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Abstract— This paper presents a novel multi-step closed-form  reactive stepping controller for level and non-level grdun
walking trajectory generator based on the concept of Divergnt  Urata [11] optimizes three step positions that correspond
Component of Motion (DCM) that guarantees smoothness of  gtapilizing ZMP trajectories. Takenaka et al. [5] stieil

all resulting reference trajectories. Further, we introduce an thei IKi it i -ti b forcing t A i
analytical method for footstep adjustment to recover from 1€If Walking gait in reai-ime by enforcing two-step Cyell

strong disturbances. The DCM trajectory is adjusted to guar ity Of the resulting DCM trajectories via appropriate step
antee smoothness of control outputs. Additionally, we prest adjustment. Khadiv et al. [13] present a DCM-based method

a momentum-based disturbance observer. that improves ro- for both step location and timing adjustment. The same
busg‘ej's WL s@frpr:jg_contmlljoqs perturbations. The propsed  4thors present DCM-based tracking and step adjustment
methods are verified In simulations. for constant ZMP positions in [14]. Griffin et al. [17] use

a DCM-based quadratic program to compute desired ground
o _ reaction forces and recovery step locations.

Legged locomotion is generally regarded as a difficult |, his paper, we present (i) closed-form solutions for
problem due to its hybrid dynamics, unilaterality consttai 1, 1ti.step DCM reference trajectories that are consistent
pf contact forces and the hlgh_ dlmen5|on_allty a_nd nonlmga{Nith smooth virtual repellent point (VRP, [6]) trajectasie
ity of a robot's general dynamics. For online gait generalio (ijy an analytical method for step adjustment as well a} i
a commonly used idea is to mainly focus on the robot's,mentum-based disturbance observer. The presentetresul
center of mass (CoM) dynamics, which covers the mosfe rely analytical and achieve a high level of robustness
important effects of a locomoting system. One of the MOSthe paper is structured as follows: Section 11 presents our
popular models following that idea is the Linear Inverteqneihag for the generation of smooth and consistent VRP
Pendulum (LIP) [1]. Using the LIP dynamics, Tedrakeynq pcm reference trajectories. Section Il introducespn a
et al. [2] present a closed-form solution for generating,ach for purely analytical footstep adjustment and smoot
walking trajectories from polynomial ZMP references bypcy reference adaptation. Additionally, a momentum-based
formulating a linear-quadratic (LQ) problem with the CoMistrhance observer is presented in Sec. I1l-C. Sectigns |

as input. Harada et al. [3] present a method for real-timg,q v/ evaluate the proposed methods and conclude the paper.
simultaneous CoM and ZMP planning which allows for

smooth gait adjustment. Wieber [4] presents a trajecto#g-f || GENERATION OF CONSISTENT MULT+STEPVRP AND
model predictive controller (MPC), which is based on the DCM REFERENCES

minimization of the CoM jerk and can recover from strong

perturbations. Recently, the concept of Divergent CompbneA. Review of basics on DCM and VRP

of Motion (DCM) [5], [6] (also known as "Capture Point’  The fundamental theory on Divergent Component of Mo-
[7]) has become popular in the research community, since(jbn (DCM) and the Virtual Repellent Point (VRP) can be
S|_mpI|f|es gait generation and control by or!Iy cons.|derimg.t found in our previous work [6], [18]. In this section, we
divergent component of the CoM dynamics, while leavingmmarize the most important definitions and properties of

the stable part untouched. Hopkins et al. [8] extended thgrp + and DCM ¢. The DCM is defined as
concept of DCM to a time-varying version.

Gait stabilization can be achieved through three mecha- E=x+bax. (1)
nisms: (i) force modulation, as used e.g. in ZMP controllers
[2], [6], [8], (i) modification of angular momentum (e.g.]]9 Here,x and & denote the center of mass (CoM) position
[10]) and (iii) step adjustment (e.g. [5], [10]-[16]). Amgst and velocity, respectively, each being a three-dimensiona
these methods, step adjustment has the greatest stapilizitiantity. The DCM time-constant is denotediyywhich can
potential. Stephens [16] proposes a push recovery methb@ derived from the average height of the CoM above ground
that is based on the generation of full-body step recovesurfacelz,p, as b = |/Az,p/g, g being the gravitational
motions. Yun and Goswami [10] present a momentum-basé&@nstant (see [6], [18] for more details).

