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Abstract: Near-infrared optical excitation enables wideband frequency tuning of terahertz
quantum-cascade lasers. In this work, we demonstrate the feasibility of the approach for
molecular laser absorption spectroscopy. We present a physical model which explains the
observed frequency tuning characteristics by the optical excitation of an electron-hole plasma.
Due to an improved excitation configuration as compared to previous work, we observe a
single-mode continuous-wave frequency coverage of as much as 40 GHz for a laser at 3.1 THz.
This represents, for the same device, a ten-fold improvement over the usually employed tuning by
current. The method can be readily applied to a large class of devices.

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

High-resolution terahertz (THz) spectroscopy is of great importance for metrology, astronomy,
and atmospheric research as well as for many laboratory applications due to the vast number of
molecular rotational transitions and atomic fine-structure lines in that range. The spectroscopy of
such transitions relies on the availability of frequency-tunable sources with a linewidth in the
MHz or sub-MHz range, a frequency coverage of ideally a few tens of GHz, and, in particular for
heterodyne and non-linear spectroscopy, a sufficient level of output power. Electronic sources
such as multiplied microwave oscillators typically provide a frequency coverage of about ten
percent of the center frequency. However, the output power of commercially available sources
drops to a few tens of microwatts when the frequency increases above 1 THz. Quantum-cascade
lasers (QCLs) are therefore of particular relevance for spectroscopy above 2 THz, because they
can deliver milliwatts of output power with intrinsic linewidth values in the sub-kHz range [1–4].
However, so far their frequency tuning is rather limited. The frequency tuning which can be
realized by varying the driving current and/or the heat sink temperature is usually well below
10 GHz. Since many of the spectroscopic methods based on THz QCLs will immediately
benefit from a larger tuning range [5–12], there is a strong motivation on developing methods
which enhance the frequency tuning capability of these lasers. Several techniques have been
demonstrated during recent years. Among them are external optical cavities with reported
continuous tuning ranges of 12–50 GHz [13–15], micro-optomechanical cavities with 67–240
GHz [16,17], electronic frequency tuning in multi-terminal and multi-section QCLs with 2–19
GHz [18–21], and tuning by gas condensation with 25 GHz [22] as well as by cavity pulling
effects in microdisk resonators [23]. However, none of these approaches have been established so
far for high-resolution spectroscopy, which may originate from the often involved complicated
setups and device fabrication procedures or from non-continuous or non-reproducible frequency
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tuning characteristics.
Near-infrared (NIR) laser excitation was exploited by several groups to manipulate the output

power and frequency of mid-infrared QCLs [24–27]. Recently, a significant frequency tuning of
already several GHz for continuous-wave operation was obtained for THz QCLs by unfocused
NIR illumination [28,29]. Based on an improved illumination scheme for well-controlled focused
excitation, we demonstrate in this work the feasibility for high-resolution molecular spectroscopy
with a wide bandwidth. The following section discusses the experimental configuration and the
molecular spectroscopy. In section 3, we present a physical model for the observed frequency
tuning characteristics. In section 4, we compare the optical tuning effect for different devices,
including a discussion of current and thermal frequency tuning, and show that a frequency
coverage of up to 40 GHz is obtainable. In section 5, we eventually discuss prospects and
limitations of the method.

2. Tuning setup and spectroscopic measurements

In principle, a large variety of configurations is feasible for light-induced frequency tuning
(LIFT). Our experiments are based on edge-emitting QCLs, for which the laser oscillates in
a ridge waveguide structure between two cleaved facets. The QCLs are uncoated Fabry-Pérot
devices with optical access to both end facets. The experimental configuration is illustrated in
Fig. 1(a). It consists of two parts: frequency tuning by NIR optical excitation and molecular
spectroscopy with an absorption cell as well as a detector. For frequency tuning, one facet of the
QCL is illuminated with focused light from a NIR diode laser. For aligning and focusing the
NIR laser, we use a confocal microscope setup based on a x-y-z translation stage. For molecular
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Fig. 1. (a) Schematics of the experimental setup. The QCL (yellow box) is mounted in a
He-flow cryostat. BS - dichroic beamsplitter; OL - objective lens; Ge:Ga - photoconductive
Ge:Ga detector. (b) Microscope image of the illuminated QCL facet. The excitation
spot with a diameter of approximately 90 µm originates from a multimode diode laser
emitting at 809 nm and exhibits essentially a flat-top profile. (c) Calculated profile of the
waveguide mode in the vertical (epitaxial-growth) direction for different frequencies (the
mode propagates perpendicular to y along the waveguide ridge). The active region (a. r.)
has a height of 10 µm and corresponds to the QCL ridge structure in (b).
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spectroscopy, the THz emission from the opposite facet of the QCL is collected by a THz lens
and directed through a 60-cm-long absorption cell onto a Ge:Ga photoconductive detector.
In this work, we focus on QCLs based on single-plasmon waveguides [1, 2]. For such QCLs,

