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Chapter 1

Introduction

Models of wheels and tyres exist at all levels of complexity. The variability of approaches ranges from
purely empirical models with the aid of regression techniques to complex models of the theoretical
physical behavior,

The approach taken in this report is to start with the most simple physical model and to introduce
further complexity step by step. Hence, seven models of wheels and tyres are presented. Each model
at a new level of complexity.

The first simple models for ideal rolling or rigid wheels are enhanced to more elaborated versjons for
wheels with tyres. The lateral and longitudinal deformation of the tyre has been taken into account for
the most complex models. A wheel’s behavior is also strongly influenced by its shape and therefore
three different wheel shapes are supported by all models.

The following targets were kept in mind at all stages of development:

e The wheel should not be restricted to certain driving situations. The model is thou ght to work
in all relevant cases.

¢ The model should be as general as possible without loosing to much accuracy. It should be a
usable starting point for bicycle wheels as well as for truck wheels.

* A real-time simulation of the model should be possible.

® The characteristics of the tyre should be describable with a minimum effort.

A Modelica Library "WheelDynamics” has been developed according to the models presented in this
report. It builds up on the MultiBody[4] Library in the standard Modelica Package.
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1.1  Structure

After the discussion of the basic geometry in chapter 2 the actual physical equations for each level
of model complexity are presented in the chapters 3 to 8, where each chapter represents one level
of complexity and chapter 7 summarizes the levels 5 and 6. Last but not least a solution for uneven
terrain is presented in chapter 9.

The understanding of all previous chapters is a prerequisite for each new chapter. Most of the vari-
ables are only introduced once and the single models build up on each other. It is therefore strongly
recommended to follow the order of this text.

1.2 Notations

All symbols that represent vectors or matrices are printed in bold face. The appendage , denotes that
the vector is resolved in the inertial frame. Unit vectors are denoted by an e and are always resolved
in the inertial frame. An overview over all symbols can be found in the appendix.

1.3 References

Most of chapter 6 and 7 recapitulate major parts of a tyre model presented by Georg Rill[1]. The
modified computation of the camber slip was inspired by a sketch in the book of Pacejka{2]. The
adaption to a freely moving body, the improvements for low rolling velocities(the idea not to compute
the slip) and the modification for the turning friction computation are contributions of this report.
The contact point is computed more precisely and therefore the implementation of an explicit tilt
momentum has become redundant.

This report is the result of a internship at the Research Center DLR {Deutsches Zentrum fiir Luft
und Raumfahrt) in the Tnstitute of Robotic and Mechatronics at the Department of Control Design

Engineering. The internship started at the first of April 2005 and its durations was 3 months and a
week.
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Chapter 2

Geometry

Figure 2.1: A wheel in contact with the (blue) xy-plane. All vectors in this figure are resolved in the
inertial frame.

2.1 Road

It is made the overall assumption that the road is an even plane. This plane is given by a normal vector
n and its normalized variant e, and by the distance d of the plane to the origin. It's therefore defined
by:

e X=d 2.1

When the wheel is on the road, we are interested in the point of contact: rcpo. The computation of
the contact point might wildly differ in dependence on the wheel geometry, but it can often easily
computed for convex shapes. In the next section the computation of the contact point for different
wheel shapes is presented. The geometry of the wheel won't matter thenceforward since repp is
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assumed to be given for all considerations going beyond this chapter. An extension to handle uneven
surfaces is sketched in chapter 9.

2.2  Wheel shapes

Three different shapes are presented: A flat disc, a torus and a voluminous wheel. To compute the
contact point, two additional vectors are introduced: dcpo and €yneeianis. Ewheeldxis 15 @ Unit vector
pointing in direction of the wheel axis and depo points from the wheel center to the contact point:

Yopg =To+depp (2.2

Both vectors are resolved in the inertial frame.

Figure 2.2: Three different wheel shapes: (a) flat disc, (b) torus (¢) vol. wheel

2.2.1 Flatdisc

The wheel is modelled as a flat disc with a given radius and width zero. Therefore the contact point is
always located on the wheel plane and dcpo is perpendicular to the wheel axis. dcpp is the projection
of —e, on the wheel plane with length r:

depo = r-normalize (€ — (€4 €uhectric) whestizis) (2.3)
where X
normalize(X) = ?’E 2.4)
2.2.2 Torus

A torus with outer radius r and a certain width is used to describe the geometry of the wheel. The
torus is just as well defined by two radii: The inner radius 7; = r— (width/2) and the torus radins
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ry=width/2. dcpo can be considered as summation of two vectors dy and d>. d» points from the inner
circle (with radius r;) to the contact point with length 7, and is always parallel to e,,. d; points from the
wheel center to the outer circle and is again found by the projection of e, on the inner circle plane.
Therefore:

width . width
dCP,O = (I‘ - ) -normalize (e, —(e,- €iheelAris) ewheelA.ris)_Teﬂ (2.5)
.y -y J\—y
a d;

2.2.3 Voluminous wheel

The wheel is modelled as a voluminous wheel with a given radius r, a given width and a given
curvature radius reymarge. This object is an on both sides truncated torus with inner radius r; = r—
Feurvarure A0 7t = ¥eyryarare- The contact point is therefore located either on the torus surface or on one
of the two edges confining the torus. If the inequality |@peeiAxis€nt curvarure| > Width /2 is fulfilled the

contact point lies on the edge.
%

Figure 2.3: Geometry of a voluminous wheel

We state:
dCP’O = Q‘ ~Veurvature) - ROTMAlize (€, — (e, - €y heelAxiy) ewheeleiSlﬁd'.’ (2.0)
4,
where
d; = " CaTcurvasmre €sheetxisen? curvarure] < %ﬂh 27
) FCyheeianis ng +h|%h |ewheeleisenr curvamre[ > E%{ﬁ (2.7)
and

—_—
widht /22
h= ‘\/1 - (_“L) Feurvature (2.8)

Feurvature
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Chapter 3

Ideal rolling wheels (Ievel 1)

On the first look a wheel or any other type of a rolling body doesn’t differ much from a free body. It
has a mass m, an inertia tensor I and it is accelerated by the gravity field with £-

The body frame is given in the form of a coordinate system fixed to the wheel center, which is de-
scribed by the positional vector ry of the origin and the rotational matrix R. The velocity vy and
acceleration ag are resolved in the inertial frame, while w and % are resolved in the body frame given
by the rotational matrix R, as well as the external force f and torque t acting on the center of the frame.

