̂ η( ̂  s b ) T 
2 

n x 
2 
bηn 

} 
+ j 

8 π2 n 0 

k 1 k 1 z 

∑ 

b= ±

e j K b ·r 

bK z + k 1 z 

×
∑ 

mn 

{ 
[ m mn ( ̂  s R ) � m −mn ( ̂  s b ) ] · ̂ η( ̂  s b ) T 

1 
n x 

1 
bηn 

+ [ n mn ( ̂  s R ) � n −mn ( ̂  s b ) ] · ̂ η( ̂  s b ) T 
2 

n x 
2 
bηn 

} 
. (139)

We are now concerned with the computation of the field E c η(r )

at the lower and upper boundaries, that is, at z = 0 and z = H. For

this purpose, we extend the representations (57) and (73) for the

coherent fields reflected and transmitted by the layer in the critical

domains. 

1. Case z = 0 . Using the expression of the coherent reflected

field E R η(r ) as given by Eq. (57) in conjunction with

Eq. (58) , and the result E 

2 
c η1 

(r ) = 0 , where E 

2 
c η1 

(r ) is given

by Eq. (97) , we find the identity 

̂ η( ̂  s R ) R 

0 
η = j 

8 π2 n 0 

k 1 k 1 z 

∑ 

b= ±

1 

bK z + k 1 z 

×
∑ 

mn 

{ 
[ m mn ( ̂  s R ) � m −mn ( ̂  s b ) ] · ̂ η( ̂  s b ) T 

1 
n x 

1 
bηn 

+ [ n mn ( ̂  s R ) � n −mn ( ̂  s b ) ] · ̂ η( ̂  s b ) T 
2 

n x 
2 
bηn 

} 
. (140)

Setting z = 0 in Eq. (139) , using Eq. (140) and the fact that

the field E 

1 
c η1 (r ) as given by Eq. (96) vanishes, we obtain 

E c η(r ⊥ , z = 0) = 

̂ η( ̂  s ) e j k 1 s ⊥ ·r ⊥ + 

̂ η( ̂  s R ) R 

0 
ηe j k 1 s ⊥ ·r ⊥ 
= E 0 η(r ⊥ , z = 0) + E R η(r ⊥ , z = 0) . (141) d
2. Case z = H. Using the expression of the coherent transmitted

field E T η(r ) as given by Eqs. (73) and (74) , and the result

E 

1 
c η1 

(r ) = 0 , we find the identity 

̂ η( ̂  s ) T 2 η e j k 1 z H = − j 
8 π2 n 0 

k 1 k 1 z 

∑ 

b= ±

e j bK z H 

bK z − k 1 z 

×
∑ 

mn 

{ 
[ m mn ( ̂  s ) � m −mn ( ̂  s b )] · ̂ η( ̂  s b ) T 

1 
n x 

1 
bηn 

+ [ n mn ( ̂  s ) � n −mn ( ̂  s b )] · ̂ η( ̂  s b ) T 
2 

n x 
2 
bηn 

} 
, (142)

so that, by setting z = H in Eq. (139) , using Eq. (142) and the

result E 

2 
c η1 

(r ) = 0 , we obtain 

E c η(r ⊥ , z = H) = 

̂ η( ̂  s ) T 2 η e j k 1 s ⊥ ·r ⊥ e j k 1 z H = E T η(r ⊥ , z = H) . 

(143)

hus, from Eqs. (141) and (143) it is readily seen that the coher-

nt field E c η(r ) satisfies the continuity conditions for the electric

elds 

 c η(r ) = E R η(r ) + E 0 η(r ) at z = 0 (144)

nd 

 c η(r ) = E T η(r ) at z = H. (145)

From Eqs. (139) , (141) , and (143) , it is straightforward to show

hat E c η(r ) can first be written as 

 c η(r ) = 

̂ η( ̂  s ) e j k 1 s ⊥ ·r ⊥ (A ηe j K z z + B ηe −j K z z ) 

+ 

̂ η( ̂  s R ) e 
j k 1 s ⊥ ·r ⊥ (C ηe j K z z + D ηe −j K z z ) , (146)

here 

 η = 

1 

1 − e 2j K z H 

[ 
1 − T 2 η e j(k 1 z + K z ) H 

] 
, (147)

 η = − 1 

1 − e 2j K z H 

[ 
e 2j K z H − T 2 η e j(k 1 z + K z ) H 

] 
, (148)

 η = 

1 

1 − e 2j K z H 
R 

0 
η, (149)

 η = − e 2j K z H 

1 − e 2j K z H 
R 

0 
η, (150)

nd then as 

 c η(r ) = [ ̂ η( ̂  s T ) T 
1 
η + � T 1 η

̂ z ] e j k 1 s ⊥ ·r e j K z z 

+ [ ̂ η( ̂  s TR ) R 

1 
η + � R 

1 
η
̂ z ] e j k 1 s ⊥ ·r e −j K z z , (151)

here 

 T 1 ϕ = � R 

1 
ϕ = 0 (152)

nd 

 T 1 θ = − 1 

1 − e 2j K z H 

{ [ 
1 + R 

0 
θ − T 2 θ e j(K z + k 1 z ) H 

] 
sin θ0 

−
[ 

1 − R 

0 
θ − T 2 θ e j(K z + k 1 z ) H 

] 
sin θT 

} 
, (153)

 R 

1 
θ = 

1 

1 − e 2j K z H 

{ [ 
(1 + R 

0 
θ ) e 2j K z H − T 2 θ e j(K z + k 1 z ) H 

] 
sin θ0 

+ 

[ 
(1 − R 

0 
θ ) e 2j K z H − T 2 θ e j(K z + k 1 z ) H 

] 
sin θT 

} 
. (154)

From the above analysis the following conclusions can be

rawn. 



A. Doicu and M.I. Mishchenko / Journal of Quantitative Spectroscopy & Radiative Transfer 230 (2019) 86–105 99 

Fig. 7. The ratio |� T 1 
θ
| / | T 1 

θ
| as a function of the volume concentration f for three values of the size parameter k 1 a . The layer thickness is H = 50 a, the incidence angle 

is θ0 = 30 ◦, the wavenumber of the background medium is k 1 = 10 μm 

−1 , the relative refractive index of the particles is m = 1 . 33 , and the maximum expansion order is 

N rank = 15 . The ratio |� R 1 
θ
| / | R 1 

θ
| has a similar dependency on f . 
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1. The electric fields are continuous across the boundaries (not

only their tangential components). 