Reordering (1), we find the CoM dynamics
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which shows that the CoM follows the DCM with a stable | Moy fo (ts) boundary conditions
first order dynamics. The CoM dynamics can thus (assuming ot 0 Vret, ¢ (Ip) = Vret 0,9 = CONSt
suf_ficient fr_ictioriL) be ngglect_ed w.r.t. planning and control, [ 1st % Vret, ¢ (0) = Vref 0.9
which facilitates the gait design process. ret ¢ (T) = Vref 70
Differentiating (1) and inserting Newton’s 2nd laiy = 'Uref~¢(o>:"-7ref 0"¢"
Feom/m (m being the robot’s total mass), we find the fol- - (tl)z( _zﬂ) X ; 0o o,
lowing unstable first order dynamics for the DCM: T T et
1 Vref.¢ (T¢) = Uref,T,9
£=1(E-v). 3) et gT9) =0
’Uref,tp(o) = Uref,0,¢
Here we already inserted the definition of the Virtual Repel-| sh (%)3 (10_ 1% + %)) Drer (0) =0
lent Point (VRP)v. The VRP encodes the total force acting et (0) = 0
. ref, -
on the CoMFgom via . Vet o(To) = Oref 70
Feom = b2 (x—v) . (4) Gret 9 (To) =0
'i}ref.qb (T¢) =0
Looking at (3), we find that the DCM is pushed away from TABLE |
the VRP, i.e. itdiverges In the next sections, we will show VARIOUS POSSIBLE INTERPOLATION SCHEMES

how this divergent nature of the DCM can be used for the
design of contact consistent DCM reference trajectorias th
obey a certain terminal constraint.
Using partial integration, we find the solution to (6) as

B. Consistent VRP and DCM interpolation as basic element "

In this work, we split the overall preview of future trajec- Eretp(lp) = vig(ly) + € (§ret0p —vrog) » (V)
tories into a sequence o transition phaseg. During each \yhere
transition phase € {1,..,ny}, we use a polynomial spline
to interpolate the VRP reference from the corresponding vz.¢(ts) = (1—0p(tp)) vrer 09 + Tp(ty) viettp . (8)
VRP reference start pointer ¢ € RR3 to the corresponding Nootys , (i)
VRP reference end pointrer 1y € R®. These polynomial with vsog = v5(0) and gg(ty) = 3 (bJ f¢(t¢)), in
splines have the following general form: =0

) which npoly¢ is the polynomial order offg(ty) and %)
denotes thej-th time derivative of any functiorid. With

where vref 09 = vret,¢(0) and vier 1,9 = vret,p(Tp). Here, (8), we reformulate (7) as
tp € [0,Ty] is the local time of transition phas¢. The 9
transition phase durationgTy),’ ; may be predefined or Srer g (tp) = (1—0¢(t;¢)—ef (1_U°’¢))l¢”r9f’°3¢ + O
optimized as presente_d by Mesesan [19]._ Table | prpvides + (0p(ty) — €D Oog) VrefT.p + € Eref g
several example functionf (ty) together with appropriate _ )
boundary conditions for different polynomial ordensy, Where dog = 04(0). This equation returns the reference
that may be used for interpolation. The choice of a particuld?CM &ret ¢ (tg) atany given time in transition phatg using
polynomial ordernyey, has an influence on the smooth-the VRP reference start poimter09 and end pointer 1o
ness of resulting quantities such as VRP, DCM, CoM an@nd theDCM reference start poingrer.0.9 = &ref ¢ (tp = 0)
joint torques. Thus, this choice depends on the smoothned$ INPUt. Alternatively, the solution to (6) can be formatat
requirements of the given locomotion task. For increasingSing VRP reference start and end points andDiuM ref-
polynomial orders, the differentiability of the correspiimg ~ €rence end poinrer 1.9 = &rer ¢ (ty = Ty) of each transition
VRP reference trajectories increases. phase as boundary condition:

The time-dependent VRP trajectories from (5) can b —To
inserted into the DCM dynamics (3), which results in th reg(lp) = (1—-0p(ty) —e" ™ (1—019)) veerog + (10)

