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a b s t r a c t

Time synchronous averaging for the extraction of periodic waveforms is a rather common
processing method for rotating machinery diagnosis. By synchronizing the signal to the
rotational angle of the component of interest, e.g. by using a keyphasor reference signal,
it is possible to perform the averaging in the angular domain, thus obtaining an angle-
synchronous signal. Jittering of the reference signal affects the quality of the synchronous
averaging process, resulting in attenuation and uncertain estimation of the extracted syn-
chronous signal, especially in the high frequency band. In this paper, the effects of random
uncertainty in the pulse arrival times of the reference signal on the synchronous averaging
method are studied, with the objective of assessing the relevance of such a jitter error to
the extracted waveform and the indicators derived for monitoring purposes. First, a unified
framework for the computed order tracking method is presented, and then a model linking
the statistics of the random jitter to the statistics of the waveform extracted through syn-
chronous averaging in angle domain is developed. The theoretical model connects the ran-
dom jitter distribution, the number of averaged periods and the ratio of the period of
interest to the reference trigger period, to the distribution of the amplitudes of the syn-
chronous frequency components in the synchronously averaged signal. Approximate ana-
lytical solutions are derived for cases of interest, allowing the prediction of the attenuation
bias and variability of the extracted components amplitudes. The model is first verified
against numerical simulations in order to assess consistency, and then parametric studies
are presented. Experimental validation is performed on both an experimental and an oper-
ational data sets involving respectively a helicopter gearbox and a helicopter fleet.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

In the last decades rotating machinery vibration signals have been successfully modelled as cyclostationary processes
[1–5]. Cyclostationarity is a property characterizing stochastic processes whose statistics vary periodically with respect to

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ymssp.2019.04.017&domain=pdf
https://doi.org/10.1016/j.ymssp.2019.04.017
mailto:valerio.camerini@uniroma1.it
https://doi.org/10.1016/j.ymssp.2019.04.017
http://www.sciencedirect.com/science/journal/08883270
http://www.elsevier.com/locate/ymssp


V. Camerini et al. /Mechanical Systems and Signal Processing 129 (2019) 308–336 309
some variable (for rotating machinery, typically time or shaft’s angular position). Due to this generality, cyclostationarity
property is particularly fit to describe rotating machinery signals [6]. Formally, a first order time-cyclostationary signal
(CS1) y tð Þ is such that its expected value my tð Þ is periodic with some period T [6], i.e.:
my tð Þ , E y tð Þ½ � ¼ my t þ Tð Þ; ð1Þ

where E �½ � is the ensemble average operator. More generally, a (pure) n-th order cyclostationary signal (indicated as CSn) has
periodic n-th order statistical moments (cumulants). Among CSn signals, the class of CS1 and CS2 are of particular impor-
tance in machinery diagnostic. Specifically, the CS1 part of the signal carries important information about gears and shafts
health, e.g. it is correlated with unbalance of the shafts and with the teeth-meshing process of gears [6] and has been widely
used for diagnostic purposes [7–19]. The CS2 part was instead shown to carry information about potential bearing faults [4].
Rotating machinery signals often contain multiple periodicities (i.e. they are composed of different CS components of differ-
ent period T, associated to components rotating at different speeds). They are then classified as poly-cyclostationary (PC)
processes. According to [6], this means that the set of their statistical Fourier coefficients is the combination of the statistical
Fourier coefficients of all the basic cyclostationary signals composing the poly-cyclostationary signal, i.e. the periodic statis-
tical cumulants have a Fourier series expansion that can be expressed by superposing the fundamental cycles present in the
signal. Thus, in a PC signal there exist more CS components with different fundamental periods, allowing most of the rotating
machine signals to be covered by simply enlarging the formalism of cyclostationary processes to poly-cyclostationary pro-
cesses [6].

An accurate estimation of the CS1 component of a signal is key of paramount importance to the diagnostics procedure of
rotating machinery for two reasons. First, for its important role in gears and shafts diagnostic as mentioned, and secondly, by
subtracting the periodic mean from the signal, the pure CS2 part can be directly analyzed, which is correlated with, e.g., bear-
ing faults. In [6], the operator PA y �ð Þ½ � was introduced as the operator that extracts from signal y �ð Þ its components having
periodicities in A, being A a subset of all the possible periodicities in the signal space to which y belongs. For a CS1 signal,
the periodic part coincides with its expected value, and hence the ensemble average of Eq. (1) can be replaced by the oper-
ator P that extracts all the periodic components of a signal. This property is the equivalent of ergodicity for a stationary
stochastic process, and is thus named cycloergodicity. The P operator can be given either in terms of infinite cycle average
or in terms of a Fourier series. In the form of infinite cycle average, the application of the P operator to a CS signal y tð Þ reads:
P y tð Þ½ � ¼ lim
N!1

1
2N þ 1

XN
i¼�N

y t þ iTð Þ ð2Þ
Eq. (2) is of practical relevance, highlighting the equivalence of cycle averaging with ensemble averaging for cycloergodic
signals [6]. Such an equivalence enables the estimation of the periodic mean my tð Þ from a single realization of the process of
interest. In a way, this presents analogies with the power spectral density (PSD) estimation through segment averaging: the
property of cycloergodicity for CS signals is in fact the equivalent of the ergodicity property for stationary signals. Since any
measurement process results in a finite-length signal, my tð Þ needs in practice to be estimated from a finite set of cycles. Fol-
lowing [6], estimators of my tð Þ are referred to as first order cyclostationary tools.

Two interesting cases can be distinguished. In one case, the fundamental cycle of the CS signal is known a priori, e.g. from
the knowledge of the kinematic relations in a machine. In the other, such fundamental cycle is unknown and one must resort
to blind estimators, as the linear adaptive enhancer (ALE), or the self-adaptive noise canceller (SANC) [20–23]. Generally,
blind estimators performance is negatively affected by signal to noise ratio. Moreover, blind filters require a proper param-
eter tuning which may not be trivial in every case. When the cycle of the signal is known, a popular estimator of my tð Þ is the
synchronous average (SA) operator, which is also known as Time Synchronous Average (TSA) due to its original formulation
in time domain. SA is basically approximating Eq. (2) with a finite number of averages N.

Rotating machinery signals are better described as periodic in the angular domain defined by the reference shaft rotation
angle (i.e. they are angle-cyclostationary rather than time-cyclostationary). Therefore, they are better analyzed in the angle-
domain, where the cyclostationary property is preserved. The description of a signal in the angular domain is typically
achieved through computed order tracking [24], which consists of resampling the time signal at constant-angle increments
based on the information from a reference signal, that might come for example from a pick-up or a tachometer. The reference
consists typically of a certain, known number of pulses per revolution of a reference shaft, which can be used as a reference
for resampling the signal at constant angular increments. Once the resampled signal x hð Þ ¼ y t hð Þð Þ is obtained as a function of
the reference shaft angle h (which can be expressed in shaft revolution units), the periodic mean mx hð Þ can be estimated
given the fundamental cycle h. In absence of a tachometric reference signal, the tacho pulse instants may still be estimated
directly from the vibration signal under the condition of very small speed fluctuations, e.g. through demodulation of a gear-
mesh harmonic as in [25–27].

Only small speed fluctuations allow to preserve first order cyclostationarity in the response signal, since the signal statis-
tics are affected by the different operating speed regimes [28]. For the general case of non-negligible speed fluctuations, solu-
tions based on the concept of fuzzy cyclostationarity [29] were studied e.g. in [17,30]. Practically, the reference pulse time of
arrival suffers from a random jitter error arising from the measure limitations, physical imperfections, electrical perturba-
tions or acquisition unit software limitations, whereas estimation errors are introduced when trying to compensate for
the speed variation directly through the measured vibration signal. In [24], the authors analyse which factors and assump-
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tions have the greatest effect on the accuracy of the computed order tracking. Since then, keyphasor precision issues and
their effect on angular resampling and instantaneous angular speed estimation attracted significant research interest [31–
33].

A first objective of this paper is to entirely formalizing the angular resampling and the computed order tracking method-
ology in a solid theoretical framework. Such a formalization offers a simple, unified vision of the problem of approximating
the time-angle relationship based on the approximate knowledge of a set of couples of angle and time. Taking advantage of
the developed formalization, a comprehensive analysis of the effect the random jitter error affecting the known keyphasor
arrival times on the synchronous averaging procedure is then performed, based on the first results presented in [34], with
the objective of quantifying the error on the amplitude of the estimated periodic components. The random error has mainly
two effects: on one hand, it results in an attenuation bias of the estimated amplitudes of high frequency periodic compo-
nents; on the other hand, it introduces additional variability of the estimates, possibly hindering relevant information from
the periodic amplitudes measurements. With respect to [34], several extensions are presented in this article. First, the devel-
oped formalism explicitly allows to consider the speed fluctuations in the mapping to the angular domain; then, the treat-
ment of cyclic averages on cycles which are not multiples of the fundamental keyphasor cycle is considered. The effect of
signal measurement noise on the estimates is discussed. Also, the statistical analysis is made more rigorous by making expli-
cit the mixing covariance matrix terms, which improved the results of the analytical approximation originally derived in
[34]. Further, more comprehensive numerical and experimental validations are provided, including operational helicopters
data.

The remainder of this paper is organised as follows: in Section 2, the angular sampling, computed order tracking and syn-
chronous averaging procedures are introduced; then, the problem of random jitter effect is discussed. In Section 3, the mod-
elling of SA in presence of a random jitter error affecting tacho pulses arrival time is discussed. A new formulation is
proposed for studying CS1 signals. An approximated analytical solutions for the distribution of the estimated amplitudes
of the periodic components in the extracted signal is then derived from the theoretical model as a function of the extent
of pulse time uncertainty, the number of periods used for estimation and the ratio of the period of interest to the reference
trigger period. In Section 4, numerical simulations are presented in which the prediction capabilities of the model are ver-
ified and the impact of jitter errors on the recovery of CS1 signals through SA method is shown. Experimental verification is
performed for two cases in Section 5: one involving a bench test experiment on an Airbus type 1 helicopter gearbox and one
involving flight data analysis from a fleet of Airbus type 2 helicopters. Practical implications for the monitoring are also dis-
cussed. Finally, conclusions are drawn in Section 6.
2. Theoretical background

The content of this section is a summary of knownmaterial, mostly based on [24,35–38]. The concept of angular sampling
and the methods of computed order tracking and synchronous averaging are introduced along with the adoption of a unified
notation, which allows to connect the analysis later developed in the paper with the theoretical framework already present
in the literature.
2.1. Angular sampling and computed order tracking

Vibration signals recorded from accelerometers are normally sampled at constant time intervals. When analyzing rotat-
ing machinery signals, angular sampling is a common strategy adopted to correct for shaft speed fluctuation and obtain a
synchronized signal with periodic statistics (i.e. a cyclostationary signal) [33], allowing to exploit cyclostationary tools for
diagnostic purposes [39].