the waveguide mode extends to a large part into the semi-insulating GaAs substrate. Figure
1(b) depicts a microscope image of the illuminated QCL facet showing the substrate with the
ridge waveguide structure on top (which contains the active region) and the NIR laser spot. A
well-defined tuning behavior is obtained by exciting the GaAs substrate in the vicinity of the
ridge waveguide structure. For focused excitation of the active region, we are typically facing a
strong gradual decrease of the QCL intensity as well as mode instabilities, which makes such a
configuration unfavorable for spectroscopy. Figure 1(c) depicts the calculated profile of the QCL
waveguide mode in the vertical (epitaxial-growth) direction for two different laser frequencies.
Almost 80% of the mode intensity is guided within the GaAs substrate at 2.5 THz, while at
3.3 THz still two-thirds of the mode intensity is located in the substrate. Hence, it is rather
intuitive that manipulating the optical properties of that region will change the behavior of the
QCL.
For LIFT measurements, the QCLs are operated at constant driving current and temperature.

The diode laser current is ramped from below threshold to the final level, and the signal of the
Ge:Ga detector is recorded with a fast data acquisition device (CDAQ, National Instruments).
Depending on the sweep rate, the acquisition of a single spectrum takes typically 20–100 ms.
The maximum illumination intensity for frequency tuning is then determined either by the
complete quenching of the QCL emission, an illumination-induced mode transition, or the power
limitations of the diode laser. We obtained the largest tuning effects with a multi-mode diode
laser emitting up to several Watts of optical power at 809 nm (DILAS, I2F2S22-808-SS14.2).
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Fig. 2. (a) Detector signal as a function of the diode laser current for 1 mbar of methanol.
The QCL is operated at a constant current of 380 mA at 37 K (threshold value: 300 mA).
(b) QCL frequency as a function of the incident diode laser power. Square dots refer to
the frequencies of the methanol absorption lines in (a), which were identified according to
the JPL molecular catalogue. Solid line: square-root parameter fit to the data according to
Eq. (1). Inset: QCL emission spectrum (without NIR excitation) as measured with a Fourier
transform spectrometer (3 GHz resolution) confirming single-mode operation.
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The emission of this laser is focused with the help of a 30-mm lens and a ten-fold objective into a
90-µm spot on the QCL facet. Note that the average optically power remains typically well below
0.5 W during the measurements, which compares to an electrical power dissipation of 1–3 W of
the QCLs. With respect to cryogenic cooling, optical heating is therefore mostly negligible. Due
to local heating of the active region during the sweep, the optimal spot position is typically found
somewhat lower than indicated in Fig. 1(b) for large excitation levels.
The results of a spectroscopic measurement with a QCL operating at 3.3 THz are shown in

Figs. 2(a) and 2(b). The particular device has been chosen here due to the absence of atmospheric
absorption features in that frequency range. Therefore, the behavior of the QCL under optical
excitation is very clearly revealed. The short cavity length of 1 mm facilitates single-mode
operation of the QCL [cf. inset of Fig. 2(b)], which is a precondition for this kind of spectroscopy.
In Fig. 2(a), the detector signal is displayed as a function of the driving current of the NIR diode
laser. Tuning sets in above threshold of the diode laser at 1 A, and a large number of methanol
absorption lines is observed in the detector signal together with a gradual decrease of the QCL
output intensity. The maximum tuning range is restricted by a mode hop for that QCL at a diode
laser current of 6.5 A. For a well-known species such as methanol, the individual lines of the
spectral fingerprint can be identified according to a molecular catalog. With such a frequency
calibration, the tuning behavior can be precisely determined as shown in Fig. 2(b). We found
that the QCL frequency ν as a function of the driving current I of the diode laser is in most cases
very well approximated by a square root dependence above threshold. Since the power P of the
diode laser scales approximately linearly with current above threshold, the frequency increases as

