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A modified scheme of the discrete sources method for modeling the nonlocal optical response of a plas-
monic dimer consisting of two identical axisymmetric metallic particles has been developed. The optical
cross sections have been computed in the frequency domain for prolate spheroids with different aspect
ratios and for different gap sizes. The results show that the generalized nonlocal optical response model
leads to a blue shift, a plasmon mode damping, and a plasmon mode broadening of the optical cross

sections as compared to the local-response approximation. These effects more pronounced when the as-
pect ratio of the spheroid increases and the gap size decreases. It has been confirmed that the additional
boundary condition appears to be the main origin for the blue shift.
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1. Introduction

Interaction of light with plasmonic metallic nanostructures is
of increasing interest in various research fields. The encountered
effects are useful in different areas of science and technology,
which include scanning near-field optical microscopy, metal en-
hanced fluorescent spectroscopy, biomedical sensors, optical data
storage, solar cells and liquid crystal displays [1]. Plasmonics
allows to manipulate light at the nanoscale and to obtain strong
and very confined electromagnetic fields. This is achieved via a
localized surface plasmon resonance, which is a well-known phe-
nomenon that occurs in metal nanoparticles due to the collective
oscillation of free electrons in nanosized structures when sub-
jected to an incident electromagnetic field [2]. Interest in metallic
structures with nanogap features has been propelled mostly by
important applications in spectroscopy, and in particular, by the
experimental reports of surfaceenhanced Raman scattering from
single molecules [3]. The extreme level of sensitivity possible
with such structures arises from the localized surface plasmon
resonances that is associated with the nanogap, in which electric
field intensity enhancements can reach large values.

The optical response of plasmonic nanostructures is generally
well-described by classical electromagnetics based on the incorpo-
ration of local connection between displacement and electric field
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by using frequency-dependent dielectric function. Such a classical
approach produces predictive results for nanostructures until sizes
down to 10 nm. If the structure size is less than 10nm or there is
a sharp change of the surface topography the classical Maxwell’s
theory based on the local connection is no longer sufficient and a
new approach is required going beyond classical electromagnetics
to describe the occurring physical effects.

Plasmonic resonance modeling based on classical solution of
Maxwell’s equations predicts monotonically increasing electric
field enhancements with decreasing the gap size, prompting the
development of nanotechnology for producing plasmonic struc-
tures with nano sized gaps. The collective oscillation of conduc-
tion electrons subject to driving optical fields has been conceptu-
ally analyzed in the framework of the local response approxima-
tion (LRA), where the material response occurs only in the point
of the perturbation. For pure dielectrics, this is a well-established
and accurate approach, while it is traditionally being applied to
metals too. Despite its simplifications, the LRA framework has fos-
tered both predictions and experimental confirmations of novel
plasmonic phenomena, such as the squeezing of light beyond the
diffraction limit, the tunability of the optical properties of metal-
lic structures with size and shape, and the large enhancement of
the electric field in metal geometries with sharp surface topogra-
phy corrugation, as well as in dimers with vanishing gaps [4]. In
plasmonic nanogaps, three regimes for the gap size d can be dis-
tinguished.
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1. For d > 2nm, the classical LRA gives basically the same results
as a nonlocal response approximation (NLR) [5] (see Appendix
for an overview of the nonlocal response theories) .

2. For 0.5nm <d <2 nm, strong nonlocal effects appear; both the
local and nonlocal descriptions predict a similar qualitative be-
havior, but quantitative differences emerge.

3. For d <0.5 nm, pure quantum effects, such as the electron tun-
neling between the nanoparticles, are present [6,7].

Zuloaga et al. [8] used the time-dependent density-function-
theory (TDDFT) to perform fully quantum mechanical simulations
of the linear response of plasmonic dimers. However, this approach
is computationally unfeasible for large plasmonic structures (par-
ticle sizes exceeding 10 nm) because the number of electrons to
be accounted for is extremely large [9]. To address this situation,
semi-classical approaches, in which quantum effects are incorpo-
rated into the Maxwell equations, have been proposed in [10-
15]. For large plasmonic structures with nanogaps, Esteban et al.
[16] developed a quantum corrected model (QCM) to incorporate
the electron tunneling effect into the local classical formalism. The
quantum relationship between the oscillating field and current is
reproduced by assigning a local effective conductivity to the gap.
By analyzing the QCM results, it has been found that the ‘threshold
tunneling-distance’ is of about 4 A. For larger gap sizes, the QCM
results are identical to those of the LRA model as the tunneling
effect is negligible [6]. David et al. [17] found that the extension
of the hydrodynamic model to cope with inhomogeneous density
profiles can provide a relatively fast and accurate way of describing
the optical response of metal surfaces at subnanometer distances.
Comparison results for gold sphere dimers are in a good agree-
ment with well-established density-functional theory within the
jellium model approach. An other approach called projected dipole
model (PDM) can be applied to simulate dimers. PDM consists
in placing an infinitely thin layer of dipoles on the correspond-
ing surface. These dipoles are placed normal to the interface and
their polarizabilities are defined by employing the time-dependent
density-functional theory (TDDFT) within the jellium approxima-
tion and the following generalization for an arbitrary surface. As it
was demonstrated by comparison with direct TDDFT computation
for 2D dimers of arbitrary shapes PDM works well until vanishing
gap size [18].