Vref, ¢ (tcp) = (1— f¢ (tcp)) Vref,0,p + fcp (tcp) Uref, T.¢p -

following ODE for the DCM reference dynamics ag(ty)
1 9T 9T
: —e b b
berolly) = ¢ (Eerplle) — verglty)) . (©) T %Ue) T €T OTo)verry + € T Lerty -
Bs (t9) Yo (ts)

1if angular momentum is neglected, the desired forces, ipginfrom
the contacting feet towards the robot's CoM, have to lie inithe friction Summing up: in this section. we have derived consistent VRP

cones that correlate to feasible contact forces. Assumisgffeciently high h . . . .
friction coefficient, the CoM (if above floor level) alway®4 in the friction and DCM 'nterpOIat'on trajectories, the end results belng

cone and can thus be neglected for feasibility considerstio equations (5) and (10) (or (9), respectively). These qtiasti



serve as basic element for designing smooth and consist@uint v 1,4 to the compatible DCM reference start point
multi-step reference trajectories in the following segtio &t 0,¢. Using (13) and (14), we write (15) in matrix form

C. Computation of multi-step preview matrices Eref 01 voiI 0 ... 0 ErefT1 |
In this section, we use the consistent VRP and DCM : 0 : :
interpolation from above as basic element to interpolat = +
between a sequence af,, VRP waypoints(vwp )™ via : 0
L P . P1Jj=1 I3 0 0 I||¢
Ny = Nwp— 1 transition phases. During each transition phaseSref.0n Yo,ng ref,T.ng |
¢ {1, ..,_n¢_}, the corresponding VRP reference trajectory{_.mf‘0 R Ay € B3 <39 €rof 7 € 3
vret,¢ (1g) is interpolated from thg-th VRP waypointvyp, ¢ ' I I -
to the (¢ + 1)-th VRP waypointvyp ¢ 11, i.€. o1l Poal O 0 Uwp.1
0 : :
Vref,p (tcp = O) = Uref,0,¢ = Vwp,p (11) + . . . . . . (16)
: -, .. -, 0 :
and 0 e 0 ao’n¢ I BO,”¢I va-,an_
Vref ¢ (tp =Tp) = Vref Tp = Vwpgpi1 - (12) —
AaB € R3¢ x3mwp Ywp
Collecting all VRP reference start pointser ¢ and way- _ _
pointsvwpe in collective vectorsver o and vyp, we find For the generation of consistent VRP and DCM reference
trajectories, we use thterminal constrainthat the reference
Uref,0,1 I o ... ... 0 Vwp,1 DCM comes to a stop, i.&ref(th, = Tny) = 0 (see (3)) at
: 0o . - : : the end of the complete preview horizon, corresponding to
= ' ' . (13)
: T : gref,T,nq, = Vwpnyp - (17)
Uref,0,np o ... 0 I 0 Vwp,nyp . . . . .
~—— Starting from this terminal constraint, we design the DCM

Vref 0 € R3Y Ay o € RIOMP vwp € R3WP reference end point§.rt ¢ Of each transition phas¢ <
1,..,ny —1} to coincide with the DCM reference start points
ref,0,9+1 Of each subsequent transition phase, i.e.

Eret .0 = &ref0,9+1 Ve € {1,.,ny —1} . (18)

Similarly, we can also collect all VRP reference end point%
Vret,T,¢ IN @ collective vectowyer 1

'Uref’T’j_ 0 I 0 cee 0 'Uwp‘]_
: : . . .o : This backward iterationscheme assures continuity from one
= . } } : - (14) " transition phase to the next.
' - 0 ' Equations (17) and (18) can be summarized in matrix form
'Uref,T,n(p 0 e e 0 I ,UWp,an
M I i (0o 1 o0 ... o] 1
Ve 7 € B3 Avgpp CRIO3WD g c p3WP érEf_’T’l _ _ éref*o*l

Note: throughout this paper, wherever not stated difféyent
0 = 0343 and I = I3.3, i.e. typically, three-dimensional
guantities are mapped. Now, we derive multi-step DCM ref- : : T

erence trajectories that are consistent with the VRP reéere ¢ 0 ol |¢ '
. . . . LSref, T,ng | L 1 LSref,0,ng
trajectories. As in our previous works [6], [18], [20], weeus
aterminal constrainfor the DCM at the end of the preview Eref T Ay € R3¢ €ref.0
horizon and uséackward iterationto achieve a sequence of 0 ... ... ... 0] [ vwp1]
ng coherent DCM reference trajectori€gs ¢. To this end,
we evaluate (10) foty = O to obtain : ' : .
. +| ] @9
ref0p = (1—0op—€ P (1-01y)) veef0p +  (15) o o
o,
B .9 B _O N 0 I_ _'Uwp,nwp_
+ (0op —€ P OTg) VrefTp + &E Eref, T » Arc € R3W *3mp Vwp
T Yoo