ν(P) = ν0 + aL

√
P (1)

The parameter ν0 represents the unperturbed QCL frequency and aL the LIFT proportionality
constant, which will be derived later.
Figure 3 depicts a frequency-calibrated transmission spectrum, for which the data of Fig. 2

were divided by a reference spectrum for an empty gas cell. For comparison, the simulated
transmission spectrum based on the molecular catalog of the Jet Propulsion Laboratory (JPL) is
shown [30], which underlines the spectroscopic quality of the experimental data obtained with
LIFT. Further experimental results regarding different devices as well as a discussion of thermal
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Fig. 3. Measured transmission spectrum after frequency calibration (top) and simulated
methanol spectrum (bottom).
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and current tuning parameters are presented in section 4.

3. Physical model for light-induced frequency tuning

In this section, we present a physical model for the frequency tuning mechanism for optical
excitation of the substrate. Therefore, we consider a one-dimensional Fabry-Pérot cavity
consisting of GaAs. By illuminating a semiconductor with light above the band gap, electron-hole
pairs are generated. Immediately after generation, these pairs form a plasma state of unbound
electrons and holes, which subsequently decays via various channels. Since the operating
temperatures are below 100 K, we will neglect carrier diffusion. We further neglect surface and
Auger recombination, and assume that the electron density ne equals the hole density nh . In the
steady state, the plasma density neh = ne = nh is then described by [31]

neh
τnr
+ Bn2

eh = G , (2)

where G, τnr, and B denote the generation rate, the non-radiative lifetime and the bimolecular
recombination parameter, respectively. At low temperatures, non-radiative recombination
is strongly reduced [32], while bimolecular recombination becomes enhanced [33]. The
concentration of the electron-hole plasma becomes approximately

neh =

√
G
B
. (3)

Due to absorption, G decreases exponentially in the semiconductor with

G(z) = G0 exp(−αz) . (4)

Here, G0 denotes the generation rate at the surface, α the absorption coefficient at the particular
excitation wavelength, and z the distance from the facet along the waveguide. Reabsorption of
the undirected luminescence, which might cause a small reduction of the effective absorption
coefficient, is neglected for the sake of simplicity. The generation rate per unit volume is related to
the incident photon flux S0 (number of photons per time and area) by G0 = αS0. The presence of
the electron-hole plasma changes the refractive index of the semiconductor. The local dielectric
constant is given by

ε(z) = εs

(
1 −

ω2
p

ω2

)
, (5)

where εs = n2
s denotes the dielectric constant of the GaAs substrate without excitation, ω = 2πν

the angular frequency of the QCL, and ωp the plasma frequency given by

ω2
p =

neh(z)e2

ε0εsm∗
. (6)

Here, e denotes the electron charge, ε0 the vacuum permittivity, and m∗ the effective electron
mass. For the sake of clarity, we assume in the following that εs and ns are real-valued.

Figure 4(a) illustrates the behavior of the dielectric constant in the substrate close to the facet
for different photon fluxes. For small fluxes, only the real part of the refractive index in the
vicinity of the facet (z = 0) is affected. Above a certain photon flux, a transition from a dielectric
to a metallic behavior takes place at the position where the plasma frequency ωp equals the
QCL frequency. With increasing photon flux, this transition moves deeper into the cavity. The
resulting shift of the cavity resonance can be numerically calculated with the transfer matrix
method [34]. This is possible without further approximations by virtually dividing the excited
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Fig. 4. (a) Calculated change of the real part of the refractive index close to the facet of the
excited GaAs substrate for normalized incident photon fluxes S0 = bSN , where SN is the
photon flux for which ε = 0 at the surface (z = 0). For b = 10, the calculated change of the
imaginary part of the refractive index is also shown, as well as further results for different
values of τnr. (b) Calculated shift of the resonance frequency as a function of intensity
(~ωNIRS0) for a one-dimensional cavity. Numerical results are depicted for different values
of τnr. The excitation wavelength is 810 nm, L = 1 mm, ν = 3.3 THz, α = 104 cm−1,
εs = 12.8, and B = 1.8 × 10−8 cm3 s−1 [35].

