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A BSTRACT

nterferometric Synthetic Aperture Radar (InSAR) is a modern geodetic technique. Exploiting
differential phase measurements, it retrieves Earth surface topography and deformation
with an unprecedented spatial coverage. The precision of the technique varies between
centimeter to millimeter level, dependent on the calibration of the error sources. Among such
sources is signal decorrelation which compromises the precision of interferometric phase. Various
time series analysis techniques have been developed to tackle the decorrelation problem. They
enhance the phase precision albeit at high computational complexity. The latter has hindered the
applicability of these techniques in processing long time series.
Over the last few years the new generation wide-swath SAR missions have opened unique
opportunities for rapid global deformation monitoring. However, the demanding processing
of the unprecedented data volume from these missions poses a challenge to the conventional
interferometric techniques. This dissertation responds to this challenge by proposing novel
algorithms for efficient phase, and consequently deformation, estimation. Special attention is paid
to the achievable estimation performance. The following summarizes the milestones in fulfilling
these objectives.
The performance of the state-of-the-art phase estimators is assessed and compared with
respect to the Cramér-Rao Lower Bound (CRLB). This evaluation highlights a trade-off between
computational efficiency and estimation precision in time series analysis. The optimization of
this trade-off is the main objective behind the proposal of two new phase estimators.
Eigen-decomposition-based Maximum-likelihood-estimator of Interferometric phase (EMI)
is the first proposal. In its design, the model complexity of conventional phase estimators is
increased to improve the estimation performance. The inversion of the generalized model is
sought via Maximum Likelihood Estimation (MLE). In the interest of gaining computational
efficiency, the reference MLE is approximated and reformulated into a Lagrangian. An arsenal of
highly optimized numerical recipes is available for the efficient solution of the latter. However,
similar to the state-of-the-art techniques, EMI requires the reprocessing of the entire time series
for inclusion of each new ingested acquisition in its framework.
The second proposed estimator accommodates stream processing of the ingested acquisitions,
thereby provides high operational flexibility for systematic deformation monitoring. This Sequential Estimator efficiently exploits the abundant data in the time series via data compression and
generation of high SNR artificial interferograms between the compressed and ingested data content. The artificial interferograms are shown to assist the Sequential Estimator in maintaining
performance close to computationally demanding estimators. The proximity of performance to
CRLB, elimination of redundant data processing, reduction of the required data storage and
working memory capacity are among the efficiency criteria for the design of the Sequential
Estimator.
The combination of the Sequential Estimator and EMI is the ultimate suggestion of this dis-
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sertation for Big Data analysis. This combined approach is demonstrated in wide area processing.
Its performance in terms of precision and accuracy of phase estimation is thoroughly investigated. Such error analysis assists in the quantification of the achievable InSAR performance in
deformation estimation.
Finally, the performance of InSAR in 3D deformation estimation is assessed. SAR acquisition
geometry is discussed as the performance driver. Optimized acquisition geometry is proposed for
achieving high-precision 3D deformation monitoring.

Keywords: Synthetic Aperture Radar Interferometry, Big Data, Maximum Likelihood Estimation, Low Rank Approximation, Error Analysis, Performance Assessment, Near Real-Time
Processing, 3D Surface Deformation, Systematic Deformation Monitoring
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Z USAMMENFASSUNG

nterferometriesches Synthetic Aperture Radar (SAR) ist eine moderne geodätische Methode.
Durch Nutzung differenzieller Phasenmessungen kann die Topographie der Erdoberfläche
mit einer beispiellosen räumlichen Auflösung abgetastet werden. Die Genauigkeit dieser
Technik bewegt sich im Zentimeter- bis Millimeterbereich und hängt von der Genauigkeit
der Fehlerkalibrierung ab. Unter den Fehlerursachen ist die Signaldekorrelation, welche die
Genauigkeit der gemessenen interferometrischen Phase verschlechtert. Um den Einfluss der
Dekorrelation zu minimieren, wurden verschiedene Techniken zur Zeitreihenanalyse entwickelt.
Diese verbessern zwar die Genauigkeit der interferometrischen Phase aber erreichen dies nur
auf Kosten der benötigten Rechenleistung. Damit ist bisher die Anwendbarkeit der Techniken
bei der Verarbeitung langer Zeitreihen eingeschränkt.
In den letzten Jahren wurden durch eine neue Generation von wide-swath SAR Missionen
neue Chancen eröffnet, um zeitnahes und systematisches Beobachten der Erddeformation zu
ermöglichen. Jedoch stellt das beispiellose Datenvolumen dieser Missionen ein Problem für die
Verfahren der konventionellen Radarinterferometrie dar. Diese Dissertation liefert eine Antwort
für dieses Problem, indem neue Algorithmen zur effizienten Phasen- und Deformationsbestimmung vorgestellt werden. Dabei wurde besonderes Augenmerk auf die mögliche erreichbare
Abschätzungsgenauigkeit gelegt. Nachfolgend werden die wichtigsten Schritte zur Erfüllung
dieser Aufgabenstellung aufgeführt.
Die Güte moderner Phasenschätzer wurde analysiert und mit der Cramér-Rao-Schranke
(CRLB) verglichen. Die Auswertung hebt dabei den Zielkonflikt zwischen rechnerischer Effizienz und Abschätzungsgenauigkeit in der Zeitreihenanalyse hervor. Die Optimierung dieses
Zielkonflikts ist das Hauptziel der zwei neuvorgestellten Phasenschätzer.
Der erste neu vorgeschlagene Schätzer hat den Namen Eigen-decomposition-based Maximumlikelihood-estimator of Interferometric phase (EMI) und ist folgendermaßen aufgebaut: Im ersten
Schritt wird die Komplexität von konventionellen Phasenschätzern erhöht, um die Abschätzungsgenauigkeit zu steigern, während anschließend das Modell mithilfe einer Maximum-Likelihood
Schätzung invertiert wird. Um die rechnerische Effizienz der Maximum-Likelihood Schätzung
zu verbessern, wird das Lagrange-Multiplikatoren Verfahren angewandt. Für dessen Lösung
sind bereits hocheffiziente numerische Rechenmethoden verfügbar. Unverändert zu anderen
modernen Methoden benötigt EMI aber immer noch eine Reprozessierung der gesamten Zeitreihe
für jede neu akquirierte Szene, die in den Datensatz eingefügt werden soll.
Die zweite vorgestellte Methode führt eine fortlaufende Verarbeitung dieser neu eingefügten
Akquisitionen ein und erhöht daher die Flexibilität einer operationellen Bearbeitung von Zeitreihen für die Beobachtung von Erddeformationen. Diese Methode (Sequential Estimator) nutzt
die Informationen aus der Datenmenge in der Zeitreihe, wobei künstliche Interferogramme
mit hohem Signal-Rausch Verhältnis generiert werden, um ältere Daten in der Zeitreihe zu
komprimieren. Mithilfe der künstlichen Interferogramme erhält der Sequential Estimator dabei
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eine Schätzgenauigkeit, die nahe an der von deutlich rechenaufwendigeren Schätzern liegt. Als
Qualitätskriterien für die Entwicklung des Sequential Estimator werden dabei die Nähe zur
CRLB, die Vermeidung überflüssiger Datenverarbeitung sowie die Verringerung von Speicherund Rechenkapazität zurate gezogen.
In dieser Dissertation wird als endgültiger Vorschlag für die Big Data Analyse die Kombination aus Sequential Estimator und EMI diskutiert. Am Beispiel der wide-area Verarbeitung wird
die Schätzgenauigkeit und Präzision im Detail untersucht. Eine solche Fehleranalyse ermöglicht
eine Quantisierung der erreichbaren Güte in der InSAR Erddeformationsbestimmung.
Zuletzt wird die Güte von 3D Deformationsbestimmung bewertet. Dafür wird die Aufnahmegeometrie des SAR als Haupteinfluss der Gütemessung diskutiert und eine optimale Aufnahmegeometrie für eine hochgenaue 3D Deformationsbeobachtungen vorgeschlagen.
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1
M OTIVATION

A

s an active remote sensing technique, Synthetic Aperture Radar (SAR) images the Earth
via emission of electromagnetic waves in the microwave band and recording the backscattered response. Exploiting the coherent imaging nature of SAR, Interferometric

SAR (InSAR) allows the measurement of range changes with sub-wavelength accuracy. The

Earth surface topography and its temporal variation are encoded in the measured differential
ranges, allowing InSAR to serve as a powerful geodetic technique. InSAR time series analysis
enables long-term Earth surface deformation monitoring with centimeter to millimeter precision.
Compared to terrestrial geodetic techniques, InSAR provides an unprecedented spatial resolution
and global coverage.
The precision and accuracy of InSAR in geodetic signal retrieval depend on the effective
reduction of the error sources. Among such sources is signal decorrelation which compromises the
precision of interferometric phase. Various time series analysis techniques have been developed
to address this problem. One group of such techniques exploits all possible interferometric pairs
in a time series of SAR images to effectively reduce the stochastic noise, albeit at the cost of
increased computational complexity. The latter has hindered the applicability of these techniques
in processing long time series.
Over the last decade, the vast experience with data from high resolution X-band SAR systems
such as TerraSAR/TanDEM-X and COSMO-SkyMed has fostered maturity of InSAR algorithms.
In geodetic applications, the time series analysis techniques have been perfected to realize
deformation retrieval with millimeter precision. However, the short duty cycles and limited swath
width of these missions merely allow small scale and regional deformation studies. The traded
wide-swath coverage for spatial resolution restricts the capability of these missions for global
deformation monitoring. Taking the TanDEM-X mission as an example, it takes one year to
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Figure 1.1: Sentinel-1: Realizing the innovative Terrain Observation with Progressive Scan (TOPS) mode [1] via along
track beam steering, swath coverage of up to 400 km is acquired (in contrast to the 50 km swath of high resolution
SAR missions). With a constellation of two satellites and a duty cycle of 25 min per orbit, global coverage of the Earth
is achieved within 6 days; yielding unprecedented Earth observation data. (image credit: ESA/ATG medialab)

realize global coverage.
Over the last few years however, medium resolution wide-swath SAR missions have changed
the paradigm in Earth observation. Innovative imaging technologies have enabled these missions
to gain swath coverage. With the operation of ESA’s Sentinel-1 satellites (figure 1.1), the near
future launch of NASA’s NISAR and DLR’s proposed Tandem-L (figure 1.2) missions, global
systematic deformation monitoring will be possible at weekly intervals. The combination of
wide-swath, short revisit time and long duty cycles of these missions means SAR has entered
the Big Data arena. Many applications will benefit from such unprecedented data continuity, e.g.
geohazard assessment in early warning systems. However, the Near Real-Time (NRT) processing
of Big Data is a prerequisite for rapid systematic monitoring and the current lack of efficient
data exploitation algorithms is a barrier for achieving this objective.
In meeting the emerging Big Data challenge, the potential achievable accuracy of InSAR is
currently traded for fast processing of time series. Computational efficiency is reached through
under-exploitation of the interferometric data. Taking this approach, the unprecedented potential
of wide-swath missions in data generation is undermined. Taking an alternative strategy, this
dissertation aims at the development of novel algorithms for efficient data exploitation while
retaining high-precision performance.

Scope of Dissertation
The overarching research topic of this dissertation is
efficient high-precision 3D deformation monitoring with InSAR, tailored to systematic Earth
observation missions.

2

Figure 1.2: Tandem-L: A combination of a large reflector antenna and digital beam-forming is the innovative strategy
for achieving swath coverage of up to 400 km [2]. A constellation of two satellites and duty cycle of 30 min per orbit,
compared to the 3-minute cycle of TanDEM-X, is proposed for global data coverage within 8 days. Upon approval of
the Tandem-L proposal, the launch is foreseen in 2023. (image credit: DLR)

The focus is primarily on high-precision interferometric phase estimation from Big InSAR Data
and ultimately on enhancing 3D surface deformation retrieval. The main objectives of this
dissertation are summarized as follows:
• Objective 1 : Novel estimators for efficient data exploitation
The demanding computations of conventional approaches call for the design of new methodologies to accommodate the NRT processing of Big Data. In designing new estimators two
key criteria shall be met: improvement of computational efficiency while retaining a performance close to the Cramér-Rao Lower Bound (CRLB). The latter is hereafter referred to as
estimation efficiency. Provision of efficient phase estimators, which satisfy both efficiency
criteria, is the main focus of this dissertation.
• Objective 2 : Performance Assessment
The computation and estimation efficiency of the state-of-the-art techniques shall be
investigated to highlight the challenges of NRT processing with Big Data. Furthermore,
the governing error sources shall be identified. In this dissertation, special attention is paid
to the quantification of error budgets in interferometric phase estimation and 3D surface
deformation retrieval.
• Objective 3 : Optimization of 3D deformation precision
In interferometric phase estimation the aim is to improve the sensitivity of InSAR to 1D
3
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deformation. 3D deformation retrieval is realized via the combination of InSAR from different geometries and its precision is bound to this geometry. For future satellite missions, the
acquisition geometry may be optimized to allow high-precision 3D deformation monitoring.
This optimization is addressed in the framework of this dissertation.
Following these objectives, section 3.5 elaborates on the contributions of this dissertation to
state-of-the-art InSAR time series analysis.
The algorithm developments and performance studies target future SAR satellite missions,
specifically DLR’s proposed Tandem-L formation. However, successful application of the algorithms is demonstrated on the existing Sentinel-1 mission data.

Reading Guideline
This is a cumulative dissertation summarizing the content of three peer-reviewed journal papers:
1. Ansari, H., De Zan, F., Bamler, R. "Efficient Phase Estimation for Interferogram Stacks." IEEE
Transactions on Geoscience and Remote Sensing, 2018 [3]

2. Ansari, H., De Zan, F., Bamler, R. "Sequential Estimator: Toward Efficient InSAR Time Series
Analysis." IEEE Transactions on Geoscience and Remote Sensing, 2017 [4]

3. Ansari, H., De Zan, F., Parizzi, A., Eineder, M., Goel, K., Adam, N. "Measuring 3-D Surface Motion
With Future SAR Systems Based on Reflector Antennae." IEEE Geoscience and Remote Sensing
Letters, 2016 [5]

and three conference papers:
1. Ansari, H., De Zan, F., Bamler, R., "Distributed Scatterer Interferometry Tailored to the Analysis of
Big InSAR Data." in Proceedings of European Conference on Synthetic Aperture Radar, 2018 [6]
An extended paper based on the content of this conference proceeding is to be prepared for submission
to a peer-reviewed journal

2. Ansari, H., Goel, K., Parizzi, A., Sudhaus, H., Adam, N., Eineder, M., "InSAR Sensitivity Analysis
of Tandem-L Mission for Modeling Volcanic and Seismic Deformation Sources." in Proceedings of
European Space Agency Fringe Workshop, 2015 [7]

3. Ansari, H., Goel, K., Parizzi, A., De Zan, F., Adam, N., Eineder, M., "Tandem-L performance
analysis for three dimensional earth deformation monitoring." in Proceedings of IEEE International
Geoscience and Remote Sensing Symposium, 2015 [8]

The papers are provided in the appendices. Chapter 2 is a brief introduction of the basic concepts
to aid in understanding the thesis. The state-of-the-art as well as the contribution of this
dissertation are summarized in Chapter 3. Chapters 4-7 are dedicated to the papers, with the
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corresponding papers introduced at the beginning of each chapter. Chapter 8 concludes this
dissertation.
In the electronic format of this thesis, references to the equations, figures, tables and sections
as well as the abbreviations and citations are hyperlinked. External information are occasionally
provided to the reader via blue hyperlinks.
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2
F UNDAMENTALS

A

synoptic review of the basic knowledge of Synthetic Aperture Radar (SAR) and Interferometric SAR (InSAR) is provided in this section. The review is far from comprehensive
and merely provides a background for understanding the chapters to follow. For an in

depth review of SAR and InSAR the reader is referred to [9, 10] and [11–13], respectively.

2.1

SAR: Relevant Basics

The focused radar acquisition provides the so-called Single Look Complex (SLC) images, with
look referring to a single resolution cell in the SAR reference azimuth-range grid. The complex
pixel value, z, at each resolution cell results from the coherent summation of all reflections from
k sub-resolution scatterers falling in the corresponding sensed area on the Earth surface:
z=

k
X

(x i + j yi ) =

i =1

k ¡
X

¢
a i exp (jφ i ) ;

(2.1)

i =1

where j is the imaginary unit; a i and φ i are the amplitude and phase of the recorded backscattered response from the sub-resolution scatterers.
The scattering behavior is broadly explained in two scenarios; namely persistent and distributed scatterers. Although restrictive in comprehensive modeling of the speckle, this categorization aids the mathematical description of the scattering mechanism.
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x

Figure 2.1: PS and DS model as two extreme scattering scenarios in explaining the speckle. (left) an example of
such scatterers; (middle) response of the sub-resolution scatterers within the resolution cell where scatterers are
represented by dihedrals and their response by wavelets; (right) the corresponding coherent summation. In the case of
PS, a strong scatterer, illustrated with dark shade, dominates the back-scattered response of a clutter of secondary
scatterers. In the case of DS, random sub-resolution scatterers, none dominating the others, give rise to a spatially
stochastic process. For coherent DS, the speckle pattern is reproducible over time.

2.1.1

Persistent Scatterers

With reference to figure 2.1, Persistent Scatterers (PS) occur in presence of one dominant and
stable scatterer in a clutter of weak secondary scatterers in the resolution cell, that is:
z = xps + j yps +

kX
−1

(x i + j yi ) = aps exp (j φps ) + asct exp (jφsct );

(2.2)

i =1

where superscripts ps and sct denote the response of the dominant scatterer and the background
clutter, respectively. The behavior of the former point-like scatterer is deterministic (see [11] for
the response function of a point scatterer). The definition of PS requires the contribution from
the background clutter to be negligible compared to the dominant scatterer (aps À asct ) and the
reflectance of the dominant scatterer to be coherent over time.

2.1.2

Distributed Scatterers

With reference to figure 2.1, Distributed Scatterers (DS) are realized in presence of random
sub-resolution scatterers with comparable amplitudes, none showing a dominant behavior. In
the event of existence of sufficiently many such scatterers within the resolution cell, the central
limit theorem applies. Consequently, the DS is described stochastically by a Complex Circular
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Gaussian (CCG) distribution [11, 14], that is:
z=

k
X

x i + j yi = x̄ + jȳ,

(2.3)

→

x, y ∼ N1 (0, σ2 ),

(2.4)

→

z ∼ N C 1 (0, 2σ2 ),

i =1

kÀ0

for

Here the symbol a ∼ b shows that the random variable a follows from the distribution b; N n (µ, Σ)
and N C n (µ, Σ) respectively represent the n-variate Gaussian and CCG distributions, specified
by their first µ and second Σ order moments; σ2 is the variance of the process.
The central limit theorem and consequently the Gaussian scattering model holds for most
natural scatterers such as fields, soil, rock surfaces etc. [11]. It is prone to violation if only few
dominant scatterers are present in a resolution cell; examples of which are found in urban areas.
From the CCG statistic, the joint probability density function (PDF) of DS phase and amplitude follows as [11]:
with
and

a = | z|
E{a2 } = 2σ2
p(a2 , φ) =

1
a2
exp
(
−
).
4πσ2
2σ 2

(2.5)

Hereafter, p() symbolizes a generic PDF. From the marginalization of this PDF, the statistic of
DS phase yields:
p(φ) =

1
2π

φ ∈ (−π, π]

(2.6)

From (2.6), the phase of DS is proved to be uniformly distributed, i.e. it bears no information.
Even though DS is a spatially random process, it may reflect coherent behavior over time.
Within the limits of the critical baseline (see §2.3), the speckle pattern of a coherent DS is
reproducible in repeated radar acquisitions.

2.2 InSAR: Relevant Basics
InSAR exploits the interference between two or more SAR signals. The differential phase between
two SAR images of an area acquired at slightly different orbit positions and/or different times
are used in interferometry. The differential phase image generated as such is referred to as an
interferogram. The separation in position and time of the two involved acquisitions is named
geometrical baseline Bgmt and temporal baseline Btmp , respectively. The variation of the two-way
signal travel time between the sensor and sensed area in the two acquisitions is encoded in
the interferogram. Such variation is attributed to any alteration in the sensed surface and/or
the media through which the radar signal travels. With reference to figures 2.2 and 2.3, the
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Figure 2.2: Effective physical sources in induction of interferometric phase at the time of master t m and slave t s
acquisitions, indicated with dark and light shades respectively. The sources of geometrical δφgmt , δφtpg , δφdfr and
atmospheric δφaps effects are depicted. The sub-resolution scattering effects δφscr and δφsmr are ignored here and
illustrated in figure 2.3.

interferometric phase between any two master and slave SAR images is decomposed to:
∆φ = δφgmt + δφtpg + δφdfr + δφaps + δφsmr + δφsct + δφnoise + k 2π.
4π
B∥
λ
−4π B⊥
δφtpg =
H
λ R sin (θ )
−4π
δφdfr =
d LOS
λ
δφgmt =

δφaps
δφ

topographic induced phase
deformation induced phase

(sub)surface moisture variation induced phase
stochastic variation in the scattering phase

noise

k 2π

geometric phase

atmospheric variation induced phase

smr

δφsct
δφ

(2.7)

differential phase noise
( k ∈ Z)

phase ambiguity term

Defining: λ as the radar wavelength; B∥ and B⊥ as the projections of Bgmt into the sensor’s
Line of Sight (LOS) and its normal direction, respectively; θ as the incidence angle; H as the
surface topography; d LOS as the projection of the three-dimensional surface deformation on the
LOS direction; δφnoise as the phase error induced by system noise and considering k 2π term to
account for the intrinsic modulo 2π ambiguity of the phase. This decomposition model explains
the differential phase of PS or the averaged differential phases over a distributed scatterer region
(see §2.2.1). In the conventional decomposition of the differential phase, δφsmr term is neglected
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[13, 15–17].
In this decomposition, the first three terms stem from the acquisition and surface geometry,
providing information on surface topography and deformation. Note that in the absence of a
geometrical baseline, the differential phase is invariant to surface topography and is merely
sensitive to surface deformation.
δφaps and δφsmr stem from the variation in the state of the propagation media at the time of

the two acquisitions. The former term corresponds to the medium between the sensor and the
sensed surface, i.e. the atmosphere. The latter concerns the (sub)surface medium. Change in the
atmospheric state imposes variation in the refractive index, inducing a phase component. It is
attributed to the fluctuation of tropospheric temperature, pressure and water vapor as well as
the ionospheric electron content [13]. In addition to atmospheric propagation, the transmitted
signal may be subject to (sub)surface propagation. The latter occurs for surfaces with low relative
permittivity [18]. With soil and vegetation as examples of such surfaces, the alteration in the
state of the (sub)surface medium is largely due to the moisture level [18–20]; hence the name
for δφsmr . The variation of the latter alters the complex dielectric constant of the (sub)surface
medium, or equivalently the attenuation and wavenumber of the propagating signal [18]. The
wavenumber variation changes the propagation velocity; it induces a differential range and hence
a phase component. Note that δφsmr is irrelevant for surfaces of high relative permittivity.
From another perspective, δφsmr may be categorized as a sub-resolution scattering phenomenon and fall under the component δφsct . However, here the two components are separated
to highlight the physical source behind their induction. In our distinction, δφsct is attributed to
random changes in the scattering response of the elementary scatterers while δφsmr describes
a systematic change induced by variation in (sub)surface moisture (see figure 2.3 for a pictorial description). Different hypotheses have been put forward to explain this systematic effect
[18, 20–25]; §2.3.2 reviews the current state of research in this regard.
Topography, deformation, atmosphere and (sub)surface moisture may each be regarded as
a signal of interest and analyzed by exploiting the interferometric phase, provided that the
respective component can be isolated. The interference of these signal components poses a threat
to the correct interpretation of the physical source of interest. In this regard, the impact, retrieval
and calibration of the geometric and atmospheric induced signals are well-studied, as reviewed
in §3.1.1. The scattering effects are however more challenging due to the complex interaction
of the sub-resolution scatterers. The least attended and therefore most peculiar impact on
interferometry is posed by (sub)surface moisture. Thus far, the presence and interference of
the latter signal is ignored or deemed negligible. The scattering effects are identified as the
limitations of InSAR and addressed in more detail in §2.3.1 and §2.3.2.
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2.2.1

Interferometric Phase Statistics

In this section analytic expressions are provided for describing the statistics of DS, assuming the
validity of Gaussian model in §2.1.2.
The coherence between SAR signals governs the quality of the interferometric phase. Evaluating the complex coherence coefficient between any two master (m) and slave (s) acquisitions:
c= p

E{ z m z∗s }
E{| z m |2 }E{| z s |2 }

;

(2.8)

= γ exp (j ∆φ¯ );

(2.9)

signal coherence γ is defined as the modulus of this coefficient and related to the interferometric
phase variance. The argument of the coefficient represents the averaged interferometric phase.
The PDF of the single-look interferometric phase is fully characterized by the argument and
modulus of the complex coherence coefficient; that is [11]:
1 − γ2 1
α arccos (−α)
(1 + p
);
2π 1 − α2
1 − α2
α = γ cos (∆φ − ∆φ¯ ).

p(∆φ) =
with

(2.10)

∆φ is a random variable, often estimated using averaging over a spatial ensemble of the complex
interferogram samples pertaining to a distributed scatterer region. Such averaging is hereafter
referred to as multilooking. In the event of such multilooking, the PDF and consequently phase
variance is generalized to account for the size of the ensemble l [11]. Obviously, increasing l
decreases the phase variance although in a non-linear manner [11]. The statistics may as well
be generalized in case of a time series of SAR images. In this case, PDF of the SLCs follows a
zero-mean multivariate CCG distribution, fully characterized by its second order moment. The
complex covariance matrix, as the second order moment, of a time series of n SAR images reads
as:


Ī 11


 Ī 12 γ12 exp (− j ∆φ12 )

C=
..

.

Ī 1n γ1n exp (− j ∆φ1n )

Here, Ī ik =

p

Ī 12 γ12 exp ( j ∆φ12 )

···

Ī 1n γ1n exp (∆φ1n )



Ī 22
..
.

···
..
.

Ī 2n γ2n exp ( j ∆φ2n )
..
.

Ī 2n γ2n exp (− j ∆φ2n )




.



···

Ī nn

(2.11)

E{| z i |2 }E{| z k |2 } is related to the image intensities. Note that Ī ik and γ ik are invari-

ant to permutation while ∆φ ik = −∆φki . Therefore, the complex covariance and its normalized
counterpart, the complex coherence, are Hermitian matrices. As seen in (2.8), estimation of this
matrix requires an ensemble of pixels, selected within a spatial neighborhood.
The covariance matrix is itself a random variable. Assuming the validity of CCG statistics, it
follows the Wishart distribution [26]:
£
¤
p(C) = cf det(C)l −n det(C̄)−l exp(−tr lC̄ −1 C ),
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(a)

(b)

(c)

Figure 2.3: Pictorial description of surface (red) and sub-surface (gray) scattering associated with a 3D resolution cell.
The relative permittivity of the medium is color-coded with the shade of the cube and increases with darkness. The
elementary scatterers are abstracted by dihedrals. The scattering behavior of each is depicted by the frequency of the
wavelets as well as their thickness. (a) absence of sub-surface scattering due to the high permittivity of the surface,
the coherent summation of elementary scatterers introduces φsct and its variation raises δφsct ; (b) propagation of
signal in sub-surface medium caused by decreased permittivity, allowing the sub-surface scatterers to contribute to
the back-scattered response; (c) same propagating medium as (b) with increased moisture level. Upon wetting the
real and imaginary parts of the complex refractive index increase. The former changes the wavenumber inducing a
systematic phase component δφsmr ; the latter affects the attenuation and coherence.

here cf is a coefficient dependent on n and l; C̄ is the true covariance matrix; det and tr indicate
the determinant and trace operators.

2.3 InSAR Limitations
Interferometric analysis is extendable to a time series of SAR images. Through time series
analysis of interferograms using PS and moderately coherent DS, the evolution of each signal
component in (2.7) may be retrieved. As explained in §2.2 the interference of signals induced
from different physical sources hinders the reliable isolation of each component of interest. The
different spatio-temporal traits of the geometric and atmospheric sources has allowed for mature
techniques in separation of the corresponding signals (see §3.1.1). Less attended is however the
effect of variation in sub-resolution scattering and the treatment of the corresponding δφsct and
δφsmr components. We therefore identify these effects as the limitation of InSAR and dedicate

the next sections to their explanations.

2.3.1

Signal Decorrelation

The prerequisite for interferometry is the coherence of SAR signals between the acquisitions.
With perfect coherence (γ = 1), the observed interferometric phase is merely affected by the
change in the distance between the sensor and surface, easing the observation of the topographic,
atmospheric and deformation signals. In the absence of system noise (δφnoise = 0), the coherence
reflects the degree of similarity between the speckle patterns between the two acquisitions [27].
The alteration in this pattern is attributed to virtual change caused by the acquisition geometry
or actual change in the back-scattering response of the sub-resolution scatterers. The two effects
cause geometrical and temporal decorrelation, respectively. System noise further decreases the
coherence in a multiplicative manner.
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The geometrical decorrelation refers to the loss of coherence due to the change in the acquisition geometry. Sensing the surface under various look and squint angles between the master and
slave acquisitions, alters the coherent sum of the contributions from the sub-resolution scatterers
and imposes a perception of change in their back-scattering response. This decorrelation increases
with the geometrical baseline. In the extreme event of exceeding a so-called critical baseline, the
geometric decorrelation causes the complete loss of meaningful interferometric signal. Governed
by the geometry, this decorrelation is deterministic [11, 28]. Within the critical baseline, it can be
compensated by spectral shift filtering. For missions with tight orbit control, i.e. small geometrical
baselines, the effect is negligible.
The temporal decorrelation is caused by the physical change in the surface and/or subsurface
scatterers within the three-dimensional resolution cell between the two acquisition times. Such
changes include abrupt physical alteration and stochastic position variation of the scatterers
or change in relative permittivity of the (sub)surface medium. Examples may be found due to
freezing, thawing, random movement of scatterers with wind, changes in vegetation, ploughing
etc [11]. Temporal decorrelation decreases with SAR wavelength [11, 27]; i.e. for a fixed temporal
baseline an L-band system yields a more coherent interferogram compared to a C-band.
Some attempts have been dedicated to modeling the temporal decorrelation. The objective
is to use such models in filtering the corresponding δφsct , hence enhancing the phase Signal to
Noise Ratio (SNR) for decorrelating areas. In one such attempts, the sub-resolution scatterers
are assumed to follow either a Brownian motion or a Markov model [27, 29]. In the first model,
the scatterers randomly walk within the resolution cell, with variance of the motion increasing
linearly with time. In the second model, the scatterers are allowed the sudden change of their
reflectivity from complete coherence to total decorrelation. Under these two models, the decorrelation is explained with an exponential function of time and temporal correlation length [29]. In
[30], this exponential model is generalized to manifest a residual coherence beyond the temporal
correlation length. To capture seasonal changes in the coherence, [31] further generalizes the
Brownian model by considering a non-stationary motion variance, changing periodically with
time. Despite these attempts, the stochasticity of the wide range of mechanisms causing temporal
decorrelation hinders the proposed models in explaining a generic decorrelation process. In the
hypothetical case of existence of such a generic model, it should be calibrated with respect to
land-cover, climate, radar wavelength etc. Therefore, enhancing interferometric phase precision
for temporally decorrelated regions remains as a limitation in InSAR. Chapter 3 reviews the
state-of-the-art approaches for tackling temporal decorrelation as well as the contribution of this
dissertation for advancing these techniques.

2.3.2

Phase Inconsistency

Phase inconsistency is a new concern for the reliability of InSAR especially for deformation
monitoring application [18–20]. The notion of consistency of the interferometric phase is raised
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when having at least 3 SAR images. In the introduction of this notion, let us define the mismatch
within the three corresponding interferograms; hereafter referred to as the closure phase [18]:

with

∇φ = wrap(∆φ12 + ∆φ23 + ∆φ31 );

(2.13)

wrap(φ) = (φ + π mod 2π) − π.

(2.14)

The interferometric phase within the images is said to be inconsistent if the closure phase is
nonzero.
The consistency holds intrinsically for single pixels, as used for instance in single-look PS
[17]. However, ensemble averaging normally violates the consistency criterion. For multilooked
interferograms one has:
∇φ = wrap(∠〈 z1 z2∗ 〉 + ∠〈 z2 z3∗ 〉 + ∠〈 z3 z1∗ 〉);

with

〈. 〉

(2.15)

as an averaging operator

The closure phase of the averaged interferometric phases is generally nonzero [17]. Considering
such multilooking in exploitation of DS, they are generally associated with phase inconsistencies.
With reference to (2.7), the systematic phases induced by surface, acquisition geometry and
atmosphere i.e. δφgmt , δφtpg , δφdfr , δφaps are consistent. The closure phase is not affected by any
phase offset that uniformly affects all the sub-resolution scatterers [19, 32]. The reason is that
such delaying sources induce a phase screen which affects each single SAR image independently;
the interferometric phases between the images therefore reflect the differential phase screens
and cancel out in the construction of the closure phase [19, 33]. The sources of inconsistent phase
may be categorized as [19, 33]:
• stochastic inconsistencies attributed to δφsct ;
• systematic inconsistencies caused by volumetric scattering;
• systematic but non-volumetric inconsistencies attributed e.g. to δφsmr (see §2.2);
• et cetera.
Reducing the stochastic inconsistencies falls in the realm of phase estimation for interferometric
time series (see §3.3). The systematic inconsistencies due to volumetric scattering are treated
by the separation of the scattering profiles via tomographic approaches (see e.g. [34]). Less
attended and therefore more peculiar is the last categories of systematic inconsistencies and their
interference in interferometric time series analysis. Hereafter, the systematic inconsistencies
refer to the non-volumetric effect.
Neglecting the presence of such systematic phase behavior, the state-of-the-art time series
analysis are susceptible to the interference of moisture effect in InSAR-derived signals, especially
the deformation [19, 20]. Although advanced phase estimation techniques address the presence
15
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of stochastic inconsistencies and reimpose the consistency model to reconstruct a consistent
phase time series (see §3.3); they nevertheless disregard the systematic inconsistencies in this
reconstruction.
Acknowledging the latter interference as the major limitation of the reviewed and proposed
techniques by this dissertation, we briefly recapitulate the current state of research on the
systematic phase inconsistencies:
• The systematic inconsistencies are observed and related to the variation in (sub)surface
moisture [18–20, 33];
• Analytical models are proposed to model the behavior of the interferometric phase, coherence and the closure phase in response to moisture variation [18, 24];
• Exploiting the invariance of closure phase to consistent phase sources, the calibration of
δφsmr is sought but reported ambiguous and therefore unreliable [35];

• Detection of systematic inconsistencies is feasible by performing hypothesis testing on the
closure phases [32];
• The vulnerability of the state-of-the-art time series analysis approaches to systematic phase
inconsistencies is unknown thus far (with the exception of a simulation study performed by
[36] which is too restrictive to be conclusive).
As of present, InSAR time series analysis is challenged by the lack of research and mature
methodologies in calibration of the interfering moisture induced phases. In the presence of
systematic inconsistencies, the assumed models in phase estimation techniques lose their validity.
The highlighted problem of systematic inconsistencies is however merely relevant to specific
land-covers such as agricultural fields, bare soil and vegetated areas. There are many cases in
which the consistency criterion is satisfied to a sufficient degree [19]. InSAR is still a powerful and
reliable tool in regions of high permittivity or weak probability of moisture variation; examples of
which are rock land-cover, dry climate etc. Stochastic inconsistencies are the prevailing problem
as compared to the systematic inconsistencies. The scope of this dissertation is limited to the
treatment of the stochastic inconsistencies.
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T

he power of Interferometric SAR (InSAR) in geodetic Earth surface monitoring was
revealed by the analysis of single interferograms for studying episodic deformation events
[37–39]. Such successful geophysical application of InSAR prompted the analysis of time

series of interferograms between repeat-pass acquisitions to study the evolution of deformation.

Since then, the interferometric time series analysis has been evolved into a new geodetic method
for deformation monitoring. Starting from the introduction of limitations of InSAR time series,
this chapter reviews the approaches of the community to overcome these boundaries and improve
the applicability of InSAR. The contributions of this dissertation in advancing the state-of-the-art
in InSAR time series analysis concludes the chapter. Figure 3.1 provides an overview of the
reviewed techniques, where the contribution of this dissertation is put into perspective with
respect to the state-of-the-art.

3.1

InSAR Time Series Analysis

The analysis of interferometric phases is extendable to a time series of interferograms where
the evaluation of different phase contributions may be investigated. As elaborated in §2.2 and
§2.3, the isolation of different signal components is the major challenge in InSAR. With reference
to §2.3.2 and (2.7) and under the assumption of the absence of systematic inconsistencies,
all signal components can be modeled with a reasonable accuracy except for the atmospheric
δφaps and scattering δφsct phases. Let us distinguish between the different components of the
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InSAR Time Series Analysis
Atmospheric Phase Isolation

Tropospheric Effects

Compensation Estimation

Signal Decorrelation

Ionospheric Effects

Partial Stacking

Compensation Estimation

MLE

PSI

SBAS

LSE

SVD

Efficient Stacking

Full Stacking

Sequential Estimator

Phase Linking

MLE

PTA

EMI

Non MLE

EVD

LSE

Figure 3.1: Overview of the state-of-the-art in InSAR time series analysis. The advances in time series analysis is
divided into overcoming two shortcomings of InSAR; i.e. isolation of the atmospheric signal and treatment of the
signal decorrelation. The focus of this dissertation is on the latter. In this regard, the different time series analysis
techniques, referred to as stacking, are introduced and elaborated throughout this chapter. Highlighted by red color,
the contributions of this dissertation is put into perspective with respect to the state-of-the-art stacking techniques.

interferometric phase as:
with
observed phase:
consistent phase:

δφsmr = 0

∆φ = ∆φcns + δφsct ,
∆φ

cns

= δφ

det

+ δφ

aps

(3.1)
,

δφdet = δφgmt + δφtpg + δφdfr .

(3.2)
(3.3)

where ∆φcns refers to the superposition of the consistent phase components (see §2.3.2). δφdet
is hereafter defined as a single component resulted from the superposition of the geometric,
topographic and deformation signal contributions. With this decomposition we attempt to highlight two limitations of InSAR in deformation monitoring; i.e. the signal decorrelation related
to δφsct and the atmospheric perturbations indicated by δφaps . The former is characterized
by its stochastic behavior. The latter introduces a spatially low frequency systematic signal
referred to as Atmospheric Phase Screen (APS) [13]. APS is either compensated or estimated
in InSAR time series (see §3.1.1). The residual atmospheric effect as a result of insufficient
compensation/estimation is considered as a stochastic noise in time series analysis [40].
InSAR time series analysis refers to methods and techniques for overcoming signal decorrelation and separating different signal components using a stack of coregistered Synthetic Aperture
Radar (SAR) images (see figure 3.1). The focus of geodetic time series analysis techniques has
been dedicated to the mitigation of the atmospheric signal and the treatment of signal decorrelation. Although treated as noise for the geodetic applications, the atmospheric phase may serve as
a signal for meteorologic applications.
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InSAR time series analysis techniques are briefly reviewed in this section. They include the
exploitation of both Persistent Scatterers (PS) and Distributed Scatterers (DS) in SAR data stack.
Note however that the methods proposed by this dissertation only regard the analysis of DS.

3.1.1

Isolation of Atmospheric Phase

Except for the APS, all consistent phase components are deterministically modeled in time series
analysis. The different signal components contributing to δφdet of (3.3) are estimated using the
relations given in (2.7) (δ is hereafter dropped from δφdet for the sake of brevity). In practice
the geometric and topographic phases are calculated by incorporating precise orbit parameters,
acquisition geometry and an auxiliary Digital Elevation Model (DEM); the respective phase
contribution is compensated from the interferograms. After this correction, the residual effects
due to imperfect orbit and DEM are estimated [15]. With the compensation of the geometric
components as such, the challenge in signal decomposition lies in the separation of the APS from
the deformation signal.
Dependent on the altitude of the sensor platform, APS is resulted from the interaction of radar
signal with the troposphere and part of the ionosphere. The latter layer is a dispersive medium,
with its refractive index sensitive to wave frequency. This sensitivity allows the separation of the
ionospheric from the nondispersive effects present in geometric, topographic, tropospheric and
deformation phase components. Using the split-spectrum method, the ionospheric phase screen
can be directly estimated and compensated from the interferograms [41–44].
Being nondispersive, the separation of Tropospheric Phase Screen (TPS) from other nondispersive effects is not as straightforward. In practice tropospheric phase is either compensated or
estimated taking one of the two following approaches:
Compensation using auxiliary data
Utilizing auxiliary sources from meteorological data [45–50] or the estimated delays from Global
Navigation Satellite Systems (GNSS) stations [51], the TPS can be modeled independently from
InSAR. The interferograms may therefore be corrected having the externally evaluated TPS. An
instance of such approaches is the proposed integration method of [49] in modeling and removal
of TPS using four-dimensional Numerical Weather Prediction (NWP) model products. Using the
integration method, the effect of height-dependent stratified delay has been effectively mitigated
from the interferograms and hence deformation estimates. The accuracy of the estimated delays
based on the NWP products is reported to be in the centimeter regime [50]. The latter accuracy
is correlated with the total water vapor content and its alteration, and varies based on the
geographical location and time of acquisition [50].
The uncompensated tropospheric effects due to the limitations of the auxiliary data remains
as a systematic phase component in the interferograms.
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Estimation from InSAR time series
The spatiotemporal correlation properties of TPS in the SAR time series may be exploited to first
reduce and then estimate this phase component. In the spatial domain, TPS is strongly correlated;
with correlation length reported between 2 − 3 km [13]. In the temporal domain however, the
signal is decorrelated (the atmospheric condition vary in an hour-long temporal window while
the temporal sampling of the time series is typically few days). Taking advantage of these traits,
TPS is treated as follows [15, 16]:
• In spatial domain, the tropospheric phase is largely reduced by forming double-difference
phases (see §3.2.1 steps 4-5 of the processing scheme).
• The TPS-reduced double-difference phases further undergo the estimation of topographic
and deformation signals (see §3.2.1 steps 5-7 of the processing scheme).
• The estimated phase contributions are compensated from the interferograms; residual
phase pertains to the atmospheric phase, unmodeled deformation, orbit error and noise.
• The residual phase screens are used to separate the tropospheric component. First the
temporal mean of the residual phase is subtracted. The latter is an estimate for the TPS
during the master acquisition.
• The mean reduced residual phase screens are then used to isolate the TPS from the
unmodeled deformation and noise. Assuming temporal decorrelation of the tropospheric
effects, it is separated from the unmodeled deformation by temporal high-pass filtering.
Noise is reduced via spatial low-pass filtering.
The estimated TPS as such is interpolated on a regular grid and provides the TPS time series.
The violation of the assumptions on the spatiotemporal correlation properties of the troposphere
compromises the accuracy of this estimation. The precision of estimation is driven by the density
of the double-difference observations [52].
∗∗∗

Best practice in isolation of TPS is to combine the two aforementioned approaches; i.e. initially
calibrate the interferograms using auxiliary data and further estimate the residual atmospheric
effects from the time series [50, 53]. The former approach is best in reduction of topographydependent stratified atmosphere; this effect reduces the correlation length of the atmospheric
signal in the spatial domain and complicates its mitigation in forming double-difference observations. The second approach enhances the removal of small-scale effects due to atmospheric
turbulence.
The short introduction of this section in signal decomposition suffices the scope of this thesis.
The interested reader is referred to the well-established methods in the referred literature and
therein.
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Partial Exploitation:
Relevant to PS
PSI
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Efficient Exploitation:
Relevant to DS

Sequential Estimator

Covariance Matrix

Figure 3.2: Schematic depiction of stacking schemes. Data exploitation is illustrated via (left) baseline configuration,
where images and interferograms are respectively depicted with dots and arcs; and (right) covariance matrix, where
diagonal elements refer to images and off-diagonals to interferograms; the exploited and ignored interferograms
are marked with light and no shading, respectively. The least redundant network uses the consecutive i.e. Lag-1
interferograms. The proposed Sequential Estimator divides the stack into isolated batches. Between batches, the lost
information is retrieved by forming compressed Single Look Complex (SLC)s, as the red dot in baseline configuration
plot, and the artificial interferograms, depicted with red shades and arcs. Dashed arcs represent the contribution of
isolated batches in formation of the compressed SLC.
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3.1.2

Tackling Signal Decorrelation

Signal decorrelation is the main focus of this dissertation. In treating this nuisance, the pursuit
of the InSAR community may be broadly categorized in two directions. The first is to limit the
analysis of the data stack to areas or interferograms with moderate to high coherence; where
δφsct is deemed negligible. The second is to exploit the data to its full temporal and spatial

extent and devise rigorous estimators to filter δφsct and retrieve the consistent phase series1

∆φcns . These estimators essentially enhance the Signal to Noise Ratio (SNR) of multi-master
interferograms by reduction of the random inconsistent phase.
The first approach ignores the low quality data and partially exploits the time series, as
reviewed in §3.2. The second approach aims at enhancing the interferometric quality by exploiting
the data stack to its full capacity, as elaborated in §3.3. In addition to these two approaches, this
dissertation aims at the efficient exploitation of the time series to accommodate the analysis of
Big InSAR Data, as introduced in §3.4. Efficiency of the stacking methods is evaluated based
on their computational efficiency, estimation efficiency and estimation bias. Referred to as the
precision and accuracy of the estimator respectively, the latter two are elaborated in §3.3.4. The
mentioned approaches are schematically illustrated in figure 3.2.

3.2 Partial Exploitation of the Time Series
Historically, InSAR time series analysis techniques started with the partial exploitation of the
interferograms. Having a time series of n SLC images, n(n − 1)/2 multi-master interferograms
may be formed between each image pair. The partial exploitation refers to restricting the usage
of these interferograms:
• either in the spatial domain by using PS which are sparsely distributed in the interferograms;
• or in the temporal domain by exploiting only a selection of interferograms with moderate to
high coherence.
These two approaches are the subject of the following sections.

3.2.1

Persistent Scatterer Interferometry

Developed in the 1990s, Persistent Scatterer Interferometry (PSI) is the first operational geodetic
technique for InSAR time series analysis. It addresses two major limitations of InSAR for
deformation retrieval; i.e. signal decorrelation and atmospheric interference. In avoiding the
former, PSI restricts the spatial extent of data to sparse PS. As introduced in §2.1.1, such
scatterers are coherent in the entire time series and undergo minor alteration in the scattering
1 See §2.3.2 and equations (3.2)-(3.3) for the definition of consistent phase
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phase and geometrical decorrelation. Furthermore, PS are often single look and invariant to
phase inconsistencies. Thanks to this invariance, the multi-master interferograms are completely
redundant: the n(n − 1)/2 phase values are simply the wrapped phase difference between the n
SAR images [17]. In other words phase consistency is preserved inherently and single-master
interferogram time series suffices to study the evolution of systematic phase and consequently
retrieve the coherent signals.
Since its invention in [15], the reference PSI algorithm has been subject to many studies and
further developments [16, 40, 54, 54–59]. The enhancements include improving PS detection,
signal estimation and integration of geodetic methods to enhance the reliability and robustness
of the reference framework. The procedural steps of the reference PSI technique is as follows:
1. selection of a master scene and formation of the single-master interferograms
2. generation of differential interferograms by compensating the geometric/topographic phase
component using an external DEM
3. detection of PS candidates
4. sparsification: selection of a subset of high coherence PS candidates and formation of a
reference network
5. TPS reduction on reference network: via calculation of differential phases between neighboring points of the reference network (the assumed homogeneity of the troposphere within
2 − 3 km renders the cancellation of this component from these so-called double-difference
phases)
6. temporal phase unwrapping of the reference network, estimation of residual topography
and deformation
7. spatial integration of the estimated topography and deformation phases on the reference
network
8. estimation of TPS on the reference network following §3.1.1
9. densification: compensation of the estimated TPS and integration of the remaining PS
candidates to their nearest neighboring points on the reference network
10. estimation of residual topography and deformation for the densified PS points
PSI at a glance:
Restriction on signal decorrelation: The time series analysis is spatially restricted to phase
stable PS where δφsct is deemed negligible. The phase stability is inferred from different measures; examples are the Amplitude Dispersion Index [15] or Signal to Clutter Ratio [54].
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Estimation of deterministic phase series: Estimation of the deterministic phase component
from the wrapped differential interferograms is a classic nonlinear estimation problem. φdet is
hereafter defined as a phase series of size n including a superposition of the geometric, topographic and deformation signal components. Its retrieval may be formulated in two frameworks
either with Maximum Likelihood Estimator (MLE) or L2-norm minimization. These approaches
are described below.
According to the central limit theorem, time series of n SLCs in z ∈ Cn×1 follows the zero mean
n-variate Complex Circular Gaussian (CCG) distribution [11, 26]. In the case of PS however, the
pixel value is modeled as a deterministic complex value, with an additive noise that is assumed
to be Independent and Identically Distributed (i.i.d) (see §2.1.1 and [60]). The first and second
order moments of PS are therefore defined as:
z̄PS = 1 exp( j φdet );

(3.4)

ΣPS = σ2 I.

(3.5)

with I as an identity matrix and σ2 indicating the noise variance. Under these assumptions, the
MLE of φdet follows from the likelihood [60, 61]:
f (z) = p

1

exp {−

(2π)n det (ΣPS )

1
k z − z̄PS k2Σ−1 };
PS
2

(3.6)

where the operator k.kW is the Mahalanobis norm with W as its metric:
k xkW = (x H W x)1/2 .

(3.7)

Maximizing the likelihood function of (3.6), the MLE of the sought phase series yields [61–63]:
φ̂

det

= argminφdet {k z − z̄PS k2Σ−1 }

(3.8)

PS

= argminφdet {−2

n
X

cos (φ i − φdet
i )}

i =1
n
X

1
= argmaxφdet { |
z i exp(− j φdet
i )|} = argmaxφdet {γ̂}.
n i=1

(3.9)
(3.10)

As it is common practice, in the above formulations z is considered to be amplitude normalized
[15, 16]. The latter MLE is the well-known method of periodogram solved via the maximization
of the resultant temporal coherence [15]. Note that here, z and φ correspond to the time series of
n double-difference observations between nearby PS. Recall that double-differences are formed to
reduce TPS phase component between the neighboring PS.
The estimation of deterministic phase can as well be formulated as a phase unwrapping
problem and be solved with Integer Least Squares (ILS). In this approach the time series of
wrapped double-difference phases are formulated as follows [56, 57]:
φPS = φdet + k 2π + ²;
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where k2π accounts for the possible phase ambiguity; the error term ² considers measurement
noise and phase residuals due to non-deterministic or unmodeled phase components. Introducing
the phase ambiguity terms, the non linear phase estimation of (3.8) is reformulated to a linear
system of equations. Under the assumption of Gaussianity of the error ², the system of equations
is solved in the framework of ILS and via the method of Least-squares AMBiguity Decorrelation
Adjustment (LAMBDA) [16, 56, 57, 64]. The latter method is originally developed for a similar
phase ambiguity resolution of GNSS signals (see [56] for the details on the difference from PSI to
GNSS case).
In comparison to MLE solved by the periodogram method, LAMBDA allows for ambiguity
resolution and is computationally more efficient [65]. Furthermore, it enables the replacement
and estimation of the assumed i.i.d stochastic model by the MLE. Being a least-squares approach,
LAMBDA allows for the straightforward estimation of a posteriori covariance of the parameters
and thus statistical hypothesis testing for rejection of poor estimation results. The latter a
posteriori analysis improves the robustness of LAMBDA compared to the periodogram [16].
However, the former method is compromised if the implicit assumption on Gaussianity of phase
error is violated. In the case of such violation, the periodogram method is expected to outperform
the LAMBDA estimator [65].
Advantages: PSI is the pioneering operational InSAR geodetic tool for deformation monitoring.
Since its invention, it has undergone many investigations and improvements, rendering the
maturity of the technique. PSI is adapted for wide area processing of InSAR time series [66, 67].
Nationwide deformation monitoring has been successfully achieved with PSI [68, 69].
Disadvantages: The main disadvantage of PSI is the rare presence of phase stable scatterers
especially in non-urban areas. In principle the spatial density of PS may be improved by inclusion
of temporary PS [70, 71] or by exploitation of partially coherent scatterers [72–74]. These
approaches step into the realm of DS interferometry with Small BAseline Subset Approach
(SBAS) or full data exploitation as elaborated in §3.2.2 and §3.3.
Efficiency2 : Exploiting the PS in single-master interferograms, PSI analyzes the minimum
possible number of interferograms in the time series. It is therefore the most efficient technique
in terms of computational cost. This computational efficiency comes at the cost of spatial coverage
and exclusion of DS which undergo signal decorrelation. The estimation efficiency primarily
depends on the length of the time series n, and the phase stability of PS reflected in its SNR [15].