Angular sampling may be performed both directly, when proper hardware is available, or in a post-processing step (in
that case the procedure is referred to as angular resampling), when the signal is originally acquired using a classical time
domain acquisition board. Direct angular sampling requires a data acquisition board with an external clock and a variable
anti-aliasing filter, since Nyquist frequency varies with time according to the sampling interval. Such a solution is much
more expensive than other systems and commercially less interesting [26]. Further, typical industrial vibration monitoring
systems often provide sampling in time domain, hence angular sampling has to be achieved through a post-processing step.
Although this leads to decreased accuracy with respect to direct angular sampling, there is an advantage in obtaining the
vibration signal both in time and angle domain, since it is often beneficial to have a joint description in order to capture both
those features of the signal which are better described as angle-periodic (e.g. impulses generated synchronously with shaft
revolutions) and those features which are better described in time domain (e.g. the impulse responses of a linear time invari-
ant system) [40].

The most common method to resample in angle domain was introduced and studied in [24,35] and it is known as com-
puted order tracking. Using a keyphasor reference signal from an optical encoder or a tachometer, providing one or more
pulses per revolution, pulse arrival times are obtained and subsequently used to approximate the relationship between time
and angular position of the shaft. Alternatively, when no encoder signal is available, the angular position can be estimated
from the acceleration signal itself, using e.g. a meshing frequency as in [26]. In the original proposal from [35], the missing
angular values are obtained by fitting a second order polynomial to three consecutive pulse arrival times, assuming therefore
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a piecewise constant acceleration of the shaft. Assuming a shaft inertia high enough to prevent backlashing, it is possible to
formally define a bijective relationship / : t ! h tð Þ between the time variable t and the generic shaft angular position vari-
able h (expressed in shaft revolution units). Such an angle progression relationship might include a predictable evolution f tð Þ,
related e.g. to a ramp-up law or constant operation shaft speed, as well as a term r tð Þ originating from random shaft speed
fluctuation, so that h can be seen as a random function of the independent, deterministic variable t. Maintaining a similar
notation as in [6], it is possible to write:
/ : t ! h tð Þ ¼ f tð Þ þ r tð Þ ¼
Z t

�1
x uð Þduþ

Z t

�1
v uð Þdu ð3Þ
wherex tð Þ > 0 is the deterministic instantaneous angular speed of the shaft at time t, and v tð Þ is a random speed fluctuation
around x tð Þ such that jv tð Þj < x tð Þ for any t in order to preserve bijectivity [6]. An important observation can be when done
modelling the rotor system as a second-order system in the torsional degree of freedom. By Laplace-transforming the equa-
tions of motion, it is possible to observe that the rotational inertia has the effect of a low-pass filter on the angular speed
response to perturbations of the applied moments (torque and resisting aerodynamics/frictional forces), resulting therefore
in reasonably band-limited speed fluctuations for high values of the rotor inertia. Therefore, the higher the inertia of the con-
sidered rotor, the slower will be the relevant speed fluctuations. Such a filtering effect restricts the effective bandwidth of the
random perturbation v tð Þ, allowing to use the encoder signal for reconstruction of the speed (shaft angle) profile without
incurring in significant aliasing effects.

The first step of order tracking corresponds to determining a bijective relationship /̂ : t ! ĥ tð Þ which approximates /
based on the knowledge of h tð Þ for t belonging to the discrete set of times T such that the shaft angle position is exactly
known, i.e. ĥ t 2 Tð Þ ¼ h t 2 Tð Þ. This step is usually accomplished through interpolation. The set T is that of the ideal pulse
arrival times. In the adopted notation, in order to avoid confusion, the transformation from t to ĥ through /̂ is written as
ĥ ¼ /̂ t;Xð Þ, with X denoting the set of pulse arrival times used for the estimation of /̂. The same notation holds for the
reverse transformation, which is uniquely defined owing to bijectivity of /̂. The functional form of the approximant /̂ reflects
the modelling assumptions for the specific problem at hand. In [35], /̂ is a piecewise quadratic approximation reflecting the
model of a piecewise constant acceleration, in [41] a cubic spline model is used to represent a smooth phase variation, which
proved to be successful for wind turbines signal analysis. The cubic spline model needs a priori knowledge of all the signal
values, whereas the piecewise approximation can be updated as soon as new pulses become available from the encoder. For
a machine operating at constant speed with small random, stationary fluctuation, Eq. (3) is written as:
/ : t ! h tð Þ ¼ f tð Þ þ r tð Þ ¼ Xt þ
Z t

�1
v uð Þdu ð4Þ
with X constant operational speed. It is important to choose a model which represents the available knowledge of the prob-
lem and it is, at the same time, the simplest possible in order to prevent overfitting. In the case of Eq. (4), a piecewise linear
approximation to / might be appropriate and, due to less complexity of the linear model, more robust to estimation errors,
albeit introducing discontinuities in the angular speed from one revolution of the shaft to another. With r representing the
ratio between trigger cycle and the fundamental CS1 cycle of interest, the linear piecewise approximation /̂L to / is obtained
given the set of the M encoder pulse arrival times T : Tp1 ; Tp2 ; TpM

� �
and the encoder angular spacing (or trigger cycle)

Htrig ¼ rH as:
/̂L : t ! ĥ tð Þ ¼ Htrig

Tpiþ1
� Tpi

t þ ĥ Tpi

� �
; Tpi 6 t < Tpiþ1

; i ¼ 1;2; . . .M � 1ð Þ ð5Þ
that is a set of piecewise linear transformations such that ĥ tð Þ ¼ 1=kit þ bi, with 1=ki slope coefficient depending on the esti-
mated (constant) speed during the i-th encoder interval and bi an offset corresponding to the initial phase of the i-th encoder
interval, with b1 conventionally set to 0. Once the transformation / has been estimated, the following step consists of inter-
polating the time-domain vibration signal to obtain its values for a constant angular increments grid. This is accomplished by

inverting the mapping so to obtain x ĥ
� �

¼ y /̂�1 ĥ;T
� �� �

. In doing that, care must be taken as the interpolation acts practi-

cally as a low-pass filter in the base-band. An extensive discussion of the effects of interpolation on the vibration signal can
be found in [42].

2.2. Synchronous averaging

The basic idea of synchronous averaging is illustrated in Fig. 1, which shows the waveform xSA hð Þ obtained by syn-
chronously averaging N waveforms x hð Þ, indexed on the y-axis as i ¼ 1;2::i::;N and periodic on 2p radians (where a full cycle
corresponds, generally, to a shaft revolution) and corrupted by noise. As shown in Fig. 1, all the components of the signal
which are not synchronous with the fundamental period get attenuated in the process, and it is indeed the case for the ran-
dom noise components. In the limit of an infinite number of averages, the purely synchronous, periodic part of the signal is
extracted (see Eq. (2)). As previously introduced in Section 1, under the assumption of cycloergodicity, SA is indeed a prac-



Fig. 1. Illustration of synchronous averaging procedure for the extraction of a periodic waveform. The noisy signal x hð Þ, which has components periodic in
h 2 0;2p½ Þ is averaged N times to produce the smooth synchronous waveform xSA hð Þ.
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tical estimation of the periodic mean of a CS signal, which is its first order cyclostationary part of cycle equal to the funda-
mental period used for averaging. The equation for SA of a signal x hð Þ of fundamental cycle H reads in angle domain:
SA x hð Þ½ �H ¼ 1
N

XN�1

i¼0

x hþ iHð Þ ð6Þ
Synchronous averaging is thus equivalent to applying a comb filter to the signal [6], which extracts the multiples of the
reference harmonic. The number of averages controls the bandwidth of the lobes, the amount of noise rejection and the posi-
tion of the notches of the filter. In fact, by Fourier transforming to the order domain cH ¼ c=H (i.e. the angular-counterpart of
the frequency domain variable normalized by the fundamental cycle of the signal), the SA reads:
F h!cH SA x hð Þ½ �H
� � ¼ X cHð Þ

XN�1

i¼0

ej2picH ¼ X cHð ÞHSA cHð Þ ð7Þ
where the symbol j indicates the imaginary unit and X cH
� �

is the order domain representation of x hð Þ. Here the quantity
HSA cH
� �

acts as a transfer function which filters the angle-domain signal. It is easy to check that such a transfer function
has unitary gain when the order variable cH takes integer values, i.e. when the Fourier-transformed angular variable is a mul-
tiple of the fundamental averaging cycle. Developing the summation in Eq. (7) with respect to the argument of the exponen-
tial, one has:
HSA cHð Þ ¼ sin pcHNð Þ
N sin pcHð Þ e

jpcH N�1ð Þ ð8Þ
The resulting comb filter attenuates the signal which is not synchronous with the reference order, applying a gain lower
than unity in the asynchronous regions of the spectrum. It can be shown that the stationary noise is attenuated by a factor
1=

ffiffiffiffi
N

p
[6]. Eq. (8) shows that the parameter N controls the selectivity of the filter and the attenuation of the non-synchronous

components. Moreover, the position of the notches depends on the number of averages as well. Hence, a strong periodic
component of a cycle, which is not multiple of the basic cycle of interest present in the signal, can be completely cancelled
from the response only if it is possible to select a number of averages such that a notch gets located in correspondence of the
frequency of such component. Further details on the interpretation of synchronous averaging as a comb filter are given in
[38].

2.3. Encoder random jitter error

The encoder pulse time of arrival can be estimated from the encoder analogical signal, as detailed in [33]. An error on the
pulse arrival times estimation arises from instrument imperfections (e.g. geometrical errors), electrical perturbations, phys-
ical phenomena and measurement limitations. The effect of these errors on angular resampling can be estimated by intro-

ducing the set T̂ such that every element bTpi in T̂ is equal to the sum of the corresponding element Tpi in the set of the pulse
arrival times T and a jitter error �i. In this study, systematic errors arising from geometrical instrument imperfections are
neglected, and the attention is focused on the effect of the random errors. Each �i is assumed to be a random, uncorrelated
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jitter error, with identical probability density function (p.d.f.) p �ið Þ. The approximant /̂ to / is estimated from the set bT ,
resulting in approximation errors of the angle-time relationship which ultimately lead to distortion in the reconstructed
vibration signal. This aspect of the problem is introduced in [24], where experimentation with decreasing precision in the
keyphasor signal time of arrivals leads to progressively more deteriorated estimates of the order content of the resampled
signal.

Fig. 2, similarly to [24], shows qualitatively a keyphasor signal sampled with a sampling frequency f KP . The rate of sam-
pling f KP at which the keyphasor is sampled determines the resolution of the keyphasor pulse arrival times. A pulse will be
detected when the rising edge of the signal surpasses a threshold (dashed line in Fig. 2). Due to the resolution being limited
from the keyphasor sampling frequency, there is indeed an uncertainty on the real pulse arrival time, which can be expressed
as a random error. This is assumed to be the dominant contribution to the error in several industrial settings involving
keyphasor signals consisting of one pulse per revolution of the trigger shaft. In this paper, an analytical formulation is pro-
vided and the effect of the random pulse arrival time errors �i on the estimated amplitude of the synchronous components is
quantified. Monitoring systems require the design of acquisition configurations considering the duration of each acquisition
and the sampling frequency for each channel. By predicting the effects of the jittering error on the estimates of the syn-
chronous components as a function of the number of averages, the uncertainty extent, the considered averaging cycle length
and the noise extent, it is possible to determine the acquisition duration and keyphasor sampling frequency which are nec-
essary for an accurate estimation of the CS1 part of the signals of interests, providing information about both the expected
attenuation for a given component and the variance of the estimates. Also, the outcome of the analysis could be employed for
future research on the refinement of algorithms dealing with the estimation of the synchronous average in variable speed
conditions, as the generalized synchronous average proposed in [43].

