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In this paper, we revisit, with further enhancements and clarifications, the self-consistent first-principles
approach developed previously for deriving the vector radiative transfer theory for a discrete random
medium with a sparse concentration of particles. We specifically consider the case of a plane-parallel
particulate layer embedded in an otherwise homogeneous unbounded medium. The solution method is
based on the far-field Foldy equations, an order-of-scattering expansion for the total field derived under
the Twersky approximation, the computation of the coherent field by assuming that the positions of the
particles are uncorrelated, and the ladder approximation for the coherency dyadic. The latter yields an
integral equation for the diffuse specific coherency dyadic, defined through an angular spectrum repre-
sentation for the coherency dyadic, which in turn, gives the vector radiative transfer equation for the
diffuse specific intensity column vector. We analyze specifically the computation of the coherent field
for inhomogeneous particulate media and multiple species of particles, the continuous extension of the
far-field representation to the near field, the Foldy approximation, and the Foldy integral equation for the
coherent field. Finally, we discuss the transition from the vector to the scalar radiative transfer equation.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

speaking, the solution methods rely on (i) the far-field Foldy equa-
tions obtained under the far-field approximation, (ii) the Dyson

In a series of papers we aim to analyze several methods for de-
riving the radiative transfer theory for a discrete random layer with
a sparse concentration of particles from the macroscopic Maxwell
equations. For such media we make the following generic assump-
tions adhered to in most cases:

1. The positions of the particles are uncorrelated (statistically in-
dependent), and the spatial distribution of the particles is sta-
tistically uniform.

2. Each particle is located in the far-field regions of all the other
particles, and the observation point is also located in the far-
field region of any particle (but in the near-field region of the
entire group).

In the first two papers, we consider non-spherical particles
distributed in a domain confined to a layer with non-scattering
boundaries, while in the third paper, we consider spherical par-
ticles distributed in a layer with scattering boundaries. Roughly
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and the Bethe-Salpeter equations derived from the Foldy equa-
tions, and (iii) the Wigner transform of the Bethe-Salpeter equa-
tion for the dyadic correlation function. Our overarching goal is to
analyze whether the different methods give consistent results, as
well as to emphasize the similarities and differences between the
underlying assumptions.

The first method to be discussed is the self-consistent first-
principles approach for addressing the scattering by sparse discrete
random media developed in Refs. [1-4]. The main advantage of
this approach is that the statistical properties of the radiation
field are not postulated but rather follow from specific underlying
assumptions about the micro- and macrophysical properties of the
random particulate medium. Furthermore, this approach addresses
explicitly the two fundamental problems of macroscopic electro-
magnetics as applied to discrete random media: (i) how to quantify
the reading of a specific detector of electromagnetic energy flow
called a well-collimated radiometer, and (ii) how to quantify the
energy budget of a finite volume of particulate medium [3,4]. As a
consequence, all primary and derivative optical observables (such
as the Poynting-Stokes dyad, the dyadic correlation function, the
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Fig. 1. (a) A system of particles confined to a layer with non-scattering boundaries,
and (b) the geometry for computing the field exciting particle i due to particle j.

coherent and diffuse specific intensity column vectors, etc.) emerge
naturally and have a well-defined physical and practical meaning.

Below we supplement the summary of this approach by sev-
eral mathematical enhancements and clarifications. In particular,
we analyze the computation of the coherent field for inhomoge-
neous particulate media and multiple species of particles, the con-
tinuous extension of the far-field representation to the near field,
the Foldy approximation, and the Foldy integral equation for the
coherent field. We also outline an approach to derive the scalar ra-
diative transfer theory.

2. Scattering problem

We consider a discrete random medium [5] in the form of a
group of N identical particles centered at Ry, Ry, ..., Ry, and dis-
tributed in a domain D confined to a laterally infinite plane-parallel
layer with imaginary (non-scattering) boundaries (Fig. 1(a)). For
simplicity, we assume that the particles are homogeneous, have
the same orientation, and that the particle coordinate systems are
aligned with the global coordinate system. The permittivities of
the nonabsorbing background medium and the particles are &
and &5, respectively, while the wavenumbers are k; and k, = mkq,
where m is the relative refractive index of the particles. The dis-
crete medium is characterized by the number concentration (the
number of particles per unit volume) ng = N/V, where V is the vol-
ume occupied by the particles. If ng is small then the particulate
medium is sparse; otherwise the medium is dense. Because the
medium is infinite in the horizontal directions, we let V— oo and
N — oo such that ng is constant. The particulate layer is illuminated
by a plane electromagnetic wave with propagation direction s and
amplitude £, (8),

Eo(r, t) = Eo(r)e %, Eg(r) = £0($)elT, §- £4(8) = 0, (1)

where j = /-1, t is time, and w is the angular frequency. The har-
monic time dependence will be implicit form now on.

3. Optical observables and assumption of ergodicity

In the discipline of electromagnetic scattering by particles, the
computation of the scattered field in and of itself is usually not
the end goal since in most cases this field is not directly observ-
able, especially in the optical and infrared range of frequencies
[6]. Furthermore, any actual measurement takes a finite amount
of time over which any first moment in the electromagnetic field
would vanish as a result of an extremely high frequency of time-
harmonic oscillations. One must therefore be careful in defining
relevant optical observables as measurable second moments in the
field such that they do not vanish upon temporal averaging. An-
other key aspect is the presumed temporal randomness of the par-
ticulate medium. The computation of the instantaneous scattered

field followed by averaging over time of an optical observable rep-
resent an exceedingly difficult problem since they require the in-
vocation of an explicit dynamical model of the medium. We will
deal with this aspect by assuming full ergodicity of the random
multi-particle group and replacing temporal averaging by ensemble
averaging [2,3]. However, it is imperative to recognize that ensem-
ble averaging is not a primordial physical concept and can only be
used as a substitute for time averaging. As summarized eloquently
by Truesdell [7], “The purpose of statistical mechanics, for phe-
nomena in equilibrium, is to calculate time averages, and the en-
semble theory is useful only as a tool enabling us to calculate time
averages without knowing how to integrate the equations of mo-
tion. The ensemble theory is a mathematical device; we are wast-
ing our time if we try to explain it by itself.”

Before proceeding we give a brief summary of the proba-
bility theory needed. Let Ay = {R;,...,Ry{ be a spatial con-
figuration of N particles, and p(Ay)dAy be the probability
pP(Ry, ...,RN)d3R1 ...d3RN of finding the particles in a configura-
tion in which the first particle resides in the volume element d3R;
centered at the point Ry, the second particle resides in the vol-
ume element d3R, centered at the point Ry, and so on up to Ry.
We assume that the integral of the joint probability density func-
tion p(Ayn) = p(Ry, ..., Ry) over all configurations is normalized to
unity, and that the N particles are indistinguishable, so that the
order of the arguments of p is irrelevant. According to the Bayes
theorem, we have

P(An) = pR)P(Ay_;[R;)

= p(R)p(R;IR)p(A}_,IR. R)), (2)
where p(R;) is the probability of finding particle i at the point
R;, p(A§_;IR;) with A;'\H = Ay \ {R;} is the conditional probabil-
ity of finding the remaining particles at the corresponding points,

p(R;|R;) is the conditional probability of finding particle j at the
point R; if it is known that particle i is at the point R;, and
p(A;],'72|R,', R;) with A;\]Lz = Ay \ {R;,R;} is the conditional prob-
ability of finding the remaining particles at the corresponding
points. Note that p(Ay) can also be expressed in terms of joint
probability density functions, e.g.,

p(R;.R;) = p(R) p(R;j|R;), (3)
where p(R;, R;)d®R;d>R; is the joint probability of finding particle i

in d3R; and particle j in d3Rj. The configuration average of a func-
tion f(r, Ay) is given by

(£ Aw) = [ £ Aw)p(ANIdA
- / F(r, Aw)P(R)P(Aly_; [R)AA], &R,

= [ p®R)(r. Aw) R, (4)
where
(£ Aw), = [ £ AnP(A 1 R)AAL (5)

is the conditional configuration average of f(r, Ay) while holding
the position of particle i fixed. In particular, if the positions of the
particles are statistically independent (i.e., their positions are un-
correlated), we have, for example, p(R;|R;) = p(R;), and so,

p(An) = P(R)P(AL_)) = pRIPR)P(AY ) = ... =[] P(Ry).

(6)

where the multiplication runs implicitly from i = 1 to i = N. More-
over, if the particles are distributed uniformly throughout the scat-
tering layer then the positions of all the particles are equally
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probable within the volume V, and the single particle probability
density function is

PR) = 7)

Consequently, if the positions of the particles are independent and
the particles are uniformly distributed, the configuration average of
the sum X;f(r, R;) computes as

S(r.R)) =N [ FROPROCR = o [ [ R)CR. (8)

where, again, the summation runs implicitly from i =1 to i = N.

To simplify the statement about the assumptions that we use,
we adopt the following convention: when we say that the posi-
tions of the particles are statistically independent, we also mean
that the particles are uniformly distributed. Thus, p(Ay) is given
by Eq. (6) in conjunction with Eq. (7).

4. Far-field Foldy equations

From now on, we will assume that (i) each particle is located
in the far zones of all the other particles, and (ii) the observation
point is located in the far zones of all the particles forming the
particulate layer. Note that since the particulate medium is infi-
nite, the observation point always resides in the near field of the
medium.