In addition the force £, is acting on the contact point of the body. There is no torque actin g on the
contact point, because the contact region is assumed to be only a single point.

The basic mechanical equations hold with respect to the center of mass that is assumed to be at the
wheel’s center:

dap = ‘3'{) (32)
f=m Rag—g,— foreo) (3.3
@R=R (3.4)
with
0 —w w
W= w, 0 -y (3.5)

2=0 (3.6)
t=1Iz+w x Iw +R (depo % fype) (3.7)
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3.1 Holonomic and non-holonomic constraints

Unlike a free body, an ideal rolling body is bound on the rolling plane. This means, that the contact
point repg = rg +depp has to be located on the plane, which leads to the holonomic constraint:

Icpo €, =d; (3.8)

The slip velocity is the velocity difference between the virtual contact point and the rolling plane.
Because the rolling plane velocity is assumed to be zero, the velocity of the contact point equals the
slip velocity. It can be decomposed into a lateral and a longitudinal component (both resolved in the
inertial frame):

v8lipta = (Vo +wo X dcpo)) - €1 (3.9)
v8lipiong = (V[) +wg X dCRO)) “€long (3.1

where wy is the absolute angular velocity of the wheel resolved in the inertial frame. The additional
unit vector ey, results out of the projection of e,j,..14., On the road plane.

€ = ormalize (@ neel axis ~{BuyheciAxis " €n)€n) (31D

Clong = €n X €13 (3.12)

An ideal rolling body is by definition a body without slip. Therefore two non-holenomic constraints
are introduced:

vilipy, =0 (3.13)
V8lipiong = 0 {3.14)
fiyre0 can be decomposed into f;, fi,; and Siong:

ftyre,() =enfuterfiat elangfioﬂg (3.15)

where f, follows out of the holonomic constraint and fia and fi,p, are determined by the two non-
holonimic constraints. The movement of the ideal rolling body is now completely defined.

Such a body has 5 degrees of freedom on positional level and 3 degrees of freedom on velocity level.
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Chapter 4

Rigid wheels with slip (level 2)

The holonomic constraints are still maintained, even though such a wheel is allowed to take off the
ground. However, to model the transition at collision time, force impulses are needed and this is
tedious to define with the current version of Modelica.

Because slip is now allowed to happen, the two non-holonomic constraints are discarded and the
forces f;,, and ﬁm,g are now a function of the total slip velocity vSlip :

v8lip = (vSlip,, e, +VSlip16ng e;ong[ = |vg +wp % derpg)] 4.1

The force is defined according to the basic law of friction:

ffric:ion = =Ja Bvstip ©ysiip 4.2)

where e,s;;, 15 a unit vector pointing in the direction of the ship velocity. The friction coefficient Hvstip
is dependent on the total slip velocity vSlip as shown by the solid characteristic curve in figure 4.1.

This friction force can be decomposed into a lateral and a longitudinal component resulting in equa-
tions for £}, and f;mg.

_ vSlipy,
ﬁax = fn Hustip VSlip (4.3)
vS8lipy,,
flang =~fa HvStip 22" Plong {4.4)

vilip

Such a wheel has now 5 degrees of freedom on positional and velocity level.

4.1 Behavior in adhesion

As simple as this might look, the situation gets difficult for small slip velocities in the case of adhesion.
Unsurprisingly the system becomes very stiff for vSTip close to zero, because a small change of the
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Figure 4.1: Characteristic curve of #siip- The solid line shows the correct dependence of the friction
coefficient on the slip velocity. The dotted line was constructed to avoid difficulties (e.g. stiffness).

slip velocity leads to a drastic change of the force applied on the contact point. Also the slip velocity
is very unlikely to become zero. Hence we are forced to establish a region of adhesion by defining a
maximum adhesion velocity vAdhesion. It’s usually set to a small arbitrary value (e. g. 1nun/s).

1T vSlip becomes smaller than vAdhesion, the wheel enters (according to the arbitrary definition above)
the state of complete adhesion. Because of the numerical problems the non-zero slip velocities vSlipy,,
and v87ip;,,, should now be set to zero by an artificial force impulse and the two non-holonomic
constraints should be reestablished in the place of the equations 4.3 and 4.4 as long as fj, and Siong
don’t exceed the limit given by f, tesiip(vSlip = 0). However this leads displeasingly to the need
of impulse modelling and to awkward causality changes (The number of states is reduced in this
stuck phase). Therefore an other pragmatic approach is preferred although it’s incorrect for certain

circumstances.

This simpler solution is achieved by sticking to equations 4.3 and 4.4 at all times and modify the
characteristic curve of the friction for v§lip smaller than vAdhesion. This is indicated by the dotted

line in figure 4.1.

This modified curve can roughly be described by the points (vAdhesion, jiya,) and (vSlide, Loiny. Tt
i Tha complete curve

crosses the origin with a slope i, »(0) which is arbitrarily defined to be .
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can be computed by using the following interpolation formula:

s

VSHP ) /-""vSlip(O)
vAdhesion
1+o (—-———/.LVS[,-},(O) -2+ C?)