The subscripts "BWI” and "TC” in matricedlgyw, and Atc
which maps each DCM reference end pdfpg t¢ and the stand for "backward iteration” and "terminal constraint”,
corresponding VRP reference start poimtroe and end respectively. Insertinger v from (19) into (16) and solving



for the DCM reference start point vectgyr o we find torques. To this end, we make followinigsign choicesvith

regard to the VRP waypoints of the walking sequence:
éref,o = (I3n¢ x3ngp —Ay ABWI)fl(Aa[;-l-Ay ATC) Vwp - g P g 5€d

c R3n¢ X 3nwp

o D1: The first VRP waypoint,p1 coincides with the
initial standing VRP reference, i.@wp1 = vref stand,ini
(20) « D2: The first DCM reference start poirgies 01 also

Alternatively, insertingrer o from (16) into (19) yields the coincides with the initial standing VRP reference point,
DCM reference end point vect@er v as i.€. &ref.0.1 = Uref.stand,ini

_ « D3: The final VRP waypoin® coincides with the
=(I — Agwi Ay) H(Arc+ Aswi A : : . WP Mwp
Sref,T ( 3ny x3nyp BWI V) ( TC+ ABwi GB) Vwp final Standlng VRP reference, i.@wpnyp = Vref.stand,end

Agref.o

Agref‘T € RNY>3mp
(21) Note that the terminal DCM reference end pafrr‘gf;,nd, is
The inverted matrices in (20) and (21) are invertible for alplready constrained to coincide with the final VRP waypoint
Ty > 0. As final contribution of this section, we rewrite (10)Ywpn,, Via the terminal constraint (17) and thus with the final
to directly relate the VRP waypoint vectog,, to the DCM  standing VRP reference poimterstand,endvia D3, such that

referencetrer ¢ (tp) given the transition phasg and timet, N0 additional design choice/constraint has to be introduce
' here. The constraints introduced by our design choices D1

Eret,p(tp) = Agrero(tp) vwp - (22)  to D3 can be expressed in matrix form:
The matrix A¢ ¢ (tp) can be computed as Uref stand,ini I 0 0
_ Uref,stand,ini| __ 3rOW(AEref 00 1)
Acuplls) = Gplty) HOW(Auye.8)  (23) e I PR N T D
+ Bfl’ (td’) 3rOW(A'Uref.T’¢) Vref,stand,en 0 0 I
+ y¢ (td’) 3rOW(A£ref‘T ’ ¢) : bup € R3Mwp Bwpe R3Mwpx3nwp
Here we introduce the following definition: Here, bwp denotes the VRP waypoint boundary condition
Definition 1: vector andByyp is the VRP waypoint boundary condition
) . i 1 ucx 3 ucX Nuc I
The operator ®w(M.i) selects a block of three rows from Matrix, with On,. € R and Iy, € R™e™e. The design
the (31 — 2)-th to the (3i)-th row of matrix M. choices D1 to D3 are implemented via the first, second and

fourth row of (25), respectively. Theyc = nwp— 3 remaining

Summing up: in this section we found equations (13), (14flégrees of freedom (' stands for "unconstrained”) are
(20) and (21) which map an arbitrary VRP waypoint Vectopxpres_sed by the collectlye vector of uncon_stralned VRP
vwp 1o the corresponding VRP reference start point vectd¥ayPointsvwp uc € R™c, which can bdfreely assignedy a
vret.0, VRP reference end point vectogs 1, DCM reference contrpls engineer or plgnmng algorithm. The seco_nd row _of
start point vectoger o and DCM reference end point vector (25) is the most peculiar one. It encodes the design choice
&t 7, respectively. Finally, we found equation (22), whichP2 @s &ref.0.1 = 3rOW(Ag 5, 1) vwp = Vretstand,ini A close
provides a very compact mapping from the VRP Waypoin!PO_k at the structure oBy, reveals that design chqlce D2
vector vy to the DCM reference positioger ¢(ts) for a IS implemented through the second VRP waypomp 2.
given timety in transition phase. Inversion of (25) yields

