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Abstract

We consider nonlinear agglomeration multigrid methods thired to the e cient and
robust solution of the Reynolds averaged Navier-Stokes exjions for the simulation
of high Reynolds number turbulent ows.

In the rst part of this thesis we introduce the Reynolds aveaged Navier-Stokes
equations together with established turbulence models reiged to determine the
eddy viscosity arising from Bousinessq' assumption to clshe set of equations. A
complete nondimensionalization of the equations is presed. Finally, correspond-
ing boundary value problems are presented. It is the goal ohe thesis to nd
approximate solution to these problems.

In a second part of this thesis the discretization strategyféhe equations is presented
in detail, in particular concerning boundary conditions. Mreover, a detailed de-
scription of the computation of derivative of the discretied equations is presented.
Emphasis is appointed to this topic since the constructionral realization of ex-
act and approximate derivatives are of major importance tookmulate and derive
e cient and robust solution algorithms.

These solution algorithms are based on nonlinear agglomgoa multigrid methods
including implicit Runge-Kutta smoothers. The general davation of these meth-
ods presented in this thesis allows to interpret the implitiRunge-Kutta smoothers
as stabilized Newton methods. On the other hand, the applitan of certain sim-
pli cations allows to generate almost all solution methodsvell known in the world
of computational uid dynamics. This hierarchy of methods @/es insight in the
potential and shortcomings of several methods establishadd in daily use in many
computer codes approximating solutions of the Reynolds aaged Navier-Stokes
equations. To get a deeper understanding of the methods anadysis tool is sug-
gested to evaluate certain smoothers.

Finally, several examples are presented to show the poteadtiand shortcomings of
certain methods derived in this thesis. Comparisons are demwith respect to both
robustness and e ciency of the scheme. In dealing with largscale problems the
challenge of scalability on high performance clusters issdussed.

A further important point in this thesis is the accuracy of the suggested discretiza-
tion scheme. Since for the Reynolds averaged Navier-Stoleggiations no analytic
solutions are available, classical basic test cases as veallthose of industrial rel-
evance are investigated with respect to mesh re nement. Mabds are applied to
get insight into the accuracy obtained on a sequence of meshawith respect to
this topic, di erent approaches towards the incompressikel limit are presented and
compared with respect to reliability and accuracy.
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Chapter 1

Introduction

The design of ecologically sensitive, low noise, and safeceaft is the major chal-
lenge of the aircraft industry for the following decades. Ady technology to reach
these goals is the numerical simulation. To accurately pred aerodynamic prop-
erties of an aircraft the Euler and Navier-Stokes equationare in focus. These
equations model the motion of a uid inR"; and therefore, solutions to these equa-
tions are of major importance in giving answers to many classl physical questions.
In our context, solutions of these equations give clarity aha deep insight into a
better understanding to the interaction of a uid surrounding an aircraft. Such a
deep understanding is a key requirement for future aircrafo be signi cantly more
e cient than existing ones. To be prepared for future challeges in the aircraft in-
dustry and other technical disciplines based on the undeestding of uid ows, it
is the goal of this thesis to identify the main ingredients rguired to design reliable
algorithms to approximate solutions of the Euler and NavieStokes equations.

To be more precise, within this thesis the focus is to appraxiate solutions of the so-
called ReynoldsaveragedN avier-Stokes (RANS) equations. These equations may
be derived from the Navier-Stokes equations using time aweging of the variables.
Solutions of these equations therefore represent time aaged states. Such time
averaging leads to additional terms with additional unknows. Mathematically, the
resulting system of equations is more complex in the sensettor the additional
unknowns additional equations are required. A signi cantisnpli cation is attained
by considering Boussinesq' eddy viscosity assumption. Aansequence of this as-
sumption, the RANS equations are mathematically equivaléno the Navier-Stokes
equations. With regards to content, the RANS equations di ein our context from
the Navier-Stokes equations by a summand weighting the vimgs contributions.
This summand represents a nonnegative scalar function, whiis called in general
an eddy viscosity and is not explicitly given. To nd closureconditions for this
function either algebraic relations are established, or ddional di erential or in-
tegral equations are considered. Then, from the solution dfiese equations the
eddy viscosity is determined. It is the topic of turbulence mdeling to nd suitable

13



14 CHAPTER 1. INTRODUCTION

closure conditions. Since the Navier-Stokes and the RANSuzdions are equivalent
in form, within this thesis we often use these nomenclaturesynonymously. But we
attach great importance to the fact that either this summandis active or not.

Though progress has been made, even after several decadedew€lopments and
investigations for high Reynolds number viscous ows a saeeloss of reliability,
robustness and e ciency of solution methods for the comprseile RANS equations
can often be observed. Here, the wording solution method cpnses both

a) the discretization strategy,
b) and the corresponding solution method.

The challenges to nd solutions of this set of equations areamnifold. And, the prob-
lems arising are not only observed for large-scale, compliexiustrial applications,
but they also occur for many basic test cases well known frorhé literature. For
example, the di culty to nd solutions of basic ow problems can be signi cantly in-
creased when one increases systematically the number ofréeg of freedom. Then,
almost all solution methods known lose their e ciency. As log as there are severe
issues to approximate solutions of basic test cases, it car Houbted that the so-
lution methods considered so far can be used in industrial gresses. But what are
the reasons for these observations?

It is the topic of this thesis to develop, analyze and investi gate so-
lution methods designed for e ciently solving large scale n onlin-
ear problems, which arise from the discretization of the Rey nolds

averaged Navier-Stokes equations.

Before we discuss several practical problems, it is worthvéd to note that up to
now the uniqueness, existence and smoothness of a solutiontlie Navier-Stokes
and even the Euler equations irR? is an open problem. Due to the signi cance
of the problem, the theoretical answer to existence and snthoess of solutions to
the Navier-Stokes equations has been listed as one of theeseWlillennium Prize
Problems in mathematics that were stated by the Clay Mathent&s Institute in
2000. The exact description of the problem is given by Chadd.. Fe erman [18] in
the short article "Existence and Smoothness of the Naviert&kes Equations”. To
be more precise, following the formulation given by Charlds. Fe erman we recall
the exact description of the problem, which is restricted tancompressible uids.
The Navier-Stokes equations are then given by

@ X @u ., @p

et _Yex " ex
div (u)

fi(x;t); x2R"t O (1.1)
i

0; x2R"t O (1.2)
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with initial conditions
u(x; 0) = u°(x); x2 R"; (1.3)

where u® is a given,C! divergence-free vector eld orR", f; are the components
of a given function, is a positive coe cient and describes the Laplace operator
A solution is considered being physical only if it satis es

7 pu2 C (R [01)); (1.4)
jux;t)i?dx < ¢ forall t> O (1.5)
Rn
Existence and smoothness of solutions to the Navier-Stokes equations

on R"
Assume thatn =3, > 0,f =0 and that u® is any smooth, divergence-free vector
eld satisfying

@Qu'(x) Ck (A+jx) “; x2R" ;K O (1.6)

Then there exist smooth functiong, u; onR" [0; 1 ) that satisfy (1.1), (1.2), (1.3),
(2.4) and (1.5).

Breakdown of solutions to the Navier-Stokes equations on R"
Assume thatn = 3,and > 0. Then there exist a smooth, divergence-free vector
eld u® on R® and a smooth functionf on R® [0;1 ) satisfying (1.6) and

i@@f(xt)] Cm (L+jxj+t) “; x2R" [0;1); ;mK 0

for which there exist no solutionsu and p of (1.1), (1.2), (1.3), (1.4) and (1.5)
onR® [0;1).

The Millennium Prize Problem is also formulated for periodi problems. These
problems are also open for the Euler equations, though theyeanot on the Clay
Institute's list of prize problems. We close this short disgssion by the nal remark
of Charles L. Fe erman: "Fluids are important and hard to understand. There
are many fascinating problems and conjectures about the bahor of solutions of
the Euler and Navier-Stokes equations. (See, for instancBertozzi-Majda [5] or
Constantin [12]). Since we don't even know whether these sbbns exist, our
understanding is at a very primitive level."

Within this thesis we do not neglect compressibility e ects The exact form of

the equations considered is stated in Chapter 2. The incongssible Navier-Stokes
equations (1.1) and (1.2) formulated above are a specialin of the one considered
in this thesis. Since the existence of solutions to the incqressible Navier-Stokes
equations is unknown, it is also unknown for the governing agqtions formulated in

Chapter 2. Hence, it is the topic of this thesis to suggest, westigate and implement
methods to approximate solutions to a set of equations for Wwdh even the existence
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of solutions is not settled. This fact may question the mot@&tion of this whole work.
Critical readers may stop at this point to ask for a settled tleoretical background.

On the other hand, considering the importance of the undemhding of solutions to
these equations, the implementation and the nding of appramate solutions are
of major importance for many practical problems. Nevertheks, the author of this
thesis is convinced that as long as the theoretical backgnadi is missing and the
understanding of these equations "is at a very primitive leal", the implementations
of algorithms which try to approximately solve these equatins can only be of limited
success. It is the theoretical, mathematical background rcing the rules to solve
these equations.

Though there is a great lack of theoretical understanding,w to their importance
for many practical engineering problems, and the signi canincrease in compu-
tational power over the last decades, an immense number ofngouter codes have
been implemented to approximately solve the Euler, the Na@r-Stokes or the RANS
equations. More exact, these equations are used to formwdathe corresponding
boundary value problems which are then approximately solde In general, the
domain of interest is approximated by a grid, and the di eretial or integral opera-
tors are approximated using geometrical data generated frothe grid. Going hand
in hand with this, a manner of speaking has been establishedtegorizing these
computer codes into two di erent classes:

a) Structured grid codes,
b) mixed element grid codes.

For structured grid codes the domain of interest is assembleising only quadrilat-
eral elements in 2D and hexahedral elements in 3D. Each elethean be addressed
directly. In structured grid codes this direct addressingsi exploited in a straight-
forward manner to realize e cient implementations of algoithms. For example,
considering standard nite di erence stencils the residulafor some element in a
given structured mesh can be directly computed. Though the aency and use
of structured grid codes, due to their simplicity, is advardgeous, it turns out that
automatic mesh generation is often extremely di cult for canplex geometries, such
as a complete helicopter or the gear of an aircraft. Indusail requirements such
as automatism pose a signi cant challenge for routine simations for complex con-
gurations on structured or block-structured meshes. A ma realistic situation is
that a computational mesh is generated with an arbitrary, flly automatic mesh
generator.

Hence, meshing strategies which allow the use of additionalements such as tri-
angles, tetrahedra, pyramids and prisms are establishedidtbrically, it seems that
rst the quadrilateral and hexahedral element meshes wereeplaced by triangular
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and tetrahedral meshes. Using only these elements for unsttured grids, unsatis-
factory accuracy was observed for high Reynolds number twilent ows. For ex-
ample, with comparable degrees of freedom, the accuracy aioied with structured
grids could often not be reproduced with such unstructuredrgls. As a necessity, it
became clear that in regions of the mesh where steep gradeneed to be resolved
(such as the boundary layer around a body) that quadrilatedlaand hexahedral el-
ements are required. Then discretization schemes compaelo structured grid
codes are obtained. To combine the hexahedral elements witirahedrons, addi-
tional elements such as prisms and pyramids were introdugecgksulting in mixed
element meshes.

These mixed element meshes only allow for an indirect addseasy of the elements.
The additional exploited information from structured grid codes is lost. Therefore,
well known techniques applied in structured grid codes nedd be generalized to
mixed element grid codes. As an example, we mention the mgjtid technique used
for acceleration of solution algorithms. This technique istraightforward to imple-

ment in structured grid codes exploiting the direct addressg of the elements by
fusing neighboring elements. Within a mixed element grid his direct information

is missing. One way of generalization of the original idea the representation of
the mesh and its connectivities by a graph, and then the aggyation of elements
is done by the identi cation of suited subgraphs. More genat, there is a major
consequence of this fully automatic mesh generation ideaamely, it excludes that
the solution method is allowed to make detailed assumptiorabout the given grid.

This makes the problem to nd e ciently an accurate solution on a given grid

inherently more complicated.

Besides classical nite volume discretization schemes owbe last decade, so-called
high order methods such as discontinuous Galerkin (DG) haueeen established.
In contrast to classical nite elements methods the DG methds neglect the con-
struction of global continuous ansatz functions. Insteadrn® uses polynomials of
certain degree only inside one element. The connection toetlsurrounding ele-
ments is realized using the same ux functions originally deved for nite volume
methods. Then, the nite volume method is interpreted as a DGmethod with
piecewise constant ansatz functions. In consequence, thenethods represent a
natural generalization of the nite volume schemes. Besidethe immense increase
in complexity, one major challenge of these methods is thequarement for a high
order representation of the computational mesh.

To be more precise, the surfaces of each element need to beesgnted by a poly-
nomial. To reach the design order of the method the quadratarformulae and
guadrature points, often a Gauss-Legendre or Gauss-Lobattmethod, need to be
adapted to the polynomial representation of the elements. he di culty to gen-
erate valid meshes for complex geometries comes from the lldrage to generalize
the requirement for positive volumes to orientable manifdk. Further challenges for
discontinuous Galerkin discretizations are for example #ghresolution of shocks. Due
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to these di culties as well as the fact that analytic solutions of the compressible
Navier-Stokes equations are possibly non-smooth, the adtage to approximate
these solutions by polynomials of high order is in general fthto assess. Over
the last years it seems that these methods have been estaidid in the eld of
scale resolving simulations. In this research area the coeyed geometries are of-
ten rather simple and can be represented by structured gridsrThough high order
methods are mathematically attractive, it seems that the fl potential and the eld
of application is not yet clari ed.

The di erent ways to represent grids go hand in hand with the tcretization of the
set of equations are basically a technical question. It is wtbwhile to note that
from an industrial point of view the meshing strategies are aajor contributing
factor. Mathematically and algorithmically the original system of equations inherits
its properties to the discretized system of equations. Witlhespect to this point of
view, essentially the Navier-Stokes equations representtiane dependent set of
partial di erential or integral equations. Given an initial condition at time t = 0 it
is of interest to nd an integral curve satisfying the correponding initial boundary
value problem.

Throughout this thesis it is not the goal to approximate the tme envelope of such
an integral curve. We assume that after a certain tim@ > 0 a solution to the

equations is not time dependent any more. Hence we are onltarested in a

steady state solution. This problem can be reformulated ashaperator equation

FX)=y; (1.7)

whereF : D(F)!Y is anonlinear operator between its domaiD (F) X intoY.
For a correct and complete mathematical setting, it is requéd to characterizeF, X
and Y. Since mathematical theory is missing, we assume thé&t is an injective
Fechet di erentiable mapping between the Hilbert or Banach spaces< and Y. We
leave it open to specify the scalar products or norms which de the metrics for X
and Y such that (1.7) is well posed. This information is not at hand Moreover,
the assumptions made abouF are also possibly incorrect.

Nevertheless, the assumptions made, allow applying Newtsrmethod. It is one
of the most powerful techniques for solving nonlinear equans. Its widespread
applications in all areas of mathematics make it one of the mbimportant and
best known procedures in this science. Usually it is the rsthoice to try for
solving some given nonlinear equation. Many other good mettis designed to solve
nonlinear equations often turn out to be variants of Newtors method attempting
to preserve its convergence properties without its disadwtages. A motivation of
Newton's method is given by the following elementary consiction:
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Figure 1.1: An illustration of Newton's method

We consider the nonlinear equatiori (x) = 0, wheref : R! R is a contin-
uously di erentiable function. Let x, be an approximation to some rook
off andy(x) := f (X,)+fqx,)(X X,)thetangentonf through (X,;f (Xn)).
If fqx,) 6 0, then y has exactly one point of intersection with the x-axis,
which we examine as new approximation tx . Proceeding in this way,
which is illustrated in Figure 1.1, we obtain the algorithm

Xne1 = X [FAX0)] M (Xn); n=0;12;::::

This idea can be generalized to the operator equation (1.7%ubstituting F by its
linear approximation in each Newton step, the least squargsoblem

KFxn)h+ F(x,) Yyki = rp2i>r(1 ! (1.8)

needs to be solvedF {x,) denotes the Fechet derivative ofF at x, and the New-
ton update is given byh = x,.1  X,. This generalized approach is well-known as
Gauss-Newton method. If the operator equation (1.7) is welosed, many di er-
ent local convergence proofs of the Gauss-Newton method bdween established to
show convergence of quadratic order under some natural car@hs on the opera-
tor F. Unfortunately, a straightforward implementation of this solution method to
approximate a steady state solution of a boundary value prédgm corresponding to
the Navier-Stokes equations is in general not successfuldditional ingredients and
speci cation of this method are required.

As a further powerful tool to solve linear and nonlinear equesns, multigrid meth-
ods are established. It is the basic idea of multigrid meth@dto combine a cheap,
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iterative solution method with a hierarchy of operators sut that the original prob-
lem can be solved e ciently. Originally these methods were @signed for linear
equations. One famous example arises from the discretizatiof Poisson's equation
on a unit square. Considering a Cartesian grid, which is ca@ned equally, one
obtains for each successive coarser grid level a linear etpawhich approximates
the equation on the next ner grid level. Then, using for exarple a Jacobi or
Gauss-Seidel method, to smooth the solution on each grid &wogether with an
exact solver on the coarsest level one obtains a powerfulig@n method. It can be
proven that this method requiresO(N) operations; that is, it scales only linearly
with the number of degrees of freedom.

For nonlinear problems the multigrid idea has been generaéid by what is called the
Full approximation storage (FAS) multigrid method. The FAS multigrid has been
developed and applied to solve problems arising from boungavalue problems
corresponding to the Euler and Navier-Stokes equations. Tgo along with the
original idea of multigrid, it has been combined with cheaprsoothers given by
explicit multistage Runge-Kutta methods, which indeed haw a very low operation
count per iteration. These methods found their way into manycodes. However
for many applications, it is observed that even the introduton of multigrid did
not overcome the problems inherent to solve the Navier-Stek equations as long as
such weak smoothers were used.

A major factor contributing to the loss in e ectiveness of slution methods is that
anisotropic meshes are generally used for the economic heson of the steep gra-
dients occurring in viscous boundary layers. Such meshesvlaigh aspect ratio
cells, resulting in a sti ness of the discrete system of goveng ow equations. It is
this numerical sti ness that creates di culty in removing c ertain error modes when
computing ow solutions. For analysis of the e ects of suchtsness see Pierce and
Giles [73]. These results questioned the basic idea, if fdrese kinds of problems
the combination of multigrid with a cheap smoother can be a sgessful way. This
guestion is even more severe when one considers the simalatof complex ows
which in general require a signi cant increase in the numbesf degrees of freedom
needed to resolve the main ow features.

Then, about a decade ago, it was shown by Rossow, Swanson andk&l [80,
93, 91] that a signi cant improvement in both reliability and e ciency can be
reached when the explicit Runge-Kutta smoother is supplemed by an implicit
one. This observation was true not only for one single test sa but for several
examples. In [93] the e ciency of the scheme was demonstratéor a 3D wing ow
using the Baldwin-Lomax algebraic turbulence model [3]. 1{0] a similar method
was introduced into a block-structured code and the superity of the method
when compared with explicit or point-Jacobi preconditioneé [109, 42] Runge-Kutta
methods was also shown for 3D ows. However, in [9] convergenof the turbulent
ow equation given by an SA model was not shown. Mainly all redts shown were
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restricted to structured grid codes, and how to carry these ethods over to mixed
element codes was not clear.

Nevertheless, these results suggested that to overcome #tieness of problems one
has to combine the FAS multigrid method with a powerful methd to solve nonlinear
equations, namely kinds of Newton's method. This observain contradicts the
basic idea of multigrid, but it accommodates the fact that slwing the Navier-Stokes
equations themselves are a challenge. Further, in combinat with high Reynolds-
numbers, additional equations and variables due to the usag@f turbulence models
and meshes with signi cant anisotropies are an even greatehallenge. It is not a
matter of course to solve these sets of equations.

The challenge in solving these equations is evident becawsen the combination
of FAS multigrid and Newton's method as a smoother are in gers not able to
approximate a solution unless some globalization strategy introduced. This ob-
servation is reasonable, since for large scale, complex gomations a good initial
guess is often not available. So, strategies are requireddameed to be included into
the algorithm which overcome the start-up problem. Mathemigcally and algorith-
mically, none such globalization methods are known which woin the generality
which is necessary. The design of these strategies is openithii this thesis the
main globalization strategy considered is the generalizah of Newton's method
to some special kind of multistage, implicit Runge-Kutta mehod. One can also
interpret this method as a regularization strategy. This aproach helps for many
problems, but it should not over-estimated. The second majgroblem with a di-
rect implementation of Newton's method is to approximate adution of the inner
linear systems. It turns out that for the problems considew in this thesis, these
linear systems are ill-conditioned. Hence, stabilizatiostrategies are required to
approximate solution.

To summarize the discussion above we are interested in fowsp&cts, which are of
particular importance in the investigation of solution mehods for the Navier-Stokes
equations.

a) Accuracy : Starting from a full description of the discretization stategy. Are
there methods and possibilities to evaluate the accuracy tie approximate
solution?

b) Combination of multigrid with implicit smoother : What are the main
ingredients to construct a reliable algorithm to nd approxmate solutions of
the RANS equations for high Reynolds number turbulent ows?

c) Application to the incompressible limit . Are there possibilities to extend
the discretization and solution strategy to the incompressle limit to get a
closed formulation for the simulation of incompressible @hcompressible ows,
that is to solve the compressible equations for low in ow Mdcnumbers?



22 CHAPTER 1. INTRODUCTION

d) Analysis to assess the methods : Besides heuristic arguments, are there
possibilities to assess the developed methods?

This thesis is roughly divided into four parts. Chapter 2 preents the governing
equations of uid dynamics. The equations include the Euleand Navier-Stokes
equations as well as the turbulent ow equations to determia the eddy viscosity
required as closure condition for the RANS equations. The gdiretization strategy
and the total derivatives are carried out in Chapters 3 and 4The third part of the
thesis is dedicated to describing the construction of solonh algorithms. Details
about this topic are given in Chapter 5. Finally, Chapters 6 ad 7 are devoted to
numerical examples and scalability investigations necesyg to evaluate the algo-
rithms with respect to their parallelization capabilities We close the introduction
by a detailed explanation concerning the topic of each chagt

In Chapter 2 we present the governing equations. This presentation comiges
both the RANS equations as well as two kinds of established raulence models
required to determine the eddy viscosity. Based upon the aubr's experience,
one rarely nds a complete summary. Here the nondimensiornzadtion of all these
equations is also given. For completeness, correspondirmuhdary value problems
including the Euler- and the Navier-Stokes equations arerimulated. Here, also the
analytic boundary conditions for the turbulent ow equations are included. Since
turbulence modeling is important in the eld of computatioral uid dynamics, the
Chapter is closed by a mathematical point of view of this conigx topic.

Chapter 3 is dedicated to the discretization strategy. The basic disetization
strategy considered is a nite volume method for mixed elemegrids. Within this
thesis we derive this method by a discontinuous Galerkin mabd using constant
ansatz functions. This approach gives evidence to the fadtdt the established nite
volume methods can be interpreted as a specialization of himore general class of
discretization strategy. To discretize the convective canbution, a numerical ux
function based on a central di erence scheme is presentedwd di erent methods
to extend the scheme for low Mach number ows are derived. Thextension of an
existing scheme originally implemented for compressibl@ws to the incompressible
limit is a long term scienti ¢ topic in the world of computational uid dynamics. For
the discretization of the viscous contribution, both a Gree-Gauss method to ap-
proximate the gradients is used and a thin shear layer assutign are implemented.
Theoretical facts as well as numerical examples are used twastigate the e ect
of these two di erent discretization schemes. The implemeéation of all boundary
conditions is based on a ux formulation. A complete descripn of the realization
of the boundary conditions is given. Moreover, throughoutite literature one rarely
nds a complete presentation of the implementation of the aditional turbulence
ow equations. Therefore, this topic is also treated with cee.

In Chapter 4 the derivatives required to formulate an implicit solutionmethod are
presented. It was observed in many numerical examples thatis often very impor-
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tant for a successful application of an implicit solution miod that the derivatives
are based on the actual discretization strategy. In partidar, the inclusion of the
derivatives of the boundary conditions was gured out to be fomajor importance.
Hence, great importance is attached to a detailed presentah of the derivatives
such that in future work based upon these results easily adinal derivatives can
be included. Note, the focus here is not only the mathematiceealization of each
of the terms but also the construction of a half automatic dierentiation method
such that in future work a good framework is given to add furtar terms. Also, the
construction and realization of the data structures to savand to work with large
scale block sparse matrices is presented.