Hiax

v8lip < vAdhesion

/S
J T = et
HySlip = {4.5)
Bomax —(tmax — Hmin) 02 (3= 207) vAdhesion < vSlip < vSlide

— vSlip—vAdhesion
a= vSlide—vAdhesion

| Himin vSlide < vSlip

The derivative of this curve in Tespect to vSiip is well defined at all points of the curve.

It is off course incorrect but very helpful, to have a characteristic friction curve crossing the origin
with a slope tivstip(0). First of all this reduces the stiffness of the system and in addition it becomes
evident by entering 4.5 into equation 4.3 for vSlip < vAdhesion that vSli p can be abbreviated:

vSlipy,

Ja = futivsiip (4.6)

v8lip
vSLip - fiys5,(0) v8lipr,

st -
o (VAMheswnLivsﬁp(O)*z'f'G) vSlip

FUX

fa 4.7

Ehystip(O)
( vAdhesion
1+ ————

f

vSlip; ., 4.8)
thsiipl0)-2+0 )

This solves the numerical problem for small slip velocities, that would occur otherwise. Therefore,
2% is computed directly and the equations 4.3 and 4.4 change to

wSlip
- HvStip .

ﬂat f;l (vSlzp) VSIIPIar (49)
Hvsii .

ﬁong = fa (VSH;) VSIIPIong 4.10)

This solution is fully sufficient for most of the cases, but it is a bad solution for static problems.
Imagine a car just recently parked on an uphiil road. Tt would then start to slide downwards, very
slowly but very certainly.




CHAPTER 5. WHEELS WITH SIMPLE SLICK TYRES 13

Chapter 5

Wheels with simple slick tyre (level 3)

The model sketched above can easily be enhanced to a freely moving wheel with a simply elastic tyre.
The tyre is modelled by a virtual spring damper system as sketched in figure 5.1.

Figure 5.1: The deformation of the tyre in direction of the road normal is modelled with a virtual
spring damper element.
The holonomic constraint 3.8 is discarded and the equation 3.8 changes into:

(r0+dCP.0)*en:d+Sn (51)

where s,, is the travel of the virtual tyre spring and in consequence:

(3.2)

= ~min0, eps, +dasy) ifs, <0
"1 0 else

where ¢, and 4, denote the spring and damping constant. This is introducing no additional state
variable, because s, and s, are computed out of the wheels position and velocity.
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Furthermore the force £,y --acts now on the

projection of the virtual contact point on the road. Therefore
the equation 3.7 is modified:

t=lz+w x ko +R (dcpo—sy - ey X f0) (5.3)




CHAPTER 6. MODELLING OF A TYRE WITH TREAD (LEVEL 4) i5

Chapter 6

Modelling of a tyre with tread (level 4)

So far the contact between road and wheel was modelled by a single point. In consequence only forces
and no torques are applied on the contact point.

To develop a more realistic model of a wheel, we take a closer look on what happens in the contact
region between road and tyre. As can be seen in figure 6.1 the area of contact is now modelled by a
region or tread shuffle surrounding the contact point with a certain len gth Icg and a certain width weg.

Figure 6.1: An Iliustration of the tread element’s deflection within the contact area (marked by Icg).

The dependence of Icx on 5, can be approximated for wheels with radius r:

Icr =/ 8rs;, | (6.1)

Equations for the width wcex can be derived in dependence on the wheel geometry by using the same

2
'this approxitnation follows out of pythagoras’ rule (”Tﬁ) =r—(r-s5,) fors, < r
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approximation scheme.

width flat disc
Wer =< dwidths, torus {6.2)

V8TeunatureSn  vol., wheel

Bristles or tread elements are placed on the tyre surface, forming the tread pattern. These little parts
undergo a deflection in the tread shuffle. This deflection can be computed out of the slip velocity
vSlip, given the approximated time 70 of a particle to stay in the contact region f¢p.

max. particle deflection = wSlipxrcg (6.3)
. lcr
= vwllip———— 6.4)
Pldcro x wo)
. lcr
= .5
VSleVROH (6.5)

As can be seen out of these equations f¢p is computed by dividing the length of the tread shuffle with
the velocity of a tread element travelling through it. This velocity is denoted as the roll velocity vRoll.

The slip § (not to confuse with the slip velocity vSlip!) is defined to be a dimensionless number
proportional to the particle deflection. Therefore:

s vSlip

~ vRoll (6.6)
and ... .
Star = v8lipy, /vRoll (6.7)
Stong = v8lipiong /VROII {6.8)
respectively.

Given the presumption that the bristles adhere (S < sAdhesion), it is assumed that the force applied
on the wheel is proportional to the bristle’s deflection and therefore also proportional to the slip S. If
the maximum slip sAdhesion is exceeded, the tread elements start to slide and less force is transmitted
until the state of total sliding sSlide is reached. Hence we expect an dependence of the friction
coefficient us on the slip § like it is shown by the characteristic curve in figure 6.2.

Again this curve can roughly be described by two points: (sAdhesion, jm..) and (s8lide, prmi). It
also crosses the origin with a slope £is(0) which is arbitrarily defined to be 2 x Hmax/sAdhesion. The
formula 4.5 can afresh be applied for the interpolation.

