Journal of Quantitative Spectroscopy & Radiative Transfer 224 (2019) 289-302

journal homepage: www.elsevier.com/locate/jqsrt

Contents lists available at ScienceDirect

Journal of Quantitative Spectroscopy & Radiative Transfer | xu

ournal of
uantitative

pectroscopy &
adiative

An overview of the methods for deriving recurrence relations for n

T-matrix calculation

Adrian Doicu? Thomas Wriedt"*, Naima Khebbache®

Check for
updates

2 Remote Sensing Technology Institute, German Aerospace Centre, Oberpfaffenhofen, Wessling, Germany

b eibnitz Institute for Materials Engineering IWT, University of Bremen, Bremen, Germany

ARTICLE INFO ABSTRACT

Article history:

Received 9 July 2018

Revised 20 November 2018
Accepted 20 November 2018
Available online 22 November 2018

In this paper, we present a consistent analysis of the methods dealing with the derivation of recurrence
relations for calculation of the T-matrix. Central and forward recurrence relations are obtained in the
framework of the invariant embedding T-matrix method, the matrix Riccati equation method, and the
superposition T-matrix method. The accuracies and efficiencies of the central and forward recurrence

schemes are analyzed, and some implementation issues related to the improvement of the numerical
accuracy and to the problem of overcoming of overflow errors are discussed.

© 2018 Published by Elsevier Ltd.

1. Introduction

The null-field method (otherwise known as the extended
boundary condition method) is one of the most efficient methods
for analyzing the electromagnetic scattering by large and highly
non-spherical particles. The method, which was initially proposed
by Watermann [1,2] and later developed by Barber and Hill [3], and
Mishchenko et al. [4], computes the T matrix relating the scat-
tered and incident field coefficients by making use on the null-
field equation for the total field inside the particle. Despite its wide
range of applicability, the method suffers from numerical problems
regarding convergence and loss of accuracy. The reason is that the
null-field equation is a Fredholm integral equation of the first kind,
which is known to be (severely) ill-posed. A number of methods
have been proposed to improve the numerical stability in compu-
tations for large particles with extreme geometries. Here we in-
clude methods (i) dealing with the numerical stability of the inver-
sion process [2,5-8], (ii) methods based on accurate computations
of the elements of the so-called Q matrices [9-15], (iii) methods
using extended- and the multiple-precision floating-point variables
[9,16], and (iv) methods relying on formal modifications of the sin-
gle spherical coordinate-based null-field method [17-22].

The invariant embedding T-matrix method, proposed by John-
son [23], is an efficient tool for analyzing the electromagnetic scat-
tering by large and highly non-spherical particles. The method
originates from an electromagnetic volume integral equation in
spherical coordinates, and is based on the equivalence between
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the scattering by a non-spherical particle and the scattering by
the inhomogeneous circumscribed sphere. Essentially, Johnson de-
rived a recurrence relation for the T matrix by applying the in-
variant embedding procedure on the discrete form of the volume
integral equation; the T matrix is computed recursively by grow-
ing the scattering volume incrementally in a shell-by shell man-
ner, while the initial T matrix is computed by means of the sepa-
ration of variables method [24] or the null-field method [25]. As
the volume integral equation is a Fredholm integral equation of
the second kind, the method does not suffer from ill-posedness,
and its numerical performances are really remarkable. Excellent
numerical results have been obtained for large spheroids and cylin-
ders (size parameters up to 300), cylinders with large aspect ratios
(20:1), inhomogeneous particles, and two-particle systems [24].
Accurate simulations of the optical properties of randomly oriented
ice crystals of various shapes including hexagonal columns, hollow
columns, droxtals, bullet rosettes and aggregates with size param-
eters up to 150 have been reported in Ref. [26].

In Ref. [27], we revised the theoretical foundation of the in-
variant embedding T-matrix method and derived a matrix Riccati
equation for the T matrix. By directly applying the invariant em-
bedding procedure to the continuous form of the Fredholm inte-
gral equation we rediscovered Johnson’s recurrence relation, while
by using the modified Davison-Maki method for solving the ma-
trix Riccati equation we found a new recurrence relation forT-
matrix calculation. However, because in the latter case, the method
is based on a first-order Taylor approximation to the matrix expo-
nential, the accuracy of the T matrix is rather low. In Ref. [27] we
also established the connection between the invariant embedding
T-matrix method and the superposition T-matrix method. In fact,
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we proved that a recurrence relation derived in the framework
of the superposition T-matrix method is analytically equivalent to
Johnson’s recurrence relation.

From a theoretical point of view, Johnson's derivation has an
apparent weaknesses, which we now discuss. Let f{(r) be a function
which is not defined at r = b but has the left and right limits f(b_)
and f(b.), respectively. A quadrature formula for computing the
integral fab f(r) dr, based say on the trapezoidal rule, reads as

n-1

b
1= [ 50 dr~ w5 oG +FOOL (1)

k=0

where Ar = (b—a)/n, r, =a+kAar, wg=w,_1 = Ar/2, and wy, =
Ar for k=1, .,n—2. In the framework of the invariant embedding
T-matrix method, Johnson observed that more stable results are
obtained if in Eq. (1), f(b_) is replaced by

fb) = 17 b) + fb.)], @)

and mentioned that “We do not, at present, have a good expla-
nation for this; however, we assume that an explanation can be
found and in the meantime we pragmatically use the method that
gives the best results”. Actually, the replacement f(b_) — f(b) can
be explained as follows. Consider the following integrals and the
corresponding quadrature formulas:

b—e n-1
o= [ F0) dra Y wif )+ (ar— o) fn) + fb )],
a k=0
3)
b+e n-1 1
L= [ £ dr~ Yo wif 0+ 561+ &)[f )+ £ b+ o)L
a k=0
(4)

where Ar, 1, and wy are defined as above. Then, taking into ac-
count that

1..
I= 5 lim(e- +1ey), (5)
we find
n-1
I Y wef 030 + g A Gaa) + S, (©)
k=0

with f(b) as in Eq. (2). Thus, the replacement f(b_) — f(b) seems
to be justified, and it is apparent that the same arguments hold for
the right-endpoint quadrature formula:

b n-1
I= f fr) dr~ 3" arf(ro) + arf(b.). (7)

k=1

On the other hand, if the point of discontinuity r = b is an interior
point of the interval [a, c] with c> b, then the contribution of this
point to the quadrature sum (1) is as in Eq. (2).

In the framework of the invariant embedding T-matrix method,
the point of discontinuity is the point at which the radial matrix
Green function (see Eq. (19) below) is not defined. The recurrence
relations in Ref [27]. have been obtained by treating the point of
discontinuity as the right endpoint of an integration interval. Nev-
ertheless, from a theoretical point of view, it is interesting to see
which are the recurrence relations when the point of discontinuity
is an interior point of an integration interval. In this review paper
we extend the analysis of Ref. [27] to fulfill this desideratum. Ac-
cording to the terminology used in the finite-difference method,
a recurrence relation in which the point of discontinuity is the
midpoint of an integration interval will be called a central recur-
rence relation, while the name forward recurrence relation will be

used when the point of discontinuity is the right endpoint. For the
sake of completeness and the convenience of the reader we borrow
some parts of the derivation outlined in Ref. [27].