3.2.2

Small Baseline Subset Approach

SBAS is the first broadly used method for exploitation of DS in the time series. Its initial
proposal was motivated by restricting the severe effect of geometrical decorrelation on DS,
caused by the large orbital separation of European Remote Sensing Satellite (ERS) acquisitions.
2 In defining the efficiency, two criteria are distinguished throughout this dissertation, namely: the computational efficiency,

i.e. the processing run-time; and the estimation efficiency, i.e. the optimality of the estimator with respect to the Cramér-Rao Lower
Bound (CRLB) (see §3.3.4 for more on CRLB and estimation efficiency).
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To overcome the decorrelation, the interferometric analysis was restricted to small baseline
interferograms. Imposing this limitation on Bgmt , subsets of interferograms are generated. SBAS
effectively combines the subsets and retrieves a linked deformation time series. The subset
integration is achieved by searching for the solution with a minimum kinetic energy, which is
easily computed via the Singular Value Decomposition (SVD) method. The tight orbit control
of new generation of satellites, such as TerraSAR-X, COSMO-SkyMed and Sentinel-1, limits
the geometrical decorrelation. For the latter sensors, the baseline restriction is imposed on the
temporal baseline.
Proposed in 2002 by [75] for deformation retrieval of multilooked images, SBAS is extended
to full-resolution by [76]. A further improvement of the conventional SBAS is proposed by [77].
In the latter work, adaptive multilooking replaces the simple low-pass filtering of interferograms
and the L2-norm SVD estimation is substituted by L1-norm minimization. The substitution of the
latter estimator improves the robustness of the final deformation estimate to phase unwrapping
errors which occur frequently in interferograms and whose detection are cumbersome. The L1norm minimization for deformation retrieval is initially proposed by [78]. The procedural steps of
conventional SBAS are as follows:
1. selection of small baseline interferograms (constraining Bgmt and/or Btmp )
2. generation of differential interferograms by compensating the geometric/topographic phase
component using an external DEM; the interferograms are assumed to be APS-free, otherwise the separation of APS follows according to §3.1.1
3. selection of moderate-to-high coherent areas on each interferogram
4. two dimensional spatial phase unwrapping of the interferograms over the selected areas
5. estimation of temporal low-pass signal pertaining to deformation and residual topography
6. removal of the wrapped estimated low-pass phase components from the interferograms and
unwrapping the residual phase; this step leads to fringe rate reduction and consequently
enhances the phase unwrapping
7. formation of refined unwrapped interferograms by addition of temporal low-pass signal to
the unwrapped residual phase
8. combining the refined small baseline interferograms with SVD/L1-norm to generate a phase
series or equivalently estimate the deformation; this step is necessary to reconstruct consistent phase series among the multi-master interferograms [17] and treat the inconsistent
phase component
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SBAS at a glance:
Restriction on signal decorrelation: In the time series, temporal and geometrical decorrelation is limited by defining a maximum permissible temporal and geometrical baseline [79]. In
spatial extent, i.e. at interferogram level, decorrelation is further reduced through multilooking
and/or avoided by selection of moderate-to-high coherence regions. In short, the main initiative of
SBAS in handling signal decorrelation is to avoid analyzing the affected data both in the spatial
and temporal extent of the interferometric stack.
Estimation of deterministic phase series: The small baseline interferograms form networks
between the SAR images in the stack. Network arcs are limited by the defined maximum
permissible temporal and geometrical baselines; as depicted in figure 3.2. The multi-master
interferograms provide data redundancy in the temporal direction. This redundancy is exploited
to estimate the deterministic phase series φdet from the noise-corrupted interferograms. The
estimation follows by seeking the solution of the linear system of equation:
φSBAS = A φdet + ²;

with
and

(3.12)

φ ∈ Rm×1 ,
φdet ∈ Rn×1 .

Here, φSBAS contains the unwrapped phases of the refined interferograms and φdet is the sought
phase series. m refers to the number of small baseline interferograms (m ≤ n(n − 1)/2). A is a
sparse matrix comprised of three elements [−1, 0, 1]; with non zero elements 1 and −1 indicating
the interferograms’ master and slave acquisition indices respectively. In the event of presence of
multiple small baseline subsets within the network, the latter matrix would be rank deficient.
In case of deficiency, SBAS resorts to SVD for finding the minimum L2-norm solution to solve
the resultant ill-posed system. The solution may as well be sought in an L1-norm minimization
scheme. Note that contrary to PSI, the performed phase unwrapping prior to estimation of the
consistent phase series renders the phase estimation a linear optimization problem.
Advantages: SBAS provides a straightforward extension of conventional differential InSAR
analysis by proposing a post-processing step for effective combination of the unwrapped interferograms. Exploiting the unwrapped phases eliminates the non-linearity of the involved optimization
schemes for phase retrieval. Thanks to this linearity, the implementation of SBAS is straightforward. Moreover, the partial exploitation of time series with m small baseline interferograms,
decreases the computational cost of the processing chain in temporal direction.
Disadvantages: Exploiting the unwrapped phase, SBAS is prone to phase unwrapping errors.
The latter errors occur at fringe discontinuities prompted by decorrelated DS regions. Decorrelated areas frequently occur in non-urban monitoring and increase the computational cost of
phase unwrapping. The errors are prone to propagation through the time series, endangering the
interpretation of the physical signal of interest. The computationally expensive two dimensional
phase unwrapping for each single interferogram is a second drawback of SBAS. Furthermore, the
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subjective thresholds on the coherence in the temporal and spatial domain is a major performance
driver of the technique.
From another aspect, the partial exploitation of data compromises both the accuracy and
precision of the estimated phase and consequently deformation signal. The redundancy of the
network is in close relation to the SNR of the retrieved signal. Statistically, the higher the
redundancy of the network, i.e. the more the number of the coherent interferograms, is; the higher
would be the SNR of the estimated phases. The improved SNR in phase estimation increases
the sensitivity of time series analysis to mm-level deformation estimation. Furthermore, the
selection of small subset of interferograms theoretically increases the susceptibility to phase
inconsistencies. In the presence of phase inconsistency, the observed interferometric phase is
path dependent [19]. Preselecting a specific path by means of the small baseline interferograms,
SBAS is the most prone technique to the systematic phase inconsistencies [19]. The latter effect
increases the possibility of biased phase/deformation estimates.
Efficiency: Thanks to the partial exploitation of interferograms through selection of the small
baseline subsets, SBAS enjoys high computational efficiency in analysis of the temporal extent of
data. However, in the two dimensional spatial extent, the required phase unwrapping for each
small baseline interferogram might compromise the computational efficiency. The estimation
precision and accuracy is directly related to the number of exploited interferograms. Hence,
SBAS is faced by a trade-off between the computational and estimation efficiency (see the above
advantages/disadvantages sections for more details).

3.3 Full Exploitation of the Time Series
Pioneered by [80, 81], this class of InSAR techniques incorporates all n(n − 1)/2 multi-master
interferograms in the time series with no explicit restriction on the spatial or temporal extent of
the data series. As explained in §2.3.2, the aim of this category of techniques is to reconstruct
a consistent phase series by addressing the stochastic phase inconsistencies. In other words,
following the decomposition of (3.1), their goal is to estimate the consistent phase series φcns ,
via reduction of δφsct . From (3.2) and (3.3), φcns is a superposition of the systematic phase
components, excluding the systematic phase inconsistencies.
After the pioneering authors, the estimation of the systematic phase series φcns from all possible multi-master interferograms is hereafter referred to as Phase-Linking (PL). Note however
that this borrowed terminology does not refer to the original PL algorithm of [80].
PL compresses the correlated multi-master interferograms of the time series to a series of
independent single-master phases by imposing the phase consistency model of (2.13)-(2.15). That
is, having n coregistered SAR images, n − 1 independent and consistent interferograms are
estimated from the n(n − 1)/2 noise-corrupted inconsistent interferograms. Reconstructing the
phase consistency within the interferogram stack, the stochastic noise due to signal decorrelation
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Figure 3.3: Phase Linking algorithm; the point of departure is the focused SAR SLCs, the different steps involved in
phase estimation are depicted. At the interferometric preparation step, the dashed box indicates an optional phase
correction. At further steps, the latter boxes represent substitute estimators as replacements for the ones presented
by the original PL algorithm in [80].

is effectively reduced in the estimated single-master interferograms3 . The estimated phase
3 The credibility of replacing interferogram stacks by consistent single-master phase series is prone to violation in the presence

of systematic phase inconsistencies. The analysis of such violations is beyond the scope of this dissertation. However, the current
state of knowledge in this regards is provided in §2.3.2 and §3.3.1.
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series is relative to an arbitrary master and pertains to the physically induced signals of (3.2).
The isolation of the different signal components follows in a second estimation step, according
to the rationale of §3.1.1 and identical to PSI and SBAS techniques. After the retrieval of a
consistent phase series, the joint exploitation of the DS and PS enhances the spatial sampling of
the interferometric signal. With reference to figure 3.3, the procedural steps of PL approaches
are summarized as follows:
1. Correction of the geometric/topographic phase component using an external DEM
2. Ensemble selection: choosing an ensemble of pixels pertaining to DS region, the selection
may be realized via a coarse or adaptive spatial window; the ensemble is hereafter referred
to as the DS or Ω region
3. Covariance estimation: estimation of covariance matrices for each DS, using the selected
ensemble; byproduct are the spatially-filtered multi-master interferograms
4. Phase linking: estimation of single-master consistent phase series from the filtered multimaster interferograms
5. Signal Estimation: retrieval of the signal of interest similar to PS processing via separation
of atmosphere and deformation and 3D phase unwrapping (see steps 4 to 10 of §3.2.1).
Coherence estimation is elaborated shortly while the notation for PL is developed. Different
approaches to PL are explained in the sections to follow.
Coherence Estimation
According to (2.8), an ensemble of pixels realized by the same processes are required for the
estimation of coherence. The pixels pertaining to DS provide this ensemble in the spatial domain
of data. DS are statistically homogeneous areas in which the stationarity of the interferometric
signal is assumed. The DS region is hereafter indicated by Ω. In its simplest form, DS are detected
via testing the statistical similarity of nearby pixels using amplitude based methods [17, 82].
Let us commence by assuming a detected region Ω of l pixels in a time series of n SAR images,
arranged in a matrix Z ∈ Cn×l . l refers to the spatial and n to the temporal domain. Z is therefore
a spatiotemporal aggregation of the pixels of the Ω region. Based on the central limit theorem,
Z follows a zero-mean n-variate CCG distribution [11, 26]. Under the assumption of validity of
this distribution, the second moment of the data suffices for the description of its statistics (as
explained in §2.2.1). The sample covariance matrix, or its normalized version Sample Correlation
Matrix (SCM), is known to be the MLE of the second order moment [26]. The SCM is evaluated
by:
ZZ H

C= p

k Z k2 ( k Z k2 ) T

30

.

(3.13)

3.3. FULL EXPLOITATION OF THE TIME SERIES

Here .H indicates the Hermitian conjugation, k Z k gives the row-wise L2 norm of the matrix Z
and the power-2 and deviation operations are element-wise. Let us decompose the complex SCM
to its element-wise modulus and argument:
C = |C | ◦ I Ω = Γ ◦ I Ω ,
with

(3.14)

(I Ω ) i,k = exp( j ∆φ ik );

where ◦ is the Hadamard product. In this decomposition, Γ indicates the signal coherence between
the corresponding images in the stack; it is hereafter referred to as the coherence matrix. I Ω
contains the spatially estimated multi-master interferograms obtained via the implicit spatial
multilooking over the Ω ensemble; it is in fact a byproduct of SCM estimation. The spatially
estimated multi-master interferograms carry the systematic phase, are however corrupted by
SCM estimation variance and signal decorrelation.
As an MLE, the covariance estimation of (3.13) is asymptotically unbiased and efficient 4 .
Its performance, in terms of bias and variance, is however severely degraded for low coherence
values and small size of ensemble [11, 83] and in presence of outliers in the Ω region [60]. In
improving the estimation of the covariance matrix, attempts have been made on reducing the
coherence estimation bias [83, 84] as well as proposing robust M-estimators to replace the MLE
[60, 85]. Proposed by [86], a different approach is to improve the detection of the Ω region by
using the complex rather than the amplitude data and reformulating the corresponding detection
hypothesis. Improving the size of the ensemble using non-local ensembles is another strategy for
improving the estimation bias and efficiency [87]. However, the increase in the size of Ω shall be
dealt with care as it can compromise the spatial stationarity of the ensemble. PL is designed to
improve the spatial estimation of the systematic phase signature in SCM by exploitation of data
statistics in the temporal direction. PLs may be shown to differ in considering either different
matrix factorization in modeling the SCM [3] or different weighting in exploiting multi-master
interferograms for phase estimation [88]; as elaborated in the sections to follow.

3.3.1

Maximum Likelihood Estimators

The pioneering PL scheme is proposed by [17, 80] and is hereafter referred to as the Phase
Triangulation Algorithm (PTA). PTA proposes a factorization of the SCM to two complex diagonal,

Ψ, and one full-rank real symmetric matrix, Γ:
with
and

Γ ∈ R n× n ,
Ψ = diag[ψ] = diag[exp( j φcns )],
Σ = ΨΓΨH = Γ ◦ ψψH .

(3.15)

Hereafter Σ denotes the complex coherence model of the SCM. PTA further assumes that the
SCM provides a sufficient estimation of Γ and allows Γ̂ i,k = |C i,k |. In so doing, the method regards
4 See §3.3.4 for the definition of estimation efficiency and bias
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the estimated coherence to be of high precision and accuracy and is limited to estimating the
phase series in ψ. Comparing the proposed covariance model in (3.15) to the evaluated SCM in
(3.14), it is clear that PTA approximates the phase of SCM, I Ω , by the dyad5 ψψH , while keeping
its modulus intact.
Under the assumption of CCG statistics and optimality of coherence estimation, PTA is the
MLE of the sought systematic phase series. To prove this statement, let us recur to the n-variate
zero-mean CCG probability density function (PDF) [26, 80, 81]:
1

f (z) = p

2πn det (ΣDS )

exp {−

1
k zk2Σ−1 };
DS
2

(3.16)

with the second order moment modeled as:
ˆ H;
ΣDS = ΨΓΨ

(3.17)

Allowing this second order moment in maximization of the PDF of pixels belonging to the Ω
region, one arrives at [17, 80, 81]:
φ̂

cns

= argmaxφcns {

l
Y

exp −(Z iH ΨΓ−1 ΨH Z i )};

(3.18)

i =1

h
i
= argminφcns {tr ΨΓ−1 ΨH ZZ H };

(3.19)

= argminφcns {ψH (Γ−1 ◦ C)ψ}.

(3.20)

Z i is the i th column of the data matrix; it pertains to the time series of the i th pixels in the Ω
region; such that Z i ∈ Cn×1 . ψ is estimated from the above optimization and is shown to be the
MLE of the consistent phase component.
MLE at a glance:
Advantages: Being an MLE, PTA is asymptotically the optimum estimator of the sought phase
series, with its estimation variance closest to the theoretical lower bound. Introduced in §3.3.4,
the latter theoretical bound is known as Cramér-Rao Lower Bound (CRLB). Through exploitation
of the coherence matrix, PTA forms and exploits all multi-master interferograms. Statistically,
the exploitation of all interferograms improves the SNR in phase estimation and consequently
enhances the sensitivity to mm-level deformation. Furthermore, MLE is theoretically expected to
decrease the estimation bias in presence of phase inconsistencies [19, 36]. The reason is that as
opposed to SBAS, MLE does not preselect a specific path for the integration of the interferograms.
Instead, the interferogram exploitation is fully probabilistic and adaptive to data statistics.
MLE withstands the stochastic inconsistent phases but is prone to systematic inconsistencies.
Are the latter inconsistencies present, the PTA proposed factorization loses validity [19], the
5 A dyad is a tensor of order two and rank one. It results from the outer product of two vectors.
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model mismatch is however reflected in the residual phases and explorable in post-processing [32].
Disadvantages: PTA is based on four implicit assumptions:
1. validity of the proposed covariance factorization model;
2. stationarity of the interferometric phase in the Ω region;
3. CCG statistics of the data within Ω region;
4. the high precision and accuracy of coherence estimation.
The first three assumptions lose credibility in presence of systematic phase inconsistencies
[19], in which case the retrieved phases are prone to estimation biases. The violation of the
second and third assumptions can also occur in presence of outliers in the detected DS region
[60], endangering the accuracy of the estimated phases. Robust solution to the latter violations
is proposed by [60] via substitution of MLE by M-estimators [85, 89]. The last assumption is
susceptible to frequent violation due to the expected estimation error of coherence [11, 83]. In
presence of such error, the estimation efficiency of PTA is known and shown to be severely
degraded [4, 81, 90, 91].
Efficiency: Computationally, PTA is the most expensive state-of-the-art algorithm. Performed on
all multi-master interferograms, full-stacking algorithms in general impose high computational
cost, large memory consumption and data storage demand. The computational cost of PTA is
driven by DS detection and the optimization scheme in estimating the consistent phase series. The
latter is considerably reduced by adoption of the suggested iterative solution proposed in [80, 81].
The computational efficiency of this iterative solution is studied in [3]. The precision/accuracy
of the estimator was discussed to be compromised as the result of violation of its underlying
assumptions (see the disadvantages section above). Should the assumptions hold, PTA is the
optimum phase estimator (see §3.3.4).

3.3.2

Eigen Decomposition Based Estimators

Originally proposed for separation of orthogonal scattering mechanisms in the realm of SAR
tomography, this class of estimators provides an alternative solution for PL. Compared to PTA,
Eigen Value Decomposition (EVD) estimators assume a different factorization of SCM to two
full-rank matrices (V ), forming an orthonormal basis, and one diagonal matrix (Λ):
with
and

Λ = diag[λ] ;

λ ∈ Rn ,

VVH = I

V ∈ C n× n ,

Σ = V ΛV H .
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Adopting this estimator for PL, the sought consistent phase series is estimated by approximation
of the full-rank SCM with a dyad, i.e.:
φ̂

subject to
and

cns

= ∠(argmaxVi {ViH C Vi })

(3.22)

ViH Vi = 1,
ViH V j = 0.

Here Vi are the column vectors of matrix V . The above optimization is efficiently solved by
the method of Lagrange multipliers, and via the eigen decomposition of the matrix C. The
retrieval and analysis of the eigenvectors fall in the realm of Principal Component Analysis
(PCA). The phase series is estimated as the argument of the eigenvector with the maximum power.
H
Therefore, EVD estimators approximate SCM by a dyad i.e. C ≈ λmax Vmax Vmax
. Comparing this

approximation with the evaluated SCM in (3.14), it is clear that the EVD’s single dyadic model
approximates both the phase of SCM, I Ω , and the coherence matrix, Γ.
EVD was initially proposed by [73] for the generalization of PSI in presence of signal decorrelation. It was later adopted to retrieve multiple scattering mechanisms using the complex
covariance matrix in [92] or the complex correlation matrix in [93]. The exploitation of the correlation instead of the covariance matrix eliminates the effect of amplitude unbalances among SAR
images in phase estimation [93]. In a further advancement of this category of estimators, [94]
performs the robust estimation of the eigenvectors; it proposes the estimation of SCM by a robust
M-estimator instead of the MLE to suppress the impact of possible outliers in covariance and
consequently in phase estimation. The works of [95, 96] further improve the robust decomposition
of C. Adapting the concept of robust PCA [97], they employ a hybrid of a low-rank matrix bearing
the systematic signal and a sparse matrix accounting for the outliers. The decomposition is
realized via formulation of a constrained optimization based on the nuclear and L1-norm of the
two mentioned low-rank and sparse matrices [97]. Clearly, robustness is gained at the cost of
computational complexity.
EVD at a glance:
Advantages: The first and foremost contribution of EVD estimators is the separation of multiple
PS or DS scattering mechanisms, in case they are separable with respect to the Rayleigh resolution [92]. Such cases occur where multiple scattering mechanisms contribute to the response of
one resolution cell. Therefore, a straightforward application of the estimator is in the realm of
tomography. Dependent on the orthogonality of the systematic phase inconsistencies to the consistent phase components, the EVD estimators are theoretically an adequate tool for decomposing
such interfering inconsistencies from the consistent signal [19]. However, the latter hypothesis
has been neither corroborated nor refuted thus far. In the realm of PL, the advantage of EVD
is its direct use of the eigen decomposition for solving the phase optimization problem. In this
regard, an arsenal of optimized numerical recipes [98, 99] are available to be readily employed in
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phase estimation.
Disadvantages: As explained, EVD estimators are single dyadic approximations of both the
interferometric phase content I Ω and the decorrelation process Γ of the time series. I Ω may fairly
be assumed to be low-rank or even rank-1 in the absence of multiple systematic phase profiles in
the Ω neighborhood. However, for a generic DS the structure of Γ is far from low-rank. It may
even resemble a symmetric Toeplitz matrix and therefore require the entire spectral components
to be sufficiently explained (e.g. in the case of exponential decorrelation). The inadequacy of the
considered single dyadic model compromises the estimation efficiency of the retrieved phase
series [3, 4, 90].
Efficiency: Being a full-stacking scheme, EVD is susceptible to the same computational expense
as the MLE and is in general computationally more expensive than the partial-stacking approaches. Within full-stacking schemes, the comparison between EVD and PTA shall be handled
with care. The eigen decomposition is an iterative optimization for finding the eigen-pairs. It is
therefore subject to the iterative search of the parameter space and expected to have comparable
computational complexity as the MLE. In practice, however, the availability of highly optimized
numerical recipes for efficient solution of eigen decomposition [98, 99], renders the higher computational efficiency of the EVD estimators compared to the MLE. In further comparison of the two
estimators, PTA requires an additional matrix inversion operation. However, the latter operation
is shown to have negligible impact on the computational efficiency [3]. The precision/accuracy of
the estimator was theoretically discussed in the advantages and disadvantages sections.

3.3.3

Alternative Estimators

Two further categories of PL are added here for the sake of completeness of the reviewed
literature:
The first is proposed by the inventors of PTA and undergoes a similar optimization as
introduced in (3.18). It merely substitutes the optimum weighting of interferograms, i.e. Γ̂−1 ◦ Γ,
by Γ̂◦k ; where the power operation is elementwise and k ∈ R1×1 is empirically set to 1 ≤ k ≤ 2 [100].
The incentive behind the proposition of this heuristic weight matrix is to avoid the inversion
of the probable ill-conditioned coherence matrices [100]; although at the expense of estimation
efficiency and deviation from the CRLB.
A second approach follows from the reformulation of PL in terms of Least Squares Estimation
(LSE) problem [91]. Rather than exploiting the complex data, here the interferometric phase
observations are used in the optimization. Therefore, similar to the PS phase estimation in §3.2.1,
the phase ambiguity terms shall be considered and an ambiguity resolution is inevitable. Similar
to [56], here the authors use the LAMBDA method to address the latter resolution and retrieve
the consistent phase series. Adapting the LSE, this method suffers in case the implicit Gaussian
statistics of the residual phases assumed by the LSE, is violated. The algorithm is shown to be
less sensitive to coherence estimation error, it however imposes a large computational cost due to
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the evaluation of the second order statistics and the ambiguity resolution [91].
In [88], the different PL estimators are interpreted in terms of minimization of Mahalanobis
norm of (3.17) under different metrics. The metrics are used for weighting the interferograms
of I Ω in the estimation of the consistent phase series. Following this rationale, the authors of
[88] propose yet two other metrics, namely the unit matrix (with all one elements) and coherence
matrix, and consequently two new PL estimators. However, the suggested heuristic metrics are
special cases of the method proposed by [100] with k = 0 and k = 1.

3.3.4

Estimation Efficiency, Bias and Overall performance

In §3.3.1 to §3.3.3, six different DS estimators have been reviewed for the retrieval of consistent
phase series from all multi-master interferograms. This variety in PL estimators raises the
question of their performance. To address this question, let us commence by defining:
estimation error

² = φcns − φˆ cns ,

estimation bias

µ̂PL = E{²},
n¡
¢2 o
σ̂2 = E φˆ cns − E{φˆ cns }
.

estimation variance

PL

(3.23)
(3.24)

Here E{.} is the expectation of the associated random variable, φcns is the true consistent phase
series and φ̂

cns

contains its estimated values. The highest performance is achieved when the

estimator under question is unbiased and has the minimum variance. A representative measure
of performance encapsulating both the notion of bias and variance reads as [101]:
Root Mean Square Error (RMSE)

RMSE(φcns ) =

=

p

E{²2 } ,

(3.25)

q

σ̂2PL + µ̂2PL .

(3.26)

Throughout this thesis, the terms accuracy and precision are used frequently to refer respectively
to bias and variance of estimators. The introduced measures are readily applicable for any generic
estimator of any random variable.
The notion of bias is absolute; zero bias renders the definition of an unbiased estimator. However, for declaring a minimum variance estimator the specification of a theoretical lowest bound
for estimation error is in order. This theoretical bound indicates the least possible obtainable
variance in parameter estimation due to irreducible error. CRLB is an instance of such theoretical
bounds for unbiased estimators. It is defined as the reciprocal of the Fisher information [101].
A hybrid CRLB for estimation of geophysical signals is derived in [81, 102], by identifying
signal decorrelation and atmospheric perturbations as two error sources in retrieving deformation
time series. In this derivation, data is assumed to follow the CCG statistic and APS is considered
as a stochastic process with an a priori known distribution. Note that in PL, the consistent
phase series inclusive of APS is the target of estimation. Hence, the mentioned hybrid CRLB
is simplified to a conventional CRLB for the case of PL. Assuming CCG statistics and ignoring
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systematic inconsistencies, Fisher Information Matrix (FIM) associated with the consistent phase
series reads as [81, 102]:
F = 2l (Γ−1 ◦ Γ − I).

(3.27)

FIM accounts for the loss of information about the consistent phase series due to the signal
decorrelation [81]. F is strictly rank deficient. Its rank is determined from the number of statistically independent subsets of images in the data stack (n s ): rank{F } = n − n s . The independence
of subsets implies that the image pairs between the subsets are mutually decorrelated. In the
event of such extreme decorrelation, the interferometric time series analysis may be carried out
separately for each subset. For each correlated subset of n images, n − 1 phases may be retrieved
due to the fact that only the differential phases are accessible in interferometry. In other words,
common to all interferometric approaches, the definition of one master image in the time series is
inevitable. Let image m be the arbitrary master of the time series, the CRLB of PL reads as:
σ2PL,CRLB = diag{(F(m| m))−1 }.

(3.28)

Here, diag{.} operator retrieves the diagonal elements of its accompanied matrix. F(m| m) results
from the elimination of the m th row and column of the matrix; the index corresponds to the
master scene. This elimination renders σ2PL,CRLB to contain the variance of n − 1 estimated phases
relative to the master. The phase variance of the master scene is 0. Note that the latter phase is
fixed as the datum of the time series; ergo is exempt of estimation. The m th phase is treated as
an a priori known random variable with highest certainty; hence the zero variance.
∗∗∗

Based on the introduced measures, estimation efficiency is defined as the proximity of estimation
error variance to the CRLB. In a relative sense an estimator is more efficient if it has lower error
variance. In an absolute sense, an efficient estimator is an unbiased estimator whose variance
attains the CRLB.
The MLEs are asymptotically unbiased and efficient estimators [101]. In the realm of InSAR
the proximity of MLE to CRLB improves with SNR; i.e. in presence of moderate to high coherence
or large ensemble size l [81].

3.4 Efficient Exploitation of the Time Series
The recent and future spaceborne SAR missions aim at systematic global Earth monitoring
with temporal resolution as high as 6 − 12 [days]. This objective is realized by combination of
wide-swath acquisitions, short revisit time and long duty cycles per orbit. The latter combination
gives birth to unprecedented data volumes. The SAR community is facing the challenges of this
emerging Big Data.
The interferometric processing of the emerging Big Data with the conventional processing
schemes is infeasible, especially if systematic Near Real-Time (NRT) monitoring of surface motion
37

CHAPTER 3. STATE-OF-THE-ART IN INSAR TIME SERIES ANALYSIS

with sub-millimeter precision is the objective. Although challenging, the NRT processing will
open a new chapter in InSAR applications, e.g., in early warning systems.
Prior to the advent of the Big Data challenge, the focus of time series analysis techniques
has been on improving the estimation efficiency of phase and consequently deformation retrieval
to achieve sub-millimeter precision in Earth surface monitoring. However, the exploitation of
the emerging data volumes entails a second demand on the time series techniques; namely the
computational efficiency.
As reviewed in sections 3.1-3.3, the estimation precision and accuracy improves by the full
exploitation of the time series. Needless to say that the incorporation of each single interferogram
increases the computational cost, rendering the full exploitation of large time series impractical.
Therefore, an inevitable trade-off emerges between the estimation and computational efficiency
(see §3.3.4 for the explanation of the former).
The InSAR community has recently commenced addressing the computational efficiency of
Big Data processing. In this regard, one attitude is to keep the conventional processing techniques
and resort to parallel computing for reducing the computation latency [103–107], as long as the
problem allows and without consideration of the achievable estimation performance. Following
this attitude, the authors of [103] employ the SBAS technique and parallelize the coregistration,
interferogram generation and spatial phase unwrapping. In a similar attempt, the authors of
[104] restrict the data exploitation to a limited number of interferograms chosen a priori. In [107],
the authors mainly focus on the detection of statistically homogeneous regions and reserving
this information for parallelized computation of adaptively multilooked interferograms. Common
to all three approaches is the subjective a priori selection of a small number of interferograms
and the employment of the SBAS framework. There has been no attempt to answer the need on
the data-driven selection of the interferograms nor on the expected performance degradation
in estimation of the phase and deformation signals (as highlighted by §3.2.2). Moreover, the
inherently sequential problems in time series analysis are left unchanged by the reviewed
schemes.
A second attitude toward Big Data challenges, is to migrate from the conventional state-ofthe-art algorithms and invest on alternative schemes to efficiently exploit the wealth of data. In
the definition of the efficient exploitation of data, two criteria are distinguished and taken into
account; namely the estimation and computational efficiency. The incentive behind the design of
these algorithms is to optimize the highlighted trade-off between the two criteria. The idea of
an efficient stacking technique was raised in [108]. Proposing a technique tailored to a special
coherence scenario, termed long-term coherence, the authors succeeded in retaining estimation
efficiency while avoiding the full exploitation of the entire data stack. The scheme, however,
fails in the absence of the long-term coherence. To the best of our knowledge, there is a gap in
the current state-of-the-art for efficient exploitation of Big Data volumes. This dissertation is
primarily focused on a response to this demand.
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SAR Time Series

𝒕𝟏

𝒕𝑵

Global Systematic Earth Observation Missions
the emerging Big Data challenge

Division
of Time Series to
Mini-stacks

Compression
of Mini-stacks

Generation of
Artificial Interferograms

Figure 3.4: In responding to the challenges of emerging Big Data, the Sequential Estimator aims at stream processing
of the images as they are acquired, while retaining high-precision performance. The scheme divides the time series
into isolated data chunks. Each chunk is processed and compressed in turn to reduce the computational/storage
demand. In retaining the estimation efficiency, the information loss is hindered by generation of the so-called artificial
interferograms.

3.5 Contributions of this Thesis
The envisioned objective of this dissertation is enabling systematic high-precision three-dimensional
deformation monitoring of the Earth surface, with a focus on preparation for future SAR missions. In achieving this objective the concentration is on NRT processing while retaining or even
improving the precision of phase and ultimately 3D deformation estimates.
In this pursuit, we primarily focus on improving the computation and estimation efficiency
of phase estimation. Two enhanced estimators are proposed as a result. Secondarily, a special
attention is paid to the quantification of error budgets in phase and 3D deformation estimates. In
regard to the latter, identifying the performance drivers of 3D deformation precision, an optimum
acquisition geometry is proposed for the future SAR missions.
Among the many applications of InSAR our focus is on deformation monitoring; however, the
proposed methodologies in phase estimation span a wider range of applications. The estimator
is a generic method for improving the SNR of interferometric phase within SAR time series
by tackling temporal decorrelation; it may therefore be used in retrieving different systematic
interferometric signal components.
The contributions of this dissertation are summarized in the following.

3.5.1

Efficient Phase Estimation

Phase Linking (PL) is a powerful technique in treating temporal decorrelation of InSAR time series. It is however little understood, ergo rarely practiced, by the InSAR community. We revisit PL
and study the computational and estimation efficiency of different state-of-the-art PL approaches.
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Following this study, the coherence estimation error is identified as the major performance
driver of estimation efficiency. In reducing the PL sensitivity to this error, a new estimator is
proposed. Called Eigen-decomposition-based Maximum-likelihood-estimator of Interferometric
phase (EMI), the proposed estimator combines the advantages of the state-of-the-art techniques.
Similar to EVD, EMI is solved using eigen decomposition; it is therefore computationally efficient
and straightforward in implementation. Similar to PTA, EMI is a MLE; hence it asymptotically
retains estimation efficiency6 . The computational and estimation efficiency of EMI renders it as
an optimum choice for phase estimation. EMI is formulated and verified in relation to the stateof-the-art approaches via mathematical formulation, simulation analysis and experiments with
real data. It is shown to outperform the state-of-the-art PL techniques. Chapter 4 is dedicated to
this contribution.

3.5.2

Efficient Time Series Analysis

Following the launch and planning of systematic Earth observation SAR missions, Big Data
challenge is emerging in the SAR community. The computational expense of the state-of-the-art
PL approaches hinders their capability in meeting this challenge. In response to this demand, a
novel algorithm is proposed for efficient exploitation of InSAR time series. Named Sequential
Estimator, the algorithm uses recursive estimation and analysis of the data covariance matrix
via division of the time series into isolated batches, followed by their compression. From each
compressed data batch, the so-called artificial interferograms are formed. The latter substitute
the original interferograms between the isolated data batches. This substitution firstly results in
a strong data reduction, and secondly allows linking the isolated batches in retrieval of the phase
time series. The sequential scheme avoids the necessity of reprocessing the entire data stack
for each ingested new acquisition. The proposed estimator introduces negligible degradation
compared to the CRLB. It may therefore be adapted for high-precision NRT processing of InSAR
and accommodates the conversion of InSAR from an offline to a monitoring geodetic tool. The
Sequential Estimator not only decreases the computational burden but also shows an interesting
feature in reducing the estimation variance in case of fast temporal decorrelation. The idea behind
the Sequential Estimator is presented in figure 3.4; chapter 5 is dedicated to this contribution.

3.5.3

Quantification of Phase Estimation Error

The significance of PL in phase noise reduction has not been previously investigated. In the
interest of validating PL as a required process for time series analysis, we focus on verification
and quantification of the impact of PL in phase retrieval. In this verification, we integrate
the two proposed schemes of Sequential Estimator and EMI. This integration improves the
computational efficiency of the two schemes and is our ultimate proposal for efficient time series
6 See §3.3.4 for the definition of estimation efficiency
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analysis. Through the performed investigations, the error budget of phase estimation is quantified
to be used in assessing the achievable precision of deformation signal reconstruction. Chapter 6
elaborates on the integration of EMI and Sequential Estimator as well as the PL performance
assessments.

3.5.4

Optimization of 3D Deformation Error

The employed phase estimation increases the sensitivity of InSAR to surface deformation. The
InSAR retrieved deformation is however a projection of the 3D surface motion into the Line of
Sight (LOS) of the sensor. We analyze the error budget in retrieving the 3D deformation signal
through combination of InSAR from different acquisition geometries and/or fusion of interferometry with other SAR observables. Moreover, the impact of 3D deformation on modeling seismic
and volcanic deformation sources is briefly studied. Through optimization of the error budget
with respect to the acquisition geometry, the optimum scenario in retrieving 3D deformation
is proposed for future SAR missions. A combination of the quantitative geometric and phase
error budgets provides the right tools for assessing the achievable precision in 3D deformation
retrieval. Chapter 7 is dedicated to this contribution.
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T

his chapter is dedicated to the proposed efficient phase estimator, named Eigen-decompositionbased Maximum-likelihood-estimator of Interferometric phase (EMI). Bridging between
the state-of-the-art Phase-Linking (PL) approaches via revised mathematical formulation

of phase estimation, EMI enhances the estimation precision and computational efficiency of these
approaches.
In the following chapters, the objective behind the proposal of EMI is introduced; the estimator is further formulated and compared in relation to the state-of-the-art PL approaches via

mathematical formulation, simulation analysis and experiments with time series of Sentinel-1
data.
This chapter is a summary of the following paper available in Appendix A:
[3]: Ansari, H., De Zan, F., Bamler, R. "Efficient Phase Estimation for Interferogram Stacks."
IEEE Transactions on Geoscience and Remote Sensing, 2018.
DOI:10.1109/TGRS.2018.2826045.

4.1

The Need for an Efficient Phase-Linking

In §3.3, the Maximum Likelihood Estimator (MLE)s were introduced as the optimum estimators
of systematic phase among the state-of-the-art interferometric approaches. Phase Triangulation
Algorithm (PTA) as a proposed MLE of the systematic phase is based on an expensive nonlinear optimization scheme. Furthermore, according to our studies in [4], its performance is
compromised in the presence of coherence estimation error. As the first step toward efficient1
1 Two efficiency criteria are defined throughout this dissertation: computational vs. estimation efficiency. The former refers

to the computational burden of the estimator, the latter to its bias and variance (see §3.3.4 for elaboration on the definition of
estimation efficiency).
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exploitation of large time series, the current work is dedicated to improving both the estimation
and computational efficiency of the state-of-the-art PL approaches (see §3.3.4 for elaboration on
the definition of estimation efficiency).
In this chapter we revisit PL. Our attempt is to propose a new estimator which benefits from
the estimation efficiency of PTA and the computational efficiency of Eigen Value Decomposition
(EVD) estimators. We generalize the PTA model to arrive at the sought estimator. The generalized
model is utilized in formulation of a likelihood probability, the maximization of which provides a
generalized MLE for phase estimation. In the interest of retaining computational efficiency, the
reference MLE is approximated and constrained. With these interventions the generalized PL
is transformed to an optimization with equality constraint and is formulated in a Lagrangian.
The latter is efficiently solved by eigen decomposition. The proposed generalized PL is termed
Eigen-decomposition-based Maximum-likelihood-estimator of Interferometric phase (EMI) to
best capture the mathematical background behind its derivation. The incentive behind the
generalization of the PTA model by EMI is to allow extra degrees of freedom to the estimator
for calibration of the employed covariance. In the absence of coherence estimation error, the two
models converge and the two estimators are equivalent. In the presence of this error, EMI is
expected to improve the estimation efficiency. Beside the proposal of a new PL approach, this
chapter contributes to advancing the understanding of PL by:
• mathematical comparison of PTA, EVD and EMI estimators and interpretation of their
difference in terms of factorization of data covariance matrix;
• formulation of MLE for phase estimation and showing that both PTA and EMI are approximations of the MLE based on different assumptions;
• analysis of the estimation and computational efficiency of the three estimators;
• revisiting PTA and its efficient numerical solution proposed by [80];
• highlighting the impact of initialization on the numerical solution of PTA;
• addressing the convergence behavior of PTA;
• validating the computational and estimation efficiency of EMI, in support of its selection as
an optimum choice for Big Data processing.
In the decision for choosing the optimum estimator for efficient Near Real-Time (NRT) time
series analysis, the three estimators are compared in terms of their computational and estimation
efficiency. Table 4.1 summarizes these estimators and their differences.
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Table 4.1: Summary of PL approaches. Refer to the text for the details on the initialization and regularization.

PL

SCM Model

Solution

Computation

PTA

Σ = Γ̂ ◦ ψψH

Iterative Solution Equation
4.18

EVD

Σ = λvv H

EMI

Σ = α2 Γ̂ ◦ σσT ◦ ψψH

Exempt of Initialization

Exempt of Regularization

Estimation
Efficiency

Coherence
Calibration

Iterative

7

7

3

7

Maximum
eigen-pair of
C

Iterative

3

3

7

7

Minimum
eigen-pair of
Γ̂−1 ◦ C

Iterative

3

7

3

3 considered
but restricted

4.2 Proposal of an Efficient Phase-Linking
Mathematical Formulation
Let us commence the introduction of EMI from a probabilistic view toward the estimation of the
Sample Correlation Matrix (SCM) [88]. Recalling Σ as a model for the underlying covariance of
an n-variate Complex Circular Gaussian (CCG) process, the probability density function (PDF) of
the SCM evaluated from an ensemble of size l follows the complex Wishart distribution [26]:
£
¤
p(C |Σ) = c det(C)l −n det(Σ)−l exp(−tr l Σ−1 C ),

(4.1)

where det and tr indicate the determinant and trace operator and c is a coefficient as a function
of n and l.
PL may be reformulated into estimation of Σ via the maximization of Wishart likelihood
distribution [88]. This reformulation is employed hereafter.
Keeping a consistent notation with §3.3.1, we propose the following covariance model for EMI:
with

Γ ∈ R n× n ;
α ∈ R1×1 ;
ψ = exp( j φcns ) ∈ C1×n ;

and

Ξ = α diag[ξ] = α diag[σ i ψ i ],
Σ = ΞΓΞH .

(4.2)

The factorization is similar to (3.15) with the difference that here the covariance is approximated
by two dyads2 , a full-rank real matrix and a scaling parameter, i.e.:
Σ = α2 Γ ◦ σσT ◦ ψψH .

(4.3)

This proposal is a slight generalization of the employed factorization of PTA in (3.15). Similar to
PTA, the full-rank matrix is assumed known Γ̂ i,k = |C i,k | and the dyad ψψH approximates I Ω
and provides the estimated interferograms. Different to PTA, here the real-valued dyad α2 σσT
2 A dyad is a tensor of order two and rank one. It results from the outer product of two vectors.
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allows extra freedom for the calibration of Γ̂, which is expected to be poorly estimated. The
introduction of the calibration dyad serves a purpose when the estimation of the coherence matrix
is erroneous. In the absence of coherence estimation error, calibration is redundant, i.e. α2 = 1
and σ = ~
1.
The MLE of the proposed factorized covariance matrix follows from the maximization of the
Wishart PDF given by (4.1):

Σ̂ = argmaxΣ { ln(p(C |Σ)) }
© £
¤
ª
= argminΣ tr Σ−1 C + ln [det(Σ)]
n h
i
h
io
= argminΣ tr Ξ−H Γ−1 Ξ−1 C + ln det(ΞΓΞH ) .

(4.4)

Given Γ̂ i,k = |C i,k | the optimization simplifies to:
1 ∗
−1
cns
ζ i = (ξ−
i ) = σ i exp( j φ i )

with

(

"

Σ̂ = argminφ,σ,α α

−2 H

ζ (Γˆ −1 ◦ C ) ζ + ln

#)
2

(ασ i )

,

(4.5)

)
£
¤
−2
ln (ασ i )
;

(4.6)

i =1

(
−2 H

= argminφ,σ,α α

n
Y

ζ (Γˆ −1 ◦ C ) ζ −

n
X

i =1

Note that ζ is introduced for brevity of notation and is defined as the reciprocal of the elements of
ξ.

The above double objective optimization is analytically solved via the provided solution in
Appendix A; however, at the cost of increased computation. Hereafter, the aim is to substitute
this optimization with a proxy which allows a computationally efficient solution while retaining
the estimation efficiency. The sought proxy is defined following two steps:
Firstly, the second objective of the formulated MLE is substituted by a linear surrogate to
accelerate the convergence of the target optimization. We allow this linearization by substitution
of ln(ασ i )−2 with its first order Taylor series of at the proximity of (ασ i )−2 ≈ 1:
(
)
n
X
−2 H −1
−2
Σ̂ = argminα,φ,σ α ζ (Γ̂ ◦ C) ζ − (ασ i ) + n .

(4.7)

i =1

Following this linearization, the second objective is approximated by the norm of the calibration
vector.
In the second step toward finding an efficient solver, without loss of generality, the norm of
p
the vector σ◦−1 is constrained to n . Note that the norm of the calibration vector ασ is a target
of optimization in the second objective term of (4.7). Therefore, the α parameter adjusts the norm
of σ◦−1 and the equality constraint can be set to any arbitrary constant.
Addition of the equality constraint is realized through the method of Lagrange multipliers.
Aggregating the norm constraint, i.e.

Pn

−2
i =1 σ i

= ζH ζ = n, the following Lagrangian results:

Σ̂ = argminφ,σ,α,λ̃ { α−2 ζH (Γˆ −1 ◦ C )ζ − ...
α−2 ζH ζ − λ̃(ζH ζ − n) }.
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Seeking the minimum of (4.8) through its gradient with respect to ζH yields:
(Γ̂−1 ◦ C) ζ̂ = λ ζ̂,

(4.9)

λ = α2 λ̃ + 1.

with

(4.10)

This is the formulation of eigen decomposition of the Hadamard product Γ̂−1 ◦ C; with λ as the
minimum eigenvalue and ζ̂ as its corresponding eigenvector. Appendix A highlights the properties
of the Hadamard product.
The last open question concerns the optimum α parameter. In seeking this parameter, let
the rearrangement of (4.9) by multiplication of ζ̂

H

to its left and right hand side, and further

simplification with the considered norm constraint:
H

ζ̂ (Γ̂−1 ◦ C)ζ̂ = λ n.

(4.11)

Substituting (4.11) in (4.6) further yields:
(
−2

α̂ = argminα,λ nα

−2

λ − n ln(α

)−

n
X

)
2
ln(σ̂−
i )

.

(4.12)

i =1

The estimate of α follows from the gradient of the above optimization objective with respect to
this parameter:
−2nλα−3 + 2nα−1 = 0,
p
α̂ = λ .

(4.13)

In summary, the solution of the Lagrangian as the minimum eigen-pair of the Hadamard product

Γ̂−1 ◦ C, provides the following:
−1

• considering

ξ̂ i = (ζ̂ i )∗

• estimated phase series :

φ̂

• estimated SCM :

Σ̂ = λΓ̂ ◦ ξ̂ξ̂

cns

= ∠ ξ̂
H

• estimation quality measure: λ (elaborated in the following)
Note that, same as other PL approaches, the estimation of absolute phase series is ambiguous.
The phase of an arbitrary image in the time series is set to zero and the remaining phases are
measured relative to this arbitrary datum. A second caution is in order in setting the norm
of the estimated ζ̂. The eigenvector and the sought solution of Lagrangian belong to the same
p
equivalence class. They merely differ in their norm. EMI requires the vector norm to be n . To
consider this constraint, the eigenvector’s norm ought to be adjusted to yield the sought solution
of the target Lagrangian, by allowing: ζ̂ ←

p
n
° ° ζ̂.
°ζ̂°
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Furthermore, λ may be interpreted as a quality measure for the phase estimation, adding a
further feature to the proposed estimator. To introduce this measure, let the expansion of (4.11):
λ=

n X
n
1X
cns
cns
1 −1 −1
σ̂−
◦ Γ) i,k cos(∆φ ik − φ̂k + φ̂ i ).
i σ̂ k (Γ̂
n i=1 k=1

(4.14)

Following this reformulation, the Lagrange parameter is seen to reflect the goodness-of-fit of the
proposed-SCM model of (4.2) to the data set. Ideally, if Γ̂ is an adequate estimator of the true
statistics of the data, the calibration vector is redundant i.e. σ = ~
1 and the misfit between the
observed and estimated phases are close to zero (see figure 4.1.a and 4.1.b). Therefore, following
the quasi-bistochastic property of the Hadamard product Γ−1 ◦ Γ in Appendix A, the Lagrange
parameter yields:
λideal =

n X
n
1X
(Γ̂−1 ◦ Γ) i,k cos(0) = 1.
n i=1 k=1

(4.15)

Deviation of λ from 1 indicates the inefficiency of the proposed model in coherence calibration
and/or phase estimation. EMI assumes the inadequacy of coherence estimation and increases its
model complexity to account for coherence calibration. However, it firstly limits the calibration
to a dyad and secondly employs a linear approximation. This marginal increase in the model
complexity may not be sufficient for efficient calibration of the coherence. The λ parameter
provides a measure to indicate EMI’s model inadequacy.

EMI versus PTA and EVD
In the decision for choosing the optimum estimator for efficient NRT time series analysis, here
the three estimators are theoretically compared in terms of their computational and estimation
efficiency. Table 4.1 summarizes this comparison.
estimation efficiency
EMI and PTA follow the MLE in phase estimation although with different implicit assumptions.
Under the validity of their underlying assumptions, the two estimators are the closest to the
Cramér-Rao Lower Bound (CRLB). It is therefore theoretically clear that that the two estimators
outperform EVD in terms of estimation efficiency (see §4.3 and 4.4 for the quantification of this
comparison). Hereafter, the focus is on the mathematical comparison between PTA and EMI.
The difference between the two estimators lies on the introduced degree of freedom by the
calibration dyad (cf. (4.2) with (3.15)). To convey their similarity, let us consider the case of
λ = α2 = 1 and revisit (4.7). Substituting the PTA-proposed vector of ξ = ψ = ~
1 exp( j φ) in (4.7)
yields:

Σ̂ = argminψ {ψH (Γ̂−1 ◦ C)ψ − ψH ψ + n}.

(4.16)

Following the gradient of the above objective function with respect to ψH gives:
(Γ̂−1 ◦ Γ ◦ I Ω − I) exp( j φ̂
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) =~
0.

(4.17)
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where I is the identity matrix. Expanding the left hand side of (4.17) and rearranging the outcome
results in the analytical solution for the sought optimization:
cns

exp( j φ̂ i ) =

n
X
1
cns
(Γ̂−1 ◦ Γ) i,k exp( j (∆φ ik + φ̂k )),
1 − (Γˆ −1 ) ii k=1

(4.18)

k6= i

which is the very iterative solution to the PTA proposed in [80]. PTA imposes the strict model of
σ =~
1. EMI attempts to relax the choice of σ. However, the adaptability of the latter vector is still
limited by the employed first-order approximation.
In the absence of coherence estimation error, the two estimators are expected to perform
ˆ →~
identically and their parameters are expected to converge (λ → 1 and σ
1).
computational efficiency
PTA, EVD and EMI are theoretically comparable in terms of computational efficiency. The latter
two estimators resort to eigen decomposition for their solution, while PTA is iteratively solved
via (4.18). The eigen decomposition is as well an iterative approach for finding the eigen-pairs.
Thus, in terms of computational efficiency, all three optimization schemes are subject to iterative
numerical search of the parameter space and might have comparable computational complexity.
In this regard, the mere computational advantage of EMI and EVD over PTA is the availability
of an arsenal of optimized numerical recipes for their efficient solution [98]. However, subject to
additional effort and research, the computational efficiency of PTA may as well be optimized.
A note is in order for a thorough analysis of the computational efficiency of PTA. In [17] the
expensive Broyden-Fletcher-Goldfarb-Shanno algorithm is suggested for solving the corresponding optimization of PTA. A more efficient approach is suggested in [80] via the iterative solution
of (4.18). However, the latter requires an initialization step. As conveyed in the continuation of
this paper, both the convergence speed of the iterative optimization and its estimation efficiency
are influenced by the choice of initialization. Authors of [80] introduce the "phase of the vector
minimizing the quadratic form {ψH Γ̂−1 ◦ C ψ}" as their choice of initialization. We interpret
this minimizing vector as the minimum eigenvector of the Hadamard product Γ−1 ◦ C (which is
the solution of EMI). According to our studies in §4.4, this initialization enhances the convergence speed of the PTA. Moreover, it occasionally improves the performance of phase estimation.
Therefore, we favor this initialization for the iterative PTA as it affects both the estimation and
computational efficiency. Adopting this initialization, PTA must not only afford for the same
eigen decomposition employed by EMI but also shall undergo an iterative search for fitting the ψ
model to the data. Thus, compared to EMI it imposes additional computational burden on PL. The
extra cost is not justified by any gain in the estimation efficiency (see §4.3 and §4.4). If initialized
differently, the number of iterations for PTA to converge increases, further compromising the
computational efficiency (see §4.4).
Another note concerns the additional matrix inversion operation in evaluating Γ̂−1 , as required by EMI and PTA. In rare cases, where the coherence matrix is not positive definite, a
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regularization of the matrix is required prior to inversion. Regularization is efficiently performed
via gradual increase of small negative eigenvalue(s) of the coherence matrix, as explained in
[4, 60]. Therefore, PTA and EMI undergo an additional matrix inversion plus occasional regularization compared to EVD. These operations marginally increase the computational cost as
the price for an improved estimation efficiency. Section 4.4 corroborates the negligibility of this
additional cost.
In efficient solution of eigen decomposition, one of the most recent numerical recipes is provided by the method of Multiple Relatively Robust Representations (MRRR) [99]. This numerical
approach allows the efficient retrieval of a subset of eigen-pairs with reduced complexity compared to retrieving all eigen-pairs. For EMI merely the minimum eigen-pair is desired, decreasing
the latter complexity.