This characteristic curve is also dependent on the direction of the slip. This can be achieved by
defining two separate characteristic curves for lateral and longitudinal direction with two pairs:

i(sAdhesionLat, Hmaxiat ), (sSlideLat, Homin den

{(SAdhe-Sfonlﬂnga Hmax iong )s {sSlideLong, f-’*min.,!ang)]

and mixing these parameters according to the trigonometric pythagoras:

. vSlipy, 2 . A vSlipy g : .
sAdheszon=\/ (m‘;i) sAdhesion;, + —;W;g sAdheszonfmg (6.9
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vSlip \ 2 vSlipions \ 2
. i sy 2 long <23
sSlide = \/(Wll’m) sSlidel, + (—VS_l;p_) sSlidey,, . (6.10)
and just as well for po,, and fo,:
v8lip 2 vSlip 2
Iat lon 2
Homax = \/( VSli; ) “;)_nax,mr + ( vSli; g) '(‘L:Iax,laﬂg (6'1 1)
vSlip, 2 vSlip, 2
™ \/( WSlip ,) Hiniir ™\ “Ssgip ) Pnindons (6.12)

1 I
=~ = jongitudinal skp char.
+ lateral slip char.
=== _current slip char.

(sAdhesmnmg,pmameg)
1+ - - -

, '\// (sAdhesiun,;lmx)
’ ~ 5
i (sAéhesseniaE,u max,Eat)

/

0.8F

06

Mg

- (sSlide, ) / B

tong” min lang / e
04 (sS"de-Hmm) /
(SSﬁdBWal’p'min‘lat]
0.2
0 1 1 i L 1 1 L I 1
0 .05 0.1 .15 G.2 8.25 0.3 0.35 0.4 0.45
8

Figure 6.2: Characteristic curves for us. At the beginning they all raise linearly, until the tread ele-
ments start to slide. The dashed blue curve shows the characteristics for pure lateral slip. The behavior
for pure longitudinal slip is presented by the dotted green curve. Hence the actual characteristic curve
is dependent on the slip direction and can be approximated for a certain case by mixing the four

parameters as shown be the solid red showcase curve.

Although the stip is an excellent variable to find a good description of the tyre behavior in most of
the relevant cases, its usage is unfortunately incorrect for small rolling velocities. To examine and
eliminate this problem the dependence of tts on vSlip and vRoll is regarded. Figure 6.3(a) shows this

dependency which follows out of the relation:

s = func(§) = func (:fa:f;)
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For small values of vRoll the characteristic curve collapses and pg s fi;, for almost all values of
vSlip. This is completely wrong if the wheel is rolling slowly or standing still. 15 should be close to
Emax 10 such a situation.

Figure 6.3(b) shows the characteristic curve of {ts as described in section 4.

ps = func(vSlip)

This is a correct behavior for low rolling velocities, but discards the effect of slip due to the bristle
deflection completely.

The goal is, off course, to combine the best of both. This is achieved by making the parameters of the
curve in figure 4.1 dependent on vRoll. The original values for vAdhesion and vSlide are replaced by
VAR and vSR

VAR = so ftmax, (vAdhesion, sAdhesion - vRol D (6.13)
VIR = softmax,;(vSlide,sSlide - vRol D 6.149)

where
softmax,y(a,b) = log (e“/’gz +eb/’°t) -tol (6.15)

The Influence of vSip on the friction coefficient mus is modelled according to the equation 4.1:

'8

vSlip - tiys1i(0)

AR
1+o (V——g‘,s,ipm)—zw
I

max

) vSlip < vAR

o= ¥Slip
= VAR
Hs = < (6.16)
Fomax — (#max - #’min) 0-2 (3 - 20-) VAR < VSllp < v§R
SI:'D_: AR
o= UvSR—vz{R
| fmin SR < vSlip

The final resuit is shown in figure 6.3(c).

6.1 Non-linear influence of the normal load

So far all friction forces {f1qr and frong) were assumed to be linear dependent on the normal load frs
but the stiffness of the tyre leads 1o a non-uniform pressure distribution in the tread shuffie. At the
entrance and at the exit of the tread shoffle the pressure is too low to deflect the tread elements. A
poiential pressure peak in the front part of the shuffle can’t effectively transmit the force because of
the tread elements’ low deflection at that position.

Therefore the transmitted friction forces are increasing less than linear in tespect to the normal load.
To model this non-linearity the friction coefficients are dependent on f,
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. ]
By Stip

¥Slip

Figure 6.3: Characteristic surfaces of the friction coefficient in dependence of vg,y; and vSlip In (a)

the surface is solely defined by the slip whereas in(b) the dependency is purely on the slip velocity.
The actual characteristic (¢) results out of a combination of {a) and (b)
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Given two values for a friction coefficient g gy and gz at f, = f1 and f, = Jrn2 =2fn1 the non-
linearity can be captared with a linear decreasing p(f,).

M=(2u1“#2)—(#1"#2)% (6.17)

The resulting friction force £, - 4 is then a quadratic function of f, with a peak at:

o1 py — )
_e _In 2 6.18
fft fn,sar 2(#1 - #2) ( )

Forall f, > f, sa the friction force is the maximal force at the peak and the coefficient 4 is:
_Cui—pw) faa
W1 —p2) fa

We define the friction coefficients Hmax,lass Mmaxlongs Hmindors Pminlong 804 py,,(will appear later) to
be dependent on f,, as sketched in equations 6.17 and 6.19.

(6.19)

Also the parameters s8Tide,,,, sAdhesiomn,,,, sSlidey,n, and sAdhesiony,,, are assumed to be linear
dependent on the normal load. Having given all these values at f, = fraand f, =2f, the dependency
can simple be modelled by a linear approximation as in equation 6.17.

6.2 Lateral slip due to camber angle

©

Figure 6.4: Different views of a tilted wheel: (a) side view, (b) top view. (¢) shows a magnification of
(b) whereas the wheel lies on the plane.