2. For normal incidence, as well as for a ϕ-polarized incidence,

the representations (128) and (151) for the coherent field

coincide, i.e., the coherent field is a superposition of plane

electromagnetic waves with the wavenumber K . 

3. For an oblique θ-polarized incidence, the coherent field sat-

isfies the vector Helmholtz equation but is not divergence

free, i.e., the coherent field is not a superposition of plane

electromagnetic waves with a wavenumber K . However, as

it can be infered from Fig. 7 , � T 1 
θ

and � R 1 
θ

are small com-

pared to T 1 
θ

and R 1 
θ
, respectively; in the case k 1 a = 5 , we

have |� T 1 
θ
| < 2 × 10 −3 | T 1 

θ
| for f = 0 . 01 and |� T 1 

θ
| < 0 . 01 | T 1 

θ
|

for f = 0 . 05 , while in the case k 1 a = 10 , we have |� T 1 
θ
| <

1 . 5 × 10 −3 | T 1 
θ
| for f ≤ 0.01 and |� T 1 

θ
| < 8 × 10 −3 | T 1 

θ
| for f =

0 . 05 . Thus, for small volume concentrations, the coherent

field can be assumed to be approximately divergence free. 

.4. Normal incidence 

Let us particularize the above findings to the case of normal

ncidence. 

Using the special values of the functions M n and N n at x = 1 as

iven by Eq. (121) , as well as their special values at x = −1 given

y 

 n (−1) = N n (−1) = −(−1) n ω n , (155) 

e find that for a θ-polarized incidence, Eqs. (33) and (34) of the

eneralized Ewald–Oseen extinction theorem become 

 = − j 
πn 0 

k 2 
1 

∑ 

n 

(2 n + 1) 
[ 

1 

K − k 1 
(T 1 n x 

1 
+ θn + T 2 n x 

2 
+ θn ) 

+ 

(−1) n 

K + k 1 
(T 1 n x 

1 
−θn − T 2 n x 

2 
−θn ) 

] 
, (156) 

 = 

∑ 

n 

(2 n + 1) 
[ 
(−1) n e j KH 

K + k 1 
(T 1 n x 

1 
+ θn − T 2 n x 

2 
+ θn ) 

+ 

e −j KH 

K − k 1 
(T 1 n x 

1 
−θn + T 2 n x 

2 
−θn ) 

] 
, (157) 
hile for a ϕ-polarized incidence, Eqs. (35) and (36) become 

 = − j 
πn 0 

k 2 
1 

∑ 

n 

(2 n + 1) 
[ 

1 

K − k 1 
(T 1 n x 

1 
+ ϕn + T 2 n x 

2 
+ ϕn ) 

− (−1) n 

K + k 1 
(T 1 n x 

1 
−ϕn − T 2 n x 

2 
−ϕn ) 

] 
, (158) 

 = 

∑ 

n 

(2 n + 1) 
[ 
(−1) n e j KH 

K + k 1 
(T 1 n x 

1 
+ ϕn − T 2 n x 

2 
+ ϕn ) 

− e −j KH 

K − k 1 
(T 1 n x 

1 
−ϕn + T 2 n x 

2 
−ϕn ) 

] 
. (159) 

ubstituting Eq. (155) in Eqs. (63) and (64) gives 

 

0 
θ = − j 

πn 0 

k 2 
1 
(K + k 1 ) 

(
1 − e 2j KH 

)
×
∑ 

n 

(2 n + 1)(−1) n (T 1 n x 
1 
+ θn − T 2 n x 

2 
+ θn ) , (160) 

 

0 
ϕ = j 

πn 0 

k 2 
1 
(K + k 1 ) 

(
1 − e 2j KH 

)
×
∑ 

n 

(2 n + 1)(−1) n (T 1 n x 
1 
+ ϕn − T 2 n x 

2 
+ ϕn ) , (161) 

hile substituting Eqs. (121) and (155) in Eqs. (77) and (78) gives 

 

2 
θ = − j 

πn 0 

k 2 
1 

∑ 

n 

(2 n + 1) 
[ 

1 

K − k 1 
e j(K−k 1 ) H (T 1 n x 

1 
+ θn + T 2 n x 

2 
+ θn ) 

+ 

(−1) n 

K + k 1 
e −j(K+ k 1 ) H (T 1 n x 

1 
−θn − T 2 n x 

2 
−θn ) 

] 
, (162) 

 

2 
ϕ = − j 

πn 0 

k 2 
1 

∑ 

n 

(2 n + 1) 
[ 

1 

K − k 1 
e j(K−k 1 ) H (T 1 n x 

1 
+ ϕn + T 2 n x 

2 
+ ϕn ) 

− (−1) n 

K + k 1 
e −j(K z + k 1 z ) H (T 1 n x 

1 
−ϕn − T 2 n x 

2 
−ϕn ) 

] 
. (163) 

he reflection and transmission coefficients for the coherent field

nside the layer are then obtained by inserting Eqs. (160) –(163) in

qs. (129) –(132) . 
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Note that in view of the result | x 1 , 2 −ηn | � | x 1 , 2 + ηn | , Eqs. (156) –(159)

yield x 1 , 2 + θn 
= x 1 , 2 + ϕn = x 1 , 2 + n . Hence, as in the effective field approxi-

mation, we have R 0 ϕ = −R 0 
θ

and T 2 ϕ = T 2 
θ

, as well as R 1 ϕ = −R 1 
θ

and

T 1 ϕ = T 1 
θ

. 

3.5. Semi-infinite discrete random medium 

In the limit H → ∞ , the above formalism reduces to that of

a semi-infinite discrete random medium. Actually, because K 

′′ 
z >

0 , we have e j K z H e + → 0 as H → ∞ . Employing this result in

Eq. (15) and taking into account the representations of the ele-

ments of the matrix J b 
2 z H 

given by Eqs. (133) and (134) of Ref.