Chapter 5 suggests an approach for constructing general, powerfulligmn al-
gorithms to approximate solutions of nonlinear equations.In particular, it will
be shown that almost all solution algorithms suggested thughout the literature
of computational uid dynamics are specializations of the gneral framework sug-
gested in this thesis. This knowledge puts us into a positioim assess and classify
the several solution methods. The driver of the solution atgithm is an FAS multi-
grid scheme with an implicit smoother. The smoother is deréd by a multistage
diagonal implicit Runge-Kutta method. Being only interesed in steady state solu-
tions, the global time step is replaced by a local one for coengence acceleration. It
is concluded that the multistage ansatz as well as the locahte step are only meth-
ods to stabilize Newton's method. And indeed, it will be show that for certain
parameter choices the smoother turns out to be Newton's medd. Hence, the sug-
gested algorithm is simply some kind of regularized Newtamethod, which is close
to a Levenberg-Marquardt algorithm. Analysis tools are dégned giving evidence
that these kinds of regularization and globalization stragies are required to con-
struct stable algorithms to approximate solutions of the Naer-Stokes equations.
Furthermore, it will be shown that simpli cations yield to unstable methods.

To construct and try several algorithms, the main featuresra understood as build-
ing blocks. To realize and to allow for an easy exchange of qgeoments a modular
software design was aspired. This put us into a position thahe inner linear sys-
tems arising in the implicit Runge-Kutta method can be appreimately solved by
a whole variety of methods staring with simple Gauss-Seidglpe algorithms and
including linear multigrid methods. These methods in genal serve as precondi-
tioners for an outer Krylov solver, typically GMRES. Further details such as the
construction of agglomerated meshes can be found in this Giar 5.

In Chapter 6 we address applications side. Several examples will be ddased to
investigate and evaluate both the discretization strategis as well as the correspond-
ing solution algorithms. First, the focus is the assessmeat the solution algorithms.
For several test cases di erent solution algorithms are tésd and compared to give
an idea about their potential and shortcomings. It is not thegoal of this thesis to
identify one certain algorithm and to show its superiority ompared to all others.
The author of this thesis is also convinced that in general sh an assertion is not
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possible due to the variety of parameters and several posities to combine the
building blocks. Here, the idea is to show the e ect of certai key components
and their necessity. Second, our interest is also with resgdo the accuracy of the
scheme. This is an important topic, and for this topic as wellno clear answer in
general can be expected. It is not only the discretization isttegy which guides the
accuracy, but also the mesh and naturally the smoothness af analytic solution.
In particular, smoothness of an analytic solution is on ther@ hand unknown, nor
can it be expected. For example, ows with a shock, stagnatiopoints, boundary
conditions, corners and edges of the geometry and many otlreasons can be con-
sidered to conclude that already an analytic solution is neemooth. In absence of
this property, the expectation of the approximate solutiorconverging on a sequence
of re ned meshes of more than order one to an analytic soluticcannot be satis ed
in general.

In Chapter 7 parallelization issues are brie y investigated. It is one fothe most
important demands nowadays that suggested and implementeadgorithms work
e ciently on high performance computing clustering systems. Such an investigation
shows to what extent the additional employed resources pay.dn general, there
is a distinction between strong scaling and weak scaling ofgarithms. Roughly
speaking, the considered problem size for the latter one recreased when one uses
more resources. Hence, to show that an algorithm scales wglla weak sense
is often not too dicult. Therefore, an assertion about weakscaling is often of
minor interest. Hence, the investigation considered hers with respect to strong
scaling. Here the problem size is xed and the resources tohaothe problem are
systematically increased. Due to the fact that each subprédm is getting smaller
and smaller, it is expected that from some point the additioal employed resources
will not pay o any more. The investigation, when this is goirg to happen, is
considered in this chapter.

Finally, we discuss our results and conclude this thesis \uitan outlook in Chap-
ter 8.



Chapter 2
The RANS equations

In this chapter we present the Reynolds averaged Navier-&&s (RANS) equations
considering Boussinesq' eddy viscosity assumption. To @emine the a-priori un-

known eddy viscosity, two in the eld of computational uid dynamics established
turbulence models are introduced. These are called tHgpalart-Allmaras (SA)

model and thek! -model of Wilcox. Starting from the RANS equations the math-
ematically connection to the Navier-Stokes equations anché Euler equations is
explained and corresponding boundary value problems arerffuulated. Since a
complete presentation of nondimensionalization of the egtions could not be found
in the literature, in particular not of the additional turbu lence ow equations, we
have emphasized this topic in the second part of this chapteDue to the impor-

tance of turbulence modeling, which is required to resolvéné main characteristics
of high Reynolds number turbulent ows, this chapter closesvith a section about
a mathematical view on this complex topic.

2.1 Governing equations

In this chapter we deal with both the dimensional and the nondhensional form of
the Navier-Stokes equations. In all the following chaptersnly the nondimensional
form is of interest. To distinguish between dimensional andondimensional vari-
ables, the dimensional quantities are marked with a® For exnple, the dimensional
physical time is denoted byf" and the physical density by ~ Section 2.3 is devoted
to carry the dimensional form of the equations over to their ondimensional form,
which is then the only relevant form of the equations consided throughout this

thesis.

To describe ow e ects we consider for the domairl R™, m = 2;3; i.e,, an
open and connected set, and an interval {#) R, T > 0, the RANS equations
in conservative form. These are a system of non-linear consgion laws which
results naturally from the fundamental laws of conversatio of mass, momentum

25
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and energy. The dimensional form of the governing equatiosn be expressed in
integral form by

h

0 = %\Vﬁ W £ +Rg Wt t2 of ; (2.1a)
where the integral operatorsvs and R g are given by
Z

Vg W £ = W £ dr (2.1b)

Z° p E
Regy W f = fo W g€ ;n( ds@); (2.1c)

Z% p E
R W £ = fu W gt i) ds(g); (2.1d)
R@ﬁ = IQ(:;@ﬁ Qv;@ﬁ; (216)

andW:D [0;T)! R™*2,
WoRE = AR ;AR DO D AR DE® )

denotes the vector eld of conserved variables and is the unit outward normal
on @. The termsf. and f, describe the convective and viscous contribution

0 1
0 ) 1 0
0,0 + Pe 1 W
fo W := : . f, W= : . m=2;3
N 0 + Py m W
o W

and ¢ ni and Hf,;ni are called the convective and viscous ux in normal direc-
tion n. The expression
X0
hx;yi = XjVj; X;y 2 R™;
j=1
denotes the standard? scalar product inR™ and needs to be understood component
by component for each of the equations in (2.1a). Throughouhis thesis the

symbolse;;:::; e, denote the standard orthonormal basis oR™, i.e.
0o 1 0o 1 0o 1
1 0 0
0 1 0
e=B0Cie=B0&;ien=§ :
0
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H = E +p=" (2.2)

are the density, velocity, the speci c total energy, and thenthalpy of the uid. The
momentum in X} direction is given by the product of density and velocityfnom; :=

;. The equation of state
|

ko 2 K2

pW Rt =( Drf E 2 5

(2.3)
de nes the pressurep’and is the gas dependent ratio of speci c heats, which is
given by 14 for air. The speed of sound,"dimensionless Mach numbeM and

temperature T are de ned by
s
P = Kake. ﬁ/\;

a:.= A . a X . AD

(2.4)

where 2 describes the universal gas constant. The speed of soundah be refor-
mulated using the equation of state (2.3) and (2.2)

1
& = Z[p+( 1o
kok2

= 2 e € ap

_ P ko2

= ( 1) E+- TZ

=( 1) H kozk% (2.5)

To give the de nition of the viscous ux f, we introduce the strain rate tensor.
De nition 2.1.1  The strain rate tensorS = S(0) = S 0 R f is given by the
symmetric part of the total derivative of the ow vel'ocityo,
1 do do T
== =+ —
S (@) 2 dr dr

The trace free shear stress tensd is denoted by

S(0):= S(0) %div(ﬁ) ld: (2.6)
Additionally, we de ne the vorticity = (* u) = 0 % f by the skew-symmetric
part of the total derivative of the ow velocityq,

1 do  da "
N\ = _ _
W=35 & &
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Corollary 2.1.2 For m = 3 The trace free shear stress tensd is trace free.

Proof: The assertion follows fom = 3 by

tr S =tr(S) %tr(div(’U)ld)z div (") %(mdiv(ﬁ)):o:

Assuming that an e ective viscosity

e = o W = o Wt

is given and, using Stoke's hypothesis, that the bulk viscipg satises = 2=3 .,
the viscous stress tensor= W = W £ is given by
. 1 . _
W = .S+ div(yld=2 . S sdv(t)id =2 . S (2.7)
Hence, is symmetric and can be explicitly expressed by
!
. . 2 @ xn @
i W = 2 @4' div(t) = = 22— =1 : i=1:::0m;
ii e @i ( ) 3 e @i j:1;j6i@j
ij e j e @j @i ji ij J
The missing viscous ux term for the energy equation is givehy
W= W a+q W ; (2.8a)
qgW = . gradT; (2.8b)
which can be expressed componentwise by
|
@ !
;W= x W oo + eg; j=1;m:
k=1 @,
The e ective viscosity ¢ and e ective conductivity . are computed by
e = 1t 4 e = 0t 4 (2.9)
and the laminar viscosity is given by Sutherland's law
.
tT e f n oy €
W=~y ! Mg = 2.10
| ;1 _fl 'f‘ N 'f'\ ;1 Re ( )
&1 W A
W = ———  and =% T (2.11)

Pr|
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whereby 4 > 0 and &, > 0 denote some constant reference density and veloc-
ityy, L > 0 is some constant reference length scale > 0 is the corresponding
Reynolds number,

T .= 110:4K (2.12)
is Sutherland's constant,? is the universal gas constant and the laminar Prandt|
number is given byPr, := 0:72. The choice of the not yet determined constant
values is topic of Section 2.3. For later use, according to @éhlaminar dynamic
viscosity | we de ne the laminar kinematic viscosity by

C W= : (2.13)

Finally, computational prescriptions of the additional urknowns introduced in (2.9),
namely the eddy viscosity ; and the turbulent thermal conductivity  are required.
Given the eddy viscosity ; the turbulent thermal conductivity is described by the
algebraic relation

t = P—;t; Pr;:=0:92 (2.14)
Here the turbulent Prandtl number Pr, was introduced. In all the examples con-
sidered in Chapter 6 we chose for the turbulent Prandtl numbyeP r; the value given
in (2.14). Note that one also nds values oPr; =0:9 [17, p. 13] andPr, =0:91 in
the literature. The algebraic relation (2.14) reduces thewo additional unknowns
to one.

To de ne the eddy viscosity . is not straightforward. It is the topic of turbulence
modeling to provide a physically reasonable function, to simulate turbulent uid
ows. In our context it is computed from additional unknowns denoted in the
following by W;. These are the solution of additional equations, so-callédrbulence
ow equations, which will be presented in Section 2.2 belowHere, at the outset
we postulate that

h
¢ WeW &) 0 forall 2t 20 of (2.15)

Note, the formulation of the RANS equations (2.1a) allows foany reasonable func-
tion . It does not necessarily need to be determined by further cqbex systems
of di erential or integral equations. Assuming this functon is known a-priori, it

could be simply fed into the set of equations (2.1a). Finallycorresponding to the
laminar kinematic viscosity (2.13) we de ne the turbulent knematic viscosity by

t Wt;\/\\/
¢ WoW o= — (2.16)
Before we introduce the turbulence models of Spalart and Aflaras [85, 1] and
the k! -model of Wilcox [112, 113], we give a short de nition of theet of equations
of interest in this thesis.
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De nition 2.1.3  Consider the system of integral equations (2.1a).

h
a) Assume thatf, Oforall ®;f 20 0;T . Then we call (2.1a) the Euler

equations, that is (2.1a) is reduced to

h

o=%\v0€+Rc;@ﬁ w ot f2 of:

b) Assume that ¢ 0. Then we call (2.1a) the (laminar) Navier-Stokes
equations.

c) Otherwise we call (2.1a) the Reynolds-averaged Naviaokes equations.

Remark 2.1.4 To obtain from the system of integral equations (2.1a) the Har

equations it is equivalent to assume that; 0. Hence, the Euler equations
neglect diusive and turbulence e ects. That is, these egtians model inviscid
OWS.

2.2 Turbulence models

Turbulence modeling is established in the eld of computatinal uid dynamics.
The origin of modern turbulence theory goes back to Kolmogov [38, 39]. He in-
troduced the concepts of scale similarity and of a universaiertial cascade. Never-
theless, also before Kolmogorov the description of turbulee was already a subject.
It was known for a long time that uids do not ow smoothly at large scales. This
fundamental observation became aware of rivers and cloudBhe rst quantitative
observations of turbulence had been made in the middle of tmneteenth century.

State of the art turbulence models use either algebraic rélans or systems of di er-
ential or integral equations to describe mathematically tb appearance and dissipa-
tion of turbulence in high Reynolds number turbulent ows. An important example
representing an algebraic turbulence model is the one of Balin and Lomax [3]. In
this thesis we restrict ourselves to linear turbulence motierepresented by di eren-
tial or integral equations. The solutions of these equati@aare additional quantities
in the considered uid. These occurring variables extend & degrees of freedom
given by the conservative variables¥ by a further unknown function

W.:D [0;T)! RV
Here N; 2 N depends on the turbulence model. In this thesis we have

N
N

1 for the Spalart-Allmaras model
2 for the Wilcox k! -modet
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These additional variables are then used to to determine theddy viscosity,

h
= o Wy W ot 0 foral %t 20 of ;

required for (2.9). Using (2.14) the additional e ective caductivity is computed.
The determination of ; closes the system of the Reynolds averaged Navier-Stokes
equations (2.1a).

There exist plenty of turbulence models. There does not evesxist one kind of
turbulence model, but throughout the literature there are many kinds of such mod-
els. In this thesis we consider the one-equation turbulenceodel introduced by
Spalart and Allmaras [85] and revisited in [1]. As a two-equi@n model we use the
k! -type model of Wilcox published in 1988 [112]. These two cadsred models will
be presented in the following Sections 2.2.1 and 2.2.2. Aseparation we shortly
give the following de nition.

De nition 2.2.1  Assume thatA 2 R" "A = (&),
(b)), i; .- Then we de ne the product

and B 2 R" B =

n

A B = ajj bj . (2.17)

Lemma 2.2.2 Assume thatm = 3. Then the following equations hold:

)
et X ae

S d_o = g =1 + 1' X @ + @ ’
dg 3 ., @ 1ig 3 @ @ 2, < 3 @ @
1 X @ @ 1 >
= - —  — = —kceurl(0) ks:
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Proof: Both assertions follow by direct computations:
s d_O 2@1 :_L@z :_L@S @
dg 3@ 3@, 3@; @
N }@11+§@lz 1@s @y
3@, 3@, 3@ @,
+ 1—@1 1—@2_'_8@3 @3
3@ 3@, 3@ @3
21X e, e
(2i;j =1:i6] @ @ @ )
_2 X @ @@, @@, @@
3 it @, @@ @@ @R
1ot eu@, @ °
2 @ @, @ @,
, @ @@, @ °
@3 @; @, @, )
N @, 2+@2@3+ @; °
( @3 @; @ @ )
_ 2 e’ X ee 11X @, @’
3 L @ 1ig 3 @i @ 2, i<j 3 @ @
x3 . 2
o , i
I,j(-l )
L, @ @0 @ @ @ G
@, @ @; @ @; @

2keurl (01) ka:

2.2.1 Spalart-Allmaras model

The Spalart-Allmaras turbulence model is an established,igely accepted state of
the art one-equation turbulence model. Throughout this theis we follow exactly
the recommendations and modi cations given in [1, Section].3 The additional

introduced unknown function is

W,

N
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h
Then, forf2 0;T it needs to satisfy the integral equation

dy, 2

Vs Qsa *W £ = s f +Rg.n W £ (218)

where the integral operators are

Z D E
Regpsa W = . fosa = 96 W g€ in(y) ds(9);
D

E
Rugsa *W € fusa = 96 W 9if in(g) ds(o);
Ragsa = I:Qc;@ﬁ;SA |"\)V:@S;SA:

The termsf..sa and f,.sa describe the convective and viscous contribution

>

fc;SA /';' W

N\ CO~~

+ = grad ~; =~ 0

1
fv;SA /“}\A\/ . AN AN

 + fa> grad ;=< 0
where | denotes the kinematic viscosity (2.13) and the multiplicadr f , is given by

Ch1 t+ *;f\)s

fo W & = 55 G i=16;
Cn1 %; £
A
AW = (2.19)
C W
Given the transported variable™ the eddy viscosity ; is computed by
N
R0 AW
¢ AW = 0;"1 e o fo, W = © (2.20)

; 3 AW +C'Vsl

To formulate the volume integral operatorVy (Qsa)in (2.18) so-called source terms
are required. First note that the term Qsa is a sum of three terms,

Qsa = Prsa Dega+ Disga;
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which are called production, destruction and di usion soure terms. They are given
by

m(l f2)ST = 0 2
P = ; fio = ;
I'sa . Gu(l Ga)S2 2< 0 2= G3exXp  Gq "
A 2
< Gafu Bfo 3 3 %0 1+, =
Desa = . 2 N ; fwi=0 "
' Cur 3 ~< 0 9+ Qs
2
Diss = 2 grad?®
2 ( . o
S p2 S 2 ¢ S+ S; S C2S
= : = v = s(c2,8+wsS) . = ;
262 S+ (cvs 22CV2)S s’ S < CVZS
C . )
= r+ 5 . = mi - : = :
g I+ Cyal I 1:; r:=min 26\25'10' foo =1 15t
2
C, = 0:1355 ¢, :=0:622 = :—)’; =0:4%
1+
Cw, = Sy Cbz; Cw, = 0:3; ¢y, :=2;

2
G, = 12, ¢,:=05 w¢,:=71 c¢,:=07 c,:=0:79

and § is the distance to the closest wall. Note that due to Lemma 2.2 for the
three-dimensional case the de nition ofs can be replaced by

S = keurl (0) ks:

2.2.2 k! -model

Two equations turbulence models are also widely used in the@md of computational

uid dynamics. The two di erential or integral equations describe quantities for the
turbulence kinetic energy and the length scale or dissipatn rate. There exist many
variants of these models.

A rather complete overview of the number of possible models avell as their
relation can be found in the report by Bredberg [8]. In genelathey can be
classi ed in the k"-type and k! -type models. The dimensional transport vari-
ablesk = kK &€, 2=~ g f and" =2 % resp. describe the turbulence kinetic
energy and the rate of dissipation of the turbulence kinetienergy. Given the func-
tions Kk, ™ and ¥ resp. the required eddy viscosity is then computed either bipr

example

k. 9.
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or

¢ = "&: (2.21)
Early two equation models rely on the work of Rodi and Spaldm [76] and Jones
and Launder [32]. Another established two equation model Menter's Shear-Stress
Transport (SST) model [59, 61]. It combines &"-type and k! -type model using
an intermediate function such that it behaves in the neightxood of a no-slip wall
like a k! -type and in the region far away from the wall like &"-type model. Also,
for the original k! -type model of Wilcox published in 1988 [112] there has been a
update in 2008 [114] where several additional source termavke been introduced.

Besides this general classi cations two equation type moldepossibly di er in their
actual formulation. For example:

a) One nds in the literature that the production term in the equation for the
turbulence kinetic energy may be formulated using the strairate or the
vorticity.

b) Often one nds that the production term in the equation for the turbulence
kinetic energy is limited with respect to the destruction tem.

c) Several limitation techniques directly related to the vaables k and ! are
established.

d) Limitations of the resulting eddy viscosity can be found.
e) Boundary conditions are often not described or di erent.
f) Parameter choices are di erent.

With respect to all the variations that can be found, to the athor's opinion it can
be assumed that there do not exist two computer codes implenmg the same two
equation turbulence models. And the reason for all these vations is an interesting
guestion on its own.

One answer possibly is that within the context of the comprathle RANS equations
in combination with a two equation model the robust approximation of a steady
state solution is not straightforward. However, being awar of the fact that physical
modeling of turbulence is an ongoing task in the eld of comgational uid dynam-
ics and that the number of possible two equation models whid¢tave been published
is large, within this thesis we restrict our investigationgo the original k! -model of
Wilcox published in 1988 [112].

Denoting the additional dimensional variables for the&! -model by

\f\\/t: Q;.V‘ X
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the dimepsional form of the governing integral equations fdhe turbulence model
isforf2 0;T expressed by

Vs Quiy WoW £ = d%v,ﬁ Wi £+ Rg gy WoW  £;(222)
where the integral operators are
Z D E
Reap )y WoW = fewry We 958 W 9if n(9) ds(9);
Z@D

E
Rv;@ﬁ;(k;!) W,W f\ fv;(k;!) \i\\/t 91f\ ;\i\\/ 91f\ ;n(y) dS(S)'),

R@ﬁ;(k;! ) T IQc;@lﬁ;(k:! ) IQv;@ﬁ;(k;! )
Here the convectivef ..y and viscousf,.. ) contributions as well as the source
terms Q.1 y are given by

ko
fc;(k;!) W,W = nQ ;
0 A . 1
|+ x grad
fv;(k;!) Wt;w = @ R ;
+ o n gradw
0 .
Pricaey W W Dewwry Wi W
Quiy WyW = @

Pri ) Wi, W De: k1) Wi, W

The kinematic viscosity | is de ned in (2.13). The production and destruction
terms required to formulate the source terms are

Prk;(k;! ) W ;W . 2§§ (0) 3—2; Dek;(k;! ) W ;W = QV\
Pri g Wi W

— da
S (0) d_k’ De!; (k1) \i\\/ ,\i\\/ = .“2:
The term S g—j is explicitly given in Lemma 2.2.2. Often, in the literatureone
also nds

n
Pri )= ﬁpfk;(k;w: ¢ Pl (2.23)

as de nition, where  is given by (2.16). Though such de nition is analytically
equivalent, within an implementation care must be taken, sice k tends to have
very small values near zero. This may cause loss of stabiliof the algorithm.
Furthermore, we also do not use the clean production term gtd above, but the
analytic representation is replaced by

PTk;(k;g ) ‘= min Prk;(k;! ); 20 Dek;(k;! ) . (224)

We will show in example in Section 6.11.1 the necessity for.22).
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2.3 Nondimensionalization

The choice of nondimensional parameters is arbitrary. Hexge follow the Bucking-
ham theorem.

sistent system of units, that is the Sl system (InternationéSystem of Units). The
basic units are the meter, kilogram, second, ampere, and\Kal (m, kg, sec, A, K).
Then any physically meaningful relation

involving a maximal set of independent dimensionless comdiions.

Proof: See for example the textbook of Bluman and Kumei [7].

Roughly speaking, Theorem 2.3.1 states that if the equatioof a physical law in-
volvesn physical variables, and the rank of the matrix of dimensions k, then the

original equation is equivalent to an equation involving aet of n  k dimensionless
parameters constructed from the original variables.

To apply Theorem 2.3.1 to the equation (2.1a) we choose theevfollowing indepen-
dent variables density ? pressurepitemperature T, velocity @, and the universal gas
constant<2. The dimension matrix of the these quantities is given in Tale 2.1. To

~p oo R
kg1 1 0 O O
m|-3 -1 0 1 2
secl 0 -2 0 -1 -2
K|l0O O 1 0 1

Table 2.1: Dimensional matrix

nd a dimensionless combination of;”p;T\; 0, and 2 we need to determine 1::: &
such that
h i 1 2 5

kg kg , mos o om

-~ K -
m3 m seé sec seé K

1= Alpzf 3 42 s
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which is equivalent to nd nontrivial solutions of the linear system

0 1
1 1 0 0 O
Aprys =0; where  Apnys = % 03 ; 8 11 22§ (2.25)
O 0 1 0o 1
Theorem 2.3.2 The matrix Apnys has rank3 and a basis of the null spadd (Apnys)
is given by 0 1 0 1
1 0
1 0
Rt 1 and Vo 1= 1 :
0 2
1 1

Proof: The theorem follows by straightforward computations.