The total field at position r sums the contribution of the inci-
dent field and of the fields scattered by all particles

E(r) = Eo(r) + ) E.cui(r). 9)

The field exciting particle i, E? . (r;), is a superposition of the in-

exci
cident field Eé’)(ri) and of the exciting fields Ei’x)ci i produced by all

particles j excepting i, that is,
ESX)C' (l‘, E(,) (l' ) + Z ng)cl] (l‘, (10)
J#i

Here, the superscript (i) indicates that the fields are written in the
coordinate system of particle i.
In the far-field region, the field scattered by particle i is

scth

where E® C) is the (electric) far-field pattern. Using the approx-

sctl

imation rj ~ RU, implying (Fig. 1(b))

E...i(r) =E () = ri — o0, (11)

e_]k] I ejkl R;;
N elliRy (12)
Tj ij

we find that locally, the contribution of the jth particle to the field
exciting particle i is a plane electromagnetic wave of amplitude E;

propagating in the direction R, o 1

e(zlx)cl] (rl) - Ei]c)\:] (rl) - sct] (\]) ~ ejklRU rIE (13)
where
E = Ee(zlx)ctj (O) sct] (RU) (14)

Inserting Eq. (13) in Eq. (10) and using

EQ (1) = Eo(Ry)es™ (15)
yields
EY (1) = Eo(R)e5T 4 3 EjeliRim, (16)

J#

and we see that the field exciting particle i, Eii)ci(ri), a super-
position of the incident plane electromagnetic wave of amplitude
Eq(R;) propagating in the direction s and of local plane electromag-
netic waves of amplitudes E;; propagating in the directions ﬁij and
coming from all particles j excepting i. The far-field pattern of the
field scattered by particle i is then

EX,(T;) = A(T;,S) 'EO(Ri)JFZK@yﬁij)'Eijy (17)
J#

where A is the far-field scattering dyadic [1-3]. With the notation

U(r;, 5) = go(r)A(T;.5). (18)

where, excepting the normalization factor 47w, go(r) = exp(jkqr)/r
is the scalar Green’s function of wavenumber kq, the total field is

E(r) = Eo(r) + ) _ 8o (r)E,;(T)
l ejkm,
=Eo(r) + Z TA@’Q -Eo(Ry)

533

i j#i

u) Eu (19)

Eq. (17) can be transformed into an implicit equation for the am-
plitudes Ej. Writing the far-field pattern representation (17) for the
field scattered by particle j, choosing ?j = ﬁij, multiplying the re-
sulting equation by go(R;;), and using Eq. (14) give

k#j

Egs. (19) and (20) are the multiple scattering equations for sparse
media, and are referred to as the far-field Foldy equations. The full
derivation of the approximate far-field Foldy equations from the
rigorous integral Foldy equations can be found in Refs. [2,3].

5. The Twersky approximation

Eq. (20) for the amplitudes of the exciting fields is solved by
iteration. Inserting the iterated solution of this equation, otherwise
known as the Neumann series, i.e.,

E;=U(R;;.5) Eo(R))

+ ZU(Rij,ﬁjk) -URy.S) -Eo(Ry) + -+
k#j

L i#] (21)

into the equation for the total field (19), gives a series expansion
for the total field. Each term in this series corresponds to a scat-
tering path involving one or more particles. In a scattering path,
a particle can appear once or more than once. The paths in which
particles appear only once are called self-avoiding scattering paths,
and in the Twersky approximation [8], only self-avoiding scattering
paths are assumed to contribute to the total field. The result is an
order-of-scattering expansion for the total field

E(r) =Eo(r) + ) U(r;,5) - Eo(R)
+3 3 U@ Ry) -UR;;.S) -Eo(R))

i
+Y 3> U, R;) - U(R;. Ry
i ke
(Rj.S) - Eo(Ry) + -+ . (22)
The first term on the right-hand sides of Eq. (22) corresponds to

the incident field, the second term corresponds to the sum of all
waves scattered by one particle, the third term corresponds to the
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sum of all waves scattered by two particles, and so on. Note that
since only self-avoiding scattering paths are considered, the terms
corresponding to the case k =i in the triple sum of Eq. (22) have
been excluded. For large N, the Twersky approximation includes
the majority of multiple-scattering paths. Indeed, for the nth order
scattering term, the difference between the number of terms in the
exact series N(N — 1)"~! and the number of terms in the Twersky
series N!/(N —n)! goes to zero as N— oo. It should be pointed out
that the order-of-scattering expansion (22) is a purely mathemati-
cal construct, and not a real physical phenomenon [2,3]. An impor-
tant assumption which we make in the following is that the (far-
field) Neumann series for the total field (22) converges uniformly
with respect to r. In this case, we can operate on the Neumann
series (22), e.g., we can integrate the series term by term.

The order-of-scattering expansion for the total field can be rep-
resented diagramatically as

E(r) = «— +Zfo< + 270704_4_ . (23)
i.jj#i

Here, the symbol — represents the incident field Ey, while the

symbols o and — mean multiplying a field by the dyadic A, and

by the field propagator gy(r;), respectively. Equivalently, the com-

posed symbol — denotes multiplying a field by the dyadic U.

Let us give an interpretation of the Twersky approximation.
For this purpose, we consider a configuration of N particles Ay =
{Ri.....Ry} and a configuration of N — 1 particles A},_;. in which
particle i is absent (removed from the group). Inserting the iter-
ated solution for E; as given by Eq. (21) in Eq. (16) gives the ex-
pression for the field exciting particle i at a point r; near particle i
(Fig. 1(b)):

E(). (1) = Eo(R)e*"

+y iRy e A(R,j,ﬁ) Eo(R))
J#i
e]k1R,J e.ll<1R
ikiR;; T
t2 2 e Rij Ry
A k]
x AR, Rjx) - AR S) -Eo(Ry) + - . (24)

Upon removing particle i from the group, the total field at the
same field point r; (produced by the rest of N — 1 particles) in the
coordinate system centered at the origin of particle i before the re-
moval, is computed by applying the order-of-scattering expansion
(22) to the configuration A}'\,fl and at the field point r =R, +r;.

This field, denoted by E® (r;] A},_,). is given by
. . . elkiry _
EV(r| Ay 1) =Ey(r) + ) ——AG;.5) - Eo(R;)
o
e_]klrJ e—'kl ik

] Jk

20

J#L ki, j

< A(T;, Rjx) - AR, 3) - Eo(Ry) + -+ - . (25)

From Eqs. (24) and (25), we find by using the approximations 'fj ~
R;; and (12) as well as the incident field representation (15), that
EY (1) =E? (r;] AL (26)

exci
In other words, in the framework of the Twersky approximation,
the field exciting particle i and calculated at a point r; near particle i
is the total electric field that would exists at that point if the particle
i were removed from the group.

6. Coherent field

As we have mentioned in Section 3, averaging the total elec-
tromagnetic field over time is meaningless since it yields a zero

B

A

Fig. 2. Scattering geometry showing relevant quantities in computing integrals over
particle positions.

result. However, it is sometimes instructive to consider the time
average of a quantity obtained by artificially stripping the time-
harmonic factor off the field. As usual, the temporal averaging is
replaced by ensemble averaging based on the ergodicity assump-
tion, and the resulting quantity is called the coherent field. It
should always be recognized, however, that the coherent field is
a purely mathematical, physically non-existent entity [2,3,5].

The procedure of configuration averaging requires the computa-
tion of integrals over particle positions. To integrate over all posi-
tions of particle i we use a local coordinate system with the origin
at the observation point P, to integrate over all positions of particle
j we use a local coordinate system with the origin at particle i, and
so on. In other words, we make the changes of variables

Ri:l‘+p, Rj:Ri+Rﬁ,.... (27)

The integration domain is D. As shown in Fig. 2, for direction p, p
ranges from zero at the observation point P to the corresponding
value at the point C (where the straight line with direction vector
P crosses the lower plane boundary); for direction ﬁji, R;; ranges
from zero at the origin of particle i to the corresponding value
at the point C; (where the straight line with direction vector ﬁj,-
crosses the lower plane boundary), etc.

Under the assumption that the positions of the particles are un-
correlated, the configuration average of the total field (22), or the
coherent field E.(r) = (E(r)), is

1..5) -Eo(R) R

ejk1l’ _
&m=%m+%f
D i

) ejkl T ejklRij
[
p Ti R

x A(T, R;j) -A(R;;,3) - Eo(R)) d°R;d°R; + - - - . (28)
To compute the single-scattering term in Eq. (28), we make the
change of variable (cf. Eq. (27)) R; = r + p, switch to spherical co-
ordinates, i.e., d3p = pzdpdzﬁ, and use the incident field represen-
tation

Eo(R) = ePEy(r) (29)

together with the asymptotic spherical waves representation for
the plane wave exp(jk{s-p) [9],

[8(p $elr 5(ﬁ+§e—i'ﬁﬂ], kit — 0o, (30)
J/<1P

where §(p) is the solid-angle delta function. We thus obtain

Ei(r) = (ﬁ(—’]’no) A6 /0 “dp - A(-5.9) /0 gezﬂﬁpdp] “Eo(r)

ejk]Ep
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eZJkls .