2. The volume integral equation method

In the volume integral equation method it is assumed that the
particle is entirely contained within a sphere of radius R and inte-
rior D, and is completely described by specifying the relative re-
fractive index m,(r) as a function of the position vector r in D
(Fig. 1a). In this section we derive

1. a matrix-form representation for the electromagnetic vol-
ume integral equation in spherical coordinates,

2. a Fredholm integral equation of the second kind for the
radial amplitude vector by using the representation of the
free-space dyadic Green function in terms of spherical vec-
tor wave functions,

3. two-terms recurrence relations for T-matrix calculation by
applying the invariant embedding procedure,

4. a matrix Riccati equation for the T matrix, and subsequently,
two-terms recurrence relations for T-matrix calculation by
using the modified Davison-Maki method for integrating the
matrix Riccati equation.

For simplicity reasons we restrict our analysis to axisymmetric
particles.

2.1. The electromagnetic volume integral equation in spherical
coordinates

Throughout our analysis, we assume the harmonic time depen-
dence exp(—jwt) for the fields, where j = /=1, t is time, and w is
the angular frequency. For the geometry considered in Fig. 1a, the
total (electric) field E(r) satisfies the volume integral equation

E(®) = Eo() + [ X (*)6(r.r) () &, (8)
D

where Eqy(r) is the incident field, G(r,r’) is the dyadic Green func-

tion,

x (1) = kg[m2(r) - 1], 9)

ko is the wavenumber in the host medium, and m, is theﬁrelative
refractive index of the particle. The dyadic Green function G can be
expressed as

_ — 1 ~

G(r,r') =Go(r,1r') — k—zé(r—r’)r T, (10)
0

where T is the radial unit vector, ® stays for the dyadic product,

Go(r,1') is the free-space dyadic Green function possessing the
representation

Go(r, 1)
M%’m (kol') ® Ml—mn (kol‘/) + N3mn (kol‘) ® Nl—mn (kol'/),
. r>r
_iko
T ML (kor) @ M3, (kor') + N (kor) @ N3, (kor”),
r<r
(11)
M}, NL, and M3, N3, are the regular and radiating spherical

vector wave functions, respectively, and the double sum should be
understood as

D3

m=—00 n=max(|m|,1)
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Fig. 1. Geometry of the scattering problem (a), and illustration of the invariant embedding T-matrix method (b).

In the following, we represent a vector X in the spherical basis
(l:? 0s a) as

X=XT+Xg0 +x,0 = [’f
where

Xr
x= | Xg
X

) (’ﬁ]x

is the column vector associated to the vector x. Furthermore, with
 being a unit direction characterized by the polar angles 6 and

@, e, = Q. @), we define the 3 x 3 matrix

~ 1 )
Y (R) = ——e™¢
) V2n(n+1)
0 0 J/nm+ 1)P™ (cosH)
x | jmay™ @) ") 0 :
~"@)  jmr)"©®) 0

(12)
where P,'lm‘(cose) are the normalized associated Legendre func-

tions, 7\™(0) = dPI™ (cos6)/dd and 7™ (6) = PI™ (cos6)/sin6,

and the 3 x 2 matrix

z03 (kot) 0

[Icorz},'3(k0r)]/
kor 13 ’
zy> (ko)
0 / 1)Zn 22077
n(m+1) kor
where zl(kgr) = jn(kor) are the spherical Bessel functions and

23 (kor) = hn(kor) are the spherical Hankel functions. For the reg-
ular and radiating spherical vector wave functions, we will use the

notation (J,(r) should not be confused with the cylindrical Bessel
functions)

x2ry=| 0 (13)

X3 (1) = 3o (r) and X3(r) = Hu ().

In terms of these matrices, we find that

R Myinr(kot)  Npiar (kor)

Yo (R)X13(r) = M}T{;e(kor) N,}-ég (kor) |, (14)
Mtlﬁn(p (k()l') Nnimp (kOr)

where M3, M;‘ie and M)}

mne are the components of the vector
M}:3 in the spherical basis (T, 8, ). Consequently, for say, r>r’, the

dyadic product in Eq. (11) can be expressed in tensor form repre-
sentation as

M3, (kor) @ M. (kor') + N3, (kor) ® N1, (kor')

Es(r):/DX(r’)EO(r, r)-E()dr, reRr3\D,

where D = DU dD and 9D is the boundary of D, is expanded as (cf.

in which case, we find that the column vector E;(r) corresponding

[F 0 3]Ym@H IV (R)

) )"

yielding

Go(r,r) -E(r)
kor. -~ - ~ ~
- J?O[r 0 3] Ymn(@H. (I IV, (RDEX).  (16)
mn
where E(r) is the column vector corresponding to E(r).
Inserting Eq. (10) in Eq. (8), and using the result of Eq. (16),
we obtain the following matrix-form representation for the volume
integral Eq. (8):

E@) =E0®)+ 3 Ym(®) [ X ()G 1)y ()2 O,
D

mn

(17)
where the column vector E(r) is defined through the relation
E(r) = Z(r)E(r), with

1/m2(r) 0 O
zm=| o0 1 0]
0 0 1

Eo(r) is the column vector corresponding to the incident field
Eo(r), and Gp(r,1") is the 3 x 3 (radial) matrix Green function given
by [23]

jko{H”(r)JZ(r/)’ r>r

In(MHEED, <1

The scattered field, defined by

(18)

Gn(r,1")

(19)

(20)

Eq. (14))

E.(r) = ) sp,Mpy, (kor) + sp, N3y, (kor)
mn

~ —~ M
[F 8 3] Ym(@H.(r) [i;"} (21)

E.(r) is

(15)
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Es(r) = ZYmn (Q)Hn(r)smna (22)
with
Smn = J’% /D x @I YT, (R)Z(@)E(r) d’r (23)

)7 Similarly, the incident field is expanded as

N2, (kor), (24)

and spn = [sM,,, sN

Eo(r) = ) ay,Mp,, (ker) + ay,
mn

and we have (cf. Eq. (14))

Eo(r) = ZYmn(Q)Jn(r)amna (25)
mn

where amp = [aM,, aN,]7. The expansion coefficients of the scat-

tered field sy, are related to the expansion coefficients of the inci-
dent field ap, through the T-matrix equation

Smn = Z Tmnmwamn (26)
m'n’
with
11 12
T _ Tmn m'n’ Tmn m'n’ (27)
mnm'n’ = T 21 T22 -
mn,m’'n’ mn,m’'n’

2.2. The Fredholm integral equation for the radial amplitude vector

We define the radial amplitude vector f;, (1) by [23]
frn (1) = 12 f XY ()Z(MEr) d*Q. (28)

Inserting the expression of the total field E(r) as given by
Eq. (17) in Eq. (28), and using the relation d’r r2dr'd*Q, we
are led to a Fredholm integral equation of the second kind for the
radial amplitude vector:

fon (1) = Z Unnm (1N I (Napyw

m'n’
R
+ Z/O Unnmm (1) G (1, 7)) e (1) dT. (29)
-
In Eq. (29), the 3 x 3 matrix Uy, (1) is defined by

