Wave spectra of square-lattice domains in a quasi-two-dimensional binary
complex plasma
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Domains of square lattice have been observed in a quasi-two-dimensional binary complex plasma. The longitudinal and transverse mode of the wave spectra were measured. To compare with the experiment, Langevin
dynamics simulations of a binary mixture were carried out, where the non-reciprocal interactions between
different species were modeled with a point-wake Yukawa potential. A strong dependence of the wave spectra
on the relative magnitude of the point-wake charge is revealed.
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A complex plasma consists of weakly ionized gas and
microparticles. The particles are charged negatively
while interacting with ions and electrons. Since the
discovery of plasma crystals1–5 , complex plasmas have
been widely used as a model system6–8 to study condensed matter physics. In the laboratory, microparticles are levitated in the (pre)sheath above the bottom
electrode9–11 , where the gravity can be balanced by the
electric force. Under certain conditions, monodisperse
microparticles are confined in a single layer and selforganize in a triangular (hexagonal) lattice12 . Various
phenomena, such as crystallization13,14 , generation of the
Mach cones15–17 , wave propagation18–20 , and the mode
coupling instability21–23 , have been observed in 2D complex plasmas.
A binary complex plasma is formed by injecting two
types of particles in a plasma24–26 . With a proper combination of the particle sizes and materials, the two species
can be levitated at approximately the same height, i.e.,
the distance between the two layers can be much smaller
than the horizontal interparticle distance27–29 . This
is called quasi-two-dimensional (q2D) binary complex
plasma. The collective dynamics and structure properties of such systems have been studied both in experiments and theory30–32 .
In this paper, we report an experimental observation
of domains of square lattice in a q2D binary complex
plasma. Wave spectra of such domain are measured and
the results are compared with a numerical simulation.
The experiments were performed in a modified
Gaseous Electronics Conference (GEC) rf reference
cell17 , see Fig. 1. Argon plasma was sustained using
a capacitively coupled rf discharge at 13.56 MHz with
an input power of 20 W. The gas pressure was about
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FIG. 1. Sketch of experimental setup and the frame of reference used for the analysis. The plasma is sustained by a
capacitively coupled argon discharge in the GEC rf reference
cell. For particle diagnostics, the horizontal laser diode can be
moved (scanned) in the vertical direction. A binary mixture
of particles forms a square lattice with the structure S(AB),
the purple circles represent small MF particles and the green
circles represent big PS particles.

0.65 Pa. To form a q2D binary complex plasma, we injected monodisperse melamine formaldehyde (MF) and
polystyrene (PS) microparticles consecutively into the
plasma29 . These particles were suspended above the bottom circular electrode with a diameter of 220 mm and
confined horizontally in its center by a grounded ring.
The MF particles had a diameter of dMF = 9.19±0.09 µm
and mass density of ρMF = 1.51 g/cm3 , while the PS particles had a diameter of dPS = 11.36 ± 0.12 µm and mass
density of ρPS = 1.05 g/cm3 . The gravity was compensated by the sheath electric force as mg = EQ, where g
is the acceleration due to gravity, E is the electric field,

2
experiment

lψ 8l

0

0.5

1

simulation

Ψ8 (r) for a particle with coordinate r as

20
(a)

Ψ8 (r) =

(b)

y (mm)

15
10
5
0

0

5

10 15
x (mm)

20

10
0
0.0

5

10 15
x (mm)

20

8
(c)

20

0.5
lψ 8l

g(r)

Dist (%)

30

0

1.0

(d)

4
0

0

1
2
r (mm)

3

FIG. 2. Local structure indicated by the order parameter
|Ψ8 | of a q2D binary complex plasma for experiment (a) and
simulation (b), the distribution of |Ψ8 | (c), and the pair correlation function (d). The rectangles in (a) and (b) indicate the
areas used for the analysis of the spectra shown in Fig. 4. In
(c) and (d), the experimental results are shown by the black
squares, while the red lines represent the simulations.

and Q is the particle charge. Assuming Q ∝ d33 , the
two types of particles can be suspended at the same
height when the condition ρMF d2MF = ρPS d2PS is fulfilled. The corresponding neutral gas damping rates are
νPS = 0.91 s−1 and νMF = 0.77 s−1 for PS and MF particles, respectively, following the Epstein expression34–37 .
The particles were illuminated by two laser sheets. The
wavelength of the horizontal laser sheet was 660 nm and
particle positions in the xy plane were recorded by a topview video camera (Photron FASTCAM 1024 PCI) with
a matching bandpass filter at a speed of 60 frames per
second (fps). This laser diode can be moved in the vertical direction to perform a scan. The wavelength of the
vertical laser sheet was 635 nm and the particle positions
were recoded by a SONY XC-ST 50 video camera at a
speed of 30 fps.
Using the top-view camera, we recorded a circular particle cloud where individual particles (with a total number of approximately 4000) can be identified and tracked
in consecutive images. The cloud can be divided into
two regions. In the central region, MF and PS particles
are well mixed upon fast cooling, with most of the particles being in an amorphous state. In the outer region,
only MF particles are present, forming hexagonal lattice
structure surrounding the mixture. In the present paper, we focus on this mixture in the center. As we can
see in Fig. 2(a), at certain locations, we observe localized
ordered lattice domains of limited size. These domains
have a square lattice, different from the typical hexagonal
lattices in one-component complex plasma. In order to
identify such structure, we define a local order parameter