_ -1
D. Ensuring continuity for standing-to-walking transitie vwp = Bup bup (26)

In our framework, when the robot is standing, the VREVhich maps the VRP waypoint boundary condition vector
reference positionuretsiang and DCM reference position bwp to a VRP waypoint vectopyp that is compatible with

&refstand Coincide, such that the DCM reference velocitydes's_gn choices Dl_ to D_3 an(_JI t_hus f.g:ﬂ”f oulz continuity
Eretsiand IS z€ro (stationary case, see (3)). As the title Ofeqwrements. Note: matriBy, is invertible for all Ty > 0.
this paper indicates, we are looking for smooth trajectory I1l. PUSH RECOVERY VIA STEP ADJUSTMENT

generation, which includes smooth transitions from stagdi | the previous sections, we derived analytical expression
to walking and finally back to standing. Looking at the DCMsor all relevant VRP and DCM reference quantities which
control law presented in [6], [18], [20] correlate to a multi-step preview. The resulting matrix map
ings will now be used to derive an adequate footstep adjust-
v = et () + (T + Kg D) (€= rero(ls)) (24) &egt in Sec. llI-A and an adjustment o?the DCM re?ererice
we find that at the transitions from standing to walking andrajectory in Sec. IlI-B, which ensures smoothness of all
back (as well as throughout the gait sequence) both the VR®sulting trajectories. The combination of these two mésho
and the DCM reference should be continuous in order tallows for smooth recovery from strong and even persistent
avoid discontinuities in the controlled VR#trajectory and unknown perturbations. Note that thexprk together(rather
the corresponding desired forces on the CoM, and thus joititan being alternatives) to accomplish the push recoveky ta



A. Analytical computation of step adjustment The Jow operator selects the three rows of matebg

In this section, we derive an algorithm for step adjustmentnat map the VRP adjustment vectiw,p to the gra-th DCM
which allows for the recovery from strong pushes. On&eference start point adjustmead;o,¢.,- Here, we assume
feature of the presented step adjustment s that it coestat that the currentlyy measured DCM tracking errbg = ¢ —
smooth VRP transitions/trajectorfegust like in the nominal &ref,¢(ts) persists until the instant of step adjustment, i.e.
case presented above. A key feature of the overall method -
presented in this paper is the linearity of most presented Aadjogra = & - (31)

quantities such as matrix mappings. One such linear qyantibther assumptions such as asymptotic convergence due to the
is given by equation (20). In case of an adjustment of thgontroller action or divergence of the DCM due to actuation
VRP waypoint vectowwp by Avwp, the same matride..,  constraints are conceivable as well. Yet, in the contexeof p

can be applied to determine the corresponding effect on thgrpations, these other assumptions have the disadvantége

DCM reference start point vector: idleness and over-aggressiveness, respectively, as cethpa
to the assumption chosen here. Inserting (31) into (30) and
§adio = Agero Ywpadj - (27) 16 assUmp ng (31) into (30)
N’ —— solving yields the sought-after step adjustment
=E&ref,0t0adj0 vwpt+Dvwp -
A'Uadj = (3rOW(AEref,ov¢fa) Sadj) é . (32)

Here, the index "adj’” denotesdjusted quantities, while
"ref” denotesnominalreference quantities as derived in the Ay € R3S

previous sections. This shows that a VRP waypoint vector . . -
adjustmentv,y, can be directly related to the corresponding! N& Matrix Aaqj directly maps the current DCM errg to

difference in the DCM reference start point vecigpgo via &N appropriate step/VRP waypoint adjustmangg that (in
' case of no further perturbations) leads to cancellatiornef t

D&adjo = Agyo Dowp - (28) DCM error at the instant of step adjustment and routes back
of the adjusted DCM reference trajectory to the original
one via smoothly adjusted VRP trajectories. No#g; is
bnvertible if all Ty > 0 and Sqq; is full rank.

wp,1> oo Note: In general, the resulting adjusted eCMPs (see [6])

of this work, egch element of this VRP adju;tment VeCt%hould lie on the ground surface to assure good feasibility
could be used independently to achieve certain goals, Whl?he_ force focusing) of ground reaction forces. As an ex-

might for example be formulated as an optimization probleny e+ in the walking simulations presented in Sec. IV only
In this paper, we choose a more particular form: the horizontal components of the nominal 3D VRP waypoint

Avyp = [0,...,0,1,....1,0,...,0]T Avyg; . (29) adjustmentAvag; as computed in (32) are used, since the
ground that the robot is walking on is flat.