3. Modelling the synchronous average under random jitter of the keyphasor

3.1. Previous work

The effect of keyphasor signal timing accuracy on the computed order tracking procedure was first reported in [24],
where it was experimentally shown that high sampling rate of the encoder signal produces cleaner order tracked signals.
However, the paper was mainly concerned with the computed order tracking method, and the synchronous averaging pro-
cedure was not discussed. High sampling rates of the encoder signal were recommended, but no quantitative analysis is per-
formed. In a different domain, statistics for time-domain cycle-average processes in presence of cycle-misalignment errors
were studied in [44], concerned with ECG signals. A first attempt to model the effect of uncertainty in the pulse arrival times
on synchronous average in the context of vibration monitoring was given in [25], where the effects of phase estimation
errors in the proposed automatic tacho-less synchronous averaging procedure (derived extending the work published in
[26]) were discussed. Specifically, the presented model for the i-th rotation period of a signal x tð Þ considering a random esti-
mation error �i of the tacho pulse instant at rotation i was:
Fig. 2.
line: tri
xi tð Þ ¼ s t � �ið Þ þ n tð Þ ð9Þ

where s tð Þ is the deterministic part of the signal periodic with the period of interest and n tð Þ the random and non-
synchronous sources. After an infinite number of averages, i.e. in the case of ideal synchronous averaging of Eq. (2), the
extracted signal reads accordingly:
mx tð Þ ¼ E xi tð Þ½ � ¼ E s t � �ið Þ½ � ð10Þ

and then, holding the commutativity of the Fourier transform applied to expectancy and considering that mx tð Þ is a periodic
signal, its frequency representation reads:
Mx fð Þ ¼ E S fð Þe�j2pf�i
� � ¼ S fð ÞE e�j2pf�i

� � ð11Þ
Uncertainty on pulse arrival time due to keyphasor digital resolution. Continous line: analogical output; dots: discretized output; dashed horizontal
gger level; dotted vertical lines: uncertainty on pulse arrival time.
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Considering the �i independent, identically distributed (i.i.d.) with probability density function p �ið Þ, Eq. (11) can be writ-
ten as:
Mx fð Þ ¼ S fð ÞU fð Þ ð12Þ

With U fð Þ denoting the Fourier transform of p �ið Þ, acting as a low-pass filter on the SA spectrum. The narrower is the

probability density function of the random jitter error, the higher is the cut-off frequency of the low-pass filter (in the limit
of zero jitter, the p.d.f. tends to a Dirac delta distribution, which has unit Fourier transform and produces no attenuation in all
the frequency domain). Formally, the model is equivalent to summing cycles of the signal with a random phase delay �i and
reproduces the same attenuation model obtained in [4] for the quasi-periodic bearing excitation. However, such modelling is
inadequate for the computed order tracking and synchronous average procedures detailed in Section 2. The uncertainty in
pulse arrival times determines in facts a reconstruction error in the angular resampling step, which results in distortion of
the original waveform, rather than in constant random phase shifts between different revolutions.

3.2. Proposed model

According to the formulation presented in Section 2, the effect of keyphasor inaccuracy is modelled as random i.i.d. errors
on the pulse arrival times. The vibration signal is resampled using computed order tracking based on the estimated time-
angle relation:
x ĥ
� �

¼ x /̂ t; T̂
� �� �

ð13Þ
As discussed in Section 2.1, a first approximation error depends on the fact that a set of model functions are used to recon-
struct the time-angle relationship in those intervals for which no keyphasor is available. A second approximation error is
instead introduced by using the set of estimated pulse arrival times T in place of the set of the actual pulse arrival times

T. Consequently, when estimating the synchronous average from Eq. (6), the cyclic average of x ĥ
� �

is estimated in place

of the cyclic average of x hð Þ. If the fundamental cycle is H, the synchronous average of the angularly resampled signal reads,
considering N fundamental periods (typically shaft revolutions):
SA x ĥ
� �h i

H
¼ 1

N

XN�1

i¼0

x ĥþ iH
� �

ð14Þ
where the unique difference with respect to Eq. (6) lies in having approximated / with /̂, hence mapping the signal y tð Þ to
x ĥ
� �

. When ideal pulse arrival times are used and the model for the time-angle relation is exact, for example when a quad-

ratic model is used to approximate a constant acceleration signal, then the mapping is exact and ĥ ¼ h. Similarly, the map-
ping is exact when the rotational speed is constant within the considered interval and a linear model is adopted for defining
the angle-sampling grid. When the mapping is not exact, the resampling results in a distortion of the signal which depends
on the difference between approximated and real angle progression with time. Since the real angle progression is unknown,
such distortion cannot be recovered and accounted for. The following assumptions are made:

(i) the rotational speed is sufficiently stable and only subjected to small, random fluctuations during an acquisition,
therefore allowing to represent the true angle progression in the form of Eq. (4);

(ii) the random speed fluctuations are small in amplitude w.r.t. the mean rotational speed and represented by a station-
ary, band-limited stochastic process during the acquisition, on account of high rotor inertia;

(iii) short-period speed fluctuations, such as those faster than the trigger period, are small in amplitude.

Assumptions (i), (ii), and (iii) are in general a good approximation for the behaviour of any rotor system running at con-
stant operational speed, with high inertia. Based on assumptions (i) and (iii), it is possible to approximate / with /̂L from Eq.
(5) with negligible error. This amounts to assuming that /̂L t;Tð Þ ¼ ĥ � h. Under the declared conditions, the computed order
tracking allows an almost perfect mapping and the synchronous average is written as in Eq. (6). The extracted synchronous
components have therefore unit gain in this setting. Furthermore, small speed fluctuations limit the phase and amplitude
modulation effects from the transfer path [45].

Knowing T a priori under (i), (ii) and (iii) would favour smoother approximants than the piecewise linear law discussed in
Section 2.1. However, not only the piecewise linear approximation is sufficiently accurate under the stated hypothesis, but it
can also be expected to be more robust when T̂ is used in place of T, being the linear model simpler and less prone to error
propagation owing to the smaller number of parameters to be estimated w.r.t. higher order interpolating functions. The con-
ditions under which the chosen approximation performs better than more complex models for the angle progression recon-
struction are not discussed in the paper, where the effect of pulse time uncertainty is emphasized with respect to the effect
of the approximation errors due to the choice of the functional form for /̂. Depending on the adopted angle progression
model, the effect of the errors on the pulse arrival times on the reconstructed signal is different. Holding the assumptions
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(i), (ii), (iii) and adopting the linear piecewise model from Eq. (5), the errors translate into stretching and offset in the piece-
wise linear components related to each revolution, which can be accounted for as random variations of the estimated coef-

ficients k̂i and b̂i with respect to their actual values ki and bi. The i-th trigger cycle of the vibration signal resampled in the
angle domain is then:
xi ĥ
� �

¼ x
1
k̂i
t þ b̂i

	 

¼ y k̂i ĥ� b̂i

� �� �
; bTpi 6 t < bTpiþ1

; 0 6 ĥ < Htrig ð15Þ
where the transformation /̂ brings the values of t in ĥ. It is known that the vibration signal of interest has components which

are periodic (or CS1) in h, as detailed in the previous sections. Such periodicities are not preserved in x ĥ
� �

as the periodic

components are not fully recovered due to the inexact mapping from the time domain. However, being the random errors
unknown, the exact transformation cannot be estimated and the resampling step cannot be corrected. Consequently, the

periodic components need to be estimated from x ĥ
� �

. It is now worthwhile to make explicit the effect of the errors on

the ideal pulse arrival times on the reconstructed signal. From Eqs. (5) and (15), replacing Tpi with bTpi ¼ Tpi þ �i, after making
the offset explicit:
xi ĥ
� �

¼ y ki þ �iþ1 � �i
Htrig

	 

ĥþ

Xi�1

q¼1

kqHtrig þ �i

 !
; 0 6 ĥ < Htrig ð16Þ
In the frame of condition monitoring applications, it is important to estimating the amplitude of specific periodic com-
ponents, since it is associated to the energy of those dynamics synchronous with the cycle of interest, which provides diag-
nostic information on the machine.

In the following, under hypothesis (ii), it is shown that the mapping error results in an attenuation of the synchronous
components amplitudes in the signal, with statistics connected to those of the jitter error. Taking h as the angular variable
connected to the shaft of interest, a periodic signal of order c� 2 N in h and initial phase g0 is represented in analytical form
as x hð Þ ¼ ej2p c�þg0ð Þ, then each fundamental cycle is obtained as:
xk hð Þ ¼ ej2p c�hþg0þ k�1ð ÞHð Þ; 0 6 h < H ð17Þ

Considering Eqs. (16) to (17), introducing non-ideal pulse arrival times it results:
xki ĥ
� �

¼ e
j2p c� 1þ�iþ1��i

Htrig ki

� �
ĥþ ki�1ð ÞHð Þþg0þ�i

ki
c�

� �
; 0 6 ĥ < H ð18Þ
being r 2 N and ki the index of the fundamental cycle within the i-th trigger cycle. The parameter c� allows one to select any
integer multiple of the cycle of interest. In the most common case in which r is not an integer, there are fundamental cycles
which fall in-between different trigger cycles. For these cycles, Eq. (18) would split in two subdomains such that the i-
dependent parameters would take a different value in each of the subdomains. However, this complication can be simplified
in the averaging process by assigning these cycles to the trigger cycle in which the majority of the fundamental cycle domain
falls. It is shown in Section 4.1 that this approximation allows computing practical analytical solutions when r is large
enough w.r.t. the unity and a sufficient number of averages is performed. Taking the Fourier transform of Eq. (18) to order
domain, the following is obtained:
Xki cð Þ ¼ DH c� c� � cið Þej2p g0þ ki�1ð ÞH c�þcið Þþ�i
ki
c�

� �
ð19Þ
in which the sifting property of the Dirac’s delta distribution was used and:
ci ¼
c�

Htrigki
�iþ1 � �ið Þ ð20Þ

DH xð Þ ¼ H
sin pxHð Þ
pxH

e�jpxH ð21Þ
being DH �ð Þ the order domain transform of the rectangular window of widthH centered inH=2. Eq. (19) shows that the effect
of random error on the pulse times is that of a phase and order shift which is different per each cycle depending on the statis-
tics of the random error through the �i and on the statistics of the speed fluctuation through the ki. Finally, the synchronous
average operation aimed to extract the fundamental cycle can be written as:
xSA ĥ
� �

� 1
Nt

XNt

i¼1

1
Ni

XNi

k¼1

ej2p H c�þcið Þ k�1ð Þð Þ
 !

e
j2p c�þcið Þĥþ�i

ki
c�þ i�1ð ÞNiHc�

� �
; 0 6 ĥ < H ð22Þ
in which Ni is the number of fundamental cycles assigned to trigger cycle i;Nt is the number of averaged trigger cycles, and
g0 was set to zero for convenience (the result for an arbitrary initial phase factor can be recovered simply multiplying by ejg0 ).
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Setting the jitter error to zero in Eq. (22) and considering r 2 N, that is the case in which Ni ¼ N and each trigger cycle con-
tains an integer number of fundamental cycles, it is possible to determinate indeed that the result equals the synchronous
average of NtN fundamental cycles, recovering the results from Section 2.2. Eq. (22) exactly holds if r 2 N and approxima-
tively if r 2 R, with r P 1. When 0 < r < 1, the fundamental cycle is slower than the trigger cycle, therefore discontinuities
exist within each averaged cycle and Eq. (18) is inadequate to modelling the synchronous average.