1 X i8θm
,
e
8 m

(1)

where we only consider eight nearest neighbors and θm is
the angle between rm − r and the x axis, see Fig. 1. The
result is shown in Fig. 2(a). One can see a few squarelattice domains of various sizes embedded in the amorphous binary mixture. The largest domain is located at
the left lower corner, comprised of approximately 80 particles. The mean interparticle distance of a ≈ 0.6 mm
is deduced from the pair correlation function, shown as
black squares in Fig. 2(d).
Using the side view camera, two layers of particles are
recorded. Their height difference is about 0.14 mm, as
shown in Fig. 3, which is much smaller than the horizontal interparticle distance. The system can therefore be
regarded as q2D. Furthermore, the particle motion in the
vertical direction is barely visible with the used discharge
power settings, and therefore we neglect this component
in the analysis.
In order to identify the composition of this square lattice, we performed a vertical scan in a separate experimental run. The horizontal laser sheet moved down.
During this procedure, the laser sheet first crosses the
upper layer of MF particles (the purple dashed-dotted
line in Fig. 3(c) represents a Gaussian fit of the recored
particle image brightness), and then the lower layer of
PS particles (the green dashed line). The MF and PS
particles can thus be distinguished, and their structure
is shown in Fig. 3(d). Note that the square lattice is
slightly distorted, presumably due to the tension in the
cloud.
To identify the collective dynamics of such square lattice, we computed the wave spectra using Fourier transformation. Here, we do not apply external excitation,
and thus the natural phonon spectra are obtained. The
wave spectra Vk,ω are calculated based on the particle
velocity v(r, t):
Z

P

Z

Vk,ω = 2/P A

A

v(r, t) exp[−i(k·r−ωt)]drdt, (2)
0

0

where A and P are the linear size of the area and the
period over which the particle motion is summed. The
spectra are calculated in the directions of θ = 0◦ and
45◦ for both longitudinal (L) and transverse (T) mode38 .
The results are shown in Fig. 4.
To corroborate the experimental results, we performed
a Langevin dynamics simulation. The equation of motion
including damping reads
X
mi r̈i + mi ν ṙi =
Fji + Fc,i + Li ,
(3)
j

where ri is the particle position, mi the mass, νi the
damping rate, Li the Langevin heat bath. We use
the same values of masses and damping rates as in the
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FIG. 3. Side view (a) and top view (b) of a q2D binary
complex plasma recorded by the video cameras (inverted gray
scale). The brightness of each particle, recorded by the topview camera during the scan from top to bottom, is shown in
(c) by gray lines . Different particle types in (d) are indicated
as in Fig. 1.

experiment. The Langevin force Li (t) is defined by
< Li (t) >= 0 and < Li (t)Li (t + τ ) >= 2νi mi T δ(τ )I,
where T is the temperature of the heat bath, δ(τ ) is the
delta function and I is the unit matrix.
We simulated a binary mixture of microparticles confined in the (pre)sheath of a plasma, where the gravitational force is balanced by the electrostatic force of
the sheath field26,29,30 . Since the two types of particles
have different masses, their equilibrium heights deviate
by ∆ = 0.14 mm, same as in the experiment. We model
this strong vertical confinement with a parabolic confinement, Fc,i = −C(zi −zi,0 )ez , where zi,0 is the equilibrium
position for particle i. In this paper, we focus on the inplane dynamics and thus suppress the vertical motion by
setting C = 1 µN/mm. In the horizontal direction, we
apply periodic boundary conditions.
In the simulation, individual microparticles are modeled as negative point-like charges. These negatively
charged particles distort the ion flow in the sheath, resulting in the ion wake below individual particles. This wake
effect has been studied using various theoretical models such as Yukawa point-wake model21,39 , dipole-wake
model40 , self-consistent model41,42 , as well as particle-incell simulations43,44 . Here, we apply the Yukawa pointwake model to include the ion wake in the particle interaction. This treatment is simple but can capture the
essence of the underlying physics. In practice, a positive
point-like charge is placed at a fixed vertical distance δ
below each particle45,46 . The force exerted on particle
i by particle j is composed of two components: the repulsive force Fjip by particle j and the attractive force
Fjiw by the point-like wake charge below particle j. Both
components have a form of Yukawa interaction. The net