region into a large number of stratified layers. The outcome of such a simulation is illustrated in
Fig. 4(b). Providing that the excitation volume is small compared to the THz wavelength, it is
also possible to derive an approximate, analytic expression within the transfer matrix formalism
(see Appendix). Eventually, the outcome is a rather simple expression for the frequency shift ∆ν

∆ν ≈
e2

2π2ε0εsm∗
1

Lν

√
S0
Bα

, (7)

where we neglected non-radiative recombination. Here, ν denotes the unperturbed QCL frequency
and L the physical cavity length. The frequency shift according to Eq. (7) is illustrated in
Fig. 4(b) as a red line. It resembles the experimentally observed square root dependence and is in
reasonable agreement with the corresponding exact numerical simulations even for rather large
excitation intensities. Therefore, Eq. (7) can be used as a general estimate for the tuning range of
a LIFT configuration. The same figure depicts the numerical results for different values of τnr.
Since non-radiative recombination causes a linear component in the tuning characteristics which
is experimentally not observed, we conclude that the non-radiative contribution is small in our
configuration (with τnr & 3 ns, where the particular value of τnr might vary for different GaAs
substrates). If we rewrite Eq. (7) in terms of the excitation power P = ~ωNIRS0 A, we obtain

∆ν ≈
e2

2π2ε0εsm∗Lν
√
~ωNIR ABα

√
P = aL

√
P . (8)

Here, ~ωNIR represents the photon energy and A the excitation area.
We explain the experimentally observed gradual decrease of the QCL output power for larger

NIR illumination powers by a local heating of the active region, which results in a reduction of
the gain, and a decrease of the cavity Q factor, which in turns increases the threshold gain. In
contrast to the shift of the main cavity resonance, the decline of the Q factor cannot be easily
recovered in a one-dimensional treatment.
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Another aspect which becomes relevant for large tuning ranges is the relative stability of the
NIR laser power. According to Eq. (8), power fluctuations δP will result in frequency fluctuations
δν of

δν =
∆ν

2
δP
P

. (9)

Achieving 5 MHz resolution over a 50 GHz tuning range requires hence a relative power stability
of 2× 10−4 within the acquisition bandwidth, while the same resolution for a 5 GHz tuning range
can be obtained already for a ten times worse stability level.
Since the tuning is caused by the optical generation of an electron-hole plasma, the LIFT

method is intrinsically fast. Bimolecular recombination times for relevant excitation densities
(neh > 1016 cm−3) are in the nanosecond to sub-nanosecond range.

4. Comparison of light-induced, current and thermal frequency tuning effects

We successfully performed experiments with QCLs emitting at 2.5, 3.1, and 3.3 THz (referred
to devices A–C in the following). The devices are Fabry-Pérot lasers with single-plasmon
waveguides. For each QCL, we could identify one or two single-mode operation regimes at
operating temperatures between 40 and 60 K. The frequency can be tuned within 1–4 GHz by
changing the QCL driving current, where the smallest and largest tuning ranges are obtained for
the 2.5 and 3.1-THz device, respectively. An overview of the current and temperature tuning
parameters is given in Table 1. Note that a temperature increase leads to a negative frequency
shift, while optical excitation and an increase of the QCL current lead to a positive frequency
shift. Therefore, we rule out that LIFT is caused by a temperature effect. A frequency shift
due to the optically induced heating of the QCL might play a compensating role. However, this
effect has to be minor, since even the maximum thermal frequency shift over the whole operating
temperature range of the QCLs is still about one order of magnitude smaller than the optically
induced frequency shift.
The largest optical tuning range was observed for a 660-µm-long QCL emitting at 3.1 THz

(device B), which was illuminated with up to 3.3 W (approximately 50 kW cm−2). The QCL
exhibits single-mode operation in one of two modes at 3.10 THz and 3.15 THz , with LIFT tuning
ranges of about 34 and 40 GHz, respectively. Figure 5(a) depicts the methanol transmission
spectrum for the high-frequency mode of this device. The LIFT range of almost 40 GHz was
technically limited by the available power of the diode laser. In order to resolve all the lines, the
spectrum is displayed versus the square root of the optical power.
Figure 5(b) depicts the frequency shift as a function of the normalized power for all three

devices for the modes with the largest LIFT range, where the various absorption lines have been