So, using Theorem 2.3.2 according to the chosen basis vestof N (Apnys) dimen-
sionless combinations are

1= ﬁh%odh?k (2.262)
h ih i
T 2

= 7[0]2 ; (2.26b)

And, due to Theorem 2.3.2 the combinations (2.26) represeatmaximal set of inde-
pendent dimensionless combinations. To nondimensionaithe variables, assume
that reference states with dimensions e; Pref; Tref @re given. Then, using (2.26a)
and (2.26b) we obtain

r

p
pr_elf and Uref = Tref < ref = % . (2.27)
ref ref ref

<ref =

Hence, non-dimensionalized variables, free stream valpyasd additionally the length
scale and time may be obtained by

= S ef; 1 =M= ef;
P = P=Rer; Pr = P1 =Per;
T = T=Ter; T = T =Ter;
L = (=L t:= L=u: (2.28a)

For simplicity we choose (ef = 1, Pref = D1, and Ty = T, . Due to this choice
the reference kinematic and laminar viscosity are given by

l:ref = UrefL ref; l:ref = ref Iref- (2-29)
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As a consequence, we obtain the following normalized nondinsionalized relations

, = 1 (2.30a)
pr = 1;
T = 1;
< = 1;
0,  Mya M1 & D
Ui = === §— = —g——=M; ' (2.30b)
ref ref ref
r
ap = P2 :p_;
fop
L ™M, L
o= oo st (2.30c)

Re Re

To this end Sutherland's law (2.10) in its nondimensionaled version is implemented
by

I 0
- 3=2 _f A
_ TMaL P Tgh A TMaL (g oy
Re Tref .ﬁ + -II-\ Re ' '
Tref Tref
A
., 1+C T
T) == 732 = - G = —— 2.31b
( ) T+ Csuth suh Tref ( )

The implementation of (2.31b) requires both the temperatuaf'f'\ de ned in (2.12)
and the reference temperatur@ ¢ or the relation Cgy,. Both must be given for a
viscous computation. In general we chooSges = 273:15K. Furthermore, note that
the velocity u represents a three dimensional vector eld

u:D [OT) ! 8'“
ui(x;t)
(x;t) 7!
Um (X; 1)

and the equation (2.30b) is understood thati; = ku; k, = M, P -

Not only the variables need to be nondimensionalized, in geral the domain D
describes the physical domain and needs to be scaled to thexdionensional domain.
Hence, whole integral equation (2.1a) has to be reformulaten nondimensional
form. In a rst step the di erential operators and integrals need to be represented
with respect to the nondimensional length scalk.
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De nition 2.3.3  Assume thatD R™. The mapping

ow:D ! D
X 7! R= LX;

describes in the following the conversion of the scaled dom® by the reference
length L,es to the original domainD. The mapping

% [0T) ! [07T);

describes the conversion of time to nondimensional time. rilly we de ne the
mappingg(x; t) = ( gu(X); G(t))-

Lemma 2.3.4 The di erential operators satisfy

d _ Uref d i

@ - Lodt (2.32)
— 1 .

@,- = @?(, (2.33)

Proof: We de ne the mappingh(t) = tt = tr'—gt (see (2.30c)). Hence, we have

dt Uref ’ df\ L ref '

which proves (2.32). The partial derivative ofg; of De nition 2.3.3 is given by

@) _, . @gW _ 1.
@?( refs @?( I—ref’

which proves (2.33).

Lemma 2.3.5 Let g; be given by De nition 2.3.3 and let us assume that (2.28a)
holds. Then we have
VA z
ve)dx = L v(gu(y)) dy; (2.34)
z 0 o4
® hv(y);n(y)idsly) = Lpg* . hv(gu(y)); n(y)i ds(y): (2.35)
D
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Proof: Equation (2.34) follows by the integral substitution formda

Z Z Z

Vo= vig) det W ay=m vgw)ay
D g 1(B) y D

The second assertion (2.35) is a consequence of Gauss' irkegheorem, equa-
tion (2.35) and (2.33):
z z z

hv(y); n(y)i ds(y) dive (v(x)) dx = Ly divg (v (9(y))) dy
@ B D

_ o0 X euyew o
ref DZJ=1 @g @y @y

L ref ! divyv (g(y)) dy
ZD

Ll t hv(g(y)); n(y)i ds(y):
@D

dy

To formulate the integral equation (2.1a) and the necessagperators (2.1b){ (2.1d)
with respect to nondimensional quantities, we de ne the opator converting the
dimensional variables? into nondimensional variablesw,

Nw = diag rer; refUrefii:i; refUref; refUser ;
W = N,W:
Then we obtain for the volume operatoVy the relation
Z Z
Vg W £ = W Rfde=Ny NZW 2 dt=NyVs W) f: (2.36)
b} D
For the integral operator for the convective uxes we have
Z D E
Regg W £ = fo NwNy'W ¢ n(p) ds@®)
; @ ‘5
urefNW @ fc wW 91f\ ;n(y) dS(S)')
= UrefNW Rc;@ﬁ (W) (0 (237)

To formulate the viscous uxes in nondimensional form we use

S(O) = S Ul 0 = UerS(U);

W no bl

ref Uref L ref

p

1 L
ref Uref L ref

_ = 2.38
refurefl—ref Re Re ( )

I;1
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The second equation is a consequence of (2.10), (2.30a) aB@Qb). Then, for the
viscous stress tensor we have

p
™ML — —
—me— (MW =2 eyl 1 (W)S(U)

refurzefl—ref (W) : (2.39)

W

2
2 refU ref L ref

Furthermore, using (2.27), (2.31) and (2.38) the laminar cwluctivity reads

p
< ML (T)
W o= 2 el !
| < rof 1 refpref ref Re Pr|
— rer?efLref Cp ™M 1 L ( T)
Tref PI'| Re
ud L
= w (W) : (2.40)
ref
Hence, we obtain
q \i\\/ = refurgefl-ref I(W)gradT: refufefl-refq(w): (2-41)

Equation (2.39) together with (2.41) and (2.8) yields
W = el [ W)U+ dl= rerUiilier (W): (2.42)
An application of (2.39) and (2.42) gives the equation
Reg W = LierUrerNwR,. g (W) f (2.43)

Note that so far the transformations (2.36), (2.37), (2.39)(2.42) and (2.43) do not
include the conversion of the integral and di erential opeators. A straightforward
consideration using De nition 2.3.3, (2.36), (2.32) and (34) gives

d d

a\v,ﬁ W £ = Ul ™ lNWaVD (W g)(t): (2.44a)
Similar, using (2.35) and (2.37) we obtain

Regg W € = uerll "NwRg@p(W ) (t): (2.44b)

To reformulate (2.43) we use (2.33) and (2.35) such that

Rigg W £ = uel 'NwRy@o(W ) (t): (2.44c)
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The equations (2.1a) and (2.45) only di er in the factoruesL 1 !Ny . Concluding,

the representations (2.44a){ (2.44c) show that the originasystem of equations
de ned by (2.1) can be equivalently reformulated by

0= S%W 9+ ReoW 9(0); t20eM):  (245)
As next step we need to consider the nondimensionalizatior the additional sys-
tem of equations de ning the eddy viscosity ; and eddy conductivity  in (2.9).
In principle the system of equations (2.18) and (2.22) can beondimensionalized
independently of (2.1). Hence, at the outset we are free to@bse ¢, Krer and ! (ef:
On the other hand there exist conditions which need to be sated. For example,
naturally the computed eddy viscosity ; needs to be compatible with (2.9), that
is with (2.31a).
We start with the Spalart-Allmaras turbulence model (2.18) Using the compata-
bility (2.9) and comparing (2.20) and (2.31a) we conclude

h | h | h i h i
Ml =[ \]=[ = "1 ; hence of = F ., :

This simple consideration suggests to choosgs-such thatf,; is dimensionless, that
is [fv1] = 1. Using the de nition of f,; and in (2.19) this can be reached by

~tef ‘= Urefl ref: (2.46)
The choice (2.46) corresponds directly to (2.29). Hence,dmondimensional ~for

the Spalart-Allmaras model is chosen to be

N N

“Tef Uref L ref

Then, following the modi cations in (2.36) and (2.44a) we caclude

d d z d
a\v@ 2f = urefl_refd—f - 2 f dg = u?eprgfavD (~ 9)(1): (2.47)

And, similar straightforward considerations give using (33) additionally for the
viscous term
Re.a:sa AW £ UL Rea@psa (= 9;W ) (1); (2.48)

Ui LiRyv.@psa (= 9;W  g)(1): (2.49)

Rv;@ﬁ;SA L’\’W £

To obtain the shape of the source terms with respect to nondensional variables,
rst note that the constants of the model, for examplecy; Gs;::: as well asf;fy»
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and f, are nondimensional quantities since is nondimensional. The nondimen-
sional distance to the closest wall is given by = d=L.;. Then, straightforward
computation show

Uret . = Uref
S (0) grefS(U), S(0)= I_refS( u);

< ts S(u)+ S(u) S G SU)

Lref ref
S() = e CES(u) oy e S(u) ovs ES(U) e Upe
%S(u)-l- f [‘j ((ovs 2cy2)S(u) S(U)) ’ fS(u) < Gep fS(u)
< S(u) + S(u) ; S(u)  c2S(u)

uref _
= — S(u)(eZ,S(u)+ ovsS(u)) | =
Let 0 S(U+ — s s ¢ S < Ge2S(u)

= Efef S(u): (2.50)
ref

Inserting (2.50) into the production term we get

Prsa 2W = U2Prea(=W):

Similar, for the di usion and destruction term we have

Disa *W = uZ kgrad +«* = u%Diga (W)
De 3W = uiDe(zW);
where we have exploited thatr and g are also nondimensional quantities by con-
struction,
( ] )
r 2W =min ret“re™ .10 =min —— 10 =r(=W):
2L2, d2uref S(u)’ 202S(u)

In summary, the volume operator for the source terms is refmulated as
Vo Qsa AW £ = %LV (Qsa(~ ;W g)(D): (2.51)

So, using (2.47), (2.48), (2.49) and (2.51) the dimensionafjuation (2.18) is equiv-
alent to the equation for the nondimensional quantity

Vo (Qsa (= g;W @) (1)

d
= G 9O+ Reosa(= gW (1) t2[0T):  (2.52)
Finally, considerations for the nondimensionalization ahe k! -model are required.
We start with the simple consideration just as in case of thepalart-Allmaras model.

Using the compatablllty (2.9) and comparlng (2. 21) and (23Ba) we conclude
h h h [

"OC =[ 1=[ (= "QY\l; hence OC kn Lo
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With respect to the knowledge thatk represents the turbulence kinetic energy and »
a length scale, the dimensions of these variables are
hi 2 1

= 4 =
v and hence K3

So, to nondimensionaliz&k and * we choose as reference values

sec

Uret .
L ref

Then nondimensional variables, using an additional scatynfor ! , may be given by

— 2 —
Kref = Uy and D ef =

R ro Re

5 !
uref ! sc! ref

The choice of! 4 is explained later. Then, using

— kref 0
NWt;(k;! )~ 0 ! o
a straightforward computation gives
d 1 0 d
a\\/ﬁ W, £ = Uref L ref ! 0 g Nwi;(k; )&VD Wy g)(1);
and
Rc;@ﬁ;(k;! ) W ;W £
m 1 1 0 . .
- l"foLref 0 ! NWt;(k;! )RC;@D(k;! ) (Wt g1W g) (t) .

Next we consider the viscous contribution for thek! -model. In a rst step we
rewrite each of the occurring terms,

p
™M, L(T
I W gradﬁ = Uref'—ref%”fef
Y
™M, L(T
1 L )!scurefgrad! = u%, ( T)grad !

grad k = UL esw . ( T)grad k;

| W g rad I/\ = Uref L ref

Re Lref
ngrad = kurefl—ref (! sc) Tgrad K
| Fgrad no= ufef!Egrad l;
and hence

fv;(k;!) Wt;w = Urefl—refNWt;(k;!)
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where
(T)+ K gradk
(T)+ . { gradw

For the corresponding boundary integral operator we get

iy (W W) o=

I:zv;@ﬁ;(k:! ) W ;W £
1 w.l 0 D E
= Urefb s "Nwekn) gc 1 )y Wy g, W g);n(y) ds(y):

@b
Similar, for the source terms of thek! -model we conclude using (2.33) and (2.34)

u3 Lm 1
Vlﬁ Prk;(k;!) \i\\/,\i\\/ f\ refireva Prk;(k;;)(Wt g;W g) (t);
SC
Vo Deiry WoW £ = Ul "wsVo Dewger) (We giW ) (1);
Vs Prigey WoW £ = Wl ™o Proga)(We oW g) (1);
Vo Depy WoW £ = WLl 212Vp Depgoy(W, ;W g) (1):

As a consequence, compared to the system of equations for thean ow and
for the Spalart-Allmaras model, the equivalent nondimensnal system of equations
for the k! -model is di erent than the original dimensional system. Tl reason
is the introduction of the scaling coe cient ! .. One can also interpret this as a
substitution. Instead of solving directly for! , we solve for! i(! . Naturally, we
could also choosé ¢ = 1 instead. Nevertheless, this particular choice has a caiih
reason discussed in Section 3.6. It is important to give a grer scaling ofl near a
no-slip wall.

Finally, to close this section we explicitly write down the onsidered form of the
nondimensional system of equations for thie! -model. To this end we multiply the
equation for! by 1=!. to obtain

I = M (k1 I'scDex: (k1
V. sc (k1) sc k; (k;! ) W ,W
° PGy D ) W g 9
d
= aVD (W 9)(t) + Reapk: )y (We g; W g)(t)
Z D E
1.0 —
(S)c |1 iy Wy g, W g);n(y) ds(y): (2.53)
' sc @D

Equation (2.53) represents the nondimensional system of uadions for the k! -
model. Solving for! ;¢! we still need to formulate the nondimensional eddy viscos-

ity (2.21),
(Wowy= e kT Mk K (2.54)
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Within this section the dimensional Reynolds-averaged N#&ar-Stokes equations
given by (2.1a) have been reformulated in nondimensionalrfo by means of the

reference states ef; Pref; Tref @Nd Lie. The dimensional equations (2.1a) and nondi-
mensional equations di er only by a constant factor and areherefore reformulated

equivalently.

Moreover, also the turbulence ow equation of the Spalart-Amaras model (2.18)
and of thek! -model (2.22) have been reformulated in nondimensional for

Remark 2.3.6 For the rest of this thesis the dimensional physical quanés are
replaced by the nondimensional variables and the integragjuations (2.1a), (2.18)
and (2.22) are considered and implemented in their nondimsional forms (2.45),
(2.52) and (2.53).

2.4 Initial and boundary value problems

So far, we have only stated the integral equations of interesThat is, the mean
ow equations (2.45) together with a system of equations desbing the required
eddy viscosity ¢, either (2.52) or (2.53). Naturally, for a closed represeation we
need to formulate a corresponding boundary value problem.

The boundary value problems of interest in this thesis mod¢he motion of a rigid
body through a viscous uid. We formulate this as a ow past anobstacle, where
the center of mass is held in place by appropriate forces antet uid ow past
the obstacle tends to a uniform velocity eld at large distages from the obstacle.
This consideration corresponds to a wind tunnel experimentMathematically, the
domain of interest is then an exterior region and the boundgrvalue problems are
formulated as exterior ow problems.

Due to a missing lack of theoretical understanding pointedud in the introduction
in Chapter 1, the de nition of boundary values and conditios at in nity are not
straightforward. For example, for a complete and closed fwulation the decay
behavior of in nity for , u, p and additionally even for ~or k and ! is required,
comparable for example to conditions (1.5) and (1.6). Sindhis is in general not
possible we prescribe these values formally. For the repeegation of the exterior
boundary value problems of interest we introduce the formaletting,

Wi = (1; 1u1; 1E1);
Wt;l = "1, or Wt;l ::(kl;!l):

The actual choice of these values for realization is given 8ection 3.6. Furthermore,

in the sequel letD R™ be a bounded domain and for the sake of simplicity,
we assume that the boundary of@Dis connected and that@Dis an orientable

submanifold ofR™ of dimensionm 1.
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Though we have stated the RANS equations in their unsteady fim, throughout the
rest of this thesis we are only interested in approximating ateady state solution.
Hence, we formulate the boundary value problems only for theteady state.

Exterior inviscid ow problem:
Find a function WY that satis es the steady Euler equations ilR™ nD, that is

%Wy(x;t):o forall x2R™nD; t TY>0

and satis es the boundary condition
hu;ni =0 on @D;

and limy; - WY(x;t) = Wy uniformly for all directions.

Exterior viscous ow problem:
Find a function W that satis es the steady (laminar) Navier-Stokes equatiein R™n
D, that is

%Wy(x;t):o forall x2R™nD; t TY>0

and satis es the (adiabatic) boundary conditions

u=0 and @Tz 0 on @D
@n
in the sense of a trace operator, andim;; WY(x;t) = Wy uniformly for all
directions.
Exterior turbulent ow problem:
Find a function W that satis es the steady RANS equations iiR™ nD, that is

%Wy(x;t):o forall x2R™nD; t TY>O0

and satis es the (adiabatic) boundary conditions

u=0 and @Tz 0 on @D
@n
in the sense of a trace operator, andimj;; W(x;t) = W; uniformly for all
directions. Additionally, nd a function W, that either satis es the equation of the
Spalart-Allamaras or thek! -turbulence model inR™ nD, and satis es either the
boundary conditions

~=0 or (k;')=(0;1) on @D
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in the sense that
hI'irr(}+ F'(x hnXx)!'1 ; X2 @D; (2.55)

and limjn  Wi(x;t) = W1 uniformly for all directions.

For the formulation of the steady state ow problems we pointout the following
important fact, which are a direct fact of the nondimensionequations (2.45),
(2.52) and (2.53):

Remark 2.4.1 The steady state ow problems formulated above are matheioally
fully speci ed as follows:

a) The Exterior inviscid ow problem is speci ed by the prescription of a Mach
numberM; .

b) The Exterior viscous ow problem is speci ed by the prescription of a Mach
number M, , the ratio of the length to the Reynolds numbdr=Re and the
constant Cqyip .

c) The Exterior turbulent ow problem is speci ed by the prescription of a Mach
number M, , the ratio of the length of the Reynolds numbdr=Re and the
constant Cq, .

Remark 2.4.1 might be a bit surprising. Though the original enensional Euler and
Navier-Stokes equations comprise several physical quaies, their mathematically

core is restricted to only a few parameters. Therefore, ingeral care must be taken
when one formulates from the original physical problem the athematical setting

and vice-versa.

2.5 Turbulence modeling: An inverse view

To evaluate the formulation and the accuracy of a turbulencenodel is not an easy
task. From our perspective the following four points are a mimum standard one
has to consider:

a) The full di erential or integral formulation of the model,
b) its exact implementation,

c) a solution algorithm which is able to compute for a given maber of degrees
of freedom a machine accurate solution and

d) mesh converged results.
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As soon as one of these criteria is not satis ed, certain dotgabout the assertions
made about a turbulence model arise. Unfortunately, throdgput the literature

about computational uid dynamics computational details ae often hidden and
convincing arguments about convergence are also often nmgs In particular, infor-

mation about the actual formulation of boundary conditionsas well as the possible
impact of certain limitations of variables to stabilize thesolution process is often
missing. Even when all these criteria are satis ed and thers full evidence about
the implementation, a strict conclusion about the accuracyf computed results
is hard to obtain. Typical validation measures are the comp@on with measure-
ments which also come from a process which is inaccurate. $hbservation about
this complex topic motivates to reconsider the origin of tusulence modeling as a
parameter identi cation problem, typically an inverse prdlem which is ill-posed.

Inverse problems occur in many branches of science and mattagics. Usually,

these problems involve the determination of some model panaters from observed
data, as opposed to the problems arising from physical sittians where the model
parameters or material properties are known. The latter ptdems are in general
well-posed The mathematical termwell-posed problenstems from a de nition given

by Hadamard [23]. He called a problem well-posed, if

a) a solution exists,
b) the solution is unique,

c) the solution depends continuously on the data, in some rganable topology.

Problems that are not well-posed in the sense of Hadamard atermed ill-posed
Inverse problems are typically ill-posed. Of the three coritibns for a well-posed
problem, the condition of stability is most often violated ad has our primary
interest. This is motivated by the fact that in all applications the data will be
measured and therefore perturbed by noise.

Turbulent ow is in general instantaneous and therefore urieady. The laminar
Navier-Stokes equations are a mathematical model to dedweiturbulent ows. We
consider theexterior viscous ow problem and denote an integral curve satis-
fying this initial boundary value problem by W,

Many reasons are responsible for why it is not possible to nemcally approxi-
mate W, directly. Besides the open problems to prescribe meaningfphysical
initial values, one severe issue is the numerical e ort to cg out a direct numerical
simulation for high Reynolds number turbulent ow. The number of mesh points
required and the corresponding degrees of freedom is so éatlgat in general such
a computation cannot be realized within an appropriate timenterval. Hence, the
guestion arising is as follows:

Does there exist an appropriate modi cation of the laminar Mvier-Stokes
equations such that the modi ed equations exhibit three caditions:
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a) A steady state solution exists and it is unique.
b) The steady state solution represents important featuresf W, .

c) It is possible to compute numerically an approximation tahe steady state
solution.

Hence, it is our goal to nd a modi cation of the exterior viscous ow problem

to enforce a unique steady state solution of this problem. Bwmodi ed ow problem

should be such that its steady state solution represents atateristic features of
the originally determined integral curveW,,,. At this point, we need to identify
characteristic features of solutions to a given exterior scous ow problem. For
example, in applications often these are

a) pressure distributions,

b) skin-friction distributions,
c) velocity pro les,

d) the location of separations.

We summarize these characteristics as given da¥. In general these data are
measurements and therefore perturbed by noise. Hence, welase that instead
of Y only noisy dataY satisfying

KY Yk

are available. In general, the noise level 0 is unknown.

The RANS equations di er from the laminar Navier-Stokes eqations by the ad-
ditional unknown eddy viscosity ;. Heuristically speaking, the e ect of ; can
be interpreted as follows: To enforce a steady state solutiof the laminar Navier-
Stokes equations, a proper weighting of the di usion termsaeds to be incorporated
into these equations. It is the mathematical idea that addibnal arti cial weighting
of the di usion terms exacts a steady state solution. Therefte, the laminar viscos-
ity is replaced by the sum of the laminar viscosity and with aunction called eddy
viscosity (see (2.9)).

It is the goal of turbulence modeling to prescribe the eddy scosity such that
characteristics of interest are represented by a solutiomw the exterior turbulent
ow problem . To give the determination of the unknown function ; a more
general view, we make the following assumption. We assumeath (x;t) 0
and . is constant outside of the balB4 := fx 2 R™ :jxj dg. The characteristics
of interest are often data de ned on@Dthat is, Y 2 L2 (@0D. Within this notation
we may formulate turbulence modeling as an inverse problerfihe forward problem
might be stated as follows. Given a method to determine the dy viscosity ;, nd
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a solution of the exterior turbulent ow problem . The inverse problem is to
reconstruct the eddy viscosity from given datay 2 L?(@D. To formulate the
inverse problem consider the operator

F:D(F) ! L*@D;
e 7Y

which maps the eddy viscosity to the corresponding data, f@xample a pressure
distribution. It is important to notice, that this last description of turbulence
modeling is in general the way these models are derived. Fosmall number of test
cases measurements are available, and then the model is tartsed and calibrated
such that it gives good agreement with these measurements.

The interpretation of turbulence modeling as an inverse pkdem gives rise to several
guestions, the most severe might be the one of well-posedneélready the num-
ber of turbulence models in the literature which all yield tasimilar reconstructions
of for example the pressure distributions or even skin fricins coe cients suggest
non-uniqueness of the problem. Also, a small perturbation the given pressure dis-
tribution may vyield to a signi cantly di erent solution of t he exterior turbulent

ow problem and therefore also to a signi cant di erence in the eddy visasity.
This suggests that also the condition of continuous depemnugy on the data is vi-
olated. These observations suggest that turbulence modwji by its mathematical
nature is an ill-posed problem, that is the reconstruction foan eddy viscosity such
that a solution of the exterior turbulent ow problem describes data (e.g. mea-
surements). Therefore, the nding of a general ansatz to repsent characteristics
of turbulent ows for a whole variety of problems using the RAS equations seems
to be challenging, and maybe even impossible.

Though the nature of turbulence modeling might be ill-posedits application is
formulated as forward problem. This is due to the fact that fo a given problem
in general no dataY are available, which are required to formulate the inverse
problem. So, unfortunately at this point in time the reconstuction of  requires
the solution of additional integral equations. Hence, we &nwant to make the
point that when trying to evaluate results based on a turbulace model, that is
for example the comparison of measurements such as pressisgributions with
computed values, one should be aware of the fact that in geaéigood agreement
cannot be expected due to the mathematical character of theiginal problem.

Due to the increase in computational power and the ability toealize scale resolving
simulation, we want to close this section and chapter with té following considera-
tions for future work.

Assume that a function describing the eddy viscosity; 0 is given. This function

may be prescribed by an established turbulence model. Let denote the steady

state solution of the correspondingexterior turbulent ow problem by W, .
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Furthermore, the associated possibly time dependent solah of the exterior lam-
inar ow problem is given byW/ . Then, we introduce the error induced by the

lam*
turbulence model within the time interval [Tq; T1] by

Z.,

erfwn (To; Ty) = Wro(t) WY, dt T, To
To

Such an error measure does not only include surface data, buincludes the whole
eld solution. Naturally, a suitable norm needs to be chosenWe can only expect
that errym (To; T1) can be small if there exists a continuous relationship beeen
the solution W, of the laminar andW,’,,, of the Reynolds-averaged Navier-Stokes
equations. That is, the change of the solution due to the modation of the set
of equations by the eddy viscosity should lead to small di @nces in the solutions,

mathematically speaking
k k< ) erfwm (To; Tr) <™

The evaluation of such errors might be helpful to improve theharacterization as
well as potentials and shortcomings of established modelsdathose developed from
scratch.
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Chapter 3

Discretization

This chapter is devoted to the description of the spatial appximation of the inte-
gral equations (2.45), (2.52) and (2.53). Before we discusgletail the discretization
of the occurring terms, let us start with some preliminary rearks.