Figure 6.4(a) shows a tilted wheel with a camber angle phi. A tread element of a wheel in such a
position would like to make a curve by going through the contact region and is therefore deflected in
lateral direction. Figure 6.4(b) illustrates this by a view from above. Hence, the influence of camber
can be fairly modelled by the adding of a lateral slip: the camber slip. To compute this, an estimation
of the maximum lateral deflection due to camber is needed:

2
maxCamberDefl =r—ry/1— (ZZC—R) (6.20}
r
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This formula can be extracted out of figure 6.4(c) by the use of trigonometry.

The actual deflection is then
camberDe f1 = sin(phi) - maxCamberDe fl (6.21)
and the resulting lateral slip velocity is:
camberV Slip = vRoll - gain, pmper - camberDe f1 {6.22)
where gain guper is a parameter needed to transform the deflection into the dimensionless slip. Ft must
be found by measurement.
In consequence equation 3.12 changes into

vSlipy, = (Vg+wo % dcﬂ(}) - €14 +camberV Slip (6.23)

6.3 Influence of trail

The pressure distribution of the tyre in the tread shuffie changes dependent on the driving situations.
The pressure peak is usually longitudinal behind the contact point by normal adhesive rolling. In the
transition between rolling and sliding it moves in front of the contact point and becomes equal to
contact point in the case of complete slip.

This positional shift of the pressure peak is denoted by I,,; and can be found with the following
empiric formula[1]:

( Lic (1 - i‘;%) VvSlipry < vAR

vSlipy, —vAR

Lt = 4 TG—EZCR —— VAR <vSlip, <vSR (6.24)
VAR (vSR—vSlzg;m )
vSR—vAR
L 0 vSR > vSlip1,

The lateral force f;,, acts at this pressure peak, not at the contact point and therefore causes a torque
in the direction of e,,.

trp = gainyp (LSignrmii Lrait €long > flcz:elar) (6.25)

where gainrg is a parameter to model the strength of this effect and where signTrail*eLong points
into the direction of the rolling and thus sign,,,; could be computed with

sighsrait = sign {{wo X Tcpo) - €iong) (6.26)
to avoid a possible stiffness it is better to use a continuous formulation like:

sign ((Wo X Xepo) - €ong)  (wWo X Tepp) - €lone > VAdhesion
$180ran = (6.27)

N Ciong
{w(] X rCP:O) vidhesion else
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6.4 Roll resistance and turning friction

The angular velocity wp of the wheel is decomposed into a rolling part w,,; and a turning part wyy,:
Worn = (Wp - €y} - €, (6.28)
Wroll = W — Wiy (629)
Roll resistance is denoting a phenomenon which is a summarization of numerous effects. One source
of rolling resistance is the imperfect elastic deformation of the tyre, which results in a loss of energy.
In a rolling wheel there is also an agglomeration of air at the entrance of the tread shuffle that neads

to be pushed around the rim while driving. This pressure peak at the shuffle entrance is also causing
a counteracting momentum.

In contrast to the complex effects underlying the phenomenon of rolling resistance there is the sim-
plicity of the usual description by a single coefficient: 1i,,,;. This coefficient is usually given in a way
that the imaginary counteracting force acting at the wheel center is Ju Beott-

Here the counteracting torque is preferred, which leads to the multiplier r:

,trot'l[ =fu T ot (6.30)

This equation holds if the wheel is rolling. For the sake of simplicity the transition between rolling
and still standing is described by the simplest possible characteristic curve. See figure 6.5

-3
5% 10

%ﬁ

1vAdhesion
00 0.1 0.

.2 0.3 Uiﬁ 0.5
|
Wyl

Figure 6.5: Characteristic curve of the roll resistance torque.

The resulting torque points in the negative direction of w,;:

LW, .
nbirolit T;jj_l rlwonl > vAdhesion

“Yoll = (631)
2 (73] ] .
JuttrotiT™ 532 —  rlw,on| < vAdhesion
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This model of the rolling resistance might be a bit too simple. Some sources [7], [8] state that the
coefficient is rising linearly or quadratically with the wheel’s velocity. Anyhow for high speeds the
air resistance usually becomes the major loss of energy by far and the influence of rolling resistance
often becomes almost negligible.

Although the rolling resistance could not convincingly be introduced until this level of complexity, it
has been implemented in the same way for all levels from level 2 on.

The turning resistance is dependent on the roll velocity as one can clearly experience in an old car
without servo steering. All the tread elements in the contact region are deflected by turning the wheel.
'This deflection is proportional to the distance to the contact point, as illustrated in figure 6.6.

Ier 1z/4
(a) (b)

Figure 6.6: The two plan views of the contact region show the deflection of the tread elements due
to the turning of the wheel. In (b) the representative part is marked and the forces on the single tread
elements are drawn.

Because it is presumed that the resulting force on the tread elements is proportional to deflection
and therefore proportional to the slip, the resulting torque can sufficiently be modelled by computing
the slip of a single representative tread element. This will be shown more clearly in the following
paragraphs:

The slip of a tread element with distance s = 1/x2 +? to the contact point is || 5 - sAdhesion/vAR.
Again for the sake of simplicity the characteristic curve of the friction coefficient Just models a limited
proportionality. See figure 6.7. The resulting force on such an element is then:

min (f;r Haurn }‘-‘-’rumﬂ s/VAR, f, Mtum)

The overall torque f;,,| results of the summation of the forces on all the tread elements. We assume
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Figure 6.7: Characteristic curve of turning friction torque
that [wy,, s is always smaller than vAR:
lcrf2 pwepf2
[tm] = / I Lrarn ]wwmisdydx (6.32)
lck/ 2/ —wer/2 ICRWCR VAR
lwzuma lew/2 . pwen/2 2
= o “dvd 6.33
[ttum| ICRWCan He VAR A / STaydx { }]
“ i 2 o
I e e vl A e (634
> 5 |
uom| = E(:&w&)ﬁ 2 (6.35)
The result can be rearranged:
2
ey 2
ler ? IWep ’ Ewmmi\/< %) i ( H%)
‘trum' - ( Tz—) + ( —1‘2_) fn Hiura VAR (636)
1 3
1 I‘*’mm?Z lCR+WZ‘R
tm| = a V lég +W(2j}efu Hrurn VAR (6.37)

It has now become obvious that t,,,,,, can appr0x1mateiy be obtained by computing the torque on a

single representative part with distance s = —1 /1g z +WCR to the contact point.
7 I P21k}
Jobinantg (gt Weg) B8 (wnura L 1y IEr+Wig < VAR
2 l 113
Jr tisrn i 1‘/ R +WCR$+W,:? Wrum!