From a practical point of view, averaging on longer cycles than the trigger cycle means that the reconstructed signal
cycles would involve one or more discontinuities in the angle progression law within each cycle. Hence, if averaging is
required for extracting low frequency CS1 components and a piecewise angular resampling is adopted under hypotheses
(i), (ii) and (iii), it is advised to downsample the pulse arrival times so to produce smoother estimates of the angle progres-
sion within each cycle of interest. Transforming Eq. (22) to the order domain and considering the finite domain spanning one
fundamental cycle, it is possible to write:
XSA cð Þ � 1
Nt

XNt

i¼1

1
Ni

XNi

k¼1

ej2p H c�þcið Þ k�1ð Þð Þ
 !

e
j2p �i

ki
c�þ i�1ð ÞNiHc�

� �
DH c� ci � c�ð Þ ð23Þ
Again, when the jitter is null, Eq. (23) boils down to the product of the two terms:
XSA cð Þ � 1
Nt

XNt

i¼1

1
Ni

XNi

k¼1

ej2pHc
� k�1ð Þ

 !
ej2p i�1ð ÞNiHc�ð ÞDH c� c�ð Þ ð24Þ
which can be recognized as the product of a periodic component of frequency c� observed on the cycle duration H and an
attenuation factor depending on the number of averaged revolutions, the ratio of the fundamental cycle duration to the trig-
ger duration (through the coefficients Ni) and the product of the order of interest and the fundamental cycle duration.
Through Eq. (24), it is recognized that the transformation acts as a filter with unit gain for components c� which are syn-
chronous with respect to the fundamental cycleH, recovering again the results from Section 2.2. It is also interesting to high-
light that the synchronous components extracted in the case of Eq. (24) do not interact with each other, owing to the
periodicity of the rectangular window transform. Eq. (23) shows that the random phase and order shifts for each cycle result
in an attenuation factor even for the synchronous components. In fact, the condition on the product between the fundamen-
tal cycle and the order to be integer is no longer sufficient to enforce unit gain due to the additional, random terms. Further-
more, for c ¼ c�, the residual order shift ci results in the periodic component term per each cycle being attenuated according
to the scalloping loss of the rectangular window transform. For multiples ofH such that c– c�, there is residual noise result-
ing in the extracted orders influencing each other in the synchronous average. This is particularly relevant when there are
strong gearmesh orders in rotating machinery, since the leakage might mask the amplitude of the surrounding modulation
sidebands. It must be observed that the expression in Eq. (23) is a continuous function of c, wehereas the synchronous aver-
age on a digital computer results in a discrete periodic function, which is obtained by sampling Eq. (23). Such a sampling can
be made arbitrary from a discrete sequence by zero-padding.

3.3. Approximation to the distribution of the amplitude attenuation

Eq. (23) can be used to study the distribution of the amplitude attenuation for a given CS1 component in the signal by
varying the number of averages, the ratio of the trigger cycle duration to the fundamental cycle duration, the probability
distribution for the random error and the autocorrelation function for the speed fluctuation. The possibility of quickly eval-
uating Eq. (23) can be used to perform extensive Monte Carlo simulations under different settings, obtaining the distribution
of the amplitude attenuation of the estimated synchronous components under hypotheses (i), (ii), and (iii) from Section 3.2
for any combination of the input parameters, without having to actually work with discrete signals and going through the
computed order tracking resampling steps at each iteration. Monte Carlo simulations are however expensive to evaluate for
all the combination of parameters. Hence an analytical approximation to the distribution of the extracted synchronous
amplitudes is obtained for the synchronous average process exploiting central limit theorems, in order to obtain more com-
plete information over the entire domain of interest. The following quantities are defined:
��i ¼ �i
ki
;

���i ¼ �iþ1
ki

ð25Þ
and assuming independency of the keyphasor errors �i, it holds that ��i is independent of ���i, whereas ���i is correlated to ��iþ1

through the autocorrelation function of the speed variations. By specifying the correlation model, the distribution for ki and
the keyphasor error model, the random error on the estimated synchronous components in the spectrum of the synchronous
averaged signal can be simulated in Eq. (23). An approximate analytical solution to the amplitude distribution can be
obtained under the following conditions:

(iv) the speed variations are negligible compared to the error, i.e. ki � k;
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(v) the �i variables are uniformly, identically distributed and independent as U �D=2;D=2½ �, that is a uniform distribution, with
center zero and span D.

These choices are not mandatory for the numerical simulations through the model developed in Section 3.2, however
they guarantee: (a) that the effect of the keyphasors uncertainty can be studied independently from the speed fluctuation
statistics and (b) that the uncertainty is limited within an interval, hence preventing an unphysical permutations of the
keyphasor pulses. Furthermore, they allow deriving a practical analytical approximation to the distribution of the extracted
amplitude as a series expansion. As a remark, taking a constant speed signal, angle and time domain would be linearly
related by a constant stretching factor for the entire signal, and a linear transformation would suffice to describe the
time-angle relationship. Besides, the angular resampling is not necessary in that case, since the linear phase would preserve
CS1 components in the time domain. Hence, the approximated distribution has the only function of shedding light on the
role of keyphasor signal accuracy in absence of other sources of uncertainty. However, it will be shown in Section 5 that
the distributions obtained under (iv) reasonably approximate the operational scenarios under (v). From Eq. (23), developing
the exponent sum and parametrizing the order such that H ¼ 1 is the cycle of interest, with c� 2 N indicating that integer
(synchronous with the averaging cycle) orders are considered:
XSA c�ð Þ ¼ �1ð Þc�e�jpc�

Nt

XNt�1

i¼0

�1ð ÞNi 1þc�ð Þsinc Nipcið Þej2p ��ic�þ
Nici
2

� �
ð26Þ
By making use of Euler’s identity, from Eq. (26), the absolute value of the synchronous averaged unit amplitude compo-
nent c� reads:
jXSA c�ð Þj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
Nt

X
i

�1ð ÞNi 1þc�ð Þ cos kið Þsinc sið Þ
 !2

þ 1
Nt

X
i

�1ð ÞNi 1þc�ð Þ sin kið Þsinc sið Þ
 !2

vuut ð27Þ
With:
ki ¼ 2p ��ic� þ Nici
2

	 

ð28Þ

si ¼ Nipci ð29Þ

Using (iv), (v), the random variables ��i; ���i can be rewritten so that �i=k ¼ ~�i; �iþ1=k ¼ ~�iþ1, and owing to the linearity of the

transformation, they turn to be i.i.d. uniform random variables distributed as U �D=2k;D=2k½ �. The stretching factor k characterizes
the time to angle transformation and relates the cycles in time domain to the cycles mapped in the angle domain. In order to
solve the statistics, it is convenient to parametrize the error with respect to the fundamental cycle in time domain, getting
rid of the stretching factor. The i-th functions of the random variables ~�i; ~�iþ1 which appear respectively inside the first and
the second squared summations under the square root in Eq. (27) are denoted g1i and g2i, and the index q ¼ 1;2 is intro-
duced. The dependency of gqi on the random variables is omitted from the text for easiness of notation. To compute the
statistics of the amplitude, that is the distribution of jXSA c�ð Þj, central limit theorems can be exploited so as to approximate
the real and the imaginary parts with normal distributions. Then, the sum of squares falls in the family of quadratic forms in
normal variables, for which an approximated distribution can be derived based on the known statistical cumulants and
moments.

The two squared terms under the root sign in Eq. (27) are both in the form of the average of a series of random variables.
The random variables gqi have finite variance and fulfil mixing conditions such that the central limit theorem under strong-
mixing condition holds for Nt large enough and r 2 N. In fact, gqi; gqj are mutually independent for every ji� jj > 1, and the
set of values taken from Ni is finite, i.e. Ni 2 A, a subset of N with finite cardinality depending on the value of r and on the
number of trigger cycles. The cardinality of A is always one when r 2 N, hence the variables in the sums are identically dis-
tributed. For the general case of r 2 Rþ, the sums over i of the gqi are composed of terms which are not identically distributed.
By the Cramír-Wold theorem, it holds for g:
1ffiffiffiffiffi
Nt

p g� E g½ �ð Þ ! N 2 0;Rð Þ ð30Þ
Where:
g ¼
X
i

g1i;
X
i

g2i

" #|
¼ g1; g2½ �| ð31Þ
The symbol N 2 denotes the multivariate normal distribution with two degrees of freedom and R the associated covari-
ance matrix. The elements of R are given as:
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Rqq ¼ 1
Nt

Cov gq; gq

� � ¼ 1
Nt

XNt

i¼1

Var gqi

� �þ 2
X

16i<j<Nt

Cov gqi; gqj

� � !
ð32Þ

R12 ¼ R21 ¼ 1
Nt

Cov g1; g2ð Þ ð33Þ
Specifically, the Central Limit Theorem (CLT) holds for the strong mixing sequences representing the components of g
[46], and subsequently the Cramír-Wold device can be used to establish that linear combinations behave likewise. Consid-
ering the distribution of the absolute value, it holds:
jXSA c�ð Þj2 ¼ g|Ig ð34Þ

The random vector g is approximately distributed as a bivariate normalN 2 E g½ �;Rð Þ according to Eq. (30), and the quantity

in Eq. (34) is a quadratic form of normal variables. Such distributions are widely studied in literature [47]. As for this work,
the probability density function was approximated using the moment-based method proposed in [47]. The procedure is out-
lined in Section A and requires the computation of the expected values vector E g½ � and of the covariance matrix R, which are
easily obtained after computing the expected value and covariance terms for the functions gqi. Let x ¼ �ic� and y ¼ �iþ1c�, and
let (iv), (v) hold with the errors parametrized with respect to the fundamental cycle. By (v), pX;Y x; yð Þ ¼ pX xð ÞpY yð Þwhere pv �ð Þ
denotes the probability density function of the random variable v. The expected values read then:
E gqi

� � ¼ 1
D2

Z D
2

�D
2

Z D
2

�D
2

gqi x; yð Þdxdy; q ¼ 1;2 ð35Þ
Under the mentioned conditions, the integrals from Eq. (35) are written as:
E g1i½ � ¼ �1Ni 1þc�ð Þ