The discretization strategy followed throughout this thes employs a node cen-
tered, nite volume space discretization on unstructured rashes. The computa-
tional mesh, which is often called dual mesh, is constructdsy the primary grid in
a preprocessing step. The dual grid forms the control voluraevith the unknowns at
vertices of the primary grid. Figures 3.1 shows a triangulagrid and the generated
computational mesh.

A A A A

Figure 3.1: Example of a triangular primary grid and its dualgrid

For the discretization the distinction between the primaryand the dual grid is not
necessary. It only emphasizes that the grid which is geneegt by a mesh generation
tool might be di erent than the actual computational mesh. For the discretization
strategy followed in this thesis the required geometric datof the given mesh are:

55
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a) the normal vector for each control surface,
b) the surface area for each control surface,
c) the barycenter for each control volume,
d) the distance to the closest wall for each control volume

Note, technically it does not matter whether this data was geerated directly from
a given primary mesh or by the introduction of a further intemediate step used
to construct a computational mesh. On the other hand, with repect to accuracy,
note that solutions obtained on these di erent computatioml meshes may dier
signi cantly di er due to the di erent geometric data. This is in particular true
for coarse grids, where an obtained solutions might be far aywfrom being mesh
converged. In particular for the formulation of the discratation of boundary con-
ditions the actual mesh geometry has to be considered. Thenstruction of the
dual mesh yields so-called half-cells near the boundary, iwh directly results in an
undesired jump in the metric. An illustration of this issue & well as a discussion of
the discretization strategies according to this property i@ given in Section 3.6 and
Figure 3.3.

The boundary value problems formulated in Section 2.4 are texior ow problems.
As a consequence, analytically these problems are based aruabounded domain
of de nition D. For outer aerodynamic problems, for example consider a éreying
aircraft in the atmosphere, this is exactly what needs to be adeled. Naturally,
in a discrete sense we cannot deal with an unbounded domaint needs to be
approximated by a bounded computational domain. To satisfyhis condition, in
general the outer boundary of the computational domain is estructed such that it
is a certain number of chord lengths away from the considerdubdy. This distance
of the outer boundary to the body may ensure that viscous e ¢s (2.1d) are of
negligible e ect in the far eld region of the computational domain. Nevertheless,
both the restriction to a bounded domain and the necessaryrfaulation of a free
stream boundary condition introduce an approximation errowhich is not classi ed.
Moreover, we will show that the assumption of negligible vi®us e ects is in general
not true (see for example Section 6.10).

We subdivide the description of the discretization of the RANS equations into the
inviscid and the viscous part, presented in Sections 3.2 argl4, as well as the
discretization of the turbulent ow equations including sarce terms, considered in
Section (3.5). Roughly speaking, source terms are all termaich do not belong to
the inviscid and viscous terms and cannot be represented migiboundary integrals.

Finally note, throughout this section and the next Section 4he analysis for the
discretization strategy and its derivatives is only presead for the three dimensional
casem = 3. The two dimensional case is signi cantly simpler.
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3.1 Computational mesh and Graph Theory

To discretize the spatial terms of the integral equations wassume that the bounded

----- elem

To be more precise we give the following de nition.

De nition 3.1.1 Let D R™ be a bounded domain. Assume that there exists a
, Di R™, D; 6 ;, coveringD, that is

----- elem
D; D; D= Di: Di\Dj=;; i6j
Then the set

is called a mesh or a grid or a decomposition coveriri.

De nition 3.1.2 Assume thata2 R™, A2 R" " andb2 R.
a) A hyperplane inR™ is the set of all pointsx 2 R™ which satisfyha; xi = b.
b) A halfspace is the set of all pointg 2 R™ which satisfyha;xi b

c) A polyhedron in R™ is the intersection of nitely many halfspaces, i.e. the
setfx : Ax cg for somec2 R".

d) A polytope is a bounded polyhedron.

De nition 3.1.3 LetD R™, m = 2;3, be a bounded domain an1 a decom-
position of D. Furthermore assume thatD;, i = 1;:::;Negem, are polytopes. The
decompositionM is called feasible if for alli 6 j either D;\ D; = ; or one of the
following conditions hold:

a) Di\ D; 6 ; andD; and D; share exactly one corner, or

b) Di\ D; 6 ; andD; and D; share exactly one edge, or
c) Di\ D; 8 ; andD; and D; share exactly one face (m=3).

De nition 3.1.4 A feasible decompositioM of D R™ is called a triangulation
or in our context a nite volume mesh.

De nition 3.1.5 LetD R™ be a bounded domain.

a) The volume ofD is denoted by
yA

vol (D) := 1dx:
D



58 CHAPTER 3. DISCRETIZATION

b) The pointx 2 R™,
Xi ‘= 1 z dv: i=1::::" m:
[ VOI(D) Dyl yy - gy )

is called the barycenter oD.

There is a close connection between the de nition of a mesh ithe mathematical
structure of a graph. Since we will apply results based on gvia theory we shortly
introduce the close connection.

De nition 3.1.6 A graph G = (V;E) is a set of verticesV = V (G) along with a
setof edge€E = E(G) V V.

De nition 3.1.7 Let G=(V;E) be a graph.
a) Two vertices in G are neighbors if and only if they are joined by an edge.
b) G is called simple if no vertex is joined to itself by an edge.
c) G is nite if the set of vertices is nite and the set of edges isnite.
d) The degree of a vertex is the number of edges to which it isgal.

e) A path from vertexv; 2 V to v, 2 V is a sequence of edges

(Vi;v2) ;05 (M 15Vn) s (Vi uvi)2E;, 1=2;:::;n:

De nition 3.1.8 Let D R™ be a bounded domain and assume thit is a
triangulation of D. For two domainsD; 2 M andD; 2 M, i 6 j, satisfying

D\ D; = @b\ @D

we de ne an edge (also called face) in the mebdh connectingD; with D; by g; =
@D\ @D. The set of edges (faces) is given by

E(M):=fe :i;j =1;:::;Neem; & 6 ;0

Theorem 3.1.9 Let us denote by ¥ : M ! N the mapping which projects each
subdomainD; M of a meshM to its natural number,
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and by@ ¥ :E(M)! N N the mapping which projects each edge (face) to its
tuple of numbers,

€ o

Then the mappings ¥ and @ ¥ are invertible and ¥ (M);@ ¥ (E(M)) is a
graph.

Proof: First of all note that

describes a set of vertices and that there exists a one-toeonorrespondence be-
tween the indexi and its corresponding domairD;. Second, sinces; 2 E(M) we
havee; 6 ; and hence@ ¥ (E(M)) 2 ¥ (M) ¥ (M). The invertibility of @ ¥
follows from the de nition of the edges given in De nition 31.8.

Using the mappings M:@ Y and theirinverse &= ¥ @& := @M

we can identify the computational meshM and its corresponding graph ¥ (M).
Hence, in the following we will use this identi cation straghtforward without ex-
plicit information.

De nition 3.1.10 LetD R™ be a bounded domain, assume th& is a trian-
gulation of D, D; 2 M.

a) If
Di\ (R"nD)=;
we callD; an inner domain or an inner element ofM .
b) If
Di\ (R"nD) 6 ;

we de ne the edge (face)
€:bary = Di\ (R™nD)
and call it a boundary edge (face).
¢) The number of boundary edges (faces) is denoted Ny .

d) The set of boundary edges (faces) is given by

Evbary (M) := f&.pary 11 =1;::7; Npary O
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De nition 3.1.11  Assume thatM is a triangulation of D and D; 2 M.

a) The neighbors of a vertex are denoted byN (i) and the number of neighbors
or the degree of is given by# N (i).

b) The barycenter ofD; is denoted byp;.

c) Lete; 2 E(M). Then the Euclidean distance of the barycentgy of D; and p
of D;j is denoted by

dist(ej ) := kpi  pka: (3.1)

Throughout the rest of this thesis we only deal with nite voume meshes. So, in
the following, when the word mesh or grid is mentioned, it alays means a nite
volume mesh or a triangulation.

To de ne the discretization let us nally de ne some requirel geometric data.

De nition 3.1.12  Assume thatM is a triangulation of D and thate; 2 E(M),
and & pary 2 Epary (M).

a) The surface area of the face; is denoted by

Z

svol (g ) := 1ds:
@b\ @Q

b) The outer unit normal vector of the faces; is denoted by

c) The surface area of the boundary facg 4y is denoted by

Z

svol (€:pary ) = 1ds:
@D\ (R nD)

d) The outer unit normal vector of the facee.hqy is denoted by

For polytopes these geometric data can in general be determmad using explicit
formulae.
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3.2 Discretization: The inviscid part

In order to construct a discretization for the inviscid terns (2.1c) we consider a
weak form of the Euler equations. To this end, to follow a clag derivation of this
method, we shortly mention the classical di erential form 6 the Euler equations.
For the incompressible Navier-Stokes equations we alreadhentioned their di er-
ential form in the Introduction (see equations (1.1) and (R)). The di erential
form of the Euler equations is given by

@

@W(x;t) + divf.,(W(x;t))=0: (3.2)

Introducing a suited test function v to multiplicate (3.2), and using the identity
div (vf.) = vdiv(f.)+ W gradvi;

integration by parts yields the variational formulation

z
vd—de hgrad v; f(W)i dx +
D

hvf(W);ni ds=0: (3.3)
D dt D

@

Equation (3.3) holds for all possible test functionsy. Denoting by (D;) the set
of all polynomials with degree at mosk on D; and consider for a triangulationM
coveringD the space of functions

Sp(M):= v2L3(M):vVjp, 2 «(Di);i=1;:::;Nelem ; (3.4)

it is the task to nd Wy 2 Spc (M) such that equation (3.3) carried over toM
satis es

’\)QIem Z Z
Vi d\;VM dx hgrad vy ; f (W )i dx
Zzl Dj t Dj
+ vy fo(Wnm);nids =0: (3.5)
@n

This is a classical discontinuous Galerkin ansatz [4]. Fohe discretization quadra-
ture formulae for the volume and surface integrals are reqed. Obviously, the
evaluation of the surface integrals leads into trouble whethe vector eld W of
conserved variables is discontinuous acrosgs. For the solution of theses Riemann
problems the concept of a numerical ux function has been inbduced. These ux
functions are also often called Riemann solver. During thadt decades a huge va-
riety of numerical ux functions has been developed [21, 226, 30, 70, 75, 77, 86,
107, 108, 52, 51]. Hence, the surface integral in (3.5) is wngtood as follows
Z x Z
v f (Wi ); ni ds = Vi, H W), Wlin ds;
@D j2N (i) ©i
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whereH denotes a numerical ux function andvi, the evaluation of the continuous
continuation of vy, to the boundary of D;, that is

Vi, (X) = lim Vi, (X + hn(x)) : (3.6)
De nition 3.2.1  Assume thatM is a triangulation of D, D;;D; 2 M. A map-

pingH : C(D;) C(D;) R™! LY@DB\ @D) is called a numerical ux function
if it satis es

H(W;Win)je, = Ho(W);ni (3.7)
H (U; W;n) H (W;U; n) (3.8)

It is not topic of this thesis to consider general polynomiahnsatz functions yielding
high order schemes. In this thesis we restrict ourselves tosa-called nite volume
discretization, that is we consider the spac&p (M). Then, we approximate the
unknown function W representing it by a sum of constant ansatz functions. To tki
end we de ne the indicator function

._ 1, x2D;
D, (X) = 0, else

and approximate W using the barycentersp; of D; by Wy, 2 Spy (M),

’\)(Iem
W(x;t)  Wh(x;t); Wi (x;t) = Wi(t) p,(x): (3.9)

i=1
In our context the coe cients represent the conservative vaables
Wi(t) = ( (p;t);(u) (i) (E)(pit)"; i=1;:: Nelem:  (3.10)
To shorten the notation we de ne for the rest of the thesis
= s (u) =i (E) = (E) (P

To derive the nite volume discretization note that the fundions W; p, satisfy

grad Wi p,)jp, =0; i=1;:::; Neem; (3.11)
and hence, the Galerkin formulation (3.5) with the only testfunction
h){lem
Vm (X) = p; (X)

i=1
simpli es the general ansatz (3.5) to

Ko aw, ~ .
vol (D) — + HF.(Wp);nids =0; (3.12)
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and the boundary integral in (3.12) is understood as
z x Z
hf ¢ (Wh) ; ni ds = H (WL (i; N (i) ; Wk (; N ()) :n) ds;
@b j2N (i) i

with a suited numerical ux function H. Here the notation W_ (i; N (i)) and

Wk (J; N (j)) suggests that the functions to compute the ux over the fae g; are

possibly not only given directly byW; and W;, but the stencil is maybe non com-
pact. To be more exact, within this thesis we consider recansctions of the states
as follows,

WL (i N(@1)= W Wi; Wickon ¢y 5 Wr(; N()) =W Wi, Wiion )

that is the state W_ depends possibly on the coe cient vectorW; and all the
surrounding coe cient vectors Wy, k 2 N (i), and the state Wr depends possibly on
the coe cient vector W, and all the surrounding coe cient vectors Wy, kK 2 N (j).
Hence, the expression used to approximate the surface intalgis understood as
Z
fo(Wn)ine, ds  svol(g)H W (i; N (i) ;Wr (; N () ine

€ij

The equation (3.12) represents in discretized form the comwation law (2.45). Go-
ing back to the general discontinuous Galerkin ansatz (3.5pnd rewriting this
equation using (3.8) by

Ngem £ W Z
Vu ddM dx hgrad v ; f (W )i dx
i=>1( %i t Di
+ vy Vi, H (Wi Wy ;n)ds
ej 2E(>l\2) Ci
+ V;\/I V'i\;/lbdry H (Wh;i ; Wh;i; bdry n) ds= 0; (313)

€ bdry 2Ebdry (M ) & bdry

we conclude the following:

Remark 3.2.2 Since v}, v{'\,l je;, = 0 is in general only true for the constant
test functions such as p,;k = i;j, the discrete conservation property is for the
discontinuous Galerkin method only true with respect to tee constant test func-
tions. In general, the conservation law does not hold for nanstant test func-
tions vy 2 Spc(M).

Finally, a numerical ux function H is required. Throughout this thesis we re-
strict ourselves to a central di erence scheme with an addadatrix valued arti cial
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viscosity [98, 92]. On a Cartesian mesh the discretizatiorae be shown to be of
second order according to a Taylor series expansion, but, tve other hand, notice

that a Cartesian grid is not a necessary requirement for theigtrete scheme to be
second-order accurate. In general, for an unstructured drithe actual order of the

discretization is hard to determine.

To handle shocks, that is discontinuities in the solution, @ressure switch is included
into the dissipative part. This reduces in a neighborhood dhe shock the scheme
to rst order. To deal with highly stretched meshes a cell se&tching coe cient is
included into the scheme. For more details about the constction and stability
properties of central di erence schemes with an added artial viscosity we refer
to [89, 88], and for the considered scheme below we refer t8,[82]. To shorten the
notation we de ne

Wi iy == (WL (i N (1)) s We (j; N (j)) (3.14)

De nition 3.2.3  Assume thatM is a triangulation of D, g; 2 E(M). We de ne
a numerical ux function in normal direction n by

1 . .
H Wygj)n = é[h‘c(Wi);th‘c(Wj);nl] dj Wnggyn (3.15)
where
. — 1 1 Roe
dij WN(i;j),n = épij Piinj f i (Wj Wi)
Si Wnajy T 4) L Waggy  Li Wnggy 5 (3.16)
X @rf ¢ (W;; ; Ni
LoWhgy = W wy; Afess Gelie
j2N (i)
o ew A _m m . ..
i = minf i 10; i P = 8.

The cell stretching coe cient s; is based on the absolute value of the largest con-
vective eigenvalue scaled by the surface area and computed b

X
iiRoe = svol (elj ) ii; Roes
J2N (i)
i Roe -— JVU Roejp'*' alpj Roes Vij; Roe -— hJij; Roe; NI ;
Z Z i; Roe svol (elj ) ij; Roe, (3 17)
svol (elj ) ij; Roe . .

P
Si Wngj) = 1+219?—+p?; z =
i J

In (3.16) Py = Py (Wi roe) 2 R® ° is an invertible matrix valued operator.
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De nition 3.2.4  Assume thatM is a triangulation of D, e; 2 E(M). We de ne
a numerical ux function in normal direction n corresponding to a rst order Roe
scheme by

H1SERoe (Wi; Wi n) o= :—ZL[h‘C(Wi);ni+h‘c(Wj);ni]
1
épijl Py AR (W, W) (3.18)

Remark 3.2.5 The matrix P has been introduced for later use to extend the dis-
cretization scheme to the incompressible limit. This is disissed in Section 3.3.1.
Throughout this section we assume thdt; = I.

Remark 3.2.6 Due to its importance and according to De nition 3.2.3 we eXjt-

itly de ned the rst order Roe scheme in De nition 3.2.4. This scheme is important
to formulate robust multigrid algorithms. And, it cannot bedirectly derived from
the numerical ux function in De nition 3.2.3.

The superscript 'Roe' means that we use Roe averaged variaebl[77] to evaluate
the corresponding term on the edge (face),

ij; Roe -~ P i i (3.19a)
Uk i+ ()
(Uij; Roe), = ' kp_'_+ pJ__k L k=1;:::,m; (3.19Db)
i j
_ R TenP T
Hii roe 1= p__+ pP—-: (3.19¢)

Applying the equation (2.5), de nition (3.19c) is used to canpute the square of the
corresponding Roe averaged speed of sound to obtain the togaergy,

1
2

( 1) Hij; Roe kuij; Roekg ; (3.19d)

2
aij; Roe,

2
aij; Roe

Eij; Roe H ij; Roe (3.196)

The construction of the linear operator Aﬁ*oe is topic of Section 3.2.3.

To understand the e ect of the cell stretching coe cient s; we consider the near
wall boundary layer ow resolved by an anisotropic mesh repsented in Figure 3.2.
Assuming that the magnitude of the speed of sound is much gteathan the stream-
wise normal velocities in the viscous boundary layesy. roe  Vik: roe, that the speed
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dh

dh Ky

dh ks [ K1
dh ko

dh

dH dH dH dH dH

Figure 3.2: Example of an anisotropic Cartesian mesh

of sound is constant over neighboring cells andH dh, we approximate for a
vertical face, for example, between the celisand k;

P . . . :
k2N (i) svol (e|k) (JVik; Roel T Qik; Roe) SVOI(e|k1) (JVikl;RoeJ + aikl;Roe)

zi = . .
' svol(ex,) (Vik1roel * @ik1:Roe)
2dH dh 2d_H
dh dh
and therefore " r_
27 P_- dH
si Whij) 1+2£q%=1+ 2 o5 (3.20)
dh

Exchanging the role ofdh and dH we get for a horizontal face (e.g. the face between
the cellsi and ky

. 2dH dH

' dH
The approximation (3.20) shows that the factors; is designed to increase the
dissipation signi cantly for highly stretched cells in direction of the cell stretching.

This is a desired e ect to improve the reliability of the discetization. The factor
is a global constant weighting factor. In all our computatios we choose = 1=64.

1
1; hence Sjj Wy (i) 1+ 2§ =2:

Theorem 3.2.7 The numerical ux functions (3.15) and (3.18) satisfy the cadi-
tions of De nition 3.2.1.

Proof: Using the de nition of the indicator function p, itis clear that Wy p,
represent continuous functions o . Using the continuous continuation (3.6) and
the continuity of all other operators, the ux functions yield an integrable function
on @D\ @D. IncaseW; = W; andW,_ = Wkg all the di erences satisfyWw; W; = 0.
Using (3.6) we conclude (3.7). To prove (3.8) note that

DI WO i+ HoW)ini] = Z[He(W) 5 ni+ oW nil;
Wj W, = (W| Wj):
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SincePij 1 Pij Aﬁ*oe and j are invariant with respect to the changen 7! n, we
get (3.8).

3.2.1 Derivative of convective ux

The implementation of the numerical ux function (3.15) requires knowledge oA ﬁoe
and its eigenvalues and eigenvectors to construct the abstd value of this operator.
Although this information can be found in many textbooks (se e.g. [6]), we follow
here another way to derive this information. Our way of detemining the eigenvalues
and eigenvectors does not require rewriting the derivativia primitive variables and
convert it back. We end up with a formulation of Aﬁ*oe , Which can be implemented
straightforward (see formula (3.33) below).

Theorem 3.2.8 The derivative of the convective uxt:; ni in normal direction n
is given by

W) ;ni
@h‘cé@\/\)/ = VI + abl + all; (3.21)
where
a1 = (LiuguzugH)T; &= (0;ngngng V)T,
T
b = ( Vingngng0)'; b= % :
Proof: To prove (3.21) we rewrite the convective part of (2.1a),
0 1 0 1 0 1 0 1
0 0 0
U1 ng 0 ng
H.(W);ni = V U =+pB N =+ VPR O =VW+ pB n, =
Us N3 0 ns
E 0 1 \%
Straightforward di erentiation of H;ni yields
0 1 0 1
0 0
. 0
@t (W);ni @w) B M & amw)
- = VI+ W——=+ + 0 : 22
@uW)
V W
Using (2.2) and the derivative for the normal velocity
@UW) }( V;ng; nz; n3; 0) (3.23)

QW
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we simplify (3.22) to
0 0
@anfc(W);ni _ :
—aw % u3 g( V;ng;ny; ng; 0) + % n3 E : (3.24)

From (3.22) and (3.24) it is obvious that the computation 01@"@°wi [W] only requires
the computation of the derivatives of the normal velocity (23) and of the pres-
sure p. Assuming the equation of state (2.3), which we do throughouhis thesis,

we have )
@pN) _ kuk;
QW = 1) 5 Uy,

For the representation of the derivative=g~[W] we distinguish between column

and row vectors, e.g 21} 2 Rt ° whereas\N 2 R® 1. In this notation W 2% 2
R® °, as expected.

U,; usl : (3.25)

@fcm

Equation (3.21) is a compact representation for the derivate of if;; ni. For com-
pleteness and implementation issues let us write down therdative in full matrix
notation,

@fc (W) ;N
0o @W
0 Ny n, N3 0
ni zkuk%
—5—= uV M gup+V MUy Nyl N3Up NpoUz Npo
— kukZ
= 22E2 uwV mUz NaoUup Npgup+ Vo MUz Np Uz N o

ns zkukg
—5—2 UzV  nUz N3 U; NpUz NzUx N33Uz+V N3
( 2kUk% E )V N 1 2U1V No 1 2U2V N3 1 2U3V V
where
— . — . — . _ 1 2.
1 .= E ; 2 .= 1; 3 .= 2 X = é( 1)kUk2

3.2.2 Eigendecomposition of the derivative of the convec-
tive ux

The compact representation (3.21) allows a straightforwdr computation of the
eigenvalues and eigenvectors of the derivative of the contige ux.
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Theorem 3.2.9 The derivative matrix of the convective ux given by (3.21) ds
the following set of eigenpairs:

f(Via): (Vi) (Vig): (V+ag):(V ag)d

where
g1 = Niyi+ ayy;
g = Npyit ays;
0z = N3yt ays
0 = at+ aay,
g = a aa:

Here a; and a, are de ned in Theorem 3.2.8 and

0 1 1 0 0 1
Usq 0
y1 = u ;Y2 = N3 X
Us Nno
kukg uznsz  UsNa
0 2 1 0 1
0 0
N3 ns
Y3 = 0 and vy, := ng :
ng 0
Usng Uins uinz Uzng

Proof: Using representation (3.21) it is obvious thatx 2 R® is eigenvector with

eigenvalueV of @g@c\;ci if the following orthogonality relations hold:

bix=bx=0 (3.26)

vectorsys,; ys; and y, are linearly dependent since

Niy2 + Noyz + N3y, = 0:

Three linear independent eigenvectors may be obtained by; g, and g;. To identify
the remaining eigenvectors we use the vectoss; a, and by; b, from Theorem 3.2.8
and the relations

bja; = ba;=0; blaa=1 and bia; = a* (3.27)
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Then we compute using (3.21)

W) :ni
%(aﬁ aa) = Va+ a’a,+ Vag+ aay
= (V+ a(a+ ax),
W) : ni
%[\N](al am) = Va+a’a, Vaa aa

(V. a)(a aa):

Finally, to implement the numerical ux function H in (3.15) the inverse of the
matrix corresponding to the eigenvectors offfeni

@w '
G = (91 %) U O4; G6) (3.28)
is required.
Theorem 3.2.10 We de ne the vectors
ry = azl(H k uk3;us;upuz; )T (3.293)
rp = (UNg  Usnz;0; ng;ng;0); (3.29b)
r3 = (Ushy UiNg;Ng;0; ny;0)'; (3.29¢)
rs = (uiny UNy; N ng0;0)7: (3.29d)
and
— T 1 T.
G = Ny glr2, (3.30a)
G = Nary érg; (3.30b)
G = nary érl; (3.30¢)
1 T T
= = b+ ; :
(o] Sl b, + ab ; (3.30d)
— 1 T I .
6 = o b, ab : (3.30e)
Then the inverse ofG is given by
1

i

FEELL
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Proof: Recall the de nitions of y;;:::;y, and gi;:::;0 given in Theorem 3.2.9
and equation (2.5). To prove the theorem we use the importargquations

riy: = a21 H k uk3+ kuk3 kuzk§ = a21 H kuzk§ =1;
1Yz = T1Ys=T{Ya=Tr3y1=r3y;1=r;y; =0;
3y = n3 n% rlys= n3 ni  riya= ni o nj
rYs = NNy 3Ya= NNz Iiy> = NNy
riya = NaNg T y>= NiNg  F,y3= NpNng;
bly, = bly.=blys= bly,=0;
By, = bly.=bys=bly,=0;
and (3.27) to conclude
GO = (niriy:+ amriy, %rgyl r;y2) =(ni+n3+n3)=1;
G = GhGs= ChOs = ChOs =0
©e = (nrlyi+noarlys orlyi rlys)=(ni+ng+nd)=1;
% = %= Gls= 0G5 =0
b = (nrlyi+nearlys orlyr rly)=(ni+nd+nd)=1;

Bh = B%= Bo= gEL=0

®WO = 2—22(bEa1+ abla, + abf a; + ah] ay) = 2—;2(a2+ a’)=1;
o1 = G = Wz = GuOs =0;

1 1
6O = 2—612(@31 abja, abja; + a’bjay) = 2—612(32"' a?)=1;

Bh = G%= %= 6 =0:

This proves the assertion.