4.3 Performance Assessment with Simulations
For validation and performance evaluation purposes, EMI is tested and compared to the conventional PL estimators using simulated data. Reflected in the coherence matrix, the maximum
achievable precision is bound by signal decorrelation. The impact of the decorrelation process on
the performance of different estimators including the proposed estimator is investigated here.
Simulation scenarios
Considering a generic decorrelation model [30]:

Γ i,k = (γ0 − γ∞ ) exp(−δ t ik /τ) + γ∞ ;

(4.19)

and introducing: γ0 and γ∞ , respectively, as the short-term decaying and the long-term persistent
coherence; δ t as the corresponding temporal baseline and τ as the signal correlation length; two
contradicting decorrelation scenarios are introduced for PL. In the first γ∞ = 0, indicating the
total decorrelation of the interferometric signal beyond temporal baseline of δ t ∼ 4τ; while in
the second γ∞ 6= 0, rendering even the long temporal baseline interferograms to bear a coherent
signal. The presence of such, even weak, long-term coherent signal has been shown to have a
strong impact on the performance of PL [4, 108]. The first scenario is hereafter referred to as the
exponential-decay, the second as the long-term coherence.
For the investigations of this section, two coherence matrices are simulated following the
aforementioned scenarios. γ0 is set to 0.6 in both cases, while γ∞ is respectively 0 and 0.2 for the
exponential-decay and long-term coherence. Based on the coherence matrices, two stacks of 50
images each containing an ensemble of 300 statistically homogeneous samples are synthesized
as follows: A CCG process is assumed in the generation of the data stack; the stationarity of
the interferometric signal within the ensemble is imposed by setting the topographic and the
atmospheric induced phase components to zero; the deformation phase is simulated with a
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temporal linear trend with velocity of 1 mm/year; the temporal sampling interval, similar to
Sentinel-1, is set to six days. τ is set to 50 days.
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Figure 4.1: Performance assessment of different PL estimators compared to CRLB using simulated cases: (a) and
(c) exponential-decaying scenario, (b) and (d) long-term coherence. The impact of coherence estimation error on PL
is studied in (a) and (b) the absence and (c) and (d) the presence of this error. In (a) (b) and (d), where coherence
estimation error is absent/insignificant, EMI performs identical to PTA. In (c), where coherence is significantly
erroneous, EMI performs slightly better than the PTA. EVD is shown to be suboptimum in phase estimation, as
apparent from (a) and (b) where its performance is highly deviant from the CRLB.

Performance in phase estimation
As highlighted by [4, 90, 91], performance of PTA is affected by the well-known error in the
coherence estimation [11, 83]. Recall that PTA uses the inverse of the coherence matrix as the
optimum weighting. The high sensitivity of PTA to coherence error is due to the amplification
of coherence estimation noise by the inverse operator. Using the same metric for weighting the
data, EMI is prone to the same noise amplification by the inverse of the erroneous coherence. In
order to investigate this effect, PL is studied in two cases:
• In the first case, Γ̂ is set to the simulated coherence provided by (4.19); representing an
ideal case where the optimum estimate of the coherence is at hand and the coherence error
is negligible.
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• In the second case, Γ̂ is set to the estimated coherence of (3.13). This case is closer to reality
as coherence is unknown and its estimation is inevitable.
The Root Mean Square Error (RMSE) of phase estimation is evaluated via (3.25), using the
simulated vs. estimated phases. The RMSE measures are reported in figure 4.1.a and b for the
former and figure 4.1.c and d for the latter case. The theoretical lower bound for PL is provided
by the CRLB [102].
As revealed in figure 4.1.a and b, in the absence of coherence estimation error, EMI and
PTA perform identically and close to the CRLB, while EVD provides a suboptimum estimation
deviant from the CRLB. However, the coherence estimation error degrades the performance of
the probabilistic estimators, as evident from figure 4.1.c and d. In the latter figures, two solutions
are considered for the phase estimation, namely the conventional PL processing based on the
full data stack, as well as the proposed Sequential Estimator of chapter 5 (mini-stacks of 10
images and compression to 1 component is considered here). As evident, using EMI as its PL
algorithm, the Sequential Estimator is able to slightly improve the performance and approach
the CRLB. The Sequential Estimator improves the performance thanks to two implicit effects.
Firstly, it bounds the analysis to isolated mini-stacks within which the drop of coherence to zero
is limited. Secondly, in formation of the artificial interferograms between the isolated mini-stacks,
an implicit filtering occurs. The latter enhances the precision of coherence estimation for the
respective artificial interferograms (see chapters 5 & 6 and [4]).
The degraded performance of PL in case of exponential-decay compared to the long-term
coherence is due to the pronounced coherence estimation error for the former. The estimation
of coherence degrades significantly for coherence close to zero [11, 83]. In case of long-term
coherence, the presence of low coherent signal prevents the drop of coherence to zero. It is
therefore exempt from the significant coherence estimation error for zero coherence.
It shall be mentioned that the error in coherence estimation decreases by the increase in the
size of homogeneous ensemble Ω. However, the enlargement of Ω is restricted as the stationary
of the systematic signals may be violated over large spatial windows. In practice even if the
topography is compensated with high accuracy/precision or is irrelevant, the correlation length of
the atmospheric and deformation signal plays a role in violation of stationarity.
λ as a quality measure

In §4.2, the Lagrange parameter λ was proposed as a quality measure for phase estimation. The
attempt here is on evaluation of this proposition by comparing λ to a conventional a posteriori
quality measure. Here the a posteriori coherence of [17] is considered for this purpose. The latter
measure reads as:
γapt =

n X
n
X
2
cns
cns
cos(∆φ ik − φ̂k + φ̂ i ),
n( n − 1) i=1 k= i+1

(4.20)

and provides a goodness-of-fit of the estimated phases. Compared to λ in (4.14), γapt only reflects
the phase misfit while λ indicates the inadequacy of the stochastic model as well as the residual
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Figure 4.2: Correlation between the Lagrange parameter as the proposed quality measure and the a posteriori
coherence of (4.20), using simulated cases for a varied size of ensemble (l). As l increases, coherence estimation
asymptotically approaches its optimal performance and its error decreases, leading to the improvement of phase
estimation in PL. The enhanced PL performance is reflected in the approach of both quality measures to their ideal
value 1.

phase error. To investigate the correlation between the two measures, the same simulation
strategy of §4.3 is pursued with a slight change: here, parameter l, i.e. the size of the ensemble

Ω, is varied. As l increases, the coherence estimation asymptotically approaches its optimum
performance [11, 83]. As a consequence of the decreased coherence error, a gain in the performance
of PL is expected. Theoretically, such gain shall be reflected in both the conventional and the
proposed quality measures. Figure 4.2 corroborates this hypothesis by showing the approach of
γapt and λ to 1 as the coherence estimation improves. It as well reveals the correlation between

the two quality measures.
Note that the precision and accuracy of the coherence estimation is known to be degraded
for coherence levels close to 0. The latter is the case in exponential-decaying scenario. In the
long-term coherence the presence of weak coherent signal, with γ∞ = 0.2, prevents the drop of
coherence to zero; hence the improved performance of the coherence and consequently the quality
measures.

4.4 Demonstration with Sentinel-1 Time Series
A time series of Sentinel-1 data over the Italian island of Vulcano is chosen as a test site for the
demonstration of EMI. Figure 4.3 provides a view of the island from optical and SAR amplitude
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Figure 4.3: View of the Vulcano Island located in Southern Italy: (left) Optical image from Google Earth showing the
various land cover of the chosen test site, (right) the temporally averaged amplitude map of the test site estimated
from 38 Single Look Complexs (SLCs) of the Sentinel-1 SAR data stack.
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Figure 4.4: Interferometric data of Vulcano; coherence of the multilooked interferograms with temporal baseline
of: (a) 12 days and (b) 564 days, and (c) the multilooked interferogram of the latter. These maps are estimated by
spatial adaptive multilooking. Comparing the coherence map of shortest and longest temporal baseline interferograms
in (a) and (b) indicates the severity of the temporal decorrelation. Goal of PL is to improve this spatial estimation
of interferograms via the exploitation of the time series (cf. figure 4.5 for visual inspection of the enhancement in
interferogram estimation).
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data, revealing the variety of land cover in the scene. Data in interferometric wide-swath mode
and VV polarization is obtained for this test site. The time series is acquired from December 2014
to April 2016 from a descending orbit, providing 38 SLCs. Figure 4.4 presents the coherence of the
observed interferograms with the shortest and longest temporal baselines, revealing the severe
temporal decorrelation of the data set. Figure 4.4.c depicts the observed interferogram pertaining
to the longest temporal baseline of 564 days. The coherence maps and observed interferogram are
estimated by spatial adaptive multilooking using Anderson-Darling statistical similarity test on
the amplitude data [82]. The aim of PL is to enhance the spatial estimation of the interferograms
via exploitation of the time series.
PL estimates the wrapped interferometric phase series, inclusive of the geophysical and
atmospheric signals. Isolation of the geophysical signal of interest follows from a second processing
step as reviewed in §3.1.1. Phase estimation is performed on full-spatial-resolution. However,
the point-wise complex coherence matrices are estimated based on an ensemble of pixels in the
homogeneous Ω region surrounding each pixel. The Ω is detected via Anderson-Darling statistical
similarity test with false-alarm rate of 5%. Regions with ensemble size of 100 pixels and larger
are detected as Distributed Scatterers (DS); only the DS undergo PL. To improve the spatial
stationarity in the homogeneous region, the topographic induced phase is simulated using the
Shuttle Radar Topographic Mission (SRTM) digital elevation model and subtracted from the
interferograms prior to the coherence estimation.
The goal of this experiment is to compare the different PL approaches, in terms of estimation
and computational efficiency. Therefore, PL is performed via EMI, PTA and EVD. The PTA is
solved using (4.18) and initialized with two different strategies:
• PTA 1: using the phase of the minimum eigenvector of Γ̂−1 ◦ C i.e. φ̂
• PTA 2: using a null vector of φ̂

cns

cns

= ∠ξ̂;

=~
0.

Therefore, four different cases are compared in total. The implementation details of all compared
cases is kept similar as far as the estimators allow.

Performance Assessment in Phase Estimation
EMI’s performance is assessed and compared to different approaches from four aspects:
Visual inspection
Performance of PL in phase estimation may be visually assessed from inspection of the estimated
interferograms. The longer temporal baseline interferograms are expected to undergo a more
severe temporal decorrelation. Therefore, the inspection of such interferograms is more conclusive
for examination of the merit of the performed temporal phase filtering by PL. Bearing this in
mind, the longest temporal baseline interferogram with a baseline of 564 days is chosen to be
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Figure 4.5: Spatial inspection of the estimated interferograms with the longest temporal baseline of 564 days: the
estimated interferogram using (a) EMI, (b) PTA1 initialized by the solution of EMI and (c) PTA2 initialized by null
phases. Compared to EMI, the performance of PTA estimators is seen to be degraded over the volcanic caldera,
indicated by the box. Note also that the different initialization is seen to impact the estimation efficiency over the
caldera. Figure 4.8 reports on a simulation analysis based on the volcanic caldera.

presented in figure 4.5. Comparison of these interferograms to the observed interferogram of
figure 4.4.c reveals the improved phase estimation achieved by PL. Furthermore, the performance
of EMI may be compared to PTA estimated interferograms. The difference in their performance is
specifically visible over the volcanic caldera (indicated by boxes). Note the improved performance
of EMI over PTA approaches, as well as the role of different initialization in the performance of
PTA, by inspecting the spatial noise of the estimated interferograms over the caldera.
Due to the visual similarity of EVD and EMI estimated interferograms, their difference is
provided instead (figure 4.6). Similar to EMI, EVD is successful in recovering the signal over the
caldera.
A posteriori coherence
The estimation quality of EMI, PTA1 and PTA2 is further assessed in figure 4.7 via provision of
the a posteriori coherence of (4.20). Inspecting the quality of EMI shows a reasonable performance
in phase estimation, except for the sparse vegetated areas and the surrounding water. Note for
instance that the volcanic caldera, as one of the geophysically interesting parts of this test site, is
retrieved with the coherence of ≥ 0.9.
Comparing the three estimators specifically over the volcanic caldera, the inferred improved
performance of EMI over PTA, as well as PTA1 over PTA2, is confirmed. Further investigation
of the behavior of PTA over the low quality parts of the volcanic caldera reveals its failure in
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Figure 4.6: Spatial inspection of the difference in interferogram estimation (temporal baseline : 564 days), employing
EMI and EVD.
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Figure 4.7: A posteriori coherence as the quality measure for phase estimation performed by (a) EMI, (b) PTA1
initialized by the solution of EMI and (c) PTA2 initialized by null phases. Note the degraded quality of PTA estimators
in comparison to EMI over the volcanic caldera. The figures verify the conclusions about estimation efficiency inferred
from figure 4.5.

convergence to a solution at these parts (convergence criterion is defined as phase estimation
with precision of 10−3 rad; the maximum permissible number of iterations in the parameter
search is set to 4000 iterations).
A simulation analysis over the volcanic caldera is performed here to study the odd behavior
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Figure 4.8: Performance assessment of different PL estimators compared to CRLB simulated with a coherence matrix
over the volcanic caldera for which PTA fails in phase estimation. (top) the coherence matrix used for simulation,
(down) RMSE of phase estimation for a simulated stack of 38 images under the CCG statistic. This analysis further
validates the optimality of EMI among PL estimators.

of PTA. A frequently observed coherence structure for which PTA fails while EMI and EVD
are both successful is considered. The estimated coherence Γ is used to simulate a stack of 38
images under the CCG statistics (according to §4.3). The coherence matrix and the RMSE of
phase estimation for PTA1, EVD and EMI are provided in figure 4.8. The convergence rate of
PTA1 in this restricted simulation scenario is 89%. It however decrease to 13.6%, when including
the observed phases from real-data in I Ω to the simulations. From this and similar analysis over
other parts of the volcanic caldera, it is concluded that the odd behavior of PTA is related to the
phase and possible violation of CCG statistics. Further in-depth investigations are required to
prove the relation to the latter. This investigated coherence structure is as well shown to affect
the efficiency of the estimators and further validates the optimality of EMI among PL estimators.
Quantitative assessment - cross comparison of the estimators
Here the focus is on quantification of the difference between the three estimators. Setting EMI
as the benchmark for this analysis, the discrepancy between the estimated phases of PTA1 and
EVD with the latter is evaluated for each resolution cell in the time series. Having performed
PL in a pixel-wise fashion, the phase discrepancies consist of rrg × raz values in the spatial and
n − 1 values in the temporal direction. To have a statistical analysis on the performance, the
rrg × raz × (n − 1) values are accumulated. The spatiotemporally accumulated phase discrepancies
are clustered according to their respective a posteriori coherence. The normalized histogram of
each cluster is presented, with its first and second order moment describing the bias and variance
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Figure 4.9: Spatiotemporal assessment of the estimation bias and variance compared to EMI at different a posteriori
coherence levels as a quantitative assessment of phase discrepancy between EMI and (a) PTA1 and (b) EVD. The bias
(µ i ) and standard deviation (σ i ) of the estimators is reported relative to the a posteriori coherence, with i referring to
the reported coherence level. The agreement between the methods increases with the increase of the coherence. This
analysis is relative to EMI, an independent quantitative assessment follows to validate EMI as an outperforming
estimator.

of each estimator with respect to EMI, respectively. The resulting normalized histograms are
presented in Fig. 4.9. Note that this quantitative assessment is relative to EMI. An independent
assessment follows in the next section to answer the question on which PL outperforms the
others.
In analyzing figure 4.9.a, the bias and variance of EMI compared to PTA decrease as the
a posteriori coherence increases, as theoretically expected. Coherence level of γapt ≥ 0.6, is
associated with cases where Γ̂ is an efficient estimator of the coherence (cf. §4.3). In such cases
the calibration dyad is expected to be redundant and the performance of EMI and PTA in phase
estimation is expected to be similar. EMI’s model diverges from PTA’s for lower coherence levels,
explaining the increase in the variance between the two. However, it is important to notice
that the two estimators are unbiased with respect to each other, even at low coherence levels.
Comparing figure 4.9.a to b, the theoretical degraded estimation efficiency of EVD compared to
probabilistic based approaches is verified. Note the increased bias and variance of EVD compared
to EMI at different coherence levels. The latter observation justifies the selection of EMI compared
to the EVD.

Quantitative assessment - variation in Signal to Noise Ratio (SNR)
The discrepancy between the estimators have been cross compared in the previous section. A
conclusive quality measure is required for the independent quantification of the estimation efficiency of the two schemes. Recall that PL aims at improving the SNR of the spatially multilooked
interferograms in I Ω . Therefore, we propose the variation in SNR of the estimated phases as the
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sought independent quality measure:

δSNR = SNRφ̂ − SNRφ = 10 log10 

δ2φ
δ2


;

(4.21)

φ̂

where δ2 represents the phase variance and its subscripts φ̂ and φ indicate PL-estimated versus
the spatial-multilooked interferograms.
The spatial variance is considered as a proxy for the evaluation of phase noise following this
rationale: The systematic signals are often low frequency in nature. The estimated systematic
phases are therefore expected to be homogeneous within short distances. In other words, in
the absence of noise, interferometric phase variance over homogeneous regions must be zero.
Therefore, the spatial variance is a measure of the estimation noise if the homogeneity of
systematic phase holds.
Based on the above rationale, the phase noise is estimated for each retrieved interferogram
in a pixel wise fashion as follows: a symmetric estimation window is considered about each
pixel (≈ 200 m in range/azimuth direction). The ensemble of phases falling in this window is
used for variance estimation. Note that the employed coarse ensemble selection criterion does
not guarantee the stationarity of the interferometric signal within the estimation window. To
account for the arising heterogeneity, the variance shall be estimated robustly to withstand the
outlying samples [85]. Among different robust estimators of variance [89], the normalized Median
Absolute Deviation around median (MAD) is chosen here [109, 110]. MAD has a high breakdown
point of 50%; i.e. it resists 50% contamination of the ensemble by outliers. It reads as [109]:
δˆmad = 1.4826 median(|φ − median(φ)|).

(4.22)

Here, φ represents the ensemble. The normalization constant 1.4826 renders the estimator
consistent with the standard deviation of a normal distribution. In the presence of high frequency
systematic signal within the assumed estimation window, MAD is expected to resist against the
non-stationarity up to its breakdown point. However, beyond this tolerance, the variance measure
fails in noise estimation. In the evaluation of δSNR for each estimator, the low quality result
pertaining to γapt ≤ 0.35 are excluded. In the case of PTA1, the failed estimation result over the
caldera are disregarded by this masking. The surrounding water of the island is as well masked
by this thresholding.
For a concise quantitative analysis over the entire spatiotemporal extent of the data, the
estimated δSNR are aggregated spatially over each interferogram in the time series. The median
of such aggregated data provides a robust measure for the overall performance of PL for each
interferogram. Figure 4.10 reports the barplots of overall δSNR for each interferogram as a
function of their temporal baseline. EMI, EVD and PTA1 are compared in this figure. As apparent,
EMI slightly outperforms the other approaches throughout the time series. A feature worthy of
note is the exacerbated noise of the estimated interferograms with temporal baseline of 12 and
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Figure 4.10: Temporal assessment of the δSNR, as an independent quality descriptor of each PL approach; reported
for the time series of estimated interferograms. Positive values of δSNR indicate improved SNR of the PL-estimated
over the spatially-multilooked interferograms. As an overall trend, EMI is observed to slightly outperform EVD and
PTA. This behavior is in line with the conclusions of the simulation analysis in 4.1.c and d.

24 days. In the mentioned interferograms, the performance degradation of EMI and EVD are the
least and most pronounced, respectively.
This independent evaluation of the estimation efficiency proves the optimality of EMI over
EVD and PTA. Therefore, it validates the choice of EMI as a benchmark for comparisons of
section 4.4 and the reported estimation bias and efficiency therein.
In summary
The following conclusions are drawn from the performed comparisons:
• the result over the volcanic caldera proves the improved efficiency of EMI compared to PTA
in terms of phase estimation (figures 4.5 and 4.7);
• the initialization of PTA is proved to have an impact on its estimation efficiency (figures
4.5 and 4.7);
• between the two compared initialization methods, the eigenvector is a more efficient
approach (figures 4.5 and 4.7);
• PTA’s subjective choice of initialization highlights the merit of EMI in efficient data processing as the latter is exempt from initialization;
• PTA1 is initialized by the solution of EMI and spends extra effort on fitting its model
through further iterations. The additional iterative solution not only imposes extra computation, but may also compromise the estimation efficiency and cause divergence from an
optimum solution (figures 4.5 and 4.7).
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Figure 4.11: Cumulative processing time of the estimators over the entire test site, as an assessment of computational
efficiency. Note that the cross comparison of the left and right plots is inadmissible, due to difference in implementation
of the estimators. However the within plot comparisons are fair and conclusive. The comparison of EMI and EVD
reveals the negligible imposed computation of the latter. PTA1 and 2 differ only in their initialization; their comparison
highlights the impact of initialization on the computational efficiency.

• EVD is quantitatively shown to increase the estimation bias and variance compared to the
probabilistic based approaches (figures 4.9 and 4.10);
• the negligible increment in the computational cost of EMI with respect to EVD increases
the estimation efficiency (figures 4.9 and 4.10);
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Figure 4.12: PDF of the number of iterations performed by PTA. For visualization, the reported iteration range is
limited despite the maximum allowable iteration of 4000. 7% and 18% of the scene fails in convergence after 4000
iterations by PTA1 and PTA2, respectively.

Computational Efficiency
The cumulative processing time of PL for the entire scene is provided in figure 4.11, in order
to assess the computational efficiency of different approaches. Note that the reported runtime excludes the pre/post-processing steps of PL (e.g. adaptive multilooking etc.). To insure
the validity of these comparisons, the implementation of the estimators are kept similar, as
far as the algorithmic details allow. However, EMI and EVD benefit from highly optimized
eigen decomposition libraries, namely the MRRR method; while PTA employs a self-developed
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optimization module based on the analytical solution of (4.18) proposed in [80]. Due to this
reason, the direct comparison of eigen decomposition based solvers to PTA approaches is unfair
and inconclusive. EMI may however be fairly compared to EVD, and PTA1 to PTA2. From
the comparison of EMI to EVD, it is apparent that the additional computation, regarding
the coherence matrix inversion and its occasional regularization, has negligible impact on the
computational efficiency of EMI. Comparison of PTA1 and PTA2, highlights the impact of
initialization on the computational efficiency of PTA. Note that the first initialization method
improves the efficiency by ≈ 50%.
The convergence behavior of PTA is further investigated, revealing that PTA1 and PTA2 fail in
convergence over 7% and 18% of the test site, respectively. According to spatial analysis, failures
in convergence occur over the volcanic caldera as well as the surrounding water. A comparison
between the number of iterations of PTA is presented in figure 4.12. For visualization purposes,
the axis is limited to 400 iterations and convergence failures occurring at 4000 iterations are
excluded. The plot illustrates that nearly 11% of the scene convergence occurs with less than
10 iterations for PTA1, indicating that the solution of EMI and PTA coincide for the respective
regions. Also noticeable is the increase in the number of iterations from PTA1 to PTA2 which is
another proof on the impact of initialization.
Spatial analysis of the convergence behavior shows that PTA mostly spends its computational
effort over fast decorrelated regions. Examples are the surrounding water as well as the sparse
vegetated areas of the island, for which the a posteriori quality of phase estimation is poor. Due to
their low quality, such regions will be discarded in post PL steps, e.g. for deformation estimation.
This observation proves that the additional effort of PTA for fitting its model is not rewarded by
any information gain in terms of improving the spatial sampling.
Final word on the computational efficiency regards the comparison between EMI and PTA.
Recall that the PTA1 is initialized by the solution of EMI. It therefore has the iterative analytical
solution as an additional computation step compared to EMI. On average, PTA1 performs 300
iterations for fitting its model. This effort have been shown to be in vain as it does not improve the
estimation efficiency and in part even results in divergence from an optimum phase estimation
(e.g. over the caldera in figure 4.5-4.7). Therefore, EMI is argued to be computationally more
efficient than PTA.

Performance of λ as a quality measure
The Lagrange parameter of EMI has been introduced as a quality measure for phase estimation.
Figure 4.13 reports this parameter for the test site. In order to validate the merit of λ as a quality
measure, its relation with the a posteriori coherence is investigated here. Figure 4.14 depicts
the bivariate distribution of the two measures for all pixels in the scene and reveals a strong
correlation between the two. The observed correlation is explained based on the hypothesis of §4.2:
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Figure 4.13: Lagrange parameter as a by-product of EMI. The closer the parameter is to 1, the better is the fit of the
EMI model to the data stack.
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Figure 4.14: Bivariate distribution of the two quality measures for all pixels in the scene. The correlation between
Lagrange parameter as a proposed quality measure and the a posteriori coherence is observed. The approach of
both parameters γapt and λ to 1 indicate the validity of the EMI model for the DS region. The mode of this PDF at
γapt = 0.23 and λ = 1.065 pertains to the surrounding water as well as the dense vegetated area over the island (cf.
figure 4.13).

the approach of λ to 1 indicates the goodness-of-fit of the SCM model proposed by EMI as well as
the convergence of models in PTA and EMI. The mode of this PDF at γapt = 0.23 and λ = 1.065
pertains to the surrounding water as well as the dense vegetated area over the island (cf. figure
4.13). These areas are masked from the presented interferograms in figure 4.5.
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4.5 Discussion and Conclusion
Coherence estimation error is shown to affect the performance of PL in general, and PTA in
particular. In this chapter, it has been demonstrated that the error affects the computational
efficiency of the algorithm as well. In the interest of improving the estimation and computational
efficiency of PL, we allowed the generalization of the PTA proposed model. In modeling the SCM,
the proposed generalization accounts for the calibration of the (erroneous) coherence matrix
by a dyad. A MLE of the proposed model has been presented (available in Appendix A). The
reference MLE has been approximated and constrained to arrive at an efficient PL, provided
by the method of Lagrange multiplier. Both the eigenvalue and eigenvector of the Lagrangian
solution has been investigated as effective parameters for NRT data processing. Via simulation
and real data experiments, EMI has been shown to asymptotically retain estimation efficiency
close to the CRLB.
Aside from the proposal of EMI, the efficient implementation of PTA by [80] has been brought
into light. The estimation and computational efficiency of the PTA has been shown to be influenced
by its initialization choice. This impact asserts the advantage of eigen decomposition based solvers
in PL, as they are exempt from initialization.
The EVD estimator has been argued to be suboptimum in phase estimation. This theoretical proposition has been validated with simulation analysis and real data experiments. The
advantage of MLEs over the EVD is especially noticeable with improved coherence estimation
(see Fig. 4.1.a/b). Upon enhancing coherence estimation e.g. by non local approaches [86, 87], the
performance of EMI improves beyond the reported values in real data experiments. Furthermore
the MLE based approaches are outperforming candidates to be employed in efficient time series analysis with the Sequential Estimator [4] (see Fig. 4.1.c). The computational efficiency of
EMI has been compared to EVD, to verify the former as an agile algorithm for NRT processing.
Through simulation and real data experiments, EMI was shown to be the optimum approach for
PL.
The incentive behind EMI is to generalize the covariance model in reducing the impact of
coherence estimation error on PL. However, the extra degree of freedom provided by EMI’s
calibration dyad has been shown to be only marginally successful in improving the performance
of phase estimation. A follow-on research direction is to further generalize the covariance model
in order to better account for higher rank coherence estimation error. As was the case for EMI, a
generalized model would allow a joint estimation of the systematic phase series and the coherence
matrix. Choosing an optimum covariance model falls in the realm of classical model selection. The
generalization of the model shall be dealt with care, as an increase in model complexity raises
the probability of over-parameterization. Ergo, further research is necessary for the proposal and
validation of new covariance models.
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E FFICIENT T IME S ERIES A NALYSIS : S EQUENTIAL E STIMATOR

T

his chapter is dedicated to the proposed novel efficient time series analysis approach,
named Sequential Estimator. The Sequential Estimator is the first proposal for a generic
efficient InSAR stacking in the realm of Distributed Scatterers (DS). The algorithm

provides a recursive solution to the temporally sequential problem of Phase-Linking (PL). Tailored
to the exploitation of Big InSAR Data, the proposal of this algorithm steps toward the Near
Real-Time (NRT) Interferometric SAR (InSAR) time series analysis.
In the following, a short introduction of a candidate agile stacking schemes is provided in §5.1.

The description of the Sequential Estimator starts from §5.2, where the compression technique
used for the SAR data stack is elaborated; further algorithmic steps are described in §5.3. The
performance of the estimator is assessed through simulations and application to Sentinel-1 data.
This chapter is a summary of the following paper provided in Appendix B:
[4]: Ansari, H., De Zan, F., Bamler, R. "Sequential Estimator: Toward Efficient InSAR Time
Series Analysis." IEEE Transactions on Geoscience and Remote Sensing, Oct. 2017.
DOI: 10.1109/TGRS.2017.2711037.

5.1

Conventional Versus Agile Time Series Analysis

The current and future spaceborne Synthetic Aperture Radar (SAR) missions tend to follow the
wide-swath design with revisit cycle as short and duty cycles as long as possible to allow for high
temporal resolution monitoring of the Earth. With missions such as ESA’s current Sentinel-1,
NASA’s future NISAR and DLR’s Tandem-L proposal, the short revisit of 6 to 12 days together
with systematic data acquisition give birth to unprecedented SAR data volumes. As elaborated
in §3.4, the emerging Big Data challenge demands a migration from the conventional to agile
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time series analysis techniques. An agile stacking technique enables the NRT processing of time
series. The incentive for achieving the latter is to widen the applications of InSAR and convert
the method from an offline analysis mode to a high-precision nearly-online monitoring tool with
applications, e.g. in early-warning systems.
The conventional and improved full-stacking schemes, reviewed respectively in §3.3 and
chapter 4, are the optimum but computationally expensive approach to time series analysis. Prior
to introduction of the Sequential Estimator, agile, i.e. computationally-light, stacking techniques
are introduced here. As it will be shown through simulations in §5.4, the optimality of these
techniques is compromised by the partial exploitation of the interferograms within the time
series (cf. §3.2). The review of these alternative schemes is however worthwhile to highlight the
encountered challenges for an efficient stacking method. In defining the efficiency, two criteria are
distinguished throughout this chapter, namely: the computational efficiency, i.e. the processing
run-time; and the estimation efficiency, i.e. the optimality of the estimator with respect to the
Cramér-Rao Lower Bound (CRLB) (see §3.3.4).
The first requirement for an efficient stacking scheme is to avoid rereading and reprocessing
the entire data history when encountering a new acquisition. To fulfill this requirement, the
intuitive solution is to follow the footsteps of Small BAseline Subset Approach (SBAS) with two
modifications:
1. by merely allowing the short temporal baseline interferograms in the phase retrieval;
2. by performing PL phase estimation on the selection of short temporal baseline interferograms.
The two modifications respectively improve the computational and estimation efficiency of the
agile stacking compared to a conventional SBAS. The modified approach is hereafter referred
to as the Small temporal BAseline Subset Approach (StBAS). Inspired by [111], StBAS exploits
successive images with temporal separation up to an a priori time-lag. The implied assumption
is that the images undergo complete decorrelation after the latter time-lag. The StBAS interferograms are combined via PL. Compared to the conventional PL, here a banded matrix replaces
the full coherence matrix. The bandwidth of the matrix is fixed by the a priori time-lag. Although
straightforward, there are three fundamental problems to this approach:
• at each processing step, up to a certain lag of the previously acquired data shall be reread
and reprocessed, i.e. the proposed stacking method still undergoes redundant computations;
• the choice of the a priori temporal baseline imposes a trade-off between the estimation efficiency and the computational burden, i.e. to avert exclusion of the coherent interferograms
and the consequent performance degradation of the estimator, a longer time-lag is required;
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• the implicit assumption on complete decorrelation of interferograms with temporal baselines of larger than the time-lag loses validity in explaining seasonal decorrelation or
long-term coherence observed for C- and L-band SAR [30] [112].
To address some of the aforementioned problems, an alternative approach may be taken that
emphasizes the long-term, and possibly weak, coherent signals rather than the short-term, highcoherence interferometric pairs. This has been introduced in [108], where the authors suggest
using two subsets of images and retrieving the long-term coherent signal from a compressed
version of the two subsets. Allowing each subset of s images Z s ∈ Cs×l with s ¿ n/2 , its filtering
follows from exploiting the PL-estimated phase series via:
v̂ s (q) =

s
1 X
cns
Z s (p, q) exp {− j φ̂s (p)}
s p=1

(5.1)

Here, p is a temporal index. q is a spatial index referring to the pixel in homogeneous region
of Ω and indicating that the proposed filter is temporal and not spatial. Termed virtual image,
v̂ s represents the filtered subset. Exploiting two virtual images at the beginning and end of the
stack, a coherent interferogram may be formed which bears the sought long-term coherent signal
and provides an estimation of the phase between the first and last image in the time series. The
performance of this approach is however compromised if no coherent signal is present among the
chosen subsets. This method is hereafter referred to as Virtual Image Estimator.
In pursuit of an efficient stacking technique, the shortcomings of both StBAS and the Virtual
Image Estimator shall be conquered. An efficient estimator shall provide a generic solution
that properly exploits both the short- and the long-term coherence. To do so, it must be able to
adaptively include both weak and strong coherent signals, precisely as does the conventional PL.
The Sequential Estimator is able to meet a balance between the aforementioned processing
regimes. It may be seen as a generalization of the Virtual Image Estimator that follows the same
idea of filtering, or better compressing the information, of the subsets, but without the emphasis
on the long-term coherence. Prior to the description of the algorithm, the SAR data compression
is explained in the next section.

5.2 Multipass SAR Data Compression
Data compression is a classic approach in dealing with high data volumes. In the case of multipass
SAR, the objective is to compress a stack of coregistered SAR data in the temporal direction, such
that the size of the time series is reduced but the spatial size of each image is intact. Performed
locally, the compression is adaptive to the time series at each resolution cell. The temporal
compression is valid since despite the high-dimensionality of the data, the prevailing scattering
mechanism spans a much lower dimension. The introduction of this low-rank signal subspace is
the aim of this section.
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As a common compression technique, the linear transformations are chosen here. The transforms are mathematically straight-forward and computationally efficient, hence well-suited to
an efficient stacking technique. They provide a mapping from the high-dimensional data space,
defined by the row-space of Z n×l , to a lower-rank subspace spanning the row-space of Z̃ m×l . The
linear mapping under a transformation basis T reads as:
T

:

Z n×l → Z˜ m×l ,

(5.2)

where n is the dimension of data and m is the reduced dimension of its compressed version. Note
that the compression is temporal and l as the size of Ω is unchanged. The transformation T
may be defined by any arbitrary set of orthonormal vectors; with Fourier and Wavelet bases
as instances. The efficiency of the compression is driven by the choice of the basis. In the most
efficient case, the basis is chosen to capture the maximum variation of the data space, i.e. by a
subset of the most powerful eigenvectors, such that:
T = { v1 ; · · · ; v m }

(5.3)

with the basis vectors derived from Eigendecomposition of:
Cˆ =

n
X

λ p v p vH
p.

(5.4)

p=1

Cˆ is the estimated complex coherence matrix, λ p are the eigenvalues in descending order and v p
are the corresponding eigenvectors. This formulation corresponds to the well-known Eigen Value
Decomposition (EVD) setup. EVD performs a spectral decomposition of the data space, such that
the eigenvector corresponding to the highest eigenvalue represents the underlying most coherent
signal and vice versa. The estimation of the most coherent signal component v1 via generic EVD
may be interpreted as [92]:
v1 = argmaxv1 {v1H Ĉv1 };
subject to

(5.5)

v1H v1 = 1.

In this way, EVD approximates the complex coherence matrix with the dyad1 v1 v1H . Being a
geometrical rather than a probabilistic approach, EVD fails in optimum incorporation of the
statistical properties of the data stack; nevertheless, it provides a fair approximation of the
phase signature. The Maximum Likelihood Estimator (MLE), on the other hand, is a purely
probabilistic approach. As discussed in §3.3 and chapter §4, MLE formulates the optimum metric
for phase estimation as the Hadamard product of Γ−1 ◦ Γ and allows the dyad to merely explain
the interferometric phases rather than the amplitude/coherence variations. The power of EVD
is in the decomposition of the probable multiple coherent scattering mechanisms rather than
1 A dyad is a tensor of order two and rank one. It results from the outer product of two vectors.
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providing efficient phase estimation. Thus, in the interest of retaining estimation efficiency, the
dyad provided by MLE is preferred over the one of the EVD.
Following this rationale, a new orthonormal basis is sought, where its first component is
defined as the normalized MLE retrieved component, i.e.:
cns

exp { j φ̂ML }
°.
vML = °
°exp { j φ̂cns }°

(5.6)

ML

vML replaces the first component in (5.3). With this substitution, the complementary components
of this basis are desired. In order to form an orthonormal basis, these components shall span the
orthogonal complement of the subspace spanned by vML . The projection matrix corresponding to
the latter vector reads as:
H
C ML = vML vML

(5.7)

⊥
C ML
⊕ C ML = I.

(5.8)

⊥
and its orthogonal complement C ML
as:

⊥
Note that C ML and consequently C ML
are projection matrices, and I is the identity matrix. The

complex covariance matrix can therefore be propagated via the orthogonal complement as:
⊥
⊥
C proj = C ML
Cˆ C ML
.

(5.9)

C proj corresponds to the coherence matrix of the projected data to the residual subspace, after
elimination of the ML component. The Eigendecomposition of this coherence matrix provides the
complementary vectors of the sought orthonormal basis:
C proj =

nX
−1

λ p v p vH
p.

(5.10)

p=1

and the transformation matrix of (5) is redefined by the resulted components, i.e.:
T = {vML ; v1 ; · · · ; v m−1 }

(5.11)

The data is compressed by its transformation to the range space of the defined T:
Z˜ = T H Z.

(5.12)

As desired, the transformation projects the n-dimensional data in Z to an m-dimensional subspace
represented by T, thus compressing the data volume. Z̃ contains the m sorted compressed Single
Look Complex (SLC)s in its rows, such that the first row corresponds to the most coherent signal
component. The first compressed SLC is given by:
z̃ML = T1H Z

(5.13)

H
= vML
Z.

Expanding the above matrix product, it can easily be shown that the above formulation is
equivalent to the coherent filtering of (5.1). The introduced data reduction is the core method for
information preservation in the Sequential Estimator, as it will be introduced in the next section.
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Figure 5.1: Schematic depiction of the Sequential Estimator by the coherence matrix (in practice only the upper or
lower triangle of the coherence matrix is used in phase estimation) a) Full coherence matrix of a stack of SLCs: the
Sequential Estimator divides the stack into isolated mini-stacks indicated by the transparent boxes along the diagonal.
At each sequence, one mini-stack is processed and compressed; the mini-stacks are replaced by their compressed
components in further sequences. The coherent signals among the mini-stacks are retrieved by generation of artificial
interferograms. b) Coherence matrix at the initial sequence. c) Second sequence: the isolated dot on the diagonal
indicates the compressed SLC of the first mini-stack; the square depicts the acquired mini-stack; and the sparse
rectangles represent the generated artificial interferograms between the compressed and the acquired SLCs. d) Third
sequence: here, the artificial interferograms are generated with respect to the compressed SLCs of the first and
the second mini-stacks. Estimated between the compressed SLCs and the mini-stack, the coherence of the artificial
interferograms in (c) and (d) is an implication of the relation between the isolated mini-stacks. Indicated by this
coherence, the quality of the artificial interferogram is evaluated adaptive to the data content of the mini-stack.
Exploitation of the artificial interferograms while incorporating their coherence renders the data adaptability of the
Sequential Estimator.

5.3 Sequential Estimator
The proposed Sequential Estimator pursues an efficient stacking scheme. The computational
efficiency criterion is imposed by processing the stack in isolated small batches, as schematically
depicted in figure 5.1. To meet the requirement for the estimation efficiency, the scheme retrieves
the coherent signal among the isolated batches.
The Sequential Estimator is established based on the idea of retrieving the coherent signal
between isolated data batches without the necessity for reprocessing the entire stack when a
new acquisition is added. The backbone of the method is using data compression and retrieving
the coherence via formation of artificial interferograms between the compressed and the newly
acquired data. The inclusion of the artificial interferograms enables the performance preservation.
The estimator is essentially a recursive algorithm with a link to the products of the prior
steps at each sequence. For the sake of clarity, the recursion of the established method is shown
schematically in figure 5.1. The flowchart of the estimator at each sequence is given in figure
5.2. A brief synopsis of the scheme is provided below. Each single module of figure 5.2 is further
elaborated in the subsections.
The Sequential Estimator starts with the acquisition of a small chunk of s SLCs of the
data stream, where s ¿ n. The data is collected and processed in sequences, hence the name
sequential. The data chunk is hereafter referred to as a mini-stack. The mini-stack undergoes
a two-step process: signal estimation and data compression. In the signal estimation step, the
phase of each image in the mini-stack is estimated via PL. In the data compression step, the
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Figure 5.2: Algorithmic flow of the Sequential Estimator at its k th sequence: each module is accompanied by its final
product; superscripts correspond to the index of the sequence with i referring to the entire history prior to the current
sequence. The specified letters in parenthesis correspond to the section in which the module is elaborated.

images are compressed by estimation of the underlying low-rank signal subspace and a further
projection of the data to this subspace. Processing of the first mini-stack concludes by archiving
the compressed SLCs.
With reference to figure 5.2, at the subsequent mini-stacks, the same two-step phase estimation and data compression is pursued, although with minor changes. Prior to the phase estimation,
the compressed SLCs are prepended to the current mini-stack. Exploiting the augmented data,
artificial interferograms are generated between the acquired and the compressed SLCs. They in
fact substitute the lost coherent signal among the isolated mini-stacks (see §6.3). PL includes
the artificial interferograms and their corresponding coherence. In order to link the estimated
phases of different sequences, a datum connection step follows. After the phase estimation block,
the mini-stack is compressed and archived similarly to the initial sequence.
The different processing modules are elaborated in the following. The subsections follow a
processing order starting from data compression of the first mini-stack in the initial sequence
and ending at the phase estimation of its subsequent sequence.
A. Signal subspace identification
This module aims at finding the low-rank subspace for temporal compression of the mini-stack.
The proposed orthonormal basis T of (5.11) is an optimum representative of this subspace, in case
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a linear transformation is desired. This section addresses the question of the optimum dimension
of this subspace, i.e. the choice of m.
The complex correlation matrix summarizes the information content of the SAR stack; with
its modulus indicating the temporal decorrelation of the SAR signal. Physical signals impose
a systematic phase shift in the mean scattering response. The latter effect is captured by a
consistent phase term on the complex coherence rather than imposing a temporal decorrelation.
Therefore, although the coherence matrix is full-rank, it mostly represents the decorrelation
phenomenon. The physical signal is of much lower rank and spans a much lower-dimensional
subspace. PL estimates a dyad as the first component of this low-rank subspace.
Assuming a single PS-resembling scattering, it suffices for the sequential scheme to include
only the vML components of the subspace; by setting m to 1. Higher dimension of signal subspace
is required in cases where the DS region exhibits multiple dominant systematic position changes
along the elevation profile of the SAR 3D resolution cell. The precise retrieval of such signals falls
in the realm of differential SAR Tomography [113, 114]. Hereafter, a single dominant scattering
mechanism is assumed. Section 5.6 discusses the consequence of this simplification.
B. Mini-stack compression
The acquired images in the mini-stack are compressed by projection of the data to the identified
signal subspace following (5.12). For the sake of clarity, the compressed data is hereafter specified
by accentuation with .̃.
C. Data Archiving
Z˜ is archived to be further exploited at the subsequent mini-stacks.
D. Data Augmentation
After the initial sequence, the data available to each further k th sequence is comprised of:
• Z sk : The acquired s SLCs of the k th mini-stack;
• Z̃ i : The compressed version of the i th mini-stack prior to the current one i = 1, · · · , k − 1.
The compressed components are prepended to the acquired mini-stack, such that the augmented
data Ẑ k reads as:
Zˆ k = { Z˜ 1 ; · · · ; Z̃ k−1 ; Z sk }
with Ẑ k ∈ Cs+k−1×l , the augmentation is hereafter indicated by accentuation with .̂.
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E. Artificial interferogram generation
At each sequence of processing, the coherent signal between the mini-stack and the unavailable
data history is retrieved through generation of artificial interferograms, formed between each
acquired SLC in Z sk and the compressed SLCs, i.e.:
k
(Î Ω
) p,q = Z˜ p (Z sk )H
q

(5.15)

where the subscript indicates the i th row of the accompanied matrix. The artificial interferograms
are exploited jointly with the observed interferograms. This joint exploitation prevents an
expected performance loss for the batch-processing schemes.
F. Phase-Linking
At each sequence k, PL is carried out both to retrieve the transformation matrix and to estimate
the sought phase series. Any of the compared estimators of chapter 4, i.e. Phase Triangulation
Algorithm (PTA), EVD or Eigen-decomposition-based Maximum-likelihood-estimator of Interferometric phase (EMI), may be chosen for this task. Is an optimum estimation desired, an MLE
must be employed. Note that both the observed and the artificial interferograms accompanied
k

by their coherence shall be exploited in PL. The estimated phase series φ̂ are archived at each
sequence.
G. Datum connection
As formulated in §3.3 and explained in §3.3.4, PL is an under-determined problem. In multipass
InSAR, this problem is tackled by constraining the phase of an arbitrary image, i.e. by setting
this image as a datum in the time series and estimating the phase of the entire stack with respect
to this datum. This solution is as well adopted in the Sequential Estimator. At each sequence
the phases are estimated relative to one image in the augmented data. The problem with this
approach is that the estimated phases at each sequence are relative to their respective datum.
The solution is to connect the defined datum of different sequences in order to provide a single
fully connected phase series.
i
The datum connection can be achieved by performing a PL on the z̃ML
components. Recall

that these components represent their isolated mini-stacks. The interferometric phase between
them therefore implies the datum separations. These phases are temporally integrated via a
separate PL; i.e. by treating the compressed SLCs as a new stack, generating the respective C̃ ML
and retrieving the phase of each sequence relative to a new arbitrary but unique datum via PL.
Indicated by φ̂cal , the mentioned phase series contains the calibration phases that connects the
isolated mini-stacks. The datum connection for the i th sequence is thus carried out:
i

i

ˆ cal (i)
φ̂unified = φ̂ + φ
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(a)

(b)

(c)

(d)

Figure 5.3: Coherence matrix of the two simulated decorrelation models; (a) and (b) fast exponential decay and (c) and
(d) long-term coherence model;(a) and (c) simulated (true) coherence; (b) and (d) estimation of the coherence using the
simulated Complex Circular Gaussian (CCG) ensemble with 300 looks; the color scale is identical for all matrices; and
the well-known coherence estimation error is observable and is more pronounced for lower coherence level. Increasing
the number of samples, the performance of coherence estimation improves and the estimated coherence asymptotically
approaches its true values.

Here, the superscripts identify the sequence, while φ̂cal (i) indicates the i th element of the
calibration vector. Following this calibration step, a uni-datum phase time series results.

5.4 Performance Assessment with Simulations
For validation and performance evaluation purposes, the Sequential Estimator is tested and
compared to the conventional phase-linking algorithms using simulated data. Reflected in the
coherence matrix, the maximum achievable precision is bound by signal decorrelation. The impact
of the decorrelation process on the performance of different approaches including the proposed
estimator is investigated here.
Simulation scenarios
Identical to §4.3, two exponential and long-term coherence scenarios are simulated here. The
simulation of SLCs is identical to the mentioned section. The simulated coherence matrix and
its estimation using the synthesized stack are depicted in figure 5.3. Comparing the estimated
and simulated coherence matrices, the well-known error of coherence estimation is observable
[11, 83]. The performance of coherence estimation is governed by the size of ensemble used in the
estimation as well as the coherence level [11, 83]. It is degraded for coherence close to zero and
may be improved by exploiting a larger Ω neighborhood. However, the increase in the latter shall
be dealt with care as it can compromise the spatial stationarity of the ensemble.
Comparison scenarios
The objective is to compare different PL techniques. The following estimators with their specified
details are considered:
• PTA: using the iterative solution of of (4.18) proposed by [80];
76

5.4. PERFORMANCE ASSESSMENT WITH SIMULATIONS

(a)

(b)

(c)

(d)

Figure 5.4: Abstract comparison of data exploitation scheme employed by the compared estimators at covariance
matrix level: (a) full-stacking, (b) StBAS (Lag-10), (c) Virtual image estimator and (d) Sequential Estimator, here the
red shaded boxes represent the mini-stacks used for formation of the compressed SLCs. Note that, common to all
cases, only the upper or lower triangle of the complex coherence matrix is used in phase estimation; as a Hermitian
matrix upper and lower triangle bear the same information (see (2.11) ).

• EVD: exploiting the dominant scattering mechanism corresponding to the largest principal
component;
• StBAS: PL exploiting the short temporal-baseline interferograms with baseline of up to
60 days. It is equivalent to accessing up to lag-10 interferograms at each processing level
(similar to PTA and contrary to conventional SBAS, an optimum weighting of the included
interferograms is considered);
• Virtual Image Estimator: using two subsets of 10 images, the first is fixed at the beginning
of the stack, the second coincides with the Sequential Estimator’s mini-stacks;
• Sequential Estimator: accessing isolated mini-stacks of 10 images and setting m = 1 and
performing PL by PTA;
• CRLB: the theoretical i.e. simulated coherence is exploited for the calculation of the CRLB
according to §3.3.4.
Figure 5.4, abstracts the exploited interferograms by each estimator.
Performance assessment
The Root Mean Square Error (RMSE) of the estimated with respect to the simulated phases
is considered for the performance assessment. This measure encapsulates both the bias and
efficiency of the corresponding estimator. Using 1000 realizations, the RMSE of the two defined
simulation scenarios is calculated according to (3.25) where the simulated phases replace the
true values. Figures 5.5.a and b depict the performance of different estimators for the exponential
decorrelation and long-term coherence scenarios, respectively. Note that the CRLB is calculated
with the theoretical coherence, while the different estimators use the estimation of the coherence.
Comparing the two subfigures of figure 5.5 reveals the influence of the decorrelation mechanism on the performance of the estimators. Even a weak signal, with coherence as low as 0.2,
improves the precision of PTA phase estimation by a factor of ≈ 12. This observation emphasizes
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Figure 5.5: RMSE of phase estimation as the performance indicator of the Sequential Estimator compared to the
PTA, EVD, StBAS, virtual image estimator, and the CRLB; considering (a) Fast exponential decaying coherence and
(b) Long-term coherence scenario. The StBAS is the optimum solution in case of fast coherence loss while MLE (i.e.
PTA) outperforms it when a weak but long-term coherent signal is present. Evidently, the optimality of the mentioned
estimators depends on the coherence scenario. In both cases, the Sequential Estimator retains a balanced performance
close to the CRLB, proving to be a generic solution and adaptable to the coherence scenario; note the different scale of
(a) and (b).

the importance of the inclusion of even low-coherent interferograms in PL. It is further noticeable
that the EVD approximates the PTA in both cases. The behavior of the Virtual Image Estimator
in the two different cases is also worthy of note. As expected, the phase estimation is compromised
in the absence of a coherent signal between the two subsets; i.e. beyond the correlation length of
the exponential signal in figure 5.5.a (≈ 210 days).
Inspecting figure 5.5.a, StBAS outperforms other approaches by having the closest performance to the CRLB. Theoretically, however, MLE is expected to be the closest to the bound. The
odd behavior of MLE lies in the erroneous coherence estimation (cf. figure 5.3). Substituting the
simulated coherence, the MLE type estimators attain their asymptotic performance to CRLB (see
figure 4.1.a). The coherence estimator performs poorer for coherence levels close to zero, as is the
case for the majority of interferograms in the current simulation. Exploiting such suboptimum
coherence matrix, the MLE is misled toward relying on the pure noise-bearing interferograms in
the estimation of the phase series. However, the StBAS naively ignores interferograms with temporal baselines of larger than 60 days and merely exploits the high-coherent interferograms for
which the coherence estimation is known to perform better. The latter is therefore immune to the
coherence error. Comparing the different estimators, all full-stacking schemes are compromised
by the coherence error. Coming to the proposed Sequential Estimator, the performance loss is not
as dramatic as the full-stacking schemes. The performance preservation may be explained by the
exploited data compression in the Sequential Estimator. Recall that the noise components of the
data space are suppressed in the data compression. The artificial interferograms between the
mini-stacks are therefore less affected by the noisy interferograms and in general of higher Signal
to Noise Ratio (SNR) compared to the respective initial SLCs. This intermediate filtering of the
mini-stacks enhances the performance of the Sequential Estimator compared to the full-stacking
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Figure 5.6: View of Salina Island located in Southern Italy. (left) Optical image from Google Earth showing the various
land covers of the chosen test site.(right) Temporally averaged amplitude map of the test site estimated from 38
images of the Sentinel-1 SAR data stack.

approaches.
Examining the long-term coherence scenario in figure 5.5.b, reveals a contrasting behavior of
the estimators compared to the exponential decay. Having exploited the long-term coherence, the
full-stacking schemes outperform StBAS in this scenario. The latter performance degradation is
due to discarding the low-coherent interferograms with γ∞ = 0.2. This observation corroborates
the importance of inclusion of even low-coherent (but non-zero) interferometric pairs in PL.
Retrieving the long-term coherent signal among the mini-stacks via artificial interferograms, the
Sequential Estimator maintains its performance close to the CRLB.
Coming back to the comparison of these two coherence scenarios, different stacking strategies
are observed to be suited to each case. The proposed Sequential Estimator is however shown to
provide a balance between the two alternative schemes as it retains performance close to the
CRLB in both scenarios. It may therefore be proposed as a generic approach, adaptive to the
coherence pattern.