D2

Z D
2

�D
2

Z D
2

�D
2

cos p 2xþ Ni

r

	 

y� xð Þ

	 

sinc

pNi

r
y� xð Þ

	 

dxdy ð36Þ

E g2i½ � ¼ �1Ni 1þc�ð Þ

D2

Z D
2

�D
2

Z D
2

�D
2

sin p 2xþ Ni

r

	 

y� xð Þ

	 

sinc

pNi

r
y� xð Þ

	 

dxdy ð37Þ
The elements of the expected value vector can hence be computed from Eq. (30), after the values from Eqs. (36) and (37)
are obtained. The elements of the covariance matrix in Eqs. (32) and (33) are obtained similarly by integrating the squared
values and considering the weak dependency terms. In the following, the cases of integer ratio is considered, and expressions
for the required terms are developed. Albeit the formulation allows for obtaining the expressions in case of non-integer ratio,
those are not necessary for the results reported in this paper. A closed form solution for the expectations could be obtained
for Ni 2 N, which implies also Ni=r ¼ 1. In this specific case, Eqs. (36) and (37) have the following solutions:
E g1i½ � ¼ 1

pDð Þ2
�cE cos pDð Þ þ cos pDð ÞCi 2pDð Þ � cos pDð Þ log 2pDð Þ þ sin pDð ÞSi 2pDð Þð Þ ð38Þ

E g2i½ � ¼ 0 ð39Þ

where Ci �ð Þ and Si �ð Þ are the cosine and sine integral functions, and cE is the Euler’s gamma constant. Considering that the
random variables take small values bounded in the region �D=2;D=2½ � � �D=2;D=2½ �, the integrals in Eqs. (36) and (37)
can be approximately expressed by expanding the sine cardinal function in power series and truncating the expansion to
the second-order. Using the trigonometric identities for sums of angles, considering the extremes of integration and observ-
ing that cos �ð Þ is a bounded function, it is possible to show that the residual q x; yð Þ integrates to a small error in the consid-
ered region. Therefore, the following approximation for the expected value is given:
E g1i½ � � 8� pDð Þ2 � 8 cos pDð Þ
3 pDð Þ2

ð40Þ
Eq. (40) turns to be more practical when studying the approximate analytical solutions for the moments of the quadratic
form in Eq. (34). Similarly, approximate expressions for the covariance terms are given as:
r2
11ii �

4p6D6 � 90p4D4 þ 1710p2D2 � 1305 cos 2pDð Þ þ 1305
4320p2D2 �

p2D2 þ 8 cos pDð Þ � 8
� �2

9p4D4 ð41Þ

r2
22ii �

4p6D6 � 150p4D4 þ 2610p2D2 þ 1305 cos 2pDð Þ � 1305
4320p2D2 ð42Þ

r2
12ii � 0 ð43Þ
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Further, the non-zero dependency terms are identical for every ji� jj ¼ 1 and are given as:
Fig. 3.
approxi
r2
11ij � � 32

3p4D4 þ
128 cos pDð Þ

9p4D4 � 32 cos 2pDð Þ
9p4D4 þ 113 sin pDð Þ

72p3D3 � 113 sin 2pDð Þ
144p3D3 þ p2D2

180
þ 241
72p2D2 þ

� p2D2 cos pDð Þ
1080

� 241 cos pDð Þ
72p2D2 þ 1

108
pD sin pDð Þ � 47 sin pDð Þ

72pD
þ 1
6
cos pDð Þ � 7

36

ð44Þ

r2
22ij �

3 4p5D5 � 100p3D3 þ 1430pDþ 565 sin 2pDð Þ
� �

þ 10 2p4D4 � 51p2D2 � 339
� �

sin pDð Þ
2160p3D3

þ
�2pD p4D4 � 180p2D2 þ 2145

� �
cos pDð Þ

2160p3D3 ð45Þ

r2
12ij � 0 ð46Þ
where r2
lmij indicates the covariance between gli and gmj. Closed form expressions for the solutions of the integrals corre-

sponding to the diagonal elements of the covariance matrix were not derived. Fig. 3 shows the non-zero expected value (left)
and the covariance matrix (right) components as a function of the uncertainty extent D according to the obtained expres-
sions. In the adopted parametrization, the error D is normalized with respect to the fundamental cycle, and hence values
higher than 0.5 would correspond to an uncertainty greater than the semi-duration of a cycle. Increasing the uncertainty
extent leads to increased variance of both the functions of random variables gqi. The dominant contribution to the variance
in the sum of Eq. (27) comes from the g2i, whereas the dominant contribution to the mean value is related to the g1i. From
Fig. 3, it is seen that the approximation for the expected value of g1i results in an error growing with the uncertainty extent,
as expected from the truncation to the second order of the function expansion around small uncertainty extent values. Nev-
ertheless, the relative error keeps very small in the application domain, clearing the use of the more practical formula from
Eq. (40) for the expected value without significant loss in accuracy.

3.3.1. Effect of the noise
From Eqs. (27) and (51), it is possible to derive the effect of additive, uncorrelated Gaussian noise on the estimates of the

attenuation. Fourier transforming a centered Gaussian noise yields a circularly distributed complex noise, with the real and
imaginary part of which equally accounting for the variance. By the properties of the normal distribution, the real part and
the imaginary part in Eq. (27) under additive Gaussian noise of variance r2

n result to be still normally distributed with the
same mean and an additional term r2

n=N on the diagonal of the covariance matrix. Considering the diagonal form obtained
for the covariance matrix and the results for the expected value vector, the first two cumulants of the quadratic form read,
from Eq. (51):
k 1ð Þ ¼ R11 þ R22 þ E g1i½ �2 ð47Þ
Expected value and covariance matrix values for the gqi functions varying D – (a) Expected value for g1i , exact solution and second order
mation; (b) Components of the covariance matrix r2

lmij for gqi functions and dependency terms for ji� jj ¼ 1.



Ta
Pa
acq

320 V. Camerini et al. /Mechanical Systems and Signal Processing 129 (2019) 308–336
k 2ð Þ ¼ 4
R11 þ R22ð Þ2

2
þ E g1i½ �2R11

 !
ð48Þ
Consequently, the cumulants under additive Gaussian noise read:
kn 1ð Þ ¼ R11 þ R22 þ r2
n

N2 þ E g1i½ �2 ð49Þ

kn 2ð Þ ¼ 2 R11 þ R22 þ r2
n

N2

	 
2

þ 2E g1i½ �2 R11 þ r2
n

2N2

	 
" #
ð50Þ
A deep discussion on the effect on higher cumulants is out of the scope of this paper. According to Eqs. (49) and (50), the
additive noise has an impact on the estimated expected value of the squared amplitude of the synchronous harmonic of
interest, and on its variance. In high signal to noise ratio conditions (i.e. r2

n � 1, since the amplitude of the harmonic com-
ponent was normalized to unity), the latter is indeed more relevant, being the third term in Eq. (49) small with respect to the
fourth term. Hence, the main effect of the additive noise consists of an increased dispersion in the distribution of the esti-
mated amplitude.
4. Numerical analysis

4.1. Numerical validation of the model

In this section, it is shown that the model introduced in Section 3.2 allows to reproduce the results of the computed order
tracking and synchronous average as described in Section 2. The model is validated as a surrogate for the digital angle syn-
chronous average procedure and can then be used to infer the statistical properties of the synchronous signal as it is
extracted. As mentioned, hypothesis (iv) and (v) from Section 3.3 are used in the numerical examples, in order to focus
on the effect of the pulse time uncertainty independently from the statistics of the speed fluctuations. The case of a single
harmonic signal is first studied, then an extension to a general multi-harmonic case considering two harmonics is presented.
One step of the Monte Carlo iterations consists of generating a digital signal in time domain, simulating a vibration acqui-
sition, then order-tracking it using a simulated reference keyphasor signal from which the exact pulse times are extracted,
and then obtaining the synchronous average of the cycle of interest from the order domain resampled signal. Finally, the
Fourier transform is computed and the amplitude of the component of interest retained as a result from the current iteration.
A data sample is hence obtained after the completion of the Monte Carlo run, from which the distribution of the population
of the synchronous amplitude of interest can be inferred. The obtained distribution is then compared to the distribution
obtained from the model in Eq. (23) and its exact version accounting for the cycles splitting. For the computed order tracking,
piecewise linear approximation of the angle-time law is used as described in Section 2. In order to simplify the comparisons,
high ratio of sampling frequency to reference frequency in time domain and spline interpolation to order domain are used for
resampling the vibration signal. Such a choice guarantees that at most negligible attenuation is introduced from interpola-
tion and allows reproducing the isolated effect of pulse uncertainty. Also, care is taken to using enough points for the angular
domain resampling grid [42]. The jitter error is simulated by adding uniformly distributed random variables to the exact
zeros coming from the simulated keyphasor signal at reference trigger frequency.

4.1.1. Single harmonic signal
In order to verify the numerical model, first a signal consisting of a single (complex) harmonic component is simulated.

This case is interesting in order to understand the extent of amplitude attenuation in the averaged signal which is due to the
jitter under different conditions. Different cases for ratio, number of revolutions and uncertainty extent are considered. The
discrete signal is generated and its distribution estimated according to the parameters in Table 1, whereas the parameters for
the model-generated results are given in Tables 2, and 3 summarizes the considered cases for different combinations of ratio,
ble 1
rameters for the generation of the single harmonic signal and its computed order tracked version from a discrete time-series simulating a vibration
uisition.

Parameter Description [dimension] Value

Niter Number of Monte Carlo iterations [–] 1E4
Fs Sampling frequency [Hz] 16384
SPR Angular samples per revolution [–] 256
f � Shaft of interest rotation frequency (fundamental frequency) [Hz] 16
f H Frequency of the single-harmonic excitation [Hz] 16
c Order of interest (in multiples of fundamental order) [–] 1
a Amplitude of the harmonic excitation [–] 1



Table 2
Parameters for the simulation of the single harmonic signal amplitude distribution from the numerical models.

Parameter Description [dimension] Value

[0.5ex] Niter Number of Monte Carlo iterations [–] 1E6
H Shaft of interest angular period [–] 1
k Linear slope coefficient in the time-angle law [–] 1
c� Order of the sinusoidal excitation (in multiples of fundamental order 1=H) [–] 1
c Order of interest (in multiples of fundamental order) [–] 1
a Amplitude of the harmonic excitation [–] 1

Table 3
Combinations of the studied parameters (Number of trigger revolutions, ratio and pulse time uncertainty extent as a fraction of the
fundamental cycle frequency) presented for the numerical model validation.

Simulation number Nt r D

1 40 1 0.2
2 60 1 0.2
3 80 1 0.2
4 100 1 0.2
5 40 2.286 0.2
6 60 2.286 0.2
7 80 2.286 0.2
8 100 2.286 0.2
9 100 2.286 0.1
10 100 2.286 0.3
11 100 2.286 0.4
12 100 75.27 0.2
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number of revolutions and uncertainty extent. The computational burden associated with the discrete signal generation and
order tracking limited the number of Monte Carlo runs used for the estimate. Estimation error can be expected to be higher
for the tails of the distribution. Although error bars on quantiles estimation are not reported in the results, it was verified
that the number of iterations allows for obtaining, far from the tails, sufficiently consistent distribution samples from the
population also in the worst case of high values of the uncertainty.