Remember that the VRP waypoint vectay, forms a col-
lection of all VRP waypoints. Similarly, the VRP adjustmen
vector isAvyp = [Av), Dvgpn,o]T- I future extensions

Sadj € R3wpx3

. . . g Smooth adaptation of DCM reference
Here, Saq; denotes the adjustment selection matrix an

Avag € R3 is the VRP adjustment that is equally applied The step adjustment method presented in the previous
to all modifiable VRP waypoints. The latter are all VRpsection returns adiscrete informationabout the location
waypoints that correspond to the next modifiable footstepvhere to step to recover from strong perturbations. In order
The extension to several different footstep and thus VRF® avoid discontinuities in the commanded control outpiats,
waypoint adjustments is beyond the scope of this paper. this section we present a method that guarantees smoothness
In the following, we will denote the transition phase, inVia the tracking of a continuously adjusted DCM reference
which the corresponding VRP interpolationfisst affected trajectory. It will be shown that stability is achieved by a
by the VRP adjustment (compare to mati$isg; in (29)), combination of DCM reference tracking and step adjustment.
as ¢, while the index of thefirst adjusted VRP waypoint I the left underbrace of equation (27), we already defined
is denoted byitawp. The correlation between these twothe adjusted DCM reference start point vectoréagio =
quantities is@a = irawp— 1. Applying the 3ow operator &ref 0+ Aadjo. Equivalently, for the current transition phase

as defined above to (28) and inserting (29) we find ¢ and the corresponding time in transitiop we find the
adjusted DCM reference positidag; ¢ (tp) as
Dladj0.gra = SrOW(Agyr o, @fa) Sadj Mvagj - (30)
— &adip (tp) = Erer,p(tg) +Dladig (tg) - (33)
Vwp

Here,&ret ¢ (tp ) is the nominal DCM reference position from
°Note: smoothness is onlguaranteedfor the adjusted VRP reference (22). Using matrixAg¢ ¢(t¢) as defined in (23), the DCM
trajectories, while the corresponding adjusted DCM refeeetrajectories ref»
are smooth if and only if the disturbances are continuows, the mea-
sured/estimated DCM don't jump, which would correspond tdisac 3Note: in Ehis section, the indegt denotes theurrent transition phase
impulse (e.g. hit with a hammer). 4operator] stands fortracking errors the AC] operator for adjustments.



reference adjustmemt{,qj ¢ (tp) can be computed from the This DCM dynamics is achieved by the following VRP based

VRP waypoint adjustment vectdyvy, as DCM controller (note the similarity to control law (24))
Dadip(ty) = Ager.p(tp) Dvwp - (34) v = vierg(ty) +(1-do(ty))(I+ Kgb) & . (40)
Inserting (29) combined with (32) into (34) yields This control law uses the nominal VRP referengg ¢ (ty)

~ and the DCM tracking errog as input to compute the
Dadip(tp) = Agery(t9) Sadj Aadj € (35) desired VRP positiow. Inserting the latter into (4) returns
dg(tg) T the desired linear CoM force, which can be commanded to
~ a higher level controller.
which shows how the DCM tracking errq affects the  As described abovely (ty) tends from< 1 to 1 until the
current adjusted DCM reference trajectdadj ¢ (ty). After instant of step adjustment. This means that mafiiy
each step adjustmently (ty) starts from a value close 10 in (39) tends from~ —K; I to i I accordingly, which
zero (i.e.dy(ty) <C'1) and slowly grows until it reaches reyeals the behavior of the overall controller: At timesdon
dy (ty) = 1 at the beginning of the next step adjustment, i.&yefore the step adjustment it acts as a tracking controller,
for ¢ = ¢ta andty,, =0, which is consistent with (31). This which helps compensate the DCM tracking error via force
means that while (31) is only an assumption during the timgodulation, whereas the closer the instant of step adjugtme
before the step adjustment, it becomes true at the i”Stam{ﬁﬁproaches the more the DCM regains its natural divergent
step adjustment. In other words: while the adjusted DCMehavior (compare to (3)) and the more the DCM stabiliza-
referencegad; (tp) starts from a value very close to thetjon relies on the foreseen step adjustment.
nominal DCM referencérer ¢ (ty), it is continuously relaxed ~ This weakened tracking control performance of (40) as
via (33) to be in perfect agreement with the current DCM;ompared to (24) yields two major advantagesioothness
(i.e. &agjp(tp) = &) at the instant of step adjustment. Theof the adjusted DCM reference trajectory and improved
main idea presented in this section is to make the DEM feasibility as compared to (24) (notes tends to the VRP
asymptotically track the adjusted DCM referer§i@i (tp),  referencevrer 4 (ty), Which is designed to be feasible, until