Along with electron tunneling, nonlocal screening [19] is an-
other quantum effect that influences the plasmon resonances of
a metallic dimer. Unlike the local classical model, in which the
plasmon-induced charge densities are strictly confined to the sur-
faces, in the framework of a nonlocal hydrodynamic (NLHD) model,
these charges are effectively pushed inside the material. This is a
consequence of the choice of the boundary conditions on the free
electron current at the metal-vacuum interface [12,20]. As a result,
the plasmon resonances obtained with the NLHD model are always
blue shifted with respect to the wavelengths predicted by the LRA
model. The nonlocal screening effect also reduces the electric field
enhancement in the gap of plasmonic dimers. The blue shift and
the electric field enhancement predicted by the NLHD model cor-
rectly explain the measured effect of nonlocal screening for noble
metals such as Au and Ag [7]. Mortensen et al. [11] proposed a
generalized nonlocal response (GNOR) model in which an electron
diffusion term is added to the NLHD model. This model predicts
a progressive broadening of bonding modes in the subnanometer
gap regime, which is in good agreement with the quantum TDDFT
results [7]. To get a more physical insight into the role of the dif-
fusion term incorporated in the GNOR description of the electron
gas, the relaxation dynamics has to be considered. Under the influ-
ence of an external electric field, the free electrons in an initially
charge-neutral metallic nanostructure are drawn away from their
equilibrium positions. The electrons leaving regions near the sur-

faces originate excess and deficit densities of charge. At the same
time, of course, the whole bulk remains uncharged, since the posi-
tive ions remain fully screened by a corresponding density of neg-
atively charged conduction electrons. As a consequence of entropy,
the induced spatially inhomogeneous charge density will relax to-
wards its equilibrium position. Classically, this process is described
as diffusion, and in a drift-diffusion theory, it is captured by the
diffusion constant. Since diffusion relaxes the induced charge, it
also relaxes the polarization field, and consequently, it is a damp-
ing mechanism [21].

To provide reliable, accurate and controllable simulation results,
a numerical electromagnetic model should account for all features
of interaction in the plasmonic structures down to Angstrom
dimension. An overview of the different numerical methods for
analyzing nanoplasmonic structures can be found in [22-24]. The
most popular approaches are (I) methods applicable directly to the
Maxwell system (finite difference time domain [14,25] and finite
elements method [26]), in particular in [14] the FDTD method was
applied to analyze spherical dimers and arbitrary shaped cylin-
drical dimers, (II) semi-analytical volume based methods (discrete
dipole approximation [24] and volume integral equations [23]),
and (IlI) semi-analytical surface based methods (surface integral
equations [23], T-matrix [27], multiple multipole method [28], and
discrete sources method [29]). For plasmonic structures consisting
of homogeneous plasmonic particles, surface based methods seem
to be the most appropriate [23]. The reason is that the inclusion of
the nonlocal response requires the solution of a vector Helmholtz
equation with a very large wavenumber. Most direct methods
when applied to the 3D case are restricted to a discretization step
of about 0.2 nm, which is not sufficient for modeling the nonlocal
response. As a matter of fact, the discretization is determined
by the Fermi wavelength inside the particle; for Ag, the Fermi
wavelength Ar =0.52 nm requires a discretization step smaller
than 0.1 nm to achieve a reasonable accuracy [30].

The discrete sources method (DSM) is a semi-analytical surface
based method, in which the electromagnetic fields are approxi-
mated by linear combinations of discrete sources whose ampli-
tudes are determined from the boundary conditions. As compared
to other surface based approaches, the method (I) does not require
any mesh generation or an integration procedure over the particle
surface, (II) provides the near and far fields in clear analytical form,
(II1) solves simultaneously the scattering problem for all external
excitations and polarizations, (IV) can handle particles with high
refractive indices, and (V) allows the estimation of the computa-
tional errors via the residual of the surface fields [31]. These theo-
retical and numerical advantages recommend the discrete sources
method for analyzing plasmonic structures in the presence of non-
local response. It worth to mention that the DSM method can be
applied considering “jellium edge” [17] as a set of discrete homo-
geneous shells, but in this case the DSM model simulation will be
rather time consuming.