[1] , we find that e −j K z H e − → 0 as H → ∞ . Consequently, e − → 0 as

H → ∞ , and the equations of the Lorenz–Lorentz law (13) and the

generalized Ewald–Oseen extinction theorem (14) become 

e + = n 0 (J 
+ 
1 a + J + 2 a ) Te + (164)

and 

e 0 + n 0 J 
+ 
2 z0 Te + = 0 , (165)

respectively. Further simplifications are listed below. 

1. The generalized Ewald–Oseen extinction theorem

(165) gives 

1 = − j 
8 π2 

k 1 k 1 z (K z − k 1 z ) 

∑ 

n 

χn 

√ 

n (n + 1) 

× [ M n ( ̂  s ·̂ s T ) T 
1 

n x 
1 
+ θn − N n ( ̂  s ·̂ s T ) T 

2 
n x 

2 
+ θn ] (166)

for a θ-polarized incidence, and 

1 = j 
8 π2 

k 1 k 1 z (K z − k 1 z ) 

∑ 

n 

χn 

√ 

n (n + 1) 

× [ N n ( ̂  s ·̂ s T ) T 
1 

n x 
1 
+ ϕn − M n ( ̂  s ·̂ s T ) T 

2 
n x 

2 
+ ϕn ] (167)

for a ϕ-polarized incidence. For normal incidence,

x 1 , 2 + θn 
= x 1 , 2 + ϕn = x 1 , 2 + n , and the above equations reduces to

(cf. Eqs. (156) and (158) ) 

K = k 1 − j 
πn 0 

k 2 
1 

∑ 

n 

(2 n + 1)(T 1 n x 
1 
+ n + T 2 n x 

2 
+ n ) . (168)

2. For the coherent field reflected by the layer (cf. Eq. (57) ), 

E R η(r ) = j 
8 π2 n 0 

k 1 k 1 z (K z + k 1 z ) 
e j k 1 R ·r 

×
∑ 

mn 

{ [ m mn ( ̂  s R ) � m −mn ( ̂  s T )] · ̂ η( ̂  s T ) T 
1 

n x 
1 
+ ηn 

+ [ n mn ( ̂  s R ) � n −mn ( ̂  s T )] · ̂ η( ̂  s T ) T 
2 

n x 
2 
+ ηn } , (169)

the reflection coefficients are given by (cf. Eqs. (63) and

(64) ) 

R 

0 
θ = j 

8 π2 n 0 

k 1 k 1 z (K z + k 1 z ) 

∑ 

n 

χn 

√ 

n (n + 1) 

× [ M n ( ̂  s R ·̂ s T ) T 
1 

n x 
1 
+ θn − N n ( ̂  s R ·̂ s T ) T 

2 
n x 

2 
+ θn ] (170)

and 

R 

0 
ϕ = − j 

8 π2 n 0 

k 1 k 1 z (K z + k 1 z ) 

∑ 

n 

χn 

√ 

n (n + 1) 

×
[
N n ( ̂  s R ·̂ s T ) T 

1 
n x 

1 
+ ϕn − M n ( ̂  s R ·̂ s T ) T 

2 
n x 

2 
+ ϕn 

]
. (171)

3. Setting x 1 , 2 −ηn = 0 in Eqs. (77) and (78) , we find in the limit

H → ∞ that T 2 
θ

= T 2 ϕ = 0 , that is, the coherent field transmit-

ted by the layer vanishes. Consequently, 

T 1 θ = (1 − R 

0 
θ ) 

cos θ0 

cos θT 
, T 1 ϕ = 1 + R 

0 
ϕ , (172)
and R 1 
θ

= R 1 ϕ = 0 ; and furthermore, 

E c η(r ) = 

̂ η( ̂  s T ) T 
1 
η e j K ̂  s T ·r . (173)

Note that the coherent field computed under the sparse-

medium approximation for the integration domain is (cf.

Eq. (151) ) 

E c η(r ) = [ ̂ η( ̂  s T ) T 
1 
η + � T 1 η

̂ z ] e j K ̂  s T ·r , (174)

with � T 1 ϕ = 0 and 

� T 1 θ = (1 − R 

0 
θ ) sin θT − (1 + R 

0 
θ ) sin θ0 . (175)

. Coherent field in a sparse medium 

In principle, expressions for the effective wavenumber K and

he coherent field E c (r ) can be obtained by particularizing the re-

ults for a semi-infinite discrete random medium in the case of

ow volume concentration f . The procedure is as follows. 

1. In Eq. (168) , we approximate x 1 , 2 + n ≈ 1 for f � 1, and find that

the effective wavenumber K can be computed as 

K = k 1 − j 
πn 0 

k 2 
1 

∑ 

n 

(2 n + 1)(T 1 n + T 2 n ) . (176)

In view of Eqs. (18) and (19) and Eqs. (24) and (25) , these

approximations imply e 1 + ηmn ≈ e 1 
0 ηmn 

and e 2 + ηmn ≈ e 2 
0 ηmn 

; this

means that for sparse media, the conditional configuration-

averaged exciting field can be considered to be approxi-

mately equal to the incident field [6] . 

2. In Eq. (172) , we approximate θT ≈ θ0 and R 0 η ≈ 0 ; then T 1 η ≈
1 , and so, from Eq. (173) , E c η(r ) = 

̂ η( ̂  s T ) exp (j K ̂

 s T · r ) . This

result implies that in the case of an incident wave of arbi-

trary polarization, we have 

E c (r ) = e j K ̂  s T ·r E 0 ( ̂  s T ) , (177)

where E 0 ( ̂  s T ) = E 0 θ ̂ θ( ̂  s T ) + E 0 ϕ ̂ ϕ ( ̂  s T ) . Under the same ap-

proximations, Eq. (175) yields � T 1 
θ

= 0 , and the coherent

field computed under the sparse-medium approximation for

the integration domain is as in Eq. (177) . Thus, the incon-

sistency between the two states of polarization of this field

disappears. 