i.e. we want to achieve the instant of step adjustment).
I _ ) Inserting (3) and (37) into (36) yields an alternative
- ty) = —K t ) 36
&~ &adio (to) i (é Sadio ¢>) (36) formulation of (40):

This is a stable first order dynamics K is positive
definite. However, this asymptotic stability isEQecept'm'epe v = et g (tg) + (T + Ke D) (€ Ladig (b)) - (41)
€adj,¢ (tp) depends on the DCM tracking errgr(see (35)). This controller is almost equivalent to (24), only that the
We will thus examine the stability of the DCM w.r.t. the  original DCM referencéer ¢ () is replaced by the adjusted
original DCM referencees ¢ (ty) in more detail. Using (3), DCM referenceagj g (tg)-
we formulate the adjusted DCM reference velocity as _ _
1 C. Integration of a momentum-based disturbance observer
badip(tp) = 5 (Sadj,¢(t¢) - vadj,¢(t¢)) (37) The method for DCM-based tracking control and step
— adjustment, presented in the previous sections, provides
1 1 a framework for flexible, continuous and robust walking
= b (Eref,¢(t¢)—uref,¢(t¢)) + b A&agjg(tg)  control. So far, the proposed controller has no knowledge
(such as direction and magnitude) of external perturbation
Eref.o(tg) which acts on the robot. Therefore, in case of strong and
especially continuougerturbations, it may encounter ac-
tuation constraints (such as base of support) and struggle
to recover. An estimate of the external perturbation force
currently acting on the robot can increase the robustness of
the controller drastically. Inspired by the work of DelLuca

= 'Uref‘¢(t¢>

Here, the equalityadj ¢ (tp) = vref,¢ (tp) (Upper underbrace)
indicates that VRP reference trajectories for whitk: ¢4
holds are not affected by the step adjustment.

With (33) and (37), equation (36) turns into

22 1 z [21], Englsberger introduced a momentum-based distudanc

— ty) = — Afadigp(ty) — K —A&agio(t . ’ ; . . .
£ Leroly) b Cadip(tp) — K¢ (S Sad""’(‘p)) observer in [18] that provides an estimate of the linear
H perturbation force acting on the robot. In the following,

(38) we will present the most important equations that define

Inserting (35) yields the dynamics of the DCM error (rethis disturbance observer. For further details, the reader

member:§ =& — et ¢ (tp)) as is referred to [18]. The disturbance observer starts from
the initiaP linear momentumpy = m(0) and integrates

. dgs (t -
£ = (%‘p) I— Kf(l—d¢(t¢))) I3 (39) the known (commanded) forcEBinowdt) and the estimated

K¢ agj Swhen the disturbance observer is initialized



perturbation forceﬁ'penurb(t) to obtain the estimated linear
momentump(t) at a given timet:
15
it R ,
p(t) =po+ /0 (Fknown(t) +Fperturb(t)) dt . (42)
N 1
As update law for the perturbation force estimate we use ¢ L
A . . 0.5 N N
Fperturb(t) = kr (m:c(t) —p(t)) . (43) Lol
p(t) 0 o Ll
Here, p(t) denotes the actual linear momentum, which is il
either measured or provided by a state observer. The use 05 5 A L
(42) and (43) yields following observer dynamics: tlsl
Fperturb(t) = kg (Fperturb(t) — Fperturb(t)) , (44) Fig. 1. Planning of smooth and consistent VRP and DCM refsren

a) black: DCM, colored: VRP, b) 3D visualization
i.e. for ke > 0 the perturbation force estimaté’penurb(t)
follows the actual perturbation fordBpertyrb(t) with a stable
first-order behavidt For their application in discrete sys- IV. EVALUATION OF PRESENTED METHODS

tems, equations (43) and (42) are discretized, which yields In the previous sections, we introduced methods for