5.5 Demonstration with Sentinel-1 Time Series
A time series of Sentinel-1 data is chosen for the first demonstration of the Sequential Estimator.
A test site is picked in the southern volcanic islands of Italy known as Salina. Figure 5.6 provides
a view of the island revealing the variety of land cover in the scene, ranging from rocky areas
as probable Persistent Scatterers (PS)s to sparse vegetation as possible DS regions. Data sets
in interferometric wide-swath mode and VV polarization are obtained for this test site. The
acquisitions were taken from December 2014 to April 2016 from a descending orbit, providing 38
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Figure 5.7: Interferometric data of Salina test site; coherence of the observed interferograms with temporal baseline
of: (left) 12 days and (middle) 564 days, and (right) adaptive-multilooked observed interferogram of the latter. The
coherence map of the long temporal-baseline interferogram indicates the severity of the temporal decorrelation. PL
provides an estimate of this interferogram by overcoming the temporal decorrelation (see figure 5.8).

images. Figure 5.7 shows the coherence of the observed interferograms with the shortest and
longest temporal baselines, revealing the interferometric quality of the data set. As apparent,
the data stack undergoes severe decorrelation, rendering PL a necessary but challenging task
for this data stack. In the same figure, the observed interferogram pertaining to the longest
temporal baseline of 564 days is depicted. This interferogram is estimated via spatial adaptive
filtering. The aim here is to estimate the wrapped consistent systematic phase series, inclusive of
the geophysical and atmospheric signal via the application of PL.
Setting s = 10, Sequential Estimator divides the data set into four isolated mini-stacks; the
last mini-stack contains 8 images. Phase estimation is performed on full spatial resolution. The
pointwise complex coherence matrices are however estimated based on an ensemble of pixels
in the homogeneous Ω region surrounding each pixel. Ω is detected using Anderson-Darling
statistical similarity test on the amplitude data [82]. The false alarm rate, a.k.a. the p-value, of
the test is set to 5%. Note that the detection of Ω is merely based on the first mini-stack. Such a
chosen homogeneous region is further utilized for the future mini-stacks. To improve the spatial
stationarity in the homogeneous region, the topographic induced phase is simulated using the
Shuttle Radar Topographic Mission (SRTM) digital elevation model and compensated prior to
the coherence estimation. At each mini-stack, the data is compressed by fixing m to 1; using z̃ML
compressed SLCs only. The data volume is thus compressed by 90 percent.
In order to analyze the performance of the Sequential Estimator, PTA is independently
performed on the full-stack. The result is used as a benchmark for comparison. The implementation details of the PTA are kept similar to PL of each mini-stack, the only difference being
the detection of the homogeneous pixels for coherence estimation. The performance of the latter
detection is driven by the stack size [82] as well as the considered p-value for the hypothesis
testing [115]. Fixing the p-value, the similarity test for the reference PTA is performed on the
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Figure 5.8: Spatial inspection of the estimated interferograms with the longest temporal baseline of 564 days: (left)
using StBAS by exploitation of the consecutive SLCs (i.e. lag-1 interferograms), (middle) applying the Sequential
Estimator, and (right) discrepancy between the Sequential Estimator and the full-stack PTA. The Sequential Estimator
retains a performance close to the full-stacking scheme and thus asymptotically to CRLB. Using the lag-1 interferograms, StBAS ignores the redundant interferograms and therefore fails in temporal filtering. The corresponding
observed interferogram is provided in figure 5.7.

full data stack of 38 images, hence with higher precision compared to the Sequential Estimator,
where a mini-stack of 10 images is used. Exploiting a single mini-stack, the number of similar
pixels is overestimated, possibly introducing outliers in coherence estimation. One approach to
tackle this problem is to adjust the p-values of the hypothesis testing, i.e. decreasing it to lower
the probability of inclusion of less similar samples. Two alternative approaches are proposed in
[86] and [87]. As it will be revealed in the comparison results, even with a poor DS detection,
the Sequential Estimator achieves a performance close to the full-stacking scheme. It should
be noted that the homogeneity of the Ω neighborhood may be disturbed by some or all pixels,
after its detection in the first mini-stack. This issue is subject to future studies and algorithmic
enhancement to sequentialize the DS detection as well.
In the following, different strategies are considered to compare the performance of Sequential
Estimator versus the full-stack PTA.
Spatial inspection of the estimated interferograms
Having the wrapped consistent phase series estimated, the estimated interferograms are generated from the pairwise differential phases. The spatial inspection of such interferograms
highlights the merit of the temporal filtering performed by PL. As expected, the longer the temporal baseline, the more severe is the temporal decorrelation. The examination of the estimated
long-baseline interferograms is therefore more conclusive for the examination of the quality of the
temporal filtering. Bearing this in mind, among all possible interferometric pairs, the one with the
largest temporal baseline of 564 days is chosen to be presented here (figure 5.8). The estimated
interferogram using full-stacking and Sequential Estimator are visually identical; therefore,
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Figure 5.9: Spatiotemporal analysis via normalized histogram of the phase discrepancy between the full-stack PTA
and Sequential Estimator; the overall performance of the Sequential Estimator relative to the full-stacking scheme is
resulted from the histograms (see the text for details on the utilized mask).

the discrepancy between the two estimators is presented instead. To prove the efficiency of the
Sequential scheme, the estimated interferograms from StBAS is demonstrated as well. Note that
only the consecutive, i.e. lag-1, interferograms are exploited in the latter. As a visual assessment
of the performed temporal filtering, the estimated interferograms of figure 5.8 may be compared
to the corresponding observed interferogram in figure 5.7.
Comparing the estimated interferograms, the Sequential Estimator is shown to efficiently
estimate a spatially smooth signal, and keep a performance close to the PTA, while StBAS is
severely degraded. This result once again emphasizes the importance of strategic efficient phase
estimation as opposed to naive negligence of long-term interferograms.
Spatiotemporal assessment of estimated interferograms
Taking full-stack PTA as the reference, the focus here is on the quantitative performance analysis
of the Sequential Estimator with respect to this benchmark. The performance is evaluated by the
discrepancy between the estimated phases of the two mentioned schemes. Having performed PL
in a pixel-wise fashion, the phase discrepancies consist of rrg × raz values in the spatial and n − 1
in the temporal direction. To have a statistical analysis on the performance, the rrg × raz × (n − 1)
phase discrepancies are accumulated. Based on the latter, the histogram of the discrepancy
between the two methods is evaluated in figure 5.9; for visualization purposes the histogram is
normalized by its maximum.
It shall be noted that the estimation results contain the noisy phases of the surrounding
water of the island. The a posteriori coherence of (4.20) is used to mask such pixels. The coherence
threshold is set to γapt ≤ 0.4; same mask is used for the visualization of the interferograms in
figures 5.7 and 5.8. As apparent from these figures, the surrounding water as well as part of the
caldera is concealed by the introduced mask. Inspecting the optical view of the island, the latter
corresponds to dense vegetated area, where the approximation of DS region by PS-resembling
model fails, hence compromise of the estimated a posteriori coherence value. Figure 5.9 depicts
the histogram of the accumulated phase discrepancies for both original and masked estimation
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Figure 5.10: Performance of the Sequential Estimator at different coherence levels compared to the PTA; the bias (µ i )
and dispersion (σ i ) of the estimator is reported relative to the a posteriori coherence of (4.20), with i referring to the
reported coherence level. The agreement between the two methods increases with the increase of the coherence.

results. The Sequential Estimator is in agreement with the full-stack PTA, as evident from the
first and second moments. These measures indicate the bias and the efficiency of the Sequential
Estimator with respect to the PTA. Given Sentinel-1’s 5.405 GHz sensor frequency at C-band,
the estimated bias and precision of 0.1 and 0.52 rad translate to 0.44 and 2.2 mm in slant range,
respectively. The reported performance is prior to signal decomposition and relevant to each
single interferogram.
Performance with respect to the a posteriori coherence
The spatiotemporal accumulation of the phase discrepancies is exploited here as well. The
normalized histogram of phase discrepancies corresponding to different γapt levels is evaluated
in figure 5.10; providing the estimation bias and efficiency of the Sequential Estimator relative to
PL quality descriptor. As revealed from the simulations of §5.4, in case of higher coherence the
performance of the two estimators is closer than cases of fast decorrelation.
Further in the pursuit of decomposition of different physical signals, it is common practice to
discard low quality estimated phases in the processing steps to follow. Considering such masking
and choosing a coherence threshold of 0.85, the bias and precision of the Sequential Estimator
improves to 0.07 and 0.3 rad equivalent to 0.3 and 1.3 mm in slant range, respectively.
RMS with respect to the PTA
As the final assessment strategy, the accumulated phase discrepancies are grouped according
to their a posteriori coherence in regular coherence intervals. The Root Mean Square (RMS) of
the discrepancies at each ensemble is further evaluated, providing the discrete phase difference
as a function of the a posteriori coherence in figure 5.11. As depicted, the difference measure
is governed by the coherence. At high coherence, the agreement of the two schemes is evident.
At low coherence levels, however, the comparison is not as straightforward. As observed in §5.4,
full-stack PTA is severely erroneous in fast decorrelation scenarios. The high RMS values at low
coherence levels may therefore stem from poor performance of full-stacking. A more conclusive
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Figure 5.11: RMS of the phase discrepancies between the Sequential Estimator and the full-stacking scheme; the
agreement of the two methods increases with the a posteriori coherence. The high difference at low coherence may
stem from the poor performance of PTA. An independent validation with PSI or GNSS, therefore, provides a more
conclusive approach at low coherence.

comparison shall be considered for the performance assessment specifically at low coherence. We
suggest validation with independent InSAR or geodetic techniques, such as Persistent Scatterer
Interferometry (PSI) or Global Navigation Satellite Systems (GNSS), as decisive approaches.
Such validations are pursued in chapter 6.

5.6 Discussion and Conclusion
Sequential Estimator is proposed as an efficient processing scheme for the emerging large time
series from the global systematic earth monitoring SAR missions. It drastically reduces the
inherent necessity of reprocessing the data for each ingested new acquisition, imposed by highprecision phase estimation schemes. In doing so, the estimator reduces the computational cost as
well as the demanding data storage capacity. Furthermore, the estimator is shown to improve
phase estimation by reducing the impact of coherence estimation error owing to its intermediate
filtering of the interferograms at each sequence (see §6.3 for more on this filtering effect).
The proposed scheme suggests a generic guideline for efficient processing of large data stacks
via recursive estimation of the complex covariance for the InSAR stacks. The core elements are
data compression and the generation of the artificial interferograms. The implementation steps
for fulfilling these core tasks, e.g., phase estimation and data compression techniques may be
replaced by a wide range of alternative solutions and may therefore improve the algorithmic
and/or estimation efficiency of the Sequential Estimator.
Having PTA as its PL approach, the performance of the Sequential Estimator at each sequence
is bound to the performance of the PTA and especially its sensitivity to the coherence estimation.
Any improvement of the PTA and/or the coherence estimation therefore enhances the Sequential
Estimator.
The core PTA may be replaced by more agile, but sub-optimum, PL schemes. Examples are
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SBAS-like approaches, EVD or the like, which potentially reduce the computational burden of PL
within the mini-stack. Such simplification compromises the sensitivity to the small-scale geophysical signals and is thus only allowed dependent on the permissible performance degradation. To
have a balance between the computational and estimation efficiency, our proposal is the adoption
of EMI (introduced in chapter 4) as the core PL. This integration is investigated in chapter 6.
The Principal Component Analysis (PCA) approach for data compression is primarily chosen
for its computational efficiency. This simple approach may be substituted by more rigorous lowrank approximation schemes, with examples ranging from projection pursuit and independent
component analysis to robust PCA [95, 97]. The drawback is, however, the increase in the
computational burden.
The current proposal for implementation of the Sequential Estimator simplifies data compression by setting the dimension of the signal subspace to 1. According to the experiments with this
test site, higher order components do not have a contribution in the performance of the estimator.
Theoretically, however, this simplification might trouble the Sequential Estimator if the artificial
interferograms undersample the corresponding data (see §6.3). The latter undersampling is
especially expected in the presence of more than one dominant scattering mechanism in the
resolution cell. Apart from increasing m, the latter problem may be treated by adapting the size
of the mini-stack or considering overlap between the mini-stacks. Therefore, two directions for
future research are: 1) the generalization of the Sequential Estimator for m > 1 (see [90] as an
instance of such generalization) and 2) further studies on the choice and possible adaptability of
mini-stack size.
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F

ocusing on the enhancement of efficiency in interferometric time series analysis, two
estimators have been proposed. This chapter is dedicated to the demonstration of the
potential of the proposed methods in wide area processing. The following objectives are

pursued here:
• integration of Sequential Estimator and Eigen-decomposition-based Maximum-likelihoodestimator of Interferometric phase (EMI) by using the latter as Phase-Linking (PL) for
phase estimation in sequential processing;
• demonstration of the hybrid estimator in efficient wide area processing with Sentinel-1;
• performance assessment of the hybrid approach in terms of estimation bias and efficiency;
• introduction of different strategies for evaluation and validation of PL estimators.

We start by introducing the chosen test site and the processing approach in §6.1, followed
by demonstration of the resulted wide area processing in §6.2. As the second focus of this
chapter, we then move to performance assessment with a theoretical discussion on the expected
performance of sequential estimator in §6.3. The quantitative performance assessment is pursued
by estimation of phase noise in §6.4, where the issue of estimation efficiency of the sequential
processing is addressed. The last evaluation is with respect to independent measurements
from Persistent Scatterers (PS) in §6.6, here the bias of phase estimation is investigated. The
performance analysis of this chapter provides quantitative error budgets for phase estimation
and assists in evaluation of achievable precision/accuracy in deformation monitoring.
Small part of the content of this chapter is published in the following conference paper
available in Appendix D:
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[6]: Ansari, H., De Zan, F., Bamler, R., "Distributed Scatterer Interferometry Tailored to the Analysis of
Big InSAR Data." in Proceedings of European Conference on Synthetic Aperture Radar (EUSAR), Jun.
2018.

6.1 DSI Processing on Trans-Mexican Volcanic Belt
A wide area test site is chosen within the Trans-Mexican Volcanic Belt. The belt extends across
central-southern Mexico from the Pacific Ocean to the Gulf of Mexico. The chosen part of the
belt spans large cities, as well as dormant and active volcanoes. Figure 6.1.a depicts the extent
of the region of study, including the main cities and volcanic areas. The combination of the
geophysical activities and land subsidence caused by over-extraction of aquifers motivates the
study of deformation processes in this test site. The notorious sinking of Mexico city by a rate of
∼ 40 cm/year has prompted several Interferometric SAR (InSAR) studies in this regions.

A time series of 59 Sentinel-1 Synthetic Aperture Radar (SAR) images acquired in Interferometric Wide mode from descending orbit in a two-year time span from October 2014 to October
2016 comprises our data set of the chosen test site. The area is determined by ∼ 34000 km2 , with
three sub-swaths in the range, each including six bursts in the azimuth direction. The amplitude
map of the test site is provided in figure 6.1.b.
The interferometric processing of the data set is performed with DLR’s Interferometric Wide
Area Processing (IWAP) chain [116]. The topographic induced phase is removed using the Shuttle
Radar Topographic Mission (SRTM) Digital Elevation Model (DEM). The SAR image stack is
coregistered to the first acquisition in 3 October 2014. As the first step toward Distributed
Scatterers (DS) processing, the statistically homogeneous ensembles surrounding each pixel are
detected. The amplitude-based Anderson-Darling statistical similarity test [117] with false alarm
rate of 5% is chosen as the detection method. The search window for the test comprises of 50
and 10 pixels in range and azimuth direction, respectively. The maximum allowed number of
homogeneous pixels of each patch is set to 300 pixels. The homogeneous ensembles are exploited
for adaptive multilooking of the observed interferograms1 as well as estimation of the coherence
matrix at each pixel. The multilooking results in a spatial adaptive filtering of the interferograms
and improves the Signal to Noise Ratio (SNR) of the observed phases.
Regions with ensemble size of > 100 are chosen as DSs. PL is performed on these regions
following two approaches:
• Full stacking: conventional processing based on all possible interferometric pairs of the
time series (i.e. 1171 interferograms of the data set in question);

1 The term observed interferogram refers to the direct interferogram between two SAR acquisitions. Adaptive spatial multilooking is further applied to the direct interferogram, rendering the fair comparison of the observed to the estimated interferograms.
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Figure 6.1: View of the chosen test site within the Trans-Mexican Volcanic Belt: (a) Google Earth view showing the
volcanic and populated urban areas, the extent of Sentinel-1 data footprint is indicated by the red box. (b) amplitude
map of the test site estimated by temporal averaging.

• Sequential stacking: application of the Sequential Estimator in processing the time series.
With reference to §5.3, a mini-stack size of 10 images and compression to 1 image per
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mini-stack are considered (i.e. 91 interferograms are exploited in the processing of the last
mini-stack in this example).
Cumulatively, the sequential scheme exploits 426 interferograms for processing the entire time
series over the course of their acquisitions. If however the full stacking is adopted for online
processing of data over their acquisition period and a reprocessing is allowed every 10 Single Look
Complex (SLC)s, to mimic the Sequential Estimator, a total number of 4386 interferograms shall
be exploited. The latter indicates a 90% reduction in the number of processed interferograms in
the sequential approach. The phase estimation in both approaches is performed by the proposed
EMI method. Note that the DS processing subsamples the spatial extent of data by 20 and 5
pixels in range and azimuth direction, respectively. This sampling frequency corresponds to
a spatial resolution of ∼ 100 m in each direction. The objective is to retrieve 58 single-master
interferograms, from this time series. The master is set as the first SLC of the time series. The
interferograms pertain to the systematic consistent phase series (see §2.3.2 and (3.1)-(3.3)).

6.2 Wide Area Demonstration
The DS provides an estimation of a phase series corresponding to each analyzed DS pixel in
the data stack. Estimated wrapped interferograms follow from the estimated phase series,
¡
¢
i.e. φ̂ i,k = (φ̂ i − φˆ k + π) mod 2π − π. The comparison of the estimated interferograms with
the observed interferogram provides a visual impression of the effect of PL in reduction of
temporal decorrelation and enhancement of SNR (adaptive multilooking is identical for both
interferograms). The longest temporal baseline interferogram of 732 days is chosen for visual
inspection. The observed interferogram and the corresponding coherence map are given in figure
6.2. The estimated interferograms and their a posteriori coherence are presented in figures
6.3 and 6.4, respectively for the full and sequential stacking. The improved SNR in phase
estimation is clearly visible from the comparison of the observed and estimated interferograms.
Comparing the two estimated interferograms and their coherence confirms a high correlation
in the performance of the two schemes. A quantitative performance assessment follows to shed
light on the discrepancy in the performance of the two estimators.

Cross Comparison of Sequential with Full Stacking
The difference in phase estimation performed by the sequential and full stacking is quantified
here. PL is performed on r rg × r az pixels spatially and provides n − 1 phase values temporally.
Therefore, r rg × r az × (n − 1) estimated phase values are at hand for statistical analysis of the
wrapped phase discrepancies between the two estimators. In the following, two approaches are
taken to study this discrepancy.
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Figure 6.2: The observed interferometric data: (a) observed (spatially multilooked) interferogram with temporal
baseline of 732 days, spatial adaptive multilooking is considered, topographic phases are compensated using the
SRTM DEM; (b) the corresponding coherence map of the interferogram estimated by adaptive multilooking.
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Figure 6.3: Result of full stacking: (a) estimated interferogram with temporal baseline of 732 days; the fast decorrelating
areas such as dense vegetation and water land cover are masked from the interferogram using γapt ≤ 0.35. (b) the
corresponding a posteriori coherence as the quality measure of the estimated phases. Compared to the observed
interferogram the SNR is improved by ≈ 8 dB (see figure 6.10.a)
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Figure 6.4: Result of sequential stacking: (a) the estimated interferogram with temporal baseline of 732 days; the
fast decorrelating areas such as dense vegetation and water land cover are masked from the interferogram using
γapt ≤ 0.35. (b) the corresponding a posteriori coherence as the quality measure of the estimated phases. Compared to
the observed interferogram the improved SNR in phase estimation is discerned.
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Figure 6.5: Spatiotemporal performance analysis of phase estimation: (a) RMS of phase discrepancy between the
full and sequential stacking results as a function of a posteriori coherence. (b) Normalized histogram of the phase
discrepancies as a function of a posteriori coherence. The agreement between the two techniques increases with the
increased quality of phase estimation (indicated by the a posteriori coherence).

Spatiotemporal analysis
The phase discrepancies are collected spatiotemporally and binned with respect to their a
posteriori coherence. The Root Mean Square (RMS) of each bin is reported in the bar plot of figure
6.5.a; it encapsulates both the variance and bias of the sequential with respect to full stacking. In
order to separate the two measures, the normalized histogram of each bin is presented in figure
6.5.b. The first and second order moment of the histograms respectively describe the bias and
variance of the phase discrepancies. Note that these reported moments are relative to the full
stacking approach and are not absolute measures of the estimation quality.
In analyzing figure 6.5, the agreement between the two stacking methods is observed to
increase as a function of the a posteriori coherence. This agreement is reflected in the decrease of
the RMS, bias and variance measures. From simulation analysis, it is known that coherence level
of γapt < 0.75 is associated with fast decorrelating scatterers. For such scatterers, the performance
of full stacking scheme is shown to be compromised [3, 4, 90, 91]. In such cases, the Sequential
Estimator is expected to outperform the conventional full stacking scheme [3, 4, 90]. Therefore,
at low coherence levels the current performance analysis loses validity. A different strategy is
presented for performance assessment at such coherence levels in §6.4.
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Figure 6.6: Temporal performance analysis of phase estimation: the box-whisker plot of phase discrepancy between
the sequential and full stacking method is presented for regions pertaining to γapt ≥ 0.75 at each interferogram
with respect to its temporal baseline. The mini-stack separation is indicated with vertical red lines. The diagrams
compactly display the median, IQR (as robust measures for estimation bias and efficiency) and skewness of phase
discrepancies. Note the degradation of the performance within the mini-stack and its partial stabilization at the
mini-stack separations.

Temporal analysis
Here, the behavior of the sequential estimator is evaluated temporally, i.e. for each estimated
interferogram separately. The temporal analysis is based on phase discrepancies and relative to
the full stacking result. In order to mask the unreliable result of the latter reference, only the
DS regions with a posteriori coherence of γapt ≥ 0.75 are considered for this analysis. With this
masking, the phase discrepancies are collected spatially for each single-master interferogram;
the histogram of discrepancies are then evaluated. For a compact visualization of the histograms,
the so-called box-whisker diagrams are chosen here [118]. The diagram is a robust representation
of the distribution of univariate data. The box represents the 50% concentration of the data
around its median, with its top and bottom representing the third and first quartiles of the
samples, respectively. The median is marked with a central line on the box. The lines extending
above and below the box, known as whiskers, show the maximum and minimum range of the
data distribution excluding the outlying samples. Common practice in defining the whiskers is
the extension of 1.5 IQR from the first Q 1 and third Q 3 quartiles; where Interquartile Range
(IQR) is the difference between the mentioned quartiles. The corresponding confidence interval of
[Q 1 − 1.5 IQR,Q 3 + 1.5 IQR] is used for detection of potential outliers. The validity of the whiskers
and interval defined as such is questioned for skewed distributions [119]. As it will be observed
however, the distributions under study are symmetric. The box-whisker diagram concisely depicts
the following robust statistical measures:
• median: marked by the central line of the box. It is a robust measure of estimation bias of
the sequential with respect to full stacking, representing its relative accuracy;
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• IQR: visible from the length of the box. IQR is a robust indicator of the estimation efficiency2
of the sequential with respect to full stacking, representing its relative precision;
• skewness: inferred from the asymmetry between the upper and lower parts of box-whisker
around the median. Skewness is the third moment of data as a measure for the normality
of the distribution of phase discrepancies. A skewed distribution indicates a systematic
difference between the two estimators.
Figure 6.6 depicts the box-whisker diagrams of the phase discrepancies for each interferogram
relative to its temporal baseline. The horizontal red dotted line highlights the ideal case of zero
estimation bias. The vertical red dotted lines mark the locations of mini-stack separation. The
performance variation in terms of estimation bias and efficiency is observed from this figure.
Inspecting the median of the box plots, a positive bias of the sequential stacking is visible. The
bias changes in the range 0 − 0.13 rad, corresponding to 0 − 0.57 mm in slant range. It increases
specifically within the mini-stacks from the first to the last image and slightly drops at the
consecutive mini-stack. Thanks to the employed data compression and formation of the artificial
interferograms, the systematic drift is harnessed in between consecutive mini-stacks. Had the
sequential estimator not utilized the artificial interferograms, an increased systematic bias
would have resulted. Section 6.3 explains the role of artificial interferograms in the Sequential
Estimator. The IQR increases in range of 0.17 − 0.30 rad or equivalently 0.75 − 1.35 mm in
the evaluated stack. Last examination regards the skewness of the diagrams. No pronounced
skewness is evident from the time series, excluding the probability of any further systematic
behavior else than the observed bias.
∗∗∗

The analysis of this section was based on the assumption that the full stacking outperforms the
sequential scheme at high coherence levels. An independent performance assessment follows in
§6.4 and §6.6 to either refute or corroborate the observation of this section.

6.3 Role of Artificial Interferograms in Sequential Estimator
Prior to quantitative performance assessment of the sequential processing, its difference to
conventional full stacking is discussed here. Both processing schemes use Maximum Likelihood
Estimator (MLE) in their phase retrieval; their difference lies in the exploited Sample Correlation
Matrix (SCM). These SCMs are studied here. For the sake of brevity of notation and with no loss of
generality, the descriptions are limited to two consecutive mini-stacks. Considering the following

2 See §3.3.4 for the definition of estimation efficiency and bias
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from chapter 5 and allowing superscripts as a reference to the mini-stack under question:
Z i ∈ C s× l

i th mini-stack; for brevity of notations Z i is amplitude-normalized;

C i ∈ C s× s

SCM of i th mini-stack;

C ik ∈ Cs×s
˜ ik

C

∈C

complex coherence matrix between mini-stacks i and k;

m× s

complex coherence matrix containing the artificial interferograms between mini-stacks;

the SCM exploited by full and sequential stacking reads as:
C ful ∈ C2s×2s ,
"
Ci
C ful =
(C ik )H

C ik
Ck

#

;

Cˆ seq ∈ Cs+m×s+m ,
"
#
ik
I
C̃
Cˆ seq =
.
(C̃ ik )H C k

(6.1)

(6.2)

In the design of the Sequential Estimator, the division of the time series to isolated mini-stacks
restricts the accessibility of C ik . In other words, the interferograms between the SLCs of the two
mini-stacks are unavailable to the sequential phase estimation. Contained in C̃ ik , the artificial
interferograms are devised to substitute C ik and thereby restrict the information loss. The aim
here is to study the traits of these interferograms and their role in the performance of the
Sequential Estimator. In introducing these traits, let us set the number of compressed images m
to 1 and revisit the formation of the artificial interferogram by considering:
Z˜ i ∈ C1×l
1
s

the compressed SLCs of the i th mini-stack;

i

v = 1 exp ( j φ̂ ) ∈ Cs×1 transformation vector used in the compression of i th mini-stack;
and recalling from chapter 3 and 5 that:
C ik =

1 i k H
Z (Z ) ,
l

Z˜ i = v H Z i .
A generalization to m > 1 readily follows by substitution of v with transformation matrix T (see
§5.3). The artificial interferograms between the compressed (i th ) and streamed (k th ) mini-stacks
read as:
1
C˜ ik = Z˜ i (Z k )H
l
1 H i k H
= v Z (Z )
l
= v H C ik .
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Equation (6.5) reveals that the artificial interferograms result from transformation of the submatrix C ik . Although C ik is inaccessible to the Sequential Estimator, the artificial interferograms
in C̃ ik recover this lost information via transformation of C ik to a one-dimensional space.
ik
Allowing the decomposition of C ik to Γ ik ◦ I Ω
and substituting v; (6.5) is expanded as:

(C̃ ik ) q =

s
1 X
i
ik
(Γ ik ◦ I Ω
) p,q exp (− j φ̂ p ),
s p=1

(6.6)

hereafter, subscripts indicate the elements of the associated matrix/vector; in matrices p and q
correspond to row and column, respectively. Replacing I Ω by the observed differential phases
yields:
(C̃ ik ) q =

³
´
s
1 X
i
(Γ ik ) p,q exp j (φ ip − φ̂ p − φkq ) .
s p=1

(6.7)

From this expansion two effects are observed: 1) a coherent filtering of the intermediate interferik
ograms yields which renders the enhanced SNR of the artificial interferograms compared to I Ω
;

2) a phase calibration occurs implicitly along with interferogram generation, i.e. the consistent
systematic phase series of the i th mini-stack are subtracted from the SCM. Note that the calibration vector φ̂ is resulted from PL of the i th mini-stack. Therefore, it is subject to estimation error
ˆ and relative to the arbitrary master of the respective mini-stack (indicated by d); that
²̂ = φ − φ
i

is φ̂d = 0. Taking these notes into account, the artificial interferograms read as:


(C̃ ik ) q =



³
´ X
³
´
s
1 
(Γ ik )d,q exp j (φ i − φk ) +
(Γ ik ) p,q exp j (²̂ ip − φkq ) 
q
d

;
s
p=1

(6.8)

p6= d

The above formulation clarifies the presence of a systematic phase in the artificial interferograms.
It is caused by the arbitrary master as well as the plausible systematic bias present in ²̂. The
calibration of the multi-master effect within different mini-stacks is considered in the datum
connection (see §5.3), where the reference phase of each mini-stack is consistently linked to a
single arbitrary master in the time series via an a posteriori PL. However, this calibration is
itself subject to estimation error especially in presence of systematic bias in ²̂ and when C̃ ik
is insufficient in approximation of C ik . Trivially, the performance of Sequential Estimator is
affected by the calibration error.
In summary two traits are observed for the artificial interferograms:
• the SNR of the artificial interferograms is higher than the originally observed interferograms;
• a systematic phase is present in the artificial interferograms which requires calibration.
These traits govern the potential and limitation of the Sequential Estimator in phase retrieval:
Being the core estimator of sequential processing, the MLE is sensitive to the efficiency of SCM
estimation (see chapters 4 and 5) and susceptible to biases in presence of systematic phase
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Figure 6.7: σ̂mad of the observed interferogram Btmp = 732 days. As theoretically expected, a cross-comparison with
the respective coherence map in figure 6.2.b shows a moderate phase quality with noise level of 0.2 − 0.5 rad for
moderately coherent areas.

inconsistencies (see chapter 2 and [18, 19]). The first trait of the artificial interferograms allows
the substitution of the estimated SCM in C ik by its higher SNR representation in C̃ ik . Therefore,
sequential stacking enjoys lower noise level in coherence estimation. Consequently, it is expected
to outperform full stacking techniques in terms of estimation efficiency. The second trait, however,
indicates the vulnerability of Sequential Estimator to the performance of a posteriori calibration.
In the event of poor calibration, estimation bias is inevitable.
The MLEs are the best estimators at our disposal (see chapter 3). Their plausible biases
in presence of systematic phase inconsistencies is, however, a concern for phase retrieval. Employing MLE in multiple times (once per mini-stack) and for multiple tasks (phase estimation,
transformation, phase calibration), the Sequential Estimator is more prone to estimation bias
compared to full stacking.

6.4 Assessment of Estimation Efficiency
So far, the presented evaluations of sequential estimation performance have been relative to the
full stacking scheme. This relative approach is insufficient in declaring the superiority of either
of the full or sequential schemes over the other. A conclusive quality measure is required for the
independent quantification of the estimation efficiency of the two schemes. Recall that PL aims
at improving the SNR of the observed interferograms. Therefore, we propose the variation in
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SNR of the estimated phases as the sought independent quality measure:
µ
¶
σobs
∆SNR = SNRest. intrfrgrm − SNRobs. intrfrgrm = 20 log10
;
σest

(6.9)

where σ is phase noise of the respective interferograms.
The spatial variance is considered as a proxy for the evaluation of phase noise following this
rationale: The systematic signals are often low frequency in nature. The estimated systematic
phases are therefore expected to be homogeneous within short distances. In other words, in
the absence of noise, interferometric phase variance over homogeneous regions must be zero.
Therefore, the spatial variance is a measure of the estimation noise if the homogeneity of
systematic phase holds.
Based on the above rationale, the phase noise is estimated for each retrieved interferogram
in a pixel wise fashion as follows: to select the ensemble for variance estimation, a symmetric
spatial window is considered about each pixel. Note that the employed coarse selection criterion
does not guarantee the stationarity of the interferometric signal within the estimation window. To
account for the plausible heterogeneity, the variance shall be estimated robustly to withstand the
outlying samples [85]. Among different robust estimators of variance [89], the normalized Median
Absolute Deviation around median (MAD) is chosen here [109, 110]. MAD has a high breakdown
point of 50%; i.e. it resists 50% contamination of the ensemble by outliers. The estimator reads as
[109]:
¡
¢
σ̂mad = 1.4826 median |φ − median(φ)| .

(6.10)

Here, φ represents the ensemble of interferometric phases. The normalization constant 1.4826
renders the estimator consistent with the standard deviation of a normal distribution.

Analysis of the median absolute deviation
Lacking an independent quality measure, the local spatial variance of estimated interferograms
is considered as a proxy for the estimation efficiency. The proposed measure allows the objective
evaluation of the two schemes in terms of estimation efficiency.
The phase noise of observed and estimated interferograms is evaluated with MAD. Spatial
adaptive multilooking is identical to all three interferograms, it therefore has no role in the noise
reduction. The estimation window comprises of 121 pixels. Considering the sampling frequency
of interferograms detailed in 6.2, the extent of the window is ∼ 1.1 km in each range and
azimuth direction. The systematic signals, induced by atmosphere, unmodeled topography and
deformation, are assumed to be stationary within this distance. If violated, MAD is expected to
resist against the non-stationarity up to its breakdown point. Figures 6.7, 6.8 and 6.9, demonstrate
the estimated phase noise of the observed and estimated interferograms (Btmp = 732 days) with
full and sequential stacking, respectively. Note that common to all three interferograms, in
presence of high frequency deformation, e.g. in Mexico city, MAD is theoretically expected, and
visually observed, to fail in noise estimation. The reason is the non-stationarity of the deformation
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Figure 6.8: σ̂mad of the estimated interferogram using full stacking, Btmp = 732 days. An improvement in SNR is
apparent in comparison with the phase noise of observed interferogram. Note that in Mexico city (located west of
the test site), the well-known high frequency deformation violates the stationarity assumption within the respective
estimation window, beyond the tolerance of MAD breakdown point. Therefore, the estimated phase noise is inconclusive
in this region.

signal within the estimation window which exceeds MAD’s breakdown point. The comparison
of figure 6.7 to 6.8 and 6.9 confirms the merit of PL in phase noise reduction. The difference in
performance of full and sequential stacking is visually subtle; it is therefore quantified in the
following.
For the quantitative analysis, the estimated phase noises are collected spatially over the
interferogram and binned relative to their a posteriori coherence. probability density function
(PDF) of the cumulative phase noises of the interferograms with temporal baseline of 732 days
are provided in figure 6.10. Subfigure (a) shows the overall performance excluding DSs with
γapt < 0.35. Such regions pertain to water and dense vegetation land covers. The slight improved

performance of sequential over the full stacking scheme is apparent from this PDF. The overall
performance of each method is inferred from the mode of the PDFs and their associated probability.
From the mode of these PDFs, the estimation precision of sequential stacking is inferred as 0.51
rad, equivalent to 2 mm in slant range. Furthermore, the performed PL is seen to reduce the
phase noise by ∼ 8 dB.
Figure 6.10.b allows the investigation of each estimator’s variance relative to the quality
of phase estimation. We take γapt , as a descriptor of this quality. The areas of low γapt behave
closer to exponentially decaying coherence pattern. With increment of γapt , the probability of DS
showing a long term coherence increases. Recall that the theoretical analysis using simulations
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Figure 6.9: σ̂mad of the estimated interferogram using sequential stacking, Btmp = 732 days. An improvement in
SNR is apparent in comparison with the phase noise of observed interferogram. Note that in Mexico city (located
west of the test site), the well-known high frequency deformation violates the stationarity assumption within the
respective estimation window, beyond the tolerance of MAD breakdown point. Therefore, the estimated phase noise is
inconclusive in this region. The visual difference to full stacking result is subtle. Quantitative assessment follows
shortly for enhanced comparison.

hint the superiority of the Sequential Estimator in exponentially decaying cases; as well as
the similarity of the two approaches in presence of long term coherence [3, 4, 90]. The phase
noise estimates provide an independent mean to substantiate this hypothesis with real data. As
theoretically expected, at low coherence, the sequential outperforms the full stacking scheme.
The reason lies in the enhanced SNR of the artificial interferograms as explained in §6.3. As γapt
increases, the two PDFs approach one another. This observation corroborates the hypothesis on
similar performance of the two schemes in long term coherence.

Analysis on ∆SNR
Here, the analysis on the PDF of phase noise is expanded to all estimated interferograms in the
stack. The overall phase noise of the estimated and observed interferograms is inferred using
the median of their respective PDF at coherence level of γapt ≥ 0.35. The overall phase variances
are employed in evaluation of ∆SNR according to (6.9). ∆SNR of each method is evaluated for all
interferograms and depicted with respect to their temporal baseline in figure 6.11. The sequential
estimator is observed to slightly excel over the full stacking. This enhancement is attributed to
the role of artificial interferograms (see §6.3). On average, PL with full and sequential approach
enhances phase quality by 5.30 and 5.82 dB, respectively. As expected the SNR increases over
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Figure 6.10: PDF of the cumulative phase noises (σ̂mad ) for the observed and estimated interferograms (Btmp =
732 days): represented for (a) coherence level of γapt ≥ 0.35 and (b) variable coherence levels. At each PDF, the mode
and its associated probability indicates the performance of each estimator. The increase in coherence level represents
a change of the DS behavior from exponentially decaying to long-term coherence regime. The sequential stacking
is shown to outperform the full stacking scheme at low coherence levels. This observation is a corroboration of the
hypothesis inferred from our simulation analysis in §5.4, §4.3 and [3, 4, 90].

time, as the observed interferograms undergo more severe temporal decorrelation. Reducing
the latter, PL improves the phase quality especially over longer baselines. An odd behavior of
PL is observed in estimation of 12 and 24-day interferograms: the estimated phases using full
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Figure 6.11: ∆SNR of the interferograms estimated with sequential and full stacking as a function of their temporal
baseline. The sequential estimator is shown to slightly outperform the conventional full stacking. PL on average
improves the phase quality by ∼ 6 dB. Note the odd behavior of full stacking in estimation of the 12 and 24-day
interferograms. The exploitation of the entire stack is observed to degrade the quality of observed high coherent
interferograms.

stacking is seen to increase the phase noise. This observation reflects the non-nominal behavior
of MLE which possibly arises from its sensitivity to coherence estimation error. Note however
that the sequential estimator retains its phase reduction property. The reason is the limitation
of Sequential Estimator to the first mini-stack, where the coherence decay is restricted and the
coherence estimation is less prone to errors.
∗∗∗

From the analysis of this section, it is concluded that compared to full stacking the sequential
estimator slightly improves the estimation efficiency in phase retrieval. Having a two-year
archive of data with 59 SLCs, the inferred phase precision for γapt ≥ 0.35 is reported as 0.51 rad
or 2 mm in slant range.

6.5 Assessment of Estimation Bias
The focus here is on quantitative assessment of the estimation bias of full and sequential stacking,
with respect to an independent measurement. A potential benchmark for validation are PS. Recall
from chapter 2 that PS phases are:
• negligibly affected by scattering noise and temporal decorrelation (dependent on their
coherence);
• single look measurements, hence invariant to phase inconsistencies.
Being negligibly affected by the error/noise sources that PL attempts to reduce, PS phases are
reasonable reference for independent validation of DS phase estimation.
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Figure 6.12: The observed interferogram of detected PS with temporal baseline of 732 days. As opposed to DS
interferograms of figures 6.2-6.4, PS detection is performed on the full spatial resolution of data.

In the following, firstly the detection of phase stable scatterers is addressed. The estimation
of DS phase error is elaborated and finally different approaches are taken to analyze the phase
error in sequential and full stacking techniques.

PS selection as the benchmark for validation
The point of departure is the coregistered data stack used for DS analysis; identical phase
calibration is considered here (see §6.2). The Amplitude Dispersion Index (ADI) [15] is chosen as
a proxy for phase noise of each single pixel:
D A :=

σA

,

(6.11)

σφPS ≈ D A ;

(6.12)

µA

where µ A and σ A are respectively the amplitude’s first and second order moment and are
estimated pixel-wise using the time series. This approximation of phase noise by D A is merely
valid at low noise levels [15].
For the validation task, PS are firstly detected based on their signal to clutter ratio according
to [16]. The detected PS with D A ≤ 0.3 are then chosen as PS candidates for the validation
task. Figure 6.12 depicts the phase screen of the PS candidates for the longest temporal baseline
interferogram (Btmp = 732 days). Note that the latter interferogram is full resolution while DS
interferograms of figures 6.2-6.4 are subsampled to ∼ 100 m resolution in each direction.
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Per selected PS, the single-master single-look interferometric phases are retrieved. Identical
to DS interferograms, the master is set as the first acquisition of the time series. These phase
series are the benchmark for estimation of phase errors as described in the next section.
Note that the spatial resolution of PS and DS are not comparable. PS are detected on fullresolution while DS are subsampled to ∼ 100 m resolution in both range and azimuth direction.

Estimation of phase error
The deviation of the estimated DS phases from the neighboring PS phase series is defined as
residual phase:
cns

² = φ̂ds − φps ;

DS estimation bias

(6.13)

µφ̂ = E{²}.

(6.14)

ds

Under the assumption that the consistent systematic phase components are stationary within the
chosen neighborhood, the residual phase reflects the estimation error attributed to (stochastic
and systematic) phase inconsistencies. Variation of each of the deformation, topographic and/or
atmospheric signals within the chosen spatial window endangers the interpretation of the
residual phase as estimation error. The bias and efficiency of PL is inferred from the first and
second order moment of the residual phases (see §3.3.4).
Clearly, the DS and PS cannot coexist at the same location. A straightforward evaluation
of phase error is therefore infeasible. We instead treat the phase error as a random variable
and estimate it for each single DS, via the weighted mean of its phase discrepancy from the
neighboring PS. The weighting accounts for the distance between the two scatterers d, as well
as the phase dispersion approximated by the D A measure. It is such that the closer PSs with
lower phase noise have a larger impact in the error estimation. The phase errors are estimated
as follows:
P
²̂ =

with

w=

cns
i w i (φ̂ds − φps,i )

P

i wi
´−1
d
σn σd

³
 DA


;

(6.15)
d ≤ σd

0

and

D A ≤ σn

otherwise

by setting σn and σd as 0.3 and 100 m, respectively. Note that ²̂ ∈ Rn−1 contains the error of each
PL estimated interferogram in the stack and is evaluated for each single DS. The spatiotemporal
traits of phase error are assessed in the following two sections.
Some notes are in order regarding the validity of the assessments to follow: 1) The spatial
stationarity of signal and therefore the credibility of estimated ²̂ is prone to violation specifically
at mountainous regions with steep topographic profile. 2) The benchmark PS phases are treated
as true unbiased phases due to their invariance to systematic inconsistencies. In terms of phase
noise however they might be less precise than the DS estimated phases (cf. figures 6.4.a and
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6.12 for a corroboration). The phase noise is governed by the SNR of each PS/DS. In case of DS,
the SNR is enhanced by spatial multilooking and exploitation of temporal data redundancy in
PL. PS phases are, however, single-look with fixed SNR. In practice PS-interferogram noise may
be reduced by allowing only high SNR PS, realized via applying stricter detection criteria. The
spatial density of the PS is however compromised as a result. Due to the lack of better validation
methods, we accept this limitation for the evaluation of PL estimation bias. However, for the
quantification of the estimation efficiency, the analysis of §6.4 is more credible.

Temporal analysis of phase error
The univariate distribution of phase error is studied here for all the DS estimated interferograms
within the time series. As before, the phase errors pertaining to DS with γapt ≤ 0.35 are excluded
from this analysis. Similar to §6.4, box-whisker diagrams are used for concise depiction of
distributions. Figure 6.13 provides the box-whisker of the observed and estimated interferograms;
figure 6.14 enables their comparison. Adaptive multilooking is identical for all interferograms.
With reference to the interpretation of box-whisker diagrams provided in §6.2, the latter figures
reveal the following:
• both full and sequential stacking estimators are biased;
• the bias is more pronounced for longer temporal baseline interferograms;
• the bias of sequential estimator is more pronounced compared to the full stacking;
• the largest bias for both estimators is observed for the interferogram with temporal baseline
of 726 days, the bias of sequential and full stacking reads as −0.21 and −0.09 rad, equivalent
to 0.9 and 0.3 mm in slant range, respectively;
• the reason for this bias lies likely in the ignorance of systematic phase inconsistencies by
PL approaches to which the benchmark, i.e. single-look PS phase, is insensitive;
• the sequential stacking is seen to be more prone to systematic phase inconsistencies
compared to the full stacking schemes;
• PL performed by both sequential and full stacking schemes is shown to improve the
estimation efficiency compared to the observed interferograms. The analysis of §6.4 is
however more reliable for the quantification of this effect.
The next section is dedicated to evaluation of phase bias at different coherence levels.

Spatiotemporal analysis of phase error
In order to analyze the overall estimation bias with respect to the phase estimation quality,
the estimated phase errors are spatiotemporally collected and binned with respect to their a
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Figure 6.13: The box-whisker plots of phase error presented for regions with γapt ≥ 0.35 at each interferogram with
respect to its temporal baseline. (a) observed (spatially multilooked) interferograms, (b) estimated interferograms
with full stacking, (c) estimated interferograms with sequential stacking; the mini-stack separation is indicated with
vertical red lines.
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Figure 6.14: Concise comparison of the box-whisker plots of figure 6.13. The sampling interval is increased for better
visualization. (a) The compared box-whisker plots. (b) The compared estimation bias retrieved from the central line of
the box-whiskers (see §6.2).

posteriori coherence. The PDF of cumulative phase noise for different coherence levels is provided
in figure 6.15.
As revealed from this figure, DS regions with lower a posteriori coherence are more prone to
estimation bias. The overall accuracy of phase estimation is −0.03 and −0.06 rad, equivalent to
0.1 and 0.2 mm in slant range, for the full and sequential stacking, respectively. This observation
supports the use of a posteriori coherence to mask the areas prone to systematic biases.
∗∗∗

From the analysis expounded in this section, it is concluded that the sequential estimator is more
prone to estimation biases compared to the full stacking. Having a two-year archive of data with
59 SLCs, the inferred phase accuracy for γapt ≥ 0.35 is reported as −0.06 rad or 0.2 mm in slant
range. The latter measure is twice as the estimation bias of full stacking scheme. For geodetic
applications, the reported bias is still negligible compared to the error budgets associated with
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Observed Ifgrm:
µ = -0.03, σ = 0.96
Full Stacking:
µ = -0.03, σ = 0.73
Sequential Stacking: µ = -0.06, σ = 0.69
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Figure 6.15: PDF of the cumulative phase errors for the observed and estimated interferograms: represented for (a)
coherence level of γapt ≥ 0.35 and (b) variable coherence levels. At each PDF, the mode and its associated probability
indicates the performance of each estimator.

the calibration of the interfering signals such as atmosphere.

6.6 Discussion and Conclusion
The primarily focus of this chapter is the combination of the two efficient estimators, i.e. EMI
and Sequential Estimator, and the demonstration of its application in wide area processing.
Furthermore, the performance of the sequential stacking in terms of estimation bias and efficiency
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is studied and compared to conventional full stacking scheme. From the performed analysis two
distinct traits of the sequential estimator are observed:
• The improved estimation efficiency: the sequential estimator was shown to enhance the
SNR of the multilooked phases by ≈ 8 dB over a temporal baseline of 2 years (figure 6.10).
The SNR enhancement was shown to be higher than the full stacking schemes for all
estimated interferograms in the time series (figure 6.11).
• The increased estimation bias: the estimation bias of the sequential scheme was evaluated
to be twice the full stacking. In worst case scenario the two approaches suffer −0.21 and
−0.09 rad bias over a temporal baseline of 726 days (figure 6.13-6.14). The overall bias of

the entire time series reads as −0.06 and −0.03 rad for the sequential and conventional
stacking, respectively (figure 6.15.a). The observed biases are in sub-millimeteric level
for each estimated interferogram in the time series. The latter are well below the typical
allowed error budgets for high-precision geodetic applications.
The observed behavior of the Sequential Estimator is related to the employed approximation of the
full SCM and explicable by the underlying transformation that yields the artificial interferograms.
The role of artificial interferograms in the performance of the sequential stacking was theoretically
discussed.
The integration of artificial interferograms in phase estimation is observed to limit the
performance degradation of the sequential estimator compared to full stacking. This observation
emphasizes the importance of exploitation of the interferometric time series in phase retrieval
and the harm of ignoring the temporal data redundancy. The sequential estimator is shown to
suffer from the limited access to the time series in terms of achieving an unbiased estimation.
This fact highlights the vulnerability of Small BAseline Subset Approach (SBAS)-like schemes in
exploiting Big InSAR Data. In contrary to the Sequential Estimator, the latter schemes discard
the interferometric data without consideration of a substitute for the ignored interferograms.
The objective of the performance analysis was the quantification of phase estimation error
budgets. A related direction of future research is investigation on the impact of improved SCM
approximation with m > 1 and/or the relevance of mini-stack size on enhancing the sequential
performance.
A plausible justification for the observed bias of both sequential and full stacking techniques
is the presence of systematic phase inconsistencies. The latter has been previously observed for
the Trans-Mexican Volcanic Belt [120]. An interesting future research direction in this regard is
investigation of the correlation between the systematic inconsistencies and the observed bias of
full and sequential stacking schemes and the quantification of the effect of inconsistencies. In
case of a correlation, a successful calibration of the inconsistencies is expected to improve the
performance of phase estimation.
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I

n achieving high-precision deformation monitoring, this chapter assesses the error budget in
retrieving 3D deformation signal from Interferometric SAR (InSAR). Identifying acquisition
geometry as the performance driver in retrieval of the 3D deformation, the error is analyzed

to propose an optimum acquisition geometry for future Synthetic Aperture Radar (SAR) missions
such as Tandem-L. The significance of the improved 3D deformation for seismic and volcanic
source modeling is briefly addressed.
In the following, 3D deformation estimation from combination of InSAR and other SAR
observables is introduced. The effective factors for improving the precision of 3D deformation
estimates are identified and their impact is studied to seek an optimum acquisition geometry.
This chapter summarizes the findings of the following paper:
[5]: Ansari, H., De Zan, F., Parizzi, A., Eineder, M., Goel, K., Adam, N. "Measuring 3-D Surface Motion
With Future SAR Systems Based on Reflector Antennae." IEEE Geoscience and Remote Sensing Letters,
Jan. 2016. DOI: 10.1109/LGRS.2015.2509440.

as well as the following two conference papers:
[7]: Ansari, H., Goel, K., Parizzi, A., Sudhaus, H., Adam, N., Eineder, M., "InSAR Sensitivity Analysis of
Tandem-L Mission for Modeling Volcanic and Seismic Deformation Sources." in Proceedings of European
Space Agency (ESA) Fringe Workshop, Mar. 2015. DOI: 10.5270/Fringe2015.213.