U (1) = 12 / KOV (R Z(E) Y (R) &2, (30)
4r

Similarly, inserting Eq. (17) in Eq. (23) we find that the scat-
tered field coefficients can be expressed in terms of (1) as

jkO R T
s = X0 / () (r) dr. (31)
T Jo

In the following, we introduce the 3 x 2 matrix F,, .y as the so-
lution of the Fredholm integral equation of the second kind:

an,m’n’(r) = Umn m'n’ (r)Jn’ (T)

£y / U (V)G (7 o i (P) A (32)
m’n"

From Egs. (29) and (32), it is apparent that i, (r) and Fp, (1)
solve two Fredholm integral equations with the same kernel
but with different forcing (matrix) functions. If Wy, (1) is
the forcing function of the integral Eq. (32), i.e., Wy mw (1) =
U (N3 (), then wmn () = Xy Winn e (D agyyy 1s the fore-
ing function of the integral Eq. (29). As a result, we have

fmn (1) = Z Fronmm (T am s (33)

m'n’

and from Eq. (31), we get

ik R
Smn = ‘]?0 Z I:/(; Jg (M) Fran,mrn (T) dri|am/n’~ (34)

m'n’

Finally, by means of Egs. (26) and (34
gral representation for the T matrix:

), we find the following inte-

jkO R T
Tmn,m’n’ = — / Jn (T)an,m’n’ (1’) dr- (35)
T Jo

Thus, after solving the Fredholm integral Eq. (32) for Fy, (1),
the matrix elements of the transition matrix Ty, ,/, are computed
with the help of Eq. (35).

In the case of an axisymmetric particle, we have m.(r) =
m.(r,6); hence putting

Yinn () = ™Y, (0), (36)
we obtain

Unmn,mn (1) = Smm Umnn (1), (37)
with

Unnw (1) = 2nr? /n x(, 9)Yfm,1 0)Z(1,0)Y e () sinfdo
0
1
\/n(n—i—l) \/n/(n’+1)

m2 \m\(g)n|m|(9)+T\m\(9)r|m|(9)
= Jm[nm‘(@)z""'(@)+r’"‘<9)n"”‘<9)1

= nk

/ [e.(r.6) — 1] sin6do

—jm[z" (©)T!™(9) +r""'<e>n'm'<0>1

m2 ™ ()7 ""(9) +1 ’"‘(e)r'""(e) (38)
0
0 :| (39)
\/n(n + l)\/n’(n’ +1)P™ (cos O)P,‘q',“‘ (cos0)/e(r,0)

and &.(r,0) = m2(r,#). Note that in Eq. (36), the difference be-
tween Y;mn(2) and Yy (0) is given by their arguments. Conse-
quently, we find

Fonmm (T) = Smm’ann’ (r) (40)
and
Tonmnw = 5mrn’Tmnn’v (41)

while for any azimuthal mode m, Eqs. (32) and (35) become

Fonnn (1) = U (030 (1) + 3 / U (V)G (1, 7Y P (1) P

n’

(42)

and
_ jkO R T
T = ? 0 Jn (T) Frnn’ (T') dT’, (43)

respectively. Thus, the scattering problem decouples over the az-
imuthal mode m, and separate solutions for each m can be ob-
tained.

Further on, for n,n’ =1, ..., N, where N is the maximum expan-
sion order, we define, for the azimuthal mode m, the global dense
matrices
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Uni Um2 Umin
U U . U

Um = [Umrm’] — m21 m22 m2N , (44)
Unnt  Umnz UmNN

Fm :=[Fippy], and T := [T ], and the azimuthal-independent,
global diagonal matrices

Jy 0 ... O
0o J ... 0

Ji= [Jnsnn’] = 2 s (45)
0O 0 ... Uy

H := [Hnd,y ], and G := [Gnd,,y]. With these notations, we express
Eqgs. (42) and (43) as

Fn(r,R) = Un(r)J(r) + /R Un(NG(r, Fn (', R)dr’, (46)
0
and
Th(R) = 1Ko / T () (r R) dr. (47)
0

respectively, and Eq. (19) as
T (/
iko {H(r)J (),

r>r
G(r,r')y=— (48)

JOHT@), <7

The (matrix) function G(r,r’) is not defined for r’ =r, and at this
point, the function has a jump discontinuity with the left and right
limits

G(r,r_) = H(r)JT(r) and G(r,r,) = J(N)HT (1),

respectively.
2.3. Invariant embedding procedure

In the invariant embedding method, the length of the integra-
tion interval R is regarded as a variable, and for this reason, in
Eqs. (46) and (47), the dependency of F, and Ty on R is indi-
cated explicitly. Referring to Fig. 1b, we note that R varies between
the initial radius Ry and the radius of the smallest circumscribing
sphere R.. Physically, for a given R, we are dealing with a “trun-
cated” particle, i.e., a partial volume of the particle, created by the
intersection between a sphere of radius R and the particle. In this
section we derive the central and forward recurrence relations for
the T matrix.

To derive the central recurrence relation, we consider the inte-
gral Eq. (46) in which we make the replacement R — R+ AR and
set r = R; we obtain

Fn(R,R+ AR) = U, (R)J(R)
jko
+ ;umae)H(R)/o

R—-AR
JT(r)Fm(r,R+ AR)dr

R+AR
+ / Um(R)G(R. 1)Fm (. R+ AR) dr. (49)
R-AR
The last integral in Eq. (49) is of the form fRMR f(r)dr, where
flr) is a discontinuous function at r =R with the left and right
limits f(R_) and f(R,), respectively. Representing this integral as
the sum of two integrals, namely f,fﬁAR f(r)dr and fR+AR f(r)dr,
we consider a quadrature method in which the first integral is
computed by the right-endpoint quadrature formula f,ff apf(Mdr =
ARf(R_), and the second integral is computed by the left-endpoint
quadrature formula jRMR f(r)dr = ARf(Ry). The result is a mid-
point quadrature formula for the discontinuous function f{r), that
is, (KRR f(rydr = 2ARF(R), with f(R) = [f(R-) + f(Ry)]/2 . Mak-
ing use on this result, we obtain

Fm(R,R+ AR) = Un(R)J(R)

+ 50, @) /
+2ARUm(R)G(R, R)Fm(R,R+ AR), (50)

where we have set

R—-AR
JT()Fm(r,R+ AR) dr

GR.R) = %[G(R,R_)+G(R,R+)]. (51)

Using Eq. (50) as a starting point, we arrive at the central recur-
rence relation:

Tm(R) = Qp + (1 + QD[ = Tm(R— AR)QE]™!
me(R—AR)(lJrQ%J), (52)
where
i — Qi (R—%R AR) ij=1,2, (53)
and in general,
QU (R, AR) = JkOJT(R)Vm(R AR)J(R), (54)
12(p AR) = K0 20 TRV (R, ARIH(R), (55)
Q2 (R, AR) = J<°H (R)Vm (R, AR)J(R), (56)
Q2 (R, AR) = JkOHT(R)Vm (R, AR)H(R), (57)
with
Vim(R, AR) = AR[I — ARUL (R)G(R, R)]"'Un (R). (58)

The derivation of the recurrence (52) is outlined in Appendix A.
To obtain the forward recurrence relation we consider again the
integral equations (46) with r = R, that is,