- ()0 -

Here, s =s(r,—S) =S - (r—ry) and S=s(r,8) =S (rg —r), where
r, and rp are the points where the straight lines with the direc-
tion vectors —s and S going through the observation point cross the
lower and the upper boundary of the layer, respectively. Because
the medium is infinite in the horizontal directions, when switch-
ing to spherical coordinates, we exclude the direction characterized
by the polar angle 6, = /2, where p = (p, 0y, ¢p); consequently,
the single-scattering field is finite. By assuming that the particles
are separated by distances much larger than the wavelength, i.e.,
kis>1 (except for points in the immediate vicinity of the bound-
ary), and taking account of

& A sA)]~E0(r). (31)

-
ezmz%‘:% ezJ“‘1§—1‘5%<e2”‘1§ +1>:l, (32)
we find

1 eZikis _ 1
S>> E e 2‘]7](1‘ (33)

Thus, the second term in the right-hand side of Eq. (31
smaller than the first term, and the result is

Eﬁﬂ—(] nos )AG.S) - Eo(). (34)
Similarly, for the double-scattering term in Eq. (28), we make the
changes of variables R; =r+p and R; =R; +R;;, and employ the

spherical waves representations for the plane waves exp(jk;s - p)
and exp(jk;S - R;); we get

elkip elkiRy
E, (t :le/ ejl(ls-pI:f eJ1<1SRp
2(1) =g D D p Ry

x A(—P, —R;)) -A(-R;;,3) - Eo(r) d3Rji:| d’p

- (% m)ACS)ACS)EMU/(/ dR;)dp
:%<21 nos> AG.3)-AG.3) -Eo(r), (35)

Continuing this procedure, we find that Eq. (28) is the series ex-
pansion of a dyadic exponential function; the sum of the series is

) is much

nm=aﬁ%§ﬁm4ﬁ@®]%m. (36)

From S-Ey(r) =0 and S-A(S,s) = 0, we deduce that the coherent
field is a transverse field, i.e., S - E.(r) = 0. Diagramatically, we have
the representation

(< +Zfo< +Zfo—o< + - >

ijj#i

E.(r) = «=

where the symbol <= represents the coherent field.
Further transformations of Eq. (36) yield

E.(r) =t(S.s(r, —8)) - Eo(ra), (37)

where

t(.s) = exp[jk(S)s] (38)

with s = s(r, —S) is the coherent transmission dyadic and

KG) = kil + 2 noAG.3), (39)
1

with I being the identity dyadic, is the dyadic propagation constant
for direction s. In matrix form, the dyadic propagation constant is

k@) = Z [K®)]5.0(5) ® IL(S). (40)

n.1=s,0,¢

where ® is the dyadic_product sign, and for n =s,6, ¢, we have,
respectively, 7(8) =S, 8(5), @(5), and similarly for u. The 3x3
matrix K(S) corresponding to the dyadic K(s) is

m®=[ﬁ k%ﬂ, (41)

and the 2 x 2 propagation constant matrix k(S) is expressed in
terms of the amplitude matrix S(8,S) by the relation

k@ = k] I, + ilnos@,/s\), (42)
1

where I, is the 2 x 2 identity matrix. For the coherent transmis-
sion dyadic, we have a similar representation

tGs.s) Z [t (. 5)]nuﬁ(§) ®IL(S) (43)
1n.u=s.6,¢

with the coherent transmission matrix t being given by
_ | exp(kys) 0

©9= |70 o] 4y

Some properties of the coherent field are listed below [2,3]:

1. Taking the derivative of Eq. (37) with respect to s = s(r, —s),
and using

dt( S5 _ k@) 6. 9), (45)
gives
T _ k@ Em. (46)

To find a matrix form representation of the above equation, we
express the coherent field as

E(r) = E4(D0() + Ec, (D9 (®), (47)
define the two-dimensional vector E. by
Ec(r)

(1) =|¢° ) 48
Ee(r) bWM} (48)
and obtain
de.(r

<0 _ jk@E.(r). (49)

2. By direct calculation it can be shown that the coherent trans-
mission dyadic satisfies the second-order ordinary differential
equation
d*t(S. s —2 _
TGS Re 6.9, (50)

As a result, the coherent field satisfies the dyadic wave equation

2
d :;2(” +1C @) E(r) = 0. (51)

3. Starting from the identity

dEccl( D et (1) + £ () del (r)
df |Esm[ CMHEﬂﬂ (52)
S| Eep(ME, (@ [Eey ()]’

where T stands for conjugate transpose, and using Eq. (49) to-
gether with Eqs. (40)-(42), we obtain

dJ.(r)

5= —NoK;(8) I (1), (53)
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where 5
Ee(r)]
1 [e1 | E(E, (@)
3e(r) = 2V wo | Eco (r)E;Z gr) (54)
Ec(p (r) |

is the coherency column vector of the coherent field and X;
is the coherency extinction matrix. Further, defining the Stokes
column vector of the coherent field 1. by

Eo )|+ [Ecp (0]

Eo(®)]° = [Ecp ()|

—E.y (1)E2, () — Eey (1)E2, (1)

J[Ecg (DEz, () — Ecg (DEZ, ()]

(55)

where (o is the magnetic permeability of a vacuum and the
transformation matrix D is given by

1 0 0 1
1 0 0o -1

P=lo -1 -1 o | (>6)
0 —j J 0

we find that I.(r) satisfies the differential equation

S0 @), (57)

with K(S) being the extinction matrix. Since, by assumption, the
medium is homogeneous, K(s) does not change along the path
s, and so the solution of the above equation is

I.(r) = e ¥®sCS1 (ry). (58)

In Eq. (58), the matrix exponential T(S,s) = exp[—K(8)s(r, —S)]
represents the coherent transmission Stokes matrix. Setting
r=r, in Eq. (37) and accounting for t(s,0) =1, we obtain
E.(ry) = Eq(rs), and further

I (ra) = Io(S). (59)

Thus, the coherent Stokes column vector is the solution of the
differential equation (57) with the initial condition (59).

I.(r) = DIo(T) = % %

7. Inhomogeneous medium

For an inhomogeneous medium, we follow Waterman and Tru-
ell [10] and define the density n(R;) of particles at R; by

n(R;) = Np(R;). (60)

In terms of densities, the joint probability p(R;, R;) is

n(R)n(R;[R;)
NN-1) ~°

where we have taken into account that any one of the N—1 re-
maining particles has equal probability of residing in d3Rj if one
particle resides in d3R;. The configuration average of the sum Zf(r,
R;) is computed as

S(r.R)) =N [ Fr.ROp®R) &R = [ f(r.R)n(R) &R,

1

PR, R;) = p(R)p(Rj|R;) = (61)

(62)

and if the positions of the particles are independent, i.e.,
n(R;|R;) = n(R;), the configuration average of the double sum
3% .if(r, R;, R;) is computed as

> YR R))
i A
:N(N—l)/f(r, R.R,)p(R. R;) d°R;d’R;

~ f F(r.R.R)n(R)n(R;) °R,d°R;. (63)

Applying these configuration average rules to the order-of-
scattering expansion for the total field given by Eq. (22), we obtain
(compare to Eq. (36))

E.(r) =T(,s) - Eo(r), (64)

where s = s(r, —s), and with the notation of Fig. 2, the dyadic
TG, s) is

TG, s) = i+ji—n[/s n(s’)ds/]ﬁ(s\ﬁ)
1 0
+ (j%)z{fosn(s/)[/os n(si)dsi]ds’}ﬂz@ﬁ) 4. (65)

Assuming that the series (65) can be differentiated term by term,
we find that T satisfies the differential equation

TES) P neAES TE.) (66)
ds kq
with the initial condition T(8, 0) = L. The solution to Eq. (66) is
S

T(,s) = exp{jzk—ﬂ [/ n(d)ds’]ﬁ@,'s)}, (67)
1 LJo

and we recover Eq. (37) with
S__

tGs,s) = exp[j/ Kk(s, s’)ds/] (68)

0

and

— , -2 N

Kk, s') = ki + Tn(s )AGS,S). (69)
1

8. Multiple species of particles

In this section, we extend the above results to the case where
there are P different species of particles. Each species can have a
distinct size, shape, and permittivity, which in turn implies that
each species p=1,..., P is characterized by the far-field scattering
dyadic A,. If N, is the number of particles of species p, we denote
by np = Np/V the corresponding number concentration, and clearly,
from N = Y")_; Np. we see that ng = Y7 np.

For multiple species of particles, an order-of-scattering expan-
sion for the total field reads as

P Np
E(r) =Eo(r) + Y > Up(r;,.5) - Eo(R;,)

p=1i,=1

P Ny Ng . N
+ Z Z Z UP(rip’Riqu)

p.q=1ip=1 jq=1, j#ipbpq

‘Uy(R;,.) -Eo(Rj) + -+, (70)
with
ﬁp (rips Ei) = gO (rip)ﬂp (fipv a)r (71)
Uy(R;,j,. @) = 8o(Ri,;, )Aq (R ;. Q). (72)

for any direction q. Assuming that the positions of the particles
of different species are independent and that these particles are
uniformly distributed, we have

P
p(AN17""ANP):Hp(ANp)7 (73)
p=1
with
Np
p(An,) =[] p(R;,) and p(R;,) = 1/V. (74)

ip=1
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where An, = {R _1 is the spatial configuration of the parti-

cles of species p. Takmg the configuration average of Eq. (70), we
obtain

Ec(r) = Eo(r)

+an/ ¢
+ Z “pnq/

p.g=1 b
AR, 9) -Eo(R;) &’R;, ’R;, +--- . (75)

The integrals in Eq. (75) are computed by using the same proce-
dure as in Section 6; for example, we have

B = (1) LZP] npAp5.5) | Eor). (76)

jkq Ty

Ap(\zp’ S) EO(RIP) d Rlp

e]klrnp e]k1 ipiq
"R . Pcp’ ’pJq

ipJq

and

E,(r) = 7< Z—ﬂs)z[ Z npngA, (S, S) - Aq(S, s)] -Eo(r)

STt U
p=1

Then, using the computation rule

P i i P B R k
Y My np Ay (ES) .. Ay (S) = [ZHPAPG’S)] ;
D1 D= p=1

(78)

where as usual, X' =X" ' -X for n>1, we find that the coherent

field is given by
.21 P
E.(r) = exp{i T s(r. 9 X mAp 69 || - Eoe). (79)
p=1
Defining the species-averaged far-field scattering dyadic by

P P
BED), = 1 Y A6 = 1 Y NAGS. (80)
p=1 p=1

we express Eq. (79) as

E.(1) = exp[J T nos(r. ~HAG.3), | - Eo(r). (81)

Thus, the representation for the coherent field given by Eq. (36) re-
mains valid with the species-averaged dyadic (A(§,§)>S in place of
A(S,s). In particular, for spherical particles with a continuous size
distribution characterized by the probability density function p(a),
the species- or the size-averaged far-field scattering dyadic is (cf.
Eq. (80))

B&9), =y [(AGHING = [~ p@AES) o

where a is the particle radius, A(S,S) is the far-field scattering
dyadic of a spherical particle of radius a, and dN(a) = Np(a) da is
the number of particles with the radius in the interval [a, a + da].