It is interesting to mention that in the case of a layer of fi-

ite geometrical thickness H and normal incidence, the assumption

 x 1 , 2 −ηn | � | x 1 , 2 + ηn | implies 

 

2 
θ = T 2 ϕ = −j 

πn 0 

k 2 
1 

1 

K − k 1 
e j(K−k 1 ) H 

∑ 

n 

(2 n + 1)(T 1 n x 
1 
+ n + T 2 n x 

2 
+ n ) , 

(178)

o that from Eq. (176) and the approximation x 1 , 2 + n ≈ 1 , we find 

 

2 
θ = T 2 ϕ = e j(K−k 1 ) H . (179)

ence, by using the result K − K 

� = j n 0 C ext , where C ext is the ex-

inction cross section of a spherical particle, we are led to the cele-

rated Bouguer exponential attenuation law [13] for the transmis-

ivity T of the layer [11] : 

 = (| T 2 θ | ) 2 = (| T 2 ϕ | ) 2 = e j(K −K � ) H = e −n 0 C ext H . (180)

In the following we intend to derive a self-contained theory for

 sparse medium by starting from the initial formulae (11) and

44) . Since the volume concentration is low, we (i) assume that the

ositions of the particles are uncorrelated ( g(R i j ) = 1 ), and (ii) use

he far-field approximation for the fields. Note that these assump-

ions are standard in deriving the vector radiative transfer equa-

ion. With these simplifications, the solution method is as follows. 
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Fig. 8. Scattering geometry for computing the coherent field in the case of a sparse 

discrete random medium. 
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1. We consider the integral equation (11) with g(R i j ) = 1 and the

sparse-medium approximation for the integration domain, that

is, 〈
e i 
〉
i 
= e 0 i + n 0 

∫ 
D 

Q (k 1 R i j ) 
〈
e j 
〉

j 
d 

3 
R j , (181)

where the incident field coefficients are given by 

e 0 i = e j k 1 ̂ s ·R i e 0 , (182) 

e 0 = 4 πx 

� ( ̂  s ) · E 0 ( ̂  s ) = 4 π [ x � θ ( ̂  s ) E 0 θ + x � ϕ ( ̂  s ) E 0 ϕ ] (183) 

with E 0 ( ̂  s ) = E 0 θ̂ θ( ̂  s ) + E 0 ϕ ̂  ϕ ( ̂  s ) . Employing the far-field repre-

sentation for the matrix Q (k 1 R i j ) (cf. Eq. (45) of Ref. [1] ) 

Q (k 1 R i j ) = 

1 

k 1 
g 0 (R i j ) Q ∞ 

( ̂  R i j ) , (184) 

where g 0 (R i j ) = exp (j k 1 R i j ) /R i j and (cf. Eq. (46) of Ref. [1] ) 

Q ∞ 

( ̂  R i j ) = − 4 π j x 

� ( ̂  R i j ) · x 

T ( ̂  R i j ) T 

= − 4 π j [ x � θ ( ̂
 R i j ) x 

T 
θ ( ̂

 R i j ) + x � ϕ ( ̂
 R i j ) x 

T 
ϕ ( ̂

 R i j )] T , (185) 

we compute the conditional configuration-averaged exciting 

field coefficients from the integral equation 〈
e i 
〉
i 
= e 0 i + 

n 0 

k 1 

∫ 
D 

g 0 (R i j ) Q ∞ 

( ̂  R i j ) 
〈
e j 
〉

j 
d 

3 
R j . (186)

2. In the integral representation (cf. Eq. (44) with the sparse-

medium approximation for the integration domain) 

E c (r ) = E 0 (r ) + n 0 

∫ 
D 

X 

T 
3 (k 1 r i ) T 

〈
e i 
〉
i 
d 

3 
R i , (187)

we use the far-field approximation for the radiating vector

spherical wave functions (cf. Eq. (11) of Ref. [1] ) 

X 3 (k 1 r i ) = − j 

k 1 
g 0 (r i ) x ( ̂  r i ) , 

and compute the coherent field according to 

E c (r ) = E 0 ( r ) − n 0 
j 

k 1 

∫ 
D 

g 0 (r i ) x 

T ( ̂  r i ) T 

〈
e i 
〉
i 
d 

3 
R i . (188)

The procedure of configuration averaging requires the computa-

ion of integrals over particle positions. To integrate over all posi-

ions of particle i we use a local coordinate system with the origin

t the observation point; to integrate over all positions of particle j

e use a local coordinate system with the origin at particle i ; and

o on. In other words, we make the changes of variables 

 i = r + p , R j = R i + R ji , . . . (189)

he integration domain is D without any exclusion sphere. As

hown in Fig. 8 , for direction 

̂ p , p ranges from zero at the obser-

ation point to the corresponding value at the point C (where the

traight line with the direction vector ̂ p crosses the lower plane

oundary); for direction 

̂ R ji , R ji ranges from zero at the origin of

article i to the corresponding value at the point C i (where the

traight line with the direction vector ̂ R ji crosses the lower plane

oundary), etc. 

.1. Conditional configuration-averaged exciting field coefficients 

The iterated solution of Eq. (186) is 

e i 
〉
i 
= e 0 i + 

n 0 

k 1 

∫ 
D 

g 0 (R i j ) Q ∞ 

( ̂  R i j ) e 0 j d 

3 
R j 

+ 

n 

2 
0 

k 2 
1 

∫ 
D 

g 0 (R i j ) g 0 (R jk ) Q ∞ 

( ̂  R i j ) Q ∞ 

( ̂  R jk ) e 0 k d 

3 
R k d 

3 
R j + · · · . 

(190) 
a
ur objective is to compute each integral in Eq. (190) and then to

um up the resulting series. 