3.2.3 Implementation of the Matrix Dissipation operator

Remark 3.2.11 In this and the following Sections 3.3.2,3.3.3 and 3.3.4 weglect
in the notation the subscriptij . Everything is understood as face values using Roe-
averaged variables.

To implement the matrix valued operator Aiﬁ*oe required in De nition 3.2.3 note
that due to Theorems 3.2.9 and 3.2.10 we have the represemnat

@t (W);ni _*
%: i9G;

j=1

(3.32)
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where the scalars ; are given by the eigenvalues
1= 2= 3=V 4=V +a s=V a

Therefore, we do not follow the standard implementation inbduced in [98, 92] and
extended to 3-D in [104], but we de ne the absolute value by thfunctional calculus

(W) ;ni S
el ™ =" i iaa; (3.33)

j=1

Formula (3.33) gives the prototype to implement the operato AR°® required for
the ux function H in (3.15).

Remark 3.2.12 A straightforward implementation of this operator in genexl gives
an unstable discretization scheme, in particular when oné the eigenvalues is 0.
This happens for example in stagnation points or in the neigbrhood of a shock.
To avoid instabilities when one of the eigenvalues is0 in general some so-called
entropy X is required.

For some 0 1 the entropy x described most often in the literature is to
replace the absolute eigenvalues by

j jef = dlag jvjef;l ;jvjef;l ;jvjef;l ;jV + ajef;2 ;jV ajef;3

where
jvjef;l =] ijef;l = maxfjVj; «(Vj+ ag; 1=1;2,3; (3.34q)
JV+aig, =] ae, = maxfiV+aj; «(Vj+ a)g; (3.34b)
JV ajef;3 = J 5jef;3 = max fj V aJ ; ef (JVJ + a)g (3340)

Throughout this thesis we used a value of; = 1=5. Choosing for example¢ = 1
one directly gets a scalar dissipative scheme. Finally, we de

AR® = Gj j4G ™ (3.35)
Another entropy X is the so-called Harten entropy x [27]. Here ; is replaced by
( . N
j= 2y T (3.36)
LI H:

In this formulation 0 < 4 usually depends on the speed of sound. One often nds
the choice y := a=4 or y := a=8. Again, note that for the choice y = ; no
entropy X is used.
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The combination of (3.33), (3.34) and (3.35) gives the e cist implementation

|
@ !
Ao of — j jjef;l gqg + j 4jef;2 Oyl + ] 5jef;3 O50k: (3.37)

i=1

Note that the representation (3.37) does not require the catruction of the full
matrix AR°® 2 R> ° since only the vector productsgx, x 2 R® need to be imple-
mented.

Nevertheless, in our implementation we do not use the repesgation (3.37). Follow-
ing ideas of Rossow [78, 79] we are going to represent the \weigy operator A Ree of
with respect to the local Mach number. Based on this represition we will discuss
in Section 3.3 a modi cation allowing for an extension to inempressible, low Mach
number ows.

Theorem 3.2.13 Assume that0 & 1 and de ne

Mig, = maxfiMj; & (Mj+1)g; (3.38a)
M +1j, = maxfiM +1j; «(iMj+1)g; (3.38b)
M L = maxfiM 1 ¢ (jMj+1)g; (3.38c)

1. . ) )

Mg 1= S(M +1ljerz | M lera): (3.38d)
1 o . . . .

Me? 1= S( 2AMiera+ M +1jerz+ M Lera):  (3.380)

whereM denotes the Mach number on the edegg, that is

Vij; Roe

M = I\/Iij; Roe —

ij; Roe

Note that (3.38) correspond to (3.34) expressed in terms dfé Mach number. Then
the operator A Ree o has the following representation:

. 1 kuk3
AR = Vi VMP+ =22 MY (3.39a)
' a 2
1
R _ (1) 2. o,
AT ef Li+1 niMg~ + 5(1 UMy~ 1=1;2;3 (3.39b)
1

A Roe = M (3.39¢)

ef 1.5
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kuk3 1
R — 2 (2) (1)
AT i+1;0 ~ 92 1) auiMO + niMg
vV anM@ +um® o =123 (3.39d)
ARoe ef i+1 ;j +1 = n] u|Mél) + IJJVJef,1+ n|nJ aMéZ)
1 .
+ (1 )y auil\/léz) +mM$? ij =1;2,3; (3.3%)
1
R — (2) W . i_q.9.9
. 1
AR o= Viem+( 1) VMG + aHMC(,Z) (3.390)
R — 2 (2) (1)
AR o= VM@ VHMG
kuk3 1
+ 22 1) vM® + aHMéZ) : (3.39h)
1
AT g = (L U VMG + “HM Y
+ nvaM@? + nHM®;  i=1;23 (3.39i)

Proof: In principle the representation follows from straightforvard computations.
We carry out the computation term by term. To this end we intraduce another set

of primitive variables
£ S
Wéri)m :=( ;U 1; Uy Uz )
()

The matrices converting the conservative variables to therymitive variables Wi,
and back are given by

O 9 0o o o ot
Uy 0 0 O
v _fu oo o of,
@ rim us 0 0 0
kuk% u 1
— 1 Uz Uz —3
0o ? ! 1
1 0 0 0 0
uL 1 0 0 0
@V - uz 0 1 0 0
e@w us 0 0 1 0
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Then, using (3.35) we exploit the following identity:

)
Roe — 1— @w G(lr?m + J jef] G(:llf)im 1@ rim
ef 2@ riz’n p p @W
)
1 @W 1 . 1 1@ im
é@ ri)m E)r?m J Jef] C':'E)r?m @\rx/n (340)

where G is the matrix of eigenvectors de ned in Theorem 3.2.9 and (38). The

de nition of Géﬂm is given by

0 nq (P} N3 1 1 1
v 0 N2 n,2 n2 n,@
Gitm = g G=B me 0 mf ot ot (34D
ngg n]_é 0 |']3g ngé
0 0 0 a a

and its inverse is given by

0 1
| Ny 0 N33 N3 Pra
. 1 n

G(l) 1 @ ri)m G n2 n35 0 n(:l:.)5 Fal_g (3 42)

: = —_— = N3 No- niz =3 . .

prim @W 0 Mé n_z_a ns lizz
o ni A R i3
2 a 2 a 2a 2a?

We now derive an explicit expression for the right hand sidef ¢3.40) using (3.34)
and the notation

Vi = V+jVjea
Vo = V+a+jV+ aen
Vi == V. a+jV  aea:
Then we compute 0 .
n{V; 0 ng% ng% n]_%
" 1 n2\71 ng% 0 nl% nZ%
.. 1 _
[+ Jed Gprim = Nsv, Ny Ny 0 Ny
0 n V2 np Voo ng V2 1vy
2 a 2 a 2 a 2 a2
0 Mm% % m% 1p
a a a a
Using the de nitions
1
— 1) P 1) .
B+ T Gprim [ + J Jef] Gprim l
1
— 1) P (1) .
B = Gprim [ J Jef] Gprim )

1
B = = B B
2
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we compute for the rst row of B™ term by term

. x3
j=1
" n; \72 n; \73
Bl T 2% 2a
- N (V+a+ |V + ajerp) (V a+jV  aera)
2 a | a
i V Vv
= n + Y 1
2 a ef;2 a ef;3
n; . . . .
L |7 M +1Jef;2 ] M 1Jef;3
n; . . . . .
= S 2+ M Hljg, I M Ly 5 i=1123
v,
Bls = a—; + 222 Vo + V3
1 . . . . .
- ﬁ 2 V+ JVJef;l +V+a+|V+ae+V a+ |V  aes
1 L . . . .
- El 21MJEf;l + M + 1Jef;2 + M 1Jef;3 ;

Furthermore, we get

BEr;l = B'?J:;l = B‘:{;1 = Bg;l = O;
2

n
B, = n3Vi+ ndv+ ?1 V, + V3

n2 . . . .
=V nivl + ?1 (2V + JV + @jer2 + |V @era)

B n?a . : : : :
= W+ 2 2JMJef;l + M+ 1Jef;2 + M 1Jef;3 ,
nsa
B;;3 = i+ % 2ijef;l + M+ 1jef;2 + M 1jef;3 ,
n3a
B‘;1-;4 = i+ —- 2ijef;l + jM + 1jef;2 + jM 1jef;3 ,

2
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+
B‘2;3

+
B‘3;2

+
B‘2;4

+
B‘4;3

+
B‘2;5

+
B‘3;5

+
B‘4;5

nin; nin;

n{n,V; + > Y, + > Vs
n12n2 O+ Wy + Vs
n122a 2]Mjery + JM +1jgp, + JM
2
n122a 2]Mjery + JM +1jgp, + JM
NiNa¥i + ”12n3\72+ ”12n3\73
n12n3 O+ Wy +
n123a 2]Mjgpg + JM + 1jgrp + JM
B2.4
NoNa¥i + ”22n3\72+ ”22n3\73
% O+ Wy + Vs
P 2iMigy + M+ Ly, + M
B2,
nla AR
2+ M +1jg, | M i
2+ M +1jyp | M Qs

I\)|3I\J|3I\)|3
@ N iy

2+ jM + 1jef;2 J M ljef;3

1jef;3

1jef;3

1jef;3

1jef;3

77
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Finally, the missing terms are computed by

. n.a
Bs, = 12 Vo Vi
nia . . . .
= 2 (V+a+jV+aer (V a+jV )
nia® . . . .
= 123. (23.+ JV + aJef;Z J \ aJef;3)
n . . . .
= 2P IM 4Lz | M Lt
. n . o .
B-5;3 = 22p 2+ M +1ljer2 | M Yet:3) ;
. n . o .
B‘5;4 = 32p 2+ M +1ljer2 | M Yet:3) ;

+ a S . : ; i
BS;S = Vi + 5 ZJMJef;l + M + 1Jef;2 + M 1Jef;3

Similarly, one obtains

By = V | Viea
N; . . . . .
Bl = '7 2 i M+1jg,+ M g, 1 i=1;23
1 R ) . . .
B‘1;5 = 5z 2JMJef;l J M +1Jef;2 J M ljef;3 ;
2a
By1 = B31= By =B51=0;
L nZa o . . . .
By, = V | Viera % 2iMjges + M +1jg + M Ligy
L nsa o . . . .
Bys = V ] Vieta % 2iM gy + IM +Ljg + iM Ly
L na o . . . .
Bys = V | Viern % 2IMjgrg + IM +1jg + M D
ni{n L . . . .
B-2;3 = 12 2 2JMJef;l + JM + 1Jef;2 + JM 1Jef;3 ;
Bs, = Bas
ni{nNza L . . . .
Bos = —n 2UMigy + M+ Ljg, + (M Lggs
Bso = Boyu;
B‘2;5 = % 2 J M +1jef;2+ jM ljef;3 ;
B-3;5 = % 2 J M +1jef;2+ jM 1jef;3 ;
n . . . .
B-4;5 = 5 2| M+ 1Jef;2 + M 1Jef;3
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Finally, the last row is given by

Bop =SSP M+ Lzt M Lero):
By = 522§ M+ Lzt M Lero):
Boe = “5PQ M+ Lzt M Lero):
Bss = V j Vieta : 2]Mjery +JM + 1jgp + M Ljgis

2

Using the de nitions (3.38d) and (3.38e) we get

0 Vie npm &P noMm & nsm & IMP !
0  jVjera+ n2aM{? nin,aM? ninsam ? LIRVESY
B = 0 nin,aM? jVier:1 + n3am P nznsam ? nz g &M )
0 nlngaMéz) ngngaMéz) jVijer:1 + n3aM (()2) ”—Mél)
0 ni pM §? nz pM ns pM §? Viet1 + aM$?

To rewrite the representationB into conservative variables we need to evaluate

)
@w B@ o (3.43)

A Roe -
f
© @ ri)m @W

To this end we compute in a rst step

W
@) 5
8@ rim
Vet ny M (()1) n, M (()1) ns; M (()1) %I\/I(()z)
U1jVjer 11 12 13 %Méz) + MY
= U2jVef.1 21 22 23 %Méz) + nM§Y € (3.44)
U3£Vjef;1 31 32 33 %Méz) + ngM Y
%jvjef;l 1 2 3 4
where
g = muMP+ Vit mnaM@ ;i) =1;23; (3.45a)
.= UijVjeat iV aM@ +niHM P =123 (3.45b)

N
1

1 1
—iVieta + VMg + “HM”: (3.45¢)



80 CHAPTER 3. DISCRETIZATION

@
0

kuk3 .
n; TzMél) + U1 jVjerr + n2aMP?  + u,ninaM

1
+u 3n1n3aM52) + —1”1 pM (gl)

kuk3
= UgjVijea+ mV aMP + M P L
Vel 1 0 1 0 ( 1) 2
1 kuk? 2 1 1 N 2
c = e ypE s L e au®
1 .. 1. a’ kuk3
= gViera + VMgY + MY Sk

1 .. . 1 2.,
= —giViera * VM + glMé 'H:
To obtain the equations above we exploited identity (2.5). & a closed representa-
tion of the Roe matrix A Ree . We nally have to multiply the matrix (3.44) from

1)
the right by %. This computation gives the representation (3.39).

We show that the computation above correspond one-to-one the formulae given
in [78, 80, 93].

Lemma 3.2.14 Assume that ¢ = 0 in (3.34) and (3.38) respectively, that is no
entropy X is applied. Then we have

MP = Mg (3.46a)
M2 1 j My (3.46b)

where
Mo :=sign(M)min fj Mj; 1g:

Proof: Assuming that ¢ = 0 we neglect in all terms the entropy x. Then, using

8
< M+D)+(M 1)=2M; M 1
M+1j+ M L = M+D)+( H(M 1)=2; 1 M 1
(DM +D)+( DM 1)= 2M; M 1
we get
8
3 0; M 1
e S . 2M+2; 0 M 1
2Mj+ M +1j+ M 1 = s oM +2; 1 M o

' 0; M 1

2 j signM)minfjMj; 1gj):
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@
0

This proves the equation forM,”. The assertion forM él) follows by

g M+1) (M 1)=2; M
(M+1) ( H(M 1)=2M; 1 M 1
M+1) (1M 1= 22 M 1
2 sign(M ) minfj M j; 1g:

M+1] | M

Corollary 3.2.15 Assume that ¢ = 0 in (3.34) and (3.38) respectively, that is no
entropy X is applied. Then we have

Vi niMo n2Mo n3sMo é(l ] Moj)

av V] 11 12 13 2@ J Moj) + n1Mo

— 5B = Ua) V] 21 22 23 2@ J Moj) + naMg

@V Gim UggVJ 31 32 33 2 (1 j Mgj)+ n3Mg

SEVE s > 3 s
where

ij = NpuiMo+ (jVi+ninja(l j Moj)); i;j =1;2,3; (3.47a)
i = uijVi+niVa(@ j Mg))+ nyHM g; 1=1;2,3; (3.47b)
. = ilej+VMo+ %H 1] Moj): (3.47¢)

The matrix (3.44) corresponds exactly to the matrix (7.2) irf93].

Proof: The Corollary follows by inserting (3.46) into matrix (3.44. Then one
evaluates the expressions (3.45) to conclude (3.47).

Again note that the representations (3.39) and (3.37) ofARe¢ o are equivalent.
For all the numerical computations shown in Section 6 we hawsed (3.39). And
moreover, representation (3.39) allows to identify critial entries of ARe¢ o Which

are responsible for a loss of accuracy in the low Mach numbergime. Based on
these observations a direct manipulation of terms inA Ro¢ o Can be done to improve
the accuracy of the numerical uxH in (3.15) to the incompressible limit.

3.3 Low Mach number modi cations

Based on the Mach number ow elds in uid mechanics are subdided into com-
pressible and incompressible ows. Compressible uid owsi modeled by the Eu-
ler or the Navier-Stokes equations and the pressure is givéy the equation of
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state (2.3). Within the incompressible equations the prease takes the role of a
Lagrangian multiplier such that the velocity eld satis es an elliptic divergence
constraint. The incompressible and compressible equat®rare of di erent type,

but there is no exact dividing line in the sense that there egis a strict criterion to

decide whether a ow can be characterized as incompressildecompressible.

Flow solvers based on the compressible equations are in gaheot suitable to
simulate incompressible ow elds and ow elds of varying type. For example, at
low Mach number, the Roe scheme [77] as well as other upwindhemes produce
an excess of arti cial viscosity. A modi cation of the Roe skkeme was presented by
Turkel [102, 99] leading to a signi cant accuracy improvenre observed for approxi-
mate solutions of the Euler and Navier-Stokes equations. Bsequently, the problem
to extend a computer code originally implemented to appromiate solutions of the
compressible Euler, Navier-Stokes and Reynolds-averagddvier-Stokes equations
has been investigated by many authors.

The principle problem is given by the basic observation thafor low-speed ow the
system of equations is "sti ", since the ratio of the convedte speed to the speed
of sound is very small [103]. Since the word "sti " is in genet not a well de ned
expression, a more detailed approach is an asymptotic ansiy of the compressible
Euler equations. Based on the characteristic Mach number cu a procedure was
suggested by Klainermann and Majda [35, 36] exploiting sea¢assumptions on the
given uid. This analysis was improved and generalized by Aaso [2] and Ukai [106].
An overview and summary of this procedure was given by Meistg8].

Preconditioning the governing equations was originally gigested by Chorin [11]
and afterwards extended and systematically investigatedyblurkel [99]. The mod-
i cation suggested by Turkel is twofold and can be considedeas an improvement
with respect to accuracy and an acceleration for the solutiomethod (introduc-
ing arti cial time derivatives which allow for a faster conwergence to steady state).
Originally the modi cation was considered as a preconditimng technique which
dealt with the acceleration towards the steady state only [§. Later it was real-
ized that there is also an accuracy problem [102]. Hence, theceleration of the
solution method and the accuracy problem are in principle dependent of each
other. On the other hand, considering an explicit time mardng method, it turns
out that the acceleration is only a consequence of the changethe largest eigen-
value of the local linearized operator which is a consequenof the modi cation
of the considered upwind scheme. This consideration shedght on the fact that
the so-called "low Mach number preconditioning” is not an amleration method,
which is possibly implied by the word "preconditioning”, bu it is a modi cation of
the discretization. Thus, in this context the word "precondtioning” is misleading.
But the nomenclature was built on the original acceleratiorf97]. Nevertheless, in
general mathematically the word "preconditioning" desches an equivalent refor-
mulation of the equation to solve. But a change of the discrigation also changes



3.3. LOW MACH NUMBER MODIFICATIONS 83

the solution of the discretized system, which means that thdow Mach precon-
ditioned" discretization is not equivalent to the solutionof the original discretized
equation. So, the word "modi cation" seems to be more approjate.

In the report of Viozat [22] an analysis of the low Mach modid scheme can
be found. Here, it is shown that the discretization error of gure Roe scheme
depends on the ratio between the mesh size parameter and Maeimber, but the
modi cation of Turkel depends only on the mesh size. This ishe reason why for
a given grid, that is a given mesh size, and low Mach number thaodi cation
of Turkel shows a signi cant accuracy improvement. A simila analysis is also
given in [115], and a low Mach modi cation was implemented inhe context of
a nite element method. Again, the acceleration of the solubn method is only
a by-product, which may only be true when one considers exgli time stepping
schemes.

Having identi ed the source of disturbance when simulatindow-speed ows using a
compressible code, several modi cations depending on mapgrameters have been
suggested throughout the literature to signi cantly improve the accuracy [97, 10,
14, 102, 103, 100]. On the other hand, throughout the literate one rarely nds
results where these developed techniques are applied togarscale high Reynolds
number turbulent ows, in particular not for unstructured codes. And when results
are presented [105, 101], one observes for ows, which hatrersg local compress-
ible e ects, convergence problems. It seems, to the authsrpoint of view, though
there is no obvious proof and observation, that the consided methods work well
for globally inviscid incompressible uid ows. For transaic ows and ows with
locally strong compressible e ects the reliability and robstness of the suggested
modi cations show a severe deterioration, for example theomputation diverges or
the nding of a suitable set of parameters is di cult or even impossible. In partic-
ular, the last category of ows is of major importance for ex¢rnal aerodynamics,
since a typical class of test cases satisfying such a behawace airfoils and aircraft
at high angle of attack (i.e. an aircraft in landing con gurdion). The complexity
of these kinds of ows is already a challenge in itself and netell understood. The
mixture of compressible and incompressible e ects makesieslation of such ows
even harder.

A similar, but slightly di erent approach to deal with incompressible ows was sug-
gested by Rossow [78]. Contrary to the other suggested metlsp Rossow observed
that only some terms in the weighting operator of the arti cal viscosity are re-
sponsible for the accuracy deterioration. Thus, he exchaag the global weighting
of the arti cial viscosity with some so-called low Mach numler preconditioner by
modifying only certain terms. To this end, in a rst step the Roe matrix weighting
the arti cial viscosity is represented equivalently in tems of the Mach number and
speed of sound. Then, for low speed ows the speed of sound aeavective veloc-
ity are modi ed. In the following, this technique was improed by Swanson, Rossow
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and Turkel and incorporated into an implicit time stepping £heme [80, 93, 91]. This
method was successfully applied in a structured grid code gobally incompressible
ows, with the addition that transonic airfoil ow results w ere shown. Peles, Turkel
and Yaniv demonstrated the applicability of this method wih respect to thek! -
SST turbulence model and ows with chemical reactions [72] Though the operators
were given explicitly in the published articles, unfortungely a detailed derivation
as well as detailed information with respect to the incorp@tion of entropy xes to
avoid zero dissipation were missing.

To understand the loss of accuracy of we again refer to [58]n this section we
present two di erent methods to extend the discretization dér the compressible
Reynolds averaged Navier-Stokes equations to the incomgséle limit.

3.3.1 Modi cation of Turkel

To care about incompressible e ects the discretization ofux terms in (2.45) need
to be modi ed. Hence, we now introduce for the numerical uxdnction H given
in (3.15) a matrix valued operatorP; 6 |. To clarify that this modi cation is
introduced for low Mach number ows, we denote this by

1 . .
H|_|\/| WN(i;j);n = E[HC(Wi);n|+HC(Wj);n|] dij;LM WN(i;j) ; (348)

where
1
diptv Wy o= épijl PyARe f 4 (W, W)
si Wnajy @ 5) Lj Whgiy Li Waggy  :(3.49)
We now assume thatP; 6 |. Then, in general the discretization is di erent
compared toP; = I, and on a given mesh we expect di erent results. On the other

hand, assuming that for the mesh spacing! 0 the di erence terms satisfy

w" w" 1 0 and Li(W"  Liw") ! o

the solutions of the two distinct discrete systems of equatns converge to the same
limit value if the solution is smooth.

