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Abstract— Humanoid robots typically display locomotion
patterns that include walking with flat foot-ground contact, and
knees slightly bent. However, analysis of human gait indicate
that several physiological mechanisms like stretched knees, heel-
strike and toe push-off increase the step length and energetic
efficiency of locomotion. This paper presents an implementation
of two of those mechanisms, namely stretched knees and push-
off, on a quasi-static whole-body balancing controller. The
influence of such mechanisms on the kinematic capabilities
of the DLR humanoid robot TORO is analyzed in different
experiments, and their benefits are thoroughly discussed. As a
result, the energetic savings of balancing with stretched knees
are shown to be of reduced magnitude with respect to the overall
power consumption of the robot, and the ability of TORO for
negotiating stairs is greatly enhanced.

I. INTRODUCTION

Humanoid robots can be employed in a large variety of
repetitive, physically demanding, or dangerous tasks for a
human, as e.g. in service robotics, industrial manufacturing,
or disaster management. Most of these applications require
locomotion in environments and use of tools initially de-
signed for humans. Humanoid robots resembling a human
being in size, proportions, and kinematic structure are in
principle more apt for coexisting, collaborating or replacing
a human in these challenging tasks.

Operation of humanoid robots in everyday environments
requires suitable algorithms for locomotion, capable of deal-
ing with the inherent problem of balancing on two feet or
using multiple-contacts. For balancing, recent approaches are
focused on achieving whole-body control, which considers
the problems of balancing and interacting and manipulating
the environment as a single, interconnected challenge. Com-
mon approaches for whole-body control can be classified in
two different groups, depending on the method for producing
the control signals: solving the inverse kinematics/dynamics
of the robot [1], [2], [3], [4], or using passivity-based
approaches [5], [6], [7]. A subset of the whole-body control
frameworks additionally features a hierarchical architecture
that allows for multiple control objectives [2], [8].
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Fig. 1. Human-inspired behaviors on the humanoid robot TORO.
Left: Walking up stairs with toe-off motion. Right: Balancing with
stretched knees.

For walking, traditional approaches for humanoids rely
on motions that keep the foot in flat contact with the
ground. However, several approaches have been proposed
trying to mimic the human gait on a humanoid robot [9],
[10], [11], [12], including phases with stretched knees, heel-
strike and toe push-off motions in order to obtain energy-
efficient motion patterns, as perceived in human gait [13],
[14]. Motivated by those insights, this paper presents an
experimental evaluation of stretched knees and toe push-off
motions for quasi-static balancing in order to test the poten-
tial for reducing the power consumption and for increasing
the kinematic workspace during stair climbing. Instead of
using additional toe joints as in [15], the push-off motions
are performed using line contacts and suitable ankle motions.

The presented experiments exploit our control framework
for hierarchical whole-body balancing, presented in [8]. The
framework combines passivity-based multi-contact balanc-
ing [7] with hierarchical multi-objective control [16]. It was
employed in [17] for balancing using contacts scattered all
over the body of the robot. In order to handle stretched
knees, an adaptation of the hierarchical whole-body bal-
ancing controller is presented by adding an additional task,
which explicitly regulates the knee angles. The experimental
evaluation of the modified controller includes a discussion
on the energy savings with respect to the overall power
consumption of the humanoid robot TORO (Fig. 1).

The potential advantages of including toe push-off phases
into the locomotion pattern of humanoid robots is analyzed
in another experiment where the humanoid robot TORO
is climbing stairs (Fig. 1). We have previously addressed



the problem of stair climbing in [18], where a planning
algorithm was combined with our multi-contact balancing
controller [7]. As the balancer at that time was not able to
perform push-off motions, the robot was only able to master
stairs with a height of 5 cm. Including toe-off motions in-
creases the capabilities of the robot by extending the effective
length of the rear leg. This leads to an increased hip height,
which reduces the required joint torques in the front leg. By
including toe push-off phases, we moved from negotiating
stairs with step height of 5 cm and step length of 20 cm to
stairs with step height of 18 cm and step length of 28 cm,
which corresponds to an ordinary staircase in Germany.