Consider the first integral in Eq. (190) and denote it by I 1 (R i ) .

aking the change of variable (cf. Eq. (189) ) R j = R i + R ji and us-

ng the asymptotic spherical-wave expansion of the plane wave

xp (j k 1 ̂  s · R ji ) [14] , 

 

j k ̂ s ·R ji = j 
2 π

k 1 R ji 

[ 
δ( ̂  s + ̂

 R ji ) e 
−j k 1 R ji − δ( ̂  s −̂ R ji ) e 

j k 1 R ji 

] 
(191)

s k 1 R ji → ∞ , where δ( ̂  s ) is the solid-angle delta function, we ob-

ain 

 1 (R i ) = 

(
j 
2 π

k 2 
1 

n 0 

)
e j k 1 ̂ s ·R i 

[ 
Q ∞ 

( ̂  s ) e 0 

∫ s 

0 

d R ji 

− Q ∞ 

(−̂  s ) e 0 

∫ s 

0 

e 2j k 1 R ji d R ji 

] 
= 

(
j 
2 π

k 2 
1 

n 0 

)
e j k 1 ̂ s ·R i 

[ 
s Q ∞ 

( ̂  s ) − e 2j k 1 s − 1 

2j k 1 
Q ∞ 

(−̂  s ) 
] 
e 0 . (192) 

ere, s = s (R i , −̂  s ) = ̂

 s · (R i − R A i 
) and s = s (R i , ̂  s ) = ̂

 s · (R A ′ 
i 
− R i ) ,

here R A i 
and R A ′ 

i 
are the points where the straight lines with the

irection vectors −̂  s and ̂

 s going through O i cross the lower and

he upper boundary of the layer, respectively. By assuming that the

articles are separated by distances much larger than the wave-

ength, i.e., k 1 s � 1 (except for points in the immediate vicinity of

he boundary), and taking account of 

e 2j k 1 s − 1 

2 j 

∣∣∣ = 

1 

2 

∣∣∣e 2j k 1 s − 1 

∣∣∣ ≤ 1 

2 

(∣∣∣e 2j k 1 s 

∣∣∣+ 1 

)
= 1 , (193)

e find 

 � 1 

k 1 
≥
∣∣∣e 2j k 1 s − 1 

2j k 1 

∣∣∣. (194) 

hus, the second term on the right-hand side of Eq. (192) is much

maller than the first term, and the result is 

 1 (R i ) = 

(
j 
2 π

k 1 
n 0 s 

)
e j k 1 ̂ s ·R i 

[ 
1 

k 1 
Q ∞ 

( ̂  s ) 
] 
e 0 . (195)

or the second integral, denoted by I 2 (R i ) , we change variables ac-

ording to R j = R i + R ji and R k = R j + R k j , employ the asymptotic

pherical-waves representations for the plane waves exp (j k 1 ̂  s · R ji )

nd exp (j k 1 ̂  s · R k j ) , and hence derive 
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I 2 (R i ) = 

n 

2 
0 

k 2 
1 

e j k 1 ̂ s ·R i 
∫ 

D 

g 0 (R ji ) e 
j k 1 ̂ s ·R ji Q ∞ 

(−̂ R ji ) 

×
[ ∫ 

D 

g 0 (R k j ) e 
j k 1 ̂ s ·R k j Q ∞ 

(−̂ R k j ) e 0 d 

3 
R k j 

] 
d 

3 
R ji 

= 

(
j 
2 π

k 1 
n 0 

)2 

e j k 1 ̂ s ·R i 
[ 

1 

k 1 
Q ∞ 

( ̂  s ) 
] 2 

e 0 

∫ s 

0 

[ ∫ s 

R ji 

d R k j 

] 
d R ji 

= 

1 

2 

(
j 
2 π

k 1 
n 0 s 

)2 

e j k 1 ̂ s ·R i 
[ 

1 

k 1 
Q ∞ 

( ̂  s ) 
] 2 

e 0 . (196)

Next, we use Eqs. (183) and (185) , the expression of the ele-

ments of the amplitude matrix given by (cf. Eq. (13) of Ref. [1] ) 

S ημ( ̂  s , ̂  s ) = − 4 π j 

k 1 
x T η( ̂  s ) Tx � μ( ̂  s ) , η, μ = θ, ϕ, (197)

and the well-known identity for spherically symmetric particles 

S ημ( ̂  s , ̂  s ) ≡ 0 , η � = μ, (198)

to derive 

Q ∞ 

( ̂  s ) e 0 = 4 πk 1 [ x 
� 
θ ( ̂  s ) S θθ ( ̂  s , ̂  s ) E 0 θ + x � ϕ ( ̂  s ) S ϕϕ ( ̂  s , ̂  s ) E 0 ϕ ] 

= k 1 S(0) e 0 , (199)

where 

S(0) = S ηη( ̂  s , ̂  s ) = − j 

2 k 1 

∑ 

n 

(2 n + 1)(T 1 n + T 2 n ) , η = θ, ϕ. (200)

From Eq. (199) , it is readily seen that in general, [ 
1 

k 1 
Q ∞ 

( ̂  s ) 
] n 

e 0 = S n (0) e 0 , n = 1 , 2 , . . . , (201)

Proceeding similarly for all terms in the series (190) , and ac-

counting for Eq. (201) , we find that the sum of the series (190) is〈
e i 
〉
i 
= exp 

{ 
j 

[ 
k 1 ̂  s · R i + 

2 π

k 1 
n 0 S(0) s (R i , −̂  s ) 

] } 
e 0 . (202)

4.2. Coherent field 

To compute the coherent field, we consider the integral repre-

sentation (188) . Using the series expansion (cf. Eq. (202) ) 〈
e i 
〉
i 
= e j k 1 ̂ s ·R i 

[ 
1 + j 

2 π

k 1 
n 0 S(0) s (R i , −̂  s ) + · · ·

] 
e 0 . (203)

the result ∫ 
D 

g 0 (r i ) e 
j k 1 ̂ s ·R i s n (R i , −̂  s ) x 

T ( ̂  r i ) Te 0 d 

3 
R i 

= j 
2 π

k 1 

s n +1 (r , −̂  s ) 

n + 1 

e j k 1 ̂ s ·r x 

T ( ̂  s ) Te 0 , n = 0 , 1 , . . . , (204)

and the identity (cf. Eqs. (183) , (197) , and (198) ) 

− j 

k 1 
x 

T ( ̂  s ) Te 0 = −4 j π

k 1 
x 

T ( ̂  s ) T x 

� ( ̂  s ) · E 0 ( ̂  s ) 

= − 4 j π

k 1 
[ x T θ ( ̂  s ) ̂  θ( ̂  s ) + x T ϕ ( ̂  s ) ̂  ϕ ( ̂  s )] T [ x � θ ( ̂  s ) E 0 θ + x � ϕ ( ̂  s ) E 0 ϕ ] 