9. Continuous extension of the far-field representation

In the above derivation we employed the far-field approxima-
tion which assumes that each particle is located in the far-field
regions of all the other particles, and that the observation point
is also located in the far-field region of any particle. Although the

scattered field representations are valid in the far-field regions,
when computing the configuration average and integrating over
the particle positions we allowed the particles to come into the
near-field regions of each other. This approach tacitly assumes that
the far-field representation of the scattered field is “extended by
continuity” to the near-field region. To explain the meaning of this
process, we use the hole-correction approximation. In this case, the
probability density function p(R;; r) is constructed as

p(Rls l') 7®R (Rh l’)
On(R; 1) = {}, e Do, (82)

where D is the domain occupied by the particles, Dg(r) is a ball
of radius R around r with the property that the far-field approxi-
mation of the scattered field is valid in the exterior of Dg(r), and
Vi = (4/3)7R3. The joint probability p(R;, R;; 1) is constructed in a
similar manner; we have

p(R;,Rj; 1) = p(Ri; 1) p(R;[R;; 1),

p(leRls l') = ®R(R1|th)

3. RIR- 1) — 11 RJED—(DR(I‘)UDR(Ri))
Or(Rj|R;; 1) ._{07 st : (83)

showing that (cf. Eq. (3))

1= / P(R;, R;; 1) ’Rid’R;
D

=/DP(R1‘:1‘)[/D P(Rj[R;; T) dBRj] &R;. (84)

Thus, the hole-correction approximation takes into account that
each particle is situated outside the far-field spheres of all the
other particles, and further assumes the uniform distribution out-
side the far-field sphere around the observation point. The config-
uration average of a function f(r, R;) is computed as

(£ R)) = [ fr.R)PR: 1) R, (85)

while for a function f{r, R;, R;), we have

(f, R,-,Rj)>:/f(r, R.R,)p(R;. R;: 1) d°R,d’R.. (86)

Taking the configuration average of the total field in Eq. (22),
and accounting of Eqgs. (85) and (86), we obtain (compare to
Eq. (28)),

E.(r.R) = Eo(r) + N / 7.5 - Eo(R)p(R: 1) °R;

e]klrn eJkl ij

AC, 1]) A(Ru A)

+N(N—l)/

-Eo(R)p(Ry; r>p(Rj|Rl-; r)d’R;d’R; +- - . (87)

The technique for computing the integrals in Eq. (87) also relies on
the asymptotic representation of a plane wave in spherical waves
by means of solid-angle delta functions. For example, and referring
to Fig. 3, the double-scattering term in Eq. (87) computes as

eikiri @jkiRy _ ~ o~
B R) =NV = 1) [ S A Ry) ARy )
-Eo(R))P(R;; 1) P(R;[R;; ) d°R;d’R;

N(N-1)
AT 2vR)< )AC” AG.3) - Eo(r)

X/O h(le,s—R)[/O h(Rjj|R,s—p—2R)dei]dp, (88)
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final positions of R
%,4 particles i and j

S J K

Fig. 3. Geometry showing the positions of particles i and j for computing the inte-
gral (88). The boundary is situated in the far-field region of particle i.

where s = s(r, —s), and the function h(x|a, b) is defined by

h(x|a, b) = {

l,ifa<banda<x<b

0, rest (89)

It is not hard to check that in the limit R — 0, we have

N S
llein%f h(p|R,s—R)[/ h(Rﬁ|R,s—p—2R)de,-]dp
— 0 0

S
I:/() h(RJ,|O, S — p)dR]l:Idp

0
s s—p
[ o
0 0

so that by approximating

lim N(N-1) )

R0 (V —VR)(V—=2V) @

we find that limg_gE,(r,R) = E;(r), where E,(r) is given by
Eq. (35). Similar estimates hold for the rest of the terms in the se-
ries (87). Assuming now that the series (87) converges uniformly
with respect to R, we get limg_, o E.(r,R) = E.(r); hence E.(r) is
the limit of E.(r, R) at the point R = 0.

10. The Foldy approximation

We have seen that according to the Twersky approximation, the
field exciting particle i at a point r; near particle i is the total elec-
tric field that would exists at that point if the particle i were re-
moved from the group, i.e., (cf. Eq. (26))

E(, (1) = EO (ri| Aj_ (90)
Taking the conﬁguratlon average of Eq. (90) with the position of
particle i held fixed, and using Eq. (5) yields

(ED (), =ED (r;| A}y (91)

exci
Thus, the average field exciting particle i at a point r; near particle
i is the coherent field that would exists at that point if the particle i
were removed from the group.

The Foldy approximation [11] states that the coherent field at a
point r; near particle i is the conditional average of the field exciting
particle i at that point,

EQ (r;) = (ED(r).. (92)

exci

There are some interesting results which follow from the deriva-
tion of the coherent field under the Twersky approximation.

Corollary 1: The Twersky approximation implies the Foldy approxt-
mation. To show this, we take the configuration average of E U (T
(given by Eq. (24)) with the position of particle i held ﬁxed and
employ exactly the same technique as that used when computing
the coherent field; we obtain

(€9, (1), = 5" exp[i T nos®, -$AGS) |- Ea(R).  (93)

On the other hand, setting r = R; +r; in Eq. (36) and using Ey(r;) =
exp(jkis - r;)Eq(R;) gives

E.(r) = E9(r;) = &5 exp[jzk—nnos(r, —QK@@] Ey(R)).
1
(94)

If the point r; is near particle i, and the boundary is in the far-field
region of particle i, we approximate

s(R;, =8) ~ s(r, —S). (95)

Hence, from Eqs. (93) and (94), the Foldy approximation (92) read-
ily follows. As a consequence, we note that by owing to
Egs. (91) and (92), we have

EQ (r) = EQ (r;]A_,), (96)

that is, the coherent field at a point r; near particle i is the coherent
field that would exist at that point if the particle i were removed from
the group.

Corollary 2: The coherent field near a particle can be analytically
approximated by a plane electromagnetic wave of wavenumber k; and
propagation direction s. To prove this assertion, we set r =R; (r; =
0) in Eq. (94) and use Eq. (93) to obtain

C(R)—exp[ “—nps(R;, A)A(\A):I'EO(Ri)

D (1) ")
thus,
(EQ (), = €M "EC(Ry). (98)
From Egs. (92) and (98), we then get
E () = &SNEC(R). (99)

and the assertion is proved.

Corollary 3: The coherent field solves an integral equation, the so-
called Foldy integral equation. To derive this equation, we consider
the expression of the far-field pattern E:j“.(fl-) as given by Eq. (17).
Inserting the iterated solution for E; given by Eq. (21) in Eq. (17),
we find

EX,;(T) =A(T:.S) -Eo(R))

eJkl ij
+Z ACv 1]) A(leg EO(Rj)
J#
e.lkl ij e]kl Nk
+ZZ (\h 11)
A ket R

A(R;j;.Rj) 'K(Rjk’?) “Eo(Ry) +--- (100)

Taking the conditional average of Eq. (100) and applying the same
technique as that used when computing the coherent field, we
obtain

- .27 =

(B2 )], =AE.9) - exp i nos(R)AG. 9)] - Eo(R).  (101)
From Egs. (93) and (101), we see that
(@), = e STA®S) - (B, (). (102)
The configuration average of the first equation in Eq. (19) is

Eo(1) = Eo®) + o [ 20(r)(E ()R, (103)
so that using Eqs. (98) and (102), we find
E.(r) = Eo(r) + 1o [ 20(r)A®.9) - E.R) &R, (104)

Eq. (104) is the Foldy integral equation for the coherent field [12].
Basically, we showed that if the coherent field is given by Eq. (36),
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that is, derived under the Twersky approximation, then it satisfies
the Foldy integral equation (104). The converse result, namely that
the solution of Eq. (104) is Eq. (36), will be proved in a forthcom-
ing paper.

11. Second-order moment in the electromagnetic field

In this section we are concerned with the computation of the
configuration average of energetic quantities, which are quadratic
in the field amplitudes. The configuration average of an ener-
getic quantity must be computed explicitly, because the pro-
cess of averaging cannot be expect to commute with the nonlin-
ear operation of squaring the absolute value of a field quantity.
From the perspective of quantifying the reading of a (polarization-
sensitive) well-collimated radiometer [3], the most appropriate
quantity to average over the ensemble is the dyadic correlation
function. However, we will simplify the discussion by considering
the configuration-averaged coherency dyadic.

11.1. Ensemble-averaged coherency dyadic

An instructive second moment in the field is the time-averaged
(or, equivalently, ensemble-averaged) coherency dyadic, defined by
the relation

C(r) = (E(r,t)  E*(r. 1))
= (E(r)e ' @ [E(r)e ]
= (E(r) @ E*(r)).