[8]: Ansari, H., Goel, K., Parizzi, A., De Zan, F., Adam, N., Eineder, M., "Tandem-L performance analysis
for three dimensional earth deformation monitoring." in Proceedings of IEEE International Geoscience
and Remote Sensing Symposium (IGARSS), Jul. 2015. DOI: 10.1109/IGARSS.2015.7326715.

The papers are provided in Appendix C.
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Figure 7.1: Depiction of the heading (α), look (θ ) and squint (θsq ) angle as the influential parameters in 3D deformation
estimation with InSAR. α specifies the sensitivity to north motion component. θsq is defined as the angle between
antenna boresight to the zero-Doppler plane, its contribution to both heading and look angles follows from (7.9)-(7.10).

7.1 3D Deformation Estimation and the Corresponding Error
Analysis
The presented techniques in InSAR merely allow sensing the projection of the actual 3D surface
deformation onto the sensor Line of Sight (LOS) direction. The observed 1D deformation is rather
blind to the motion in the Along Track Direction (ATD) of the satellite. This blindness hinders
the retrieval of precise 3D deformation.
In retrieving the 3D deformation, the fusion of LOS measurements from different acquisition
geometries and/or with the differential SAR image shifts in ATD has been employed [121–124].
The 3D deformation estimation and its associated a posteriori statistics are addressed here.
The InSAR LOS measurement can be expressed as the inner product of the 3D deformation
to the sensor LOS unit vector; that is:
d LOS = eLOS . d
with
and

(7.1)

T

d = [d e , d n , d v ] ;
eLOS = f (α, θ ).

d is defined in the local east-north-vertical coordinate system; eLOS is a function of the antenna
orientation, i.e. the heading angle α and the look angle θ . Figure 7.1 provides a pictorial definition
of the acquisition angles.
ATD measurements are obtained from differential shifts between two acquisitions in azimuth
direction. Various techniques are employed for their estimation, such as cross-correlation, exploitation of spectral diversity, etc. [125, 126]. Referred to as azimuth shifts, the 3D motion is
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mapped to these observables as:
d ATD = eATD . d
and

(7.2)

eATD = f (α),
(7.3)

where eLOS is the ATD unit vector.
Introducing the functional model y = Ad, where y contains the observed motion and matrix
A is defined by the respective measurements direction:
yi = (d ATD,i

or

d LOS,i ),

a i = [eATD,i

or

eLOS,i ],

A = [a1 , a2 , ..., a n ]T ;
the 3D motion is estimated by a simple weighted linear least squares as follows:
d = (A T Q −y 1 A)−1 A T Q −y 1 y.

(7.4)

Here, Q y is the covariance matrix introducing the measurements stochastic model. Clearly, at
least three measurements are required for the estimation of the 3D vector. Seeking the error
bound for 3D deformation, we approximate the stochastic model by the Cramér-Rao Lower Bound
(CRLB) of interferometric [127] and azimuth shift [128] measurements:
µ ¶
1 − γ2 λ 2
2
σLOS =
+ σ2APS ,
2l γ2 4π
σ2ATD =

3 1 − γ2 2
ρ ;
2l π2 γ2 az

(7.5)
(7.6)

with σ2APS representing the atmospheric error, γ as the coherence, l as the number of pixels used
in estimation of the measurement, ρ az as the azimuth resolution and λ as the SAR wavelength.
Note that the precision of InSAR measurement is driven by the wavelength in centimeter regime
while the shifts are governed by azimuth resolution normally within meter regimes.
Having this setup, the a posteriori covariance matrix is utilized as the statistical measure for
assessing the 3D performance:




σˆ 2e

σ̂ en

σ̂ ev


Qˆ d = (A T Q −y 1 A)−1 = 
 σˆ en

σ̂2n


σ̂nv 
.
σ̂2v

σ̂ ev

σ̂nv

(7.7)

Qˆ d is a square symmetric matrix serving as the initial point of error assessment: with its diagonal
elements representing the estimation error variance and its 2 × 2 sub-matrices representing
the second-order statistics of joint bivariate probability density function (PDF) between the
parameter pairs. Assuming Gaussian statistics, the joint PDFs are further visualized as follows:
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Left Looking Acquisition
Right Looking Acquisition

Figure 7.2: Depiction of left and right looking acquisition for a track of a near-polar orbit. The combination of InSAR
measurements from right and left-looking improves the angular diversity and hence the 3D performance.

applying eigen decomposition of the aforementioned sub-matrices, the eigenvalues (λ1 , λ2 ) and
eigenvectors (v1 , v2 ) yield:
"

with

q i, j =

→

q i, j =

σˆ 2i

σ̂ i j

σ̂ i j

σ̂2j

2
X

#

,

λk v k vT
k.

(7.8)

k=1

Based on the decomposition results, the error ellipses are formed, with λ i as their semi-major and
minor axes elongated in the direction specified by the corresponding eigenvectors. The inspection
of the major to minor axis ratio of the ellipse indicates the condition number of estimation in
respective parameter subspace, while its orientation represents the correlation between the
two parameters. Trivially, in case of extreme correlation, the involved components cannot be
unambiguously resolved. In ideal cases where the parameters are retrieved with equal precision
and are statistically independent (uncorrelated), the ellipse becomes a circle. Reflected in the a
posteriori covariance, the 3D deformation performance is driven by the angular diversity between
the involved measurements as well as the measurement noise. These effects are categorized and
studied in the following section.

7.2 Assessing the Performance Drivers in 3D Deformation
Retrieval
Orbit and Acquisition Geometry
Considering merely the combination of LOS measurements in 3D deformation estimation, the
performance is merely driven by the imaging geometry of the acquisitions. The geometry is
defined by the satellite heading and antenna look angle. The higher is the angular diversity
among the combined acquisitions, the more precise would be the 3D retrieval. There are two
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Sun-synchronous Orbit (incl = 98°)
Inclined orbit (incl = 50°)

Figure 7.3: Depiction of a single satellite ground track for near-polar and mid-inclined orbits. The heading angle of a
satellite orbiting near-polar is close to 0/180◦ rendering the poor sensitivity to the north component; increasing the
inclination varies the heading angle from the latter values hence improving the sensitivity of InSAR measurements to
the north motion component. Note however the compromised latitudinal coverage of the mid-inclined orbit, as one
disadvantage of such orbit design.

options to improve the angular diversity: variation in look and heading angles. The latter is
achieved by changing the satellite orbit design. A comparable effect to heading and look angle
alteration can be achieved by squinted acquisitions. Figure 7.2 and 7.3 show the different possible
acquisition scenarios excluding the squinted acquisition.
Different geometric scenarios are compared here to study the optimum choice for improving
3D deformation estimation. To keep the investigated cases comparable, a basic observation
scenario comprising of three acquisitions from ascending and descending tracks is assumed in the
entire analysis. The ascending/descending combination is hereafter referred to as cross-heading.
The first two acquisitions are fixed to cross-heading both acquired from right-looking, while the
third is altered according to each specific case. The investigated cases are summarized in table
7.1 and are elaborated in the following sections. Figure 7.4 provides the 3D LOS unit vectors of
the different acquisitions projected to the 2D local planes. The projection of the 2D LOS vectors
to each of the given axis of the local planes indicates their sensitivity to the corresponding motion
component.
In the analysis of this section, an L-band SAR (λ = 23.9 cm) with an average coherence of
0.4 and l = 10 samples is considered for the calculation of the measurements stochastic model.
Atmospheric error is neglected in the latter model. This yields a ranging accuracy of 19 mm
according to (7.5). A variation of the coherence level or the number of independent samples
merely has a scaling effect on the error analysis.
Antenna Look Angle
Dependent on the mission capabilities, the look angle may be varied by the platform in the range
of [20 to 50] deg. The platform may also allow for two modes of right and left-looking acquisition
(see figure 7.2). There are therefore two different possibilities in improving the angular diversity
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Figure 7.4: Projection of the 3D LOS of the different acquisition geometries of table 7.1 on the 2D local coordinate
planes; the projection of each vector on the E-, N-, and V-axes indicates the sensitivity of LOS to the corresponding
component. Note that the poorest sensitivity to the north among the 3D components. The near-polar orbit design
causes this poor sensitivity. Among the compared scenarios, the squinted acquisition is observed to have the highest
sensitivity to the north component.

Case

I

II

III

IV

V

VI

Fusion Scenario
Cross-Heading
Right-looking
Asc. R.
Cross-Heading 1
Right-looking
𝑖𝑛𝑐𝑙 = 50°
Cross-Heading 1
Right-looking
Asc. R. 𝜃𝑠𝑞 = 20°
Cross-Heading -1
Right-looking
Asc. L.
Cross-Heading
Right+Azimuth
Shifts (10 m)
Cross-Heading
Right+Azimuth
Shifts (2 m)

Heading ang.
(at Equator)

Look ang.

3D precision
[cm]

-12°
-168°
-12°
37°
143°
37°
-12°
-168°
-12° (+36°)
-12°
-168°
-12
-12°
-168°
-12°
-12°
-168°
-12°

35°
35°
25°
35°
35°
25°
35°
35°
35° (-6°)
35°
35°
-35°
35°
35°
25°
35°
35°
25°

𝜎𝑒 : 2.46
𝜎𝑛 : 60.6
𝜎𝑣 : 7.99
𝜎𝑒 : 3.00
𝜎𝑛 : 21.0
𝜎𝑣 : 7.99
𝜎𝑒 : 2.46
𝜎𝑛 : 8.07
𝜎𝑣 : 1.42
𝜎𝑒 : 2.46
𝜎𝑛 : 11.5
𝜎𝑣 : 1.68
𝜎𝑒 : 2.43
𝜎𝑛 : 56.9
𝜎𝑣 : 7.53
𝜎𝑒 : 2.31
𝜎𝑛 : 29.2
𝜎𝑣 : 4.04

Table 7.1: Investigated geometrical combination scenarios and the resulted 3D deformation estimation performance at
the Equator (σLOS = 19 mm)

of the look angle: either by combination of acquisitions from different look angles all acquired
from right or by combining the right and left-looking acquisitions. The latter combination is
proved to outperform the former thanks to the increased angular diversity. Although enhancing
the precision, the left-looking acquisition requires extreme attitude maneuver which is critical
for satellites with large reflector antenna. Moreover, as it will be revealed in our studies, this
configuration does not allow the retrieval of north motion with a precision comparable to the
other two motion components. Hereafter, the focus is on the variation of heading and squint
angle; the reader is referred to [121] for a thorough study on the effect of look angle.
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7.2. ASSESSING THE PERFORMANCE DRIVERS IN 3D DEFORMATION RETRIEVAL

Satellite Heading Angle
The heading angle is measured clockwise from the local north direction to the projection of the
satellite trajectory on the ground. The local north direction depends on the geodetic location
of the imaged scene, while the projection of the satellite track changes with the inclination of
the orbit and the satellite attitude (causing the squint angle) [9]. We fix the first variable by
considering the 3D performance at the equator, where the worst performance is expected [8], and
analyze the effect of satellite orbit and squint angle in this and next section, respectively.
The heading angle varies by the satellite orbit and depends on the orbital inclination and
the satellite track (ascending/descending) [9]. Being an earth observation mission with global
coverage objective, SAR missions are mostly limited to low-altitude (i.e. low-earth), near-circular,
near-polar, sun-synchronous orbit design. For near-polar orbits, the satellite trajectory is in
the proximity of north-south direction, rendering the poor sensitivity of LOS measurements to
north motion component. To improve this sensitivity, one option is to change the orbit design,
specifically the orbital inclination. The choice of inclination for sun-synchronous orbits is limited
and coupled with satellite altitude and the orbital eccentricity [129]. For instance for a near
circular orbit (eccentricity = 0.001) the inclination is allowed between [97.3 − 98.6] deg for Low
Earth Orbit (LEO) altitude of [500 to 800] km. This change in inclination marginally varies the
heading angle, thus has a negligible impact on improving the 3D estimation precision.
In order to benefit from the variation of inclination in 3D performance, we relax the near-polar
sun-synchronous orbit design and allow the variation of inclination in [50 to 80] deg range for a
typical LEO of 0.001 eccentricity in 700 km altitude. The heading angle would consequently vary,
leading to the gain in the sensitivity to the north direction and hence the 3D performance. As
an illustration, we consider the basic combination scenario with all right-looking acquisitions
affected by an orbit of varying inclination and show the 3D performance in figure 7.5.b. The figure
indicates the performance gain in retrieving the north component when going to mid-inclined orbit
regimes. Such orbit design, however, compromises the latitudinal coverage, limiting especially
the monitoring of polar regions (see figure 7.3). Moreover, other advantages of sun-synchronous
orbit for earth observation missions cannot be expected for mid-inclined orbits. Table 7.1 case II
reports the 3D precision for orbit inclination of 50◦ .
Variation of Squint Angle
Instead of increasing the heading angle via changing the orbit design, the sensitivity to north
motion component can be enhanced by steering the radar beam away from the zero-Doppler
plane, leading to squinted acquisitions.
Having the nominal combination scenario (case I) and fixing to a typical orbit (eccentricity:
0.001, altitude: 700 km, inclination: 98.158◦ ), we assess the effect of a squinted acquisition by
squinting the third right-looking acquisition in the range θsq = [5 − 20] deg. The heading and look
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Figure 7.5: Impact of different performance drivers on the 3D deformation precision (a) in case of fusion of InSAR and
azimuth shift measurements (b) and (c) in case of changing the acquisition geometry. The impact of variation of (a)
azimuth resolution (b) inclination of the orbital plane and (c) squint angle, on 3D performance are studied. 13.5◦ of
squint (equivalent to a yaw rotation of 24◦ ) will yield similar performance as a left-looking configuration. This is while
changing the orbital inclination even up to 50◦ does not reach the same precision level.

angles change accordingly by ∆α and ∆θ , as follows:
¡
¢
∆α ≈ asin sin θsq / sin θ ,

∆θ ≈ atan (tan θ cos ∆α) − θ .

(7.9)
(7.10)

Figure 7.5.c depicts the 3D precision as a function of the squint angle, revealing the performance
gain of the north component when increasing this angle.
Table 7.1 enables the comparison of the squinted geometry with θsq = 20◦ (case III) to the
nominal geometric scenarios (cases I and IV) as well as the mid-inclined orbit with incl = 50◦
(case II). As apparent, the squinted acquisition enables a performance gain beyond the limits of
the other possible geometric scenarios, especially in retrieving the critical north component. For
a comprehensive error analysis, the error ellipses of the mentioned cases are depicted in figure
7.6.a. Inspecting the error ellipses of the nominal right-looking scenario (case I) reveals a strong
correlation between the north and vertical components. This leads to ambiguity in the separation
of the motion components in this plane. The mentioned correlation is decreased when considering
the left or squinted acquisitions, showing a better resolving performance for the latter.
Based on the comparisons, the squinted acquisition is proved to outperform the possible
acquisition geometries while avoiding the challenges of the left-looking configuration or change
of the orbit design. However, the trade-off here is at (In)SAR data processing level in the
presence of high squint angle [9]. This trade-off as well as different possible acquisition plans are
briefly addressed in Appendix C. Experimental acquisition modes with TerraSAR-X indicate the
feasibility of squinted scenario [130].
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Figure 7.6: Comparison of the different 3D performance drivers via the error ellipses and parameter correlations for
(a) different acquisition scenarios and (b) fusion of InSAR and azimuth shift measurements. The extreme correlation
of the north-vertical plane is reduced by considering the left-looking or squinted acquisition. This decorrelation assists
the unambiguous resolution of the corresponding components.

LOS and ATD measurement fusion
Being along the ATD, the azimuth shifts are geometrically complementary to the InSAR LOS
measurements. The quality of the azimuth shifts, however, is limited by SAR azimuth resolution.
The relative contribution of the shifts compared to the interferometric measurements is merely
governed by the ratio of the azimuth resolution to the wavelength [128]. Therefore, the fusion
of azimuth shifts is only advantageous in cases of long-wavelength SAR with small azimuth
resolution.
To investigate the 3D performance, integration of azimuth shifts to the nominal right-looking
combination scenario of case I is considered. We compare two extreme cases, with azimuth
resolutions (ρ az ) of 10 and 2 m (table 7.1, cases V and VI, respectively). An L-band SAR with
a coherence of 0.4 and ten independent samples is assumed in the estimation of the quality
of measurements (according to (7.5) and (7.6)). Figure 7.5.a quantifies the 3D precision as a
function of the azimuth resolution. Comparison of the results indicates that the integration of
azimuth shifts can enhance the 3D performance. As expected, the extent of this improvement
is governed by the azimuth resolution. Figure 7.6.b depicts the corresponding error ellipses,
indicating that, even in case of high azimuth resolution, the extreme north-vertical ambiguity
may not be resolved.

7.3 Discussion and Conclusion
Performance of 3D deformation retrieval with SAR was discussed to be under the pure influence
of satellite mission design. Orbit inclination, satellite attitude and sensor look angle as well as
imaging resolution in azimuth direction have been identified as the influential parameters in
variation of the 3D estimation precision. Changing any of the latter parameters have consequences
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and imposes different trade-offs for mission design and/or complexity of SAR data processing.
Considering the trade-offs for future satellite missions with large reflector antennae, such as
Tandem-L, the squinted acquisition is an optimum proposal for improving the 3D precision.
Assessing the different geometric possibilities, the squinted acquisition was shown to be an
optimum choice for improving the precision of 3D motion retrieval. This geometry was proved
to outperform the left-looking configuration as well as the mid-inclined orbit geometry, not only
in improving the precision of retrieving the critical north component but also in resolving the
high correlation (ambiguity) between the north and vertical components. The 3D performance
with squinted configuration may be further improved by integrating the ATD measurements via
exploiting the widely separated Doppler spectra as suggested by [130] and exploited in [131].
Investigation of the impact of the improved 3D deformation precision on InSAR-aided geophysical deformation source modeling is a related topic worthy of investigation. In [7], we shortly
addressed the sensitivity of deformation source modeling to 3D deformation performance in case
of volcanic and seismic events using the common Mogi and Okada model, respectively. According
to the performed simulation studies, the combination of multi-aspect SAR geometry improves the
estimation of geophysical parameters in both models. The gain however occurs in combination
of the cross-heading acquisitions; negligible gain is observed for improving the 3D deformation
via the left-looking or squinted acquisition geometries. The performance gain in improving the
3D deformation is observed to be higher for asymmetric deformation events where maximum
displacement falls in the south-north direction.
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T

his chapter recapitulates the main findings of this dissertation and suggests future
directions for further advances in the processing of Big Interferometric SAR (InSAR)
Data.

Summary and Conclusion
The impact of the stochastic model in phase estimation: Investigating the performance
of the state-of-the-art phase estimation approaches, the optimality of the Maximum Likelihood
Estimators (MLEs) over heuristic and non-probabilistic approaches has been verified. The implicit
assumptions of the MLEs are however prone to violation, degrading the estimation performance.
As one such deviation from the assumptions, the error present in estimation of coherence matrices
has been identified as a major performance driver in achieving high-precision phase estimates.
The resulting performance degradation has been shown to be more pronounced for exponentially
decaying coherence scenarios.
Efficient phase estimation: In improving the estimation and computational efficiency of the
MLEs in phase estimation, a new covariance model has been proposed. Formulating an MLE with
the proposed covariance matrix, an efficient solution has been sought by approximation of the
reformulated MLE via the method of Lagrange Multipliers. Referred to as Eigen-decompositionbased Maximum-likelihood-estimator of Interferometric phase (EMI), the estimator has been
shown to outperform the state-of-the-art techniques in terms of estimation and computational
efficiency.
Efficient stacking: A time series analysis technique has been proposed to accommodate highprecision Near Real-Time (NRT) processing of long interferometric time series. This Sequential
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Estimator efficiently exploits the abundant data via dimensionality reduction and generation
of high Signal to Noise Ratio (SNR) artificial interferograms from the compressed data content.
The artificial interferograms have been shown to assist the Sequential Estimator in maintaining
performance close to conventional, albeit computationally demanding, algorithms. The proximity
of performance to Cramér-Rao Lower Bound (CRLB), elimination of redundant data processing,
reduction of the required storage and working memory capacity are among the efficiency criteria
for the design of the Sequential Estimator.
Wide area processing: The combination of the Sequential Estimator and EMI is our ultimate
suggestion for Big Data processing. Efficient wide area processing has been demonstrated with
the combined approach. The performance of the proposed algorithms in terms of precision and
accuracy of phase estimation has been investigated. Different validation and comparison methods
have been put forward for this investigation.
Precision and accuracy of phase in NRT processing: The performed validations provide
the following quantitative performance assessment of phase estimation using the combined
Sequential and EMI approach:
• An 8 dB improvement in phase noise reduction is observed over the time span of 2 years.
• The precision of phase estimation is shown to be 0.5 [rad] over the time span of 2 years.
• The accuracy of phase estimation is 0.06 [rad] over the entire time series. Although this
is twice the error budget of optimal, albeit computationally demanding, algorithms, it is
negligible compared to other InSAR error sources.
The validations show an increased bias of sequential phase estimation compared to the full
exploitation algorithms. This observation implies the importance of data exploitation in retaining
high accuracy. More importantly, it indicates the vulnerability of Small BAseline Subset Approach
(SBAS)-like stacking techniques to potentially higher phase biases. The motivation for the latter
approaches is reducing the computational burden by ignoring a subset of interferograms. However,
the associated performance degradation is neglected. The presence of uninvestigated biases
endangers the credibility of agile SBAS-like algorithms in geodetic applications.
High-precision 3D deformation retrieval: The error budget in 3D deformation retrieval has
been assessed and optimized. The squint acquisition geometry has been proposed as an optimum
observation scenario for achieving high-precision 3D deformation retrieval with interferometry.
Furthermore, the integration of differential measurements in the azimuth direction has been
studied for improving 3D deformation estimation. Considering such integration, the relative
contribution of the latter observable compared to the interferometric measurements is restricted
by the ratio of the azimuth resolution to half of the wavelength. The potential of improved 3D
deformation retrieval on geophysical deformation source modeling has been briefly addressed.
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Outlook
In light of the gained experience, the following research directions are proposed for further
advancing the high-precision NRT processing of Big InSAR Data:
Improving Coherence Estimation: As the performance driver for phase estimation, coherence
estimation could be improved following two directions:
• Increasing the complexity of coherence model in phase estimation, similar to the proposed
EMI approach;
• Increasing the size of ensemble for coherence estimation, using non-local approaches.
With regard to the first suggestion, the principle of parsimony should be considered to avoid
over-parameterization. Regarding the second suggestion, rigorous non-local coherence estimation
approaches are available. However, their computational expense currently hampers the suitability
of these methods for systematic NRT processing. The development of an agile non-local ensemble
selection for estimation of coherence would be a valuable contribution to high-precision NRT
processing.
Maturity of the Sequential Estimator: The proposed sequential scheme suggests a generic
guideline for efficient processing of large data, with data compression and generation of artificial
interferograms as the core drivers for retaining high-precision performance. Preserving these
core elements, the sequential scheme can and should be further advanced. Some suggestions in
this regard are:
• Investigation on the impact and adaptability of the size of the mini-stacks.
• Generalization of data compression to allow higher rank approximation of the Sample
Correlation Matrix (SCM).
Impact of systematic phase inconsistency in time series analysis: Systematic phase inconsistencies are a new concern for the credibility of the InSAR derived geodetic signals. In this
regard, the impact of such effects shall be studied on time series analysis schemes in general and
on agile processing approaches in particular.
Intelligent spatial mapping: InSAR time series provide a rich source of spatiotemporal information, albeit with a certain level of redundancy in both temporal and spatial domain. Exploiting
the temporal data redundancy in this dissertation, an efficient scheme has been introduced to
reduce computational complexity and thereby approach NRT processing. Such efforts could be
extended to the spatial domain; the spatial data redundancy could be exploited by applying the
various methods of artificial intelligence. In the latter domain the systematic signals, i.e. deformation, atmosphere and even soil moisture, are often low frequency in nature. This knowledge
may be employed in reducing superfluous computations in homogeneous regions, thereby further
enhancing intelligent NRT processing.
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Abstract—Signal decorrelation poses a limitation to multipass SAR interferometry. In pursuit of overcoming this limitation to achieve high-precision deformation estimates, different
techniques have been developed; with SBAS, SqueeSAR and
CAESAR as the overarching schemes. These different analysis
approaches raise the question of their efficiency and limitation
in phase and consequently deformation estimation. This contribution firstly addresses this question and secondly proposes a
new estimator with improved performance. Called Eigendecomposition based Maximum-likelihood-estimator of Interferometric
phase (EMI), the proposed estimator combines the advantages
of the state-of-the-art techniques. Identical to CAESAR, EMI
is solved using Eigendecomposition; it is therefore computationally efficient and straightforward in implementation. Similar to
SqueeSAR, EMI is a maximum-likelihood-estimator; hence it
retains estimation efficiency. The computational and estimation
efficiency of EMI renders it as an optimum choice for phase
estimation. A further marriage of EMI with the proposed Sequential Estimator of [1] provides an efficient processing scheme
tailored to the analysis of Big InSAR Data. EMI is formulated
and verified in relation to the state-of-the-art approaches via
mathematical formulation, simulation analysis and experiments
with time series of Sentinel-1 data over the volcanic island of
Vulcano, Italy.
Index Terms—Big Data, coherence matrix, covariance estimation, differential interferometric synthetic aperture radar (DInSAR), distributed scatterers, efficiency, error analysis, maximumlikelihood estimation, near real time processing.
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I. I NTRODUCTION

I

NTERFEROMETRIC analysis of multitemporal Synthetic
Aperture Radar (SAR) data has proven to be a powerful technique in geodetic monitoring of the Earth surface
deformation. The interferometric phase between two SAR
acquisitions comprises a systematic component corrupted by
a stochastic noise. The former is attributed to the variation
of the optical path between the SAR sensor and the sensed
area [2]; caused for instance by deformation and atmospheric
induced range variation [3]. The latter is related to abrupt
alteration or stochastic position/property changes of the subresolution scatterers and causes decorrelation of the SAR
signal between two acquisitions [4]. The focus of Interferometric SAR (InSAR) time series analysis techniques has
been dedicated to tackling the signal decorrelation as well
as the separation of the deformation and atmospheric signal.
The first breakthrough in this regard was the introduction of
Persistent Scatterer Interferometry (PSI) technique [5], [6]. In
tackling the decorrelation, the technique bounds the estimation
of systemic signal to Persistent Scatterers (PS). PS are phasestable scatterers which undergo minor decorrelation in the time
series. PSI was later generalized by the relaxation of the limit
on the stability of the scatterers and exploiting Distributed
Scatterers (DS). DS are natural scatterers distributed over
an area larger than PS, that undergo coherence loss in the
time series. To overcome the decorrelation, DS techniques
either limit the analysis to moderately to high coherent interferograms, or estimate the systematic phase behavior by
incorporation of all possible interferograms relative to their
statistical characteristics. The former approach is known as
the Short BAseline Subset (SBAS) technique [7]; the latter is
pioneered by the Phase Triangulation Algorithm (PTA) [8],
[9] and its further variations are introduced by Eigen Value
Decomposition (EVD) [10]–[12]. After the pioneering authors,
the estimation of systematic phase series from all possible
interferograms is hereafter referred to as Phase-Linking (PL).
The difference between PL and SBAS is in the full versus
partial exploitation of the abundance of interferograms. As
statistically expected, the exploitation of all even weakly coherent interferograms in PL improves the Signal to Noise Ratio
(SNR) in phase estimation and consequently enhances the
sensitivity to mm-level deformation estimation. Furthermore,
PL is theoretically expected to decrease the estimation bias in
the presence of phase inconsistencies [13], [14].
The PL techniques are mathematically compared in [15].
Here, the authors interpret the difference of PL approaches
in terms of the adopted weighting strategy for incorporation
of the interferograms. These various weighting strategies raise
the question of the optimum approach for PL. This question is
´
addressed by the Cramer-Rao
Lower Bound (CRLB) of phase
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estimation in [16]. Theoretically, the weighting considered by
PTA is the optimum choice for PL. Imposing the phase consistency [9], [13], PTA introduces a model for PL. The model
is fitted to the interferometric data in a Maximum Likelihood
Estimator (MLE) formulation. The MLE is asymptotically the
closest estimator to the CRLB. Therefore, under the validity
of the assumptions of PTA, it provides the optimum solution
to the retrieval of the sought systematic phase series. However,
the violation of these assumptions compromises this optimum
performance [1], [17]–[19]. One such assumptions is the
sufficiency of the data covariance, estimated empirically, to
describe data statistics. The latter estimator is however known
to be erroneous, especially for small ensembles and covariance
close to zero [20], [21]. The performance of PTA is known
and shown to be severely degraded in such cases [1], [2],
[18], [19]. However, the occurrence of such extreme scenarios
is rare and detectable in post processing. In this specific
case, the heuristic weighting strategy introduced by [22] may
substitute the optimum weighting to marginally improve the
performance. Despite this disadvantage, PTA provides a dataadaptive time series analysis technique tailored to mm-level
deformation monitoring. Therefore, it fulfills the demand for
an optimum analysis technique for the interferometric time
series.
The recent launch and planning of global monitoring wide
swath SAR missions provide an unprecedented wealth of data.
The exploitation of the emerging Big Data entails a new
demand on the computational efficiency of the time series
analysis techniques. On the one hand, the exploitation of
all interferometric pairs in a MLE framework increases the
estimation efficiency in deformation monitoring. On the other
hand, this processing scheme is computationally demanding,
pitting the estimation efficiency against the computational
efficiency. One attitude toward managing the challenges of
Big Data is to resort to parallel computing and exploitation of
a mere selection of the interferometric data in the framework
of SBAS [23]. A second attitude is to migrate from the conventional state-of-the-art algorithms and invest in alternative
estimators to exploit the wealth of data as far as possible (the
role of full exploitation of data is twofold: firstly it improves
the SNR in phase estimation and consequently enhances the
sensitivity to mm-level deformation estimation; secondly, it is
theoretically expected to decrease the estimation bias in presence of phase inconsistencies [13], [14]). The design criterion
for the alternative estimators shall be the optimization of the
trade-off between the estimation and computational efficiency.
A marriage of such alternative estimators with the parallel
computing capabilities, is an obvious further step toward a
fully optimized processing scheme tailored to efficient Big
Data mining.
The recent proposal of Sequential Estimator [1] moves
toward optimized algorithms for Near Real-Time (NRT) processing of the Big Data. In the interest of improving the
computational efficiency, this estimator divides the time series
into isolated small data batches, processes them in turn with
the PTA and finally compresses each batch. In retaining
the estimation efficiency, it retrieves the lost interferometric
signal among the isolated batches via the formation of the

so-called artificial interferograms and incorporates them in
the phase estimation. Although successful in reducing both
the computational burden and the demanding data storage
capacity of the Big Data under process, the core PTA of the
Sequential Estimator is still a performance bottleneck for NRT
data processing, both in terms of computation and estimation
efficiency.
The focus of this paper is to revisit PL and put forward
an alternative estimator with an improved efficiency. The proposed estimator generalizes the PTA model for PL. Following
the generalized model, it pursues the maximization of the
resulted likelihood probability. In the interest of retaining
computational efficiency, the reference MLE is approximated
and constrained. With these interventions the generalized PL is
transformed to an optimization with equality constraint and is
formulated in a Lagrangian. The latter is efficiently solved by
eigen decomposition. The proposed generalized PL is termed
Eigen-decomposition-based Maximum-likelihood-estimator of
Interferometric phase (EMI) to best capture the mathematical
background behind its derivation.
The incentive behind the generalization of the PTA model
by EMI is to allow extra degrees of freedom to the estimator
for calibration of the employed covariance as the data statistics. In the absence of covariance estimation error, the two
models converge and the two estimators are equivalent. In the
presence of this error, EMI is expected to improve the estimation efficiency. Beside the proposal of a new PL approach,
the current work contributes to advancing the understanding
of PL approaches by:
• mathematical comparison of PTA, EVD and EMI estimators and interpretation of their difference in terms of
factorization of the covariance matrix;
• formulation of the MLE for PL and showing that both
PTA and EMI are approximations of the MLE based on
different assumptions;
• analysis of the estimation and computational efficiency
of the three estimators;
• revisiting PTA and its efficient numerical solution proposed by [8];
• highlighting the impact of initialization on the numerical
solution of PTA;
• investigation of the convergence behavior of PTA;
• validating the computational and estimation efficiency of
EMI, in support of its selection as an optimum choice for
Big Data processing.
In the continuation of this paper, the different approaches
to PL are reviewed and their distinction is mathematically
interpreted. EMI is formulated and compared in relation to
these state-of-the-art approaches via mathematical formulation, simulation analysis and experiments with time series of
Sentinel-1 data, in the following three sections, respectively.
II. EMI: A P ROPOSAL FOR E FFICIENT PL
A. State-of-the-art PL Approaches
PL aims at the estimation of a common-master interferometric phase-series from all possible interferograms in a
time series of SAR data. That is, having n coregistered SAR
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images, PL estimates n − 1 independent phase values from
the n(n − 1)/2 interferograms. The estimated phase-series
is relative to an arbitrary master. It pertains to a systematic
phase between the master and slave, induced by the variation
in the optical path of the sensor to the scatterers [2]. Thus,
the systematic phase is attributed to the superimposition of
atmospheric, topographic and geophysical changes [4]. Similar
to PSI, the isolation of the geophysical signal from the latter
systematic effects follows in a second estimation step [2], [8],
[9].
To commence with the formulation of PL, let us consider
a statistically homogeneous region of Ω of l pixels in a time
series of n SAR images, arranged in a matrix Z ∈ Cn×l .
l refers to the spatial and n to the temporal domain; Z is
therefore a spatio-temporal aggregation of the pixels of the Ω
region. Based on the central limit theorem, Z follows the zeromean n-variate Complex Circular Gaussian (CCG) distribution
[21], [24]. Under the assumption of validity of this distribution,
the second moment of the data suffices for the description of
its statistics. The sample covariance matrix, or its normalized
version Sample Correlation Matrix (SCM), is known to be the
MLE of the second order moment [24]. The SCM is given by:
C=q

ZZ H
2

2

,

(1)

kZk (kZk )T

here .H indicates the Hermitian conjugation, kZk gives the
row-wise L2 norm of the matrix Z and the power-2 and
division operations are element-wise. Under the assumption of
validity of CCG, the SCM is a concise and sufficient descriptor
of SAR data. Allow the decomposition of the complex SCM
to its element-wise modulus and argument,
C = |C| ◦ IΩ = Γ ◦ IΩ ,

(2)

with (IΩ )ik = exp(j∆φik ),

where ◦ is the Hadamard product. In this decomposition,
Γ indicates the signal coherence between the corresponding
images in the stack; it is hereafter referred to as the coherence
matrix. IΩ contains the spatially estimated interferograms
obtained by averaging over the Ω ensemble. They pertain
to the sought systematic phase, are however corrupted by
SCM estimation variance and temporal decorrelation. PL is an
additional estimator, designed to improve the spatial estimation
of this systematic phase signature by exploitation of data
statistics in the temporal direction. Different PL approaches,
consider different matrix factorization in modeling the SCM:
1) PTA approach to PL: introduces Σ as a model for the
underlying covariance, or better correlation, of an n-variate
CCG process. It further proposes a factorization of this matrix
to two complex diagonal (Ψ) and one full-rank real-symmetric
matrix (Γ) [8], [9]:
with
and

Γ ∈ Rn×n ,

with
and

(3)

It further assumes that the coherence provides a sufficient
estimation of Γ and allows Γ̂ik = |Cik |. In so doing, PTA

Λ = diag[λ] ;
VVH =I
Σ = V ΛV H .

;

λ ∈ Rn ,

V ∈ Cn×n ,

(4)

The model may either be fitted to the complex sample covariance matrix [10], [11], or its normalized form, the complex
correlation matrix [12].
Both PTA and EVD, provide single dyadic approximations
of the SCM. Comparing (2) to (3), it is clear that in PTA, the
rank-1 dyad (ψψ H ) merely approximates IΩ . The systematic
phase signature may be fairly assumed to be low-rank, or even
rank-1 in the absence of multiple systematic signatures in the
Ω neighborhood. In the case of EVD, the dyad attempts to
explain both the observed interferometric phase (IΩ ) as well
as the decorrelation process (Γ). However, the latter is not of
a low-rank nature. It may even resemble a symmetric Toeplitz
matrix and therefore require the entire spectral components
to be sufficiently explained (e.g. in the case of exponential
decorrelation). The power of EVD lies in the tomographic
separation of the scattering mechanism, where separable with
respect to the Rayleigh resolution [11]. For the mere purpose
of PL, PTA outperforms EVD [1], [18], [19].
In short, PTA provides high estimation efficiency although
at the cost of computational complexity, while EVD is advantageous in terms of computational efficiency but compromises
the optimality in phase estimation. Our proposal for efficient
PL is a bridge between the two PLs. Similar to the PTA, EMI
is a MLE for phase estimation; identical to EVD, it uses eigen
decomposition as its solver. EMI is elaborated in the next
section.
B. EMI as a New Efficient Approach for PL
Let us commence the introduction of EMI from a probabilistic view toward the estimation of SCM [15]. Recalling
Σ as a model for the underlying covariance of an n-variate
CCG process, the probability density function (PDF) of SCM
evaluated from an ensemble of size l follows the complex
Wishart distribution [24]:
p(C|Σ) = c det(C)l−n det(Σ)−l exp(−tr[lΣ−1 C]),

(5)

where det(.) and tr(.) indicate the determinant and trace
operator and c is a coefficient as a function of n and l.
PL may be reformulated into estimation of Σ via the
maximization of Wishart likelihood distribution [15]. This
reformulation is employed hereafter.
We propose the following covariance model for EMI:
with

Ψ = diag[ψ] = diag[exp(jφi )],
Σ = ΨΓΨH = Γ ◦ ψψ H .

assumes the estimated coherence to be of high precision and
accuracy and is limited to estimating the phase-series in ψ.
2) EVD approach to PL: proposes a different factorization
to two full-rank complex matrices (V ), forming an orthonormal basis, and one diagonal real matrix (Λ):

and

Γ ∈ Rn×n ;
α ∈ R1×1 ;

Ξ = α diag[ξ] = α diag[σ i ψ i ],
Σ = ΞΓΞH .

(6)

The factorization is similar to (3) with the difference that here
the covariance is approximated by two dyads, a full-rank real
matrix and a scaling parameter, i.e.:
Σ = α2 Γ ◦ σσ T ◦ ψψ H .

(7)

This proposal is a slight generalization of the employed
factorization of PTA in (3). Similar to PTA, the full-rank
matrix is assumed known Γ̂ik = |Cik | and the dyadic ψψ H
approximates IΩ and provides the estimated interferograms.
Different to PTA, here the real-valued dyadic α2 σσ T allows
extra freedom for the calibration of Γ̂, which is expected to
be poorly estimated. The introduction of the calibration dyad
serves a purpose when the estimation of coherence matrix
is erroneous. In the absence of coherence estimation error,
calibration is redundant, i.e. α2 = 1 and σ = ~1.
The MLE of the proposed factorized covariance matrix
follows from the maximization of the Wishart PDF given by
(5):
ˆ = argmax { ln(p(C|Σ)) }
Σ
Σ

= argminΣ {tr(Σ−1 C) + ln(det(Σ)) }

Given Γ̂ik = |Cik | the optimization simplifies to:
Σ̂ = argminφ,σ,α {α ζ (Γ̂
H

−1

◦ C) ζ + ln(

= argminφ,σ,α {α−2 ζ H (Γ̂−1 ◦ C) ζ −

n
Y

(ασ i ) )}, (9)
2

i=1

n
X
i=1

ln((ασ i )−2 )};

(10)

Note that ζ is introduced for brevity of notation and is defined
as the reciprocal of the elements of ξ.
The above double objective optimization is analytically
solved via the provided solution in Appendix A; however, at
the cost of increased computation. Hereafter, the aim is to
substitute this optimization with a proxy which allows a computationally efficient solution while retaining the estimation
efficiency. The sought proxy is defined following two steps:
Firstly, the second objective of the formulated MLE is
substituted by a linear surrogate to accelerate the convergence
of the target optimization. We allow this linearization by
substitution of ln(ασ i )−2 with its first order Taylor series of
at the proximity of (ασ i )−2 ≈ 1:
−2 H
ˆ = argmin
Σ
ζ (Γ̂−1 ◦ C) ζ −
α,φ,σ {α

α−2 ζ H ζ − λ̃(ζ H ζ − n)}.

n
X
(ασ i )−2 + n}. (11)
i=1

Following this linearization, the second objective is approximated by the norm of the calibration vector.
In the second step toward finding an efficient solver, without
loss√of generality, the norm of the vector σ ◦−1 is constrained
to n. Note that the norm of the calibration vector ασ is a
target of optimization in the second objective term of (11).
Therefore, the α parameter adjusts the norm of σ ◦−1 and the
equality constraint can be set to any arbitrary constant.

(12)

Seeking the minimum of (12) through its gradient with respect
to ζ yields:
(Γ̂−1 ◦ C)ζ̂ = λ ζ̂,

(13)

2

with

(14)

λ = α λ̃ + 1.

This is the formulation of eigen decomposition of the
Hadamard product Γ̂−1 ◦C; with λ as the minimum eigenvalue
and ζ̂ as its corresponding eigenvector. Appendix B highlights
the properties of the Hadamard product.
The last open question concerns the optimum α parameter.
In seeking this parameter, let the rearrangement of (13) by
H
multiplication of ζ̂ to its left and right hand side, and further
simplification with the considered norm constraint:
ζ̂ (Γ̂−1 ◦ C)ζ̂ = λn.

(15)

Substituting (15) in (10) further yields:

α̂ = argminα,λ {nα−2 λ − n ln(α−2 ) −

1
1
ζ i = ξ−
= σ−
i
i exp(−jφi )
−2

φ,σ,α,λ̃

H

= argminΣ {tr(Ξ−H Γ−1 Ξ−1 C) + ln(det(ΞΓΞH ))}. (8)

with

Addition of the equality constraint is realized through the
method of Lagrange multipliers. Aggregating the norm conP
straint, i.e. ni=1 σ −2
= ζ H ζ = n, the following Lagrangian
i
results:
ˆ = argmin
Σ
{α−2 ζ H (Γ̂−1 ◦ C)ζ − ...

n
X

ln(σ̂ −2
i )}.

(16)

i=1

The estimate of α follows from the gradient of the above
optimization objective with respect to this parameter:
−2nλα−3 + 2nα−1 = 0,
√
α̂ = λ.

(17)

In summary, the solution of the Lagrangian as the minimum
eigen-pair of the Hadamard product Γ̂−1 ◦ C, provides the
following:
−1
• considering
ξ̂ i = ζ̂ i
• estimated phase-series :
φ̂ = ∠ ξ̂
H
ˆ
• estimated SCM :
Σ = λΓ̂ ◦ ξ̂ξ̂
• estimation quality measure: λ (elaborated in the following)
Note that, same as other PL approaches, the estimation of
absolute phase-series is ambiguous. The phase of an arbitrary
image in the time series is set to zero and the remaining
phases are measured relative to this arbitrary datum. A second
caution is in order in setting the norm of the estimated ζ̂.
The eigenvector and the sought solution of Lagrangian belong
to the same equivalence class. They merely
√ differ in their
norm. EMI requires the vector norm to be n. To consider
this constraint, the eigenvector’s norm ought to be adjusted to
yield the
√ sought solution of the target Lagrangian, by allowing:
ζ̂ ← ζˆn ζ̂.
k k
Furthermore, λ may be interpreted as a quality measure for
the phase estimation, adding a further feature to the proposed
estimator. To introduce this measure, let the expansion of (15):
n
n
1 X X −1 −1 −1
ˆk + φ̂i ).
ˆ i σ̂ k (Γ̂ ◦ Γ)ik cos(∆φik − φ
λ=
σ
n i=1
k=1
(18)

TABLE I: Summary of the PL approaches. All approaches are iterative and theoretically comparable in terms of computational efficiency.
Regularization is performed occasionally, in cases where Γ̂ is not positive definite; it imposes negligible computational burden (cf. section
IV-B). Refer to the text for the details on the initialization and regularization.
PL
Estimator

SCM Model

Solution

Computation

Exempt
of
Initialization

Exempt
of
Regularization

Estimation
Efficiency

Coherence
Calibration

PTA

Σ = Γ̂ ◦ ψψ H

Iterative

7

7

3

7

EVD

Σ = λvv H

Iterative

3

3

7

7

EMI

Σ = α2 Γ̂ ◦ σσ T ◦ ψψ H

Iterative Solution
Equation 22
Maximum
eigen-pair of C
Minimum eigenpair of Γ̂−1 ◦ C

Iterative

3

7

3

3 considered
but restricted

Following this reformulation, the Lagrange parameter is seen
to reflect the goodness-of-fit of the proposed SCM model of
(6) to the data set. Ideally, if Γ̂ is an adequate estimator of the
true statistics of the data, the calibration vector is redundant
i.e. σ = ~1 and the misfit between the observed and estimated
phases are close to zero (see Fig. 1.a and 1.b). Therefore,
following the quasi-bistochastic property of the Hadamard
product Γ−1 ◦Γ in Appendix B, the Lagrange parameter yields:
λideal

n
n
1 X X −1
=
(Γ̂ ◦ Γ)ik cos(0) = 1.
n i=1

(19)

k=1

Deviation of λ from 1 indicates the inefficiency of the proposed model in coherence calibration and/or phase estimation. EMI assumes the inadequacy of coherence estimation
and increases its model complexity to account for coherence
calibration. However, it firstly limits the calibration to a
rank-1 dyadic and secondly employs a linear approximation.
This marginal increase in the model complexity may not
be sufficient for efficient calibration of the coherence. The
λ parameter provides a measure to indicate EMI’s model
inadequacy.
C. EMI versus PTA and EVD
In the decision for choosing the optimum estimator for
efficient NRT time series analysis, here the three estimators
are theoretically compared in terms of their computational and
estimation efficiency. I summarizes this comparison.
1) estimation efficiency: EMI and PTA follow the MLE in
phase estimation although with different implicit assumptions.
Under the validity of their underlying assumptions, the two
estimators are the closest to the CRLB. It is therefore theoretically clear that that the two estimators outperform EVD
in terms of estimation efficiency (cf. simulation analysis and
real data experiments for the quantification of this comparison). Hereafter, the focus is on the mathematical comparison
between PTA and EMI.
The difference between the two estimators, lies in the
introduced degree of freedom by the calibration dyadic (cf.
(6) with (3)). To convey their similarity, let us consider the
case of λ = α2 = 1 and revisit (11). Substituting the PTAproposed vector of ξ = ψ = ~1 exp(jφ) in (11) yields:
ˆ = argmin {ψ ◦−H (Γ̂−1 ◦C)ψ ◦−1 −ψ ◦−H ψ ◦−1 +n}. (20)
Σ
ψ

Following the gradient of the above objective function with
respect to ψ gives:
(Γ̂−1 ◦ Γ ◦ IΩ − I) exp(jφ̂) = ~0.