Fm(R.R) = Un(R)J(R)

5oy, ®Hm) f

R-AR
JI()Fm(r,R)dr

n /  UnRIGR. 1)Fm (. R)dr. (59)
R—-AR

The integrand of the last integral, denoted by f(r), is not defined
at r =R but has the left limit f(R_). Computing this integral by
means of the right-endpoint quadrature formula f,f_ARf(r) dr ~
ARf(R_), we obtain

Fmn(R,R) = Un(R)J(R) + Um(R)H(R)f JT (r)Fm(r,R)dr

+ ARUR (R)G(R,R_)Fi (R, R). (60)

Making the replacement G(R,R_) — G(R,R), with G(R,R) as in
Eq. (51), we are led to the same recurrence relation (52), but in
which the matrices Q;, are now given by (compare with Eq. (53))
U =Ql(R AR), i,j=1,2. (61)
Thus, the difference between the two recurrence relations is that in
the central scheme, the matrices Q;, are evaluated at the midpoint
R — AR/2 of the interval [R — AR, R], while in the forward scheme,
the matrices Q}, are evaluated at the right endpoint R of the inter-
val [R — AR, R].
In view of Egs. (52) and (58), it is apparent that the recurrence
(52) requires the inversion of two 2Nmax x 2Nmax Mmatrices, where

Nmax =N —|m| + 1.
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2.4. The matrix Riccati equation

The derivation of the matrix Riccati equation for the T matrix
involves the following steps [27]:

1. Taking the derivative of Eq. (46) with respect to R, and using
the relation G(r R) = (jko/7)J(r)HT (R) for r <R, we find

8Fm

Sp "R = Um(r)J(r)HT(R)Fm (R.R)

+/0 Un (NG, r’)a—;(r’, R)dr. (62)

The Fredholm integral equations (46) and (62) have the
same kernel but their forcing functions differ by a multi-
plicative constant; hence, we deduce that
JF ik
m( I R) = JKo

for r<R.

2. Taking the derivative of Eq. (47) with respect to R, and sub-
stituting Eq. (63) in the integrand of the resulting equation,
we obtain

Fm(r RHT(R)Fm (R, R) (63)

B Ry =29 7 RF (R R) + 227 (RIHT (RIFm (R ).

(64)

3. Setting r =R in Eq. (46), and using the relation G(R,r’) =
(jko/m)H(R)IT (') for 1’ <R along with Eq. (47), we find that
Fm (R, R), which enters in Eq. (64), computes as

Fm(R.R) = Un(R)J(R) + Un (R)H(R) T (R). (65)

4. Inserting Eq. (65) in Eq. (64), we obtain the following matrix
Riccati equation for the T matrix:

B (k) =l ®) + 32 R Ta(®)

+ Tn(R)Qn R) + T (R)Q2 (R) T (R), (66)
where
AR = JkOJT(R)Um(R)J(R) (67)
QAZ(R) = J T(R)Un(RH(R), (68)
@ ® = EourRyun®R), (69)
@ w® =Lour ®yunmH®). (70)

The differential equation (66) is endowed with the initial con-
dition T (Ry) and in particular, we have:

1 ifRy=0, Tm(Ry) =0

2. if Ry is the radius of a sphere enclosed in the particle,
Tm(Rg) can be computed by the separation of variables
method (Mie theory), and finally,

3. if Ry is greater than the radius of the largest inscribed
sphere, T, (Rg) can be computed by the null-field method.

The numerical methods for solving the matrix Riccati equation
are based on the transformation of the matrix quadratic equation
into a system of linear, first-order differential equations by means
of the Bernoulli substitution [28-31]. The theoretical basis for this
substitution is the following result: If U(R) and V(R) solve the ma-
trix differential equation

d u® | _ U(R)
iR [V(RJ =A® [vao} 7D
with

[@® -Q®
A(R)‘[Q“ue) a® | (72)
then
Tw(R) = V(R)U~!(R) (73)

solves the matrix Riccati equations (46).
With the goal of deriving recurrence relations for the transition
matrix, we put

_ U
X(r) = [V(r)], (74)
and solve the matrix differential equation
dx
ar (D = AMXM), (75)

in the interval [R— AR,R] with the initial condition X(R — AR).
Assuming that in this interval, the matrix A(r) can be approxi-
mated by a constant matrix Ag(R), that is, Ag(R) ~ A(r) for all
R — AR <1 <R, we find that the solution of the differential equa-
tion (75) at r=R is

X(R) = B(R, ARYX(R — AR). (76)
where
B(R. AR) = 20 — [g; ®aR) B ﬁ’,g] )

is the fundamental matrix of the differential equation (75). From

Eqgs. (73), (74) and (76)-(77), we obtain the recurrence relation:
Tm(R) =[B21(R, AR) + B (R, AR) T (R — AR)]
x [B11 (R, AR) + B12(R, AR)Tm(R— AR)] 7. (78)

Provided that the matrix Ag(R) is known, the matrix exponential
in Eq. (77) can be computed by means of the Pade approximation.
We note that the nth order Pade approximation is

B(R, AR) = [Dn(ARA(R))]"'Na(ARAG(R)), (79)
Dn(ARAG(R)) = D (=1 c(AR)*AF(R), (80)
k=0
Na(ARAG(R)) = Y i (AR)*AG(R), (81)
k=0
where
(2n —k)!n!
“= Emikin -kl (82)
while the first-order approximation is
R -1 R
B(R. AR) = [I - %AO(R)] [I + %AO(R)]. (83)

Depending on the choice of the matrix Ag(R) in the interval
[R — AR, R] we obtain either a central or a forward recurrence re-
lation. In the central scheme, the matrix A(r), defined by Eq. (72),
is approximated by its value at the midpoint r = R — AR/2:

)

while in the forward scheme, the matrix A(r) is approximated by
its value at the right endpoint r = R:

Ao(R) ~ A(R). (85)

Ao(R) ~
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spherical shell sphere

D=D,UD,
Fig. 2. Illustration of the superposition T-matrix method.

Thus, in the framework of the first-order Pade approximation, the
recurrence relation is Eq. (78) in conjunction with Eq. (83); the dif-
ference between the central and the forward scheme consists in
the approximations for A(r) given by Eqs. (84) and (85).

From Egs. (78) and (83), we infer that the recurrence
(78) requires the inversion of a 4Nmax x 4Nmax matrix and of a
2Nmax x 2Nmax matrix. However, as shown in Appendix B, the in-
version of the 4Nmax x 4Nmax matrix B = B(R, AR) is equivalent
to the inversion of two 2Npax x 2Nmax matrices; hence, roughly
speaking, the recurrence (78) requires the inversion of three
2Nmax x 2Nmax matrices.

Note that the recurrence relations of Section 2.3 can be re-
garded as alternative algorithms for generating numerical solutions
to the matrix Riccati Eq. (66). Also note that if the matrix exponen-
tial is computed by means of the first-order Taylor approximation

e®RAo® ~ | 4 ARAG(R), (86)
we are led to the recurrence relation
Tw(R) = [(1+ ARQY) Tm(R — AR) + ARQY ]

x [(1 — ARQY) — ARQTm(R — AR)[ . (87)

This recurrence, which demands only one inversion of a
2Nmax x 2Nmax matrix, has been derived in Ref. [27]. However, as
our numerical simulations have confirmed, the recurrence (87) has
a low order of approximation, and so, it is less accurate than the
recurrence (78). For this reason, it does not present any practical
interest.