—tyn =

CR + WCR > vAR

{6.38)
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Chapter 7

Implicit modelling of the tyre
deformation (level 5 and 6)

Figure 7.1: The lateral deformation of a tyre is modelled again with a spring damper system
The lateral deformation of the tyre can be modelled with a virtual spring damper system, as presented
in figure 7.1. The spring travel is denoted with 51z and depends on the lateral force Jrar:
Jrae = ClasSia + gy Siar (7.1

where ¢, and dy,, are the spring and damping constants.

The lateral deformation influences the slip velocity and therefore the equation 6.23 (and 3.12 respec-
tively) is changed again:

(Vo+wq > depo) - €1y +camberV §ii P =vSlip, — S (7.2)
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The same can be done for a longitudinal deformation:

ﬁong = ClongSiong ‘é‘dlongs'long (7.3)

{(vp+wq % dCF[.D) - €ong + camberVSlip = vSlipg,mg —Sl,zong (7.4)

To run this system two non-linear equations have to be solved. This is usually not a problem for
today’s simulation programs (e. g. Dymola). Anyhow one might still be interested in a linearized
solution.

7.1 Linearized solution (level 5)

To remove the to nonlinear equations we linearize at the point of the static solution 57, = 0.

d fia ,
Jiw = flmis}‘u:@*“ = * Star (1.5)
dslm jfa!:
and inserting this into equation 7.1 leads to:
dﬁm .
ﬁarlj,w:a = ClarSi + | g~ == "Star (7.6)
Stat Spay=0
D

Because fi,| s=0 ©an be computed with the aid of vSlipig| #,,=0» this equation is used to find a good
estimate for sy,,.

But first we need to derive j—f}‘i

Si=0

tar
VSI‘E,,,
d fra _ d (fn fvStip vStli;J ) a7
dsyg B dsyy I
- g vSlipry disip i f ~ Vi‘?nf (7.8)
" VSlip dsie | mFStiE o '
Vflzal"-f;'%mg
. . vSlipg,
_ v8lipia divsyp dvSiip ” —d vsf;;
= -, 207 ip 2V +\/f,-t+f; — vlip_ (7.9)
vSlip dvSlip ds), @ ME Sty
e e
1'5fip£m
viiip
. 2 . uSlip?,
_ vSlipia, qd.‘-‘vSIip s o vSlip- wSTip
= ~fu : — =\ it froe———= (7.10)
vSlip dvSlip e vwSlip?

Sl *d (m ip’w) d
VOlPi HSiip 5 3 vilip
= —_— — = + = 3
fﬂ ( VSllp ) dehp \/fa}ﬂt f}orzg VSle (7 11)
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Zﬁ_;?;? can be found by taking the derivative of equation 4.5, but one has to be careful that D = dj,, —

‘gﬁ iaet doesn’t become negative for vSlip,,, > vAR. Hence %}5 is artificially bound to positive
values. This leads to an incorrect (but at least good natured) behavior in the transition phase between
adhesion and slide.

Sgr Can now be computed using the equation 7.6.

Simg can be derived similarly using the equations:

afi .
ﬁ(mg Siune=0 — ClongSlong + diong - d_f-allé * Slong (7.12)
# StGﬂg S‘lmlg=0
) s (vSliE“ ) 2
df!ong - f VSIIPIang - d#vSiz’p _ f2 +f2 vSlip (7.13)
dsigmg "\ VSlip ) dvShip Vi@ llemsT qpn ‘

Once 574 and sj,,, are known, f, and Jiong can be computed via vSlip,, and vSlipone using the
equaticns 7.2 and 7.4.
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Chapter 8

Explicit modelling of the tyre
deformation (level 7)

The solution in the last chapter only modelled the influence of the deformation on the slip velocity, the
actual shift of the contact point was not taken into account. Thus we say that the deformation of the
tyre was only implicifly modelled. An explicit modelling can be achieved by decomposing the wheel
into two idealized parts: The rim and the tyre.

The rim has all the mass and inertia, the tyre is massless and determines the forces acting on it
according to its position and velocity. The rim and the fyre are connected with two prismatic spring
damper joints in longitudinal and lateral direction (again specified by cyong. iong > Crars diar)-

To achieve this decomposition it is fully sufficient to introduce two new variables, which replace ry
and vy for the tyre component: rby and vhy.

rhg = ro+ 808 + Stong€iong (8 1)

vhy =rh, (8.2)

All the occurrences of ry and vy in the equations concerning contact point finding and slip velocity
have to be replaced with rbg and vhy.

To model the spring damper system we use again the equations 7.1 and 7.3.
From the equations for the body dynamics 3.3 and 5.3 only the equation concerning the torque is

modified:
t=1I Z+H{wx1- wi+R ((l‘bg —TIg +(EC;>_{]—SN -eN) X fryre._(]) (8.3)

Again two non-linear equations have to be solved to simulate this model.
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Chapter 9

Handling of uneven terrain

It might be interesting to let a wheel roll on an uneven terrain, not only on a straight plane.