>In this paper we analyze the plasmon resonances of a
metallic dimer by means of a modified scheme of the discrete
sources method which accounts on the nonlocal optical response.
The paper is organized as follows. In Section 2 we summarize
the generalized nonlocal optical response model, and formulate
the transmission boundary value problem for a dimer consist-
ing of two identical axisymmetric homogeneous metallic particles.
Section 3 is devoted to the description of the modified scheme
of the discrete sources method, while in Section 4, computer-
simulated results are reported and discussed.

2. Generalized nonlocal optical response model

We consider the scattering of an electromagnetic plane wave
(Eg, Hg) by a dimer consisting of two identical axisymmetric ho-
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Fig. 1. Scattering geometry of a dimer consisting of two identical metallic prolate spheroids.

mogeneous metallic particles placed in an isotropic homogeneous
medium as shown in Fig. 1. The particle i occupies the domain
D; with smooth boundary dD;, where i =1, 2. By assumption, the
media are nonmagnetic and the particles have a common axis of
symmetry Oz. The incident electromagnetic plane wave propagates
in the Oxz plane and along a direction which encloses the angle
T — Oy with the Oz axis.

An overview of the nonlocal response theories is given in the
Appendix. In summary and referring to the GNOR model, the fol-
lowing conclusions are relevant for our analysis:

1. The local-response Ohm law J(r) = 0 E(r) is corrected for non-
local dynamics as [12]

2
S VIV )+ 30 = 0B (), 1)
where for a time dependence exp (jwt) of the fields,

2_ B? D
§ _8b[w(w—jy)ﬂw] (2)

is the length scale of the GNOR model, &, the permittivity as-
sociated to bound charges, @ the frequency, B2 = (3/5)v2, Vs
the Fermi velocity, y the Drude damping rate, D the diffusion
constant, and o the Drude conductivity.

2. The Maxwell equation for the magnetic field reads as

V x H(r) = jweole + 2V (V) [E(r), (3)
where

w? 4
=&, — m (4)

is the Drude permittivity, &9 the vacuum permittivity, and w,
the plasma frequency of the metal.

3. The field in the metal E sums the contributions of a divergence-
free transverse field Er and a curl-free longitudinal field Ep
solving the vector Helmholtz equation with wavenumbers k2 =
kie and k =g/£2, respectively, where ko =w./Egflg is the
wavenumber in vacuum.

4, The amplitude of the longitudinal wave is computed from the
additional boundary condition [12,35]

e1n-E;(r) = &0 - Ey (1), (5)

which is imposed at the interface between a dielectric medium
1 and a metallic medium 2. This boundary condition is used
together with the continuity of the tangential components of
the electric and magnetic fields at the interface.

In the framework of LRA, when nonlocal effects are neglected,
the pertinent equations are obtained by setting £ =0 in (1) and

(3), and by ignoring the longitudinal field (and so, the additional
boundary condition (5)).

Considering the scattering problem illustrated in Fig. 1, we are
faced with the solution of the following boundary value prob-
lem: Given the incident electromagnetic field (Eg, Hg), compute the
scattered field (E., H.) in D, = R3\ D; UD, and the internal fields
(E;, H;) in Dy, i =1, 2, satisfying the Maxwell equations

V x H, = jkoe.E., V x E, = —jkoH,, in D, (6)

V x H; = jkol&; + $2V(V)]E,, V x E; = —jkoH;, inD;, i=1,2,

(7)
and the boundary conditions
n; x (E; —E.) =n; x Eo, (8)
n; x (H; — H,) =1; x Hy, 9)
eol; - Ej = e.1; - (E. + Eo), (10)

on dD;, i=1,2. In addition, the scattered field must satisfy the
Silver-Miller radiation condition. Here, &, is the permittivity of
the background dielectric medium, and in order to further simplify
the writing, we set

(11)

where ¢ is given by (4). Note that the field inside particle i is de-
composed as

E; = E; + Ey;, (12)

where E;; and E;; are respectively, the transverse and longitudinal
fields satisfying

V -E(r,w) =0 and V x E;(r, ) = 0.