3.3.2 De nition of a low Mach number modi cation

The generalized numerical ux functionHy given in (3.48) is exploited to introduce
a modi cation to extend the discretization strategy to incanpressible ows. To this
end we introduce a set of primitive variables, the so-calleehtropy variables

WS = (P U Uy} Us; S): (3.50)
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Here S denotes the entropy determined bys = In( p= ). The operators converting
the entropy variables into conservative variables are giweby

1
—kuky (1 Ju @ Juz @ Jus 1
ui
) s : 0 0 0
OWim _ v 0 : 0 0 &;
ow = 0 0 L 0

—tkukd a2 (1 Ju; (1 Jux (1 )us 1

and 0 1
1 1
O
7@W: g 0 0 @ .
oW i3 ..
rm a2 O 0 a2
1 M2 M 2
—1t 77 Ui Uz Us T

The derivative of the convective ux represented with respa to entropy vari-
ables (3.50) is given by

0 V ma? nya? nza? 0

n ooy 0 0 0
@10’{" wo, E@”z o VvV 0 o0
@Wim LERG) 0O V o0
0 0 0 0 V

Now, to exploit generalization (3.49) Turkel suggested a pameter dependent fam-

ily of operators (see e.g.[103]). With respect to entropy viables Wé?,)m (3.50) the
operator and its inverse are given by

0 1
Mazart 000 Mazart
2 100 23
(0) U2 Uz
Piw = 010 7 ; (3.51)
=3 001 23
0 0O 00O 11
2000
i1 000
b %Muza“ oloog
LM - M art :
M 0010
0 0 001

Here, the four free parameters

0; > 0 0 and My, >0
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need to be determined. The e ect of the modi cation (3.49) deends on this choice.
Unfortunately, to the author's knowledge no strict paramegr study has been per-
formed to investigate the in uence of such a choice. In our iplementation we have
chosen

= a =0; (3.52)
Myt = rrnin max M% M 2 ;1

— 2V2 2. — 1 .
Qart = A2 + Mg as; = 5(1 Mart) : (3.53)

The modi cation M, is called arti cial Mach number and a,: describes a corre-
sponding arti cial speed of sound. The additional paramete was chosen by =1
for all the computations shown in this paper. Often in compudr codes this is a
user de ned parameter. The further parameter may be either chosen by

0 M2 1

1 else or (3.54a)
._ 0; M2 1
= 1 M™n 2 else or (3.54b)
= 0: (3.54c¢)

Note that all criteria are designed such that the modi catio of the operator weight-
ing the arti cial viscosity are turned o when jMj 1. This is a desirable e ect as
for transonic and supersonic ows no modi cation is requiré. Again, throughout

this paper we used in our computations the simple choice (& for the de ni-

tion of . The parameter choice (3.52) and (3.54c) considered are igraement
with [103, 111, 22].

3.3.3 Eigendecomposition of Turkel's modi cation

To implement a matrix valued arti cial viscosity (3.49) the Eigendecomposition
of P;; 1P Aiﬁ*oe is required. To this end we start with the eigendecompositioof
the modi ed system in entropy variables (3.50),

D E MartV Martnla2 Martnza2 Martn:%a2 Martv
@ f. Wé?.)m ‘n 0y Y 0 0 0
PO ; = nz 0 Vv 0 0 :
@Win ns 0 0 v 0
0 0 0 0 v
D
. @fe w9 )
Theorem 3.3.1 The eigenvalues oP © © b are given b
g LM g y

0)
@ rim

1
1= 2= 3=V, 4:5:§(V+Martv T)
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and the corresponding matrix of eigenvectors is given by

87

0 1
0 0 0 Ste St
v n3§ nzﬁ nlé n.2
GO =B na? Voo m? md e G
nzé nlé v n3§ n3§
na npa nza 0 0
q 2
whereT ;= (Ma:V V) +4Mgia2. The inverse of the matrix of eigenvectors
is given by
0 " 1
n (nzat+nix V) (npa niz V) n
O V 23 3 3 12 2 3 13 a_%
O (nza nip2 V) V n(321) (n1atny V) n2
GO e ; § 1o @ :
prim; LM - 0 (nzat+niz V) (n1a nz3 V) \WARLIE ng J
q q q a
1 1 t 1 t 1 t 1 t
S A U s S S S W
ar 2 Nagr 2 Nogr PRLEF N A
where
N2 = NiNg; N1z = NiNz; N2z = N2N3
q = 2+ a%
t+ = Martv V+ T; t :: Martv V T:
Proof: The theorem follows by straightforward computations.
Since
- . )
= @TC(WROG) N _ @W P(O) @TC(WROG) ; Nl @ rim
LM -
) LM )
@W @ rim @ rim @W
)
_ @W - S ) 1 @Wim
- @ ) Gprim; LM dlag( 1, 29 39 4 5) c':'prim; LM @W
rim
we conclude
) .
1 @ i @f .l @W 0 .
G " p o G v =diag( 17 21 3 4 s):
prim; LM LM ) prim; LM 1, 20 3y 4, 5
@W @W @ rim

Therefore, the matrix of eigenvectors of the low Mach numbereconditioned con-

@1 c(WRoe ) :Ni

vective ux derivative Py oW

and its inverse with respect to conservative
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variables are given by

G - _O@OW o .
cons;LM  — ) prim; LM
@ rim
)
1@QW:
1 0 .
(Gcons;LM ) - Gér?m; LM 7@{;} :

Finally, a representation of the inverse of the low Mach nurdr preconditioner P
in conservative variables is required. It is given by

@Wh (0)I 1@ ri)m_

[Pim ] t= LM =
ri)m @W
vt Dz 1) Ui 6 Uz 6 Uz 6 6
ur(12 ) uZ 6+1  Ulp ¢ Uiz 6 Ui 6
uz( 12 ) UsUp 6 us e +1 UoU3 6 Uz 6
us( 12 ) .- UsUy 6 UsUz 6 ui ¢+1 Uz 6
3 4 k Uk% % u, 7 uz 7 Us 7 M];n t o+
where
1 1
=+ 1; = ——M?
! Mart ? 2
2 2 2
oM Dk, (Dl
1 2 2Mart 2
1)kuk? (1
5 = 7( > S 2 = 7=(2 1Du

Finally, to avoid zero dissipation a classical entropy x isintegrated in the con-

struction of the operator. To this end we de ne the operator

j jef;LM = dlag J jef;LM ;1;j jef;LM 2 ;j jef;LM ;3;j jef;LM ;4;j jef;LM 5 ;
j jef;LM i = Mmax fiVij; et max:LM J; i=1:;2;3;
j jef;LM 4 = max fJ V + Martv + Tj ; ef max;LM g;
j jef;l_M 5 .= Max fiV+MaV Tj; e max:LM J;
T R .
max:LM .= Mmax JVj; EJV + MgtV + Tj; EJV + MgtV Tj

Then the operatorP;; ! Pij Aiﬁ*oe required for the implementation in (3.49) is given

via

Pij ! I:)ij ARoe = [PLM ] lGcons;LM J jef;LM (Gcons;LM ) l: (3-55)

ij

To evaluate the operators on the right hand side of (3.55) Resmveraged variables

are used on the edge. In all our computations we chosg = 0:2.

|
©)
LM

1
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3.3.4 Extension of Roe matrix to the incompressible limit

Contrary to the modi cation of the arti cial viscosity in (3 .49), where the full
weighting operator was changed by some matriR; , it is possible to alter only
some terms ofAiﬁ*oe o IN (3.16) to extend the numerical ux function (3.15) to the
incompressible limit. This idea goes back to Rossow [78, #}d was successfully
applied by Rossow, Turkel and Swanson [93, 91]. Using the repentation (3.39)

of @felfree)nl - the speed of sound in (3.39) is replaced by the arti cial speed

of sound (3.53)?3
In opposite to the observation of Rossow, this change in themstruction of the

operator (3.39) was not successful at all. It turned out thata further modi cation
was necessary.

Additionally, in our implementation we modify the absolutevalue of the normal
velocity by

jvjef;l;art = max fJ Vj o ef ef (JVJ + aartA)g: (3-56)
Here! ¢ is a further parameter, and it was chosen by = 3 in all our compu-
tations. And, besides the replacement of the speed of souadby the arti cial
speed of sound,; in all formulae (3.39a){ (3.39i), as a second ingredient, wanly
replace in (3.39e) the absolute value of the normal velocify .1 by the modi ed
one, jvjef;l;art '

3.4 Discretization: The viscous part

To discretize the viscous parf, of (2.45) we notice that due to the de nitions of the
viscous stress tensor in (2.7) and because of (2.8) derivatives of the velocity and
the temperature T are required. Due to (3.11) the ansatz function (3.9) does ho
support the representation of gradients. Hence, other waysed to be established
to incorporate such information into the discretization skeme. In the following
Section we give two di erent possibilities to de ne a discre approximation to the
derivative.

3.4.1 Approximation of gradients

Our approach to discretize the viscous terms, in (2.45) is to de ne the required
derivatives on the corresponding faces such that the suriamtegrals can be directly
evaluated.

De nition 3.4.1  Assume thatM is a triangulation of D and D;;D; 2 M, i 6 j.
Consider the function

Nyiem
g(x) = g o, (X); g 2R: (3.57)

i=1
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Then we de ne its mean value on the facg; by
1 . .
De; (y) = é hlllrgo Di(y+ hneij )+ r|1||m+o Dj (y hneij ) ; y 2 @D\ @[j),

wherelimp, 4o p. (Y + hng ) denotes the continuous continuation to the boundary
of D, " =1ij.

De nition 3.4.2  Assume thatM is a triangulation of D and D- 2 M. Let us
consider the functiong given in (3.57). Then we call fork =1;2; 3,

@) * _ 000 °
@x . vol(D') @p

ho(y); Pxni ds(y) (3.58)

the Green-Gauss method to approximate the derivative in eition x, in the control
volumeD-. Here Py denotes the orthogonal projection

Pux = hx; el e: (3.59)

The implementation of the Green-Gauss method is straightfavard due to the fol-
lowing observation:

Lemma 3.4.3 Assume thatM is a triangulation of D and D- 2 M. Let us con-
sider the function (3.57). Then the Green-Gauss method to pyximate the deriva-
tive in direction xi for the control volumeD- is given by

@) *° - V0|:ED«) ion ¢y Svol(ej) ™~ (g + g); x2D:

—_— 3.60
@x . 0; else (3.60)

Proof: For x 2 D- the de nition (3.58) can be rewritten as

@@() GG _ 1
@x .  vol(D)

Nk .
svol(e; )% g lm 5. (x+hng)
2N () '
fm,8 o o)
1 X

_ Nk .
= svolle:)— (g + g):

This proves the assertion.
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Lemma 3.4.4 Assume thatM is a triangulation of D and D- 2 M such thatD-
and its six direct neighbor cell®;, j 2 N ('), are rectangular and of the same size,

that is
D-=fx2R™ : X= a + X168 + X26& + X36€3;

0 x3 hg;;0 x2 hy;0 x3  hsg:

D; = fx2R™ : X=a + X161 + X268 + X363;
0 x; h;;0 x2 hy;0 x3  hsg:

where
g = a + hy; g3 =a h; =123
Let us consider the linear function
f(x)=ho;x; a2 R™; (3.61)
which is approximated by the function (3.57) witlg; = f (p;)), i = 1;:::; Nejem-

Then the Green-Gauss method to approximate the derivativefois exact, that is
@lx) _ @) °°.
@x @x o,

@@f(;) = b,. The other directions are

Proof: We only prove the assertion for
analogously. First of all note that

vol(D-) = hihyhg; (3.62a)
svol(ej,) = hyhs; svol(ej,) = hihs; svol(ej,) = hihy; (3.62b)
svol(ej,) = hzhs; svol(ej,) = hihs; svol(ej,) = hihy; (3.62¢)

Nyj, = 1 Ny, =0; Nyj, =0; (3.62d)
Ny, = 1; Nijs = Q; N1 = 0; (3.62e)
1 X
p = a+ > hg ; (3.62f)
j=1
3 1 1
b, = a+t éhlel"' éhzez"' §h3e3; (3.6209)
1 1 1
P, = @& §h1e1+ éhzez"' éhsesi (3.62h)
(3.62i)
Then formula (3.60) gives
@y °° _ 1 | |
@x ., mf[hzhs (f(P)+ (.  [hahs(f (p) + F(p))]g
1

o, [[2H0rai +2hiy + hoby + hsbs] - [2F07ai + haby + hsbs]g

= by
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which proves the assertion.

Formula (3.58) gives a method to approximate the gradient o& function at the

barycenter of a control volume. To discretize the viscous @s of (2.1a) we follow
the idea to directly evaluate the terms on a face. To this endetivatives on a face
are required.

De nition 3.4.5 Assume thatM is a triangulation of D andg; 2 E(M). Let
us consider the function (3.57). Then the Green-Gauss methto approximate the
derivative in direction X, on the facee; is given by
" #
@y *° _1 @ °, @K =
@x 2 @x 5 @x p

1) ! ]

(3.63)

Corollary 3.4.6 Assume thatM is a Cartesian triangulation of D. Then the
Green-Gauss method to approximate the derivative of thedar function f given
by (3.61) is exact for allx 2 D. In particular, the Green-Gauss method to approx-
imate the derivative in directionx, on each faces; 2 E(M) is exact.

Proof: This is a direct consequence of Lemma 3.4.4 and the de nitiqi3.63).

A second method to directly approximate the derivative of aLinction on the faces;
is given by the so called thin layer approximation.

De nition 3.4.7  Assume thatM is a triangulation of D ande; 2 E(M). Let us
consider the function (3.57). Then the thin shear laye(TSL) method to approxi-
mate the derivative in directionx, on the faceg; is given by

@) TSL N g b, P) G o, (P) ;s X2e€,;

@x o " dist(g; ) o; else: (3.64)

Formula (3.64) gives a direct possibility to approximate tle derivative on the face
and forx 2 g; it can be shorter written by

@y ™ _ . (@ 9
@x o ' dist(e)

Lemma 3.4.8 Consider the assumption of Lemma 3.4.4. Then the thin shearykr
method to approximate the derivative df on the facee; 2 E(M) is exact in normal
direction, that is it is exact for

: (3.65)

«(X) = ho; Bxi
and Py is given in (3.59).
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Proof: Recall the relations (3.62). Then, using dist; ) = h;, we compute

@) 1 .3 1 1
_ = I‘b' + —h + —h + —-h
@x . hy al 5 1 > 2 > 3
.1 1 1
rai + = + = + =
o; ai 2h1b1 2h2b2 2h3Q
= b.l.:
TSL TSL
Sincenyy = N3 = 0 we obtain % = % = 0, which shows that
e‘j e‘j

the thin layer method is exact forf3. The assertion forf3 and f3 is analogously.

3.4.2 Discretization of viscous ux terms

Using (3.58) together with (3.63) and (3.64) give us two di eent ways to approx-

imate derivatives to implement the viscous terms. Both metbds are explicit and

straightforward to implement. On the other hand, both methals have severe short-
comings.

For the Green-Gauss method it can only be shown that for Cardean meshes the
derivative of linear functions can be correctly represertle The thin shear layer
method even makes a systematic error. Only the derivative tiie linear function

projected on the normal direction can be correctly represtad on a Cartesian mesh.

Both approximate derivatives (3.58) and (3.64) are a sevesource of error in the
typical nite volume discretization of the system of equatbns (2.45). This is in
particular true for unstructured meshes where many of the otrol volumes are non
hexahedral elements. On the other hand, many of the grids whé practice have
a hexahedral boundary layer. Assuming that in particular inthe boundary layer
derivatives of certain quantities such as velocity have a signi cant impact, at
least the topology of the mesh is adapted to the shortcomings the approximate
derivatives (3.58) and (3.64). Nevertheless, it should beomted out that even under
optimal conditions, that is a Cartesian mesh, only the derative of a linear function
can be represented correctly.

To discretize the viscous termg, of (2.45) an averaging of all required data on the
faceeg; is done,

1 1
ey~ é( I (W,) o (Wj )) ; tej — é( ti oot ) ; (3-66)
1 1
ey — é( L(Wi) + (Wj ) ; tej — é( ti vt ); (3.67)
e = Ley Totey e = ey Toteys

1
U = é(Ui'*'Uj): (3.68)
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In case we use the Green-Gauss method the required gradiearts computed by (3.60)
and (3.63), in case we use the thin layer method we use (3.63hen, for complete-
ness, the required gradients for velocity and temperaturee either

" #
GG GG .
2 e e e (3.69a)
@% eij 2" @% Di @% DJ#
GG GG GG
= " e e (3.69b)
@% €jj 2 @K D; @% D,
or
@U TSL _ nk;ij |
@x .,  dste) W (3.70a)
@ .,  dsie) " T (3.70b)

The terms (3.66), (3.67), (3.68), and (3.69) or (3.70) are ad to evaluate the viscous
stress tensor and dened in (2.7) and (2.8). The corresponding ux for the
faceeg; is then evaluated by

Z
fu(Wh);ne, ds svol(g) fv Whjy iNe (3.71)

€ij

Let us close this section with one important remark. In casene gradients are eval-
uated using (3.69), the viscous ux (3.71) depends on the aatz functions Wy ;)
de ned in (3.14), which means an extended stencil. In case.{®) is used, the stencil
for the approximation of the viscous ux (3.71) is compact. tionly depends onWi;
and W, .

3.5 Discretization of turbulence models

The way to discretize the turbulent ow equations (2.52) and2.53) follow the same
ideas compared to those for the mean ow equations. Additially, a discretization
strategy of the integral operatorVp (Q) representing the source terms is required.
A major di erence in the discretization of turbulent ow equations compared to the
mean ow equations is the restriction of the convection pag to rst order terms.

According to (3.9) we introduce the ansatz functions to apmximate the equations
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for ~, kand!,
Nem
~(x;t) (X t); (X t) = ~(t) b, (X); ~(1) =~ (pist);
i=1
’\){Iem
k(x; t) Kn(X;1); Kn(x;t) := ki(t) b, (x); ki(t) :== k(pi;t);
i=1
Nilem
F(x;t) Fh(x;t); Fa(x;t) = Fi(t) b, (x); @) =1 (pi;t):
i=1

De nition 3.5.1 Assume thatM is a triangulation of D, g 2 E(M) and let
us consider the corresponding control volumds;;D; 2 M. Then we de ne the
numerical ux function for the Spalart-Allmaras model in namal direction n by

Hsa (=i Wi) 5 (5: W) in) = %[HC;SA("W;Wi);ni"' Hcsa (553 W) 5 ni]
%JVU Roej (~J ~I) . (3'72)

The term Vi roe is declared in De nition 3.2.3.

De nition 3.5.2 Assume thatM is a triangulation of D, g 2 E(M) and let
us consider the corresponding control volumds;;D; 2 M. Then we de ne the
numerical ux function for the k! -model in normal direction n by

8
3 Ug ;N kij  Ug;n 0O
WY (LT Sy Ueg ;N Kj;  Ug ;N <0
" | . . | i = { { .
H(k,.)((k|’ |lW|)l(kJ’ ]1W])sn) S ue:,n ||, ue:’n O’(373)
' Ug ;N 1y Ug;n <O

It can be shown for bothHsa and H . ) that these satisfy the conditions of Def-
inition 3.2.3. And both ux functions are formulated and implemented without
an entropy X. The convective ux for the Spalart-Allmaras turbulence model is
approximated by

Z

fesa (Wh);ne, ds svol(gj)Hsa (=i Wi);(5;Wj)ing
€ij
and for the k! -model by
Z
fery (Wh)ine ds svol (& ) Hekyry (Kistis Wi) (K5t W) sng

€ij
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The discretization of the viscous ux terms follows the ides of Section 3.4.2. Ad-
ditional gradients for ~ k and! are computed either by

g #
@% SG _ % @% :G+ @% :G : (3.74a)
” " | 4
ORI I S
o6 " o6 o6
@9:6 . = % @9; N + @Q;‘ 5 (3.74¢)
or
TS
= T a7V (3.754)
@9; TJSL = diztk(;g,-)(ki k): (3.75h)
@9; TSL = di;‘tk(;gj)(!,- 1)) (3.75¢)
Simple averaging of
Ley = :_ZL(I(Wi)"' 1 (Wj)) 5 (3.76)
Fo= Tt (M= (T (T (3.78)

€j ]

gives all required values to evaluate the viscous terms ofdtSA-model
VA

fu.sa (i Wh)ing ds svol(&j) fusa i) W) iNe
€ij

and those of thek! -model,

Z D E
Pl Uik ) (Kns ! hy Wh) sne,  ds
" sC ej
1 1 9 D E
0 1.1 SVolE) Tuga) Knaiyi!nain W) iNe
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Additionally, for the turbulence ow equations the source ermsQsa and Qy.; need
to be discretized. This is done pointwise by the straightfevard application of the
mid-point rule

Z
Prsa (=n; Wy) dx vol (D) Prsa ~; Wi; Wi on i) (3.79q)
ZP;
Desa (~n; W) dx vol (Di) Desa ~; Wi; Wi on iy (3.79b)
ZDi
Di sa (~n; W) dx vol (Di) Disa ~; j2n () - (3.79¢)
Dj

The notation on the right hand sides of (3.79) is understoodsafollows. The con-
struction of Prsa and Desp requires the derivative of the velocity andDi s of the
transported variable ~ These are computed for the elememd; using (3.59). Hence,
the formulation of the right hand sides of (3.79a) and (3.79bindicate the depen-
dency of the source term in the elemerd; on the ansatz functionsw; and Wj; o (i
and the dependency of the right hand side of (3.79c) on the aig functions ~
and ; 2N (i)-

The discretization of the source terms for th&! -model is analogue,

Z
vol (D;
Lo Priggr) (Knj ! ns Wh) dx ,( l)Prk;(k;! y kit Wis W on Gy 5(3.80a)
ZDi = SC
P'se  Dex ity (Kns! s Wy) dx I'scvol (D) Dey iy y (ki ti); (3.80b)
yad
vol (D;
Lot Proery (Kns ! h W) dx ( I)F’r!; 1) Wi Wijon iy (3.80c)
ZDi = SC
! sc De!; (k') (kh; ! h;Wh) dx ! chOI (Di) De!; (k1) (! i) : (380d)
Dj

And the right hand sides of (3.80) indicate as above the diredependencies on the
ansatz functions and coe cients. According to (2.23) the dicretized production
term PTy. .y is given by
Z
P’rk;(k;! ) vol (D|) minf! SC]'P Mk (k1) 20! SCDek;(k;! )0 (381)

Di

3.6 Discretization of boundary conditions

All boundary conditions considered in this thesis are impfeented using a ux

formulation. The concept is explained at the beginning of tls section once in its

general formulation. Then details for the following bounda conditions are given:
a) Far eld boundary condition,
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Vi Y4
AP 1n APi+1:n
A A
A A
A A
ATy A
A H|_| A
A A y V y
A A B 1n Pi:n Pi+1;n
A A
y A yA y y
Pi 1;bdry |7pi;bdry pi+1;bdry Pi 1;bdry 7pi;bdry pi+1;bdry

Figure 3.3: Examples of a polyhedral and quadrilateral medbr a boundary point

b) Slip wall boundary condition,
c) No-slip wall boundary condition,

d) Symmetry boundary condition.

To explain the general idea consider Figure 3.3 and assumatte.,q, represents a
boundary edge. As already mentioned in the introduction ofhis section, there is
an anomaly in the computational mesh considering a dual mestt can be observed
from Figure 3.3 that due to construction the element at the bondary is given by a
half cell, which directly results in a jump in the grid metric Hence, the considered
barycenter of this cell is assumed to be located directly oimé boundary, that is as
if this half cell is assumed to be arti cially extended to a coplete cell. Within our
proposed formulation of the boundary conditions, we canndtlly circumvent this
fact.

Using ux formulations, the ux over the edge e.,qy nNeeds to satisfy the corre-
sponding boundary condition. Contrary to an inner edge, athe outset only one,
namely the inner state is given. To be more exact, the coe cigs W; of the ansatz
function corresponding to the elemenD; are given. To compute the ux, an outer
arti cial state needs to be prescribed, which is denoted by,

Wibdry = ibdry (1); (U )i;bdry (t);(E )i;bdry (t) ;

and additionally for the possible turbulence ow equationss. gy and (Ki.pary ; ! i bary )-
This outer arti cial state is evaluated such that the bounday condition for the
boundary edgee; ,qr, is satis ed. Then, using the notation of De nition 3.1.12 we
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approximate the boundary integrals by

Z |‘jqdry Z
H.(W);nids H **5R%€ (Wi Wi pary ; Mi; bary ) dS
@n i=1 S bdry
"ry
svol (Q; bdry) H 1st;Roe (W| , Wi; bdry ; N;; bdry) ;
i=1
Z Nygary
o0 hcv (W) ; ni ds svol (e|;bdry) fv Wi ; Wj;j 2N (i); VVi;bdry ; r]i;bdry
i=1

For stability reasons in particular for solid walls the numdcal ux function for
boundary edges is replaced by stR°¢  To improve accuracy of the scheme no
entropy X (3.34) is applied.

Far eld boundary condition. The implementation of this boundary condition
determines the in ow of free-stream conditions of the uid. Given an angle of
attack , the outer state is determined by

— — . e . T.
Wi gy = W1 :==( 1;c08 1up;0;sin qup; 1 Ep)

The determination of free-stream conditions for the turbwgnt ow equations is a
complex topic and not straightforward. Here we simply givehte values used, which
are

Tibdry = T1 = fSA;l 11, 3 fSA;l 5;

where we have followed the recommendations in [81, 1]. Thenstant factor fsa.1
determines the degree of turbulence in the free-stream ang ichoice depends for
example on the simulated ow itself, the Reynolds number anthe size of the nite
mesh. Here one often counts the chord lengths from the simtdd body to the free
stream. As a result, the choice above yields for the Spalaftmaras turbulence
model a ratio of eddy to laminar viscosity by

. 4
v1_ fsar 171 fui(fsan 11 W1 ) fsan

= .
1 1711 foar + Ch

In all our computations for the Spalart-Allmaras turbulen@ model we chose
fsan =3;
which goes along the recommendations given in [81, 1] ande&gva ratio of about

51 021044
;1
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For the k! -model in all our computations the free-stream values arevgn by
(ki;bdry;! i;bdry) =(ki;t1)= 9 10 9;10 ® .