Fig. 4a shows the cumulative distribution functions of the amplitude of the synchronous component in the signal as
obtained from the synchronous average of the generated discrete signal using computed order tracking and from the exact
numerical model, for different values of the number of trigger shaft revolutions Nt and a single value of the ratio r. The results
from the models and those from the computed order tracking numerical simulations agree very well, as the curves are hardly
distinguishable. In this case, since the ratio r is integer, the approximate model of Eq. (26) coincides with the exact model.
Fig. 4. Amplitude distribution functions for D ¼ 0:2 varying Nt , obtained from the exact, approximated model and from the computed order tracking of a
discrete signal. Continous lines: CDFs obtained from the model; dash-dotted lines: CDFs obtained from the approximated model; dashed lines: CDFs
obtained from the order tracking simulations. Red: Nt ¼ 40; green: Nt ¼ 60; purple: Nt ¼ 80; blue: Nt ¼ 100 – a) r ¼ 1; b) r ¼ 2:286. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)



322 V. Camerini et al. /Mechanical Systems and Signal Processing 129 (2019) 308–336
Increasing the number of revolutions has the main effect of decreasing the dispersion of the results. Fig. 4b shows the same
comparison for a non-integer value of the ratio r. Also in this case, the results from the exact model and from the computed
order tracking simulations present an excellent agreement. However, small deviations are found in the results from the
approximated model, attributable to the cycle assignment approximation. For the same value of the ratio r, Fig. 5 shows
the cumulative distribution functions for different values of the uncertainty extent D. An increased value of uncertainty
on the time pulses determines an increased dispersion of the estimates, together with an attenuation of the mean value
obtained for the amplitude of the synchronous component of interest. The approximated model’s accuracy is lower as the
uncertainty extent D is increased. Finally, in Fig. 6 the cumulative distribution functions are compared for different values
of the ratio, holding the same uncertainty extent and number of revolutions. It can be observed that for the single harmonic
case, varying the ratio does not result in significant changes of the distribution. For the high value of the ratio, the agreement
of the results from the approximated numerical model increases due to reduced weight of the approximated cycles in the
summations.

4.1.2. Multi-harmonic signal
In a general setting, it is interesting to understand how different synchronous orders influence each other for the reasons

explained in Section 3. In this set of simulations, a signal composed of the sum of two (complex) harmonic excitations is
simulated. The purpose is to show the adequacy of the model to simulate the results of a multi-harmonic excitation. The
new parameters rha and rhf are introduced, indicating respectively the ratio of the amplitude of the second harmonic com-
ponent to that of the first harmonic component and the ratio of the frequency of the second harmonic component to that of
the first one. The cumulative distribution functions of the amplitude of the fundamental component after averaging the
multi-harmonic signal are investigated. For a fixed integer value of the shaft speed to trigger speed ratio r, number of rev-
olutions Nt , amplitude ratio rha and uncertainty extent, the results for different values of rhf are shown in Fig. 7a. The results
for the non-integer ratio r value are in a good agreement, with the approximate model showing significant deviation, indi-
cating that it is not suitable for the multi-harmonic analysis due to the inability of properly coping with interactions between
harmonics. It can be observed that the distributions are very similar to those of the single harmonic case, indicating a small
influence from the additional synchronous component. The main difference is in the increased dispersion due to mutual
orders interactions, which is higher when the interacting order is closer. Fig. 7b reports the results of the simulation obtained
using an integer value of the ratio. In this case, the approximated model equations are equivalent to the exact numerical
model. The obtained distributions are significantly different from those of the single harmonic case also for what concerns
the average attenuation, indicating high interaction between the two considered harmonics. This result is explained by the
fact that for integer ratios, the amplitude at the considered order c originating from the excitation rhf c� is consistently higher
than for non-integer ratios, due to the averaged excitations being in phase on average.

4.2. Numerical validation of the analytical approximation

The approximation derived in Section 3.3 allows to quickly study the attenuation and the variance of the synchronous
components introduced from the random jitter error in the synchronous average estimates. The aim of the current section
is to validate the derived expressions for the synchronous amplitude distribution through comparison with the Monte Carlo
Fig. 5. Amplitude distribution functions for non-integer ratio and Nt ¼ 100 varying D, obtained from the exact, approximated model and from the
computed order tracking of a discrete signal. Continous lines: CDFs obtained from the model; dash-dotted lines: CDFs obtained from the approximated
model; dashed lines: CDFs obtained from the order tracking simulations. Blue: D ¼ 0:1; red: D ¼ 0:2; green: D ¼ 0:3; purple: D ¼ 0:4. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)



Fig. 6. Amplitude distribution functions for Nt ¼ 100 and D ¼ 0:2 varying the ratio r, obtained from the exact, approximated model and from the computed
order tracking of a discrete signal. Continous lines: CDFs obtained from the model; dash-dotted lines: CDFs obtained from the approximated model; dashed
lines: CDFs obtained from the order tracking simulations. Blue: r ¼ 1; green: r ¼ 2:286; red: r ¼ 75:27. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

Fig. 7. Amplitude distribution functions for Nt ¼ 100;D ¼ 0:2 and rha ¼ 20, varying rhf in the multi-harmonic case, obtained from the exact, approximated
model and from the computed order tracking of a discrete signal. Continous lines: CDFs obtained from the model; dash-dotted lines: CDFs obtained from
the approximated model; dashed lines: CDFs obtained from the order tracking simulations. Blue: rhf ¼ 2; red: rhf ¼ 3; green: rhf ¼ 4 – (a) r ¼ 2:286; (b)
r ¼ 1. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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estimates of the same distribution obtained from the numerical model equations. Since the ratio rwas shown not to be influ-
ential in the single harmonic case, the simplified integer ratio case with r ¼ 1 can be studied as representative. n (see Fig. 3
for the reference values). The solutions obtained using the truncated series expansions hence provide an accurate approxi-
mation of the quantities of interest.

In Fig. 8, the cumulative distribution functions of the squared synchronous amplitude value obtained from the approxi-
mated analytical solution are compared to the cumulative distribution functions obtained through the Monte Carlo runs (1e5
iterations) from the exact numerical model for a number of trigger periods Nt ¼ 20 (left) and Nt ¼ 100 (right), for values of
the uncertainty extent D ¼ 0:1;0:2;0:3;0:4f g. Squared values are used to simplify the comparisons by making possible to use
directly Eq. (58) to plot the analytical solutions. The good agreement confirms that the analytical approximation can be used
to study effectively the statistics of the extracted synchronous components amplitude in the case of a single harmonic. As
expected, for the high values of D, the approximation results in a slight underestimation of the expected value. The small
dispersion of the simulated results around the approximated solution confirms that the Monte Carlo simulations from the
numerical model provide accurate statistics for the considered cases. By analyzing the cumulative distribution functions,
it is observed that the values are mostly distributed around the mean, with no significant tails and no significant skewness.



Fig. 8. Comparison of approximate analytical CDFs and CDFs simulated from the exact numerical model for different values of D and Nt – Continous lines:
theoretical predictions; Dashed lines: CDFs estimated from Monte Carlo simulation using the exact numerical model. Blue, red, green and purple used
respectively for D ¼ 0:1;0:2;0:3;0:4f g – (a) Nt ¼ 20; (b) Nt ¼ 100. (For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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4.3. Parametric study

The approximate analytical solution can be used to assess the effect of each parameter on the statistics of the squared
amplitude values. In this section, only the first two cumulants are studied. Fig. 9 shows the expected value (left) and the vari-
ance (right) of the squared amplitude of a synchronous order as a function of the number of averages Nt and the uncertainty
extent D, computed with the ratio parameter r set to unity. From the figures, one has an immediate estimate of how the nor-
malized uncertainty influences the synchronous average estimates for the synchronous component of interest. As from Eq.
(47), the effect of the number of averages on the expected value is small and rapidly vanishes for a high number of averages.
Conversely, increasing the number of averages helps reducing the variance of the estimate. It can be observed that for a num-
ber of averages typical in a monitoring system, ranging approximatively from 20 to 200, depending on the machine rota-
tional speed and acquisition parameters, the gradient is still steep, meaning that a small increase in the number of
averages can significantly improve the estimation variance. The uncertainty extent D influences both the expected value
and the variance, resulting respectively in increasingly significant attenuation bias and variance of the estimates. Fig. 10
shows the effect of additive noise on the same cumulants, for a fixed value of D ¼ 0:2 and varying the number of averages
Nt . The relative change of the variance due to the noise is higher than that of the expected value. As one could expect from
the theoretical discussion, it can be observed that increasing the number of averages has the effect of significantly reducing
the impact of the noise on the estimates. Fig. 11 shows the cumulants as a function of the noise variance r2

n and of the uncer-
tainty extent D, for a small number of averages Nt ¼ 20 (top row) and for a higher number of averages Nt ¼ 100 (bottom
row). While the effect of the noise on the first cumulant stays almost negligible for any value of D, its effect on the second
cumulant is significant, especially for smaller number of averages. Henceforth, the main effect of random additive noise on
the estimates under uncertain pulse times is that of increasing the estimation variance.
5. Experimental validation

5.1. Seeded fault test on type 1 helicopter gearbox

In this section, data from a seeded fault test is used in order to first verify the previous results, and then to show the con-
sequences of the pulse time uncertainty on the detection of a gear fault consisting of a chipped tooth and developed surface
pitting.
5.1.1. Experimental set-up
The seeded fault test was performed with the original purpose of collecting vibration data to verify and refine the HUMS

(Health and Usage Monitoring System) algorithms for fault detection and diagnosis. Vibration and shaft angular position
measurements were recorded from accelerometers and a magnetic pick-up mounted on a full-scale type 1 helicopter gear-
box. A schematics of the type 1 gearbox is given in Fig. 12. The position of the sensors used for the present analysis is indi-
cated. Accelerometers are indicated with the identifier A and the magnetic pick-up with the identifierM. The accelerometers
were used to record vibration at different locations, whereas the magnetic pick-up provided a keyphasor signal consisting of
six pulses per revolution of the intermediate gear to the tail drive output. Fig. 13 shows the gearbox used for the test and the
test stand.



Fig. 9. First two cumulants of the squared amplitude of a synchronous order c� for r ¼ 1, varying the number of averages Nt and the uncertainty extent D –
(a) Expected value; (b) Variance.

Fig. 10. First two cumulants of the squared amplitude of a synchronous order c� for r ¼ 1 and D ¼ 0:2, varying the number of averages Nt and the noise
variance r2

n – (a) Expected value; (b) Variance.
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The test included six distinct thirty-minutes runs involving different operating conditions of the gearbox. Different com-
binations of the transmitted torque levels were tested, including one engine inoperative (OEI) conditions, obtained by trans-
mitting torque to the gearbox only from one of the engines. Data from the first, third and fifth run was acquired in healthy
conditions. During the sixth run, a faulty input pinion was introduced within the left-side input assembly, shown in Fig. 14.
The second and fourth run involved different seeded faults, not discussed in this paper. Each test ran about one hour and
thirty minutes, during which six different operating conditions were imposed. Namely, after a stabilization phase with
low input torque, measurements were taken with an average torque level T1 from both the engines; then the input torque
was increased by sixty percent up to level T2. OEI states for left and then right engine with the running engine operating at
an intermediate torque level T3 were then measured. Finally, measurements were taken again with both engines providing
torque level T1. Acquisitions were synchronously performed each five minutes and include vibration data from the
accelerometers, and keyphasor data from the magnetic pick-up. For data acquisition, a hardware with comparable charac-
teristics to those required for an operating helicopter was employed. However, higher sampling frequencies than normal
were used for the test, since data storage constraints in laboratory are not as strict as those on board. Acceleration signals
were sampled at 93750 Hz, whereas keyphasors signals were made available both with f KP1 = 93750 Hz sampling frequency
and with f KP2 ¼23438 Hz sampling frequency. The hardware returns keyphasor signals as square waves with a change in the
polarization indicating each time that the signal has reached the trigger level.