= S(0) E 0 ( ̂  s ) , (205)

we end up with 

E c (r ) = exp 

[ 
j 
2 π

k 1 
n 0 S(0) s (r , −̂  s ) 

] 
E 0 ( r ) . (206)

Here, s (r , −̂  s ) is defined through the relation s (r , −̂  s ) = ̂

 s · (r − r A ) ,

where r A is the point where the straight line parallel to the inci-

dence direction and going through the observation point crosses

the boundary of the medium (see Fig. 8 ). 
Using the incident field representation 

 0 ( r ) = e j k 1 s (r , −̂  s ) E 0 (r A ) , (207)

ith E 0 (r A ) = exp (j k 1 ̂  s · r A ) E 0 ( ̂  s ) , we express Eq. (206) as 

 c (r ) = exp 

{ 
j 

[ 
k 1 + 

2 π

k 1 
n 0 S(0) 

] 
s (r , −̂  s ) 

} 
E 0 (r A ) . (208)

et us define the wavenumber K by the relation (compare with Eq.

176) ) [16] 

 = k 1 + 

2 π

k 1 
n 0 S(0) = k 1 − j 

πn 0 

k 2 
1 

∑ 

n 

(2 n + 1)(T 1 n + T 2 n ) . (209)

hen, from Eq. (208) we deduce that the coherent field is an-

lytically equivalent to a plane electromagnetic wave with the

avenumber K , propagation direction ̂

 s , and amplitude exp (−j K ̂

 s ·
 A ) E 0 (r A ) . Therefore, K can be interpreted as the effective

avenumber in the particulate medium. Setting r = r A in Eq.

208) and taking into account that s (r A , −̂  s ) = 0 , we find the

oundary condition 

 c (r A ) = E 0 (r A ) , (210)

nd so, the following equivalent representation for the coherent

eld 

 c (r ) = e j Ks (r , −̂  s ) E c (r A ) . (211)

hus, in contrast to a layer with densely packed spherical particles,

he coherent field in a layer with a sparse concentration of parti-

les is an upwelling wave. The upper boundary does not produce

 downwelling wave, and the upwelling coherent field is uniquely

etermined by the boundary condition (210) . It is for this reason

hat in the introductory part of the section, we computed the ef-

ective wavenumber and the coherent field by particularizing the

esults for a semi-infinite discrete random medium. 

Let us define the wave vector K 0 by 

 0 = k 1 ̂  s + 

2 π

k 1 
n 0 S(0) 

̂ z 

cos θ0 

, (212)

mplying that (cf. Eq. (209) ) 

 0 = k 1 ̂  s + (K − k 1 ) 
̂ z 

cos θ0 

. (213)

sing the relation s (r , −̂  s ) = ̂

 z · r / cos θ0 , we express Eqs. (202) and

208) in terms of the wave vector K 0 as (compare with Eq. (12) ) 

e i 
〉
i 
= e j K 0 ·R i e 0 (214)

nd 

 c (r ) = e j K 0 ·r E 0 ( ̂  s ) , (215)

espectively. Thus, for a layer with a sparse concentration of par-

icles, the effective wavenumber is computed from Eq. (209) , the

onditional configuration-averaged exciting field coefficients from

q. (214) , and the coherent field from Eq. (215) . 

Some comments are in order. 

1. The effective wave vector K , defined by K = K ̂

 s T , is related to

K 0 by the relation 

K 0 = K + � K z ̂  z , (216)

where 

� K z = 

1 − cos (θT − θ0 ) 

cos θ0 

K. (217)

Approximating θT ≈ θ0 , yields � K z ≈ 0 , and so, K ≈ K 0 . There-

fore, K 0 can be interpreted as the effective wave vector in

a sparse medium. In view of the approximations K ≈ K 0 and

θT ≈ θ0 implying ̂ s T ≈̂ s , we deduce that the representations

(177) and (215) for the coherent field are equivalent. 
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2. Setting r = R i in the representation of the coherent field as

given by Eq. (215) yields E c (R i ) = exp ( j K 0 · R i ) E 0 ( ̂  s ) , so that

from Eq. (214) and the representation (cf. Eq. (183) ) e 0 =
4 πx � ( ̂  s ) · E 0 ( ̂  s ) , we find 〈
e i 
〉
i 
= 4 πx 

� ( ̂  s ) · E c (R i ) . (218)

Inserting Eq. (218) in Eq. (188) and taking into account the rep-

resentation for the far-field scattering dyadic (cf. Eq. (15) of Ref.

[1] ) 

A ( ̂  r , ̂  s ) = −4 π j 

k 1 
x 

T ( ̂  r ) T x 

� ( ̂  s ) , 

we infer that for sparse media, the coherent field satisfies the

integral equation 

E c (r ) = E 0 ( r ) + n 0 

∫ 
g 0 (r i ) A ( ̂  r i , ̂  s ) · E c (R i ) d 

3 
R i . (219) 

This equation is the so-called Foldy integral equation for the

coherent field. 

In the following parts of this series, we will compute the

econd-order moment of the fields by approximating the condi-

ional configuration-averaged exciting field coefficients of a layer

ith densely packed particles by those of a semi-infinite medium

ith densely packed particles. In this context, with K being calcu-

ated from the generalized Lorenz–Lorentz law for a dense semi-

nfinite discrete random medium at normal incidence, Tishkovets

nd Jockers [15] assumed that the sparse-medium approximation

214) is also valid in this case. The benefit of using Eq. (214) to-

ether with Eq. (213) is that the vector e + , which determines 
〈
e i 
〉
i 

ccording to the generalized Lorenz–Lorentz law and the general-

zed Ewald–Oseen extinction theorem for a dense semi-infinite dis-

rete random medium, does not need to be computed. 

.3. The Twersky and Foldy approximations 

In this section, we will show that the Twersky and Foldy ap-

roximations are implicit in our derivation. 