Fpenumk = ke (May — Px) (45) smooth and consistent gait generation and step adjustment.
Figure 1 shows an example output of the gait generator:
. . I £ At 46 three-dimensional, smooth and consistent VRP and DCM
Pt = Pt (Fenownk + Fperturbk) AL (46) trajectories, here for a standing to walking to standing
respectively. HereAt denotes the sampling time of thetransition. The coordinate frames denote foot centerseTim
discrete system. Fdc= 0, py is initialized aspo = m(0).  trajectories are plotted on the left, while spatial trageiets
_ . __are shown on the right.
In the presented work, the perturbation force estimate
. ) . To evaluate the proposed push recovery methods, we
Foerurhk from (45) is used to shift all VRP and DCM refer- . . .
, o : : . . erformed numerous simulations of the humanoid robot Toro
ence quantities derived in the previous sections by an toffs . .
A (for further details on the correspondin 2] in OpenHRP [23]. The design parametz,p was
g s pe”“;ﬁk o 1181, For th tical i tl'o"n' Ychosen to be 0.94m. Figure 2 presents the results of a step
erivation, refer to [18]). For the practical applicatishis adjustment simulation, in which Toro was pushed by a lateral

sufficient to s_imply replage aII_ reference quantitigs in)(@n force @25N for 1 second each) while walking forward on a
(41), respectively, by their shifted counterparts, i.e. by rigid and flat floor. The plots on the left show the resulting

and

) - ( b? P 47 measured and (adjusted) reference DCM trajectories. The
Uret g shi(ty) = vrerg(tp) — m * perturbk (47) adjusted DCM reference is smooth. After the perturbations,
and close to perfect DCM tracking is regained after a few steps.

b? . The momentum-based disturbance observer presented in
Gret.gshiflly) = Eretp(tp) — T2 Fpenut (48) o0 111.C was also tested in OpenHRP simulations. Consid-
or ering the perturbation force estimate, the controller ises/
b2 . external forces of up to 15% of the robot’s weight (ramping
Eadjpshittty) = Eadjp(tp) — T Fperturak (49)  up from zero within e.g. 6 seconds).

respectively. Through this shift of reference quantitieshie
opposite direction of the perturbation force, the lineameo V. CONCLUSION AND FUTURE WORK

ponents of the perturbation force are directly compensated|, ihis paper, we presented a novel multi-step closed-

by the robot's end effector forces, while therquethat the oy, \yaiking trajectory generator based on the concept of
pe_rturbatlon force creates a_round the contact forcg nefere Divergent Component of Motion (DCM). The resulting VRP
point (eCMP, see [6], [18]) isompensated by gravitifhe ;04 pcw trajectories are smooth and consistent. Also, we
same "leaning” behavior is observed in humans, €.9. Wh&foquced an analytical method for step adjustment, which
playing tug of war. The overall dynamics achieved by the,;os for the recovery of strong external perturbatiorise T
combined application of the described disturbance observ5CM reference trajectory is smoothly adjusted. Finally, we

and the corresponding VRP and DCM reference shift Wagoquced a momentum-based disturbance observer, which
shown to be stable in [18]. improves the robustness of the control framework w.r.t.

SNote: in contrast to [17], our disturbance observer doesdepend on §tr0ng and per5|st|ng per_turbatlons. The methods were veri
the feedback of measured ground reaction forces. fied in numerous simulations.
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Fig. 2. Open HRP [23] simulation of humanoid robot Toro [2@bfect to external perturbation forces.

In the future, we intend to extend our analytical derivation[10]
to include CoM reference trajectories and all controlled
trajectories. These analytical previews will be helpfut fo
the design and analysis of constraint-compatible trajexto [11]
Also, we plan to evaluate the presented methods experimen-
tally on our humanoid robot Toro [22]. Finally, we plan to
extend the presented analytical methods to a corresponding]
MPC framework to explicitly consider actuation constraint
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