Representing the total field E as the sum of the coherent field E.
and the diffuse (incoherent) scattered field &ct,

(105)

E= EO + Esct = EO + <Esct> + Esct = Ec + Escts (106)

with (cf. Eq. (9))

Esct = Esct - (Esct> = ZEscti - Z(Escti>v (107)
i

i
and taking into account that éasct) =0, we obtain the following
representation for the coherency dyadic:

C=E.®E! + (et ® &}y) = Cc + %, (108)
where

C.=E.®E: (109)
is the coherent part of the coherency dyadic, and

Ga={bact ® Ehy) (110)

is the diffuse (incoherent) coherency dyadic. In view of Eq. (107),
the diffuse coherency dyadic (110) can be written as

Ca=Ca + Cac, (111)
where
Tor = Y (Bucs @ Bz = 0 [ [Bucu 9 B2 R (112)

i
is the diffuse ladder coherency dyadic, and (in general, for a dense

discrete random medium characterized by the pair distribution
function g)

Cac = Z Z(Escti ® Egctj) - 21: zijSCti) ® <E;Ctj)

i j#i
1 [ [(Bucn © Bz 8

— (Eucui), ® (Ercy ), ] RyI’R; (113)

is the diffuse cross coherency dyadic. Finally, defining the ladder
coherency dyadic by the relation

Q:Q+?ﬂza+m/mm®gmpmh (114)
D

yields the representation

C=C.+%ac=Cc+Ca + Cuc- (115)

Thus, the coherency dyadic is written as the sum of two terms:
the configuration average of the dyadic product of the field scat-
tered by one particle i in the presence of other particles (the lad-
der term C.), and the correlation of the fields scattered by two dis-
tinct particles i and j (the cross term %4c). The ladder term C cor-
responds to the incoherent part of the scattered radiation and is
obtained by summing the so-called ladder diagrams in a diagram-
matic representation of (E®E*), while the cross term %4, aris-
ing from the interference of pairs of conjugate waves propagating
along the same self-avoiding scattering path but in opposite direc-
tions, corresponds to the coherent part of the scattered radiation
and is obtained by summing the cyclical diagrams in a diagram-
matic representation of (E ® E*).

In the present analysis, we focus only on the incoherent part
of the scattered radiation since it is straightforward to justify the
use of the ladder approximation in the computation of second mo-
ments in the field at observation points in the near zone of the
particulate layer. Indeed, different multi-particle contributions to
the total field at an observation point residing in the far zone of
any particle are transverse waves that can be characterized by the
corresponding cumulative phases. The extreme sensitivity of the
respective complex exponential phase factors on particle positions
coupled with configuration averaging invariably serves to zero out
the contributions of all second-moment diagrams except those of
the ladder diagrams (see, e.g., Section 8.11 of Ref. [2] or Section
18.2 of Ref. [3]).

The quantity in terms of which the radiative transfer equation
will be formulated is the diffuse specific coherency dyadic X4,
defined through the angular spectrum decomposition

Ca(r) = /de (r, —ﬁ)dzﬁ

The components of the diffuse specific coherency dyadic are the
components of the diffuse specific coherency column vector, which
in turn, determine the polarization signal of a detector. Therefore,
the above equation provides an important link between the radia-
tive transfer theory (X4.) and the multiple scattering theory (€av).
According to Eq. (114), the (ladder) specific coherency dyadic X,
defined by

(116)

o = [T -pp. (117)
is related to X4 by the relation
2L(r.—p) = Ta(r. —P) + 5P +9)Cc(r). (118)

11.2. Ladder approximation of the coherency dyadic

By virtue of Eqgs. (22) and (105), the coherency dyadic can be
represented as a series involving all possible schemes of scattering.
This series can be represented diagramatically by means of Feyn-
man diagrams [13], which were employed in the study of wave
propagation by Bourret [14], Furutsu [15], Tatarski [16] and Frisch
[17]. In the ladder approximation, the Feynman diagrams illus-
trated in Fig. 4 can be characterized as follows [1]:

1. The upper scattering path going through different particles cor-
responds to E, the lower path corresponds to its complex con-
jugate value E*, and the dyadic product ® of the two paths is
considered.
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connected particles
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we T

unconnected partlcles
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= (EQE*) = I
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(b)

Fig. 4. (a) Diagramatic representation of EQE*, and (b) the ladder coherency dyadic
C.=(EQE)

2. The two paths can involve one or more common (connected)
particles, and if the number of common particles is two or
more, they can enter the upper and the lower path in the same
order or in a different order.

3. By virtue of the Twersky approximation, neither the upper nor
the lower path can go through a particle more than once, and
therefore, no particles can be the origin of more than one
connector.

4. In the ladder approximation, the connected particles (repre-
sented by vertical lines) are in the same order. In other words,
only diagrams with vertical or no connectors are considered.

Using the diagram representation, the set of scattering schemes
in the order-of-scattering series can be efficiently averaged. The
configuration average over the positions of the unconnected par-
ticles, situated in the upper and the lower path between the en-
trance point, any connected particles and the observation point,
can be computed independently (Fig. 4(a)). The result of the aver-
aging process evidences that the source of the incoherent radiation
is the coherent field E. (Fig. 4(b)). The upper (or lower) scattering
path corresponds to the wave scattered by the first (right-most)
connected particle which is excited by the coherent field, propa-
gates to the second connected particle, which is again scattered
and propagates to the third connected particle, and so on.

In Fig. 4(b), the symbol «= represents the coherent field,
while the symbols o and = mean multiplying the coherent field
by the far-field scattering dyadic A(f;,s), and by the coherent
transmission dyadic t(t;, r;)/r;, respectively. The field

o<==(o< +Zo—o<—+ Z Cat--)

n,m, m#n

(119)

is the coherent field at the origin of particle i, i.e., the configuration
average sum of the incident field and the fields coming from the
other particles, while the field

(120)

is the configuration average of the field scattered by particle i,
which is excited by the coherent field, and propagates through the
discrete scattering medium to the observation point r. It is impor-

tant to note that in b<— , the scattering characteristics of parti-

cle i, excited by the coherent field, are described by the far-field
scattering dyadic A(T;,S) corresponding to an excitation by a plane
electromagnetic wave with wave number k; and propagation di-
rection 8. Clearly, the use of A(T;,s) can be explained by means of
Foldy’s approximation, according to which, the coherent field near
a particle can be analytically approximated by a plane electromag-
netic wave of wavenumber k; (the wavenumber of the background
medium) and propagation directions.

In the following, we give an analytical derivation of the lad-
der approximation for sparse media in order to clarify the un-
derlying assumptions. The key point in our derivation is to con-
sider the scattering path from the entrance point in the medium
to the right-most connected particle and from this to the observa-
tion point or to another connected particle as a whole. This way
of proceeding will enable us to prove all results without invoking
Foldy’s approximation.

Let S be the set of all N random scatterers. The order-of-
scattering expansion allows one to represent the field at a point
r as a sum of contributions arising from all self-avoiding scatter-
ing paths going through the particles in the set S. Let A and B be
two subsets of S, such that the field E sums the contributions of
all self-avoiding scattering paths connecting particles in the set A,
while the complex conjugate field E* sums the contributions of all
self-avoiding scattering paths connecting particles in the set B. The
subsets A and B can be disjoint, they can contain one common par-
ticle, two common particles, and so on. In this regard, (i) we con-
sider two disjoint subsets Ay and By of S, i.e., Ay N By =@, (ii) we
fix a particle, say i, and consider two disjoint subsets A; and B; of
S; =S\ {i}, (iii) we fix two particles, say i and j, and consider two
disjoint subsets Aj; and Bj; of S;; =S\ {i, j}. and so on. The direct
field E is the sum of all scattering paths going through the particles
in the sets Ag, A;U{i}, A; U{i, j}, etc., while the complex conjugate
field E* is the sum of all scattering paths going through the par-
ticles in the sets B, B;U{i}, B;jU{i, j}, etc. As the sets are disjoint
by construction, the configuration average over these sets can be
performed independently, i.e.,

C(r) = Y5, X5, {E(M 4, ® {E* (1)},
+ Mo /E; ZAiZBi{E(r) }A,- ® {E*(l‘)}Bi d’R;

+@AZAZ%F“H%®Fﬁﬂ%¥&fm

Foee, (121)

where
C(r) = (E(r) ® E*(r)) := {E(r) @ E*(r)}s.