Consider a configuration with N − 1 particles �i 
N−1 

in which

article i is removed from the group. According to the Twersky

pproximation, the field exciting particle i at a point r i near par-

icle i is the total electric field that would exists at that point if

he particle i were removed from the group, i.e., 

 

(i ) 
exc i 

(r i ) = E 

(i ) (r i | �i 
N−1 ) . (220)

ere, the superscript “(i) ” indicates that the fields are written in

he coordinate system of particle i . Taking the configuration aver-

ge of Eq. (220) with the position of particle i held fixed, and using

he configuration average rule 

f (r , �N ) 
〉
i 
= 

∫ 
f (r , �N ) p(�i 

N−1 | R i ) d �i 
N−1 

ields 

E 

(i ) 
exc i 

(r i ) 
〉
i 
= E 

(i ) 
c (r i | �i 

N−1 ) . (221)

hus, in the Twersky approximation, the conditional configuration-

veraged field exciting particle i at a point r i near particle i is the co-

erent field that would exists at that point if particle i were removed

rom the group. Let us prove this conjecture. The conditional con-

guration average of the field exciting particle i at the field point

 = R i + r i is 

E exc i (r ) 
〉
i 
= 

〈
E 

(i ) 
exc i 

(r i ) 
〉
i 
= X 

T 
1 (k 1 r i ) 

〈
e i 
〉
i 
. (222)

n the other hand, upon removing particle i from the group, the

oherent field at the same field point r produced by the remain-

ng N − 1 particles, denoted by E c (r | �i 
N−1 

) , computes as ( n 0 ≈

a  
(N − 1) /V ) 

 c (r | �i 
N−1 ) = E 0 ( r ) + 

∑ 

j � = i 

〈
E sct j (r ) 

〉
= E 0 ( r ) + n 0 

∫ 
D 

X 

T 
3 (k 1 r j ) T 

〈
e j 
〉

j 
d 

3 
R j . (223) 

hoosing r i in the neighborhood of particle i before the re-

oval, we use the translation addition theorem X 3 (k 1 r j ) =
 31 (k 1 R i j ) X 1 (k 1 r i ) with r j = r i + R i j , the incident field represen-

ation E 0 ( r ) = E 

(i ) 
0 

(r i ) = exp (j k 1 ̂  s · r i ) E 0 (R i ) = X 

T 
1 
(k 1 r i ) e 0 i , and the

ntegral equation for the conditional configuration-averaged excit-

ng field coefficients (cf. Eq. (181) ), 

e i 
〉
i 
= e 0 i + n 0 

∫ 
D 

T T 31 (k 1 R i j ) T 

〈
e j 
〉

j 
d 

3 
R j , 

o obtain 

 c (r | �i 
N−1 ) = E 

(i ) 
c (r i | �i 

N−1 ) = X 

T 
1 (k 1 r i ) 

〈
e i 
〉
i 
. (224)

rom Eqs. (222) and (224) , the Twersky approximation (221) read-

ly follows. 

The Foldy approximation states that the coherent field at a point

 i near particle i is the conditional configuration average of the field

xciting particle i at that point , or equivalently and in view of

q. (221) , that the coherent field at a point r i near particle i is the

oherent field that would exist at that point if the particle i were re-

oved from the group: 

 

(i ) 
c (r i ) = 

〈
E 

(i ) 
exc i 

(r i ) 
〉
i 
= E 

(i ) 
c (r i | �i 

N−1 ) . (225)

o prove this result we use Eq. (218) , that is, 
〈
e i 
〉
i 
= 4 πx � ( ̂  s ) ·

 c (R i ) , where (cf. Eqs. (213) and (215) ) 

 c (R i ) = e j(K−k 1 ) s (R i , −̂  s ) E 0 (R i ) , (226)

nd Eq. (222) to conclude that 
〈
E 

(i ) 
exc i 

(r i ) 
〉
i 

is analytically equivalent

o the plane electromagnetic wave 

E 

(i ) 
exc i 

(r i ) 
〉
i 
= e j k 1 ̂ s ·r i E c (R i ) = e j k 1 ̂ s ·r i e j(K−k 1 ) s (R i , −̂  s ) E 0 (R i ) . (227)

part from that, Eqs. (213) and (215) also give 

 c (r ) = E 

(i ) 
c (r i ) = e j k 1 ̂ s ·r i e j(K−k 1 ) s (r , −̂  s ) E 0 (R i ) . (228)

f the point r i is near particle i , and the boundary is in the far-

eld region of this particle, we approximate s (R i , −̂  s ) ≈ s (r , −̂  s ) ;

ence from Eqs. (227) and (228) , we obtain the Foldy approx-

mation (225) . It is interesting to note that the representation

 

(i ) 
c (r i ) = exp (j k 1 ̂  s · r i ) E c (R i ) , which follows from Eq. (227) , shows

hat the coherent field near a particle can be analytically approx-

mated by a plane electromagnetic wave with wavenumber k 1 and

ropagation direction ̂  s . 

. Discussion 

The analysis performed in this paper is based on the assump-

ion that the conditional configuration-averaged exciting field co-

fficients are of the form 

〈
e i 
〉
i 
(R i ) = 

∑ 

b= ± exp ( j K b · R i ) e b , and is re-

tricted to the computation of the zeroth-order fields without a

pecial treatment of the critical domains. 

In this setting we have calculated the coherent fields reflected

nd transmitted by the layer and the coherent field inside the

ayer, and found that these fields are analytically equivalent to

lane electromagnetic waves. The main problem which arises is

hat if the representations of the zeroth-order fields are extended

n the critical domains, the boundary conditions for the electric

elds at the layer interfaces are not satisfied. A rigorous approach

ealing with this problem is to compute higher-order approxima-

ions to the fields (which are valid in the critical domains), while

 pragmatic and approximate approach is to compute the coherent
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field inside the layer from the boundary conditions for the elec-

tric fields. Another approximate method relies on the computation

of the coherent field inside the layer under the sparse-medium

approximation for the integration domain. In this case, we have

found that (i) the boundary conditions for the electric fields are

satisfied; (ii) for normal incidence and an oblique ϕ-polarized in-

cidence, the coherent field is a superposition of plane electromag-

netic waves; while (iii) for an oblique θ-polarized incidence, the

coherent field is not divergence free. The inconsistency between

the two states of polarization disappears for sparse media. This

approximate method will be used as the starting point in a forth-

coming paper to derive a simplified radiative transfer equation for

dense media. 