Figure 9.1: a wheel rolling over a hump

9.1 An uneven road as parametric surface

The implementation of uneven terrain and the calculation of several possible contact points is a non-
trivial problem in general[5]. To avoid an excess of complexity for the total model a simpler solution
is provided, making a few helpful (but also restricting) assumptions:

e The road is given in the inertial frame by a parametric surface f(x,v) with x = x and y=yand
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z= f(x,y) and for all points on the road plane the normal vector is well defined.

¢ Theroad’s curvature is always significantly weaker then the curvature of the wheel. This means:
There is always just a single contact point,

¢ 'The road is not too steep. 5—; and c‘}'—; should not excess the value 1.

Therefore the road can simply be modelled by changing the parameters e, and d into functions of x
and y. To describe the uneven road a topographic map is used. The values for z, dz/dx and dz/dy
are given at certain sampling points placed on a regular grid in the xy-plane. All z values between the
grid are interpolated using bicubic polynoms[3]. The interpolation scheme is presented by an easy
example, where all four sampling points are placed on a unit square.

Figure 9.2: The z-values and the their derivatives are given at the points of a unit square in the xy-
plane. The resulting interpolated surface is sketched with dashed lines.

Given the situation of figure 9.2 the z-values can be interpolated by an bicubic polynom:

20,00 z(1,0) %(0,0) %7?(1,0)
A0, L) £0,) £a,1

Zx,yy = (HY)” £0.0) %010 0 0 (HY) 9.1)
di;(o,n £, 0 0
- — ,
with
AN
X={ % | v= " 9.2)

[y
—
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and
2 -3 01
-2 3 00
= .3
H 1 -2 10 9-3)
1 -1 0 0
The derivatives gﬁ and %’j can be found with:
dz T
E;(L y)=(HY)" G(dHX) 9.4
d
T(x.y) = @HY) G(HX) 9.5)
y
with
0 6 6 0
0 6 6 0
daH = 0 3 4 1 ©.6)
0 3 20
Hence, the normal vector as function of (x,y) is:
| 0
n(x,y) = 0 x 1 (9.7)
%(x,y) Fx)
The local road plane can now be easily determined:
flx,y)
e.(x,y) = (9.8)
"= T ]
and
X
dlx.y) = y reu(x,y); (9.9}
2x.y)

9.2 Computation of the contact point

An iterative approximation can be used to find the contact point. A first guess of the contact point’s
xy-coordinates is made out of the wheel’s position. With this information a first estimation of eq(x, ¥}
and d(x,y) is possible, which leads to a renewed guess of the contact point position. Again e,(x, ¥)
and d(x.y) can be estimated and these mutual estimations could go on forever. If the road surface’s
curvature is not to strong (as stated above) the series of estimations converges and we can stop the
aigorithm after a fixed number of iterations.

A straight forward implementation of the solution presented above is only possible for wheel models
with tyre. A rigid or an ideal rolling wheel can’t be implemented in this fashion. The iterative
approximation of the contact point won’t lead to a feasible holonomic constraint.
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Chapter 10

Summary

The step by step development of models for wheels and tyres has finally led to seven models with an
increasing level of complexity:

1. Ideal rolling wheels

2. Rigid wheels with slip

3. Simple slick tyred wheels

Simple tread tyred wheels

Tread tyred wheels with implicit Jat. and long. deformation and a linearized solution

. Tread tyred wheels with implicit lat. and long. deformation

S S

. Tread tyred wheels with explicit (contact point shift) lat. and long. deformation

In the WheelDynamics library there is a single model for each level of complexity. In addition a
MultiLevel model has been developed to facilitate a switch between these levels. Levels 3-6 can be
combined used in combination with uneven road models like sketched in the last chapter.
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Appendix A

Notations

The table below covers the notation and meaning of all important variables and parameters. Some of
them aren’t mentioned in this report, because they were only needed in the implementation. This table
should be a valuable assistance to understand the Modelica models in the WheelDynamics library.

The abbreviation r.i.i.f placed behind most of the vectors means: "resolved in inertial frame”. All
other vectors are resolved in their body (e. g. wheel) frame.

i symbol | _Modelica | description [ type unit ]|
i positional states and their derivatives |

Yo £ position of wheel frame riif, real{3} m

¥5 v. O velocity of wheel frame r.iif. realf3] m/'s

ag a0 acceleration of wheelframe r.iif. real[3] m/sl

w w angular vel. of wheel real[3] rad/s

wp w_ angular vel. of wheel riif. real[3} rad/s

Wign w_rojl angular vel. in direction of rolling riif, reaf3} rad’s

W w_inrn angular vel. in direction of turning r.i.i.f. real{3] rad/s

Z z angular acc. of whee} real[3] racd/s2
[ specification of mass and inertia 1

m m mass of wheel real kg

1 I inertia tensor of wheel real{3][3] | kgm2
specification of wheel geometry and road plane ]

r H outer radius of whee! Real m

width width width of wheel Real m

rCurvature rCurvature radius of wheel’s curvature Real m

Iy n_0 normal vector of road plane riif Real[3] m

d d distance of plane to origin Real m
additional vectors i

€, eN unit normal vector of road plane r.i.1.F. Real[3] 1

[ elat unit vector in road plane in lateral direction ri.if. Real[3] i

Clong elong unit vector in road plane in longitudinal dir. r.i.i.f. Real{3} |

CuheatAris eWheelAxis unit vector parallel to wheel axis r.i.i.f, Real{3) 1

Pua pWA projection of wheel axis on road plane riif Real[3] 1

contact point and contact region
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1 symbol | Medelica | description | type | unit |
derp dCP_0 vector from wheel center to contact point r.i.if. Real[3] m
Topp CP 0 position of contact poini Real[3] m
e LCR length of contact region Real m
WeR WCR width of contact region Real m
bivait LFrail length of trail Real m
stghy signTrail direction of trail Real 1
camberDe f1 camberDefl lateral deflection due to the effect of camber Real m
maxCamberDefl | maxCamberDefl | maximal possible value for camberDefl Real m