&1 =86 =¢,

3. Discrete sources method

In the framework of the discrete sources method, the electro-
magnetic fields are constructed as finite linear combinations of the
fields produced by dipoles and multipoles distributed inside the
particle. Thus, the solution satisfies Maxwell’ s equations and the
radiation conditions analytically. The unknown amplitudes of the
discrete sources are determined from the boundary conditions en-
forced at the particle surface. In this section we describe a modi-
fied scheme of the discrete sources method for modeling the non-
local optical response.
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For the incident electromagnetic plane wave
Eo(r) = @pe kT (13)

propagating along the direction (7 — 6y, ) and being character-
ized by the wave vector K. = keke, ke = kg./€c and polarization
unit vector €y, the corresponding P- and S-polarized incident fields
are given respectively, by

E5 (1) = (cos 0g€; + sinHg€,) x (%, 2), (14)
H5(r) = —/2. cos 0g€, x (%, 2), (15)
and

ES(r) = /2. cos o€, (%, 2), (16)
H3 (r) = (cos 6o, + sinpe,) x (x, z), (17)

where (€,, €y, €;) are the Cartesian unit vectors and
X (X, Z) — e—jke(xsinﬁg—zcosé?o). (18)

For an axisymmetric dimer, the P- and S-polarized excitations are
treated separately. To account for axial symmetry, we expand each
polarized plane wave into a Fourier series in the azimuthal angle
¢ by using the basic result

eixcosg _ i(z _ 8m0)(:|:j)m]m (x) cos me, (19)

m=0

where ], are the cylindrical Bessel functions, and .0 the Kro-
necker delta symbol. The scattering problem then decouples over
the azimuthal modes m, and a separate solution for each m is ob-
tained.

The discrete sources are placed on the axis Oz (the axis of - sym-
metry of the dimer), and in this regard, we denote by {ze} , the
posmons of discrete sources for the scattered field representatlon

by {ZT’}n ; the positions of discrete sources for representing the
transverse field inside particle i, and finally, by {z;i}’,ff] the posi-
tions of discrete sources for representing the longitudinal field in-
side particle i. Note that the numbers of discrete sources NI, NI
and N[} may depend on the azimuthal mode m.

For transverse field approximation, the discrete sources are con-
structed from the vector potentials

Ale l(r) —Ye I(Q Ze,Ti) cos[(m 4 l)(p]’éx
=Y (@ z™) sin[(m + 1)p]ey, (20)

AZe l(r) — Ye I(Q z& T]) Sln[(m + 1)‘P]e

+Ya'(0.25™) cos[(m+ gle,, (21)
Adei(r) = Yoe’i(g,zg*“)@z, (22)
where
Yg(e.25) = h% (k.R e)< P )m (23)

m »“n m el\zy Rzg )
m
Y (0.2%) = jim (kTRZT,)( ) , (24)
zﬁ‘
=kove, 0= (p.2), p> =x*+y2, and
R: = p* + (z—zn)*, (25)

while for longitudinal field approximation, the discrete sources are
constructed from the scalar potentials ¥, and W, as given below.
For a P-polarized excitation, the approximate solution is given by

N™
eTx

ZZ ;”T"Ik Ee.

m=0 n=1

eT,(l‘) VxVxA]e’(l‘)

+ q,engl V x AZ(r)

e

eTx

eTl 3e,i
+Z Ioe,VXVXA (r), (26)
M NG Npi
ENMT) =D pin VW (r) + ) VW, (r), (27)
m=0n=1 n=1
i = oV X B, (28)

where the scalar potentials W, and W, are defined respectively
by

Winn (1) = jm41 (kuRy) cos[(m + 1], (29)

Wi(r) = jo(kuRyu), (30)

k? = ¢/&2, and M is the maximum number of azimuthal modes.
For an S-polarized excitation, we have

Nm
eTx

BV (r) = zzp:;:k L

m=0 n=1

VxVxAze’(l‘)

+ q,engl -V x Api(r)

e

Nng
£y i Ak, (31)
n=1 Sel
M NG
ENM) =) phn VW (r), (32)
m=0n=1
J y
Vi) = V x EA (1), (33)

where the scalar potential W, is now defined by
Winn (1) = jms1 (keR,u) sin[(m + 1 g]. (34)
Some remarks are in order:

1. A is a multi-index incorporating both the maximum number
of azimuthal modes M, and the number of discrete sources N,
NIT and N[

2. From (28) and (33) it is apparent that only the transverse field
E; contributes to the magnetic field H; inside particle i.

3. In the case of an S-polarized excitation, the azimuthal inde-
pendent harmonic does not contain the nonlocal term VW (r)
appearing in (27). The reason is that in this case, there is no
normal component of the electric field, and so, the additional
boundary condition is not required.