In Ref. [1] we discussed an approach proposed by Kristensson

[12] to solve the integral equation (11) without assuming a special

form for the conditional configuration-averaged exciting field coef-

ficients. For an oblique η-polarized incidence, we assumed that the

solution is of the form 〈
e iη
〉
i 
(R i ) = e j k 1 s ⊥ ·R i ⊥ e η(z i ) , 0 ≤ z i ≤ H, (229)

and found that e η(z i ) satisfies the integral equation 

e η(z i ) = e j k 1 z z i e 0 η + n 0 

∫ 
D −D 2 a (R i ) 

Q (−k 1 R ji ) 

× e j k 1 s ⊥ ·R ji ⊥ e η(z j ) g(R ji ) d 

3 
R j (230)

with k 1 z = k 1 z (k 1 s ⊥ ) = 

√ 

k 2 
1 

− k 2 
1 s ⊥ and k 1 s ⊥ = k 1 sin θ0 . After solv-

ing the integral Eq. (230) for e η(z i ) = [ e 1 ηmn (z i ) , e 
2 
ηmn (z i )] T (eventu-

ally by using the approach described in Ref. [1] ) the coherent field

reflected by the layer is computed as 

E R η(r ) = n 0 

∑ 

mn 

∫ 
D 

[
T 1 n e 

1 
ηmn (z i ) M 

3 
mn (k 1 r i ) 

+ T 2 n e 
2 
ηmn (z i ) N 

3 
mn (k 1 r i ) 

]
e j k 1 s ⊥ ·R i ⊥ d 

3 
R i , (231)

where the integrals over the particle positions are given by ∫ 
D 

M 

3 
mn (k 1 r i ) e 

1 
ηmn (z i ) e 

j k 1 s ⊥ ·R i ⊥ d 

3 
R i 

= 

2 π

j 
n 
k 1 k 1 z 

e j k 1 R ·r m mn ( ̂  s R ) 

∫ H 

0 

e j k 1 z z i e 
1 
ηmn (z i ) d z i , (232)

∫ 
D 

N 

3 
mn (k 1 r i ) e 

2 
ηmn (z i ) e 

j k 1 s ⊥ ·R i ⊥ d 

3 
R i 

= 

2 π

j 
n 
k 1 k 1 z 

e j k 1 R ·r j n mn ( ̂  s R ) 

∫ H 

0 

e j k 1 z z i e 
2 
ηmn (z i ) d z i . (233)

As in the calculation of the integrals (55) and (56) , the integrals

(232) and (233) are evaluated by using the integral representations

(52) and (53) . Similarly, the coherent field transmitted by the layer

is computed as 

E T η(r ) = E 0 (r ) + n 0 

∑ 

mn 

∫ [
T 1 n e 

1 
ηmn (z i ) M 

3 
mn (k 1 r i ) 

+ T 2 n e 
2 
ηmn (z i ) N 

3 
mn (k 1 r i ) 

]
e j k 1 s ⊥ ·R i ⊥ d 

3 
R i , (234)

with ∫ 
D 

M 

3 
mn (k 1 r i ) e 

1 
ηmn (z i ) e 

j k 1 s ⊥ ·R i ⊥ d 

3 
R i 

= 

2 π

j 
n 
k 1 k 1 z 

e j k 1 s ·r m mn ( ̂  s ) 

∫ H 

0 

e −j k 1 z z i e 
1 
ηmn (z i ) d z i , (235)
∫ 
D 

N 

3 
mn (k 1 r i ) e 

2 
ηmn (z i ) e 

j k 1 s ⊥ ·R i ⊥ d 

3 
R i 

 

2 π

j 
n 
k 1 k 1 z 

e j k 1 s ·r j n mn ( ̂  s ) 

∫ H 

0 

e −j k 1 z z i e 
2 
ηmn (z i ) d z i . (236)

n interesting feature of the method proposed by Kristensson is

hat the effective wavenumber K is computed from the equation

 

2 
η (K) = T 2 ηEFA (K) , and not by finding the roots of a determinant as

n Ref. [1] . 
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ppendix A 

The regular vector spherical wave functions can be expressed as

ntegrals over vector spherical harmonics [10] 

 

1 
mn (kr, θ, ϕ) = 

1 

4 π j 
n −1 

∫ 2 π

0 

∫ π

0 

l mn (θ
′ , ϕ 

′ ) e j kr ̂ r ′ ·̂  r sin θ ′ d θ ′ d ϕ 

′ , 

(237)

 

1 
mn (kr, θ, ϕ) = 

1 

4 π j 
n 

∫ 2 π

0 

∫ π

0 

m mn (θ
′ , ϕ 

′ ) e j kr ̂ r ′ ·̂  r sin θ ′ d θ ′ d ϕ 

′ , 

(238)

 

1 
mn (kr, θ, ϕ) = 

1 

4 π j 
n −1 

∫ 2 π

0 

∫ π

0 

n mn (θ
′ , ϕ 

′ ) e j kr ̂ r ′ ·̂  r sin θ ′ d θ ′ d ϕ 

′ , 

(239)

here ( θ ′ , ϕ′ ) are the polar angles of the direction 

̂ r ′ . From

qs. (237) –(239) , and the orthogonality relation of the vector

pherical harmonics 

 2 π

0 

∫ π

0 

v αmn (θ, ϕ) · v 
β
−m 

′ n ′ (θ, ϕ) sin θd θd ϕ = δαβδmm 

′ δnn ′ , (240)

here α, β = 1 , 2 , 3 , v 1 mn (θ, ϕ) = l mn (θ, ϕ) , v 2 mn (θ, ϕ) = n mn (θ, ϕ) ,

nd v 3 mn (θ, ϕ) = m mn (θ, ϕ) , we find the following expansion of the

yadic exp ( j p · r ) I [6] : 

 e j pr ̂  p ·̂  r = − 4 π
∑ 

mn 

j 
n +1 

[ l −mn (θp , ϕ p ) � L 1 mn (pr, θ, ϕ) 

+ j m −mn (θp , ϕ p ) � M 

1 
mn (pr, θ, ϕ) 

+ n −mn (θp , ϕ p ) � N 

1 
mn (pr, θ, ϕ)] , (241)

here ( θp , ϕp ) are the polar angles of the direction ̂

 p . 
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