(21)

where I is the identity matrix. Expanding the left hand side
of (21) and rearranging the outcome results in the analytical
solution for the sought optimization:
exp(j φ̂i ) =

n
X
1
(Γ̂−1 ◦ Γ)ik exp(j(∆φik + φ̂k )), (22)
1 − (Γ̂−1 )ii k=1
k=
6 i

which is the very iterative solution to the PTA proposed by [8].
PTA imposes the strict model of σ = ~1. EMI attempts to relax
the choice of σ. However, the adaptability of the latter vector
is still limited by the employed first-order approximation.
In the absence of coherence estimation error, the two estimators are expected to perform identically and their parameters
are expected to converge (λ → 1 and σ̂ → ~1).
2) computational efficiency: PTA, EVD and EMI are theoretically comparable in terms of computational efficiency. The
latter two estimators resort to eigen decomposition for their
solution, while PTA is iteratively solved via (22). The eigen
decomposition is as well an iterative approach for finding the
eigen-pairs. Thus, in terms of computational efficiency, all
three estimators are subject to iterative numerical search of
the parameter space and expected to have comparable computational complexity. In this regard, the mere computational
advantage of EMI and EVD over PTA is the availability of an
arsenal of optimized numerical recipes for their efficient solution [25]. However, subject to additional effort and research,
the computational efficiency of PTA may as well be optimized.
A note is in order for a thorough analysis of the computational efficiency of PTA. In [9] the expensive BroydenFletcher-Goldfarb-Shanno algorithm is suggested for solving
the corresponding optimization of PTA. A more efficient
approach is suggested in [8] via the iterative solution of (22).
However, the latter requires an initialization step. As conveyed
in the continuation of this paper, both the convergence speed
of the iterative optimization and its estimation efficiency are
influenced by the choice of initialization. Authors of [8]
introduce the ”phase of the vector minimizing the quadratic
form {ψ H Γ̂−1 ◦ C ψ}” as their choice of initialization. We
interpret this minimizing vector as the minimum eigenvector of
the Hadamard product Γ−1 ◦C (which is the solution of EMI).
According to our simulation studies and real data experiments,
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Fig. 1: Performance assessment of different PL estimators compared to CRLB using simulated cases: (a) and (c) exponential-decaying
scenario, (b) and (d) long-term coherence. The impact of coherence estimation error on PL is studied in (a) and (b) the absence and (c) and
(d) the presence of this error. In (a) (b) and (d), where coherence estimation error is absent/insignificant, EMI performs identical to PTA.
In (c), where coherence is significantly erroneous, EMI performs slightly better than the PTA. EVD is shown to be suboptimum in phase
estimation, as apparent from (a) and (b) where its performance is highly deviant from the CRLB.

this initialization enhances the convergence speed of the PTA.
Moreover, it occasionally improves the performance of phase
estimation. Therefore, we favor this initialization for the iterative PTA as it affects both the estimation and computational
efficiency. Adopting this initialization, PTA must not only
afford for the same eigen decomposition employed by EMI but
also shall undergo an iterative search for fitting the ψ model
to the data. Thus, compared to EMI it imposes additional
computational burden on PL. The extra cost is not justified
by any gain in the estimation efficiency (cf. section III-A
and IV-A). If initialized differently, the number of iterations
for PTA to converge increases, further compromising the
computational efficiency (see section IV-B).
Another note concerns the additional matrix inversion operation in evaluating Γ̂−1 , as required by EMI and PTA. In
rare cases, where the coherence matrix is not positive definite,
a regularization of the matrix is required prior to inversion.
Regularization is efficiently performed via gradual increase
of small negative eigenvalue(s) of the coherence matrix, as
explained in [1], [17]. Therefore, PTA and EMI undergo

an additional matrix inversion plus occasional regularization
compared to EVD. These operations marginally increase the
computational cost as the price for an improved estimation
efficiency. Section IV-B corroborates the negligibility of this
additional cost.
In efficient solution of eigen decomposition, one of the
most recent numerical recipes is provided by the method of
Multiple Relatively Robust Representations (MRRR) [26]. This
numerical approach allows the efficient retrieval of a subset of
eigen-pairs with reduced complexity compared to retrieving
all eigen-pairs. For EMI merely the minimum eigen-pair is
desired, decreasing the latter complexity.
III. P ERFORMANCE A SSESSMENT: S IMULATION S TUDY
Using simulations, here the performance of EMI is validated
and compared to the state-of-the-art algorithms.
Reflected in the coherence matrix, the performance of PL
algorithms is bound by signal decorrelation [16]. Considering
a generic decorrelation model [27]:
Γik = (γ0 − γ∞ ) exp(−δtik /τ ) + γ∞ ;

(23)
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Fig. 2: Correlation between the Lagrange parameter as the proposed
quality measure and the a posteriori coherence using simulated cases
for a varied size of ensemble (l). As l increases, coherence estimation
asymptotically approaches its optimal performance and its error
decreases, leading to the improvement of phase estimation in PL.
The enhanced PL performance is reflected in the approach of both
quality measures to 1.

and introducing: γ0 and γ∞ , respectively, as the short-term
decaying and the long-term persistent coherence; δt as the
corresponding temporal baseline and τ as the signal correlation length; two contradicting decorrelation scenarios are
introduced for PL. In the first γ∞ = 0, indicating the total
decorrelation of the interferometric signal beyond temporal
baseline of δt ∼ 4τ ; while in the second γ∞ 6= 0, rendering
even the long temporal baseline interferograms to bear a
coherent signal. The presence of such, even weak, long-term
coherent signal has been shown to have a strong impact on
the performance of PL [1], [28]. The first scenario is hereafter
referred to as the exponential-decay, the second as the longterm coherence.
For the investigations of this section, two coherence matrices are simulated following the aforementioned scenarios.
γ0 is set to 0.6 in both cases, while γ∞ is respectively 0
and 0.2 for the exponential-decay and long-term coherence.
Based on the coherence matrices, two stacks of 50 images
each containing an ensemble of 300 statistically homogeneous
samples are synthesized as follows: A CCG process is assumed
in the generation of the data stack; the stationarity of the
interferometric signal within the ensemble is imposed by
setting the topographic and the atmospheric induced phase
components to zero; the deformation phase is simulated with a
temporal linear trend with velocity of 1 mm/year; the temporal
sampling interval, similar to Sentinel-1, is set to 6 days.
A. Performance in phase estimation
As highlighted by [1], [18], [19], performance of PTA is
affected by the well-known error in the coherence estimation
[20], [21]. Recall that PTA uses the inverse of the coherence

matrix as the optimum weighting. The high sensitivity of PTA
to coherence error is due to the amplification of coherence
estimation noise by the inverse operator. Using the same
metric for weighting the data, EMI is prone to the same noise
amplification by the inverse of the erroneous coherence. In
order to investigate this effect, PL is studied in two cases:
• In the first case, Γ̂ is set to the simulated coherence
provided by (23); representing an ideal case where the
optimum estimate of the coherence is at hand and the
coherence error is negligible.
• In the second case, Γ̂ is set to the estimated coherence of
(1). This case is closer to reality as coherence is unknown
and its estimation is inevitable.
The Root Mean Square Error (RMSE) of phase estimation is
reported in Fig. 1.a and b for the former and Fig. 1.c and d for
the latter case. The theoretical lower bound for PL is provided
by CRLB [16].
As revealed in Fig. 1.a and b, in the absence of coherence
estimation error, EMI and PTA perform identically and close
to the CRLB, while EVD provides a suboptimum estimation
deviant from the CRLB. However, the coherence estimation
error degrades the performance of the probability based estimators, as evident from Fig. 1.c and d. In the latter figures,
two solutions are considered for the phase estimation, namely
the conventional PL processing based on the full data stack, as
well as the proposed Sequential Estimator of [1] (mini-stacks
of 10 images and compression to 1 component is considered
here). As evident, using EMI as its PL algorithm, the Sequential Estimator is able to slightly improve the performance
and approach the CRLB. The Sequential Estimator improves
the performance thanks to two implicit effects. Firstly, it
bounds the analysis to isolated mini-stacks within which the
drop of coherence to zero is limited. Secondly, in formation
of the artificial interferograms between the isolated ministacks, an implicit filtering occurs. The latter enhances the
efficiency of coherence estimation for the respective artificial
interferograms [1].
The degraded performance of PL in case of exponentialdecay compared to the long-term coherence is due to the
pronounced coherence estimation error for the former. The
estimation of coherence degrades significantly for coherence
close to zero [20], [21]. In case of long-term coherence, the
presence of low coherent signal prevents the drop of coherence
to zero. It is therefore exempt from the significant coherence
estimation error for zero coherence.
It shall be mentioned that, the error in coherence estimation
decreases by the increase in the size of homogeneous ensemble
Ω. However, the enlargement of Ω is restricted as the stationary
of the systematic signals may be violated over large spatial
windows. In practice even if the topography is compensated
with high accuracy/precision or is irrelevant, the correlation
length of the atmospheric and deformation signal plays a role
in violation of stationarity.
B. λ as a quality measure
In section II-B, the Lagrange parameter λ was proposed
as a quality measure for phase estimation. The attempt here
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Fig. 3: View of the Vulcano Island located in Southern Italy: (left) Optical image from Google Earth showing the various land cover of the
chosen test site, (right) the temporally averaged amplitude map of the test site estimated from 38 SLCs of the Sentinel-1 SAR data stack.
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Fig. 4: Interferometric data of Vulcano; coherence of the observed interferograms with temporal baseline of: (a) 12 days and (b) 564 days,
and (c) the observed interferogram of the latter. These maps are estimated by spatial adaptive multilooking. Comparing the coherence map
of shortest and longest temporal baseline interferograms in (a) and (b) indicates the severity of the temporal decorrelation. Goal of PL is to
improve this spatial estimation of interferograms via the exploitation of the time series (cf. Fig. 6 for visual inspection of the enhancement
in interferogram estimation).
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IV. E XPERIMENT WITH R EAL DATA
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Fig. 5: Spatial inspection of the difference in interferogram estimation
(temporal baseline : 564 days), employing EMI and EVD.

is on evaluation of this proposition by comparing λ to a
conventional a posteriori quality measure. Here the a posteriori
coherence of [9] is considered for this purpose, which reads
as:
γapt =

n
n
X
X
2
cos(∆φik − φ̂k + φ̂i ),
n(n − 1) i=1

(24)

k=i+1

and provides a goodness-of-fit of the estimated phases. Compared to λ in (18), γapt only reflects the phase misfit while λ
indicates the inadequacy of the stochastic model as well as the
residual phase error. To investigate the correlation between the
two measures, the same simulation strategy of section III-A is
pursued with a slight change: here, parameter l, i.e. the size
of the ensemble Ω, is varied. As l increases, the coherence estimation asymptotically approaches its optimum performance
[20], [21]. As a consequence of the decreased coherence error,
a gain in the performance of PL is expected. Theoretically,
such gain shall be reflected in both the conventional and the
proposed quality measures. Fig. 2 corroborates this hypothesis
by showing the approach of γapt and λ to 1 as the coherence
estimation improves. It as well reveals the correlation between
the two quality measures.
Note that the performance of the coherence estimation is
known to be degraded for coherence levels close to 0. The
latter is the case in exponential-decaying scenario. In the longterm coherence the presence of weak coherent signal, with
γ∞ = 0.2, prevents the drop of coherence to zero; hence the
improved performance of the coherence and consequently the
quality measures.

A time series of Sentinel-1 data over the Italian island of
Vulcano is chosen as a test site for the demonstration of EMI.
Fig. 3 provides a view of the island from optical and SAR
amplitude data, revealing the variety of land cover in the scene.
Data in interferometric wide-swath mode and VV polarization
is obtained for this test site. The time series is acquired
in December 2014 to April 2016 from a descending orbit,
providing 38 Single Look Complexs (SLCs). Fig. 4 presents
the coherence of the observed interferograms with the shortest
and longest temporal baselines, revealing the severe temporal
decorrelation of the data set. Fig. 4.c depicts the observed
interferogram pertaining to the longest temporal baseline of
564 days. The coherence maps and observed interferogram
are estimated by spatial adaptive multilooking using AndersonDarling statistical similarity test on the amplitude data [29].
The aim of PL is to enhance the spatial estimation of the
interferograms via exploitation of the time series.
PL estimates the wrapped phase-series, inclusive of the geophysical and atmospheric signals. Isolation of the geophysical
signal of interest follows from a second processing step as
in the case of PSs [5], [8]. Phase estimation is performed
on full-spatial-resolution. However, the point-wise complex
coherence matrices are estimated based on an ensemble of
pixels in the homogeneous Ω region surrounding each pixel.
The Ω is detected via Anderson-Darling statistical similarity
test with false-alarm rate of 5%. Regions with ensemble size of
100 pixels and larger are detected as DS; only the DS undergo
PL. To improve the spatial stationarity in the homogeneous
region, the topographic induced phase is simulated using the
SRTM digital elevation model and subtracted from the SLCs
prior to the coherence estimation.
The focus of this experiment is to compare the different
PL approaches, in terms of estimation and computational
efficiency. Therefore, PL is performed via EMI, PTA and EVD.
The PTA is solved efficiently using (22) and initialized with
two different strategies:
• PTA 1: using the phase of the minimum eigenvector of
Γ̂−1 ◦ C i.e. φ̂ = ∠ξ̂;
• PTA 2: using a null vector of φ̂ = ~
0.
Therefore, four different cases are compared in total. The
implementation details of all compared cases is kept similar
as far as the estimators allow.
A. Performance Assessment in Phase Estimation
EMI’s performance is assessed and compared to different
approaches from four aspects:
1) Visual inspection: Performance of PL in phase estimation may be visually assessed from inspection of the estimated
interferograms. The longer temporal baseline interferograms
are expected to undergo a more severe temporal decorrelation.
Therefore, the inspection of such interferograms is more
conclusive for examination of the merit of the performed
temporal phase filtering by PL. Bearing this in mind, the
largest temporal baseline interferogram with baseline of 564
days is chosen to be presented in Fig. 6. Comparison of
these interferograms to the observed interferogram of Fig. 4.c
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Fig. 6: Spatial inspection of the estimated interferograms with the longest temporal baseline of 564 days: the estimated interferogram using
(a) EMI, (b) PTA1 initialized by the solution of EMI and (c) PTA2 initialized by null phases. Compared to EMI, the performance of PTA
estimators is seen to be degraded over the volcanic caldera, indicated by the box. Note also that the different initialization is seen to impact
the estimation efficiency over the caldera. Appendix C reports on a simulation analysis based on the volcanic caldera.
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Fig. 7: A posteriori coherence as the quality measure for phase estimation performed by (a) EMI, (b) PTA1 initialized by the solution of
EMI and (c) PTA2 initialized by null phases. Note the degraded quality of PTA estimators in comparison to EMI over the volcanic caldera.
The figures verify the conclusions about estimation efficiency inferred from Fig. 6.

reveals the improved phase estimation achieved by PL. Furthermore, the performance of EMI may be compared to PTA
estimated interferograms. The difference in their performance
is specifically visible over the volcanic caldera (indicated by

boxes). Note the improved performance of EMI over PTA
approaches, as well as the role of different initialization in
the performance of PTA, by inspecting the spatial noise of the
estimated interferograms over the caldera.
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Fig. 8: Spatio-temporal assessment of the estimation bias and variance compared to EMI at different a posteriori coherence levels as a
quantitative assessment of phase discrepancy between EMI and (a) PTA1 and (b) EVD. The bias (µi ) and standard deviation (σi ) of the
estimators is reported relative to the a posteriori coherence, with i referring to the reported coherence level. The agreement between the
methods increases with the increase of the coherence. This analysis is relative to EMI, an independent quantitative assessment follows to
validate EMI as an outperforming estimator.

Due to the visual similarity of EVD and EMI estimated
interferograms, their difference is provided instead (Fig. 5).
Similar to EMI, EVD is successful in recovering the signal
over the caldera.
2) A posteriori coherence: The estimation quality of EMI,
PTA1 and PTA2 is further assessed in Fig. 7 via provision
of the a posteriori coherence of (24). Inspecting the quality
of EMI shows a reasonable performance in phase estimation,
except for the sparse vegetated areas and the surrounding
water. Note for instance that the volcanic caldera, as one of
the geophysically interesting parts of this test site, is retrieved
with the coherence of ≥ 0.9.
Comparing the three estimators specifically over the volcanic caldera, the inferred improved performance of EMI over
PTA, as well as PTA1 over PTA2, is confirmed. Investigation
the behavior of PTA over the low quality part of the volcanic
caldera reveals its failure in convergence to a solution for 40%
of cases (convergence criterion is defined as phase estimation
with precision of 10−3 rad; the maximum permissible number
of iterations in the parameter search is set to 4000 iterations).
In Appendix C a simulation analysis over this area is reported.
3) Quantitative assessment - cross comparison of the estimators: Here the focus is on quantification of the difference
between the three estimators. Setting EMI as the benchmark
for this analysis, the discrepancy between the estimated phases
of PTA1 and EVD with the latter is evaluated for each
resolution cell in the time series. Having performed PL in a
pixel-wise fashion, the phase discrepancies consist of rrg ×raz
values in the spatial and n − 1 values in the temporal
direction. To have a statistical analysis on the performance, the
rrg ×raz ×(n−1) are accumulated. The spatio-temporally accumulated phase discrepancies are clustered according to their
respective a posteriori coherence. The normalized histogram
of each cluster is presented, with its first and second order

moment describing the bias and variance of each estimator
with respect to EMI, respectively. The resulted normalized
histograms are presented in Fig. 8. Note that quantitative
assessment is relative to EMI. An independent assessment
follows in the next section to answer the question on which
PL outperforms the others.
In analyzing Fig. 8.a, the bias and variance of EMI compared to PTA decrease as the a posteriori coherence increases,
as theoretically expected. Coherence level of γapt ≥ 0.6, is
associated with cases where Γ̂ is an efficient estimator of the
coherence (cf. III-A). In such cases the calibration dyadic is
expected to be redundant and the performance of EMI and PTA
in phase estimation is expected to be similar. EMI’s model
diverges from PTA’s for lower coherence levels, explaining
the increase in the variance between the two. However, it is
important to notice that the two estimators are unbiased with
respect to each other, even at low coherence levels. Comparing
Fig. 8.a to b, the theoretical degraded estimation efficiency of
EVD compared to probabilistic based approaches is verified.
Note the increased bias and variance of EVD compared to EMI
at different coherence levels. The latter observation justifies the
selection of EMI compared to the EVD.
4) Quantitative assessment - variation in SNR: The discrepancy between the estimators have been cross compared
in the previous section. The focus in this section is on
independent performance assessment of PL approaches. Recall
that PL is devised for improving the SNR of the spatially
multilooked interferograms in IΩ . Therefore, we propose the
variation in SNR of the estimated interferograms relative to
the IΩ as a potential independent quality measure:
!
δφ2
;
(25)
δSNR = SNRφ̂ − SNRφ = 10 log10
δφ̂2
where δ 2 represents the phase variance and its subscripts φ̂
and φ indicate the PL-estimated versus the spatial-multilooked
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Fig. 9: Temporal assessment of the δSNR, as an independent quality descriptor of each PL approach; reported for the time series of estimated
interferograms. Positive values of δSNR indicate improved SNR of the PL-estimated over the spatially-multilooked interferograms. As an
overall trend, EMI is observed to slightly outperform EVD and PTA. This behavior is in line with the conclusions of the simulation analysis
in 1.c and d.

interferograms. The variance δ 2 is estimated spatially for
each interferogram in a pixel-wise fashion as follows: a
symmetric window is considered about each pixel (200 m
in range/azimuth direction). The ensemble of phases falling
in this window is used for variance estimation. Note that
the employed coarse ensemble selection criterion does not
guarantee the stationarity of the interferometric signal within
the estimation window. To account for the arising heterogeneity, the variance shall be estimated robustly to withstand
the outlying samples [30]. Among different robust estimators
of variance [31], the normalized Median Absolute Deviation
(MAD) is chosen here [32], [33]. MAD has a high breakdown
point of 50%; i.e. it resists 50% contamination of the ensemble
by outliers. It reads as [32]:
δ̂mad = 1.4826 median(|φ − median(φ)|).

(26)

Here, φ represents the ensemble. The normalization constant
1.4826 renders the estimator consistent with the standard
deviation of a normal distribution. In the presence of high
frequency systematic signal within the assumed 200 m distance, MAD is expected to resist against the non-stationarity
up to its breakdown point. However, it fails in noise estimation
beyond this tolerance.
Note that in the evaluation of δSNR for each estimator, the
low quality result pertaining to γapt ≤ 0.35 are excluded. In
the case of PTA1, the failed estimation result over the caldera
are disregarded by this masking. The surrounding water of the
island is as well masked by this thresholding.
For a concise quantitative analysis over the entire spatiotemporal extent of the data, the estimated δSNR are aggregated
spatially over each interferogram in the time series. The
median of such aggregated data provides a robust measure for
the overall performance of PL for each interferogram. Fig. 9
reports the barplots of overall δSNR for each interferogram as

a function of their temporal baseline. EMI, EVD and PTA1 are
compared in this figure. As apparent, EMI slightly outperforms
the other approaches throughout the time series. A feature
worthy of notice is the exacerbated noise of the estimated
interferograms with temporal baseline of 12 and 24 days. In
the mentioned interferograms, the performance degradation of
EMI and EVD are the least and most pronounced, respectively.
This independent evaluation of the estimation efficiency
proves the optimality of EMI over EVD and PTA. Therefore
validates the choice of EMI as a benchmark for comparisons of
section IV-A3 and the reported estimation bias and efficiency
therein.
5) In summary: the following conclusions are drawn from
the performed comparisons:
•

•
•
•

•

•

•

the result over the volcanic caldera proves the improved
efficiency of EMI compared to PTA in terms of phase
estimation (Fig. 6 and 7);
the initialization of PTA is proved to have an impact on
its estimation efficiency (Fig. 6 and 7);
between the two compared initialization methods, the
eigenvector is a more efficient approach (Fig. 6 and 7);
PTA’s subjective choice of initialization highlights the
merit of EMI in efficient data processing as the latter is
exempt from initialization;
PTA1 is initialized by the solution of EMI and spends
extra effort on fitting its model through further iterations.
The additional iterative solution not only imposes extra
computation, but may also compromise the estimation efficiency and cause divergence from an optimum solution
(Fig. 6 and 7).
EVD is quantitatively shown to increase the estimation
bias and variance compared to the probabilistic based
approaches (Fig. 8 and 9);
the negligible increment in the computational cost of EMI
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test site, as an assessment of computational efficiency. Note that the
cross comparison of the left and right plots is inadmissible, due to
difference in implementation of the estimators. However the within
plot comparisons are fair and conclusive. The comparison of EMI and
EVD reveals the negligible imposed computation of the latter. PTA1
and 2 differ only in their initialization; their comparison highlights
the impact of initialization on the computational efficiency.
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Fig. 11: PDF of the number of iterations performed by PTA. For
visualization, the reported iteration range is limited despite the
maximum allowable iteration of 4000. 7% and 18% of the scene fails
in convergence after 4000 iterations by PTA1 and PTA2, respectively.

with respect to EVD increases the estimation efficiency
(Fig. 8 and 9);
B. Computational Efficiency
The cumulative processing time of PL for the entire scene
is provided in Fig. 10, in order to assess the computational
efficiency of different approaches. Note that the reported
run-time excludes the pre/post-processing steps of PL (e.g.
adaptive multilooking etc.). To insure the validity of these
comparisons, the implementation of the estimators are kept
similar, as far as the algorithmic details allow. However, EMI
and EVD benefit from highly optimized eigen decomposition
libraries, namely the MRRR method; while PTA employs a
self-developed optimization module based on the analytical
solution of (22) proposed in [8]. Due to this reason, the
direct comparison of eigen decomposition based solvers to
PTA approaches is unfair and inconclusive. EMI may however
be fairly compared to EVD, and PTA1 to PTA2. From the
comparison of EMI to EVD, it is apparent that the additional
computation, regarding the coherence matrix inversion and its

occasional regularization, has negligible impact on the computational efficiency of EMI. Comparison of PTA1 and PTA2,
highlights the impact of initialization on the computational
efficiency of PTA. Note that the first initialization method
improves the efficiency by ≈ 50%.
The convergence behavior of PTA is further investigated,
revealing that PTA1 and PTA2 fail in convergence over 7% and
18% of the test site, respectively. According to spatial analysis,
failures in convergence occur over the volcanic caldera as well
as the surrounding water. A comparison between the number
of iterations of PTA is presented in Fig. 11. For visualization
purposes, the axis is limited to 400 iterations and convergence
failures occurring at 4000 iterations are excluded. The plot
illustrates that nearly 11% of the scene convergence occurs
with less than 10 iterations for PTA1, indicating that the
solution of EMI and PTA coincide for the respective regions.
Also noticeable is the increase in the number of iterations
from PTA1 to PTA2 which is another proof on the impact of
initialization.
Spatial analysis of the convergence behavior shows that PTA
mostly spends its computational effort over fast decorrelated
regions. Examples are the surrounding water as well as the
sparse vegetated areas of the island, for which the a posteriori
quality of phase estimation is poor. Due to their low quality,
such regions will be discarded in post PL steps. This observation proves that the additional effort of PTA for fitting its
model is not rewarded by any information gain in terms of
improving the spatial sampling.
Final word on the computational efficiency regards the
comparison between EMI and PTA. Recall that the PTA1 is
initialized by the solution of EMI. It therefore has the iterative
analytical solution as an additional computation step compared
to EMI. On average, PTA1 performs 300 iterations for fitting
its model. This effort have been shown to be in vain as it
does not improve the estimation efficiency and in part even
results in divergence from an optimum phase estimation (e.g.
over the caldera in Fig. 6-7). Therefore, EMI is argued to be
computationally more efficient than PTA.

C. Performance of λ as a quality measure
The Lagrange parameter of EMI has been introduced as
a quality measure for phase estimation. Fig. 12 reports this
parameter for the test site. In order to validate the merit
of λ as a quality measure, its relation with the a posteriori
coherence is investigated here. Fig. 13 depicts the bivariate
distribution of the two measures for all pixels in the scene and
reveals a strong correlation between the two. The observed
correlation is explained based on the hypothesis of section
II-B: the approach of λ to 1 indicates the goodness-of-fit of
the SCM model proposed by EMI as well as the convergence
of models in PTA and EMI. The center of this PDF at
γapt = 0.23 and λ = 1.065 pertains to the surrounding water
as well as the dense vegetated area over the island (cf. Fig.
12). These areas are masked from the presented interferograms
in Fig. 6.
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(erroneous) coherence matrix by a rank-1 dyad. A MLE of
the proposed model has been presented. The reference MLE
has been approximated and constrained to arrive at an efficient
PL, provided by the method of Lagrange multiplier. Both
the eigenvalue and eigenvector of the Lagrangian solution
has been investigated as effective parameters for NRT data
processing. Via simulation and real data experiments, EMI has
been shown to retain estimation efficiency close to the CRLB.
Aside from the proposal of EMI, the efficient implementation of PTA by [8] has been brought into light. The estimation
and computational efficiency of the PTA has been shown to
be influenced by its initialization choice. This impact asserts
the advantage of eigen decomposition based solvers in PL, as
they are exempt from initialization.

λ
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1.10

1.15

1.20

Fig. 12: Lagrange parameter as a by-product of EMI. The closer the
parameter is to 1, the better is the fit of the EMI model to the data
stack.
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Fig. 13: Bivariate distribution of the two quality measures for all
pixels in the scene. The correlation between Lagrange parameter as a
proposed quality measure and the a posteriori coherence is observed.
The approach of both parameters γapt and λ to 1 indicate the validity
of the EMI model for the DS region. The center of this PDF at
γapt = 0.23 and λ = 1.065 pertains to the surrounding water as
well as the dense vegetated area over the island (cf. Fig. 12).

V. D ISCUSSION AND C ONCLUSION
The coherence estimation error is known to affect the
performance of PL in general, and PTA in particular. In the
current contribution, it has been demonstrated that the error
affects the computational efficiency of the algorithm as well.
In the interest of improving the estimation and computational
efficiency and approaching further to NRT processing of
the emerging SAR Big Data, we allowed the generalization
of the PTA proposed model. In modeling the SCM, the
proposed generalization accounts for the calibration of the

The EVD estimator has been argued to be suboptimum
in phase estimation. This theoretical proposition has been
validated with simulation analysis and real data experiments.
The advantage of MLEs over the EVD is especially noticable
with improved coherence estimation (see Fig. 1.a/b). Upon
enhancing coherence estimation e.g. by non local approaches
[34], [35], the performance of EMI improves beyond the
reported values in real data experiments. Furthermore the
MLE based approaches are outperforming candidates to be
employed in efficient time series analysis with the Sequential
Estimator [1] (see Fig. 1.c). The computational efficiency of
EMI has been compared to EVD, to verify the former as an
agile algorithm for NRT processing. Through simulation and
real data experiments, EMI was shown to be the optimum
approach for PL.
The incentive behind EMI is to generalize the covariance
model in reducing the impact of coherence estimation error
on PL. However, the extra degree of freedom provided by
EMI’s rank-1 calibration dyadic has been shown to be only
marginally successful in improving the performance of phase
estimation. A follow-on research direction is to further generalize the covariance model in order to better account for
higher rank coherence estimation error. As was the case for
EMI, a generalized model would allow a joint estimation of
the systematic phase-series and the coherence matrix. This research question falls in the realm of classical model selection.
The generalization of the model shall be dealt with care, as an
increase in model complexity raises the probability of overparameterization. Ergo, further research is necessary for the
proposal and validation of new covariance models.
EMI’s efficiency has been investigated with respect to the
state-of-the-art PL techniques. The comparisons verify EMI
as the optimum choice for phase estimation compared to
the latter techniques. The incentive behind the proposal of
EMI is to advance the state-of-the-art techniques in efficient
NRT processing of Big InSAR data. The Sequential Estimator
[1] was our initial proposal for efficient InSAR time series
analysis. A further marriage of EMI with the Sequential
Estimator is expected to enhance the performance of phase
estimation in the support of NRT processing of Big Data. The
integration of these two approaches and investigation of the
(possible) gained efficiency is a topic for follow-on research.
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A PPENDIX A

0

This appendix is dedicated to the derivation of the analytical
solution of MLE following the minimization of (10). To solve
this optimization, the following gradient is sought for finding
the extremum:
∂ I
∂ II
+
= 0,
(27)
H
∂ ζ
∂ ζH
with
I := α−2 ζ H (Γ̂−1 ◦ C) ζ,
II := −

n
X
ln(|ζ i |2 ) + 2nln(2).
i=1

Following the calculation of the two gradients, we have:
∂ I
= α−2 (Γ̂−1 ◦ C) ζ,
∂ ζH
∂ II
(ζ)k
(
)k = − −2 ;
σk
∂ ζH

and

(28)

(Γ̂

2

2

◦ C) ζ̂ = α σ̂ ◦ ζ̂.

(29)

The estimate of α̂ results from:
∂ I ∂ II
+
= 0,
(30)
∂α
∂α
1 H
α̂ = ζ̂ (Γ̂−1 ◦ C) ζ̂.
(31)
n
The analytical solution is different from both PTA and EMI.
To provide a recipe for calculation of the sought parameters
we further expand (29) and arrive at:
α2 σk exp(−jφk ) =

n
X
(Γ−1 ◦ C)ki σi−1 exp(−jφi ),
n
X
i=1
i=
6 k

(Γ−1 ◦ C)ki σi−1 exp(−jφi ).

Pursuing an iterative solution one has:
Let:

rk =

φ̂k = ∠(rk ),
→

n
X
(Γ−1 ◦ C)ki σi−1 exp(−jφi ) :

σ̂k2
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Fig. 14: Performance assessment of different PL estimators compared
to CRLB simulated with a coherence matrix over the volcanic
caldera for which PTA fails in phase estimation. (top) the coherence
matrix used for simulation, (down) RMSE of phase estimation for a
simulated stack of 38 images under the CCG statistic. This analysis
further validates the optimality of EMI among the PL estimators.

EMI impose on the sought vector e to approach this optimization
was reviewed in the paper.
The mentioned metric of Γ−1 ◦ Γ possesses mathematical features
worthy of remark [36]. The elements of this matrix are given by [37]:
(Γ−1 ◦ Γ)ik =

Γik
γik .
det(Γ)

(33)

Here, γik is the cofactor matrix of Γ, defined by:
γik = (−1)i+j det(Γ(i|j));

(34)

Γ(i|j) is the first minor of Γ resulted from the elimination of row i
and column k of matrix Γ. Summation of the cofactor matrices yields
the Laplace expansion, which reads as:
det(Γ) =

n
X
Γik γik .

(35)

i=1

−1

− |rk |σ̂k − (Γ )kk = 0,
p
|rk | ± |rk |2 + 4α2 (Γ−1 )kk
→
σ̂k =
.
(32)
2
Note that following the positive definiteness of Γ and consequently
Γ−1 ; (Γ−1 )kk > 0, hence the existence of two solutions to (32) is
guaranteed. To find a unique solution, σ vector with lower norm is
preferred for the MLE.
For σ = ~1 to hold, the following condition shall be met: |rk | =
2 − 2α2 (Γ−1 )kk . In cases where this condition holds, the solution
of PTA is in fact MLE.
α

0.6

20

i=1
i=
6 k

α2 σ̂k − σˆk −1 (Γ−1 )kk = |rk |,
2

1.0
0.8

i=1

(α2 σk − σk−1 (Γ−1 )kk )exp(−jφk ) =

30

SLC Index

substituting (28) in (27), the estimate of ζ̂ yields:
−1

20

10

RMSE Phase [rad]

and
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A PPENDIX B
Following the probabilistic approach to PL, the optimum metric
for weighting the interferograms in estimation of the sought phaseseries is given by Γ−1 ◦ Γ. Under this metric, PL is translated into
finding the complex vector which minimizes the objective function
eH (Γ−1 ◦ Γ ◦ IΩ ) e. The additional constraints that each PTA and

Substituting (35) in (33), it is observed that the product Γ−1 ◦ Γ is a
quasi bistochastic matrix, i.e.:
n
n
X
X
(Γ−1 ◦ Γ)ik =
(Γ−1 ◦ Γ)ik = 1.
i=1

(36)

k=1

The quasi bistochastic property entails that:
(Γ−1 ◦ Γ)e = e;

1
with e = √ ~
1.
n

(37)

The latter introduces λ = 1 and e as the minimum eigenvalue and
eigenvector of the matrix under study. This eigenvector coincides with
the normalized modulus of the PTA model.
Note that the bistochastic property and the respective inference on
the minimum eigenvector holds for the matrix Γ−1 ◦ Γ. Recurring
to the product Γ−1 ◦ Γ ◦ IΩ in the objective function of MLE,
the observed interferograms of IΩ violate the bistochastic property,
rendering the optimum choice of minimizing vector deviant from
~1 exp(jφ).
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A PPENDIX C
PTA has been observed to perform poorly over the volcanic
caldera. In order to investigate its behavior, a frequently observed
coherence structure over the volcanic caldera for which PTA fails
while EMI and EVD are both successful is studied here. The
estimated coherence Γ is used to simulate a stack of 38 images under
the CCG statistics (according to section III). The coherence matrix
and the RMSE of phase estimation for PTA1, EVD and EMI are
provided in Fig. 14. The convergence rate of PTA1 in this restricted
simulation scenario is 89%. It however decrease to 13.6%, when
including the observed phases from real-data in IΩ to the simulations.
From this and similar analysis over other parts of the volcanic caldera,
it is concluded that the odd behavior of PTA is related to the phase and
possible violation of CCG statistics. Further in-depth investigations
are required to prove the relation to the latter. This investigated
coherence structure is as well shown to affect the efficiency of the
estimators and further validates the optimality of EMI among the PL
estimators.
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Abstract— Wide-swath synthetic aperture radar (SAR)
missions with short revisit times, such as Sentinel-1 and the
planned NISAR and Tandem-L, provide an unprecedented
wealth of interferometric SAR (InSAR) time series. However,
the processing of the emerging Big Data is challenging for
state-of-the-art InSAR analysis techniques. This contribution
introduces a novel approach, named Sequential Estimator, for
efficient estimation of the interferometric phase from long InSAR
time series. The algorithm uses recursive estimation and analysis
of the data covariance matrix via division of the data into small
batches, followed by the compression of the data batches. From
each compressed data batch artificial interferograms are formed,
resulting in a strong data reduction. Such interferograms are
used to link the “older” data batches with the most recent
acquisitions and thus to reconstruct the phase time series. This
scheme avoids the necessity of reprocessing the entire data stack
at the face of each new acquisition. The proposed estimator introduces negligible degradation compared to the Cramér–Rao lower
bound under realistic coherence scenarios. The estimator may
therefore be adapted for high-precision near-real-time processing
of InSAR and accommodate the conversion of InSAR from an
offline to a monitoring geodetic tool. The performance of the
Sequential Estimator is compared to state-of-the-art techniques
via simulations and application to Sentinel-1 data.
Index Terms— Big Data, coherence estimation error, data
compression, differential interferometric synthetic aperture
radar (DInSAR), distributed scatterers, efficiency, error analysis,
low-rank approximation, maximum-likelihood estimation (MLE).
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Z ∈Cn×l
C∈Cn×n
 ∈ Rn×n
I ∈Cn×n
φ ∈ Cn×1
A
Ai
b
.

N OTATION
Number of the SLCs in the SAR data stack.
Number of samples in a statistically
homogeneous spatial neighborhood.
Number of the SLCs included in the
mini-stack.
Dimension of the low-rank signal subspace.
Group of l statistically similar pixels
surrounding a single pixel of interest, the
interferometric signal is assumed to be
stationary within this ensemble.
Matrix of acquired SLCs, the rows correspond
to the images in the stack, the columns
to the ensemble of pixels in .
Complex coherence matrix of the stack;
Coherence matrix of the interferograms defined
as i j = |Ci j |.
Complex matrix of the interferograms.
Sought phase series in phase-linking, estimated
phase of each SLC inclusive of the systematic/
deterministic phase components.
Capital letter indicating a generic matrix.
Subscripted capital letter indicating the i th row
of the generic matrix A.
Small bold letter indicating a generic vector.
Hat accentuation distinguishing an estimated
from an observed variable.
I. I NTRODUCTION

T

IME-SERIES analysis of interferometric synthetic aperture radar (InSAR) has proved to be a high-precision
geodetic approach for monitoring the crustal deformation of
the earth. The retrieval of the geophysical signal from InSAR
data stacks is limited by the atmospheric perturbation as
well as the temporal decorrelation of the SAR signal. In the
pursuit of overcoming these limitations, the exploitation of
InSAR stacks was initially limited to the Persistent Scatterers (PSs) [1], [2]. The PSs are phase-stable scatterers and
do not undergo severe temporal decorrelation. Exploiting PSs,
the separation of the geophysical signal from the atmospheric
perturbations follows in a separate step [1], [2]. Although
precise in signal retrieval, the scarcity of PSs in nonurban
areas has led the InSAR community toward relaxing the strict
limit on the phase stability and including the areas affected by
decorrelation, referred to as the distributed scatterers (DSs).
The pioneering DS approach in minimizing the effect of
decorrelation was to limit the analysis to subsets of moderate
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to high-coherent interferograms, referred to as small-baseline
subsets (SBASs) [3], therefore excluding the decorrelated
interferometric pairs. Setting an a priori threshold on the
geometric and temporal baseline, or equivalently on the
coherence, the data stack is divided into coherent subsets of
interferograms, each subset is then spatially unwrapped. The
unwrapped phases of the different subsets are temporally integrated to estimate a phase series inclusive of the geophysical
signal of interest.
Improving one step further, the imposed strict coherence
limit for the subset selection was relaxed, allowing all interferograms to be properly included in the retrieval of the
geophysical signal [4], [5]. The effect of decorrelation in this
case is minimized by exploitation of the statistical properties
of the interferometric stack in a maximum-likelihood estimation (MLE) scheme. Approximating the mean scattering
of DS by a PS-resembling mechanism, the MLE estimates
a wrapped phase series which pertains to the superposed
systematic phase components. Each element of the series
corresponds to an image in the stack and is relative
to an arbitrarily fixed master image. Borrowed from
Guarnieri and Tebaldini [4], the retrieval of the wrapped
phase is hereafter referred to as phase-linking. The estimated
phase series bears the sought geophysical signature, although
superposed by an atmospheric-induced signal. The separation
of the atmospheric contribution from the geophysical signal
may be followed in a second estimation step as in the case
of PSs [1], [2], [4].
The MLE designs a temporal filter adaptive to the coherence, as the second-order statistic of the data. It provides
an asymptotically optimum estimator with variance close to
the Cramér–Rao lower bound (CRLB) [4], [6]. If unknown,
the coherence is substituted by its estimation. The MLE
is therefore bound to the performance of the coherence
estimation. The well-known suboptimality of the coherence
estimation [7], [8] is the major limitation for MLE to reach
its asymptotic behavior. In the case of poor performance of
the coherence estimator, the MLE may be shown to deviate
largely from the CRLB; hence, its optimality is compromised
(see Section VI-C, [9], [10]).
Building on the MLE, the estimation of the geophysical
signal has been further investigated by substitution of the
ML optimization by robust M-estimators [11] or integer least
squares [10]. The former aims at increasing the accuracy
of phase-linking by addressing special cases where the data
characteristics deviate from the assumed stationary Complex
Circular Gaussian (CCG) statistics in MLE; the latter primarily
focuses on the addition of an a posteriori quality indicator of
the estimated phases.
A second category of phase-linking based on the exploitation of all interferometric pairs was first proposed in [12]
and later in [13]. It primarily focuses on the extraction of
the scattering mechanisms of the DS through eigenvalue
decomposition (EVD) of the data covariance matrix.
Compared to the MLE, it relaxes the single-dyadic
(i.e., PS-resembling) approximation of the DS-scattering
mechanism and allows the retrieval of the decomposed phase
signature with multiple dyads of different power. However,

having a performance deviant from the CRLB [9], [10] in
generic cases, the EVD is a suboptimum phase estimator.
Despite their various implementation details, all DS techniques rely on the analysis of the complex coherence matrix
of the data stack. Estimated from the time series, the complex coherence is a Hermitian matrix containing all possible
interferograms as well as their respective coherence. It is
comprised of the total number of n(n − 1)/2 unique entities,
with n being the number of single-look complex (SLC) images
in the data stack. The formation and exploitation of the full
coherence matrix can, however, be computationally demanding, especially in large data stacks. The computational burden
increases at least cubically with the dimension of the data at
hand.
The current and future spaceborne SAR missions with
systematic earth monitoring objective tend to follow the wideswath design with revisit cycle as low as possible to allow
for high temporal resolution monitoring of the earth. With
missions such as ESA’s Sentinel-1 or, in the near future,
NASA’s NISAR, the short revisit of 6–12 days gives birth
to unprecedented SAR data volumes. The interferometric
processing of such emerging Big Data stacks with the current
available DS algorithms would be infeasible, especially if
systematic high-precision near-real-time (NRT) monitoring of
even small earth surface motion is the objective. The NRT
processing will open a new chapter in InSAR applications,
converting the method form an offline analysis mode to a
high-precision nearly online monitoring tool with applications,
e.g., in early warning systems.
The InSAR community has recently commenced addressing
this new demand [14]–[17]. However, in the recent attempts,
the focus is mostly on the automation of the SAR data acquisition and optimization of the processing prior to the time series
analysis. As of present, the main attempt has been on the
reduction of the product latency through parallelized computation and improvement of the computational capacity, e.g., via
cloud computing. Being an inherently nonparallel problem,
the core time series analysis techniques have been left intact.
As briefly reported, Heu et al. [14] and Gonzalez et al. [15]
exploit SBAS-like techniques in retrieval of the geophysical
signal while Adam et al. [16] is tailored to the PSs. Although
sufficient for retrieval of large-scale deformation, the SBAS
approach fails in efficient processing of large data stacks.
In defining the efficiency, two distinct criteria are distinguished
here, namely, the algorithmic efficiency, i.e., the processing run
time; and the estimation efficiency, i.e., the optimality of the
estimator with respect to the CRLB. The algorithmic efficiency
of SBAS may be improved by restricting the temporal baseline
and exploiting a limited subset of interferograms. However,
such restrictions compromise the estimation efficiency and
consequently degrade the sensitivity to small surface motions.
Hereafter, efficiency implies both the algorithmic and estimation optimality criteria.
The idea of an efficient stacking technique was raised for
the first time by De Zan and López-Dekker [18]. Proposing a technique tailored to a special coherence scenario,
termed long-term coherence, the authors succeeded in retaining performance close to the CRLB while avoiding the full
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exploitation of the entire data stack. The scheme, however,
fails in the absence of the long-term coherence.
Inspired by De Zan and López-Dekker [18], this contribution proposes a novel generic efficient stacking technique, named the Sequential Estimator. The proposed approach
allows efficient phase-linking in sequences by using isolated
data batches of the time series. It thus avoids the necessity
to access the entire time series at each processing sequence
and refrains from reprocessing the entire data archive at
the face of each new SAR acquisition. Compressing the
isolated data batches and generating artificial interferograms
with the compressed data, the Sequential Estimator retains a
performance close to the CRLB. The method competes with
expensive full-stack phase-linking techniques and even outperforms them in case the exploited estimation of coherence is
suboptimum.
To the best of our knowledge, the Sequential Estimator is
the first proposal for a generic efficient InSAR stacking in
the realm of DS. The algorithm provides a recursive solution
to the temporally nonparallelizable problem of phase-linking.
The proposed estimator may be combined with the optimized
wide area processing techniques in [16] and [19], and therefore
contribute to the state-of-the-art automatic InSAR processing in the pursuit of high-precision NRT earth deformation
monitoring.
In the following, a short introduction of the possible
optimized stacking schemes is provided in Section II. The
description of the Sequential Estimator starts from Section III,
where the compression technique used for the SAR data
stack is elaborated; further algorithmic steps are described
in Section IV. Section V highlights the computational gain
of the scheme. Finally, the performance of the estimator is
assessed through simulations and application to Sentinel-1 data
in Sections VI and VII, respectively.
II. C ONVENTIONAL V ERSUS AGILE P HASE -L INKING
This section starts from laying down the formulation of
the phase-linking which is used throughout this paper. The
MLE phase-linking as well as possible agile, i.e., computationally light, stacking techniques are introduced. As it will be
shown through simulations (see Section VI-C), the introduced
techniques are inefficient, in the sense that their optimality is
compromised by the introduced limit on data accessibility. The
review of these alternative schemes is, however, worthwhile to
highlight the encountered challenges for an efficient stacking
method.
Note that the spatial analysis is always considered pixel wise
throughout this paper, although the statistics of each single
pixel is inferred from an ensemble of pixels belonging to a
statistically homogeneous region, hereafter referred to as the
 neighborhood.
A. Conventional MLE Phase-Linking: Full Accessibility
to the Stack
The MLE scheme exploits the complex coherence matrix to
estimate the phase series inclusive of the geophysical signal.
The complex coherence matrix of the data stack is estimated

using an ensemble of l pixels in statistically homogeneous
neighborhoods. The statistical homogeneity of the chosen
ensemble is assured via statistical similarity tests between the
centering and neighboring pixels [5], [20]. Sorting the chosen
ensemble in a spatiotemporal data matrix Z , the MLE of
complex coherence matrix reads as
Cˆ = 

ZZH
[[Z ]]2 ([[Z ]]2)

T

(1)

where [[Z ]] gives the column-wise L2 norm of the matrix Z ,
the power-2 and deviation operations are element wise. Ĉ is
an n × n matrix that encapsulates the available interferometric
information with its argument containing the interferometric
phases and its modulus ˆ providing an estimate of the coherence of the corresponding interferograms. Under the assumption of the CCG statistics, the MLE of phase is retrieved via [4]
 H

φ̂ ML = argminφ ζ̂ ML (ˆ −1 °Ĉ)ζ̂ ML
(2)

here ° is the Hadamard operation and ζ̂ ML is a vector containing the sought phase of each SLC with its elements set to
exp ( j φi ). With this assumed model, the scattering behavior
of the DS neighborhood is approximated by a PS-resembling
mechanism. The MLE may be interpreted as a temporal filter
that compresses the information of n(n − 1)/2 interferograms
to a phase series of size n.
B. Alternative Agile Phase-Linking Schemes: Partial
Accessibility to the Stack
The first requirement for an efficient stacking scheme is to
avoid reprocessing and rereading the entire data history when
encountering a new acquisition. To fulfill this requirement,
the intuitive solution is to follow the footsteps of SBAS with
a slight modification: merely allowing the short temporalbaseline interferogram in the phase retrieval. This approach
is hereafter referred to as the short temporal-BAseline subset (StBAS). Inspired by Rocca [21] and assuming an exponential decrease of coherence in SAR stack, StBAS exploits
successive SLCs with temporal separation up to an a priori
time lag. The StBAS interferograms are combined via MLE
phase-linking. Compared to the conventional MLE, here a
banded matrix replaces the full coherence matrix. The bandwidth of the matrix is fixed by the a priori time lag. Although
straightforward, there are three fundamental problems to this
approach as follows.
1) At each processing step, up to a certain lag of the
previously acquired data shall be reread and reprocessed,
i.e., the proposed stacking method still undergoes redundant computations.
2) The choice of the a priori temporal baseline imposes a
trade-off between the estimation efficiency and the computational burden, i.e., to avert exclusion of the coherent
interferograms and the consequent performance degradation of the estimator, a longer time lag is required.
3) StBAS assumes that the interferograms with temporal
baselines of larger than the time lag bear no coherent
signal. This assumption loses validity in explaining
seasonal decorrelation or long-term coherence observed
for C- and L-bands SAR [23], [24].
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To address some of the aforementioned problems, an alternative approach may be taken that emphasizes the long-term,
and possibly weak, coherent signals rather than the short-term,
high-coherence interferometric pairs. This has been introduced
in [18], where the authors suggest using two subsets of the
SLCs and retrieving the long-term coherent signal from filtered
version of the two subsets. Allowing each subset as Z s ∈ Cs×l
with s  n/2, its filtering follows from exploiting the
MLE-estimated phase series φ̂ s via
v̂ s (q) =

s
1
Z s ( p, q) exp (− j φ̂ s ( p)).
S

(3)

p=1

Here, q is the spatial index from 1 to l, indicating that the
proposed filter is temporal and not spatial. Termed virtual
image vs is a filtered SLC representing the subset. Exploiting
two virtual images at the beginning and end of the stack,
a coherent interferogram may be formed which bears the
sought long-term coherent signal and provides an estimation of
the phase between the first and last SLC. The performance of
this approach is, however, compromised if no coherent signal
is present among the chosen subsets. This method is hereafter
referred to as virtual image estimator.
In pursuit of an efficient stacking technique, the shortcomings of both StBAS and the virtual image estimator shall
be conquered. An efficient estimator shall provide a generic
solution that properly exploits both the short- and the longterm coherence. To do so, it must be able to adaptively include
both weak and strong coherent signals, precisely as does
the MLE.
The Sequential Estimator is able to meet a balance between
the aforementioned processing regimes. In fact, it may be
seen as a generalization of the virtual image estimator that
follows the same idea of filtering, or better compressing the
information, of the subsets, but without the emphasis on the
long-term coherence. Prior to the description of the algorithm,
the SAR data compression is explained in Section III.
III. M ULTIPASS SAR DATA C OMPRESSION
Data compression is a classic approach in dealing with high
data volumes. In the case of multipass SAR, the objective is
to compress a stack of coregistered SAR data in the temporal
direction, such that the size of the time series is reduced but
the spatial size of each image is intact. Performed locally,
the compression is adaptive to the time series at each resolution cell. The temporal compression is valid since despite
the high dimensionality of the data, the prevailing scattering
mechanism spans a much lower dimension (see Section IV-A).
The introduction of this low-rank signal subspace is the aim
of this section.
As a common compression technique, the linear transformations are chosen here. The transforms are mathematically straightforward and computationally efficient, hence well
suited to an efficient stacking technique. They provide a
mapping from the high-dimensional data space, defined by
the row space of Z n×l , to a lower-rank subspace spanning the
row space of Z̃ m×l . The linear mapping under a transformation

basis T reads as
T : Z n×l → Z̃ m×l

(4)

where n is the dimension of data and m is the reduced dimension of its compressed version. Note that the compression is
temporal and l as the size of the spatial neighborhood  is
intact. The transformation T may be defined by any arbitrary
set of orthonormal vectors, e.g., Fourier and wavelet bases.
The efficiency of the compression is driven by the choice of
the basis. In the most efficient case, the basis is chosen to
capture the maximum variation of the data space, i.e., by a
subset of the most powerful eigenvectors, such that
T = {v1 ; . . . ; vm }

(5)

with the basis vectors derived from the EVD
n

Ĉ n =
λ p v p vH
p.

(6)

p=1

Here, Ĉ n is the complex coherence matrix estimated by substitution of Z n×l in (1), λi are the eigenvalues in descending
order and vi are the corresponding eigenvectors. This setup
is the well-known principal component analysis (PCA) [25],
exploited in [12], [13], and [26]. PCA provides a spectral
decomposition of the data space, such that the eigenvector corresponding to the highest eigenvalue represents the underlying
most coherent signal and vice versa.
The estimation of most coherent signal component v1 via
generic PCA may be interpreted as [13]


ˆ 1
v1 = argmaxv 1 v1H Cv
(7)
subject to v1H v1 = 1. In this way, PCA approximates the
complex coherence matrix with the single dyad v1 v1H . Being
a geometrical rather than a probabilistic approach, PCA fails
to correctly incorporate the statistical properties of the data
stack; nevertheless, it provides a fair approximation of the
phase signature. The MLE, on the other hand, is a purely
probabilistic approach. Starting from the CCG assumption and
trusting the coherence as the true statistic of the data stack,
it formulates the correct metric for phase estimation as the
Hadamard product of ˆ −1 °|Ĉ| in (2) and allows the sought
H
dyad of ζ̂ ζ̂ , to merely explain the interferometric phases
rather than the amplitude variations. The power of PCA is in
the decomposition of the probable multiple coherent scattering
mechanisms rather than providing precise estimation to the
phase-linking. Thus, in the interest of retaining estimation
precision, the dyad provided by ML is preferred over the one
of the PCA.
Following this rationale, a new orthonormal basis is sought,
where its first component is defined as the normalized
ML-estimated signal of (2), that is
vML =

exp ( j φ̂ ML )
 exp ( j φ̂ ML )

.

(8)

vML replaces the first component in (5), now the complementary components of this basis are desired. In order to form an
orthonormal basis, these components shall span the orthogonal
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Fig. 1. Schematic depiction of the Sequential Estimator by the coherence matrix. a) Full coherence matrix of a stack of SLCs: the Sequential Estimator divides
the stack into isolated mini-stacks indicated by the transparent boxes along the diagonal. At each sequence, one mini-stack is processed and compressed; the
mini-stacks are replaced by their compressed components in further sequences. The coherent signals among the mini-stacks are retrieved by generation of
artificial interferograms. b) Coherence matrix at the initial sequence. c) Second sequence: the isolated dot on the diagonal indicates the compressed SLC of
the unavailable first mini-stack; the square depicts the acquired mini-stack; and the sparse rectangles represent the generated artificial interferograms between
the compressed and the acquired SLCs. d) Third sequence: here, the artificial interferograms are generated with respect to the compressed SLCs of the first
and the second mini-stacks. Estimated between the compressed SLCs and the mini-stack, the coherence of the artificial interferograms in (c) and (d) is an
implication of the relation between the isolated mini-stacks. Indicated by this coherence, the quality of the artificial interferogram is evaluated adaptive to the
data content of the mini-stack. Exploitation of the artificial interferograms while incorporating their coherence renders the data adaptability of the Sequential
Estimator.

complement of the subspace spanned by vML . The projection
matrix corresponding to vML reads as
H
CML = vML vML
⊥
CML

and its orthogonal complement
⊥
CML

(9)

as

⊕ CML = I.

(10)

⊥ are projection matriNote that CML and consequently CML
ces, and I is the identity matrix. The coherence matrix can
therefore be propagated via the orthogonal complement as
⊥
⊥
Cproj = CML
C n CML
.

(11)

Cproj corresponds to the coherence matrix of the projected
data to the residual subspace, after elimination of the ML
component. The eigen decomposition of this coherence matrix
provides the complementary vectors of the sought orthonormal
basis
Cproj =

n−1


λp vpvH
p

(12)

p=1

and the transformation matrix of (5) is redefined by the
resulted components, that is
T = {vML ; v1 ; . . . ; vm−1 } .

(13)

The data is compressed by its transformation to the range space
of the defined T
H

Z̃ = T Z .

(14)

As desired, the transformation projects the n-dimensional data
in Z to the m-dimensional subspace represented by T , thus
compressing the data volume. Z̃ contains the m sorted compressed SLCs in its rows, such that the first row corresponds
to the most coherent signal component. The first compressed
SLC is given by
z̃ ML = T1H Z
H
= vML
Z.