The notation {E(r)}, stands for the configuration average of the
fields corresponding to all self-avoiding scattering paths going
through the particles in the set A, and being taken over the po-
sitions of the particles in the set A. The sets Ay and By are not
unique, and the sums »°, >"p  involve all possible realizations of
these sets. If in general, P(A) is a self-avoiding scattering path
connecting particles in the set A, then for each realization of the
sets Ag and By, only those pairs of self-avoiding scattering paths
(P(Ap), P(Bg)) which do not appear in previous realizations of Ag
and B, are taken into account. With this convention we guaran-
tee that the sums are taken over all distinct pairs of self-avoiding
scattering paths. In the following, for large N, we approximate

Y02, (E(M) }a, ® {E* (1)}, ~ {E(0)}s ® {E*(1)}s. (122)

that is, we extend the sums over the particles in the sets Ay and
By to the whole S. As Ag and By can be any subsets of S and the
sum is taken over all realizations of Ay and By, we expect that the
approximation error of Eq. (122) is small as N tends to infinity. The
same arguments also apply to the sets A; and B;, in which case, the
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Fig. 5. Scattering paths ending at particle i and connecting particle i and the ob-
servation point r.

pairs of self-avoiding scattering paths which are taken into account
are of form (P(A; U {i}), P(B; U {i})). Employing the above assump-
tion to all terms in series (121) yields

€ = (Em)s @ (B'®)s +mo [ ()]s o (E0)s R,

+n%/D{E(r)}5U ® [E'(0))s, CRAR, + - (123)

We are now confronted with the computation of the configura-
tion average of the field taken over the positions of the particles in
the sets S;, Sy, etc., that is, in subsets of S with one, two, and more
fixed particles. Let us consider the average field {E(l')}si, and let S¢
and Slb be two disjoint subsets of S;. As shown in Fig. 5, the paths
connecting the observation point r and particle i go through all
particles in the subset S, while the paths connecting the entrance
point (the first particle struck by the incident field) and particle i
go through all particles in the subset Sf’. By means of the Twersky
approximation, the field corresponding to a direct path connecting
the observation point P and particle i is

E©® (r)

:—é(<—+z—g<—+ Z 73f’£<_+...)

b b.
nes; n,meSy; m#n

=U(r.%) -EoR) + Y U(r;. Ryp) - URy,. 5) - Eg (Ry)

nes?
+ Z G(ri, ﬁin) ‘ﬁ(Rin, ﬁnm)
n,meS?; msn
“URun.S) -Eg(Ry) + -+, (124)

the field corresponding to the single-scattering paths connecting P
and particle i (and going through particle p in Fig. 5) is

ED (r)

e P o

pes? nes?

n m
LY Ty
n,meS?; m##n

=Y U(r,.R,) - UR,.5) - Eo(R)
peSy

+ 3" U@, Ry) - Y URy. Ryy) - UR;y. S) - Eo(Ry)

pes? nes

+Zﬁ(rp,ﬁp,~)~ > U(R,;, Rip)

peS} n,meSP; m#n

URin, Rum) - URum, 8) - Eo(Rpn) + -+ -,

and so on. First, we take the configuration average over the posi-
tions of the particles in the set Sf.’. Extending the sums over the
particles in the set Sf’ (particles n and m in Fig. 5) to the whole set
S, we obtain

(125)

and
YolEVm), =) —o—ofa—+d o
T pesp n
+ 707’34—4— >
n,m; m#n
i
= — 00— 0 44—
peS}

=Y U(r,.Ry) - U(R,.5) - Ec(Ry).
peS;}

The configuration average of the total field taken over the positions
of the particles in the set Sf’ is then

{E(r)}s[_, :7Ci) <+ Zigig <
1 pes?

p q i
+ Z ——O0——Oo0——Oo 44—+ ---,
P.qeS¢: q£p

and what is left is the computation of the configuration average
taken over the positions of the particles in the set S, that is,

{E(l')}si = ZS?I(fé <+ Zigié <«

peSy

p q i
+ Z 7070704=+_”)_
p.qeSt: g#p

To do this, we extend the sums over the particles in the set 7
(particles p and q in Fig. 5) to the whole set S, giving

EM)s =(—oe=tY —8—b=
p

+ Z —g—g—é<=+-..)
Pg: G£p

= (ﬁ(l'iyg) -Ec(R})
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+Y U, Ry) - UR,, 9)

p

E.R)+-). (126)

and use the stationary phase method for computing integrals of
the form [12]

k](l’1+1’2)
I—/ / g(x, y)e] y, (127)
where
r=ry) =2 +y? +22, (128)
r=rxy) =X -x)2+ (Y —y)2+ (Z-2)2 (129)

Note that for the integral (127), the stationary phase point (xg,ys)
of the function f(x,y) =r{(x,y) +r2(x,y) is

Xs Vs s
s _ts _ _ 1s 1
X Y s + g ’ ( 30)
and we have
INJ g(xs, Yo )elklristne), (131)
with Ns=n (mes)a s = Tz(Xs,J/s), and
Z+2|z],z<0
=|z|+|Z-z2| = 0<z<Z (132)
22-7, z>17
If X=Y =0, the stationary point is xs=ys =0, and from
Eqgs. (128)-(129), we see that ri4 + 1y = |z| + |Z — z| = Z. For ex-

ample, to compute the second term in Eq. (126), we use the Carte-
sian coordinate system centered at O; and with the z-axis directed
along the vector r;. Application of the stationary phase method
then yields

Z(ﬁ(rp, R,)-UR,.9) -

eJk1 (p+Rp) _
—HO/[/ / (l:[thi)

~ A(Rpi,a E, (R,->dxp,-dypi]dzpi

E.(R))

e]l(l‘
—noJ TAGE) AGS ER) /dzpl

eJklr. 27T
T Jk HQFAC,I‘I) A(AlvA)'EC(Ri)s
1

(133)
where (0, 0, z;) and (xp;, Ypi» Zp;) are the Cartesian coordinates of
the points P and O, in the coordinate system of particle i, respec-
tively. In deriving Eq. (133), we considered only the contribution
of the interval 0 <z, <z, and the fact that in the chosen coordi-
nate system, r; = z;. Note that for z,; >z and z, <0 in Eq. (132),
we obtain integrals which can be neglected. For example, in the
case z,; >z, we have Z; =2z, —z;, and the integral over z, in
Eq. (133) is

2T [ elki (2zpi-z)
I — -
(zh ZBI) .| l / ZZpi _ Zi

it o jt
:JZI:_/ eidt_/ e]—dt]
kq kz © ki (2zg—z) U

=j%[Ei(klzi) — Bi(ks (225 — 2,)].

Zpi

(134)

Here, (0, 0, zp;) are the Cartesian coordinates of the point B, the in-
tersection point of the z-axis and the upper layer boundary, in the

coordinate system of particle i, and Ei(x) is the modified exponen-
tial integral,

00 Ajt
Ei(x) = / e%dt.

For large values of the argument, Ei(x) assumes the series repre-
sentation (asymptotic expansion)

. _elx 21 41 ex /1 31 5l
El(x)=17(1——+——---)+—<f——+——---),

x2 x4 x\x x3 x°
(136)

so that, by taking into account that kqz; < k1 (2zg; — z;), we infer
that for large values of kqz;, the integral (134) behaves as O(1/k;z;).
Thus, if the observation point is in the far-field region of particle i,
the integral (134) vanishes. The configuration average over the po-
sitions of the particles in the set S; is then

(135)

Bl = & [0+ nor&E 7+ ]RGS E(R)
= %GXP{J[k]H- 21 noAC,rl)] } -A(T;.5) -E.(R)
=V(r;,5) - E.(R)), (137)
with
V(r;.s) = tC” ) -A(T;.5). (138)

Thus, we have shown that

{E(n)}s ® {E*(1)}s, = V(r,.8) - C.(R) -V (1. ). (139)

To compute the configuration average with two fixed particles
we proceed analogously and obtain

{E(n)}s, = v(rbﬁij) -V(R;;,5) - Ec(R)). (140)
In the ladder approximation for the coherency dyadic the order of
particles i and j in the expressions for {E}SU and {E*}SU. is consid-
ered to be the same. In other words, the ordered set of connected

particles {i, j} is associated with both the direct and the complex-
conjugate field. We obtain

{E(0))s, ® {E*(1)}s, = V(r;, Ry) - V(R;;, )

C.R)) -V (R;.5) -V (1. Ry). (141)
Note that when averaging over the positions of particles i and j,
the term corresponding to the ordered set {j, i} (the reverse order
of particles i and j) is much smaller than the term corresponding

to the ordered set {i, j}. More specifically, the contribution of the
term

V(r,R;j) - V(R;,9) - [E.(R;) ® E5(R)]

'VT(Rjisg) 'VT(l'j, R;) (142)
is much smaller than that of the term
v(rivﬁij) -V(R;;.S) - [Ec(Rj) ® Eﬁ(Rj)]
V' (R;.9) V (r.Ry). (143)

This statement has been justified as follows. Using Eq. (138), the
result

T 1 Jkir;

t(l:’r’ ) _e exp[le—nor AT, rl)] (144)
i

and the approximation s(R;, —8) ~ s(R;, —8) +§-R;;, we find that

Eq. (142) contains the additional exponential factor exp[jk;(rj —
1; —S-Ryj)]. This rapidly oscillating factor causes the contribution
of this cyclic term to vanish upon averaging over the positions
of particles i and j. The contribution of the cyclical diagrams
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becomes comparable to the contribution of the ladder diagrams
when the observation point is in the far-field region of the scat-
tering medium and is in the direction opposite to the direction of
incidence (¥ = —5). In the limit r— oo, we have r;=r1,—T-Rj =
ri—s- R;j, and the exponential factor becomes identically equal to
unity. Strictly speaking, this never happens to an infinite particu-
late layer.

Collecting all results, we arrive at
€ =T+ [ V0.9 -CR) -V 6.9 &R,
D
G B o = o
+ HS/DV(I‘i,Rij) -V(R;,s) - C.(R)) -V (R;;,5)

-VT(l'i, ﬁl]) d3Rjd3R,‘ + ..

In conclusion, our analysis shows that

(145)

1. the ladder approximation depicted in Fig. 4(b) includes only di-
agrams with vertical or no connectors,

2. the expression of the field «=, representing the configuration
average of the wave scattered by particle i and propagating
through the effective medium to the observation point r, is
given by Eqs. (137) and (138), and

3. the scattering characteristics of particle i, excited by the coher-
ent field propagating in the direction s, are described by the
far-field scattering dyadic A(T;,S).