3. The superposition T-matrix method

In Ref. [27] we described a version of the superposition T-
matrix method, which enabled us to obtain a forward recurrence
relation for the T matrix, without invoking the invariant embed-
ding procedure. In this section, we reiterate the proof by employ-
ing more rigorous arguments with the goal of introducing central
and forward recurrence relations.

3.1. The Fredholm integral equation for the radial amplitude vector

Let us consider two concentric spheres of radii Ry and R, > Ry,
enclosing an inhomogeneous region as shown in Fig. 2. The inho-
mogeneous sphere of radius R, is regarded as a system of two
particles: the (inhomogeneous) sphere of radius R;, and the (in-
homogeneous) spherical shell between R; and R,. The interior of
the sphere of radius R, is denoted by D, the interior of the sphere
of radius R; by Dy, and the domain corresponding to the spherical

shell by D,. As D = D; UD,, the matrix-form representation of the
volume integral equation (17) is

EO=Eo(0)+ X Ym (@) [ @16 1) (@)2()E)

+3 Y (R) fD X (®)Gn(r. 1YL (@) Z()EX) &Y.
(88)

In the superposition T-matrix method, we distinguish the follow-
ing fields.

1. The field scattered by the spherical shell in D is (reD;)

E2(0) = Vo (R) /D X (X)Gn(r. IV, (@) Z()EX) dF

=3 Y (@)In ()2, (89)
mn
where
L d 90
amn_? A H, (N fmn () dr (90)

are the expansion coefficients of E2(r) in terms of the reg-
ular functions J,(r). This field excites the sphere of radius
Ry.

2. The field scattered by the sphere of radius Ry in D, is
(reDy)

£ =Y Y (@) [ X016 YT (@)Z()E(E) P

=3 Yo (R)Hn (N5} (91)
mn
where
v dko R
Son = — I (Nfmn(r) dr (92)
T Jo

are the expansion coefficients of E!(r) in terms of the radi-
ating functions H,(r). This field excites the spherical shell.
3. The total field exciting the sphere of radius R; is

E2(r) + Eo (1) = Y Youn (R)In (1) (amn + a2y, (93)

while the total field exciting the spherical shell is
EN) + Eo(®) = Y Youn (@)[In(Namn + Ha(Msha].  (94)
mn

Noting that the exciting field (93) possesses an expansion in
terms of regular functions, we have the T-matrix equation

1 1 2

Smn = ZTmn’m/n, (amm + ajn ), (95)
m'n’

where T}nn vy 1S the transition matrix of the sphere of ra-

dius R;.

4. The field scattered by the system of particles (the sphere of
radius R,) sums the contributions of the fields scattered by
the sphere of radius R; and the spherical shell; it is given by
(reR3\D)

Eo(1) = 3 Yin ()Hn (M)shy,
¥ J% ;vmn@)mm fR R I o (1) dr”
=3 Y () Ha (Fsmn. (96)

where
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R L d 97
Smn—Smn'i‘? J () (r) dr (97)

Ry
are the expansion coefficients of Es(r) in terms of the radi-
ating functions Hy(r). For the sphere of radius R, character-
ized by the transition matrix T, . the T-matrix equation
is

Smn = Z Tmnmnamn- (98)
m'n’
By means of Eq. (91), we express the volume integral Eq. (88) in
D, as (reDy)

EM) = Youn () [In (amn + Ha (r)shy]

mn

Y (@) [ 06 Y @) 2()E(E) 0P
(99)

In view of Eq. (94), it is apparent that the first sum in the right-
hand side of Eq. (99) is the total field exciting the spherical shell.
From Eq. (99) it follows that the radial amplitude vector, defined
by Eq. (28), satisfies the integral equation

fon (1) = Z Unn.mn' (r)[Jn’(r)am’n’ + Hy (r)s,ln,n,]

m'n’

Ry
+ Z‘/R Umn,m’n’ (r)Gn’ (T, r/>fm’n’(r/) dl‘/,
1

m'n’

(100)

for Ry <r<R,.
For an axisymmetric particle and in terms of global matrices,
Egs. (90), (95), (97), and (100) read as

I
a2 = ﬂ%/& HT (r)fm (r) dr, (101)
s =T (am +an,), (102)
i dko [® g
Sm = Sy + F/R J(r)fm (r) dr, (103)
and
Ry

fn (1) = Un (N [J(Nam + H()sy,] +/R Um (NG (r, ') fm (1) dr,

(104)

respectively, while the T-matrix equation (98) takes the form sy, =
Tmam. Here, we introduced the vector fy; := [fmn] and in an analo-
gous manner, the vectors ap, a2, sm., and sk

3.2. Recurrence relations for the transition matrix

As in Section 2.3, central and forward recurrence relations for
the transition matrix can be derived in the framework of the su-
perposition T-matrix method.

We begin with the central recurrence relation. In Eq. (104) we
choose Ry = R— AR and R, = R+ AR, and set r = R. Using the mid-
point quadrature formula for a discontinuous function, we find

fm(R) = Um (R)[J(R)am + H(R)sp] + 2ARUm (R)G(R, R)fm (R),
(105)
where G(R,R) is given by Eq. (51). We obtain the central recur-
rence relation
Jko
T
jko
T

Tm(R) = Tm(R — AR) + — AR[Tm(R— AR)HT + JT]

-1
x [| — ARU,LG — = ARUHT (R — AR)HT:I

x Un[J +HTm(R— AR)], (106)
where
AR AR AR
and
AR AR
G=G(R—7,R—7>. (108)

The derivation of the recurrence (106) is given in Appendix C.

To obtain the forward recurrence relation we consider
Eq. (104) with Ry =R— AR and R, =R, and set r =R. Using the
right-endpoint quadrature formula, we obtain

fn(R) = Un(R)[J(R)am + H(R)s) ] + ARUm(R)G(R, R_)fm (R).
(109)

so that after the replacement G(R,R_) — G(R,R), we are led to the
forward recurrence relation (106) with

J=J(R), H=H(R), Un =Ur(R), (110)
and
G=G(R R). (111)

It is not difficult to see that the recurrence (106) demands the
inversion of a 3Nmax x 3Nmax Mmatrix.

In terms of the matrix V,, defined by Eq. (58), the recurrence
relation (106) becomes

Tm(R) =Tm(R— AR) + j%{Tm(R — AR)HT + 7]

x [I - J%VmHTm(R - AR)HT]

X Vi[J + HTm(R — AR)]. (112)

In Appendix D we show that the recurrences (52) and (112) are
identical, which in turn implies, that the recurrences (52) and
(106) are identical.

4. Numerical simulations

The recurrence schemes for T-matrix calculation have been im-
plemented in a Fortran computer program. As in Refs. [24-26], the
effective dimension of the T matrix increases with the radius R,
and the Gaussian quadrature is employed for computing Uy. To
improve the solution accuracy, the adaptive step-size procedure
described in Appendix E has been implemented.