As the electromagnetic fields given by (26)-(28) and (31)-(33)
solve the Maxwell equations (6) and (7), we have to determine the
amplitudes of discrete sources

e,Ti e,Ti eTi Li
sTh

{pmn’ pmns qmn *'n
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such that the boundary conditions (8)-(10) are fulfilled. By means
of the generalized point matching technique, we obtain the follow-
ing relations for amplitudes computation:

2w .
n; xfo [Eri(Q;. @) +ELi(0). @) — Ec(0). ©)]e?™do

2

Eo(0,. )e ™ dg, (35)

:ﬁ,-x

2 .
i /O (Hi(e,. ¢) — H.(0p. 9)le ™ dg

2

Ho(0,. p)e ™ dg, (36)

=1; X

2 |
n;- ‘/0 [evEri(0), @) + euELi(0), @) — €.Ec(0;, ¢)]e ™ do

21 X
=n;- / €.Eo(@;. p)e Mdo, (37)
0

where {g,}}_, is the set of matching points distributed in the
azimuthal plane ¢ = const. For each m, the numbers of discrete
sources and matching points are chosen as

2NI'+ 2N} + Nfj < 5L, (38)

in which case, we are led to an overdetermined system of equa-
tions for amplitudes determination. The system of equations is
solved by QR matrix factorization for a given set of incident an-
gles 6y, and simultaneously, for P- and S-polarized excitations.

Once the amplitudes of discrete sources are known, the compo-
nents of the far-field pattern

F©.9) =F (0. 9)€) +F, (0. p)e,, (39)
defined through the relation

—jker
E.(r) = °

‘ F(Q,go)—i—o(%), F o oo, (40)

are computed for a P-polarized excitation as

M
Fy(6.9) =jke > (jsing)™ cos[(m + 1)¢]
m=0

Nm _
X ) (P COSO + Gy, eIz 050

n=1

Ne

—jke sin@ " ree ket cost, (41)

n=1

M
Fo(0,9) = —jke Y (jsin€)™sin[(m + 1)¢]
m=0
Ny
3 (Do + iy €O8 )@ ke 05O (42)

n=1

and for an S-polarized excitation as

M
Fy(0.¢) = jk. 3 (jsin@)™ sin[(m + 1)¢]
m=0

N
%3 (P COS O — iy, e keri cos (43)

n=1

M
Fy(0.9) = jk. Y (jsin®)™ cos[(m + 1)¢]

m=0

Nm

X Z(P?n,, cosf — q%n)e—ﬂ(elﬁ cosf
n=1
NS
+jke sinf Z r;e*jkezﬁ cosf) (44)

n=1

The differential scattering cross section is then calculated as

0 (0.9) =1E0.9)* +|F . 9)I%, (45)
the scattering cross section as
2r pm
Osct :/ / o (0, ¢)sinfdode, (46)
o Jo

and the extinction cross section for a P- and an S-polarized excita-
tion as

4

Oext = — k Im[F9 (ﬂ: - 90’ 7T>] (47)
and

47
Oext = Tlm[F(ﬂ(jT - 90’ T[)], (48)

respectively. From (41)-(44) it is readily seen that the components
of the far-field pattern are expressed through finite linear combi-
nations of elementary functions, and so, that no integration proce-
dure is required for their computation. Besides, the errors in the
solution can be estimated by computing the residual norm of the
surface fields at the particle surfaces dD;, i =1, 2.

4. Numerical analysis

In this section we analyze the scattering of a plasmonic dimer
consisting of two identical metallic prolate spheroids. Each prolate
spheroid has an equivolume diameter of D, = 16 nm. The material
of the spheroids is gold (Au) or silver (Ag). For these materials,
the frequency dependent refractive indices n; = ./&; = /€ are taken
from [32]. The corresponding GNOR parameters are [12]:

hw, = 9.02eV, hy =0.071eV, vs =139 um/s,
D =1.90 x 108 um?/s

for Au, and

hw, = 8.99eV, hy =0.025eV, vr =1.39 um/s,
D = 3.61 x 108 um?/s

for Ag. In [33], it has been found that for this scattering problem,
the plasmonic resonance seems to be more pronounced for a P-
polarized excitationand the incident angle 6y = 90°, when the in-
cident electric field Eg is parallel to the Oz axis (the axis of sym-
metry of the prolate spheroids). For this reason, the incident angle
is chosen as 6y = 90°. For the physical reason of this choice the
interested reader is referredto Nordlander et al. [34].

The main numerical problem of simulating the nonlocal re-
sponse is the large difference between the longitudinal and trans-
verse wavenumbers k. and kr, respectively. The results illustrated
in Fig. 2 show that k. exceeds kr by about two order of magni-
tudes. Therefore,

1. the number of discrete sources for the longitudinal field N[} is
approximately three to four times larger than that for the trans-
verse field N;'I.' ,

2. the number of matching points L is ten times larger than that
used in the local-response approximation (leading to a dis-
cretization step of about 0.1 nm or less).

In Fig. 3, we plot the extinction and scattering cross-sections
computed by means of LRA and GNOR models for a gold dimer.
The half-axes of the spheroid are a =12.7 pm and b= 25.4 um,
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Fig. 2. Absolute values of the normalized wavenumbers kra and kra, where a is
the minor axis of the spheroid.

and the gap size d = 1 nm. The background medium is water (1, =
V€ = 1.33) and glass (n. = /€. = 1.52). The results show a blue
shift and a plasmon mode damping for both background media,
and a larger difference between the extinction and scattering cross
sections, and so, a larger absorption cross section, in the case of
GNOR than in the case of LRA.