The rest of the paper is structured as follows. Section II
revises our hierarchical whole-body balancing controller
from [8], including the modifications required for stretching
the knees and performing push-off motions with the toes.
Section III presents the experimental analysis and discussion
of the findings. Section IV concludes the paper.

II. THEORETICAL BACKGROUND

The experimental evaluation presented in this paper uti-
lizes our framework for hierarchical whole-body control
previously presented in [8]. As the approach features a
hierarchical task prioritization, it can be employed for var-
ious applications. Section II-B summarizes the framework
and discusses the modifications required for balancing with
stretched knees. The modifications to incorporate a toe
push-off mechanism are discussed in section II-C. When
the framework is used for quasi-static stair climbing, the
required task hierarchy becomes identical to our passivity-
based approach presented in [7] (section II-D).

A. Dynamic Model

Using a dynamic model with free-floating base is a classi-
cal approach in legged humanoid robotics to handle contact
transitions. In most cases the hip or trunk are selected as
the base link, as they represent the central bodies within
the structure of a robot. From a control perspective, it is
favorable to select the center of mass (CoM) as base link, as
its position is critical for keeping the overall balance. For this
reason, a coordinate frame C located at the CoM but with the
same orientation as the hip is introduced in [7]. Let vc ∈ R6

denote the translational and rotational velocity of C. Based
on the n joint angles q ∈ Rn, the dynamics of the humanoid
robot is given by
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where M ∈ R(6+n)×(6+n) and C ∈ R(6+n)×(6+n) denote
the inertia and Coriolis/centrifugal matrix, respectively. The
velocities of the CoM frame vc and of the joints q̇ are
combined into ν ∈ R6+n. The influence of gravity is
taken into account by g ∈ R6+n, containing the gravitational
acceleration g0 ∈ R6 and the total mass m of the robot1.

1Note that g0 is six-dimensional, as it also contains the rotational DoFs.
The structure of g is caused by the choice of C as base frame (see [5]).

TABLE I
TASK HIERARCHIES OF THE APPLIED BALANCING CONTROLLERS.

Task Wrench F i

Level i With Knee Task Without Knee Task

1 τ knee (FT
c FT

bal FT
int )

T

2 F bal τ pose

3 (FT
c FT

int )
T –

4 τ pose –

The control input u acts only on the n joints of the robot
via the control torques τ ∈ Rn. The influence of external
disturbances is given by the generalized forces τ ext ∈ R6+n.

B. Hierarchical Balancing Control
We used a hierarchical whole-body controller in [17]

in order to balance in over-constrained contact situations,
typically arising from contacts scattered all over the body
of the robot. The first task within the hierarchy was given
by the physical contact constraint, forcing all other tasks to
take place in the null-space of the Jacobian matrix related
to this physical constraint. In order to balance with stretched
knees, we propose to use a similar approach by employing
the hierarchy specified in the left column of Table I: The
first priority level (i = 1) comprises an explicit task for
stabilizing the knee joints in a stretched position using the
compliance control τ knee ∈ R2. Note that the controller can
also deal with the knees in any other given configuration,
although stretching the knees appears to be the most logical
choice to reduce the power consumption and/or extend the
workspace of the robot (see Sec. III). Although stretching
the knees is not a physical constraint as in [17] but rather a
constraint invoked by a controller, all the other tasks (level
2 to 4) need to be operated in the null space of the Jacobian
matrix for task 1. The second task comprises the so-called
balancing end-effectors, which are used to generate a suitable
set of contact wrenches F bal ∈ Rmbal in order to support
the robot. The remaining end-effectors will be referred to as
interaction end-effectors because they can be used to perform
a potential interaction task such as manipulating an object.
The interaction end-effectors are stabilized by Cartesian
compliances stacked into the wrench vector F int ∈ Rmint .
Together with a Cartesian compliance F c ∈ R6 regulating
the CoM frame C, they form the task with priority level
i = 3. The fourth task consists of a compliance with control
action τ pose ∈ Rn to regulate the pose in joint space, in order
to deal with redundant robots.