11.3. Vector radiative transfer equation

From Eqs. (117) and (145), the specific coherency dyadic is
found to be

(P = 5@ +8)C.) + o [ €-B.p) - A(-D.S)

— A a e o~

-C.(R)-A (-p.5) - £ (-p.p)dp

13 [ €. p) AP —Ry) TR Ry)

p— o~ — 71' -~ ,T o~

-A(-R;;.8) - C.(R)) -A (-R;;,5) - t (—Rj;, Ry))

—F L A ~ =

AP, -R)T (B, p)dR;d’Rydp+---, (146)
where the relevant quantities for integral calculations are illus-

trated in Fig. 2. The series (146) is the expanded form of the in-
tegral equation

EL(r ) =8B+ 9C.(0) + o [ €. p) - A-D. D)
_ - —F e . - N
T +p.—p)-A(-p.-P) - T (-P.p)d’pdp.
(147)
which, with the notation of Fig. 2, s = s(r, p), and = —p, can be
expressed in a more familiar form as

T.65.8) = 8@~ 9C(s) + 1o / [ / t@s-s) A@.q)

s
0

6@ A @T) T @s-)dq as (148)
Differentiating Eq. (148) with respect to s yields
D k@) 6. @) - 5.8 K @
4 / AG@) %6.d)-A @d)dq. (149)

For the diffuse specific coherency dyadic, defined by (cf.
Eq. (118))

de(ss a) = fL(S5 a) - 6(a _/S\)EC(S)s
Egs. (148) and (149) translate into

JR— S,A , —_—
Ya(s.q) =nof0 t(q.s—s') -A(q.s)

-Ce(s') -KT@?) (@, s—s)ds
s e~ / Nl
+no/0 [/t(q,S—S)-A(q,q)

Tuls. @) A@H T@s-)dqfes (150
and
Palb® _jj@) T - Fa® K@
+1oA®@.3) - Co(s) A @5)
i [A@) TuG@) A@DCT. (15D

respectively.

To obtain the vector radiative transfer equation we put s—r,
and pass from the dyadic form representation (151) to a matrix
form representation. For doing this, we take into account that the
diffuse specific coherency dyadic ¥4 (r,q) and the coherent part
of the coherency dyadic C.(r) are transverse dyadics, i.e.,

Taw@®= ) X ra)n@ e @ (152)
10.1=6.¢
and
C.(r)= Y  Equ(mE,®7Q) e i@). (153)
n.u=0.¢

These representations together with the representation of the far-
field scattering dyadic A(q,q’) in terms of the amplitude matrix

$(q.9). give
20D _ 5@ S @ 500 D@
+n9s(@,5)c.(r)s' (@, )
o [$@8) Tu.@)s'@ )G
where k(q) is the propagation constant matrix. Eq. (154) can be
expressed in terms of the elements of the diffuse specific co-

herency matrix X4 (r,q) encapsulated in the diffuse specific co-
herency column vector

: §99 (r, ﬁ)
Ja(r.q) 2V po | 2o (r.q)

Ezpzp (r, ED

To this end, we consider the transformation 7 mapping a 2 x 2 ma-
trix into a 4-dimensional vector, i.e.,

(154)

(155)

X0
X X X
VA IO e (156)
Xpo  Xpp Xpo
Xog
Then, using the transformation rules

1 /&1~ -~ a4
3 s @9eES @9 @9,

1 /ey~ 4, = —— oo o
3 S AT Za D) @) o @ D)D),

o L @) B .8~ B () @] ks @3 (e,

where as in Eq. (54), J. is the coherency column vector of the co-
herent field, z; is the coherency phase matrix, and X; is the co-
herency extinction matrix, a radiative transfer equation for the dif-
fuse specific coherency column vector

Ja(r, Q) = 3(r. @) — 5(q —9)Jc(r) (157)
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is obtained. This equation is then transformed into the vector ra-
diative transfer equation for the diffuse specific intensity column
vector

] BB
1. €1 06 — 2pp
Ig=DJg==_ [|— , 158
‘ T2V o | —Zag — Zyo (158)
J(Esz - E@zp)
that is,
B D e @1(r. ) + m02@ H1 (1)
+ 1o f 2@ §)1a(r.§) d°q. (159)

where as in Eq. (55), I. =DJ. is the Stokes column vector of
the coherent field, while z =Dz;D~! and K = DK;D~! are the phase
and the extinction matrix of a non-spherical particle in a fixed
orientation.

11.4. Ensemble-averaged Poynting-Stokes dyadic

In classical electromagnetics, the instantaneous local directional
flow of electromagnetic energy is described by the ensemble-
averaged Poynting vector involving both the electric and the mag-
netic field at the observation point,

S(r) = 1(l-:(r) x H (1)),
2

Unfortunately, by virtue of being a vector product of the electric
and magnetic fields, the Poynting vector does not carry explicit
information on the polarization state of the scattered electromag-
netic field and the field itself. A more appropriate quantity having
the dimension of electromagnetic energy flux and serving this pur-
pose is the Poynting-Stokes dyadic. The Poynting-Stokes dyadic,
introduced in [18], is defined as the ensemble-averaged dyadic
product of the magnetic field and the complex conjugate of the
electric field, that is,

(160)

P(r) = %(H(r) ® E*(r)). (161)

In the first step of our analysis we intend to establish a rela-
tionship between the specific coherency dyadic X, (and so, the
specific intensity column vector) and the Poynting-Stokes dyadic
P. Considering the order-of-scattering expansion for the magnetic
field

H(r) = ,/%[ﬁx Eo(r) + Y T x U(r,.$) - Eo(R)
+ ZZ?I X U(rivﬁij) -U(R;,S) -Eo(R))

i A
+ Z Z Z?’ X ﬁ(l‘,‘, ﬁ,‘j) ‘G(Rij* ﬁﬁ)
i A AL
-UR;j,S) -Eo(Ry) +---1, (162)

we find that in the ladder approximation, the Poynting-Stokes
dyadic possesses the series representation

Pr) = 1 [o[5x € + o [ Fix Vr3) - CR)
2\ o D
V(.9 d°R; + 2 / T x V(. Ry) - V(R;. §)
D
C.R) -V (RS -V (r;.Ry) d®R,dR; + ] (163)

Using the series expansion for the specific coherency dyadic
(which follows from Eq. (145) with R; = r + p, that is, with p = —r;

and d*R; = p2dpd®p)
T.(r,—P) = 5@ +9)C.(1) + 1o / V(.5 C.(R)
VT(r,»,?) p*dp +n /V(l'i, ﬁij) -V(R;;,S)

.C.R))-V'(R;;,$) - V'(r;, Rj) ’R;p?dp +---, (164)

and combining this result with Eq. (163) we obtain the desired re-
lation, namely

= 1 /¢ ~ = ~ 2~
P(r):—§ /M—L/px Y. (r, —p)dzp.

The first element of the specific intensity column vector I is
called the specific intensity, and analogously to Eq. (158), is given

(165)

by
10, -B) = 5. 2L a0 (5. D) + By (. -D)) (166)

Let us derive a series expansion for the specific intensity. For doing
this we introduce the single-scattering field

Ei(r;,R) = — & «— = rV(r;,$) - E.(R), (167)
the double-scattering field

Ejj(l‘,', R,'j, Rj) == é =é <

= riRyV(r, Ryj) - V(Ry;, 3) - Ec(R)), (168)
and so on. In Eqgs. (167) and (168), the symbol «= repre-

sents the coherent field, but now and in view of the relation
rV(r;,s) =t(T;, r;) - A(T;, S), the symbols o and = mean multiply-
ing the coherent field by the far-field scattering dyadic A(t;,s), and
the coherent transmission dyadic t(r;, r;) (in contrast to t(t;, r;)/r;
appearing in Eq. (120)), respectively. Excepting the factor r; in
Eq. (167), E;(r;, R;) is the field scattered by particle i and prop-
agating to the observation point r =R; +r; through the discrete
random medium when the particle is illuminated by the coher-
ent field E.(R;). In terms of these fields, the coherency dyadic is
written as

— — 1
C.r) =T + 1o | SEi(rR) @ E; (5, R) R
i
1
+ n(z)/D 2z Eii (1. Ryj. R;) @ Ejj(ri. Ry;. R)) d’R;d°R;
ivij
o (169)
implying
%(r, —P) = (B +9)C.(1) +ny / Ei(-p. R) ® E (—p, R;) dp
+ n% / Eij (—p, —Rﬁ, Rj) ® Efj(—p, —Rj,‘, Rj)
Ry Rydp -+ (170)

where, as usual, R; = r + p, R; = R; + Rj;, etc. The fields E;, Ey, etc.

are orthogonal to the direction T;, e.g., from T;-t(r;, ;) =0, we
have T; - E; = 0. Moreover, assuming for example, that

Ei(r;, ) = Eig (ri, )O(F;) + Ei, (1, )@ (F), (171)

we have the following matrix-form representation for the dyadic
product E; ® E;:

Ei(r;, ) ® B (1, ) = [Eip (11, )| 0F) © O(F)
+ |Eyp (. )9 @) © BT
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+ Eig (17, )E;, (1, )0 (F) ® @ (F)
+ By (1, )EL (13, )@ (F) ® O(F). (172)

Similar representations hold for all multiple-scattering terms in the
series (170). Noting for example that (p = —r;)

|E;(—p.R)|* = |Ejg (—p. R)|* + |Ei (—P. R) |, (173)

we obtain from Eq. (170) in conjunction with Egs. (166) and (172),
the following series expansion for the specific intensity:

10,9 = 5 /o

+n%f|Eij(_pv jis ])| dRJ,dzR],dp+ ]

As the next step, we aim to establish a relationship between the
specific intensity and the configuration-averaged Poynting vector.
In the ladder approximation, the configuration-averaged Poynting
vector S of Eq. (160) can be written in terms of the fields E;, E;
etc. as

S(r) = % /%{Ec(r) x [§ x Ex ()]

1 _
+ no/l)rﬁEi(fi, R;) x [T; x E; (r;, R)] &°R;
i

l‘:c(l‘)|2 +n0/|Ei(_p» Ri)|2dp

(174)

ij»

1
+ n%f 52 Eij(l',', Rija R]) X [l', X E* (l'l, ijs R])]
DT} Rij
« d°R;dR; + - - } (175)

so that by means of the vector identity a x (b xa*) = |a|2b for a-
b = 0, we infer that

s<>—\/:[

2 3 3
+"%/DW|EU@,-,R,,,R].)| £ d°R;d Ri+..,]_
1 1]

E.(r)| S+"0/ %iEi(thi)|Lfid3Ri
(176)

From Egs. (174) and (176), we obtain the following angular spec-
trum representation for the configuration-averaged Poynting vector
in terms of the specific intensity:

S(r) = — / pl(r. —p) d°p.