The variations of the extinction and scattering cross-sections
with respect to the aspect ratio r = b/a and the gap size d are il-
lustrated in Figs. 4 and 5. The material of the particles is gold and
the background medium is water. As before, a blue shift, a plas-
mon mode damping, and a plasmon mode broadening are visible
for both cross sections. Besides, the blue shift, the plasmon mode
damping, and the plasmon mode broadening increase when the
aspect ratio r increases, and the gap size d decreases. The plots
in Fig. 6 demonstrate that the electric field intensity in the center
point in between of the spheroids increases when the spheroids
approach each other. Besides based on further simulations we did
not find any shift between the far and near field intensity which is
in agreement with paper [38].

The physical predictions of a nonlocal response model are sen-
sitive to the correct implementation of the additional boundary
condition [35]. In Fig. 7 we illustrate a comparison of the results

10" 5
Gexr LRA
107 ]| = Gex» GNOR
N% Oscs? LRA o° 1%
| Oy GNOR| 7. \
g 10 —
S |
10° 4+
10° . : . . . )
500 550 600 650 700 750

Wavelength [nm]

obtained by using the additional boundary condition (cf. (10))
eol; - E;(r)) = ecl; - [Eo (1)) + Eo ()], (49)

based on the continuity of the normal component of the free cur-
rent density, and an additional boundary condition based on the
continuity of the normal component of the electric field [36,37],
that is,

n;(r) - E;(r)) = 0;(ry) - [Eo (1) + Eo (r)]. (50)

The plots show that the blue shift and the plasmon mode damping
are considerably different; they are more pronounced for (50) than
for (49). For a detailed discussion of the physical meaning of
boundary conditions (49) and (50) we refer to [35]. On the other
hand, in the framework of LRA, the continuity of the tangential
components of the electric and magnetic fields yields the continu-
ity of the normal component of the displacement field

eiy(r;) - E(r) = e.nj(r)) - [Ec (1)) + Eo(r))]. (51)

An interesting exercise is to use a nonlocal response model in
which the LRA boundary condition (51) is used as additional
boundary condition. The results illustrated in Fig. 8 show that
in the case of boundary condition (51), a smaller plasmon mode
damping is present and that no blue shift is visible. This is a con-
sequence of the fact that the use of the boundary condition (51) re-
duces the nonlocal screening which appears to be the main origin
for the blue shift [7].

5. Conclusions

A modified scheme of the discrete sources method based on
the generalized nonlocal optical response model has been applied
to analyze the scattering by a plasmonic dimer consisting of two
identical axisymmetric metallic particles.In the new scheme, the
discrete sources for the transverse field (curl and double curl of
vector potentials) and for the longitudinal field (gradient of scalar
potentials) approximation are constructed based on the system of
lowest order distributed multipoles [39]. Because the longitudinal
wavenumber exceeds the transverse wavenumber by about two or-
der of magnitude, special attention has been payed to the numer-
ical implementation of the discrete sources model. In this context,
it has been found that the number of matching points should be
at least ten times larger than that used in the local-response ap-
proximation.

The extinction and scattering cross sections of a plasmonic
dimer consisting of two identical metallic prolate spheroids have
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Fig. 3. Extinction and scattering cross sections computed by LRA and GNOR. The geometrical parameters are r =b/a =2 and d = 1 nm. The background medium is water

(left) and glass (right).
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been computed in the frequency domain for different spheroid as-
pect ratios and gap sizes. Comparing the results obtained by the
discrete sources method with the generalized nonlocal optical re-
sponse model and those with the local-response approximation, a
blue shift, a plasmon mode damping, and a plasmon mode broad-
ening of the optical cross sections has been evidenced. These ef-
fects are more pronounced under the deformation of the con-
stituent spheroids when the aspect ratio of the spheroid increases
and the gap size decreases. This is in agreement with the results
of Filter et al. [40] where dimer consisted of small plasmonic par-
ticles (size 6.7 nm) of different shapes excited by a vertical electric
dipole located inside the gap was investigated based on COMSOL
application.