The control law can be deduced in a similar way as in [8].
All r tasks are defined by a task Jacobian J i ∈ Rmi×(n+6)

mapping the velocity in configuration space ν ∈ Rn+6 to
the task velocities ẋi ∈ Rmi :

ẋi = J iν ∀i = 1 . . . r. (2)

Based on the task definition, null space base matrices Zi ∈
Rmi×(6+n) and a null space projector N i ∈ R(6+n)×(6+n)

can be computed as detailed in [16]. The null space projector

N i = I − (J aug
i−1)T (J aug

i−1)M+,T (3)



maps the control action on level i onto the null space of all
task Jacobian matrices with a higher priority (1 . . . (i− 1)),
which are stacked into J aug

i−1. Herein, JM+
i−1 denotes the

dynamically consistent pseudo-inverse [16]. Applying these
steps to the particular task hierarchy given in Table I yields
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0
τ

)
=

(
mg0

0

)
+ τµ −ΞF (4)

with τµ ∈ R(6+n) compensating for coupling terms within
the matrix C. The latter is necessary for achieving a dynamic
decoupling between the tasks, but can be omitted during
motions with moderate velocities [16]. The task wrenches
are stacked into F = ( τT
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T
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Here, Ξu ∈ R6×σ maps F onto the DoF of the base, while
Ξl ∈ Rn×σ provides a mapping onto the n joint torques.

In order to account for the under-actuation of the base,
F bal must be chosen such that mg0 = ΞuF holds by mini-
mizing the quadratic cost function

min
F bal

(
F bal − F def

bal

)T
Q
(
F bal − F def

bal

)
(6)

with respect to
mg0 = ΞuF (7)

and to the contact model

AbalF bal ≤ bbal. (8)

The cost function minimizes the deviation of the balancing
wrenches from a default wrench distribution F def

bal ∈ Rmbal .
The contact model (8) consists of a polyhedron defined via
Abal ∈ Rρ×mbal and bbal ∈ Rρ, and accounts for unilaterality,
friction and the location of the center of pressure (CoP) of
each contact in order to prevent the balancing end-effectors
from lifting off, sliding, or tilting (see [7] for details). After
obtaining F bal from (6), the control torque τ is computed
via τ = −ΞlF according to (4).

Inserting (4) into (1) leads to a decoupled closed-loop
dynamics

Λv̇ + µv +
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is detailed in [16],

[8]. Let us consider the case in which there are no external
disturbances acting on the robot except for the balancing
wrenches F ext

bal, then the simplification
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(a) Modified end-effector
frame T ′.

(b) Impact on hip height (green) and lever
arms (orange) governing the joint torques.

Fig. 2. Toe-off motion of the rear leg during stair climbing.

can be made. As expected, the external balancing wrenches
F ext

bal act on the balancing task (level i = 2) and are
counteracted by the commanded balancing wrenches F bal.
But F ext

bal acts also on task level i = 1, which represents
a significant disturbance to the knee task considering that
F ext

bal supports the weight of the robot. Thus, we propose to
compensate for the disturbance by choosing

τ knee = τ cpl
knee + JM+,T

knee JTbalF bal, (11)

which consists of a compliance τ cpl
knee stabilizing the knee

angles, and a compensation term using the commanded
balancing wrenches F bal. Based on this choice, the closed-
loop dynamics simplifies to

Λv̇+µv+


τ cpl

knee + JM+,T
knee JTbalF bal

Z2J
T
balF bal

Z3J
T
3 F 3

Z4J
T
4 F 4

 =


JM+,T

knee JTbal
Z2J

T
bal

0
0

F ext
bal.

(12)
Note that due to the use of F bal in (11) instead of F ext

bal, the
external wrenches are not fully compensated, but the distur-
bance is reduced from F ext

bal to the difference F bal − F ext
bal.

As a consequence, this introduces a new coupling from
task 2 onto task 1. This coupling could only be avoided by
compensating for the real contact wrenches F ext

bal. However,
that would inevitably raise the well-known problems of
measuring external forces (e.g. algebraic loops).