I slip velocities [
vSlip vSlip total slip velocity Real m/s
vSlipa vSlipLat lateral slip velocity Real m/s
vS$lipiong vSiipLong longitudinal slip velocity Real m/'s
vCamberSlip vCamberSlip lateral slip due to camber Reat m's
vRoll vRoll roll velocity Real m/s

I forces and torques acting on the wheel 1
f f force acting at wheel center Real[3] N
fiyeo fTyre force acting on contact point r.i.i.f. Reall3] N
fa fN component of fiyp {normal direction) Real N
f‘,, #NFric pseudo normal force relevant to friction Real N
Jiar flat component of f,.q {lateral direction) Real N
Song fLong component of fiy.o (longitudinal direction) Real N
t t torque acting on center Reaii3] Nm
tre {TB torque due to tyre trail r.i.if. Reali3] Nm
troii tRol torque due ta roll resistance ri.if Realf3] Nm
eurn tfurn torque due to turning friction r.iif. Real[3] Nm

f specification of general friction characteristics ]
fai N1 normal load (£,2=2#1) Real N
i tar 1 muMaxI_atl max. friction coeff. at £, = f;.:(lateral slip) Real 1
Hemax jong.1 muMaxLongl max. friction coctf. af £, = f,.:(long. slip) Real 1
Momin tar,) muMinLatl sliding friction coeff. at f,, = f;, 1(lateral slip) Real 1
Homin,fong.1 muMinLongl sliding friction coeff. at f; = fr.1(long. slip) Real 1
Loy Jar 2 muMaxLat2 max. friction coeff. at £, = £, 2(lateral slip) Real 1
Hmazlong2 muMaxLong? max. friction coeff. at £, = f,2(long. slip) Real i
P Jai 2 muMinl at? sliding friction coeff. at f, = f, z{lateral slip) Real 1
Hunin fomg 2 muMinl.ong2 sliding friction coeff. at f, = f, z(long. slip) Real 1
vAdhesion vAdhesion regicn of adhesion Real m/s
vSlide sStide minimum velocity of shiding Real m/s
sAdhesionly sAdhesionLat]l | lat. slip at max. force transmis. if f, = fi.: Real 1
sAdhesionlypn, | sAdhesionLongl | long. slip at max. force transmis. if £, = f1 Real 1
sSlidelia sSlideLatl lateral slip of sliding friction at f, = £, Real 1
sSlidelig, sSEdelongl longitudinal slip of sliding friction at £, = fu: Real 1
sAdhesionZig, sAdhesionlLat2 lat. slip at max force transmis. if £, = fuo Real 1
sAdhesion2yym, sAdhesionLong2 | long. slip at max. force transmis. if f, = f,» Real I
s8tide2;y sSlidel.at2 lat. slip of sliding friction at f,, = f,2 Real 1
sSlideiong sSlideLong2 long. slip of sliding friction at f, = f.» Real 1
tol tol softness of the sofemax fanction Real i
Foll muRoll friction coeff. of roll resistance Real [
Hasrm 1 muTurmnl friction coeff. of mrning resistance at f, = fi1 Real 1
Hrura 2 muTurn2 friction coeff. of turning resistance at f, = f.2 Real 1
BN amber gainCamber transmission from deflection to camber slip Real 1/m
gty gainTB gain of turn back influence (tyre trail) Reai 1

1 dynamic friction characteristics i
s Jar muMaxLat max. friction coeff. (lateral slip) Real i
Honax jong muMaxLong max. friction coeff. (longitudinal stip) Real 1
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symbol Modelica description type umnit
Hhmin Jen mubMinLat sliding friction coeff. (lateral slip) Real 1
Hinin iong muMinLong sliding friction coetf. (longitudinal slip) Real 1
sAdhesion. sAdhesionLat lat. slip of maximum force transmission Real 1
sAdhesion;g,, sAdhesionLong | Jong. slip of maximum force transmission Real 1
sSlidery sSlidelat lateral slip of sliding friction Real 1
sSlidesong sSkideLong longimdinal slip of sliding friction Resal 1
cosSlip cosSlip cosinus of slip direction angle Real 1
sinSlip sinSlip sinus of slip direction angle Real 1
Fmax muMax maximum friction coeff. in current direction Real 1
Hanin muMin sliding friction coeff. in current direction Real 1
sAdhesion sAdhesion slip of maximum force transmission Real 1
sSlide sSlide slip of sliding friction Real 1
vAR vAR vAdhesion by current rotation Real m/s
vSR vSR vSlide by current rotation Reai mfs
esrip{OD mud d derivative of characterisitc curve at v$} ip=0 Real 1
%f:;—?fg muVSlip_d derivative of characteristic curve Real 1
e muDivVSlip current frict. coeff. divided by vSlip Real s/m
Lirn muTum friction coeff. of turning resistance Real i

i spring damping systems |
Sn sN travel of virtual tyre spring {normal direction) Real m
Star sbat travel of virtual tyre spring (lateral direction) Real m
Stong sLong travel of virtual tyre spring (longitudinal direction} | Real m
Ca cN spring constant{normal direction) Real N/m
Clar chat spring constant (lateral direction) Real Nin
Clong cLong spring constant(longitudinal direction) Real N/m
dy dN damping constant(normal direction) Real Ns/m
i dLat damping constant (fateral direction) Real Ns/m
diang dLong damping constant(fongitedinal direction) Real Ns/m
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