The above derivation shows that to compute the configuration-
averaged Poynting vector, we have to solve the vector radiative
transfer equation for the direction-dependent specific intensity col-
umn vector, and then to integrate the direction-weighted specific
intensity over all directions.

(177)

11.5. Scalar radiative transfer equation

The scalar radiative transfer equation can be obtained from
the vector equation by neglecting polarization, that is, by assum-
ing that the light is unpolarized. If in Eq. (159) we apply the
transformations

Id Id Ic IC
Iq = 8: — 8 and 1. = 8‘ — 8 ,
Va 0 V. 0

we get a radiative transfer equation for the diffuse specific inten-
sity Iy involving the (1,1) element Z;; of the normalized phase
matrix (the phase function). This simplification is used when the
medium is illuminated by unpolarized light and only the specific
intensity of the multiply scattered light needs to be computed. It

is clear that the specific intensities obtained by solving the vector
and the scalar radiative transfer equations are different because the
equations that they are satisfying are different.

In the last step of our analysis we present a more strict deriva-
tion of the scalar radiative transfer equation with the goal of em-
phasizing the underlying assumptions. To simplify the analysis, we
assume that the particles are spherical. The procedure is to ob-
tain representations of the “energetic” quantities |E;|2, IEijIZ, etc.
appearing in the series (174) for unpolarized light. We begin with
some preliminary results characterizing the propagation and scat-
tering of unpolarized light in a discrete random medium consist-
ing of spherical particles. For this purpose, we express the single-
scattering field E; of Eq. (167) as

E (rUR) _t(\lvrl) Esctl(\i)v (178)
with
scth) _A(AUA) Ec(Rl) (]79)

Obviously, we have T; - EX .(T;) =0, and from t(f;, 0) =1, we get

Ei(0,R)) = E, (T)).

1. The Stokes column vector I. associated with the coherent field
E., defined by (cf. Eq. (37)),

E.(r) = €(S,s(r, -5)) - Eo(ra)
and satisfying E.(rs)
(cf. Eq. (57))

drc(r)

ds

where s =s(r, —8) and C,, is the extinction cross section. In
(181) we used the fact that for spherical particles, the extinc-
tion matrix is K = CexyI4, Where 14 is the 4 x 4 identity matrix
(k is diagonal and does not depend on the incidence direction).
Taking into account the similarity between Egs. (178) and (180),

we deduce that the specific intensity column vector I; = I;(r;)
associated with E; = E;(r;, R)), ie,

(180)

=Ey(ry), solves the differential equation

= _nocextIc (r)7 (181)

2 2
Bl + B
ot [l JRl - JEf |
Ho —E,-gEi*(ﬂ Ei, E},
j[EitpEi*g IOEI(/;]
satisfies the differential equation
dz;(r;)
dr,l _nOCextI (rl) (182)
For the first component of I;,
i(r;) = / yEl(r,,R)\ (183)
the differential equation (182) gives
dI; (r;
) pConeli(ry). (184)
drl-
The solution to Eq. (184) is
Ii(r;) = e"MCexTif;(0); (185)

whence, by using the initial condition (cf. E;(0, R;) = EZ, (T;))

KO = 5, /2L @ (186)
we find

|Ei(r, Ry)|* = e ™S [E22, ) |, (187)
or equivalently,

€. 1) - B ()| = e S E2, ) | (188)
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Eq. (188) describes the propagation (attenuation) of the field
scattered by the spherical particle i at the observation point
through a discrete random medium.

2. For the far-field pattern E®_.(T;), we have the representation

scti
Ex, ()| = Coe —p(T..3)

where Cs.; is the scattering crossﬁsection and p(r;,s) is the
phase function. Using EX (T;) = A(T;.S) -Ec(R;), we express
Eq. (189) as

AE - E®R)[ = 22 pE.3)

In general, for polarized light and in terms of the Stokes col-
umn vector I.(R;) =[I, Q., U., V.]T associated with E.(R;),
the scattering cross section Cs:(S) and the phase function
p(r;,’s) are given respectively, by [1-3]

1
Ca® = [[20 @) + 20 E. 910

E.(Ry)[”, (189)

E.(R)|". (190)

+Z13(1;. 5)U. +Zl4(l:iv§)Vc] &, (191)
and
1
p(ﬁ,g) = ()I [Z1]C,A)I +212C:A)Qc
sct
+Z13 (11, 5)U. +Zl4(fia§)VC]v (192)

where Z; are elements of the phase matrix z. For unpolarized
light, we have Q. = U, =V, = 0; hence, Eq. (189) is still valid,
but with

Coon§) = / 701 (7.9) d°F;, (193)

and

PES) = 70 3). (194)
’ CSCt (§) ’

If, moreover, the particles are spherical, the scattering cross
section does not depend on the incidence direction. Thus, for
unpolarized light, Eq. (190) with the phase function as in
Eq. (194), describes the scattering by particle i illuminated by
the coherent field E. (R;).

We compute now all terms [E;|?, |E;|?, etc. in the series (174) by
means of Eqs. (188) and (190). The assumption that we make is
that all scattering processes (e.g., the scattering by particle j when
excited by the field coming from i) correspond to unpolarized light. In
this case, for the single-scattering field, we have

iE (ri, R )| = e—”ofenr, Cocs p(\“

E.(R)|", (195)

while for the double—scattermg field, we have
2 — T a— +Rj; Csct 2
|Ejj (ri. Rij, R))|” = e MoCexeTigMoCex RU(E)
=~ -~ 2
x p(Ti. Rij) p(R;j. $)|E. (R))|". (196)
Then, we find that the specific intensity, given by (cf. Eq. (174))

10, = 5[+ [63+9)

CSCt —1gCext P n
+1o 5 / e p(-p.s)

[
() / el Pe MCexRip(—p, —Ry))

x P(—ﬁji,Q

E.(r)|’

E.(R)|"dp

(197)

2 ~
E. (R])| dR],dZR],dp + - ils

solves the integral equation
I(r,—p) = 8(P +9)L.(r)

CSC - - Py ~ -~
+ 52 [emenrp(-p, I+ p.—B) d’P'dp. (198)
with
1 €1 2
I.(r) = = | —|E.(r)]°.
(1) = 5[ lEe®)]

The differential form of Eq. (198) gives the scalar radiative transfer
equation for the diffuse specific intensity

Iy(r.q) =I(r,q) — 8(q —S)L.(r). (199)
that is,
dly(r Cse
D) o)+ S @ S0
Gece = o =1\ A2q7
t a7 /p(q,q)ld(r,q)d q, (200)

where p(q,q’) = (47 /Cset)Z11(q, q') (the (1,1) element of the nor-
malized phase matrix).

12. Conclusions

The vector radiative transfer theory has been derived for a dis-
crete random layer with non-scattering boundaries and a sparse
concentration of particles by using the far-field Foldy equations.
The sequential steps of the derivation are summarized below.

1. By means of the far-field approximation, we derived the far-
field Foldy equations for the total field and the exciting fields.

2. Considering an iterated solution of the exciting fields equa-
tion and employing the Twersky approximation, we obtained
an order-of-scattering expansion for the total field. In the Twer-
sky approximation, all scattering paths involving a particle two
or more times are neglected.

3. By averaging the Twersky expansion for the total field under
the assumption that the positions of the particles are uncor-
related, we computed the coherent field. We discussed several
topics related to this issue as for example, the cases of inhomo-
geneous media and multiple species of particles, the continuous
extension of the far-field representation to the near field, the
Foldy approximation, and the Foldy integral equation for the
coherent field.

4, We computed the coherency dyadic under the ladder approxi-
mation, that is, in a Feynman diagram representation, the dia-
grams with crossing connectors having been neglected. For rea-
sons of clarification, we presented an analytical proof of the
ladder approximation. From the ladder expansion, we derived
an integral equation for the diffuse specific coherency dyadic,
defined through an angular spectrum representation of the co-
herency dyadic. This integral equation gives the vector radiative
transfer equation for the diffuse specific intensity column vec-
tor. Finally, we deduced the angular spectrum representations
for the Poynting-Stokes dyadic and the configuration-averaged
Poynting vector in terms of the specific intensity column vector
and the specific intensity, respectively, and derived the scalar
radiative transfer equation.

In summary, the main assumptions and approximations of the
solution method are (i) the assumption that the positions of the
particles are statistically independent (including the assumption
that the particles are uniformly distributed), (ii) the far-field ap-
proximation, (iii) the Twersky approximation for the total field, and
(iv) the ladder approximation for the coherency dyadic. The Twer-
sky approximation as well as the ladder approximation are valid if
the number of particles N is very large.
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