C. Modifications for Toe Push-Off Motions

In order to allow for toe push-off motions, we modify
the presented control approach by shifting and rotating
the end-effector frames of the feet as shown in Fig. 2a.
During flat contact the end-effector frame is located in its
default configuration T underneath the ankle, with the x-
axis pointing to the front and the z-axis being perpendicular
to the sole of the foot. In order to incline the foot, the
frame is first moved by an offset d to the front edge of
the contact area before the frame is rotated by an angle α,
such that the z-axis is no longer perpendicular to the sole
but to the ground floor. In theory, the resulting line contact
should be able to transmit horizontal forces in x′- and y′-
directions, as well as torques about the x′- and z′-axis.
However, it is questionable if the contact is stable enough to



provide those forces and torques, because an inclination of
the foot usually happens in situations with rather low vertical
load. Therefore, we propose to model the contact as a point
contact only providing a vertical force fz for balancing,
which can be achieved by assigning only the translational
z′-direction to the balancing end-effectors. The remaining 5
DoFs are allocated to the interaction end-effectors, which
has as an advantage that these DoFs are stabilized by a
Cartesian compliance including the inclination of the foot,
thus significantly increasing the robustness against slipping
and tilting. Note that this method can as well be used to
perform a heel strike by shifting the end-effector frame to
the back of the foot.

D. Relation to the HRO-Balancing Controller

The stair climbing experiment presented in section III-
B utilizes a rather general task hierarchy without an ex-
plicit task for stretching the knees (see right column of
Table I): The tasks for the CoM, the interaction and the
balancing end-effectors are arranged on the same priority
level (i = 1). As before, the lowest priority level (i = 2)
comprises a compliance τ pose in joint space. But instead of
projecting τ pose in the null space of J aug

1 = [ JT
c JT

bal J
T
int ]
T , it

is projected onto the null space of the Sub-Jacobian J̃
aug
1 =

J aug
1 [ 0n×6 In×n ]

T , which only accounts for the motion of
the n DoFs in joint space. The corresponding null space
projector is given by

Ñ = I − J̃T J̃M̃+,T
(13)

with M̃ = [ 0n×6 In×n ]M [ 0n×6 In×n ]
T . Although this null

space projector does not lead to a dynamic decoupling of the
tasks [16], it has proven itself to be very robust even in ex-
treme configurations such as stair climbing. In consequence,
the task hierarchy used for stair climbing results in the same
control law as our “HRO-balancing controller”, previously
published in [7].

III. EXPERIMENTAL EVALUATION

The experimental validation of the approaches for balanc-
ing with stretched knees and toe-off motions is performed
with the torque-controlled robot TORO. The robot has a
height of 1.74 m and weighs 76.4 kg [19], [20]. It features
25 DoF in total (not counting the hands and the neck),
which are located in the legs, arms, and hip. These joints
are based on the technology of the DLR-KUKA LBR
(lightweight robot arm), and can be operated in both position
and torque control modes. The controllers are implemented
in MATLAB/Simulink, and qpOASES [21] is used to solve
the constrained quadratic optimization problem (6) to (8).

A. Balancing with Stretched Knees

In order to evaluate the disturbance rejection of the two
task hierarchies discussed in sections II-B and II-D, the hu-
manoid robot was brought into a configuration with stretched
knees (Fig. 1), and received two consecutive pushes of about
the same magnitude at the left and right knees. The results are
shown in Fig. 3 for the controller with and without an explicit
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Fig. 4. Power consumption of the legs during static balancing as a function
of the knee flexion.

knee task (see Table I). The pushes result in a knee flexion of
up to 20° and 15°, respectively. The main difference between
both task hierarchies is that after the pushes, the one with an
explicit task for stretching the knees shows a smaller static
deviation than the one without a knee task (HRO-Balancer).
The latter regulates the knee flexion only indirectly via the
CoM compliance, which is supposed to preserve the CoM
height. However, due to the singular configuration produced
by the stretched knees, the resulting wrench F cpl

c at the CoM
does not generate sufficient knee torque to overcome joint
friction. Therefore, the hierarchical controller is not able to
return the robot into the fully stretched configuration without
an explicit task for the knee angles.