Table 1. Current and temperature tuning parameters for the investigated QCLs: maximum
frequency coverage ∆νIQCL for a variation of the QCL current (IQCL) and ∆νT for a variation
of the temperature (T); tuning coefficient dν/dIQCL for frequency and dν/dIQCL for
temperature. The last column contains the maximum LIFT range ∆νLIFT. The active region
design of the corresponding QCLs are given in the respective references. Devices B and C
are fabricated from different wafers with small variations of the layer thicknesses.

QCL ν ∆νIQCL dν/dIQCL ∆νT dν/dT ∆νLIFT

(THz) (GHz) (GHz/A) (GHz) (MHz/K) (GHz)

A [36] 2.5 1.3 +30 1.8 −103 9.7

B [37] 3.1 3.8 +39 5.0 −238 39.4

C [37] 3.3 2.3 +19 3.5 −172 16.8
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Fig. 5. (a) Methanol transmission spectrum as obtained with a 0.66-mm-long 3.1-THz QCL
(device B) operated at 40 K and 295 mA. The transmission is displayed versus the square root
of the normalized NIR power. (b) Frequency calibration for the modes with the largest LIFT
range of each laser according to the JPL molecular catalog revealing a spectral coverage of
almost 40 GHz for device B. The solid lines refer to fits to Eq. (1). (c) Normalized QCL
intensity as a function of the normalized NIR power. The labeled dip in the characteristics
of device B is due to atmospheric water absorption.

assigned according to the JPL molecular catalog. For devices A and C, the tuning behavior
follows almost perfectly a square root dependence, while for device B certain deviations are
observed as expected for very large tuning ranges [cf. Fig. 4(b)]. Figure 5(c) depicts the decrease
of the QCL intensity with increasing excitation power. As discussed previously, the reason for
this behavior might be an increase of the threshold gain due to the local heating of the device or a
reduction of the quality factor of the QCL cavity due to the selective excitation of the substrate or
the inhomogeneity of the plama excitation.
Table 2 summarizes the results obtained for the three devices. With the exception of the

shortest device B, the maximum tuning range was determined by longitudinal-mode transitions
of the QCLs. We found that the tuning behavior is rather well predicted by the one-dimensional
model. Despite small variations of the tuning coefficient aL for the different modes of each QCL,

Table 2. Single-mode frequency coverage by LIFT for the three QCLs.

QCL L νmin − νmax ∆νLIFT Pmax aL

(mm) (THz) (GHz) (W) (GHz W−1/2)

A 1.52 2.498–2.506 8.7 0.6 16.8

2.523–2.533 9.7 0.6 15.1

B 0.66 3.091–3.125 33.9 2.2 24.6

3.147–3.186 39.4 3.3 23.5

C 1.00 3.344–3.360 16.8 1.0 19.3

3.382–3.396 14.2 0.9 16.7
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the experimental observations agree with the predicted frequency and inverse-length dependence
as well as the already discussed square root power dependence. For comparison, the theoretical
values for aL which correspond to frequency and length of lasers A, B, and C according to Eq. (8)
are 9.5, 18.2, and 10.9 GHz W−1/2, respectively (with parameters as in Fig. 4).

5. Future prospects

Since single-mode operation is facilitated for shorter cavities in combination with a stronger
LIFT effect [cf. Eq. (7)], a further decrease of the cavity length may enhance the tuning range
significantly. While we already obtained a combined bandwidth of 72 GHz for the 3.1-THz QCL,
a future milestone will be a LIFT range which exceeds the longitudinal mode spacing. Then, the
total continuous frequency coverage will be given by the mode spacing times the number of modes
for which single-mode operation is achievable. Note that the gain bandwidth of the active-region
structure can easily cover several hundred GHz to more than 1 THz for particular broadband
designs [38]. We expect that additional noise-reducing measures will become necessary for
molecular spectroscopy with a LIFT bandwidth significantly larger than 40 GHz in order to
mitigate the relative power noise of the NIR laser and to maintain the frequency fluctuations
according to Eq. (9) sufficiently small.
While the presented results are all based on the configuration shown in Fig. 1 (a), there is