w
rji
rji
w
+ Qi qj f (rji
) w , (4)
rji
rji

where f (r) = exp(−r/λ)(1 + r/λ)/r2 with λ being the
w
screening length, rji = ri − rj and rji
= ri − (rj −
δez ). Thus the interaction is non-reciprocal28,47,48 . The
molecular dynamics simulations were performed using
LAMMPS in NVT ensemble49 . The parameters were
chosen according to the experimental values17,29 . The
charges for PS and MF particles are set to QPS = 19000 e
and QMF = 15000 e, respectively, and the screening
length is λ = 600 µm. The distance between the pointlike wake charge and the particle is set to δ = 180 µm,
i.e., δ/λ = 0.321,40,45 . The total number of particles in
the simulation is 6400.
The formation of square-lattice domains depends not
only on the particle size and plasma parameters, but also
on the preparation of the particle cloud. In the experiments, the particles are compressed into a q2D layer by
the increase of discharge power. In a domain of square
lattice, MF and PS particles are arranged alternatively,
as shown in Fig. 3(d). The preparation of binary complex plasma is a complicated procedure, which is beyond
the scope of this paper and will be published elsewhere.
In order to simulate the structure observed in the experiment, we arrange two types of particles alternatively,
with an uncertainty of 30% of the interparticle distance
as the initial condition. The system evolves for 10 seconds to reach a steady state. The resulting structure is
shown in Fig. 2(b). Though more particles show local
square structure than in the experiment, the distribution
of |Ψ8 | in the simulation quantitatively agrees with that
in Fig. 2(c).
In Fig. 4, we plot the dispersion relations of the inplane modes in the domain of square lattice, marked in
Fig. 2(a). The two principal axes for both longitudinal
and transverse mode spectra are chosen as θ = 0◦ and
45◦ according to the intrinsic symmetry of the square
lattice. The wave energy is concentrated along distinct
curves in the k-ω space. The results are compared with
the numerical simulation, from the domain marked in
Fig. 2(b)50 . Since the domain size is limited, the spectra
have a relatively high level of noise. Nevertheless, the
simulation with selected parameters shows a fair agreement with the experiment when the wake charge is set
to 20% of the particle charge, i.e., for q/Q = 0.2.
In order to study the influence of the wake charge
on the dispersion relations, we run the simulations for
three wake charge ratios (q/Q = 0.2, 0.4, 0.6, for which
a square lattice can be formed) and plot the resulting
phonon spectra in Fig. 5. To gain better resolution, here
we initially arrange the particles in a staggered square
lattice in the whole simulation area. The square-lattice
structure is sustained after the relaxation.
Fig. 5 shows that the frequency of the longitudinal
component decreases with the increase of the wake charge
while that of the transverse component increases. The
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FIG. 4. Phonon spectra of the q2D binary complex plasma in
the experiment (upper panels) and simulation (lower panels).
The left and right columns show the spectra of longitudinal
(L) and transverse (T) modes at θ = 0◦ and θ = 45◦ , respectively.
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Appendix A: Wave spectra of a hexagonal lattice
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FIG. 5. Phonon spectra of the q2D binary complex plasma
in the simulations. To enhance the quality of the spectra,
here we use a larger number of particles compared to the
experiment (4450 instead of 88). From top to bottom, the
panels correspond to the ratio q/Q of 0.2, 0.4, and 0.6. The
left and right columns show the spectra of the longitudinal (L)
and transverse (T) modes at θ = 0◦ and θ = 45◦ , respectively.
Here, we use only those values of q/Q for which a square
lattice can be formed.

same experimental run. This area is close to the periphery of the particle cloud and mainly contains MF particles. Here, the interparticle distance is slightly larger
than that in the center part of the particle cloud. In this
area, the particles form a triangular lattice with hexagonal symmetry, as often seen in one-component 2D plasma
crystals17,18,20 . It is conventional to select θ = 0◦ and
θ = 30◦ as principal axes to perform spectral analysis.
For the purpose of direct comparison, we also include
the spectra of the longitudinal and transverse modes for
θ = 45◦ . The results are shown in Fig. 6. Both modes
show a different dispersion relation from those of a square
lattice. Note that this selected domain is slightly larger
than the one marked in Fig. 2(a), resulting in spectra
with better resolution.
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FIG. 6. Phonon spectra of hexagonal lattice in the same experimental run as shown in Fig. 4. This domain of hexagonal lattice
is located close to the periphery of the particle cloud.
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