Fig. 11. First two cumulants of the squared amplitude of a synchronous order c� for r ¼ 1, varying the uncertainty extent D and the noise variance r2
n – (a)

Expected value, Nt ¼ 20; (b) Variance, Nt ¼ 20; (c) Expected value, Nt ¼ 100; (d) Variance, Nt ¼ 100.

Fig. 12. Type 1 gearbox schematics, indicating the position of the sensors considered for the analysis.
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Fig. 13. The tested gearbox before the installation of the monitoring system. Sensor locations are indicated in red – (a) Front view; (b) rear view.

Fig. 14. Left input pinion with a chipped tooth and pitted surface areas circled in red. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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5.1.2. Effect of keyphasor uncertainty: verification
The aim of this section is to show that the modelling assumptions for the jitter effects are consistent for a gearbox running

nominally at constant speed, including small fluctuations as described in Section (2). First, it is shown that a piecewise func-
tion for angle-time progression estimation is more robust to keyphasor uncertainty than the commonly used second-order
approximation [35] or the spline curve-fitting [41]. Secondly, the predictions from the model developed in Section 3.2 are
verified using the experimental data. In order to do that, for each available record the two keyphasor signals (low and high
frequency) are used to order track the shaft angle using the piecewise linear approximation, transforming then the vibration
signals into the angular domain according to the process outlined in Section 2.1 and summarized in ??. One pulse per rev-
olution of the reference shaft is used, discarding the other five pulses. This choice is motivated from the hypothesis of small,
slow speed fluctuations and allows to avoid the additional errors introduced from non-uniform angular spacing. Syn-
chronous averages are performed as from Section 2.1 with the aim of extracting a fundamental cycle of the input drive shaft.
The shafts speed ratio between target and reference (trigger) shaft is computed using kinematics relations. The amplitude of
the first and second gear mesh components of the input drive shaft is then exctracted from the synchronous average esti-
mate for each sensor. Finally, the ratios between the gear mesh amplitude computed with the low sampling frequency
keyphasor signal and that computed with the high sampling frequency keyphasor signal are calculated. Parameters for order
tracking and synchronous average are given in Table 4.

By assuming that the only cause for deviation from unity is the higher uncertainty of the pulse times, the amplitude ratios
calculated for each record can be used to estimate the distribution function of the attenuation resulting from the increased
jitter level. The distribution functions of the amplitude ratio obtained for each sensor are then compared to the theoretical
predictions from the model. The process is repeated using the second-order and the spline approximations in the order
tracking step, and the resulting distribution functions are also reported. The first and second harmonics of the gear mesh
was chosen for two main advantages: on one hand, their frequency is sufficiently low with respect to the vibration signal
sampling frequency, and therefore the interpolation attenuation due to the spline resampling (second step of the order track-
ing procedure) is approximately constant and close to the unity within the average speed fluctuation range; on the other
hand, the signal to noise ratio is high for those harmonics, allowing to obtain good estimates of the amplitude using the
synchronous average procedure.

Fig. 15 shows an example of the frequency spectrum obtained through Welch’s method for one of the vibration records
from sensor A01R during Run 1 in T1 torque conditions. It can be observed that the amplitude of the first gear mesh



Table 4
Parameters for order tracking and synchronous average using bench data.

Parameter Description [dimension] Value

Nt Number of revolutions of the reference shaft [–] 41
r Ratio of the target shaft speed to the reference shaft speed [–] 2.40789
SPR Angular samples per revolution [–] 1024
c1 Order of the first gear mesh harmonic (in multiples of fundamental order) [–] 19
c2 Order of the second gear mesh harmonic (in multiples of fundamental order) [–] 38
f KP1 Sampling frequency of the fast keyphasor signal [Hz] 93750
f KP2 Sampling frequency of the slow keyphasor signal [Hz] 23438

Fig. 15. Spectrum of a 2s fault-free vibration signal recorded in during run 1 from A01R accelerometer with a sampling frequency of 93750 Hz (estimated
using Hanning window and 16 averages with 50% overlap). Scale is restricted to the range [1–9] kHz for visualization purposes. Black cross: input pinion
first harmonic of the gear mesh frequency.
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harmonic, located at around 1900 Hz (marked with a black cross in the figure), is high compared to the background noise. An
additional noise-like contribution can be expected from the close family of harmonics located in the 2–3 kHz range. Simi-
larly, the second harmonic amplitude is comparatively high with respect to the background noise. The spectral smearing
effect due to the small speed fluctuations is also clear from the figure, especially for the high-frequency harmonics.
Fig. 16a and b show the distribution functions of the first and second gear mesh harmonics amplitude ratio, obtained for
the signals from the four available accelerometers as formerly explained and using the piecewise linear order tracking. The-
oretical predictions from the model, obtained using Monte Carlo simulations, are shown as the black continuous lines in the
same plots. For this experiment, the approximate analytical solutions for the distribution functions could not be directly
used, as the statistics had to be computed from the ratio of the two distributions under two different values of uncertainty.
The average attenuation is predicted very well. However, the experimental ratios suffer from higher dispersion due to the
residual additive noise (see Section 3.3.1). It is observed that the distribution functions from those sensor mounted closer
to the meshing gears, i.e. A01L and A01R, present less dispersion and match better the noise-free predictions. In fact, the sig-
nal to noise ratio is higher for the sensors positioned close to the meshing gears. A better agreement is found for the second
gear mesh harmonic, confirming that the signal to noise ratio after synchronous averaging is higher for that harmonic, at
least when measuring close to the meshing gears. Fig. 16c, and e and Fig. 16d, and f, show the same distribution functions
obtained respectively with a piecewise second-order polynomial approximation and with a spline interpolation for the
angle-time law.

It can be observed that the amplitude ratio, representing the inverse of the attenuation due to jitter of the reference
keyphasor pulses, is higher for the piecewise linear approximation at all sensor locations for both the harmonics, confirming
that when the dominant error contribution comes from jitter uncertainty, a simple but adequate approximation law for the
angle-time relation is a better choice.
5.1.3. Effect of keyphasor uncertainty on gear fault detection using residual signal
The aim of this section is to show the impact of keyphasor pulse uncertainty on the detection of the gear fault using the

residual signal [48]. The residual signal can be obtained from the synchronous average signal by removing the gearmesh har-
monics, representing the average mesh cycle. It was shown to be effective for gear local defects diagnosis [49]. Compared to
other popular techniques such as amplitude or frequency demodulation [50], AR residual [51], or methods based on Spectral
Kurtosis and Minimum Entropy Deconvolution [52,53], the synchronous average residual signal has the advantage of not
requiring the specification of parameters such as the demodulation band, the model order, window or filter lengths. It



Fig. 16. Distribution function of the amplitude ratio parameter for the first (left) and second (right) gear mesh harmonics of the input drive shaft. Black:
theoretical predictions; dashed blue: measurements from accelerometer A01R; dashed red: measurements from accelerometer A01L; dashed green:
measurements from accelerometer A02R; dashed purple: measurements from accelerometer A02L – (a),(b) Piecewise linear order tracking model; (c),(d)
piecewise second order polynomial order tracking model; (e),(f) spline interpolation order tracking model. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)
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can therefore easily be used in an automated detection framework without the need for extensive tuning, albeit generally
suffering from lower performance in the detection with respect to the more sophisticated methods.

Typically, the kurtosis (fourth statistical cumulant) of the residual signal is a good indicator for local gear fault detection
[49] and can be used as a practical indicator in a monitoring framework. A good estimate of the synchronous average is
important for obtaining a representative residual. The keyphasor pulse uncertainty can compromise the fault detection by
leading to a low-quality estimate of the synchronous average and, consequently, of the residual signal. Figs. 17a and b, show
respectively the residual signal obtained for one acquisition during run 1 and during run 6 using sensor A02L. The local
defect is visible at around 50 degrees within a cycle of the input drive shaft in Fig. 17b.

In order to simulate an operational setting, the vibration signals are re-sampled to sampling frequencies of 4687.5 Hz and
9375 Hz, representing conditions in which the Nyquist bandwidth allows respectively to observe at most the first, and the
second gearmesh frequency. Those scenarios are common for helicopters’ monitoring systems. Signals from accelerometer
A02L were taken, as less sensitive to operating conditions variations, supposedly because of the sensor being located further
from the coupling of the input drive shaft with the engines. The kurtosis value of the residual signals is then computed for all
the acquisitions available from runs 1, 3 and 5 (healthy pinion), and for those acquisitions available from run 6 (faulty pin-
ion). A first set of values is obtained using the most exact pulse times for signal synchronization, whereas a second set is
obtained by adding a uniformly distributed error on such times. The extent of uncertainty for the uniformly distributed ran-
dom variables is computed as to simulate a pulse arrival time error equivalent to the one that would be obtained by sampling
the keyphasor at 4687.5 Hz and 9375 Hz. Fifty simulations were performed with fifty different realizations of the
uncertainty.

Fig. 18 shows a comparison between the values of residual kurtosis obtained using the most exact available pulse arrival
times (reference indicated as f kp1) and those obtained by adding the random variables to the pulse arrival times (reference
indicated as f kp2), for the case of a bandwidth limited to the first gear mesh harmonic. Fig. 19 shows the same comparison for
the case of a bandwidth allowing to observe up to the second gear mesh harmonic. A good discrimination between damaged
and healthy state can be performed on the basis of the residual kurtosis indicator when using the exact pulse times. From
both the figures, it is clear that the pulse times uncertainty has a detrimental effect on the distinguishability of the damaged
state. Even though the loss of performance is not as severe as to impede the detection of the considered fault, especially
when the keyphasor modified frequency allows up to the second gear mesh, it may result in a delayed detection within
an operational framework. It is therefore important to keep into account the need for a precise reference keyphasor signal
for monitoring applications.

5.2. Flight data analysis from type 2 fleet

In the following, the results obtained in the previous sections are verified using real flight data acquired in a variety of
operating conditions from fourteen different helicopters. The aim of this investigation is to assess that the model under
the derived assumptions allows representing an operating scenario.
Fig. 17. Residual signals for one revolution of the input pinion obtained from accelerometer A01L – (a) Healthy signal from run 1: Kurtosis value = 2.54; (b)
Faulty signal from run 6: Kurtosis value = 3.42.