(15)

Expanding the above matrix product, it can easily be shown
that the above formulation is equivalent to the coherent filtering of (3).
The introduced data reduction is the core method for information preservation in the Sequential Estimator, as it will be
introduced in Section IV.
IV. S EQUENTIAL E STIMATOR
The proposed Sequential Estimator pursues an efficient
stacking scheme (see Section I for the defined criteria). The
algorithmic efficiency criterion is imposed by processing the
stack in isolated small batches, as schematically depicted
in Fig. 1(a). To meet the requirement for the estimation
efficiency, the scheme retrieves the coherent signal among
the isolated batches. As it will be discussed in Section VI-C,
neglecting even low-coherent interferometric pairs in the stack
degrades the estimation performance.
Inspired by De Zan and López-Dekker [18], the Sequential
Estimator is established based on the idea of retrieving the
coherent signal without having full access to the data archive.
The backbone of the method is using data compression and
retrieving the coherence via formation of artificial interferograms between the compressed and the newly acquired
data. The inclusion of the artificial interferograms enables the
performance preservation.
The estimator is essentially a recursive algorithm with a link
to the products of the prior steps at each sequence. For the sake
of clarity, the recursion of the established method is shown
schematically in Fig. 1 and algorithmically in Table I. The
flowchart of the estimator at each sequence is given in Fig. 2.
A brief synopsis of the scheme is provided below. Each single
module of Fig. 2 is further elaborated in the sections.
With reference to Table I, the Sequential Estimator starts
with the acquisition of a small chunk of s SLCs of the data
stream, where s  n. The data is collected and processed
in sequences, hence the name sequential. The data chunk is
hereafter referred to as a mini-stack. The mini-stack undergoes
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TABLE I
H IGH -L EVEL P SEUDOCODE D ESCRIBING THE R ECURSIVE N ATURE OF
THE S EQUENTIAL E STIMATOR ; E ACH M ENTIONED B LOCK I S
C OMPRISED OF D IFFERENT M ODULES E XPRESSED IN F IG . 2;
N OTE T HAT O NLY S OME M ODULES A RE
R ELEVANT TO THE I NITIAL S EQUENCE

this subspace. Processing of the first mini-stack concludes by
archiving the compressed SLCs.
With reference to Fig. 2, at the subsequent mini-stacks,
the same two-step phase estimation and data compression
is pursued, although with minor changes. Prior to the phase
estimation, the compressed SLCs are prepended to the current
mini-stack. Exploiting the augmented data, artificial interferograms are generated between the acquired and the compressed
SLCs. They in fact substitute the lost coherent signal among
the isolated mini-stacks. The phase-linking includes the artificial interferograms and their corresponding coherence. In order
to link the estimated phases of different sequences, a datum
connection step follows. After the phase estimation block,
the mini-stack is compressed and archived similar to the initial
sequence.
The different processing modules are elaborated in the
following. The sections follow a processing order starting from
data compression of the first mini-stack in the initial sequence
and ending at the phase estimation of its subsequent sequence.
A. Signal Subspace Identification

Fig. 2. Algorithmic flow of the Sequential Estimator at its kth sequence:
each module is accompanied by its final product; superscripts correspond to
the index of the sequence with i referring to the entire history prior to the
current sequence. The specified letters in parenthesis correspond to the section
in which the module is elaborated.

a two-step process: signal estimation and data compression.
In the signal estimation step, the phase of each SLC in the
mini-stack is estimated via MLE. In the data compression step,
the SLCs are compressed by estimation of the underlying lowrank signal subspace and a further projection of the data to

This module aims at finding the low-rank subspace for
temporal compression of the mini-stack. The proposed orthonormal basis T of (13) is an optimum representative of this
subspace, in case a linear transformation is desired. This
section addresses the question of the optimum dimension of
this subspace, i.e., the choice of m in (13).
As discussed in Section III, the complex coherence summarizes the information content of the SAR stack. The modulus
of coherence matrix indicates the temporal decorrelation of
the SAR signal. The temporal decorrelation arises from the
position changes of the subresolution scatterers [27]. Random
position changes impose a variation in the coherent mean of
the scatterers. They are therefore reflected in both the modulus
and the argument of the complex coherence. Systematic position changes of the subresolution scatterers, on the other hand,
only impose a systematic phase shift in the mean scattering
response. The latter effect is captured by a systematic phase
term on the complex coherence rather than imposing a temporal decorrelation [27]. The systematic position changes are
attributed, among other effects, to the surface motion, i.e., the
geophysical signal. Therefore, although the coherence matrix
is full rank, it mostly represents the decorrelation phenomenon.
The geophysical signal is of much lower rank and spans a
much lower dimensional subspace. MLE, in fact, estimates a
rank-1 dyad as the first component of this low-rank subspace.
Assuming a single PS-resembling scattering, it suffices for
the sequential scheme to include only the ML components
of the subspace; by setting m to 1. Higher dimension of
signal subspace is required in cases where the DS region
exhibits multiple dominant systematic position changes along
the elevation profile of the SAR 3-D resolution cell. The
precise retrieval of such multiple geophysical signals falls in
the realm of differential SAR tomography [28], [29]. Hereafter,
a single dominant deformation signal is assumed and m is
set to 1. Section VIII discusses the consequence of this
simplification.
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B. Mini-Stack Compression
The acquired SLCs in the mini-stack are compressed by
projection of the data to the identified signal subspace following (14). For the sake of clarity, the compressed data is
hereafter specified by accentuation with ˜.
C. Data Archiving
Z̃ is archived to be further exploited at the subsequent
mini-stacks.
D. Data Augmentation
After the initial sequence, the data available to each further
kth sequence is comprised of the following:
1) Z sk : the acquired s SLCs of the kth mini-stack;
2) Z̃ i : the compressed version of the i th mini-stack prior
to the current one (i = 1, . . . , k − 1).
The compressed components are prepended to the acquired
mini-stack, such that the augmented data Ẑ k reads as


Ẑ k = Z̃ 1 ; . . . ; Z̃ k−1 ; Z sk
(16)
with
∈
The augmentation is hereafter indicated
by accentuation with ˆ.
Ẑ k

C(s+k−1×l) .

E. Interferogram Generation
At each sequence of processing, the coherent signal
between the mini-stack and the unavailable data history
is retrieved through generation of artificial interferograms,
formed between each acquired SLC in Z sk and the compressed
SLCs, that is
H
Iˆk = Z̃ i Z sk
(17)
ij

j

where the subscript indicates the j th row of the accompanied
matrix.
The artificial interferograms are exploited jointly with
the observed interferograms in the phase-linking. This joint
exploitation prevents an expected performance loss for the
batch-processing schemes.
F. Phase-Linking
At each sequence k, the phase-linking is carried out using
the ML estimator of (2), that is
k
H
φ̂ = argminφ {ζ̂ (ˆ k−1 °Ĉ k )ζ̂ }.

(18)

Here,
and ˆ k are estimated based on the augmented
k
data Ẑ . Thus, they encapsulate both the observed and
the artificial interferograms accompanied by their coherence,
representing their statistics.
Ĉ k

G. Datum Connection
The phase-linking formulated in (2) poses an underdetermined problem [4], [5]. In multipass InSAR, this problem
is tackled by constraining the phase of an arbitrary SLC,
i.e., by setting this SLC as a datum in the time series and
estimating the phase of the entire stack with respect to this
datum. This solution is as well adopted in the Sequential
Estimator, i.e., at each sequence the phases are estimated
relative to one SLC in the augmented data. The problem with

this approach is that the estimated phases at each sequence are
relative to their respective datum. The solution is to connect
the defined datum of different sequences in order to provide
a single fully connected phase series.
The datum connection can be achieved by performing
a phase-linking on the z̃ iML components. Recall that these
components represent their isolated mini-stacks. The interferometric phase between them therefore implies the datum
separations. These phases are temporally integrated via a
separate ML phase-linking; i.e., by treating the compressed
SLCs as a new stack, generating the respective ˜ ML and C̃ML ,
and retrieving the phase of each sequence relative to a new
arbitrary but unique datum via MLE
H
−1
φ̂ cal = argminφ {ζ̂ (˜ ML
°C̃ML )ζ̂ }.

(19)

φ̂ cal is a vector containing the calibration phases that connects the isolated mini-stacks. The datum connection for the
i th sequence is thus carried out
i

i

φ̂ Unified = φ̂ + φ̂ cal (i ).

(20)

Here, the superscripts identify the sequence, while φ̂ cal (i )
indicates the i th element of the calibration vector. Following
this calibration step, a uni-datum phase time series results.
H. NRT Processing Capability of the Sequential Estimator
Up to this point, the proposed scheme awaits the acquisition
of s images for formation of a mini-stack and only then starts
the processing at each sequence. The scheme may be expanded
within the mini-stack to accommodate the NRT processing
of each acquired SLC. In other words, upon acquisition of
each SLC within the mini-stack, we may allow the accustomed
processing scheme via replacing the Z sk in (16) by the interim
data chunk of less than s SLCs. The size of the interim
data chunk increases from 1 to s − 1 SLCs and enables
phase estimation of each SLC upon its acquisition. Note
that the compressed data prior to the interim data chunk is
still exploited in the phase-linking. In this fashion, the phase
estimation is repeated within the mini-stack until s SLCs are
acquired. The number of repetitions is, however, limited by the
size of the mini-stack, rendering the increased computational
burden bounded as opposed to the conventional full-stack
processing approaches.
With reference to Fig. 2, only Blocks 1, 2, and 3 are
relevant for NRT processing within the mini-stack. The data
compression and archiving blocks are carried out only after
the accumulation of the entire s SLCs of the mini-stack.
V. N OTE ON THE C OMPUTATIONAL G AIN
In conventional MLE phase-linking, the computational time
complexity is driven by the number of SLCs involved. The
computational burden is primarily imposed by the iterative
ML optimization for phase estimation and secondarily by the
regularization and inversion of the complex coherence matrix.
Trivially, both are affected by the number of interferograms.
Assuming a stack of n SLCs, n(n − 1)/2 interferograms are
generated and exploited in the phase-linking. Adopting the
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sequential approach, the size of the available SLCs in the
last mini-stack reduces to (s 2 − s + n)/s, the number of
interferograms decreases accordingly.
Besides the reduced computational burden, the need for
updating and re-estimation of the entire phase history at the
face of each single acquisition is prevented by the sequential
scheme. The scheme in fact enables efficient processing of an
inherently nonparallel problem in the temporal domain. The
reduction of the data volume, from the entire stack to the
compressed SLCs is another gain of the algorithm regarding
the data storage capacity.
As an example of the efficiency of the algorithm, let us take
the expected seven-year life of Sentinel-1 mission. With the
six-day revisit of the mission, a rough number of 400 SLCs
may be expected for a region of interest. Conventional processing of such stacks requires the generation and exploitation
of 79 800 interferograms. Adopting the Sequential Estimator
with mini-stack size of 20, the number of SLCs reduces to 39
and the number of interferograms to 741 at the last ministack. However, it shall be mentioned that the cumulative
number of interferograms of all mini-stacks prior to the last
sequence sums up to 8740. However, in contrast to the fullstack schemes, the processing of this number of interferograms
is spread over the acquisition time and is not imposed at once.
In terms of storage capacity, the 400 SLCs may be replaced
by 20 compressed SLCs.
Trivially, the processing gain of the Sequential Estimator
is affected by the mini-stack size. The choice of an optimum
mini-stack size requires further investigation. A separate yearly
compression of the data might as well be considered to
enhance the processing/archiving reduction factors; the corresponding estimation efficiency shall, however, be studied.
VI. P ERFORMANCE A SSESSMENT W ITH S IMULATIONS
For validation and performance evaluation purposes,
the Sequential Estimator is tested and compared to the conventional phase-linking algorithms using simulated data.
Reflected in the coherence matrix, the maximum achievable
precision is bound by signal decorrelation [6]. The impact
of the decorrelation process on the performance of different
approaches including the proposed estimator is investigated
here.
A. Simulation Scenarios
The error source to be tackled by phase-linking is the
temporal decorrelation. In order to investigate its impact, two
models are considered here. The first is a purely exponential
decorrelation between acquisition pairs, that is
 p,q = γ0 exp

−t p,q
τ0

(21)

while the second reveals a residual coherence even for large
temporal baselines, that is [23]
−t p,q
(22)
+ γ∞ .
τ0
In these formulations,  p,q is, as usual, the coherence between
the pth and qth SLC of the stack, γ0 and γ∞ indicate,
 p,q = (γ0 − γ∞ ) exp

TABLE II
P ERFORMANCE OF THE VARIOUS PHASE - LINKING S CHEMES
C OMPARED TO THE CRLB, U SING 300 L OOKS IN
C OHERENCE E STIMATION ; R EPORTED I S THE
RMSE OF THE E STIMATED P HASE FOR THE
I NTERFEROGRAM W ITH L ONGEST T EMPORAL
BASELINE (600 DAYS ). T HE P ROPOSED
S EQUENTIAL E STIMATOR P ROVIDES A
T RADE - OFF B ETWEEN THE
MLE AND StBAS

respectively, the initial and residual coherence, t p,q stands
for the temporal baseline, and τ0 is the time constant of the
decorrelation process. Note that for γ∞ = 0 the two models
are identical. The aforementioned scenarios manifest two
extreme cases for any phase-linking scheme. In the exponential
decay, the interferograms with large temporal baseline bear no
coherent signal while in the long-term coherence, a possibly
weak, coherent coherent signal is present regardless of the
temporal separation of the SLCs.
Based on the temporal models, two coherence matrices
are simulated corresponding to the exponential decay and
long-term coherence. Given the simulated coherence matrices, two stacks of 100 SLCs, each containing an ensemble
of 300 statistically homogeneous samples, are synthesized as
follows.
1) The CCG statistic and spatial stationarity are assumed
in the generation of the data stack.
2) The topographic, atmospheric, and deformation phase is
set to zero.
3) The temporal sampling interval, similar to Sentinel-1,
is set to six days.
The decorrelation model parameters of the simulated stacks
are provided in Table II.
The simulated coherence matrix and its estimation using
the synthesized stack are depicted in Fig. 3. Comparing the
estimated and simulated coherence matrices, the well-known
error of coherence estimation is observable [7], [8]. The
performance of coherence estimation is governed by the size
of ensemble used in the estimation as well as the coherence
level [7], [8]. It is degraded for coherences close to zero
and may be improved by exploiting a larger  neighborhood.
However, the increase in the size of  shall be dealt carefully
as it can compromise the spatial stationarity of the ensemble.
In practice, the positive definiteness of the estimated coherence is not guaranteed. In such cases, the coherence matrix
is regularized via diagonal loading, i.e., the addition of
small fraction to the diagonal elements of the coherence
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Fig. 3. Coherence matrix of the two considered simulation models; (a) and (b) fast exponential decay and (c) and (d) long-term coherence model;
(a) and (c) simulated (true) coherence; (b) and (d) estimation of the coherence using the simulated CCG ensemble with 300 looks; the color scale is identical
for all matrices; and the well-known coherence estimation error is observable and is more pronounced for lower coherence level. Increasing the number of
samples, the performance of coherence estimation improves and the estimated coherence asymptotically approaches its true values.

Fig. 4. RMSE of phase estimation as the performance indicator of the Sequential Estimator compared to the MLE, EVD, StBAS, virtual image estimator,
and the CRLB; considering (a) Fast exponential decaying coherence and (b) Long-term coherence scenario. The StBAS is the optimum solution in case of
fast coherence loss while MLE outperforms it when a weak but long-term coherent signal is present. Evidently, the optimality of the mentioned estimators
depends on the coherence scenario. In both cases, the Sequential Estimator retains a balanced performance close to the CRLB, proving to be a generic solution
and adaptable to the coherence scenario [note the different scale of (a) and (b)].

matrix (see [11]). This operation iteratively increases the
negative eigenvalues of the coherence matrix, thus ensures
the positive definiteness of the regularized coherence and
consequently its inverse.
B. Comparison Scenarios
The objective is to compare different phase-linking techniques. The following estimators with their specified details
are considered.
1) MLE: Using the iterative solution proposed in [4].
2) EVD: Exploiting the dominant scattering mechanism
corresponding to the largest principal component.
3) StBAS: phase-linking exploiting the short temporalbaseline interferograms with baseline of up to 60 days.
It is equivalent to accessing up to lag-10 SLCs at each
processing level.
4) Virtual Image Estimator: Using two subsets of 10 SLCs,
the first is fixed at the beginning of the stack, the second
coincides with the Sequential Estimator’s mini-stacks;
5) Proposed Sequential Estimator: Accessing isolated
mini-stacks of 10 SLCs and setting m = 1;
6) Cramér–Rao Lower Bound: The theoretical, i.e., simulated coherence is exploited for the calculation of
the CRLB.

C. Performance Assessment
The root–mean-square error (RMSE) of the estimated with
respect to the simulated phases is considered for the performance assessment. This measure encapsulates both the bias
and precision of the corresponding estimator.
Using 1000 realizations, the RMSE of the two defined
simulation scenarios is calculated. Table II summarizes the
simulation cases as well as the RMSE of the estimated phase
of the last SLC in the simulated stacks.
Fig. 4(a) and (b) depicts the performance of different estimators for the exponential decorrelation and long-term coherence
scenarios, respectively. Note that the CRLB is calculated
with the theoretical coherence given by (21) and (22), while
the different estimators use the estimation of the coherence
according to (1).
Comparing Fig. 4(a) with Fig. 4(b) reveals the influence
of the decorrelation mechanism on the performance of the
estimators. Even a weak signal, with coherence as low as 0.2,
improves the precision of ML phase estimation by a factor of ∼12. This observation emphasizes the importance of
the inclusion of even low-coherent interferograms in phaseliking. As explained in Section III, it is further noticeable
that the EVD asymptotically approximates the MLE in both
cases. The behavior of the virtual image estimator in the
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two different cases is also worthy of notice. As expected,
the phase estimation is compromised in the absence of a coherent signal between the two subsets; i.e., beyond the correlation
length of the exponential signal in Fig. 4(a) (∼210 days).
Inspecting Fig. 4(a), StBAS outperforms other approaches
by having the closest performance to the CRLB. Theoretically,
however, the MLE is expected to be the closest to the bound.
The odd behavior of MLE lies in the suboptimality of the
coherence estimation (see Fig. 3). It may in fact be shown
that substituting the simulated, i.e., true, coherence, the MLE
attains its asymptotic performance to CRLB. The coherence
estimator performs poorer for coherence levels close to zero,
as is the case for the majority of interferograms in the current
simulation. Exploiting such suboptimum coherence matrix,
the MLE is misled toward relying on the pure noise-bearing
interferograms in its estimation of the phase series. However,
the StBAS naively ignores interferograms with temporal baselines of larger than 60 days and merely exploits the highcoherent interferograms for which the coherence estimation
is known to perform better. The latter is therefore immune
to the coherence error. Comparing the different estimators,
all schemes based on the full exploitation of the coherence
matrix are compromised by the coherence error. This impact
is also conveyed by an independent study in [10]. Coming
to the proposed Sequential Estimator, the performance loss
is not as dramatic as the full-stack-exploiting schemes. The
performance preservation may be explained by the exploited
data compression in the Sequential Estimator. Recall that the
noise components of the data space are suppressed in the data
compression. The artificial interferograms between the ministacks are therefore less affected by the noisy interferograms
and in general of higher SNR compared to the respective initial
SLCs. This intermediary filtering of the mini-stacks enhances
the performance of the Sequential Estimator compared to the
MLE or EVD.
The impact of coherence estimation on the performance of
MLE highlights the importance of the considered stochastic
model in the phase-linking scheme. Although this issue is
beyond the scope of this contribution, we briefly discuss the
potential solutions and leave further investigations to future
works. The improvement of the coherence estimation [7], [30]
or modification of the stochastic model is two possible ways
to approach the problem. Regarding the latter, the robust
estimation schemes, e.g., the robust M-estimator of [11],
may be adopted to modify the stochastic model relative to
a posteriori residuals. While the MLE relies solely on the
inverse of the coherence matrix and is misled by its poor
estimation, the robust scheme adaptively down weights the
outlying noise-bearing interferograms, hence balances the role
of the coherence as the only weighting criterion in the MLE.
Examining the long-term coherence scenario in Fig. 4(b)
reveals a contrasting behavior of the estimators compared to
the exponential decay. Having exploited the long-term coherence, the full-stack-exploiting schemes outperform StBAS in
this scenario. The performance of StBAS deviates from the
CRLB. This degradation is due to discarding the low-coherent
interferograms with γ∞ = 0.2. This observation corroborates
the importance of inclusion of even low-coherent (but nonzero)

interferometric pairs in phase-linking. Retrieving the long-term
coherent signal among the mini-stacks via artificial interferogram, the Sequential Estimator maintains its performance close
to the CRLB.
Coming back to the comparison of these two coherence
scenarios, different stacking strategies are observed to be
suited to each case. The proposed Sequential Estimator is,
however, shown to provide a balance between the two alternative schemes as it retains performance close to the CRLB
in both scenarios. It may therefore be proposed as a generic
approach, adaptive to the coherence pattern.
VII. E XPERIMENTS W ITH R EAL DATA
A time series of Sentinel-1 data is chosen for the first
demonstration of the Sequential Estimator. A test site is picked
in the southern volcanic islands of Italy known as Salina.
Fig. 5 is an optical view of the Salina Island revealing the
variety of land cover in the scene, ranging from rocky areas
as probable PSs to sparse vegetation as possible DS regions.
Data sets in interferometric wide-swath mode are obtained
for this test site. The acquisitions were taken from December 2014 to April 2016 from a descending orbit, providing
38 SLCs. Fig. 6(a) and (b) shows the coherence of the
observed interferograms with the shortest and longest temporal
baselines, revealing the interferometric quality of the data set.
As apparent, the data stack undergoes severe decorrelation,
rendering the phase-linking a necessary but challenging task
for this data stack. Fig. 6(c) depicts the observed interferogram
pertaining to the longest temporal baseline of 564 days. This
interferogram is estimated via spatial adaptive filtering. In fact,
the phase-linking schemes further perform a temporal filtering
that improves the estimation of this interferogram, as it will
be shown later in this section.
The aim here is to estimate the wrapped phase series,
inclusive of the geophysical and atmospheric signals, via
phase-linking. The separation of the atmosphere from the
geophysical signal follows from a second processing step as
in the case of PSs [1], [2]. This step is common to all DS
schemes, thus of no interest for the current demonstration of
the Sequential Estimator.
Setting s = 10, the Sequential Estimator divides the data
set into four isolated mini-stacks; the last mini-stack contains
eight SLCs. The phase estimation is performed on full spatial
resolution. The pointwise complex coherence matrices are,
however, estimated based on an ensemble of pixels in the
homogenous  region surrounding each pixel. The  is found
using Anderson–Darling statistical similarity test on the amplitude data [31]. The false alarm rate, a.k.a. the p-value, of the
test is set to 5%. Note that the detection of  is merely based
on the first mini-stack. Such a chosen homogeneous region is
further utilized for the future mini-stacks. To improve the spatial stationarity in the homogeneous region, the topographicinduced phase is simulated using the Shuttle Radar Topography Mission digital elevation model and reduced from
the SLCs prior to the coherence estimation. At each ministack, the data is compressed by fixing m to 1; using z̃ ML
compressed SLCs only. The data volume is thus compressed
by 90 percent.
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Fig. 5. View of the Salina Island located in Southern Italy. (a) Optical image from Google Earth showing the various land covers of the chosen test site.
(b) Temporally averaged amplitude map of the test site estimated from 38 SLCs of the Sentinel-1 SAR data stack.

Fig. 6. Interferometric content of the Salina data stack; coherence of the observed interferograms with temporal baseline of: (a) 12 days and (b) 564 days,
and (c) adaptive-multilooked observed interferogram of the latter. The coherence map of the long temporal-baseline interferogram indicates the severity of
the temporal decorrelation. phase-linking provides an estimate of this interferogram by overcoming the temporal decorrelation (see Fig. 9).

In order to analyze the performance of the Sequential Estimator, MLE phase-linking is independently performed on the
full stack. The result is used as a benchmark for comparison.
The implementation details of the MLE are kept similar to the
phase-linking of each mini-stack, the only difference being
the detection of the homogeneous pixels in  for coherence
estimation. The performance of the latter detection is driven by
the stack size [20] as well as the p-value set for the hypothesis
testing [31]. Fixing the p-value, the similarity test for the
MLE is performed on the full data stack of 38 SLCs, hence
with higher precision compared to the Sequential Estimator,
where a mini-stack of 10 SLCs is used [20]. Fig. 7 reveals the
sensitivity of the test result to the stack size by providing the
size of the detected ensemble surrounding each pixel. Note that
exploiting a single mini-stack, the number of similar pixels
is overestimated, possibly introducing outliers in coherence
estimation. One approach to tackle this problem is to adjust

the p-values of the hypothesis testing, i.e., decreasing it to
lower the probability of inclusion of less similar samples. Two
alternative approaches are proposed in [32] and [33]. As it
will be revealed in the comparison results, even with a poor
DS detection, the Sequential Estimator achieves a performance
close to the MLE. It should be noted that the homogeneity of
the  neighborhood may be disturbed by some or all pixels,
after its detection in the first mini-stack. This issue is subject
to future studies and algorithmic enhancement to sequentialize
the DS detection as well.
In the following, different strategies are considered to
compare the performance of Sequential Estimator versus the
full-stack MLE phase-linking.
A. Posteriori Coherence of the Phase Series
Proposed by Ferretti et al. [5], the quality of the phaselinking may be assessed by the goodness of fit between the
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Fig. 7. Number of detected statistically homogeneous samples surrounding each single pixel, as a result of the Anderson–Darling similarity test, under the
fixed p-value of 5%, by (a) exploiting 10 SLCs of the first mini-stack as in the Sequential Estimator and (b) using all 38 SLCs of the stack as in the full-stack
MLE scheme. As expected, the detection rate is governed by the number of exploited SLCs.

high coherence values, it overestimates the quality at low
coherences (∼γ̂ < 0.5). This implication is positively verified
via simulations.
The a posteriori coherence is hereafter used for filtering
the result and performance assessment; however, its bias shall,
be noted in the interpretation of the performed comparisons.
B. Spatial Inspection of the Estimated Interferograms

Fig. 8. A posteriori coherence as the quality measure of the Sequential
Estimator and the full-stack MLE; the Sequential Estimator slightly enhances
the phase-linking; and note that the quality measure is highly biased at low
coherence pertaining to water and dense vegetation land cover especially in
the case of MLE.

estimated and the observed phases, that is


n
n
j (φ pq −(φ̂ p −φ̂ q ))
Re
e
q=1
p=q+1
γ̂ =
(23)
n(n − 1)/2
with φ pq as the observed interferometric phase between
p and q SLCs. Referred to hereafter as the a posteriori
coherence, this quality measure reflects the validity of the
assumed PS-resembling model for the approximation of the
DS scattering behavior.
Fig. 8 shows the probability distribution function (pdf)
of the a posteriori coherence of the entire scene for both
the Sequential Estimator and the MLE. Comparing the two
hint a slight improvement of Sequential Estimator over the
MLE. The pronounced mode of the MLE’s pdf at 0.2 <
γ̂ < 0.3 is a feature worthy of further examination: spatial
investigations reveal that the mode pertains to water and dense
vegetation land cover, where fast decorrelation is expected.
In such cases, the MLE yields an overestimation of the quality
measure, while the Sequential Estimator justifiably estimates
the measure closer to zero; prompting the local mode of the
latter’s pdf at zero. This observation implies that although
the a posteriori measure provides a good approximation at

Having the wrapped phase series, an estimation of the
interferograms is provided by the pairwise differential phases.
The spatial inspection of such interferograms highlights the
merit of the temporal filtering performed by the phase-linking.
As expected, the longer the temporal baseline, the more severe
is the temporal decorrelation. The examination of the estimated
long-baseline interferograms is therefore more conclusive for
the examination of the quality of the temporal filtering.
Bearing this in mind, among all possible interferometric pairs,
the one with the largest temporal baseline of 564 days is chosen to be presented here (Fig. 9). The estimated interferogram
from the MLE and Sequential Estimator phase series are visually identical; therefore, the discrepancy between the two estimators is presented in Fig. 9(c) instead. To prove the efficiency
of the sequential scheme, the estimated interferograms from
StBAS phase-linking is demonstrated as well [Fig. 9(a)]. Note
that only the consecutive, i.e., lag-1, SLC combinations are
exploited in StBAS. As a visual assessment of the performed
temporal filtering, the estimated interferograms of Fig. 9 may
be compared to the corresponding observed interferogram
in Fig. 6(c).
Comparing the estimated interferograms, the Sequential
Estimator is shown to efficiently estimate a spatially smooth
signal, and keep a close performance to the MLE, while the
StBAS is severely degraded. This result once again emphasizes the importance of strategic efficient phase estimation as
opposed to naive negligence of long-term interferograms.
C. Spatiotemporal Assessment of the Phase-Linking
Taking MLE as the reference, the focus here is on the
quantitative performance analysis of the Sequential Estimator
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Fig. 9. Spatial inspection of the estimated interferograms with the longest temporal baseline of 564 days: (a) using StBAS by exploitation of the consecutive
SLCs, (b) applying the Sequential Estimator, and (c) discrepancy between the Sequential Estimator and the full-stack MLE. The Sequential Estimator retains
a performance close to the MLE and thus asymptotically to CRLB. Using the lag-1 interferograms, StBAS ignores the redundant interferograms and therefore
fails in temporal filtering. The corresponding observed interferogram is provided in Fig. 6(c).

with respect to the MLE. The performance is evaluated by
the discrepancy between the estimated phase series of the
two mentioned schemes. Having performed phase-linking in a
pixel-wise fashion, the phase discrepancies consist of rrg × raz
values in the spatial and n−1 in the temporal direction. To have
a statistical analysis on the performance, the rrg ×raz × (n −1)
phase discrepancy values are accumulated. Exploiting the spatiotemporally accumulated discrepancies, the histogram of the
inconsistency between the two methods is evaluated in Fig. 10;
for visualization purposes the histogram is normalized by its
maximum.
It shall be noted that the estimation results contain the noisy
phases of the surrounding water of the island. The a posteriori
coherence is used to mask such pixels. The coherence threshold is set to γ̂ ≤ 0.4; same mask is used for the visualization
of the interferograms in Figs. 6 and 9.
As apparent from these figures, the surrounding water as
well as part of the caldera is concealed by the introduced
mask. Inspecting the optical view of the island, the latter
corresponds to denser vegetated area, where the approximation
of DS region by PS-resembling model fails, hence compromise
of the estimated a posteriori coherence value.
Fig. 10 depicts the histogram of the accumulated phase
discrepancies for both original and masked estimation results.
The Sequential Estimator is in agreement with the full-stack
MLE, as evident from the first and second moments. These
measures indicate the bias and the precision of the Sequential Estimator with respect to the MLE. Given Sentinel-1’s
5.405 GHz sensor frequency at C-band, the estimated bias and
precision of 0.1 and 0.52 rad translate to 0.44 and 2.2 mm in
slant range, respectively. The reported performance is prior to
the separation of the atmospheric signal.
D. Performance With Respect to the a Posteriori Coherence
Described in the previous section, the spatiotemporal
accumulation of the phase discrepancies is exploited here
as well. The normalized histogram of phase discrepancies
corresponding to different a posteriori coherence levels is
evaluated in Fig. 11; providing the estimation bias and

Fig. 10.
Spatiotemporal analysis through normalized histogram of the
phase discrepancy between the MLE and Sequential Estimator; the overall
performance of the Sequential Estimator relative to the MLE is resulted from
the histograms (see Section VII-C for details on the utilized mask).

Fig. 11. Performance of the Sequential Estimator at different coherence levels
compared to the MLE; the bias (μi ) and precision (σi ) of the estimator is
reported relative to the a posteriori coherence, with i referring to the reported
coherence level. The agreement between the two methods increases with the
increase of the coherence.

precision of the Sequential Estimator relative to the quality of phase-linking. As revealed from the simulations of
Section VI-C, in the case of higher coherence, the performance
of the two estimators is closer than cases of fast decorrelation.
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Fig. 12. RMS of the phase discrepancies between the Sequential Estimator
and the MLE; the agreement of the two methods increases with the a posteriori
coherence. The high difference at low coherences may stem from the poor
performance of the MLE. An independent validation with PSI or GNSS,
therefore, provides a more conclusive approach at low coherences.

In the pursuit of retrieval of the geophysical parameters, it is
common practice to discard low quality estimated phases in
the processing steps to follow. Considering such masking and
choosing a coherence threshold of 0.85, the bias and precision
of the Sequential Estimator improves to 0.07 and 0.3 rad
equivalent to 0.3 and 1.3 mm in slant range, respectively.
E. RMS With Respect to the MLE
As the final assessment strategy, the accumulated phase
discrepancies are grouped according to their a posteriori
coherence in regular coherence intervals. The root mean
square (RMS) of the discrepancies at each ensemble is further
evaluated, providing the discrete phase difference as a function
of the a posteriori coherence in Fig. 12. As depicted, the difference measure is governed by the coherence. At high coherence,
the agreement of the two schemes is evident. At low coherence
levels, however, the comparison is not as straightforward.
As observed in Section VI-C, the MLE is severely erroneous
in fast decorrelation scenarios. The high RMS values at low
coherence levels may therefore stem from poor performance of
the MLE. A more conclusive comparison shall be considered
for the performance assessment specifically at low coherence.
We suggest validation with independent InSAR or geodetic
techniques, such as Persistent Scatterer Interferometry or
Global Navigation Satellite System, as decisive approaches.
For the sake of consistency, such validations are postponed to
separate investigations.
VIII. C ONCLUSION
The Sequential Estimator is proposed as an efficient processing scheme to exploit the unprecedented Big Data in InSAR.
The main objective of the estimator is to move toward an
NRT processing scheme while retaining the optimality of
phase estimation close to the CRLB. The latter objective
accommodates high-precision monitoring of small-scale earth
surface deformations.
Performing comparisons with conventional stacking
approaches, the role of coherence estimation is highlighted
as the major obstacle for achieving high-precision phase

estimation. Supported by the simulation studies in this paper,
the proposed Sequential Estimator is shown to reduce the
impact of coherence estimation error owing to its intermediate
filtering of the interferograms at each sequence. However,
this potential of the estimator for improving the phaselinking shall be studied via independent validation, e.g., with
GNSS or PSI techniques, and is not proven as of present.
The proposed scheme suggests a generic guideline for efficient processing of large data stacks via recursive estimation
of the complex covariance for the InSAR stacks. The core
elements are data compression and the generation of the artificial interferograms. The implementation steps for fulfilling the
core tasks, e.g., phase-linking and data compression techniques
may be replaced by a wide range of alternative solutions
and may therefore improve the algorithmic and/or estimation
efficiency of the Sequential Estimator. The following are
instances of such improvements which give direction for future
investigations:
The current proposal for implementation of the Sequential
Estimator simplifies data compression by setting the dimension
of the signal subspace to 1. According to the experiments with
real-data higher order components do not have a contribution
in the performance of the estimator. Theoretically, however,
this simplification might trouble the Sequential Estimator in
two scenarios: 1) in the presence of more than one dominant systematic change in the resolution cell and 2) in
extreme exponential decaying coherence scenarios where the
DS undergoes total decorrelation at a pace much faster than
the sampling rate of the Sequential Estimator, governed by
the mini-stack size. Apart from increasing m, the latter may
be solved by adapting the size of the mini-stack or considering
overlap between the mini-stacks. Therefore, two directions for
future research are: 1) the generalization of the Sequential
Estimator for m > 1, such that its response to generic coherence scenarios is not compromised (see [9] for an instance of
such generalization) and 2) further studies on the choice and
possible adaptability of mini-stack size.
Having the MLE as its phase-linking approach, the performance of the Sequential Estimator at each sequence is
bound to the performance of the MLE and especially its
sensitivity to the coherence estimation. Any improvement of
the MLE and/or the coherence estimation therefore enhances
the Sequential Estimator.
The core MLE may be replaced by more agile, but suboptimum, phase-linking schemes. Examples are SBAS-like
approaches, EVD or the like, which potentially reduce
the computational burden of phase-linking within the ministack. Such simplification compromises the sensitivity to the
small-scale geophysical signals and is thus only allowed
dependent on the permissible performance degradation.
The PCA approach for data compression is primarily chosen due to its algorithmic efficiency. This simple approach
may be substituted by more rigorous low-rank approximation
schemes, with examples ranging from projection pursuit and
independent component analysis to robust PCA. The drawback
is, however, the increase in the computational burden.
A future research direction in the realm of sequential
processing is the introduction of sequential statistical similarity
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tests. The latter shall address possible changes to the homogeneity of the defined DS neighborhood which might occur
after its detection in the first mini-stack. Such improvements
may as well improve the detection of homogeneous ensembles
for coherence estimation.
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Abstract—A conventional interferometric synthetic aperture
radar (SAR) system provides 1-D line-of-sight motion measurements from repeat-pass observations. Two-dimensional motions
may be measured by combining two observations from ascending
and descending geometries. The third motion component may
be retrieved by adding a third geometry and/or by integrating
along-track measurements although with much reduced precision compared to the other two components. Several options
exist to improve the accuracy of retrieving the third motion
component, such as combining left- and right-looking observations or exploiting recently proposed innovative SAR acquisition
modes (BiDiSAR and SuperSAR). These options are, however,
challenging for future SAR systems based on large reflector
antennae, due to lack of capability to electronic beam steering or frequent toggle between left- and right-looking modes.
Therefore, in this letter, we assess and compare the realistic acquisition scenarios for a reflector-based SAR in an attempt to
optimize the achievable 3-D precision. Investigating the squinted
SAR geometry as one of the feasible scenarios, we show that a
squint of 13.5◦ will yield comparable performance to the leftlooking acquisition, while further squinting outperforms this or
other feasible configurations. As an optimum configuration for 3-D
retrieval, the squinted acquisition is further elaborated: the different acquisition plans considering a constellation of two satellites as
well as the challenges for data processing are addressed.
Index Terms—Azimuth shifts, error analysis, interferometric
SAR (InSAR), SAR acquisition geometry, squinted SAR, 3-D
surface motion.

I. I NTRODUCTION

I

NTERFEROMETRIC synthetic aperture radar (InSAR) has
proved to be a precise geodetic tool in Earth deformation
monitoring. This technique, however, merely allows capturing
the projection of the actual 3-D surface motion onto the line of
sight (LOS) direction of the sensor. The observed 1-D motion
is rather blind to the motion in the along-track direction (ATD)
of the satellite. This blindness hinders the retrieval of precise
3-D motion. The 3-D surface monitoring is of utmost importance
in precise/unambiguous modeling of geophysical phenomena,
such as seismic and volcanic activities, as well as precise
model-free deformation monitoring [1]–[6]. This importance
has led the geophysical community of SAR users toward 3-D
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retrieval of the surface motion [5]. In previous studies, the
fusion of LOS measurements from different acquisition geometries and/or with the differential SAR image shifts in ATD
has been proposed as a solution. However, equal-precision
3-D motion estimation cannot be achieved; specifically, the
precision in the north direction is severely compromised. To
improve this precision, the fusion of InSAR measurements
acquired from right- and left-looking geometries on both ascending and descending passes (hereafter referred to as crossheading tracks) was suggested [1], [2]. Although enhancing the
precision, the left-looking acquisition requires extreme attitude
maneuver which is critical for satellites with large reflector
antenna. Moreover, despite improvement, this configuration
does not allow the retrieval of north motion with a precision
comparable to the other two motion components. This fact calls
for the investigation of alternative acquisition geometries.
InSAR 3-D performance is merely related to the imaging
geometry of the combined acquisitions, defined by the satellite
heading and antenna look angle. The higher is the angular
diversity among the combined acquisitions, the more precise
would be the 3-D retrieval. There are two options to improve the
angular diversity. One is combining acquisitions from different
look angles; in this regard, the left-looking configuration provides the maximum angular diversity when combined with the
right-looking. The second possibility is alteration of the heading angle, which consequently improves the sensitivity of the
acquisitions to the north motion. As it will be shown, the latter
has a greater impact on improving the 3-D performance but has
consequences for the orbit design. A comparable effect to heading angle alteration can be achieved by squinted acquisition.
There are several proposals (BiDiSAR [7] and SuperSAR [6])
focused on the squinted SAR via the so-called bidirectional
imaging mode which enables simultaneous acquisition of foreand backward-looking images. However, future SAR systems
based on large reflector antennae, such as DLR’s TanDEM-L
proposal [8], will not be capable of this acquisition mode. The
focus of this letter is on investigation of the advantages of
the squinted SAR for such systems in a conventional stripmap
acquisition mode while addressing and comparing to the other
geometrical and data fusion possibilities.
II. I N SAR IN 3-D M OTION R ETRIEVAL
The LOS motion observed by InSAR can be expressed as the
inner product of the following: dLOS = eLOS · d, where d is
the 3-D motion vector in the local east–north–vertical system:
d = [de , dn , dv ]T and eLOS is the LOS unit vector. The latter
is a function of the antenna orientation, i.e., the heading α and
look angle θ.

ATD motion may also be obtained by the differential image shifts in azimuth direction, hereafter referred to as the
azimuth shifts, although with a much lower precision compared
to InSAR. These measurements can be obtained by various
techniques such as cross-correlation, exploitation of spectral
diversity [9], [10], etc. In this case, the 3-D motion is mapped as
follows: dALD = eALD · d, where eALD is the ATD unit vector,
as a function of the local heading angle α.
Introducing the functional model y = A · d, where vector y
contains the observed motion and matrix A is defined by the
respective measurements’ direction, i.e.,

TABLE I
I NVESTIGATED G EOMETRICAL C OMBINATION S CENARIOS AND THE
R ESULTED 3-D P ERFORMANCE AT THE E QUATOR (σLOS = 19 mm)

yi = (dALD,i or dLOS,i )
ai = [eALD,i or eLOS,i ]
A = [a1 , a2 , . . . , an ]T
the 3-D motion is retrieved by weighted least squares as follows:

−1 T −1
1
d = AT Q−
A Qy y.
(1)
y A

Here, Qy is the covariance matrix introducing the measurements’ stochastic model, approximated by the Cramér–Rao
bounds of interferometric [11] and azimuth shift [12] measurements, i.e.,
 2
1 − γ2 λ
2
2
σ0,LOS =
+ σAPS
(2)
2N γ 2 4π
3 1 − γ2 2
2
σ0,ATD
=
·
·ρ
(3)
2N (π.γ)2 az
respectively. Here, γ is introduced as signal coherence, N is the
number of samples exploited in the estimation of the measurements, ρaz is the SAR resolution in azimuth direction, λ is the
SAR wavelength, and σAPS represents the atmospheric errors.
Having this setup, the 3-D estimation covariance matrix can
be utilized as the statistical measure for assessing the 3-D
performance:
⎡ 2
⎤
σe
σen
σev
 T −1 −1
σn2
σnv ⎦ .
Qd = A Qy A
= ⎣σen
(4)
σev
σnv
σv2

Qd is a square symmetric matrix serving as the initial point
of error assessment: with its diagonal elements representing the
estimation error variance and its 2 × 2 submatrices representing
the second-order statistics of joint bivariate probability density
function (pdf) between the parameter pairs. Assuming Gaussian
stochastics, the joint pdfs are further visualized as follows:
applying the eigendecomposition of the aforementioned submatrices, the eigenvalues (λ1 , λ2 ) and eigenvectors (v 1 , v 2 ) yield
qi,j =

σi2
σi,j

σi,j
→
σj2

2

λk v k v Tk .

qi,j =

(5)

k=1

Based on the decomposition results, the error ellipses are
then formed: with λ1 , λ2 as their semimajor and minor axes
elongated in the direction specified by the corresponding eigenvectors. The inspection of the minor to major axis ratio of the
ellipse indicates the condition number of estimation in respective parameter subspace, while its orientation represents the
parameter correlation. Trivially, in case of extreme correlation,

the two directions cannot be separately resolved. In ideal cases
where the parameters are retrieved with equal precision and are
statistically independent (uncorrelated), the ellipse becomes a
circle. Therefore, in the following sections, the error ellipses
are used as a concise visual interpretation tool for error analysis
of the different geometrical scenarios.
III. E FFECT OF O RBIT AND ACQUISITION G EOMETRY
This section focuses on the effect of variation of geometry
on the 3-D performance in a pure interferometric approach.
The heading angle is measured clockwise from the local north
direction to the projection of the satellite trajectory on the
ground. The local north direction depends on the geodetic location of the imaged scene, while the projection of the satellite
track changes with the inclination of the orbit and the satellite
attitude (causing the squint angle) [13]. We fix the first variable
by considering the 3-D performance at the equator, where the
worst precision is expected, and analyze the effect of satellite
orbit and squint angle (see [1] for a thorough study on the effect
of look angle).
To keep the investigated cases comparable, a basic observation scenario comprising three acquisitions from cross-heading
tracks is assumed in the entire analysis. The first two acquisitions are fixed to cross-heading tracks both acquired from rightlooking, while the third is altered according to each specific
case. For comparison purposes, the nominal all right and left
and right-looking acquisition combinations are considered as
well (Table I; cases I and IV, respectively). The investigated
cases are summarized in Table I and are elaborated throughout
this letter. Fig. 1 provides the 3-D LOS unit vectors of the
different acquisitions of Table I projected to the 2-D local
planes. The projection of the 2-D LOS vectors to each of the
given axis of the local planes indicates their sensitivity to the
corresponding motion component.
We consider an L-band SAR (λ = 23.9 cm) with an average
coherence of 0.4 and N = 10 samples for calculation of the
measurements’ stochastic model and neglect the atmospheric

Fig. 1. Projection of the 3-D LOS of the different acquisition geometries of
Table I on the 2-D local planes; the projection of each vector on the E-, N -, and
V -axes indicates the sensitivity of LOS to the corresponding component. Note
that the squinted acquisition improves the sensitivity to the north component.

Fig. 3. Comparison of the different acquisition scenarios via the error ellipses
and parameter correlations; the extreme correlation of the north–vertical plane
is reduced by considering the left-looking or squinted acquisition.

cates the performance gain in retrieving the north component
when going to mid-inclined orbit regimes. Such orbit design,
however, limits the latitudinal imaging coverage. Table I case II
reports the 3-D precision for an inclination of 50◦ .
B. Squinted Acquisition and Increment of the
Angular Diversity

Fig. 2. Impact of changing the geometry on the achievable 3-D precision, by
(left) variation of the inclination of the orbital plane and (right) variation of the
squint angle; 13.5◦ of squint (equivalent to a yaw rotation of 24◦ ) will yield
similar performance as a left-looking configuration.

errors. This yields a ranging accuracy of 19 mm [according to
(2)]. A variation of the coherence level or the number of independent samples merely has a scaling effect on the error analysis.
A. Orbit Design and Increasing the Satellite Heading Angle
The first option to improve the sensitivity to the north component is to increase the heading angle, which is in direct
relation to the orbital inclination. The current SAR missions are
in near-polar sun-synchronous orbits. This orbit design allows
negligible variation of inclination. In order to benefit from this
variation in 3-D performance, we relax the near-polar sunsynchronous orbit design and allow the variation of inclination
in [50◦ to 80◦ ] range for a typical low Earth orbit (LEO) of
0.001 eccentricity in 700-km altitude. The heading angle would
consequently vary, leading to the gain in the sensitivity to the
north direction and hence the 3-D performance. As an illustration, we consider the basic combination scenario with all rightlooking acquisitions affected by an orbit of varying inclination
and show the 3-D performance in Fig. 2, left. The figure indi-

Instead of increasing the heading angle via changing the orbit
design, the angular diversity of the involved acquisitions can
be enhanced by steering the radar beam away from the zeroDoppler plane, leading to squinted acquisitions.
Having the nominal combination scenario (case I) and fixing
to a typical orbit (eccentricity: 0.001, altitude: 700 km, inclination: 98.158◦), we assess the effect of a squinted acquisition by
squinting the third right-looking acquisition in the range θsq =
[5◦ , 20◦ ]. The heading and look angles change accordingly by
Δα and Δθ, as follows:
Δα ≈ asin (sin θsq / sin θ)

(6)

Δθ ≈ atan(tan θ cos Δα) − θ.

(7)

Fig. 2 (right) depicts the 3-D precision as a function of
the squint angle, revealing the performance gain of the north
component when increasing this angle.
Table I enables comparing the performance of the squinted
geometry with θsq = 20◦ (case III) to the nominal geometric
scenarios (cases I and IV) as well as the mid-inclined orbit
with incl = 50◦ (case II). As apparent, the squinted acquisition
enables a performance gain beyond the limits of the other possible geometric scenarios, especially in retrieving the critical
north component. For a comprehensive error analysis, the error
ellipses of the mentioned cases are depicted in Fig. 3. Inspecting
the error ellipses of the nominal right-looking scenario (case I)
reveals a strong correlation between the north and vertical
components. This leads to ambiguity in the separation of the
motion components in this plane. The mentioned correlation is
decreased when considering the left or squinted acquisitions,
showing a better resolving performance for the latter.
Based on the comparisons, the squinted acquisition proves to
outperform the possible acquisition geometries while avoiding

the challenges of the left-looking configuration or change of
the orbit design. The tradeoff here is, however, at (In)SAR data
processing level in the presence of high squint angle [13]. This
issue is shortly addressed in the following.