In this section we perform some simple numerical simulations
in order to assess the accuracies and efficiencies of the central
and forward recurrence schemes corresponding to the invariant
embedding T-matrix method, the matrix Riccati equation method,
and the superposition T-matrix method.

The particle considered in our analysis is a prolate spheroid
with kga =40 and kgb = 20, where a and b are the polar (verti-
cal) and the equatorial (horizontal) radius, respectively. The rela-
tive refractive index is m, = 1.311, and the initial spherical radius
is kgRg = 30. For simplicity, we consider that the incident direction
is aligned with the symmetry axis of the spheroid. Moreover, for
the simulations reported here, the adaptive step-size procedure is
not used. The initial matrix T,;(Rg) is computed by using the sin-
gle spherical coordinate-based null-field method. All simulations
are performed with double-precision floating-point variables on a
server Intel(R) Xeon(R) CPU E5-2695 v3 @ 2.30 GHz

We begin with a convergence test of the extinction efficiency
Q.xt over the expansion order N. The results are shown in Fig. 3.
It is well known that the null-field method is characterized by
a “semi-convergent” behavior: Q.. Stagnates in a region called
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Fig. 3. Relative errors in the extinction efficiency Qext Versus the expansion order N. The results correspond to the null-field method (upper panel) and the forward and

central recurrence schemes (lower panel). The step size is ko AR = 0.05.
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Fig. 4. Relative errors in the extinction efficiency Qext versus the step size koAR. The results correspond to the forward and central recurrence schemes. The maximum

expansion order is N = 60.

plateau of convergence, and increase or decrease outside this re-
gion. In the convergence region, delimited by N =50 and N = 56,
we found that Q..o = 0.7883 (upper panel of Fig. 3). In the lower
panel of Fig. 3 we illustrate the relative errors in Q.y: versus the
expansion order N, taking Q..o as a reference. As expected, the
plots show a “semi-convergent” behavior of the null-field method,
and a monotonic convergent behavior of the recurrence schemes.
What is impressive here is that these methods do not fail for large
values of N. In fact, the results in Fig. 3 certify that Fredholm in-
tegral equations of the second kind are much less ill-posed than
Fredholm integral equations of the first kind (they are not particu-
larly ill-posed). In Fig. 4 we plot the relative errors in Qey; Vversus
the step size koAR. The results show that relative errors become
smaller than 2-10-3 for kyAR<0.1. In addition to these conclu-
sions we mention the following findings:

1. the computational result of all central recurrence schemes,
as well as all forward recurrence schemes, are numerically
identical (up to five digits);

2. the central recurrence schemes have a slightly better accu-
racy than the forward recurrence schemes (see lower panel
of Figs. 3 and 4);

3. the convergence rates of the recurrence schemes is rather
low.

In Fig. 5 we again plot the relative errors of Q.y: versus the ex-
pansion order N, but now, we consider the extreme situation when
the expansion order N is very large. What we found is that the re-
currence schemes of the superposition T-matrix method works up
to N = 360, while the recurrence schemes of the invariant embed-
ding T-matrix method works only up to N = 220; after this critical
value, overflow errors occur. To extend the domain of applicabil-
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Fig. 5. Relative errors in the extinction efficiency Qey versus the expansion order N for the (central) recurrence schemes corresponding to the superposition T-matrix
method (STM) and the invariant embedding T-matrix method (IEM). The step size is koAR = 0.5.

Table 1

Computation times in min:sec for the
central recurrence schemes correspond-
ing to the invariant embedding T-matrix
method (IEM), the superposition T-
matrix method (STM), and the matrix
Riccati equation method (MRM). The
maximum expansion order increases
from N =60 to N =220 in steps of 20.

Step Size  IEM STM MRM
0.5 3:39 3:38 3:56
0.25 7:14 6:54 7:44
0.05 33:38  33:04 37:31

ity of the latter method, we implemented a scaling procedure for
computing the spherical Bessel and Neumann functions. This ap-
proach is described in Appendix F. With this scaling procedure, the
recurrence schemes of the invariant embedding T-matrix method
can be used up to N =360. Note that the recurrence schemes of
the matrix Riccati equation method should be also equipped with
this scaling procedure in order to achieve such performance. Also
note that for N> 360, all methods fail.

The computation times for the central recurrence schemes is
shown in Table 1. We recall, that the invariant embedding T-
matrix method requires the inversion of two 2Nmax x 2Nmax matri-
ces, the superposition T-matrix method of a 3Npax x 3Npax matrix,
and the matrix Riccati equation method of three 2Nmax x 2Nmax
matrices. The results show that the efficiencies of the recur-
rence schemes corresponding to the invariant embedding T-matrix
method and the superposition T-matrix method are comparable,
while the recurrence scheme corresponding to the matrix Riccati
equation method is less efficient (but not dramatically less effi-
cient).

5. Conclusions

In this paper, we reviewed several methods for deriving recur-
rence relations for T-matrix calculation. In particular, by perform-
ing a consistent analysis, we (i) derived central and forward recur-
rence relations in the framework of the invariant embedding T-
matrix method, the matrix Riccati equation method, and the su-
perposition T-matrix method, and (ii) proved that the recurrence

relations of the invariant embedding T-matrix method and the su-
perposition T-matrix method are analytically equivalent. Although
our paper is merely theoretical, we performed some simple com-
puter simulations and found that

1. all central, as well as all forward recurrence schemes, are
(almost) numerically identical,

2. the central recurrence schemes provide a slightly better ac-
curacy than the forward recurrence schemes,

3. the recurrence schemes of the superposition T-matrix
method are more stable than that of the invariant em-
bedding T-matrix method and the matrix Riccati equation
method,

4. the stability of the recurrence schemes corresponding to the
invariant embedding T-matrix method and the matrix Ric-
cati equation method can be increased by means of a scaling
procedure for computing the spherical Bessel and Neumann
functions,

5. the efficiencies of the recurrence schemes corresponding to
the invariant embedding T-matrix method and the superpo-
sition T-matrix method are comparable.

It will be an interesting task for the scientists who developed
efficient computer codes based on the forward recurrence scheme
of the invariant embedding T-matrix method to implement these
recurrence schemes in their codes, and to test them in complex
applications (as reported in Refs. [24-26]).

Appendix A

In this appendix we derive the central and forward recurrence
relations given by Eq. (52) in conjunction with Egs. (53) and (61).

Central recurrence relation. The derivation involves the following
steps.

Step 1. The integral equation (50), with G(R,R) given by
Eq. (51), yields

Fn(R.R+ AR) = zlﬂvm (R, 2AR)[J(R) + H(R)Knm], (113)

where the matrix V, is defined by Eq. (58), and the auxiliary ma-
trix Kp, is given by

jko R-AR
Ky = %0 f ST (F)Fm(r, R+ AR)dr. (114)
0

T
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Step 2. Substituting Eq. (114) in the integral representation
(47) for the T matrix with R — R+ AR, gives
R
JT(N)Fm(r,R+ AR) dr.