A significant difference in the optical cross sections has been
found when using as additional boundary condition the continu-
ity of the normal component of the free current density and the
continuity of the normal component of the electric field. These re-
sults emphasizes that a correct implementation of the additional
boundary condition is absolutely demanding.
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Appendix. Nonlocal response theories

In this appendix we review the nonlocal response theories by
closely following the analysis given in [12,35]. The constitutive re-
lation relating the displacement field D and the electric field E is
D(r.w) = SO/S(r, . w)E(r. 0)dr, (52)
where w is the frequency, €9 the vacuum permittivity, and e(r,
r’, ) the (scalar) nonlocal permittivity of the metal. In the local-

response approximation, nonlocal effects are neglected; we have
e(r,r',w) =8(r—-r)e(w), giving
D(r, w) = g0 (W)E(r, w), (53)

where ¢(w) is the spatially independent permittivity. In a nonlocal
response model, the vector wave equation for the electric field is
given by

2
V x V x E(r, ®) = (%) Sln(r,w)
0

= (%)2/5(1-, r’,a))E(r’,w)d3r,

where ¢ = 1/,/€gllg is the speed of light in vacuum. The nonlocal
permittivity is written as

(54)

(55)

where f(r — 1/, w) is a scalar nonlocal response function. The non-
local response function is assumed to be symmetric and short-
ranged, which means that

ff(r,w)rd3r:0and /f(r,w)r2d3r=2§‘2,

e(r,r,w)=8r—-r)e(w) + f(r—r,w),

where 1?2 = x2€, + y%e, +z%€,, (€, €,,€,) are the Cartesian unit
vectors, and & is the length scale of the nonlocal response function.
Under this assumption and by considering a second-order Taylor
expansion of E(r, ) around r, the integral in (54) can be com-
puted analytically; the vector wave equation (54) then takes the
form
)\ 2

V x V x E(r, 0) = (?) [(w) + E2AJE(r, ). (56)
From (56) it is apparent that the scalar nonlocal response is repro-
duced by the Laplacian term in the vector wave equation. The hy-
drodynamical model and the generalized nonlocal optical response
model are nonlocal response theories leading to a vector wave
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equation as in (56), that give simple computational formulas for
the length scale of the nonlocal response function &.

In the hydrodynamical model for the free-electron gas, the en-
ergy of the electron plasma is expressed in terms of the electron
density n(r, t) and the velocity field v(r, t). The dynamics of n(r,
t) and v(r, t) due to the electric field E(r, t) are obtained by dif-
ferentiating the energy with respect to these variables. Differenti-
ation of the energy with respect to the velocity field and electron
density gives the hydrodynamic equation of motion and the conti-
nuity equation, respectively. These equations are solved by using a
linearization approach; the physical fields are expanded in a non-
oscillating term and a (small) first-order dynamic term. In the fre-
quency domain, we are led to the vector wave equation

2
V x V x E(r, 0) = (%) E(r, @) — jopg) (r, o) (57)
and the constitutive relation for the current density
B’ )

———— V[V . J(r,w r,w) =0 (w)E(, w). 58
(7 5y0) VIV IE @] H)E o) =0 @Er). (58
Here, J(r,w) = —engv(r, w) is the current density due to free
charges, ny the equilibrium electron density of the free electrons,
B? = (3/5)v2,vr the Fermi velocity, y the Drude damping rate,
W — noe?

P Eom
the plasma frequency of the metal,

2
p

w—Jy
the Drude conductivity, related to the Drude permittivity e(w) by
2

.0 (w w,
g(w) :Sb_'lﬁ =& — m,

o (@) = —jeo

and &, the permittivity associated to bound charges (ions and elec-
trons). Obviously, in the limit 8 — 0, i.e., vr — 0, the constitutive
relation (58) simplifies to Ohm’s law J = oE.

The hydrodynamic model includes the convective current but
neglects the currents due to diffusion. In the generalized nonlo-
cal optical response model the hydrodynamic theory is extended
to account for electron diffusion. The inclusion of electron diffu-
sion changes the continuity equation, which in its linearized form
is the convection-diffusion equation. In this model, the free current
density includes a diffusion contribution

J(r,w) = —engv(r, ) +eDVn(r, w),

where D is the diffusion constant, while the constitutive relation
for the free current density is (compare with (58))

2

(5555 +iE) VIV S )] 41 0) = 0 @E(r 0). (59
To derive a vector wave equation as in (56), the current den-

sity is eliminated from Eqs. (57) and (59). Applying the operator

V(V.) to Eq. (57), accounting of the identity V- (V x F) =0, and

inserting the result in (59) gives

J(r) = 0E(r) + jweo&* V[V - E(1)], (60)

so that the vector wave equations (57) becomes
2
V x V x E(r, ») = (%) [e(0) + E2(@)V(VIET w),  (61)

where £ is the length scale of the generalized nonlocal optical re-
sponse model,

B> +D(y +jw)
"o —jyo

£ (w)=¢ (62)

Obviously, the vector wave equation (61) is as in (56) but in which
the Laplace operator is replaced by the gradient-of-divergence op-
erator V(V.). In fact, the presence of the Laplace operator in
(56) is a consequence of using the scalar nonlocal response func-
tion f(r —r’, w). From (54) and (61), it follows that in the nonlocal
response theory, the displacement field incorporating the contribu-
tions of bound and free charges is given by