TABLE II
T HREE -D IMENSIONAL P ERFORMANCE OF T WO D IFFERENT
S QUINTING S TRATEGIES

IV. S QUINTED ACQUISITION , O PTIONS ,
AND C HALLENGES
There are two basic ways to realize a squinted geometry with
a SAR: mechanical and electronic squints (or a combination
of the two). In the first case, the platform undergoes a rotation
about the yaw axis. Note that this option entails a variation
of the Doppler centroid within the swath, which needs to be
considered in processing. The Doppler centroid will be
fDC =

2v
sin αyaw sin θ
γ

(8)

which yields a variation between 15 and 26 kHz, from near
to far range (25◦ –45◦ of incidence) for a 36◦ yaw rotation of
an L-band system, with the LEO velocity v. Such a variation
should be compared with a typical Doppler bandwidth of 1 kHz
for azimuth resolutions on the order of 10 m. To minimize the
Doppler variation within the swath, it is possible to introduce
a pitch rotation [14], [16], but then, the heading of the LOS
projection on the ground will not be constant across the swath.
This is also the case of the second option for squinting: the
electronic steering. A phase ramp along the antenna will center
the beam on a constant-Doppler cone (assuming the default
system was totally zero steered [14], [16]), which corresponds
to different headings of the LOS projection on the ground. Electronic steering requires dedicated hardware or phased arrays
with adequately small element spacing to avoid the formation
of strong grating lobes. The squinted geometry will pose additional requirements on timing and azimuth positioning of the
sensor. A positioning error Δaz will translate into a range error
(thus a phase error) of Δrg = Δaz sin θsq . In practice, only
range and azimuth variations of Δrg will be relevant since a
constant offset produces only a phase bias.
Concerning SAR processing, squinted acquisitions may
require the introduction of special focusing strategies. The
Doppler rate will vary with topography, inducing phase and defocusing effects. Both can be accommodated in a postprocessing step (see [15]). In practice, if the normal baselines are small
enough, such corrections might be even unnecessary since most
of the errors cancel out in the formation of interferograms,
being only dependent on the geometry.
References [6] and [7] have addressed the feasibility of
squinted SAR processing, through simulations and experiments
with TerraSAR-X, respectively. Note that the proposed squint
angle of 20◦ by this letter corresponds to ∼20-kHz Doppler
centroid frequency for L-band, which has been proved to be
feasible by experiments with TerraSAR-X [7].
A. Options of Acquiring Squinted SAR Geometries
Assuming Δθ◦ diversity between the ascending acquisitions
and keeping the descending passes at zero-Doppler geometry,
the angular diversity can be achieved either by an extreme
squinting of an ascending track by θsq = Δθ◦ every second
pass or by lower squinting each ascending track once in a

forward θsq = −Δθ◦ /2 and once in a backward manner θsq =
+Δθ◦ /2. The former has the advantage of maintaining zeroDoppler geometry for every second ascending acquisition and
the disadvantage of an extreme squinting at every second track.
The latter has the benefit of lower squinting at each ascending
pass but the drawback of slight performance loss compared
to the extreme squinting scenario (Table II). However, both
strategies limit the interferometric stacking possibilities of the
ascending tracks to the acquisitions with similar squinting.
Considering the constellation of two satellites, e.g.,
TerraSAR-X/TanDEM-X or the proposed TanDEM-L mission
[8], the aforementioned acquisition strategies may be extended.
For instance, one satellite may only be fixed to forward squinting and the other to backward at all ascending tracks. This
option enables the instantaneous 3-D retrieval at each revisit:
with the drawback of noncoherent acquisitions between the two
satellites and the advantage of full stacking capability at all
ascending tracks. The alternative for keeping the acquisitions
coherent between the two satellites would be to apply the
aforementioned fore- and backward squinting plan to each.
Table II summarizes the 3-D performance of different acquisition plans. The further improvement of 3-D performance by
considering the fore- and backward squints of ±20◦ is evident.
V. E FFECT OF M EASUREMENT F USION
Being projected to the ATD, the azimuth shifts are geometrically complementary to the interferometric measurements.
The quality of the azimuth shifts, however, is limited by SAR
azimuth resolution, and the relative contribution of the shifts
compared to the interferometric measurements is merely governed by the ratio of the azimuth resolution to half of the
wavelength [12]. Therefore, the fusion of azimuth shifts is
only advantageous in cases of long-wavelength SAR with high
azimuth resolution.
To show the 3-D performance, integration of azimuth shifts
to the nominal right-looking combination scenario of case I
is considered. We compare two extreme cases, with azimuth
resolutions (ρaz ) of 10 and 2 m (Table I, cases V and VI,
respectively). An L-band SAR with a coherence of 0.4 and
ten independent samples are assumed in the estimation of the
quality of measurements [according to (2) and (3)]. Comparison
of the results (Table I) indicates that the integration of azimuth
shifts can enhance the 3-D performance. As expected, the extent
of this improvement is governed by the azimuth resolution.
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ABSTRACT
We assess the reliability of space-borne InSAR-derived
deformation source parameters for volcanic and seismic
events, with special focus on the future L-band data of
the proposed Tandem-L mission [1-3]. Using
representative simulation cases, the influence of certain
characteristics of the InSAR measurements on the
source model parameter precision is quantified. The
performance drivers are assessed from two aspects: the
data acquisition geometry as well as the measurement
noise; in particular governed by signal coherence and
superposed atmospheric signal. The significance of each
these governing noise components is shown to be
dependent on the spatial scale of the geophysical signal
of interest as well as the deformation source mechanism
in question. Here, we estimate the error bounds for the
inferred source parameters as a function of the signal
coherence and atmospheric signal parameters.
1. INTRODUCTION
Interferometric Synthetic Aperture Radar (InSAR)
technique has been widely used for monitoring the Earth
deformation as well as modeling the sources causing
such deformation. Although a great number of
publications have focused on the application of InSAR
in source modeling and development of inversion
algorithms, much less attention has been dedicated to
the reliability of InSAR in source modeling. The aim of
this paper is to introduce the InSAR performance
drivers and quantify their influence on reliability of the
InSAR derived source parameters. With special focus
dedicated to the performance of the German Aerospace
Center’s (DLR) future L band SAR mission, Tandem-L
[1-3].
The reliability of source modeling is in close relation
with the data quality, processing algorithms, complexity
of the model and the deformation magnitude caused by
the source. Therefore a comprehensive reliability
analysis shall cover all these aspects. Being focused on
the InSAR performance, our analysis is mostly
dedicated to the investigation of the data quality. We
therefore constrain the other aspects by consideration of
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volumetric deformation sources, such as volcanic
events, and crustal dislocation sources, such as seismic
events. We further limit the analysis to a few
representative cases with the purpose to introduce
estimated error bounds for source modeling of the
mentioned events.
The main aim of this work is thus on understanding the
propagation of InSAR data errors to the source
parameters and of quantifying the effect of InSAR
limiting factors on the precision of derived source
parameters.
2. DEFORMATION SOURCE MODELING
The crustal deformation is captured by differential
InSAR measurements, as a projection of the 3D surface
displacement in the Line of Sight (LOS) direction of the
sensor [4]:
𝑑𝐿𝑂𝑆 = (𝑑𝑛 . sin 𝛼 − 𝑑𝑒 cos 𝛼) sin 𝜃 + 𝑑𝑢 . cos 𝜃 (1)
Where 𝑑𝑒 , 𝑑𝑛 , 𝑑𝑢 are the displacement components in
the local east, north and up direction; and 𝛼 and 𝜃 are
the heading angle of the satellite and incidence angle of
the SAR beam, respectively.
The observed surface displacement can be related to the
geophysical processes causing the three-dimensional
surface deformation through a model (𝐺) of a set of
parameters (𝒙):
𝑑 = 𝒆 . 𝐺(𝒙)

(2)

With 𝒆 as the unit vector which projects the threedimensional modelled displacement into the LOS
direction.
Inverting Eq. 2, the InSAR measurements may be used
to infer the geophysical parameters of the deformation
source.
The focus of this work is on modelling the seismic and
volcanic activities; for which the simple and commonly
used Okada dislocation model [5] and the Mogi point-

source model [6] in the elastic half-space are introduced
as the relevant 𝐺(𝒙). In this way, without loss of
generality, we simplify volcanic sources with point
sources and seismic ruptures by uniform slip on a single
rectangular fault.
The point-source Mogi model is considered for radialsymmetric deformation in an elastic half-space caused
by volume change inside a spherical magma chamber.
The model is described by four model parameters: three
geometric parameters for the horizontal location as well
as the depth of the magma chamber and the fourth
accounting for the volume change inside the chamber.
The elastic half-space Okada model relates the surface
displacement to a rectangular fault plane with a uniform
slip. The fault plane is described by its location,
orientation and extension. The location is
conventionally given by the east, north and depth
coordinates of the fault centre. The orientation is given
with respect to the north direction and horizontal surface
with the strike and dip angles, respectively. The
extension is defined by the width and length of the
rectangular plane. The magnitude of the fault relative
displacement during the rupture is defined by the slip
parameter and the fault slip mechanism is given by the
rake, as the direction of the slip on the fault plane.
3. InSAR PERFORMANCE DRIVERS
3.1. SAR Geometrical Limitations
Projecting the displacement in the LOS direction; the
InSAR measurements are limited in capturing the 3D
displacement field. The special choice of near-polar
sun- synchronous orbits of typical SAR satellites causes
a poor sensitivity of the InSAR measurements to the
displacement in south-north direction [7].
Dependent on the geometry of the deformation source,
the poor insensitivity to the north motion component
poses problems for precise unambiguous source
modeling. To improve the sensitivity and modelling
accuracy the fusion of multi-aspect InSAR
measurements from different ascending/descendingright/left- looking acquisitions and/or fusion of the pixel
tracking techniques in the azimuth is suggested [7,8].
Pending is the quantification of the performance gain
for the multi-aspect fusion.

Single Point Decorrelation
Decorrelation noise is defined here as the error sources
with correlation length small enough to introduce no
covariance between the measurements. Examples can be
the induced noise by the SAR instrument, processing
algorithms, temporal and volumetric scattering
mechanisms, etc. The total phase coherence of a single
pixel is then derived as [9]:
𝛾tot = ∏𝑖 𝛾𝑖

(3)

In which 𝛾𝑖 corresponds to each of the decorrelation
sources. The phase standard deviation relation to the
total coherence is approximated by [10]:
𝜎𝜙2 =

1−𝛾tot 2

(4)

2𝑁 𝛾tot 2

with 𝑁 as the number of multi-looked pixels. Given the
SAR wavelength 𝜆, the phase dispersion is propagated
to the maximum achievable precision of the LOS
deformations:
𝜆

2

𝜎𝑑2𝐿𝑂𝑆 = ( ) . 𝜎𝜙2
4𝜋

(5)

Thus the single points’ stochastic model reads as:
𝑄s.p. = 𝜎𝑑2𝐿𝑂𝑆 . 𝐼

(6)

with 𝐼 introduced as an identity matrix.
Spatial Correlation
Spatially propagating over the interferogram, the second
type of error sources introduces correlation between the
single measurements. The errors induced by imprecise
satellite orbit, low resolution DEM, phase unwrapping
algorithms and atmospheric wave propagation effects
are categorized in this group.
We treat the errors related to satellite orbits and utilized
DEM as deterministic errors which may be modeled and
compensated; therefore neglect them in the stochastic
model. We also exclude the phase unwrapping errors as
their impact is beyond the scope of this study. The
remaining source of spatially correlated error is
therefore the atmospheric wave propagation effect also
known as the Atmospheric Phase Screen (APS).

3.2. InSAR Measurements’ Noise
Inspired by [4], we distinguish between two different
stochastic mechanisms in modeling InSAR noise. The
first category contains the error sources affecting the
single InSAR measurements referred to as decorrelation
sources; the second category accounts for the spatial
correlation between the single measurements.

The atmospheric effects are divided into dispersive and
non-dispersive parts, caused by the ionospheric and
tropospheric layers, respectively. The dispersive delay is
dependent on the SAR wavelength and expected to be
mitigated to a large extent by multi-spectral approaches
[11], the residual errors maybe considered in the
stochastic model.

The covariance function of the residual tropospheric
delay has been well studied and a number of models
have been suggested in the literature [e.g. 4, 12]. In
order to generalize this stochastic model, two
simplifications are considered. Firstly, we assume a flat
area with no tropospheric stratification. Secondly, the
tropospheric signal is considered to be stationary and
isotropic; thus it is only a function of the distance
between the measurement points. Under these
assumptions, the Matern-family model [12, 13] has been
chosen to describe the covariance function of the delay:
2
𝑞𝑖,𝑗 = 𝜎𝑇𝑃𝑆
.

1
2𝜈−1 .Γ (𝜈)

.(

2√𝜈|𝑑|
𝜌

𝜈

) . 𝐾𝜈 (

2√𝜈|𝑑|
𝜌

)

(8)

Defined by the following functions/parameters:
Γ(. ): Gamma function
𝐾𝜈 (. ): modified Bessel function of the second kind
2
𝜎𝑇𝑃𝑆
: variance of the residual tropospheric delay
𝜈:
smoothness parameter
𝜌:
tropospheric correlation length
𝑑:
distance between single measurements 𝑖, 𝑗
Based on the covariance function, the covariance matrix
of observations is obtained:

𝑄APS

𝑞1,1
𝑞2,1
= [
⋮
𝑞𝑛,1

𝑞1,2
𝑞2,2
⋮
𝑞𝑛,2

…
…
⋱
…

𝑞1,𝑛
𝑞2,𝑛
]
⋮
𝑞𝑛,𝑛

(9)

(11)

with 𝐽 as the Jacobian matrix of the SAR measurements
with respect to the deformation source parameters 𝑥:
𝜕𝑑1

𝐽=

𝜕𝑥1

⋮

𝜕𝑑𝑚

[ 𝜕𝑥1

…
⋱
…

𝜕𝑑1

𝜕𝑥𝑛

⋮

𝜕𝑑𝑚

(12)

𝜕𝑥𝑛 ]

𝑄𝑑 as the measurements’ covariance matrix defined in
section 3.2.3, and {. }, {}𝑇 as the matrix multiplication
and transpose operation, respectively.
Following this approach two approximations are
introduced: first, the a posteriori PDF of the parameters
is approximated by a Gaussian function, which does not
allow for multi-modality or asymmetry of the error
structure. Second, the nonlinear source model is
linearized by the first term of its Taylor expansion. The
latter effect is minimized by evaluation of Jacobian
matrix at the solution point (the global minimum of the
cost function) of the model.
The covariance function obtained by Eq. 11 is the initial
point of the error assessment; with its diagonal elements
approximating the estimation error variance and its
2 × 2 submatrices representing the joint bivariate
normal PDF between parameter pairs.
5. PERFORMANCE ANALYSIS
5.1. Geometrical Performance Assessment

The different driving mechanisms of the single point
and APS noises allow for an addition of the two
introduced stochastic models [4], such that the joint
stochastic model for InSAR measurement reads as:
𝑄d = 𝑄s.p. + 𝑄APS

𝑄𝑥 = 𝐽. 𝑄𝑑 . 𝐽𝑇

(10)

4. METHODOLOGY IN PERFORMANCE
ASSESSMENT
In order to assess the reliability of an inferred
deformation source model from the SAR data, the study
of the a posteriori probability density function (PDF) of
the model parameters is the appropriate statistical tool.
The precision of the estimation may be inferred from
the marginal PDFs of the single parameters while the
joint PDF between parameters give an indication of
their mutual attributes such as their correlation.
Here we use the first order reliability methods [14] to
estimate the covariance function of the source
parameters using:

The geometrical performance is considered by
comparing the reliability of source parameters under
three different scenarios: single aspect geometry, multiaspect geometry comprised of two descending and one
ascending tracks, all captured in right-looking mode,
and finally a combination of ascending/descending
tracks from right and left-looking directions (Tab. 1).
The first two geometrical scenarios are chosen
according to the nominal acquisitions planned for
Tandem-L. The left-looking is also added in the third
case to quantify the possible gain of this acquisition
mode.
The a posteriori model covariance function is obtained
by Eq. 11. The measurement’s stochastic model (𝑄𝑑 ) is
not included to isolate the pure impact of geometry. The
estimated covariance matrices are normalized by the
increment in the number of observations from one
geometric scenario to the other, so that the obtained
results merely indicate the effect of geometry and do not
benefit from the increased number of observations in
multi-aspect scenarios. The comparisons are considered
for Mogi and Okada model, separately.

Table 1. Geometrical comparison scenario
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With single aspect InSAR measurements being less
sensitive to the motion in south-north direction, the
seismic modelling is most problematic in cases where
the 3D surface displacement has its main component in
this direction. The magnitude of the decomposed motion
in different directions depends solely on the orientation
of the fault and direction of the slip; indicated by the dip
and rake parameters of the model. In this regard, two
events are considered as the best-case and worst-case
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Figure 1. Volcanic model parameter 95% error ellipses as
sections of the bivariate normal distribution of error between the
parameter pairs of Mogi model, reported for the three geometric
scenarios listed in Tab. 1
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obtained for each of the geometrical scenarios is
depicted in Fig. 2. Compared to the single aspect
scenario, the figure depicts the maximum gain of 6 and
8 percent in multi-aspect right- and right/left- looking
scenarios, respectively. The sufficiency of the singleaspect InSAR is evident from this result. In case of the
Mogi source-model, it is evident that single geometry
measurements suffice for inversion of the model
parameters. However, it should be noted that this result
is obtained for the simple radial-symmetric models. The
situation will be different in scenarios where
asymmetric or multi-source models are required for
volcanic modelling.
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displacement data. This correlation is not reduced when
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a slight correlation between the horizontal coordinates
of the modelled point source decreases with the multiaspect geometry scenario. It can thus be interpreted as
an effect of the SAR geometric limitations.
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Figure 2. Volcanic model parameters standard deviations
normalized by the number of observations, reported for three
different geometric scenarios listed in Tab. 1

total deformation in the north component and the latter
70 percent (Fig. 3). The simulated faults are 20 km long,
11 km wide and located at 5.5 km depth. Both are
reverse faults (rake = 90°) and slip by 5 m. The first
fault strikes east-west and with dip of 26 degrees, while
the second fault strikes north-south with dip of 50
degrees.
Following the comparison strategy of section 5.1.1, the
standard deviation of the estimated model parameters
under each of the acquisition scenarios of Tab. 1 are
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Figure 3. Total and decomposed surface displacement patterns of the simulated faults: Fault 1 (left), Fault 2
(right); with maximum and minimum south-north displacement respectively
140

140

STD [m]

120
100

80
60

Multi Aspect Right

Multi Aspect Left/Right

Single Aspect

200

200

150

150
Multi Aspect Right

Multi Aspect Left/Right

Single Aspect

Strike
Dip
Rake

1.5
1
0.5
Multi Aspect Right

Multi Aspect Left/Right

STD [deg]

STD [deg]

Multi Aspect Right

2

2

0
Single Aspect

1
0.5
Multi Aspect Right

Multi Aspect Left/Right

0.12
Slip

Slip
0.1

STD [m]

STD [m]

Multi Aspect Left/Right

Strike
Dip
Rake

1.5

0
Single Aspect

0.12

0.08
0.06

Single Aspect

Multi Aspect Left/Right

Width
Length

STD [m]

Width
Length

Single Aspect

Multi Aspect Right

250

250

STD [m]

100

80

60
Single Aspect

East Coor
North Coor
Depth

120

STD [m]

East Coor
North Coor
Depth

0.1
0.08
0.06

Multi Aspect Right

Multi Aspect Left/Right

Single Aspect

Multi Aspect Right

Multi Aspect Left/Right

Figure 4. Fault model parameter standard deviations normalized by the number of observations: Fault 1 (left column) and Fault 2
(right column) reported for three different geometric scenarios listed in Tab. 1

analysed (Fig. 4). As expected, the overall modelling
precision is higher when the north motion is minimum.
The multi-aspect geometry proves to be more beneficial
in case of fault 1, where constraining the north motion
with multi-aspect acquisitions is crucial. In this case
adding the left-looking geometry further improves the
retrieval of the north component, hence the modelling
precision. In case of fault 2, addition of left-looking
geometry results in no gain in the parameter estimation.
5.2.

measurements’ typical error budgets of section 3.2 are
considered in the error propagation in order to introduce
minimum modelling error bounds. As a nominal
acquisition scenario, the multi-aspect right-looking
geometry (Tab. 1) is considered in all the analysis of
this section. Fixing the geometry, two different
governing factors remain for performance analysis: the
signal coherence as well as the atmospheric effects. We
isolate each of these factors and study their individual
impact in source modelling.

Error Assessment

As the final part of the assessment, the mentioned

The effect of signal coherence is studied by its variation
in the relevant interval of [0, 1]. The atmospheric effects

are investigated separately by variation of the
atmospheric error; in ranges of [2, 40] mm, as well as
the atmospheric correlation length; in ranges of [1, 5]
km (Eq. 9). In all our analysis we also consider the
residual errors corresponding to the ionospheric
corrections.

assumption for L band data, the average coherence is
fixed to 0.4 in these comparison cases.
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In all the comparison cases, 600 measurements spread
randomly over the scene are simulated for each
acquisition. The estimation window of 50 m × 50 m is
considered for simulation of the InSAR measurements.
The SAR resolution is adapted according to Tandem-L
case; with azimuth resolution of 10 m and range
resolution of 85 and 20 MHz (corresponding to
maximum 4.5 and 18 m ground resolution)
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Figure 6. Effect of atmospheric error on precision of the
estimated model parameters

Volcanic Modelling

For the analysis of this section the same magma
chamber of section 5.1.1, in a depth of 3 km and with a
volume change of 6 × 106
m³ is assumed in the
volcanic deformation simulation.
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The effect of signal coherence is isolated by fixing the
atmospheric signal [atmospheric error = 10 mm, APS
correlation length = 1.5 km]. Under this condition, the
variation of parameter standard deviation relative to the
change in the average coherence is investigated (Fig. 5).
As apparent from the figure, for coherence more than
0.5 the gain in modelling precision is negligible.
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Atmospheric effect
The atmospheric impact is investigated in two parts by
variation of the atmospheric power (Fig. 6) as well as
the atmospheric correlation length (Fig. 7). As a fair

1

We find a linear trend of increasing model parameter
standard deviations with increasing APS error (Fig. 6).
In contrast to that, the effect of the APS correlation
length is non-linear (Fig. 7). The standard deviation
function shows a peak plateau at APS correlation
length (2.5 to 3.5 km) around the simulated model
depth (3 km); observed for the east and north
coordinates of the point source(Fig. 7). A likely
explanation for this peak is a superposition of the
geophysical and atmospheric signal with similar
spatial correlation length on InSAR measurements.
Hence the very similar signals cannot be distinguished
and the modelling precision has a minimum. In this
case the position of the minimum modelling precision
peak would be depending on the spatial wavelength
of the displacement signal and thereby on the pointsource depth.
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To investigate the correlation between the atmospheric
signal wavelength, source depth and modelling
precision, we do the simulation for several different
volcanic sources with model depth ranging from [1 to 8]
km. For each of the simulated cases the modelling
precision is investigated for APS correlation length in a
range of [1 to 5] km, leading to graphs similar to Fig. 7
for each model depth. In order to capture the location of
the peak in each of the resulting graphs, the parameter
error is normalized to the maximum error in each depth.
The normalized error for each volumetric source is
depicted in Fig. 8. The analysis reveals the correlation
of the modelling precision for all model parameters with
the source depth and the APS correlation lengths. The
correlation between source depth and APS correlation
length is stronger for the horizontal location model
parameters compared to the source depth and source
volume change.
Seismic Modelling

The detectability and the modelling precision of seismic
events depend on their depth and magnitude. In general
the shallower and/or higher magnitude events allow a
higher modelling accuracy [15]. In order to provide the
lower bound errors in seismic modelling, we narrow the
analysis down to a medium magnitude/depth event with
moment magnitude 𝑀𝑤 = 6.16 and in hypocentre depth
of 4 km. The fault and rupture orientation are chosen to
represent a strike-slip fault, to which the InSAR is less
sensitive [15]. The simulated parameters read as:
[length, width, depth, strike, dip, rake, slip] = [10 km, 8
km, 4 km, 0°, 90°, 0°, 0.7 m]. The effect of
measurement noise on modelling this simulated event is
as follows:

0.4

0.6

0.8

0
0.2

1

Average Coherence

0.4

0.6

0.8

1

Average Coherence

5000

0.03

Width
Length

4000

Slip
STD [m]

2

5.2.2.

5

3000
2000

0.025
0.02
0.015

1000
0
0.2

0.4

0.6

0.8

0.01
0.2

1

Average Coherence

0.4

0.6

0.8

1

Average Coherence
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Atmospheric effect
The variation of the APS error and correlation length is
reported by fixing the coherence level to 0.4. The
simulated atmospheric signal is correlated at most in
distance of 5 km while the geophysical signal has
spread of tens of kilometres. This trend changes for
shallower events with lower magnitude where the
spatial scale of defamation signal is low enough to
introduce correlation with the atmospheric signal, as
seen in the case of Mogi (section 5.2.1).
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ABSTRACT

Interferometric synthetic aperture radar (InSAR) measurements are
merely sensitive to the deformation along the Line of Sight (LOS)
direction of the sensor. To improve the geometrical sensitivity and
retrieve the three-dimensional deformation, the integration of
InSAR from non-coplanar acquisitions as well as fusion with
resolution-scale SAR image shift measurements has become a
standard approach. Using different statistical measures, we assess
and compare the influence of different image acquisition strategies
as well as data fusion on the performance of InSAR in 3D
deformation retrieval. Integrating nominal InSAR acquisitions, i.e.
a set of measurements from ascending and descending tracks
acquired from right-looking geometry, a strong correlation
between the retrieved 3D parameters in the local vertical-north
plane is observable. This correlation is sought to be decreased by
non-nominal acquisitions; i.e. left-looking or squinted
observations. These acquisition strategies are discussed for
consideration in the future L-band mission Tandem-L.
Index Terms- Three-dimensional deformation, InSAR,
Azimuth shifts, SAR acquisition geometry, Error analysis.
1. INTRODUCTION
Tandem-L is a proposal from the German Aerospace Center (DLR)
for future L-band synthetic aperture radar (SAR) satellite mission
which enables continuous high resolution monitoring of the earth
surface dynamics [1]. As part of the phase-A study of the mission,
the current work attempts to identify the data acquisition’s
geometrical parameters relevant to the achievable accuracy of the
3D earth surface deformation and to assess their effect on the
improvement of this accuracy.
The side looking image acquisition of SAR system merely
allows the interferometric approaches to capture the projection of
the 3D deformation to the line of sight (LOS) direction of the
sensor. In order to retrieve the 3D deformation, InSAR from
different acquisitions is combined. In previous studies, the fusion
of InSAR from ascending/descending acquisitions, hereafter
referred to as cross-heading tracks, and their impact on the
achievable 3D performance has been introduced in [2] and [3];
leading to the conclusion that the fusion of cross-heading acquired
from right and left-looking enhances the precision.
Although effective in 3D decomposition, the left-looking
acquisition scenario imposes expensive trade-offs for the mission
acquisition planning. Thus, on one hand, it is of interest to know in
what aspects and to what extent the 3D deformation retrieval
benefits from the left-looking acquisition scenario. On the other

hand, it is important to investigate alternative acquisition
possibilities which may enhance the 3D retrieval and substitute the
expensive left-looking acquisition scenario. As an extension of the
works in [2] and [3], the focus of the current study is therefore on
addressing the different possible acquisition and fusion scenarios
and introducing statistical measures for comparing the
corresponding InSAR 3D performance of current and future SAR
missions.
The problem is assessed in two different aspects: first by
investigation of the achievable accuracy for independent pointwise
decomposition of the deformation and second by assessing the
impact of the InSAR 3D performance on modeling the common
deformation sources in case of volcanic and seismic activities. The
former is treated extensively in the second and third section of the
current work, while the latter is briefly introduced in the fourth
section and extensively treated in a separate work [4].
2. INSAR IN 3D DEFORMATION RETREIVAL
The LOS deformation observed by InSAR can be expressed as the
inner product of the three dimensional deformation and LOS unit
vector [5]:
𝑑𝐿𝑂𝑆 = 𝒆𝐿𝑂𝑆 ∙ 𝒅,

(1)

where 𝒅 is the three dimensional deformation vector in the local
Cartesian coordinate system defined by the local east, north and
vertical directions: 𝒅 = [𝑑𝑒 , 𝑑𝑛 , 𝑑𝑣 ]𝑇 and 𝒆𝐿𝑜𝑆 is a function
of the satellite heading 𝛼 and antenna look angle 𝜃.
The differential image shifts in azimuth direction, hereafter
referred to as the azimuth shifts, can also be utilized to retrieve the
deformation signal; although with lower precision compared to the
InSAR. These measurements are obtained by various techniques
such as cross-correlation [6], exploitation of spectral diversity
[7],[8] etc.. In this case, the deformation is mapped to the alongtrack direction of the satellite as:
𝑑𝐴𝑧 = 𝒆𝐴𝑧 ∙ 𝒅 ,

(2)

with 𝒆𝐴𝑧 as a function of the satellite heading angle 𝛼.
To retrieve the three deformation components, at least three
independent observations are required. These observations may be
from three non-coplanar acquisition geometries [1]; using a pure
interferometric approach, or from two different geometries; using
the fusion of interferometric and azimuth shift measurements. The
latter is however limited to high magnitude deformation signals
where the high noise of the azimuth shifts still allows the detection

Case

I

II

III

IV

V

Fusion Scenario

Heading ang. Look ang.
(at Equator)

Asc. R.
Desc. R.
Asc. R.
Asc. R.
1
Desc. R.
Asc. R. Squinted
Asc. R.
-1
Desc. R.
Asc. L.
Asc. R. + Az. Sh.
Desc. R. + Az. Sh.
Asc. R. + Az. Sh.
Asc. R. + Az. Sh.
Desc. R. + Az. Sh.
Asc. R. + Az. Sh.

-12°
-168°
-12°
-12°
-168°
-12° (-20°)
-12°
-168°
-12
-12°
-168°
-12°
-12°
-168°
-12°

43°
43°
23°
43°
43°
23°
43°
43°
-23°
43°
43°
23°
43°
43°
23°

3D precision
(at Equator)
𝜎𝑒 : 0.018
𝜎𝑛 : 0.249
𝜎𝑣 : 0.041
𝜎𝑒 : 0.018
𝜎𝑛 : 0.105
𝜎𝑣 : 0.017
𝜎𝑒 : 0.018
𝜎𝑛 : 0.074
𝜎𝑣 : 0.011
𝜎𝑒 : 0.018
𝜎𝑛 : 0.217
𝜎𝑣 : 0.037
𝜎𝑒 : 0.016
𝜎𝑛 : 0.038
𝜎𝑣 : 0.013

Table 1. Selected geometrical fusion scenarios and the resulted 3D
deformation error at Equator; Azimuth resolution is case IV and V
are 10 and 2 m, respectively
of the geophysical signal.
3D deformation is retrieved by weighted least squares as
follows:
𝑦𝑖 = [𝑑𝐴𝑧,𝑖 or 𝑑𝐿𝑂𝑆,𝑖 ] ,

−1

𝒅 = (𝐴𝑇 𝑄𝑦−1 𝐴) . 𝐴𝑇 𝑄𝑦−1 𝒚 ,

(3)

where vector 𝒚 contains the observed deformation, matrix 𝐴 is
defined by the respective measurements’ direction: i.e.
𝒆𝐴𝑧,𝑖 or 𝒆𝐿𝑜𝑆,𝑖 and 𝑄𝑦 is the covariance matrix introducing the
measurements’
stochastic
model.
Having
independent
measurements, a diagonal matrix, with measurements’ variance as
its elements, can best describe the stochastic model. For error
analysis purposes, the measurements’ stochastics is approximated
by the Cramer Rao Bounds of the interferometric [9] and azimuth
shift [10] measurements, i.e.:
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respectively; introducing 𝛾 as signal coherence, 𝑁 as the number of
samples exploited in estimation of the measurements, 𝜌𝐴𝑧 as the
SAR resolution in azimuth direction and 𝜆 as the SAR wavelength.
Having this fusion setup, the estimation covariance matrix can
be utilized as the statistical measure for assessing the 3D
performance:
𝑄𝑑 = (𝐴𝑇 𝑄 −1
𝑦 𝐴)

−1

𝜎𝑒2
= [𝜎𝑒𝑛
𝜎𝑒𝑣

estimation error variance and its 2×2 submatrices representing the
second-order statistics of the joint bivariate probability density
function (PDF) between the parameter pairs. Assuming Gaussian
stochastics, the joint PDFs are further visualized and served as a
comparison tool in our analysis, as follows: applying the
eigenvalue decomposition of the aforementioned submatrices, the
eigenvalues (𝜆1 , 𝜆2 ) and eigenvectors (𝒗1 , 𝒗2 ) yield:
𝜎𝑖2
𝑞𝑖,𝑗 = [𝜎
𝑖,𝑗

𝒂𝑖 = [𝒆𝐴𝑧,𝑖 or 𝒆𝐿𝑂𝑆,𝑖 ] ,

𝐴 = [𝒂1 , 𝒂2 , … , 𝒂𝑛 ]𝑇 ,
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=

Fig. 1. Nominal geometric scenario (Tab. 1, case I): 3D precision
as a function of geodetic latitude
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𝑄𝑑 is a square symmetric matrix serving as the initial point of the
error assessment; with its diagonal elements approximating the

𝜎𝑖,𝑗
𝜎𝑗2

2

] → 𝑞𝑖,𝑗 = ∑𝑘=1

𝜆𝑘 𝒗𝑘 𝒗𝑘 𝑇 (7)

Based on the decomposition results, the error ellipses are
then formed; with the 𝜆1 , 𝜆2 as their semi major and minor axes
elongated in the direction specified by the corresponding
eigenvectors. The orientation of the ellipse represents the
correlation between the two parameters.
3. THE EFFECT OF ORBIT AND ACQUISITION
GEOMETRY ON 3D PERFORMANCE
As apparent from equations (1) and (5), the 3D performance is a
function of sensor’s orientation, namely the satellite heading and
the antenna look angle. The effect of each mentioned governing
factors on the deformation accuracy is assessed separately in the
following subsections.
To keep the investigated cases comparable, a basic
combination scenario is assumed: comprised of three
measurements with two fixed cross-heading right-looking
acquisitions; and the third acquisition kept variable according to
the geometric case under study (Table 1). Without loss of
generality, we consider an L-band SAR with average coherence of
0.4 for calculation of the measurements’ noise according to Eq. 4.
This merely has a scaling effect on the error analysis.
3.1

Impact of the satellite heading angle

The heading angle varies by the satellite orbit and attitude, and
depends on the orbital inclination, type of the satellite track
(ascending/descending), the latitude of the imaged scene and the
squint angle of the antenna [11].
Being an earth observation mission with global coverage objective,
the SAR missions are mostly limited to a low-earth, near-circular,
near-polar, sun-synchronous orbit. The choice of inclination is thus
limited and coupled with the satellite altitude as well as the orbital
eccentricity [12]. For instance for a near circular orbit (eccentricity

Fig. 3. Squinted geometric scenario (Tab. 1, case II): 3D precision
at Equator; the retrieval of north component benefits from the
single squint acquisition

Fig. 2. Comparison of the nominal and non-nominal acquisition
scenarios through the error ellipses; the error ellipses indicate an
extreme correlation in the vertical-north plane when considering
the nominal acquisitions, the correlation reduces by considering the
squinted or left-looking acquisition
= 0.001) the inclination is allowed between [97.3° to 98.6°] for low
earth orbits’ altitude of [500 to 800] km. This diversity in
inclination; and consequently on the heading angle, has a
negligible impact on improving the 3D precision. In contrast to the
change in inclination, the change in the track type, i.e. the
combination of ascending and descending tracks has a key role in
3D deformation retrieval [3], thus is kept as a baseline for the
comparisons.
Having the nominal combination scenario of (Table 1-Case I),
the heading angle is calculated for different geodetic latitudes. The
3D precision obtained from the calculated heading angle is
depicted in Fig. 1. As seen from the figure, retrieving the north
component is the most critical due to the choice of near-polar orbit
and poor sensitivity of InSAR to the along-track direction of the
satellite. It is also evident that the accuracy decreases toward midlatitudes and is worst at the equator. To further assess the
performance, the corresponding error ellipses at the equator are
shown in Fig. 2. The error ellipse of the vertical-north components
reveals an extreme correlation between the two components which
indicates the ambiguity in retrieving the mentioned parameters
under the assumed combined acquisition scenario.
To assess the effect of squint angle, it is changed in the [0° to
20°] range and the obtainable accuracy is reported (Fig. 3;
presented at fix latitude (0°)). The figure reveals a gain of nearly 8
dB in the accuracy of the north component; while the comparison
between the error ellipses in case of squinted acquisitions with
non-squinted case (Fig. 2) reveals 30 percent decrement of the
extreme correlation in the vertical-north plane.
3.2. Impact of the antenna look angle
Dependent on the mission capabilities, the look angle may be
varied by the platform in the range of [20° to 50°]. The platform
may also allow for two modes of right and left-looking acquisition
by rotation around its roll axis. There are therefore two different
possibilities in improving the angular diversity of the look-angle:
either by combination of acquisitions from different look-angles all

acquired from right or by combining the right and left-looking
acquisitions.
As it has been discussed in [2], the left-looking acquisition
provides a larger angular diversity and is thus more advantageous
in 3D retrieval. In order to study this effect, we adapt the nominal
combination scenario of case I and change the third acquisition to a
left-looking (Table 1, case III).
Comparing the performance of nominal and left-right
geometric fusion, the performance gain especially in the north
component is apparent. Fig. 2 reveals another advantage of the leftlooking acquisition, namely the decoupling of the parameters in the
vertical-north plane which is evident from decreasing the extreme
correlation by more than 70 percent.
4. THE EFFECT OF MEASUREMENT FUSION
Providing sensitivity to the along-track direction, the azimuth shifts
are geometrically complementary to the interferometric
measurements. The low resolution of these measurements,
however, limits their contribution to the data fusion in 3D retrieval.
The quality of the azimuth shifts depends both on: the azimuth
resolution of SAR; and the spatial homogeneity of the deformation
signal. The latter affects the size of the estimation window (hence
the number of samples) for obtaining the azimuth shifts [10]. On
the other hand, the relative contribution of the shifts compared to
the interferometric measurements is merely governed by the ratio
of azimuth resolution to half the wavelength [10]. Therefore, the
fusion of azimuth shifts is more advantageous in cases of longwavelength SAR with high azimuth resolution.
To study the information enhancement obtained from the
azimuth shifts, a deformation signal smooth enough to allow for a
50 × 50 m² estimation window is assumed. Similar to the previous
section we consider an L-band SAR with coherence of 0.4 for
weighting the measurements according to equation (4) and (5). We
again adapt our basic cross-heading right-looking scenario. With
the difference that here for each acquisition, both azimuth shifts
and interferometric measurements are integrated in the 3D
retrieval. We further consider and compare two extreme cases: in
the first, the azimuth resolution is five times worse than the range
resolution (𝜌𝑎𝑧 = 10 m; Table 1, case IV), while in the second an
identical azimuth and range resolution is considered (𝜌𝑎𝑧 = 2 m;
Table 1, case V). Fig. 4 depicts the error ellipses of the two
mentioned cases compared to the nominal scenario of case I; for an
equatorial region. As expected, the impact of the azimuth shift
measurements is in close relation to the azimuth resolution. If this
resolution is high enough to allow high quality deformation
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Fig. 4. 3D performance gain in fusion of the InSAR and azimuth

shifts, comparing two cases with azimuth resolution of 10 and 2 m;
in extreme cases of low azimuth resolution the 3D precision and
decoupling of parameters is comparable to non-nominal geometric
acquisitions

measures (as is the case in 𝜌𝑎𝑧 = 2m), the 3D retrieval benefits
from the integration of azimuth shifts; the precision of deformation
components improve in each direction while the mutual
correlations decrease.
5. MULTI-ASPECT SAR IN DEFORMATION SOURCE
MODELING
The deformation signal obtained by InSAR can be related to an
appropriate geophysical model which describes the deforming
phenomenon. To assess the necessity and effect of multi-aspect
InSAR in geophysical modeling, two commonly used deformation
models in case of seismic and volcanic activities; namely, the
Okada and Mogi point source, are assumed respectively.
It is well-known that the combination of cross-heading tracks
improves the accuracy of respective models’ parameters. The main
question to be answered is whether the poor sensitivity of InSAR
to the north deformation component and the high correlation
between the vertical-north deformation components can affect the
precision of geophysical modeling; and in case of such impact, can
the improvement in 3D performance lead to more precise
geophysical modeling.
Our analysis on the aforementioned models reveals that
depending on the share of the north component in the total
deformation, the modeling precision is compromised. In such cases
the consideration of left-looking geometry can improve the
modeling precision while decreasing the correlations of the model
parameters. The detailed explanation of the comparison strategy
and review of the obtained results is reported in a separate work
[4].
6. DISCUSSION AND CONCLUSIONS
In retrieving the 3D deformation signal, two distinctive
geometrical scenarios have been compared. Table 1 summarizes

the considered geometric scenarios as well as the achievable 3D
deformation precision in the worst-case i.e. at equatorial regions.
The left-looking acquisition has been shown to best resolve the
extreme correlation of the north-vertical deformation components
while decreasing the 3D estimation error. This acquisition mode
however imposes additional attitude maneuvers leading to
comprise of the temporal-resolution of the acquisition.
The squinted-acquisition proves to improve the precision of 3D
retrieval and decrease the parameter correlation; to a lesser extent
in comparison with the left-looking, but with no additional costs
for the mission per se; the trade-off here is however on the data
processing level and complication of the SAR signal processing
algorithms [11].
Investigating the performance of SAR data fusion, i.e. the
integration of interferometric and azimuth shifts in the 3D
retrieval, indicates the dependency of the performance on the
azimuth resolution of the images. In extreme cases of high azimuth
resolution the azimuth shifts can enhance the 3D precision and
decrease the parameter correlation, this result is however
dependent on the spatial correlation of the deformation signal as
well as the SAR wavelength.
As a follow-up analysis, the effect of achievable pointwise 3D
deformation precision on the performance of InSAR-based
geophysical modeling is under study and the intermediate results
are reported in [4].
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Abstract
Wide-swath satellite missions with short revisit times, such as Sentinel-1 and NISAR, provide an unprecedented wealth
of interferometric time series and open new opportunities for systematic monitoring of the Earth surface. The processing of the emerging Big Data with the state-of-the-art InSAR time series analysis techniques is, however, computationally challenging. A new demand has emerged for the analysis of the fast growing data volumes specifically for
systematic near real-time (NRT) monitoring of the Earth surface. We have addressed this demand by the proposal of
two efficient alternative estimators for NRT processing of the emerging Big Data in [1, 2]. In this contribution, a hybrid
approach based on the proposed estimators is introduced and applied in efficient wide area processing of two-year
archive of Sentinel-1 data over eastern part of the Trans-Mexican Volcanic Belt.

1

Introduction

The recent launch and planning of the global monitoring wide swath SAR missions provide an unprecedented
wealth of data. The exploitation of the emerging Big Data
entails a new demand on the computational efficiency of
the state-of-the-art time series analysis techniques with
distributed scatterers (DS) [3, 4, 5, 6]. On the one hand,
the exploitation of all interferometric pairs increases the
estimation efficiency in deformation monitoring. On the
other hand, this processing scheme is computationally
demanding, pitting the estimation efficiency against the
computational efficiency. One attitude toward managing
the challenges of Big Data is to resort to parallel computing and exploitation of a limited selection of moderatelycoherent interferograms in the framework of Small BAseline Subset (SBAS) [7]. A second attitude is to migrate
from the conventional state-of-the-art algorithms and invest on alternative estimators to exploit the wealth of data
as far as possible (the importance of full exploitation of
data is twofold: firstly it improves the signal to noise ratio
in phase estimation and consequently enhances the sensitivity to mm-level deformation estimation; secondly, it is
theoretically expected to decrease the estimation bias in
presence of phase inconsistencies [8]). The design criterion for the alternative estimators shall be the optimization of the trade-off between the estimation and computational efficiency. A marriage of such alternative estimators with parallel computing, is an obvious further step
toward a fully optimized scheme for efficient NRT mining of the Big Data.
Following this design criterion, we have proposed two
alternative schemes to the conventional DS interferometry. Named Sequential Estimator [1], the first proposal
provides an optimum processing scheme for InSAR time
series. In the reduction of the computational burden of
the conventional approaches, it resorts to batch process-

ing of the SAR time series (the data batch is hereafter referred to as mini-stack). To prevent the associated performance loss due to batch processing, the Sequential Estimator employs data compression within each mini-stack;
it further forms and exploits the so-called artificial interferograms between the isolated mini-stacks. In doing so
the estimator retains an estimation efficiency comparable
to full-stack processing schemes [1].
The second proposed estimator aims at improving
the estimation and computational efficiency for phase
history retrieval. Termed Eigen-decomposition-based
Maximum-likelihood-estimator of Interferometric phase
(EMI) [2], the estimator reformulates the original problem of phase estimation into a Lagrangian. The solution
of the resulted Lagrangian outperforms the existing stateof-the-art phase estimation approaches, both in terms of
estimation and computation efficiency [2].
In this contribution, we propose and demonstrate the
combination of the two methods, i.e. a Sequential processing scheme with EMI employed as its phase estimator. This hybrid approach improves the computational efficiency while retaining the estimation performance.

2 Hybrid Efficient Approach in Big
Data Processing
DS interferometry aims at the retrieval of systematic
phase series, from all possible interferograms within a
stack of coregistered SAR images. The latter phase series pertain to the topographic, deformation and atmospheric signals. The estimation of the systematic phase
series is hereafter referred to as Phase-Linking (PL). Two
broad conventional approaches to PL are: Phase Triangulation Algorithm [3, 4] and Eigen Value Decomposition
(EVD) [5, 6]. The former follows from the Maximum
Likelihood Estimation (MLE), ergo is asymptotically the
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Figure 1: Performance assessment of different estimators compared to CRLB using simulated cases; the impact of coherence estimation error on phase estimation is studied in (a) & (b) the absence and (c) & (d) the presence of this error. In (a) (b) & (d),
where coherence estimation error is absent/insignificant, EMI performs identical to PTA and EVD is shown to be suboptimum in
phase estimation. Performance of the proposed hybrid method is presented as ’Sequential EMI’. Note that the hybrid method is the
optimum estimator in presence of coherence estimation error, compared to the other approaches.

optimum estimator for PL. The latter is computationally
efficient but compromises the performance in phase estimation.
Our aim is to bridge between the two mentioned PL
approaches and put forward an optimum PL which enjoys both the computational efficiency of EVD and the
estimation efficiency of the PTA. EMI achieves this
objective[2]. It firstly proposes a new covariance model
for phase estimation. Formulating an MLE with the proposed model, its efficient solution is sought through approximation of the formulated MLE and via the method
of Lagrange Multipliers. Our studies in [2] indicate the
comparable computational efficiency of EMI to EVD approaches and slight gain in its estimation efficiency as
compared to the PTA.
The estimation and computational Efficiency of the Sequential Estimator is bound to the employed PL for the
processing of each mini-stack [1]. By employing EMI
as the PL of the Sequential Estimator, an efficient hybrid
approach results which enjoys both estimation and computational efficiency. Using simulations, in the following
the performance of EMI and the Hybrid Sequential Estimator is compared to conventional methods.

3 Validation with Simulation
For the investigations of this section, two coherence matrices are simulated following the simulation scenarios of
[1]. γ0 is set to 0.6 in both cases, while γ∞ is respectively 0 and 0.2 for the exponential-decay and long-term
coherence. Two stacks of 50 images each containing an
ensemble of 300 statistically homogeneous samples are
synthesized as follows: A complex circular Gaussian process is assumed; the stationarity is imposed by setting the
topographic and the atmospheric induced phase components to zero; the deformation phase is simulated with a
temporal linear trend with velocity of 1 [mm/year]; the
temporal sampling, similar to Sentinel-1, is set to 6 days.
As highlighted by [1], performance of PTA is affected by
the well-known error in coherence estimation. In order to
investigate this effect, PL is studied in two cases: In the
first case, the coherence matrix Γ̂ is set to the simulated
coherence; representing a scenario where the coherence
error is negligible. In the second case, Γ̂ is set to the
estimated coherence. This case is closer to reality as coherence is unknown and its estimation is inevitable. The
RMSE of phase estimation is reported in Fig. 1.a and b
for the former and Fig. 1.c and d for the latter case. The

(a) coherence map, temporal baseline = 12 days

(b) observed interferogram

(c) coherence map, temporal baseline = 732 days

(d) estimated interferogram using full-stack processing

(e) a posteriori coherence map, after the sequential processing

(f) estimated interferogram using sequential processing

Figure 2: Inspection of the performance of the proposed hybrid approach in phase estimation; left column: coherence map of the
observed data compared to the a posteriori coherence of the estimated phases after the hybrid sequential processing. right column:
observed and estimated interferograms with the longest temporal baseline of 732 days. Comparing (b) to (d) and (f) the improved
SNR as a result of phase linking is apparent. Comparing (d) to (f) the agreement of the conventional and Sequential approaches
is observable. In all provided interferograms and coherence maps, spatial adaptive multi-looking is considered alike. Densely
vegetated areas are masked in visualization of the interferograms.

theoretical lower bound for PL is provided by CramérRao Lower Bound (CRLB) [9].
As depicted in Fig. 1.a and b, in the absence of coherence estimation error, EMI and PTA perform identically
and close to the CRLB, while EVD provides a suboptimum estimation deviant from the CRLB. However, the
coherence estimation error degrades the performance of
PL, as evident from Fig. 1.c and d. In the latter figures, two solutions are considered for the phase estimation, namely the conventional PL processing based on the

full data stack, as well as the proposed Sequential Estimator employing different estimator as its PL. As evident, using EMI as its PL algorithm, the Sequential Estimator is able to slightly improve the performance and
approach the CRLB. The hybrid approach is therefore
seen to slightly outperform the state-of-the-art techniques
in DS interferometry, while improving the computational
efficiency for Big Data processing.

4

Efficient Wide Area Processing:
Trans-Mexican Volcanic Belt

The performance of the proposed hybrid approach is
demonstrated in processing a time series of Sentinel-1
over part of the Trans-Mexican Volcanic Belt. The data
compromises of 59 SAR images spanning two years of
acquisition from October 2014 to October 2016. The Sequential Estimator with EMI as its PL is considered for
the efficient processing. For comparison purposes, fullstack processing with EMI is performed as well. A snapshot of the results is provided here.

4.1

Performance in Phase Estimation

The observed and estimated interferograms accompanied
by their coherence maps are summarized in Fig. 2 for
visual inspection. Comparing the smallest and longest
temporal baseline coherence maps in subfigures (a) and
(c) indicates the severe temporal decorrelation; the a posteriori coherence depicts the improved coherence as the
result of the efficient phase estimation. The observed
and estimated interferograms with the longest temporal
baseline of 732 days are provided in the right column.
Spatial adaptive multi-looking is considered for all interferograms. Comparison of subfigure (f) and (d) shows
the agreement between the full-stack and the sequential
approach. From the comparison of the latter interferograms with the observed interferogram in (b), the improved SNR is visually evident.

4.2

Quantitative Performance Assessment

The computational efficiency of the hybrid approach has
been studied and discussed before [2, 1]. Here the focus is on quantitative assessment of the estimation efficiency for the chosen test site. The discrepancy between
the estimated phases of the hybrid Sequential approach
and the full-stack processing is evaluated for each processed resolution cell in the time series. The phase discrepancies consist of rrg × raz values in the spatial and
n − 1 values in the temporal direction. To have a statistical analysis on the performance, the rrg × raz × (n − 1)
values are accumulated. The spatio-temporally accumulated phase discrepancies are clustered according to their
respective a posteriori coherence. The normalized histogram of each cluster is presented, with its first and second order moment describing the bias and variance of the
estimator, respectively (Fig. 3). The agreement of the efficient and full-stack approaches increases with the a posteriori coherence, as the quality of phase-retrieval. Note
that the low coherence levels pertain to fast decorrelating
regions. From simulation analysis, the Sequential Estimator is expected to outperform full-stacking techniques
(cf. Fig. 1.c) in such cases. Therefore, comparison with
full-stacking techniques is inconclusive for coherence of
low coherence levels.

Figure 3: Quantitative performance assessment of the estimation bias and variance of the Sequential Estimator compared to
full-stack processing at different a posteriori coherence levels.
The bias (µi ) and standard deviation (σi ) of the estimator is
reported relative to the a posteriori coherence.

5 Conclusions
In efficient processing of the emerging Big Data from the
current and future SAR missions, we have proposed two
phase estimation schemes [1, 2]. The two estimators are
combined to further improve the estimation and computational efficiency of time series analysis in the realm of
distributed scaterrer interferometry. The performed simulation analysis and wide area processing with 2-year
archive of Sentinel-1 data demonstrate the estimation accuracy and precision of the proposed hybrid algorithm.
In fast decorrelating DS regions, simulations indicate
the improved performance of hybrid approach over the
conventional full-stack processing. Performance assessments with real data is currently ongoing and will be reported in future communications.

References
[1] H. Ansari, F. De Zan, and R. Bamler, “Sequential Estimator: Toward Efficient InSAR Time Series Analysis,” IEEE Transactions
on Geoscience and Remote Sensing, pp. 1–16, 2017.
[2] ——, “Efficient Phase Estimation for Interferogram Stacks,” submitted to IEEE Transactions on Geoscience and Remote Sensing.
[3] A. Monti Guarnieri and S. Tebaldini, “On the Exploitation of Target Statistics for SAR Interferometry Applications,” IEEE Transactions on Geoscience and Remote Sensing, vol. 46, no. 11, pp.
3436–3443, Nov. 2008.
[4] A. Ferretti, A. Fumagalli, F. Novali, C. Prati, F. Rocca, and
A. Rucci, “A New Algorithm for Processing Interferometric DataStacks: SqueeSAR,” IEEE Transactions on Geoscience and Remote Sensing, vol. 49, no. 9, pp. 3460–3470, Sep. 2011.
[5] G. Fornaro, S. Verde, D. Reale, and A. Pauciullo, “CAESAR: An
Approach Based on Covariance Matrix Decomposition to Improve
Multibaseline & Multitemporal Interferometric SAR Processing,”
IEEE Transactions on Geoscience and Remote Sensing, vol. 53,
no. 4, pp. 2050–2065, Apr. 2015.
[6] N. Cao, H. Lee, and H. C. Jung, “A Phase-Decomposition-Based
PSInSAR Processing Method,” IEEE Transactions on Geoscience
and Remote Sensing, vol. 54, no. 2, pp. 1074–1090, Feb. 2016.
[7] F. Casu, S. Elefante, P. Imperatore, I. Zinno, M. Manunta,
C. De Luca, and R. Lanari, “SBAS-DInSAR Parallel Processing
for Deformation Time-Series Computation,” IEEE Journal of Selected Topics in Applied Earth Observations and Remote Sensing,
vol. 7, no. 8, pp. 3285–3296, Aug. 2014.

[8] F. De Zan, M. Zonno, and P. Lopez-Dekker, “Phase Inconsistencies and Multiple Scattering in SAR Interferometry,” IEEE Transactions on Geoscience and Remote Sensing, vol. 53, no. 12, pp.
6608–6616, Dec. 2015.

[9] A. Guarnieri and S. Tebaldini, “Hybrid Cramer-Rao Bounds for
Crustal Displacement Field Estimators in SAR Interferometry,”
IEEE Signal Processing Letters, vol. 14, no. 12, pp. 1012–1015,
Dec. 2007.