: R+A
Tm(R+AR):Km+J'$/ (115)

R—-AR

Computing the above integral by the midpoint quadrature formula
(?fﬁg f(r)ydr =2ARf(R) (note that the integrand is a continuous

function) and using Eq. (113), we obtain
TR+ AR) = QU (R 24R) + [1 + Q2(R. 2AR) Ko, (116)

where the matrices Q% are given by Eqs. (54)-(57).

Step 3. Consider the integral Eq. (46) with R — R+ AR, that
is,
Fm(r,R+ AR) = U (r)J(1)

R—-AR
+/ Un (MG, )Fn (', R+ AR) dr’
0

R+AR
+/ Un (PG, ¥ )Fm (. R + AR) dr'.
R

—AR

(117)

For r < R — AR, application of the midpoint quadrature formula to
the last integral yields

Fon (. R+ AR) = Up (1) J(r) [I + ZARj% HT (R)F (R, R + AR)]

R—-AR
+/ Un(r)G(r, " )Fn (', R+ AR) dr’. (118)
0

Next, consider the integral Eq. (46) with R — R — AR, that is,

R—-AR
Fm(r,R— AR) = Up (r)J(1) +/ Un (MG, )Fn (', R - AR)dr,
0
(119)

for r <R — AR. Because for r <R — AR, Fn(r,R+ AR) and Fp;(r,R —
AR) solve the same Fredholm integral equation but with forcing
functions which differ by a multiplicative constant, we find that

(120)

where we have introduced the auxiliary matrix L, by the relation

Fm(r,R+ AR) = Fn(r,R— AR) (1 + Lin),

Lm = 2ARJ% HT (R)Fm (R, R + AR). (121)
By means of Eq. (113), the matrix L, computes as
Lm = Q21 (R, 2AR) + Q22(R, 2AR) K. (122)

Step 4. The integral representation (47) for the T matrix with
R— R— AR is

jko R—-AR T
Tw(R— AR) = ?/0 ST (F)Fm (T, R — AR) dr. (123)

Multiplying this equation from the right by I + Ly;, and taking ac-
count of Egs. (114) and (120), we get
Tm(R—AR)(I + L) = Kpn. (124)

Step 5. Solving Eqgs. (122) and (124) with respect to K;;, we ob-
tain

Km = [I = Tm(R — AR)QZ (R, 24R)]

x Tm(R = AR)[1 + Q2 (R, 24R)]. (125)
so that by substituting this result in Eq. (116), we find
Tm(R+ AR) = QU (R, 2AR) + [I + Q2(R. 24R)]
x [l = Tm(R = AR)QZ2 (R, 2AR)] !
X Tm(R — AR)[I + Q21 (R, 22AR)]. (126)

299

Step 6. In Eq. (126) we make the successive transformations:

AR— 2R and R r— 2R (127)
2 2
and obtain the central recurrence relation
Tw(R) = },}(R - %R, AR) + [I + Q,LZ(R - %R, AR)]
-1
x [I —TmR- AR)Q?,E(R - %R, AR)]
me(R—AR)[I+Q,2,,1(R—A7R,AR)]. (128)

Forward recurrence relation. The derivation is similar to the previ-
ous one.

In Step 1, the integral equation (60) with G(R,R-) — G(R,R)
implies (compare with Eq. (113))

1

Fn(R,R) = ﬁvm(R, AR)[J(R) + H(R)Kp], (129)
where Vy, is as in Eq. (58), and
jko R—AR
Kin = ?/ 3T (F)Fm (1, R) (130)
0

In Step 2, we consider the integral representation (47) for the T
matrix

T (R) = Ky + K0 /R ST (F)Fm(r. R) dr. (131)
R

7 Jreoar
use the right-endpoint quadrature formula for a function which
is continuous in the interval [R — AR, R], and find (compare with
Eq. (116))
Tm(R) = Qp (R, AR) + [1 + Q7 (R, AR) K. (132)

In Step 3, we derive the relationship (compare with Eq. (120))

Fn(r,R) = Fn(r,R— AR)(1 + Lm), (133)
where the auxiliary matrix Ly, defined by

Ly = jI%ARHT(R)Fm (R,R), (134)
can be expressed as (compare with Eq. (122))

Lm = Q2'(R, AR) + Q2 (R, AR)Kp. (135)

In Step 4, the integral representation (123) in conjunction
with Egs. (130) and (133) implies that T;;(R — AR) also satisfies
Eq. (124).

In Step 5, we deduce from Eqs. (124) and (135) that Ky, is
given by Eq. (125) with Q22(R,2AR) and Q2! (R, 2AR) replaced by
Q%2 (R, AR) and Q2! (R, AR), respectively. Substituting this result in
Eqg. (132), we obtain the forward recurrence relation:

Tm(R) = QY (R, AR) + [1 + Q2(R, AR)]
x [l = Tm(R - AR)QZ (R, AR)|™!

x Tm(R — AR)[1 + Q2 (R, AR)]. (136)
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Appendix B x{l—2ARUm(R)[G(R,R)+JkOH(R)Tm(R ARH (R)]} -

The matrix equation (83) is of the form
xUm(R)[J (r) + H(R) T (R — AR)]. (145)
An  Ap|[{Bun Bn|_|21-An —Aq (137)
Ay Axnl||Bai Bxn| | —Axy 21— Ay | Step 4. In Eq. (145) we make the transformations (127), i.e
where we have set AR — %R and R -~ R— %R
A= [211 :12j| =1- iRAO(R) (138) and find the central recurrence relation:
a nz Tm(R) = Tm(R - AR)
An algorithm for solving Eq. (137) reads as ;
+ ariko [Tm(R - AR)HT(R - A—R) + JT(R - A—R)]
1. X =AyAj. T 2 2
2. Y =XApy — Ag, { ( AR)[ ( AR AR)
— ARUp|(R— — )| G(R- R-—
3.Bn= —Y’: (XAqp = 2X = Ay1), m 2 2 2
4, Bzz =-Y" (XAZl — A22 +2|), Jk AR
5. B]l = 7A1_11 (A]2821 + Al] — 2|), + JH(R - T)Tm(R AR)HT <R )]}
6. By = —Aj{' (A12By2 + App). AR
. o . . xum(R——)[ (R——) R——)Tm(R AR)]
Thus, in the above algorithm, instead of computing the inverse 2
of the 4Nmax x 4Nmax matrix B, we compute the inverses of the (146)

two 2Nmax x 2N, matrices Ay and V.
max max 1 Appen dix D

Appendix C . . .
In this appendix we show that the recurrence relations (52) and

In this appendix we prove the central recurrence relation (112) are identical. Parts of the proof are borrowed from Ref. [27].