indeed a high flexibility in implementing the basic principle. By direct coupling to an optical
fiber, compact and robust setups without a microscope are feasible [29]. If a smaller maximum
tuning range is acceptable, a single-mode diode laser can serve as an alternative to a high-power,
multimode diode laser. Such diode lasers can be focused into a diffraction-limited spot, providing
large power densities. Using a single-mode diode laser at 807 nm, we were able to obtain a
tuning of already 15 GHz for device B with an incident power of only 200 mW.
Note that direct excitation of the active region results in most cases in instable operation and

cannot be easily exploited for spectroscopy. Therefore, some limitations of the method toward
higher frequencies are expected. As illustrated in Fig. 1(c), the waveguide mode becomes
stronger confined to the active region with increasing frequency. While almost 80% of the optical
mode are found in the substrate for QCLs at 2.5 THz, this number decreases to values below 50%
above 5 THz. If the mode is then confined mainly in the active region, the optical excitation of
the substrate below the ridge waveguide structure will only cause a small perturbation of the
main cavity resonance. Hence, large-range optical tuning by substrate excitation might become
impossible above a certain frequency.

6. Summary

We demonstrated that spatially well-controlled optical excitation of THz QCLs enables wideband
high-resolution spectroscopy, where the spectral coverage exceeds the frequency range for current
and temperature tuning by about one order of magnitude. The method is intrinsically fast, since it
relies not on a thermal effect, but on the optical excitation of an electron-hole plasma in the QCL
substrate. In combination with a fast detector, high-resolution molecular spectra covering several
tens of GHz are obtained on a millisecond time scale. The method provides a large flexibility in
its implementation and can be readily applied to a large class of devices.

Appendix: derivation of the tuning equation

We consider a resonator of length L with sections A and B, where B is the section which is
optically excited (cf. Fig. 6). We aim at deriving an analytic approximation for the shift of
the transmission maxima, which will eventually yield the tuning equation [Eq. (7)]. Since the
plasma excitation takes place on a length scale much smaller than the wavelength of the QCL and
since the change of the dielectric constant can be very large, the problem cannot be covered in the
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Fig. 6. Schematics of the considered two-section resonator. Section B is optically excited
while A remains unaffected. The thick black lines mark the rear and front facet of the cavity.

framework of a scalar Eikonal equation. The following derivation starts with the rather general
transfer-matrix formalism for stratified media, as it is routinely used to calculate for instance the
transmission and reflection spectra of layered structures [34]. Within this framework, the relation
of the electric and magnetic field strengths E1 and H1 on the left-hand side of the resonator with
E0 and H0 on the right-hand side is given by two coupled equations, which are linear with respect
to the field components. For a single dielectric layer under normal incidence, the matrix notation
of these equations reads (

E1
H1

)
=

©­«
cos(kll) iZl sin(kll)
i
Zl

sin(kll) cos(kll)
ª®¬
(
E0
H0

)
. (10)

Here, Zl =
√
µ0/εlε0 denotes the wave impedance of the layer, l the thickness, and kl = nlk0

the wavevector. In order to avoid imaginary matrix elements, we perform a base transformation
(Ei,Hi) → (Ẽi, H̃i) with Ẽi = −i

√
ε0

√
µ0k0

Ei and H̃i = Hi . The transfer matrix becomes then

Ml =
©­«

cos(kll) 1
kl

sin(kll)

−kl sin(kll) cos(kll)
ª®¬ . (11)

The transfer matrix M of the composed cavity is obtained as the product of the transfer matrices
A and B referring to sections A and B

M = B · A = ©­«
M11 M12

M21 M22

ª®¬ . (12)

The transmission coefficient for the cavity is given by

t = 2ik0e−ik0L
1

−M21 + k2
0 M12 + ik0(M11 + M22)

. (13)