The most common argument for balancing with stretched
knees presented in literature is the reduced power consump-
tion [9], [11], [12]. In order to validate this argument, the
robot was placed in eight different configurations, each one
with a different knee angle in the range of 0° to 70°. In
each configuration, the robot was controlled by the balancing
controller featuring an explicit knee task (section II-B),
and the power consumption of both legs was measured2.
In most cases TORO is operated with a knee angle of
about 40°, e.g. during walking. As the measurements in
Fig. 4 indicate, the power consumption could be reduced
by 4 W by stretching the knees. Considering a knee angle
of 70° as reference, stretching the knees would lead to a
reduction of 9 W. Therefore, we can confirm that on TORO
the stretched knees reduce the power consumption. However,
one must also consider that besides the legs, a humanoid
robot comprises many more electrical components, e.g. arm

2Note that the measurement comprises the consumption of the motors,
the power electronics, and the electronics for low-level joint control.



joints, sensors, and computers. In the case of TORO, the
overall power consumption is around 350 W during static
balancing, which is mostly caused by the three computers
used for control and vision processing. Therefore, stretching
the knees can reduce the overall power consumption by only
2.5%. A similar analysis was conducted in [11] for dynamic
walking, which revealed a significant improvement of the
cost of transport by incorporating human-inspired motion
patterns. But for static balancing, our results imply that more
efficient computers and algorithms have a potentially higher
impact on the energy consumption, compared to optimizing
the posture of the robot. Besides this, stretching the knees
results in a reduced agility of the hip, which can be of
relevance for performing a manipulation task with the upper
body. Therefore, it is probably more favorable to bend the
knees during static balancing instead of stretching them. As
our experiment indicates, the difference regarding the power
consumption is small enough to be neglected.

B. Stair Climbing with Toe Push-off Motion

The second experiment discusses the advantages of toe-
off motions to increase the kinematic workspace during stair
climbing utilizing the task hierarchy without an explicit
task for the knees from Sec. II-D (HRO-balancer). For this
purpose, TORO was commanded to quasi-statically go up
two stairs with step height of 18 cm and step length of 28 cm,
which corresponds to an ordinary staircase in Germany. A
series of snapshots of the motion is given in Fig. 5. The
motion can be divided into nine phases P1 to P9, depending
on the contacts used for balancing: double stance (“d”), right
foot only (“r”), and left foot only (“l”). For instance, the
robot uses a double stance during the phases P3 and P7, in
which the right foot is placed on the next step while the left
foot still remains on the previous one. During the sub-phases
P3a and P7a, both feet are in flat contact with the ground.
In the sub-phases P3b and P7b, the robot performs a toe
push-off motion with the left/rear foot, in order to increase
its kinematic capability.

The top view is given in Fig. 6, which shows the footprints
and the CoM oscillating between the right and the left foot.
The controller achieves a sufficient tracking of the CoM con-
sidering a moderate stiffness3 for the CoM compliance F cpl

c
and joint friction. Note that the controller tends to place the
feet slightly rotated outwards, whereby the right foot is more
affected than the left one. The reason for this is that the robot
always moves first the right leg to the front in order to place
it on the next step, which brings the right leg into a rather
twisted configuration involving all six joints. Therefore, the
motion of the right leg is more affected by friction than the
left/rear one, which could be counteracted by increasing the
rotational stiffness of the compliances regulating the feet.
However, the orientation error is not problematic at all as
the robot always shifts its weight on top of the stance-
foot, regardless of the orientation. The experiment, shown in
the attached video, displays a rather slow motion for going

3The parametrization of the compliances is identical to the one in [7].

P1:d P1:dP2:l P3a:d P3b:d

P4:r P1:dP5:d P6:l P7a:d

P7b:d P1:dP8:r P9:d

Fig. 5. TORO climbing two stairs with a step height of 18 cm and step
length of 28 cm. The motion of the robot is divided into nine phases, P1
to P9, according to the contacts used for balancing: double stance (d), right
foot (r), and left foot (l).
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upstairs, as the robot is close to its hardware limitations
regarding kinematics, joint torques, and contact model.