(106) along with the representations (107) and (108). The proof of 1. Setting Tm = Tm(R), T), = Tm(R— AR), and
;l;ereljorward recurrence relation is similar and is therefore omitted (—T1Q2) 1 =1 4+A, (147)
Consider Eq. (105), that is, which yields
A=TLQu (- TR ™, (148)

fm(R) = Un (R)[J(Nam + H(R)s! ] + 2ARUm (R)G(R, R)fm (R).
(139)

As in Appendix 1, we organize our derivation in several steps.
Step 1. Computing the integrals in Eqs. (101) and (103) with

and performing the matrix multiplications in Eq. (52), we
obtain

Tm = —I—l + Q}'} + T}an + Q12T1 + QlZTl Q21

Ry =R— AR and R, = R+ AR, by the midpoint quadrature formula, +ATL +ATLQE + QEAT) + QRAT) QA (149)
we obtain 2. Setting o = jko/7, and
ik 14Ty-1
2 _ ZARJ?OHT(R)fm(R), (140) (1= aVgHTHD) T =1+ B, (150)
and which gives
iko B=aVyHTLHT (1 — oV HTLHT) T, (151)
_ JXo 1
sm = sp +20R - I R)fm(R), (141) we express the recurrence relation (112) as
respectively. By substituting Eq. (140) in Eq. (102) with T}, = Tm=ThL+QN +TLQH +Q27] + 1) Q2 TL
Tm(R— AR), we get +aT)HTBV ) + o Th BV HT]
jko
— Tn(R— AR)am + 2ARZ2 Tm (R — ARHT (R)fm(R), (142) +aJ'BVn) + )T BV,HT] . (152)
while by substituting Eq. (142) in Eq. (141), we find 3. Using the matrix identity
X(lm — YX)™1 = (I, — XY) X, (153)
sm=Tm (R - AR)am . . .
I where in general, X is an n x m matrix and Y an m x n ma-
+2ARJ CO[Tm(R_ ARYHT(R) + JT(R) Jfm (R). (143) trix, and taking into account the definition of the matrices
Q}) as given by Eqs. (54)-(57), we find the following identi-
Step 2. Inserting Eq. (142) in Eq. (139) yields the representa- ties:
tion y | aT! HTBV,) = AT1 Q2 (154)
fn(R) = { 2ARUm(R)[G(R R) +J O (R T (R — AR)HT (R)]}
aTLHTBV, HTL = ATL — T! Q271 | (155)
x Um(R)[J(r)+H(R)Tm(R7AR)]am. (144) m T  m  mEm
Step 3. From the equation sp; = Tpmam With Ty = Tp(R+ AR) alTBVn) = Q2T QY + Ql2AT] Q2L (156)
on one hand, and Eq. (143) on the other hand, we obtain, in using
Eq. (144), T 1 12 51
aJTBV,HTL = QR2ATL. (157)

T (R+AR)—T (R— AR)
" " Substituting Eqs. (154)-(157) in Eq. (152) yields Eq. (149),

+2AR O [Tm(R = ARYHT(R) + JT(R)] and the proof is finished.
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It should be pointed out that a direct derivation of the matrix
identities (154)-(157) can be obtained if we assume that the Neu-
mann series for the inverse matrices in Eqs. (147) and (150) con-
verge. Indeed, considering the Neumann series for the inverse
(-=TLQZ) 1, ie,

(1= ThQE) ™ =14+ (ThQz)". (158)

we deduce from Eq. (147) along with Eq. (57) that

A=) (TR =Y (aTyH VpH)™ (159)
n=1 n=1

Similarly, considering the Neumann series for (I — @V HTLHT) -1,
ie,

(1= Vg HTRH) T =14 " (@VpHT,HD)", (160)
n=1
we find from Eq. (150) that
B=) (@VmHTpH)". (161)
n=1
Then, by making use of the identity
THHT @V HTLHD)™ = (@ TLH Vi H) T HT, (162)

which can be proved by induction, we find for example that (cf.
Eq. (154))

aTHH BV 2 3 aTh HT (aVimHT L HT) Vi d

n=1

oo
(2 S @ HVnH) " Th (@HT Vind)
n=1

56), (159
GO aT1 Q21

Appendix E

The adaptive step-size procedure is standard in the numerical
solution of differential equations and improves the numerical ac-
curacy of the T matrix. At each step, the program receives the cur-
rent value R, the computed value of T (R), and AR, the last step
size used. Using these data the program computes two approxima-
tions to T (R + AR): the first, T},, by application of the recurrence
with step size AR, and the second, T2, by application of the re-
currence twice, with step size AR/2. A local error estimate is then
obtained using the relative error norm § = ||T}, — T2]||/A, where
A =¢||T2]| is the absolute error norm, and ¢ is a prescribed tol-
erance, e.g., ¢ = 1074, If § > 2, the step is rejected, and all calcula-
tions are repeated using a smaller step size AR,., obtained from

ARnew P+l 1
( AR ) BN
where p is the order of the method. If § <2, the step is ac-

cepted, with the approximation T% to T, (R + AR) taken to be the
Richardson extrapolated value

R 2, 1 1
Tm=op1Tm = 257"
The step size AR is passed on to the next step, unless § <1/2, in
which case it is updated to ARy, via Eq. (163). The solution accu-
racy can be also improved by applying the recurrence twice with
the constant steps AR and AR/2, and by employing the Richardson
extrapolation rule on the iterated transition matrices T}, and T2,

(163)

(164)

Appendix F

In this appendix we describe the scaling procedure for the re-
currence (52). If the expansion order N is larger than a critical
value N., and the size parameter is small, the Hankel functions
explodes, and overflow errors in computing the matrix Q22 oc-
cur. The value of N. can be increased by using a normalized form
representation of the Hankel functions, or more precisely, of the
Neumann functions y,(kr). In view of the representations jy(kr) =
jn(kr)108m and yy (kr) = ¥, (kr)108m, where e;; and ey, are the ex-
ponents of the Bessel and Neumann functions in decimal represen-
tation, respectively, we compute the fractional coefficients j,(kr)
and y, (kr) by scaling appropriately the corresponding recurrence
relations. Note that for large values of n, ey, is a large negative
integer, while ey, is a large positive integer; their sum ey, + ey
is however sufficiently small for the exponent field representation.
The fractional coefficients are encapsulated in the matrices J, (1)
and Y, (r), and we write J,(r) = Jy(r)Esn and Y (r) = Yy (r)Eyn,
with Ej, = 10%n1 and Ey, = 10°|. Extending J,(r) and Y,(r) into
the global diagonal matrices J(r) and Y (r), respectively, as well as,
E;n and Ey, into the global matrices E; and Ey, respectively, we
compute the matrices

QN R) = E;QY (R)E,,

QP (R) = E;Qf (R)E; + JE; Q)Y (R)Ey,
Q% (R) = E;Q% (R)E; + JExQY (R)E;,
Q2(R) = E;QY (R)E;E; ' — EyQY (R)

+J[E;Qp (R) + EvQ) (R)E;Ey ], (165)
where
QU (R) = J O3 RWVm(R)I(R).
QI (R) = J"‘)J RV (R (R).
QE(R) = J"” 7 RVARIR),
QY(R) = Jko*T(R)Vm(R)Y(R) (166)

Thus, instead of computing Q22, which is susceptible to overflow
errors (due to the presence of the term EyQ}YEy), we compute (AQ,Z,.,Z
(Q2 = Q22Ey) which is less susceptible to overflow errors (due to
the presence of the terms EyQ}Y and EyQ}] EJEgl). The inverse ma-
trix in Eq. (52) is then computed as

I=Tm(R—-AR)QZ] ! =E/'[E;' — Tm(R— ARQP2]™'.  (167)

The matrix Ey 1in Eq. (167) may now lead to underflow, and so, to
a singular matrix. However, the critical value at which underflow
occurs is larger than before.
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