Hence, this choice gives using (2.54) a ratio of eddy to lanainviscosity by

PmaiL
1 _ Re 1y _ 3.
= fe =9 10%

;1 Re

It is important to notice that this ratio of eddy to laminar vi scosity for thek! -model
is about two orders of magnitude smaller than compared withhe Spalart-Allmaras
turbulence model. Nevertheless, the mathematical questiof these boundary con-
ditions are meaningful as closure for the corresponding badary value problem is
open.

Slip wall boundary condition. The slip wall boundary conditions corresponds
to the inviscid ow problem. To ensure a vanishing normal velcity the outer state
is determined by

ibdry & s
(UWipay = (U); 2h0U); i Nibary | Ni;bary ;
iibdry Eizbary = iEi:

For results presented in this thesis this boundary conditiowas only used for inviscid
ows. Hence, a possible treatment for turbulence ow equadins is not considered.

No-slip wall boundary condition. The no-slip wall boundary corresponds to
the viscous and turbulent ow problems. To ensure vanishingelocity and normal
derivative of the temperature the outer state is determinedby

itbdry = i, (3.82a)
(Wipay = (U);; (3.82b)
( E )i;bdry = ( E )i : (3-820)
The vanishing normal derivative
er =0 (3.83)

€i; bdry

is directly incorporated into the ux such that an application to (2.8b) yields

@T

o = =0:
€ 1€ bdry @n

g Wi; Wi an ¢y 5 Nicbdry
ei; bdry

To determine the derivatives of velocityu, and the turbulent ow variables ~, k
and! four methods are suggested. To this end consider the modelaopolyhedral
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mesh shown in Figure 3.3. Assuming that for laminar and turbdent ows the com-
putational mesh is generated such that the boundary layer osists of quadrilateral
elements in 2D or hexahedral elements in 3D such as on the tigif Figure 3.3,
the point p., can be used to approximate the derivative using (3.65). Assing a
linear behavior ofu, ~ and k over the boundary edges. ,q4y, We de ne

ibdry = ~in (3.84b)
to approximate derivatives for the boundary edge by

@J TSt — (ni;bdry)k (Ui;bdry ui) — (ni;bdry)k Uiin : (3.85&)
@x € bary Kpibdry  PinkK, Ui =0 Kpibary  PinK,
@ TSt = (ni;bdry)k ("‘l;bdry "i) — (ni;bdry)k ~in : (3.85b)
@x € bary kpi;bdry Pi:n k2 ~=0 kpi; bdry  Pin kz
@( TSt = (ni;bdry)k (ki;bdry ki) — (ni;bdry)k ki:n : (3.85C)
@x € bary Kpibary  Pink, ki =0 Kpibary  Pin K,

The determination of the boundary derivatives (3.85a){(385c) have the major draw-

back that knowledge ofp;., is required. For example, assuming non-quadrilateral
elements in the neighborhood of a no-slip wall these approxations are maybe

misleading. Such a situation is illustrated in Figure 3.3 €éft). This suggests that

alternative methods are required. Hence, we can replaceg3a){(3.84c) by

Uibdry = ui, (3.86a)
“ibdry = i (3.86b)
ki;bdry = Ki: (386C)

The settings (3.86a){(3.86¢) are consistent with (3.82b).Then, the approximate
derivatives for the boundary edge may be computed by

@U et —— (ni;bdry)k (ui;bdry Ui) _ 2(ni;bdry)k Ui 3.87

@x - kp: kK,  Kkp; K 88D
X € bdry pl,bdry pl,n 2 pl,bdry pl,n 2

@ TSt o (ni;bdry)k (“’l;bdry ~|) _ 2 (ni;bdry)k i 3.88

@x T kp: ok, Kps K, (3.88)
X €i bdry pl,bdry p|,n 2 p|,bdry p|,n 2

@k et —— (ni;bdry)k (ki;bdry ki) _ 2(ni;bdry)k ki . 3.89

@x Tk Kk, kp; i K, (3:89)
X € bdry pl,bdry pl,n 2 pl,bdry pl,n 2

The computations (3.87){(3.89) still require the distancekp;pary  Pink,. To nd a
formulation which is free of this additional value we may aply (3.60) to determine
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the derivative in the boundary cell

2
@u °° 1 4 X Nici ‘
St = - svol(gj ) —— (Ui + Uj)jy -y,
@x o, vol (D) i 2N (i) 2 o
n;: .
+ SVO|(e|;bdry)_( |,b;ry_)k (Ui + Ui;bdry)Jui:ui; balry ; (3.90)
2
@ ©°° 1 4 X Nici _
= = - svol(ej ) —— (5 + )i - .,
@x p, vol(Di) i 2N (i) 2 o
n;: .
+ SVO|(Q;bdry)% (5 + '”i;bdry)]~|=~i; belry : (3.91)
2
= = - svol(ej ) —=— (ki + K )Jki:k--
@ 5 vID) . 2
n;. .
+ svol(a;bdry)% (ki + Ki: bary )jki:ki; oy - (3.92)

As above, in principal we can choose for the boundary valu@s,gry ; ~i.bary @NdKi; pary
either (3.84a){(3.84c) or (3.86a){(3.86c¢) or

Uibdy = O; (3.93a)
ki; bdry = 0: (393C)

So, altogether as mentioned above, four methods are avai&alio approximate the
required derivatives. It is open which of the methods might & preferred, and this
thesis will not investigate this topic in detail. Within the given implementation all
methods were implemented and tested. For the examples catesied in this thesis,
results were similar, but a thorough study has not been penimed. For all the
results shown in Chapter 6 either (3.85a){(3.85c) or (3.9Q(3.92) in combination
with (3.93a){(3.93c) has been used.

To realize the boundary condition forl given by (2.55), note that when approaching
a smooth no-slip wall, the asymptotic behavior is determirteby (see [113])
6 (W(x hn(x)) . 9 .

no slip kx hn(x)kg’ no slip -— 1—00

lim 1 (< hn() = lim

For the implementation rst the term in the denominator is approximated by

kx hn(x)k2 di K pi;bdry Pi;n k;
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whered; is the distance to the closest wall of the next discrete poinfThen, to resolve
within a discrete implementation the asymptotic behaviortiwas suggested [59, 61]
to introduce an additional factor of 10, that is! on the no-slip wall needs to satisfy

60 | (W(x))

. x2 @D: (3.94)
no slip kpi;bdry Pin k;

! no slip (X) =

Based on the formulation (3.94), to nd a suitable value! ;.,q, We suggest the
following extrapolation. The gradient in normal directionis evaluated by

@ TSk iapp (ni;bdry)k (! no slip ! i;n)_
@K €i; bdry kpi;bdry pi;n k2 -
This approximation is exploited to determine
* +
| TSL ;app
! ibdry = ! o slip T f! % » Ni; bdry

€i; bdry
(! no slip ! i;n), f, =4:
kpi; bdry Pin k2 ’ o .

This is exactly the value we used fol on the no-slip wall in all our computations
for the k! -model. Then, the approximate derivative for the boundary @&ge required
for the viscous terms is given by

@ ™ — (Mipary )y (Yiebary i)
@x kpi;bdry Pi;n k2 .

Note that in principle we could have considered for this cotrsiction also Green-

Gauss gradients. For the sake of simplicity we restricted ogelves to the presented
construction. It turned out that in particular the reconstruction of a suited bound-
ary value! , gjip IS within our implementation responsible for a robust dis@tiza-

tion and realization of a solution method, which has the potgial to solve the set

of equations of thek! -model.

= I slip+f!

€ bdry

There is a further important remark. When solving for! we scaled this variable by

| = .
e VI

1

Due to the boundary condition (2.55) which is approximated ¥ (3.94) it is clear
that with respect to possible mesh re nements the distanceotthe closest wall

Ohi K Pibary  Prink, ! 0 h! O

and hence possibly numerical instabilities emerge due to igisi cant increase in the
boundary values! », . To resolve the ow inside the boundary layer meshes are
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in general generated such that this distance scales with theynolds number,d; =
di(Re) C=Re Hence, using (2.10), (2.13) and (2.31a) we conclude that kast
up to some mesh re nement that scaling <. leads to a normalization of the possibly
largest values expected, that is
Pwm.L
1 1
! no slip C|— e

c 2
SC Re

In case! s would be chosen by one, we may conclude that the,, i, already
behaves like the Reynolds numbeRe in an neighborhood of the no-slip wall. And
these values might be large for high Reynolds number turbule ows. Hence, the
scaling! ¢ only turns out to be a typical normalization for the variable! , which
may stabilize the numerical implementation.

Symmetry boundary condition. A further boundary condition considered and
implemented is the symmetry boundary condition. This boundry condition is

similar to the slip wall boundary. Here all vector valued quatities need to be
projected, that is not only vector valued variables but alsgossible gradients. For
completeness, we recall the requirement

ibdry & s
(U )i pary . 2h(u); 5 Nipdry | Nibary S

ibdry Eiibary = iEj;

|
—~

<
~

together with possible quantities of the turbulence ow eqgations,

Sibdry & iy

ki;bdry = ki

Pipary = it
Assuming thatv; 2 R3 is any other vector valued quantity, such as a gradient, we
de ne its boundary value by

Vibdy = Vi 20V Nipary | Nibary

Then these values are incorporated into the ux functions fiothe symmetry bound-
ary. This consideration concludes the implementation detia of boundary condi-
tions. Note that these techniques are not restricted to nie volume codes, but the
same ideas can be applied to for example to discontinuous &&in codes.

3.7 Discrete set of equations

Using the notation of (3.9) and (3.10) to formulate the commte set of equations,
we de ne the coe cient vector
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to represent the ansatz for function for the mean ow equatio (2.45). For the
turbulence ow equation we use in the following the same not@n for both the
Spalart-Allmaras and the Wilcox k! -model. Considering the representation of the
ansatz functions  and (kn;! ) introduced in Section 3.5 we denote the correspond-
ing coe cient vector either by

or

Then, the discretization of the mean ow equations (2.45) tgether with the turbu-
lent ow equations (2.52) or (2.53) yield the system of ordiary di erential equations

d w() _ M iR mean (W (1); W ()

d W) T Mok Rum (WEW(1) (3.99)

whereM pean := diag (diag (vol (D;))) 2 R®Neem SNeem gand M, := diag (vol( ;)) 2
RNt Neem Nt Neem denote the mass matrix for mean and turbulent ow equations.
Depending on the actual mesh size, (3.95) represents a laggale, time dependent
set of nonlinear equations which need to be iterated in timeTo approximately
solve (3.95) we assume that the mean ow equations depend yrdn W and W ;
acts only as parameter here, whereas the turbulence ow edien depend only
on W and W act as parameter. Hence, we rewrite system (3.95) as

SW@O = MR e (W (0;W,(1) (3.96a)
SWAD) = M Run (W0 W (1) (3.96b)

Equations (3.96a) and (3.96b) are then solved sequentiallylentioned in Section 2.4
it is not our goal to approximate time accurate solutions of3.95), but our main
interest is the robust approximation of a steady state solitn. That is we postulate
that the left hand side of (3.95) vanishes, that is it satis &

d d
aW(t)—O, aWt(t)—o.
With respect to this assumption the system (3.96) simpli eso
0 = Rmean (W (t); W (1)) (3.97a)
0 = Run (W(t); W(1); (3.97b)

which represents a nonlinear set of equations which needd® solved. In principle,
Newton's method is suggested to be the straightforward waytsolve this set of
equations. Based on this observation, it is the goal of Seati 5 to suggest solution
strategies.



106 CHAPTER 3. DISCRETIZATION



Chapter 4

Total derivative of Discretization

The computation of the derivative of the residualR is complex. Therefore, a
full chapter is devoted for this section. In principle, the pocess to construct the
derivative dR=dW can be implemented in a fully automatic fashion and only the
local uxes over the facese; and the source terms which are given pointwise need
to be di erentiated. Then the complete derivative is constucted in the same way
the residual R itself is computed. This basic and simple observation sugis to
distribute this chapter into two parts.

The rst part describes the consequence of this global obsation and it presents
the required data structures and routines to construct the erivative matrix. In
particular, note that such an approach is independent of thenderlying integral
equation or di erential equations. It depends only on the aal stencils used for the
discretization. Due to this fact amongst other things we hay spent so much e ort
in Chapter 3 to identify the dependencies on the ansatz furions and corresponding
coe cients.

In the second part of this chapter, we present the derivatigeof the uxes and
source terms with respect to their discretization. On the amhand, we present for
several terms the complete derivatives to show in which waynaexact derivative
of the residual can be constructed. From the terms shown it ngabecome clear
that this is a rather extensive analysis with lots of details Without getting lost in
details, we are not going to present this for all terms. The gbis to make clear what
needs to be done to compute these terms and in which way to imporate those.
Hence, in particular for the viscous ux terms we restrict otselves to those terms
which are necessary for the solution method presented in Gitar 5. Nevertheless,
for future work and readers generalizations to construct ext derivatives beyond
those terms presented in this chapter should become cleauc8 an exact derivative
is for example important for optimization problems, contrd problems and inverse
problems based on the boundary value problems consideredSaction 2.4.

For understanding the data structures and the implementedlgorithms, within this
work a private implementation dealing with block and scalaisparse matrices was

107
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accomplished. No other software has been used. Though, a@usly this meant that
from a software design point of view there is still tremendaupotential for e ciency,
it is the goal of this work to demonstrate the potential of suable algorithms to
solve the RANS equations. With this in mind, it was an intentonal decision to
include software written by others to a minimum.

Moreover, our major goal is the design of an e cient solutioralgorithm to approx-
imate a solution to the boundary value problem formulated irSection 2.4. Such a
method is realized introducing preconditioners which aredsed on certain simpli -
cations of the exact derivative. These simplifying assumiains are discussed in this
chapter as well.

4.1 Global considerations

This section discusses the structure of%. In general, this structure is at the
outset independent of the actual integral or di erential egations, but it depends
on the stencil used for discretization. Hence, this expresa represents a large scale
(block) sparse matrix, which needs to be saved e ciently in lhe fast memory of
a computer such that the available resources are not overtted. Since we want
to make extensive use in our solution method, we start by cadgring a suitable
representation.

4.1.1 Graphs and sparse matrices

For this section recall the notation of Section 3.1. To undstand the structure
of the full derivative g—vﬁj it was one goal of the last Section 3 to emphasize the
dependency ofR; on the unknownsW . To represent the (block) sparse matrices
a CompressedSparseR ow format has been implemented. For details of this topic
we refer to the text book of Saad [84]. For our purposes we stiprintroduce the

following de nition and notation.

De nition 4.1.1  The neighbors of neighbors of pointare de ned by
N (N (@):= [wan@N (K) n \yon )N (k)

Notation 4.1.2 We denote the neighbors and neighbors of neighbors of paii
the following explicitly by

N@) = Joiitiena
N (N (i)

1
=~
o
£
=z
=z
g
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Corollary 4.1.3 Consider the functionsR nean and Ry, 0f Section 3.7. Theith
component(R mean); and (Rwib ); are a function of the variables of the indiceis N (i)
and N (N (i)), that is

(Rmean); (W) = (Rmean); Wis Wi iiiti Wi s Wi 200 Way vy 0 (4:18)

J1s
(Rum )i (W) = (Rmean)i  Wis Wi Wiy s Whas 205 Wiy ey t :(4.1b)

Proof: This is a consequence of the construction of the residual, wh is described
in Section 3.

It is exactly these indicesi, N (i) and N (N (i)) which determine the number of
nonzero entries and the column indices in thigh row of the block sparse matrix.
More general, we can interpret these connections as a grah and the structure
of the (block) sparse matrix representing the derivativej'% is determined by the
points which are connected by an edge in the graph. Considegithe setN (N (i))
there exist also edges in this graph which do not correspond the directly con-
nected edges given by interpretation as a mesh. To get an idehout the memory
requirements to saveg—VFf, in the fast memory of a computer we give the following
lemma.

Lemma 4.1.4 Consider a 3D hexahedral structured mesh representihg degrees
of freedom. Then the memory requirements fofze=. are

5000 N Bytes
Proof: For a 3D hexahedral mesh we have
#fi;) 2N (i);k2N (N (i))g=25: (4.2)

Hence, each row oﬁ% has 25 nonzero entries. For the discretized mean ow equa-
tions each entry is a block with 5 5 = 25 entries. Considering the programming
languages C [34] or C++ [87], where a double requires 8 byteee memory require-
ments for the matrix are

25 25 8 N bytes = 5000N Bytes:

For example, for a mesh withN = 10° nodes about &B memory are required
to save the matrix % Modern hardware clusters in general have much more
memory available.

To construct e cient solution algorithms, which is topic of the next Chapter 5, the
construction of the exact derivativeé’—VFf, often plays a minor role. Here it is of major
importance to nd suitable approximations to the exact dervative such that these
can be incorporated as preconditioners into the solution gdrithm. To this end we
introduce the following notation.
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Notation 4.1.5 Assume that theth component of the residual, that iR, depends
only on W; and its direct neighborsW,, j 2 N (i). Then we call the dependency a

compact stencil and denote this bR ™.

For a compact residualR °™ the nonzero entries in the (block) CSR matrix are
determined byi and N (i). To construct this matrix a single loop over all edges is
enough, that is Algorithm 2 below reduces to the rst loop oweall edges. Further-

more, we can give a rough estimate for the memory requirement

Lemma 4.1.6 Consider a 3D hexahedral structcLolr[Ed mesh representihy degrees
of freedom. Then the memory requirements fo?Rme are

1400 N Bytes

Proof: The proof follows line by line the proof of Lemma 4.2 taking o account
that (4.2) needs to be exchanged by

#fi;) 2N (i))g=7:

Hencec,omtphe memory requirement to store (block) CSR matricder a compact resid-
ual % is about 357 times less than storing the matricegmﬁ for a residual
requiring an extended stencil.

- drR
4.1.2 Construction of W

For the construction ofé’—VFf, it is important to distinct on the one hand between ux
terms depending only on variable®V; and W;, that is those directly corresponding
to the edge (face)e;, and on the other hand those being additionally dependent
on the neighbors of these variables, that is those which demwkon W; and W; and
additionally on Wy, k 2 N (i) and W-, * 2 N (j ). We emphasize this point because
our way to implement the derivative follows three major goat

a) The technical realization to computeg—vﬁj should be as close as possible to the
evaluation of the residualr.

b) The stencil operations, that is the generation of the strcture of the matrix,
should be done (almost) automatically.

c) Only the uxes over the edges need to be di erentiated, as &ll as volume
operations for the source terms.
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This approach is important. In general a software package prementing the RANS
or any other di erential or integral equations is not xed, but under continuous
change, and it is not only one person manipulating the codeubmany. In case
one has separated the technical stencil operations from tlaetual discretization,
developers of the code need to care only about di erentiatioof their local stencil
operations. The global interaction is realized automatidly and is therefore free
from defects. In a nal step, one could even realize the locdl erentiation by

automatic di erentiation. At the nal end, this might be a qu estion of e ciency
versus degree of automation.

To realize the global interaction, we need to resolve the depdencies oR; on the
variablesW . Mathematically spoken, we need to resolve the dependersievhich
is realized exploiting the chain rule for di erentiation. Assuming that we represent
the reconstructions required for the evaluation oR by a function g = g(W), we
need to understand what the expression

dR _ dR dg

dw dg dw
means, in particular such that a realizable way to implemernit into a computer code
can be found. It is our goal to describe an automatic process tealize this technical

challenge. Then, within such a generalized framework, theethiled derivatives of
certain terms can be easily exchanged.

To describe the idea in the following, consider théh component of the residual
and the corresponding edges (faces), j 2 N (i). Then the corresponding residual
is computed by

Ri = svol(gj) H Wnij); Ne, fv Wiy e
j2N (i)

but to save operational count the terms over the edges are cpated and summed
up. This approach is summarized in Algorithm 1. Here it is dagnented, in which
way the extended stencil operations are realized, namely ansequential manner. It
is exactly this sequential progression which needs to be ngegal to the construction
of &R

In OIpvtyinc:iple the explicit dependencies mentioned in Coraly 4.1.3 in (4.1) can be
directly resolved to compute the derivatives. But for e ciency, and due to the
reasons discussed in the beginning of this section, in gealeihe realization of the
computation of the residual is done by looping over the edge$o carry this concept
over to the computation of the derivative, we consider the mdual as dependent
only on reconstructed values (Laplacians and gradients) kesponding to the direct
neighbors, that is (4.1) is rewritten by

Ri=Ri gWi)ig: Wikan 0 57 5 Guve Wikan (i) (4.3)
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Algorithm 1 Computation of residual

1: procedure Loop over edges (faces) to compute gradients
2: for k=1;:::;#E (M) do

3 I €j
4 I g
5 |—| I—i + (Wj WI)
6 LJ Lj (Wj Wi) I(
svoke;
7 %)lj D; %)li D, + 281)(Ui + Uj) Neji
voke;
8: %L Dj %; Dj + > OZI(eJ ) (T' + TJ) ne;ij
9: procedure Loop over elements finishing gradients
10: for k=1;:::; Ngem do
11: g (vol(Dy) 11 oy
12: e o, (vol(Dy)) e o,

13: procedure Loop over edges (face) to compute residuum
14: for k=1;:::;#E (M) do

15: [ €;

16: J €

17: Hij H éWi;Wj;Li;Lj;n) E
19: R;i R; + svol (QJ' ) Hij (f V)ij

20: Rj Rj svol (QJ ) H i (f V)ij
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Figure 4.1: Complete stencil for a 2D hexahedral mesh

Then, exploiting the chain rule the derivative is computed ¥

0 @g 1
! o8
R _ R QR @R aw (4.4)
@W @g’ @g'-..,@gN(i) : .
@g#N(i)
aw

sponding to the residual, the implementation of the derivave of the residual can be
realized by a nested loop over the edges. And hence, only thieedt local derivatives
corresponding to one edge; are required. Derivatives arising from an extended
stencil follow by application of the chain rule.

We may present an easy example which can be computed straightvard. Con-
sidering a 2D hexahedral mesh, we need to represent the coetplstencil. The
example is illustrated in Figure 4.1. Using the notation oftis example, the sum of
di erences in the de nition of the numerical ux function H in (3.15) and (3.16) is

X
Di Wngj) = Li Wngi) Li Wngg) (4.5)
j2N (i)

A straightforward evaluation of this expression is

Do Wy (i) = 20W, 8(W1 + W3+ Wg + W7)
+2 (W2 + Wy + We + Wg) + Wo + Wip+ Wip + Wiyt (4.6)

tation corresponds to (4.1). This simple example illustras that such an explicit
approach is in general and in particular for more complex fowlae not feasible,
and in particular not e ciently feasible.
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To follow the idea of (4.3) the termD, is reformulated as
Do Wngj) = D>g(|-o; Li;Ls;Ls;Ly);
L, = (WJ W,) .
j2N (i)

Straightforward di erentiation gives (we neglect the factthat the expressions need
to be understood as matrix valued, the terms represent theatjonal of the matrix,
o -diagonal terms are zero)

@i
@Lo;L1;Ls;Ls;L7)

Now, exploiting the chain rule (4.4) we can compute for exanhg for the derivative
with respect to Wy,

= ( 411,11):

0 o, 1 0 1
Qv 4
@ = ( 41111 E =( 41,1,1;1) 1§=20;
oW gy .
jeiis 1
@W
with respect to W5,
0 1 0 1
% 0
v 1
@R _ QY C_ . L1 g_.
— = 4:1;1;1;1 =3 = 4:1;1;1;1 1~=2;
ow - )%%ﬁ“ ( )%o
Vg
%_VL; 0
with respect to W3,
0 o, 1 0 1
@ 1
W 0
@R _  C_ . i1 g_
— = 4:1;1;1;1 == = 4:1;1;1;1 4 ~= 8
ow - )%%Y? ( )% 0
ol 0
@W

and with respect to Wy,

1 1

L

@
&

@i
@Wo

= ( 41111

0
= ( 4;1;1;1;1)é

(@mm o
Q|e®|e@
e

@I@@I
zi5
OOmr oo
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And, naturally, these results correspond exactly to the redt obtained by the ex-
plicit expression (4.6). To reformulate this idea into a lop over the edges (faces),
we write

P
@p _ @ (ki Li) _ X @ar L)
(@Y QW T @

*oay L) @k @y !
(2N ) @akLi,Lj) QW @Ww

X @y L) oL a@r "
aL.L) W @w

€oj ;j 2N (0)

Algorithmically, the considerations above translate as flows:

Algorithm 2 Computation of derivative of Laplacians

1: procedure Loop over edges (faces) for inner derivatives
2: for k=1;:::;#E (M) do

3 [ €
4 [T
5 oL @L 4 QW Wi)
QW  @W @W
6: QL @L 4 @w; Wi
' @w @w aw
7 ey @y  aw W)
QW  @Ww @W
8 @, O,  aw; W)
QW oW QW
9: procedure Loop over edges (faces) to compute full derivative
10 for k=1;:::;#E (M) do
11: [ €
12: | €
13: @n @y 4 @ L) @L.@k T

14:

@w e@w  dLilj) W’ ew
15: for “2N (i); 6 i do
16: @y @b, @ L) @L.OL T
' @y ey aLL) oy’ ew
17: @ @n, @, L) @,.e, '
' @w W @LiL) @W’@w
18: for 2N (j); 6] do
19: @o @ . a- L) @.@T
’ @w @w aL;L) @w'aew
20: @y @p @y L) e@..@
' @w W @aiiL) ew’ew
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For simplicity we restricted within this section the exampé for the construction
of the full derivative g—VFf, to the LaplaciansD; given in (4.5), which are part ofH
given in De nition 3.2.3. It was the intention that the implementation might be
more obvious by explaining this construction using a strafgforward example. All
other terms which depend on the extended stencil correspangto N (N (i)) can be
realized following the same strategy. Only the inner and oat derivatives need to be
exchanged. Then Algorithm 2 is a prototype to compute the coptete derivatives.
In the next section we are going to presents detailed desdigns of the derivatives
for the ux terms over the edges (faces). The construction dhe complete derivative
is realized in an automatic fashion discussed in this seatio

4.2 Derivative of inviscid terms

The computation of the derivative of the inviscid terms reqires di erentiation of
the numerical ux function H given in De nition 3.2.3, that is

@ @ 1 . _

—— = —— [ (W;);ni + HFc (W) ;ni di Wniyn 4.7

@W @W 2[ c( |) c( J) ] ij N (i;j ) ( )
In this section we present the full derivative as well as sinfiged restrictions. Note
that for evaluation of the derivatives we always assumeéj; = |. The derivative of

the low Mach modi ed operators are not considered in this thes. For the design
of preconditioning techniques to construct e cient precouwlitioners we rely on the
demand to e ciently evaluate only certain parts of the deriative of the inviscid
part. This is also topic of this section.