Fig. 18. Box plot showing the distribution of Kurtosis values of the residual for the healthy and faulty states of the gear, with measurements taken in all the
bench conditions. Left: signal restricted to 4687.5 Hz sampling frequency, using the exact keyphasor times from the 93750 Hz reference. Right: signal
restricted to 4687.5 Hz sampling frequency, using the modified keyphasor times with a jitter uncertainty of 0.4 cycles of the first gear mesh frequency.

Fig. 19. Box plot showing the distribution of Kurtosis values of the residual for the healthy and faulty states of the gear, with measurements taken in all the
bench conditions. Left: signal restricted to 9375 Hz sampling frequency, using the exact keyphasor times from the 93750 Hz reference. Right: signal
restricted to 9375 Hz sampling frequency, using the modified keyphasor times with a jitter uncertainty of 0.2 cycles of the first gear mesh frequency.
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5.2.1. Data description
The HUMS data used for this investigation was recorded within a period of one year from a fleet of fourteen Airbus type 2

helicopters performing different missions. The acquisitions were performed in various operating conditions, involving differ-
ent regimes for the rotational speed of the rotor and for the transmitted torque from the engines. Main gearbox (MGB) and
alternate gearbox (AGB) acquisitions comprise signals from seven accelerometers and two keyphasor signals. The two
keyphasor signals provide respectively one pulse per revolution of the main rotor and of the tail drive shaft. Fig. 20 shows
a schematics of the MGB and the two AGBs, indicating which components are assigned to which of the accelerometers. Kine-
matic ratios have been removed for proprietary reasons. Accelerometers are typically mounted on the gearbox case, close to
the monitored components. Typically, acquisitions are divided in groups. Each acquisition group is launched when specific
flight conditions are matched and consists of a synchronized acquisition from a set of sensors, performed with a configured
sampling frequency for a configured duration. The available keyphasor signals are always sampled with the same sampling
frequency of the accelerometer signals. As an example for this investigation, the amplitude of the first gear mesh frequency
between the intermediate shaft and the combiner shaft is considered, measured from the MGBL accelerometer (see Fig. 20).



Fig. 20. Schematics of the type 2 gearbox and HUMS accelerometers.

Table 5
Parameters for order tracking and synchronous average using fleet data.

Parameter Description [dimension] Value

Nt Number of revolutions of the reference shaft [–] 21
r Ratio of the target shaft speed to the reference shaft speed [–] 5.8154
SPR Angular samples per revolution [–] 1024
c1 Order of the first gear mesh harmonic (in multiples of fundamental order) [–] 23
Na Total number of acquisitions for the fleet [–] 4546
D Artificially introduced pulse uncertainty [Fraction of gear mesh cycle] 0.4
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Such a choice is motivated again, as already explained in Section 5.1 for the type 1 test bench case, from the high signal to
noise ratio and from the comparatively low frequency of this harmonic with respect to the maximum available sampling
frequency for the vibration signal. The acquisition parameters and the kinematic parameters of interest for the present inves-
tigation are reported in Table 5, with the exception of the sampling frequency and the acquisition duration for proprietary
reasons.

5.2.2. Effect of keyphasor uncertainty in operational scenario
With the objective of verifying that the results derived under assumptions (i)–(v) from Sections 2.1 and 3.2 hold in a gen-

eral operating context, the following procedure is applied on each of the files from the HUMS flight data presented in
Section 5.2.1:

1. The vector x of vibration data from sensor MGBL is resampled synchronously with the intermediate shaft using pulse
times from the tail rotor keyphasor signal, resulting in the angularly synchronous vector xh;

2. The vector x of vibration data from sensor MGBL is resampled synchronously with the intermediate shaft using pulse
times from the tail rotor keyphasor signal modified with the addition of random variables from a uniform distribution
U �D=2;D=2½ �, resulting in the angularly synchronous vector xĥ;



Fig. 21. Distribution function of the amplitude ratio parameter for the first gearmesh harmonic of the intermediate pinion. Black continous line: predicted;
dotted lines: fleet data.
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3. The synchronous average with the fundamental cycle equal to that of the intermediate input shaft is computed using all
the available revolutions for both xh and xĥ;

4. The ratio of the amplitudes of the first gear mesh order from the synchronous average of xĥ and the first gear mesh order
from the synchronous average of xĥ is stored.

5. The distribution functions of the obtained ratio values for each helicopter are compared to the theoretical predictions for
the same ratio, obtained from Monte Carlo simulations using the developed model.

Since a keyphasor reference sampled with a lower sampling frequency was not available, differently from the case pre-
sented in Section 5.1, the uncertainty was simulated through the addition of the random values from a uniform distribution,
which was already proved consistent in Section 5.1.2. Consistent results were obtained for different values of the uncertainty
and considered harmonics (see Fig. 16). For D=Tmesh ¼ 0:4, where Tmesh is a meshing period of the intermediate pinion com-
puted using the average rotational speed of the shaft during the record, results are shown in Fig. 21. Also for fleet data, Fig. 21
shows a sound agreement between the prediction and the experiment. Again, the higher dispersion of the fleet statistics can
be explained from the effect of the noise, discussed in Section 3.3.1. The experiment confirms that the uncertainty from ref-
erence keyphasor pulses time of arrival is properly described by the modelling assumptions in an operational framework.
The main effect of the uncertainty on the harmonic amplitude indicators lies in the introduced variance in the estimates,
which shall be accounted for when considering the discriminability of two mechanical conditions based on, e.g., the esti-
mated amplitude of some characteristic harmonics.
6. Concluding remarks

In this paper, a novel model for the random jittering error of the synchronization signal on the synchronous averaging
procedure was introduced. A statistical analysis was performed to assess the distortion introduced by the error on the abso-
lute value of the first order cyclostationary, or synchronous components in the signal, considering the dependency on the
number of averages and on the entity of the uncertainty on the pulse times of arrival. The analysis considered uniform jitter
variables in order to obtain practical approximated analytical solutions for the distribution of the estimated amplitudes,
though the model lends itself to the introduction of any other random distributions for the jitter times. An analytical approx-
imation was derived for the attenuation of a single harmonic, and the effect of additive noise was discussed. Extensive
numerical simulations showed adequate performance of the developed model in predicting the statistics of the estimated
synchronous harmonics, validating representativeness for the order tracking and synchronous average processes. The
expressions derived for the analytical approximation provide means for quantifying the severity of random jitter effects
under several combination of design parameters, also allowing to understand the effect of additive noise on the estimates
and can, therefore, be used for optimize the configuration of industrial vibration diagnostics systems. It was found that
for integer values of the ratio between the speed of the shaft of interest and the speed of the trigger shaft, the interaction
due to jitter of synchronous, distinct orders is higher, leading to worse estimates. Using an experimental data set and an
operational data set, the prediction capabilities of the model for the amplitude distribution of gear mesh harmonics were
verified. Also, the effect of lowering the sampling frequency of the keyphasor signal on the accuracy of the estimates was
assessed. This agrees with experimental investigations reported in the early order tracking literature, adding the consistency
of a theoretical analysis and allowing the quantification of such effects. Further, it was shown that a piecewise linear approx-
imation of the time-angle law is appropriate under nominally constant operating speed conditions and has the advantage of
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higher robustness to pulse times uncertainty. The results of this study can be employed in quantifying the effect of the pulse
time uncertainty on the performance of those health monitoring indicators related to harmonic amplitudes, allowing to
relate the estimation variance to the impact on the distinguishability of different mechanical states characterized by differ-
ent values of the indicators. The attenuation effect is more relevant for less precise reference signals, both in terms of average
attenuation and introduced scatter. As an additional remark, the developed general model for the synchronous averaging
gives ground for extending the analysis to different cases of interest, e.g. it could be adapted for studying the uncertainty
in tacholess synchronous averaging procedures.

Appendix A. Approximation to the distribution of a linear combination of non-central chi-square random variables

The algorithm reported below is a summary of the method developed in [47], and is used in the paper to derive an ana-
lytical approximation to the distribution of the synchronous components’ amplitudes. The general expression for a quadratic
form in the multivariate normal variable X is Q ¼ X|AX. In the considered case A ¼ I and the procedure can therefore be
summarized as follows:

1. Determine the eigenvalues kk and the matrix of the normalized eigenvectors K of R;

2. Compute R�1
2 ¼ Kdiag k

�1
2

k

� �
K|;

3. Compute b ¼ K|R�1
2E g½ �;

4. Consider the transformed quadratic form Q1 ¼ W|
1A1W1 defined as the quadratic form where the random normal vari-

ables have now identity covariance matrix and mean b, and A1 is defined as diag kkð Þ;
5. Compute the s-th cumulant and the h-th moment of Q1 respectively as:
k sð Þ ¼ 2s�1s!
tr A1ð Þs

s
þ b|As

1b
	 


ð51Þ

l hð Þ ¼
Xh�1

i¼0

h� 1ð Þ!
h� 1� ið Þ!i! k h� ið Þl ið Þ ð52Þ

6. With X gamma-type random variable and l 0ð Þ ¼ 1, use Laguerre polynomial of degree d to approximate the p.d.f. as:

f X xð Þ ¼ xme�
x
b

bmþ1

Xd
j¼0

dmj L
m
j

x
b

	 

ð53Þ

where:

dmj ¼
Xj

k¼0

�1ð Þkj!lZ j� kð Þ
k! j� kð Þ!C mþ j� kþ 1ð Þ ð54Þ

Lmj xð Þ ¼
Xj

k¼0

dmi;kx
k ð55Þ

dmi;k ¼
�1ð Þi�kC iþ mþ 1ð Þ
i� kð Þ!k!C mþ kþ 1ð Þ ð56Þ

b ¼ lX 2ð Þ
lX 1ð Þ � lX 1ð Þ ð57Þ

m ¼ l2
X 1ð Þ

lX 2ð Þ � l2
X 1ð Þ � 1 ð58Þ

7. Finally, the cumulative distribution function (CDF) evaluated at c > 0 is obtained by integration of Eq. (53) as:

FX cð Þ ¼
Z c

0
f X xð Þdx ¼

Xd
i¼0

nmi C mþ iþ 1ð Þ � C mþ iþ 1; c=bð Þð Þ
C mþ 1ð Þ ð59Þ

in which the incomplete gamma function is denoted as:

C a; hð Þ ¼
Z 1

h
ta�1e�tdt ð60Þ

and:
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nmk ¼
1þ

Xd
i¼2

gmi d
m
i;k; k ¼ 0

Pd
i¼2gmi d

m
i;k; k ¼ 1Pd

i¼kgmi d
m
i;k; otherwise

8>>>>><>>>>>:
ð61Þ

gmi ¼
i!

C mþ iþ 1ð Þ
Xi

k¼0

dmi;klX kð Þ ð62Þ

Eqs. (53) and (59) give an approximation to the probability density function and to the cumulative distribution function of

the squared absolute value jXSA cð Þj2. Since jXSA cð Þj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jXSA cð Þj2

q
and the square root is an invertible and monotonically

increasing function of the positive argument when negative solutions are not allowed, it also holds for the c.d.f.:
F jXSA cð Þj yð Þ ¼ P jXSA cð Þj2 6 y2
� �

ð63Þ
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