D(r, ) = &ole (@) +&*(@)V (V) [E(r, ). (63)

Actually, the vector wave equation (61) is equivalent to the
Maxwell equations for nonmagnetic media,

V x E(r, w) = -jouoH(r, o), (64)
V x H(r, w) = jwggle (@) + 2 (w)V(V)E(r, o). (65)

Usage of the transformations ./egE(r,w)— E(r,®w) and
JoH(r, ) — H(r, w), then yields the dimensionless form of
the Maxwell equations

V x E(r, w) = —jkoH(r, w), (66)

V x H(r, w) = jko[e (w) + E2 (@) V (V) [E(r, w), (67)

where kg = w./€gftg is the wavenumber in vacuum.
The electric field sums the contributions of a divergence-free
transverse field and a curl-free longitudinal field, i.e.,

E(r,w) = Er(r, w) + EL(1, w), (68)
with
V Ex(r,0) =0, VxE.(r,0)=0. (69)

Inserting (68) in (61) and using the identity V x V xF=V (V.
F) — AF, we find that the transverse and longitudinal fields solve
the Helmholtz wave equation

AE(r, 0) + k2(w)E;(r, w) = 0, (70)

AEL(r, ) 4 k2 (0)EL(r, w) = 0, (71)

where the transverse and longitudinal wavenumbers are given by

2
ki (w) = (%) g(w) (72)
and
ki (w) = 7;2((62), (73)

respectively. Thus, the nonlocal response leads to a longitudinal
wave in the metallic medium. This wave is associated with charge
density waves but not with radiation as long as E; does not con-
tribute to the magnetic field H; we have H = (j/wug)V x Er and
V.-H=0.

The presence of the longitudinal wave requires an additional
boundary condition which is considered together with the usual
continuity conditions for the tangential components of E and H. To
derive the additional boundary condition we consider a dielectric
medium 1 and a metallic medium 2 separated by an interface S.
At a point r on S, let i be the normal unit vector pointing into the
dielectric medium 1. The displacement field as given by (63) can
be written as (we omit the dependence on frequency w)

D() =Dy () - 10, (74)

where according to (60), the free current density J reproduces the
nonlocal response, while

Dy (r) = g0, E(r) = €oE(r) + P(r), (75)
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is the displacement field due to bound charges, and P the polar-
ization vector. From Gauss’ electric field law V - D, = p, where p
is the free charge density, a ‘pillbox’ argument, and Gauss theorem,
we have the boundary condition o - (D,; — Dy3) = ps, Where

ps(r) = lim hlp (r + hn) + p(r — hn)] (76)

is the free surface charge density. Assuming that thefree surface
charge density vanishes at the interface, i.e., ps = 0, we obtain the
continuity of the normal component of the displacement field due
to bound charges, n-Dy; =0 -D,,, which in turn, gives the addi-
tional boundary condition

e1n-E;(r) = g,n - Ey (1), (77)

where &; is the permittivity of the dielectric medium 1. If & #
&, the normal component of the electric field is discontinuous at
the interface. This jump in the electric field is due to the surface
charge produced by polarization of the bound electrons both in the
dielectric and the metal. Defining the bound surface charge density
by ps =0 - (P —P;), we get from (75) and the continuity of n-
Dy,

Psb = SOﬁ . (Ez — El) (78)

On the other hand, from the continuity equation V-.J=—jwp,
we have the boundary condition - (J; —J;) = —jwps. Again, un-
der the assumption that the free surface charge density vanishes
at the interface, we obtain the continuity of the normal compo-
nent of the free current density n-J; = n-J,. As dielectrics do not
support free currents (there are no free electrons in dielectrics), it
follows that J; = 0. Hence, at the interface, the normal component
of the free current density in the metal vanishes, i.e.,, n-J, = 0. In
other words, no free electrons are moving across the metal surface.
From (74) it is then apparent that the continuity of the normal
component of the displacement field due to bound charges, and
the continuity of the normal component of the free current den-
sity imply the continuity of the displacement field, n-D; =10 -D,.
A few comments are in order on this topic:

1. The boundary condition (77) is equivalent to the assumption
that the static electron density ng has a step profile, i.e., ng is
constant in metal and rapidly goes to zero at the interface.

2. Taking divergence of the Maxwell equation for the magnetic
field corresponding to the vector wave equation (57)

V x H(r) = jwege,E(r) +J(r), (79)
yields
jweoV - [eE(r)] + V - ]J(r) =0, (80)

so that by means of a ‘pillbox’ argument, Gauss theorem, and
the continuity of the normal component of the free current
density, we rediscover (77).
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