We first have to find the transfer matrices A and B in order to determine M . Subsequently, we
have to identify the complex roots of the denominator in Eq. (13) with respect to the cavity
wavevector, since these represent the lasing condition. If we divide the cavity into a large
number of stratified layers, the frequency shift can be numerically calculated with the transfer
matrix method by finding the complex roots of t−1 or by simply determining the shift of the
transmission resonance as the function of the excitation density (neglecting the influence of
gain). Both is possible without further approximations, but cannot provide a tuning equation. For
deriving an analytic expression, we are interested in a simple form for the final transfer matrix M .
Consequently, we will neglect all small contributions of higher order in the following.
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For the determination of the transfer matrix B, we assume that the length of section B is
small compared to the THz wavelength LB � λ and that the optical excitation is completely
absorbed in this section. In Eq. (11), we approximate the cosine by 1 and the sine by its
argument. To take into account the change of the dielectric constant by optical excitation, we
consider section B as divided into small subsections with a thickness of ∆z and then perform the
transition to infinitesimal small layer thicknesses dz. The matrix B is obtained as the product of
all sub-matrices, resulting in

B =
∏
∆z→0

©­«
1 ∆z

−k2
B∆z 1

ª®¬ = ©­«
1 LB

−
∫

k2
B(z)dz 1

ª®¬ . (14)

With Eq. (4)

ε(z) = εs

(
1 −

ω2
p

ω2

)
, (15)

we can write

B =
©­«

1 LB

−k2
s LB + k2

s

∫ ω2
p (z)

ω2 dz 1
ª®¬ (16)

with k2
s = εsk2

0 . Since it will simplify the further derivation significantly without affecting the
final result, we first carry out a formal transition LB → 0

B
LB→0
=

©­«
1 0

k2
s

∫ ω2
p (z)

ω2 dz 1
ª®¬ . (17)

It might appear inconsistent to set LB = 0 in B12 and B21 but not the integral in B21. The
explanation is that the total length L of the cavity must stay the same. Hence, a finite length
of section B would have to be compensated by a reduced length of section A. We avoid this
compensation, which just complicates the derivation without additional insights, by setting
LA = L in the following. By doing so, we lose terms of higher-order in LB, which we would
otherwise neglect in the final approximation.

To find the transfer matrix for section A, we consider the system to be close to resonance. We
write ksL = 2πN + δksL with N denoting an integer. Since optical gain is required in order
to fulfill the lasing condition, δks has to be complex. We define δks = ∆ks − ig/2 with ∆ks
denoting the real component of the wave vector shift and g the threshold gain [31]. Assuming
|δksL | � 1 we approximate again the cosine by 1 and the sine by its argument resulting in

A =
©­«

1 δks
ks

L

−δksksL 1
ª®¬ (18)

With Eqs. (17) and (18), the simplified transfer matrix of the total cavity becomes eventually

M = ©­«
1 δks

ks
L

[k2
s

∫ ω2
p

ω2 dz − δksksL] [1 + δksksL
∫ ω2

p

ω2 dz]

ª®¬ . (19)

We now have to determine the complex roots of the denominator in Eq. (13):

0 = −M21 + k2
0 M12 + ik0(M11 + M22) . (20)
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Inserting the matrix elements and dividing by ks , we obtain

0 = δksL

(
1 +

k2
0

k2
s

)
− ks

∫
ω2

p

ω2 dz + 2i
k0
ks
+ iδksk0L

∫
ω2

p

ω2 dz . (21)

In order to fulfill the equation, real and imaginary part on the right side have both to become
zero. While the former will yield the frequency shift, the latter will yield an expression for the
threshold gain. Since δks is complex, both equations are coupled, i.e. there is in principle a
gain contribution to the frequency shift and vice versa. However, these contributions are small
and we neglect it. Further higher-order coupling terms originate from the imaginary component
in the relation ks = (ns − i g

2k0
)k0 with ns =

√
εs which has to be used in the presence of gain.

We will neglect the corresponding higher-order coupling terms by the approximation ks ≈ nsk0.
Eventually, we obtain for the real part of Eq. (21)

∆k0
k0
=
∆ν

ν
≈

εs
εs + 1

1
L

∫
ω2

p

ω2 dz . (22)

Since εs � 1 and because we are interested at most in a simple expression describing the behavior
qualitatively, we will further approximate the term εs/(εs + 1) by unity. Carrying out the integral
by using

ω2
p =

neh(z)e2

ε0εsm∗
=

e2

ε0εsm∗

√
G
B
=

e2

ε0εsm∗

√
αS0
B

√
e−αz , (23)

we eventually obtain

∆ν ≈
e2

2π2ε0εsm∗
1

Lν

√
S0
Bα

. (24)
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