The advantage of performing a toe-off motion with the left
foot is that it extends the effective length of the rear leg, and
therefore the kinematic capability of the robot. As shown in
Fig. 2b, this extension allows the robot to increase the height
of the hip (green), which leads to a reduced knee flexion.
Let us consider the exact moment in time when the robot
is about to lift the rear foot, which means that the entire
weight of the robot is on the forward leg. Fig. 2b shows
that an increased height of the hip reduces the lever arm
responsible for the torque in the right knee (orange), which
results in a reduction of the right knee torque. In order to
analyze this effect, we conducted a simulation study with
TORO performing the stair climbing experiment with and
without toe-off motion. Without toe-off, the required torque
in the knee is at 96% of the maximum torque possible at
this joint, which is too close to the limit to be tested on
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Fig. 8. Normalized joint torques τ/τmax during stair climbing.

the real robot, considering joint friction and measurement
noise. By performing the toe-off motion, the knee torque
can be reduced to 76% of the maximum torque, which leaves
enough margin for an experiment. Therefore, climbing stairs
of this particular height is only possible by using a toe-off
motion in order to extend the length of the rear leg, resulting
in a higher hip location and thereby lower knee torque.

Fig. 7 shows the measurements recorded during phase P3
of the experiment. The CoM is shifted by 24 cm to the front
in order to move it from a location on top of the rear foot to
a location on top of the forward foot. This shift results in the
weight of the robot being transferred from the left to the right
leg. At the end of phase P3a, the end-effector frame of the
rear foot is shifted from underneath the ankle to the forefront
of the foot (see T → T ′ in Fig. 2a) in order to prepare the
toe-off motion in phase P3b. Shifting the frame of the rear
foot to the front reduced the lever arm between the end-

effector frame and the CoM, which partially transfers back
the load from the right/forward to the left/rear leg. Finally,
in phase P3b the inclination angle of the rear foot is slowly
ramped to 30° in order to generate the toe-off motion.

The consequences of inclining the foot can also be seen in
the normalized joint torques given in Fig. 8 (±1 indicates the
maximum torque for each joint). At the beginning of phase
P3b and P7b, the torque in the left ankle is relatively high due
to the lever arm between the shifted end-effector frame T ′
and the ankle joint (Fig. 2a). With an increasing inclination
of the foot, the lever arm is reduced, which also lowers the
torque in the ankle joint. As soon as the robot enters the next
phase (P4 and P8) by lifting the rear/left foot, the entire load
is on the right leg. As a result, the right knee and the right
hip joint are strained up to 78% and 92% of their maximum
torque, which is barely within the limits of the robot. This
emphasizes again that without toe-off motion the robot would
not be able to move upstairs. Only by extending the effective
length of the rear leg, we can achieve joint torques that are
within the hardware limits of the robot.

IV. CONCLUSION

This work presents an experimental analysis of stretched
knees and toe push-off motions for quasi-static balancing
in order to increase the capabilities of humanoid robots
by adopting human-inspired behaviors. In order to balance
with stretched knees, we modified our hierarchical whole-
body control algorithm [8] by adding a task that explicitly
regulates the knee angle. The key is to design the task
torque such that it accounts for the contact wrenches, which
act as a disturbance on the knee task. In [11], it was
shown that human-inspired motions such as stretching the
knees can improve the power consumption significantly.
This work presents an experimental evaluation of the power
consumption during static balancing with the robot TORO.
Although the experiments confirm the hypothesis that the
power consumption of the legs can be reduced by stretching
the knees, they also revealed that the power consumption of
the complete robot is dominated by the onboard computers,
and that modifying the knee angle can only save up to 2.5%
of the overall consumption. Thus, we recommend to not only
consider the posture of the robot for reducing the power
consumption, but also to explore more efficient algorithms
and computation hardware in the future.

The second experiment on stair climbing revealed that
toe push-off motions can be used to increase the kinematic
capability of the rear leg by increasing its effective length.
This allows to move the hip into a higher location, which
reduces the knee flexion of the front leg. Decreasing the
knee angle leads to a reduction of the knee torque, which
was one of the limiting factors in our previous work on
stair climbing [18], allowing only a step height of 5 cm.
By incorporating toe push-off motions into our whole-body
control framework, TORO was able to master a regular
German staircase with step height of 18 cm. In the future,
we plan to extend our work to more dynamic walking.
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