4.2.1 Derivative of compact inviscid ux

To compute the derivative (4.7) in a rst step we restrict ouselves to a compact
approximation. Such a compact approximation is given by theux function H1stRee
of De nition 3.2.4.

For both H and H 'stR°¢ the derivatives of the convective uxes are straightforwat,

g @fcnilWil. o=~ =
@ic(W);ni - 7 arSiwg) K=" = y (4.8)
ew > ey & = =) |
' 0; k6
These terms are evaluated using the explicit expression dte end of Section 3.2.1.
The derivative % is far more complicated. Restricting ourselves to the ux foc-

tion H1stRee of De nition 3.2.4, we compute

ABoe
@ ARC (W) W) = —— (W, W)+ A

@ .\ .
oW W ew™ W) @9
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Here the most complicated task is to represent the derivagvof ot ARoe Before
we go into details we consider the structure of the derivatey that is we consider
the mapping

f:R> 1 R>?
W78 AR = (f5 (W), s
Its derivative is a linear mapping satisfying
d [W]:R>! R

which can be represented by a matrigf [W]2 R ¢ 9 that is we need to compute

awl = 2hw)

118 5
@f @f @f @f @f 5
= = ; ; ; 2R © 9
@ @u) @ux) @ua) @E) )
As a consequence, the term above is understood as
@AROe @f @f
W, W) = —( i)+ U 1) Ua);
@f @f
+ us). u»,), + —— U 3). u =)
@us), (uz); (uy) @ua), (usg); (uy)
@f
+ E). E).
ae). (E) (E)
In a rst step note that due to Roe averaging (3.19) we have
Ai°¢ =0; k6 ik 6 j: 4.10
W j (4.10)
Second, due to (3.37) one computes
@A:j?oe x3 @ I’ljef-]_ .. @g .. @.q
= ’ n + nJef: VY + NJef; N~ —\A/
@ 4jef'1 . . @g @ﬂ
+ ' + 4 —
@W g4q4 J 4Jef,1 @W J 4Jeflg4@W

oW J 5Jef;1@—W +] SJeflgS@W-

To compute these required derivatives term by term, we stanvith the di erentia-
tion of the Roe averaged velocity variables (3.19b). We deen

(ulj Roe)Eom = (U _i+(uj)kp _i;
(Uij; Roe)dnom = p _i+ P _j;
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and compute using the quotient rule

dui‘; oe)nom p_ o dui'; De)dnom
@ (U o), = %ﬂk o+ P i (Ui roe)g J@RTK
s \Yij; Roe/ik — — — )
@W, k P—, P J- 2
where |
@uj; Roe)zom _ us 1 '
@u; Roe)2°m Uiz 1 .
’ - - . O. - . O. O
W, X — """
@ ] 1= 1= !
@u; Roe)2°m Uiz 1
—— = p ;0,0 p ;0
@W, P Y5
and
!
@Ujj: roe) ™™™ 1
—_ = -p—0,0,0,0
@W,; 2" g

To nd the derivative of aj; roe We exploit its de nition (3.19d). So, in a rst step
we compute

_ @p @
@4 _ @F , Hew Piaw
@Wj @Wj i2=j ’
where the derivative of pressur@ is given in (3.25) and

@ _ oo

aw - (1;0;0;0;0);

@E _ E nonl

aw - —;0;0;0; —

Then we de ne as above
(His roo)™™ = HP T+ 1P
to obtain
nom dnom
Hij: Roe — — Uijj; Roe
iree) Py P (Hi; roe)™" Ao roe)

@h'f; Roe _ @W J @W .
@W,; P T+ P T 2 ’

where !
@(Hij; Roe)nom - .. 1 an — .
Tew, M 0000 T
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Then we can compute the derivative of the speed of sound (3d)%y

@é Roe _ ( 1) @ le; Roe 1— @(Uij; Roekg. i
@W, @wW, 2 QW ’
@ﬁ"— Roe - 1 @é Roe ,
@Wj 2aij; Roe @VM] ’

where the nal missing term is given by

@Kuij;; Roekg _ X3 (Ui Roo) @Ujj; Roe)-
7@\4\4} — ij; Roe 7@\“] .

Using these preparations, to compute@g% we start with the derivative of the
absolute value of the eigenvalues, that is (3.34), which isvgn by

- ( @ . Roe
@Vij; Roe) _ 7@2(\,\,:] ; Vij; rRoe O (4 12)
@Wj @@;({,\Zoe ; Vij; Roe < 0:
where
@}},/Roe — X i @uij; Roe)‘,
@W - booew

Then we obtain for™ = 1;2; 3 the derivative of (3.34)
8

-Vi'; oe. - . . .
@ \jef-]_ 2 @@JV\Z : : JVij; Roe) ef (JVij; roel T &jj; Roe) ;
. = .Vi‘; oe. oe . H H H H . ’
@VMJ > ef @@JV\Z ) + @gv\/\zj ) JVij; Roe) < ef (JVij; Roe) T &; Roe) )
and additionally
8
@Y roe , @& Roe . _ Vij; Roe T ?ij; Roe 0 _and
W ow, JVij; Roe t djj: Roel ef (JVij; Roe] T ajj; Roe)
g 4jef?2 - @Y roe | @@ Roe . . Vi Roe * aij; Roe <. 0 ‘and
@W, % OW, ow Vi Roe + @jj; Roe) ef (JVij; Roel + @j; Roe)
- @Vij? Roej + @@ Roe

ef @V @W,; ; JVU Roe T & Roel < ef (]Vlj Roe] + ajj; Roe) ;
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8
@Y. rRoe @8 Roe . _ Vii: Roe %j; Roe 0 ‘and
@V e JVii: Roe  §j; Roel ef (JVij; Roel *+ @j; Roe)
@ 5jef;3 — @Y Roe @@ Roe . _ Vij; Roe ?‘ij; Roe <_ 0 _and
@\/Mj % QWi OW,; ’ JVij; Roe aij; Roe) ef (JVij; Roe) + aij; Roe)
.Vi'; oe i oe : . . . . )
ef @@JV\Z» J + @g’v\z ’ JVij; Roe aij; Roe) < ef (JVU Roel + aij; Roe) .
In the next step we compute the derivative of the vectorg;;:::; g given in Theo-
rem 3.2.9. These are computed by
@g @y @@- Roe @)4—1 N
= n + ' +1 + & Roe——) =1;2;3;
@W, @W, @W, Y * & Roe@VMj
@Q @@- @@ Roe @@-
= + . b + a;. —
@W, @W, @W, 2" & Roe@VMj
@5] - @@- @ﬁ"— Roea2 + a; @@-
@W, QW QW : Roe@WJ
For the components we compute
0 1
0 0 1
duij; Roe):L 0
@W; 0
@y _ f dum). £ oy _ 0 .
@W U roe) T @W 0 ’
i 3
@VV:j , N @Uij; Floe)2 N @Uij; Roe)3
1 @(Uij; Roe k2 ;3 @W ;2 @W;
2 @W

I

QI ©
oooo
>0 =

@y
@W
N 1@‘3&?)3 Nij; 3dgvze)l
0 1
0
0
@y _ 0
@W, 0 ;
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and
0 1
0 0 1
duij; Roe)l 0
QW 0
@a _ @ui; ro )2 . @a _ 0
@W,; @V ’ @W, 0
duu; Roe)3
@Vv=j @\( Roe
@"i; Roe @V\éj
@
Similarly, we obtain for the derivatives of the vectorsq;:::;¢ given in Theo-
rem 3.2.10 the terms
@q = n @I 1 @@RoerF 1 @F+1 . S = 1:2 3.

@W,; QW & gee @W, @ roe QWY T '
@ _ 1 1 QReeeyy, 1 @ 1 @froeey, 1 @D
@VMJ' 2 a:} Roe @VMJ a'ﬁ Roe @VMJ aﬁ Roe @VMJ &jj; Roe @VMJ |
@ _ 1 —1@%Roeb-|2— , 1 @ 1 @frey 1 @

@VMJ' 2 a:} Roe @VMJ a'ﬁ Roe @VMJ aﬁ Roe @VMJ &jj; Roe @VMJ
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Here the required derivatives are

@1
@W,

@3
@W,

@s
@W,;

(@)
@W,

and

This concludes the derivative of@

4.2.2 Derivative of compact inviscid ux and constant

The complete derivative =&~ @
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0

1
@H; @(Uu Roek
@w, @V\LJ
ul] Roe
1 1 @W
. C@éRoerl + . &
aij; Roe @VMJ aij; Roe
duu Roe QUij; Roe )5
@V\LJ
0 1
N duij; Roe)2 N duij; Roe)3
I 37w, 2w,
O .
0 )
0
0 0 1
N duij; Roe)sn duij; Roe)l
ij; 1 @V\éj ij; 3 @sz
0
0 )
0
0 0 1
N @Uij; Roe)l N duij; Roe)2
2T W, L1 ew,
O .
O ’
0
0
0 1
1 @(Uij; Roe kz
@Y. Roe 2 @V\/=J
@V\éj Uij; Roe 1
0 @b QW
0 ; =( 1) @ui; roe )
O @WJ @szj :
0 duij; Roe)3
@W;
0

A Roe

Roe

, and using (4.11) it can be evaluated.

A Roe

has a tremendous operational count. Hence,

incorporating this complete derlvatlve into a preconditimer generates possibly an
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ine cient algorithm. Considering (4.9) and assuming that the di erence W; W,

o
is small, we may neglect in (4.9) the term@g'—\‘,\(J (W,  W,;). Formally we assume

that Aiﬁ*oe is constant, that is we assume

@Ailj?oe
@w

Then we obtain using (4.8) an approximate derivative by

=0:

8
> @icini[wi] A Roe -

| Roe - K = j;
@1 SERoe (W, W, ; n) 1 & Al.éﬁoe , k=1
2>~ @w R

Hence, the approximate derivative for the correspondingwiscid part of the residual
is obtained by

8 P ARoe . k — i
X @_|lst;Roe 1< ar ‘r{'iZ[Dlv(i) ij o ’ = b ‘
—ew 2 “ow — AT k2ZN(); (4.13)
j 2N (i) 0; k6 i;k 2N (i):

Since the terms Aiﬁ*oe are required to evaluate the discretization, it is not of add
tional computational e ort to use these terms for the constuction of an approximate
derivative. This simple fact is exploited to construct a preonditioner to obtain an
e cient solution algorithm (see Section 5.2.2).

4.2.3 Derivative of full inviscid ux

To complete the derivative of the inviscid ux, di erentiat ion of the entire numer-
ical ux function H given in (3.15) in De nition 3.2.3 is required. Naturally, the
derivative of the convective ux terms is given by (4.8). To @rive the dissipative

part, let us write down the term d; for the caseP; = | explictly,
1
di Wngjpn = éAiToe di(jl) Wi (i ): N di(,-z) Wniyn
di’ Wagiin = 5 (W Wo);
dP Wigin = sp Wi (0 ) Ly Wag) L Wag)

Di erentiating gives

(
ABoe
@i _1 @A] @ g+ AR

|
0 off of’
QW 2 QW ! !

@w ew

The rst term on the right hand side of (4.14) is completely ceered by the consid-
erations in Section 4.2.1. In particular, note that this par of the derivative of d;

(4.14)
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vanishes fork 2f i; N (i)g due to (4.10). For the second term on the right hand side
of (4.14), let us start with

: o ( ) k
@ ) i i ij s ‘,
@—ﬁjy = S g—(WJ Wi+ 5 k=1
' 0; k2fi;N(i)g;
where (
@ 0; >

@W 8" g—\‘}\é; k2fijog;

2(pj pi)(pj+pi)2@7\,’3, 2(pj pi)z(pj+pi)@7\,’3,.
2 @w ow

@; _ RN o K=
@wW > 2 PP+ gue 200 POA(P ) g .
. ] = 1 ’ k: J

(P *+pi)

The derivative for pressurep can be found in (3.25). The derivative ford(z) i
computed by

ef 1
@—€M = (1 i ) (L L)@W+5ij (L; Li)@@iwj)
L L;
s (1 )7@( J@W ).
The derivative for
@ ) _ @
QW @Y

is already computed above, and | |

aL, L)_@L, L) gw _ 1 @w - O O
@W aL;L) o VS T @W @W
was already considered in Section 4.1.2. The nal missingrie is also computed
using the chain rule,

0 o b1
! S}
@@ - @@ @(?—Vﬁl _ @§ % @ i Rroe: i; Roe) @évzoe ! E |
@wW @zi;7) @?—@ @2)% e @@J)\?\fe :
@ roe: i Roe ) @évioe
Using (4.12) the derivative 2L < is given by

gV\é

E @V'J RoeJ + @§ Roe . k — .

@ij' Roe i
’ = @V| RoeJ @§ Roe . — i
QW 3 ow - T ey K=
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and hence 8 p
2 ) ) @ij; Roe ’ k — |,
@ i; Roe e . ZN@(ul) Roe@.W k — J
@ > ew - o .
W 0; k6 ik 6j:
Furthermore, we obtain
!
@iz — 1 . i; Roe 1 .
@( i:Roer ij; Roe) SVO'(Qj ) ij; Roe' SVOI(Q] ) ﬁ Roe ’ I
@ _ Z . Z
@z;7) Yz z+2Vzz+2z 'Yz z+2Vzz+ 2
j j j j j j

This completes the construction of the full derivative of imiscid terms. According to
the considerations in Section 4.1.2 several of these termsed to be pre-computed,
such that the chain rule can be applied within an algorithmial structure.

4.3 Derivative of viscous terms

The goal of this section is to present the derivative of thef, Wy ;) ;ne, de ned
in (3.71). To shorten the notation, throughout this sectionwve neglect the edge (face)
identi er ¢; for the normal, that is we write ng; = n = (ny;ny; ns)'.

Similar as for the inviscid terms a di erentiation of the the actual discretization is

required. In general the part of residuaR; corresponding to f, Wy ;) ;Ne IS

a term which depends on the variables corresponding itpN (i) and N (N (i)). Re-

stricting ourselves to approximate gradients using the thilayer assumption (3.65)
only, the corresponding residuaR; is compact. For simplicity of presentation in
this thesis we restrict ourselves to this case. The more geakcase where the gra-
dients are computed by a Green-Gauss method (3.60) and (3)&&n be realized
similar to explanations in Section 4.1.1, by di erentiation and application of the

chain rule.

4.3.1 Derivative of viscous terms assuming TSL

Using a TSL the viscous ux on the faceg; depends only on the variabledV,
and W;. Hence, we need to compute

@, (Wi; W;); ni and @ (Wi; Wj);ni
(@AY} @AY ’
since all other terms vanish,
@, (Wi; W;);ni

=0; kéii; k6
@wW :
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To compute these derivatives we exploit the equation of stat(2.3) and the deriva-
tive (3.25) of the pressure to obtain

@*® @ pe
or _ = ow Paw- 1 O Dyge 10y g
QW QW 2 2
Furthermore, the derivative of velocity is determined als
uuy 1 0 0 O
§%=} u, 0 1 0 0A (4.15)
us 0 0 1 0
Therefore, we get for the discrete TSL gradient of the veldgiand temperature
@u "t (U ui) .
— = Njj ——— =1;2;3 (4.16)
@x o ' dist(ey) |
@u TSL @u TSL. @v TSL. @y TSL T. @i
@x @x ., @x ., = @x ' '
@t ™ (T T)
= = Nei — ; 4.18
@x I dist(ey ) (4.18)
the derivatives
0 1 0 O O1
@ ou = i —E@Um 0 1 0 O0A; (4.19)
@VIV @% ej dlSt(aj) i Ui 3 0 0 1 0
o - 1
TSL ;1 1 0 0 O
@ @u™ _ N 1@ ) 010 0A: (4.20)
ew ex . dist(e) i y; 0010
@ @1 ™ N 1 ( 1 >
— —— = ————— T; ———Kkuiks3; Du;; 1 ;o (4.21
@W @x . dist(g;) | 2 ik3; ( Ui (4.21)
@ @T ™ ey 1 (1), .,
— — = — kup ks T (1 ui; 1 : (4.22
@VJV @% . dlSt(QJ‘) j 2 ] ™2 J ( )J ( )

We use these preparations to compute the derivative of the ¢htrace free shear
stress tensorS given in De nition 2.1.1.

Lemma 4.3.1 Using a TSL approximation for the gradients, the derivative of the

trace free shear stress tensoBe, = §;J.SL in normal direction n = (ny;ny;n3)' is
given by
D—TSL E 0 N1 U: N N 1N 1N 0 1
@ S n iU Nipas 1 3Nz 3Ni3

5 = OB N, N N, N, Ny 0K (423)

QW 2Uj; 2 1223 3N12 2 3Nazs ; .

) Nau.2 NGO
34} 3 13;23

%le %st N3 O
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and
D E 0 (1) 1 1 1
@ S Z__SL n _ NiUi1 + N1_2;13 N1 sN12 3Nz O
@QN = 0 E'D NaUj. 2 + Nilz);zs %le N> %st 0 & , (4.24)
\ :
NaUj3 + N£I3,);23 %le %st N: O
where
1 1 1 4
© = Z_ —, N, := =n?+ n2+ n2;
2dist(e;) « 1ot T2t s
4 4
N, = nZ+ §n§+ n3; N3 := nZ+ n3+ §n§;
N1z = ngny; N3 = ning; N33 = nzng;
1 1
N:I(_lé;)l?, = :—,)(leuk;2+ N13Ux;3) ; N{;;)zs = :_;)(leuk;l'*' N23Ui:3) ;
1 .
Nig;)zs = :_))(NlSUk;l"' N23Ui:3) ; K=1j

Proof: Using the de nition (2.6), in discretized form the trace fr& shear stress

= =TSL
tensorSe; = Sg reads

st 1, @™ X e ™
o 3 @x €ij k=1:k6" @K & ’
TSL TSL®
Sy st 1 @u + @u ; k6l
i 2 @x @x .

@glleij 1 1 1(2nu-+nu-+nu-)'
@j - 3dist(e.j) j 14j;1 245 2 34j;3) s
— TSL
@Sug, _ 2 1 n
@ U 1), 3dist(ej) '
= TSL
@Su 1 1 np
@ U 2); 3dist(ej) '
— TSL
@ Sy o _ 1 1 ng
@ u 3); 3dist(egj)
— TSL
@Sll )
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@§22 -er”SL 1 1 1 5
= ST N o+ L+ - .
Q@; 3dist(g; ) j( N2Uj;2 + Nalj1 + NaUj;3) ;
= TSL
@Qu 1), 3dist(g;) ;'
= TSL
@Sz, _ 2 1 n
@ u »); 3dist(e;) |’
= TSL
@822 € 1 1 n
I — £+ N,
Q@ u 3); 3dist(g;)
@§22 TSL
€ij _ i
= 0:
@E);
= TSL
@Swe L1 1 L et e o)
@; 3dist(gj) ' ; ,
= TSL
@833 € 1 1 n
— = T N,
@ uy); 3dist(g;) |
= TSL
@833 € 1 1 n
— = - M2,
@ u »); 3dist(e;)
= TSL
@Sy _ 2 1 g
@ u ), 3dist(e;)
@g TSL
Cr i
j
The cross derivatives are given by
= TSL
@Sy _ 11 1 sy
@ 2dist(ey ) ; 2 nrT M2
= TSL
@S2y _ 1 1 n
@u 1), 2dist(e;)
= TSL
@S2y _ 1 1 m
@ u ) 2dist(e;) |
= TSL .
@812 i @12

@US)j - @E)J:O
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= TSL
@813 €jj _ };i(n U1 + N1l )
@; T 2dist(gy) ;- o ntT R
= TSL
@S _ 1 1 ng
@ u 1); 2dist(e;)
= TSL o
@S1 & _ @iz _ 0
@ u »), @QE);
= TSL
@S 11 ng
@ u 3); 2dist(e;)
= TSL
@SZSeij — };i(n U o + Nols )
@, 2dist(e;) ; * 0 2 Py
= TSL o
@823 €jj — @23 =0:
@ u 1), @QE);
= TSL
@Sz _ 1 1 ng
@ u ), 2dist(e;) ;'
= TSL
@Sz _ 1 1 n,
@ u 3), 2dist(e;)
The remainder cross derivatives are a consequence of the myetries S, =
§e,-i TSL, i 6 j. In summary, we compute
D_ TSL | E = TSL
@ Sl e sneij >@ @Slk e
= nki
@wW NG
1 1 1 G 1 1
= s N1 U;. NJ) iN1; =N12; =N13;0
2dist(e; ) | i1 Nizag N 32, 33
Evaluating the other components straightforward we obtain
@D g TSL | n E
2 e €ij 1 1 1 G) 1 1
Qw e 2dist(g;) | R I B
= TsL .
@ S N 1 1 1 o101

= NaU:. N(. ;—N ;—N ,N,O
@w 2dist(ej) 3403 13,23 313 3123, N3
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Equation (4.24) follows line by line by the computations abee.

Multiplying §;J_SL by the averaged viscosity (3.66) we obtain fom = i;j as deriva-
tive fBr the visclr:;)us stre% tensor

E
@()ZIJSL’n @ 2e;eij§-erijsl‘;n
@VM 2 @VI;A E — TSL E3
w D @ Ton
- 24@cw g Bn v e i 5.  (4.25)
@W i @W
and the derivative of Sutherland's law can be computed as
@ _ @ @T
@w @Tew
— : :_')’p T 1+ Csuth T3=2 1+ Csuth @T
* 2 T+ Cam (T+Caun)? @W
P— 1+ Csum 3 1 @T
= g T o= ST
( D T+ Csuth 2 ;- + Csuth @W
- T (1 + Csuth)(T + 3Csuth) @T. (4.26)

2 (T + Coun)? @W

The derivate of the eddy viscosity ; depends on the turbulence model and cannot be
stated in general. Finally, we compute for the remaining coponent of the viscous
ux ( hfy (Wi;W,-L)); ni)s = rI]E; ni, usiBg the represgntatio[r; (2.8), thEe derivative

@ ()t in @ ()e U in @ (5N
s .

= 4.27
@w @w @w (@.27)
For the rst termDon the right Eand side of (4.27) we compute fom = i; ]
@ ()5 Ug 50
@W l
XX '
= Nk % U‘;eij ( k)ZUSL
k=1 =1 I I
: TSL *
= X nk><3 ( k\)TSL % + X nk)63 U %
k=1 =1 v oW I k=1 =1 - @W—ArsL!
= X I’\kX3 ( k‘)TSL 7@%” + X e X nki@( k\)eij
k=1 =1 RECAL | =1 ) k=1 @VM.H
' TSL '
= X nkXa () Ok, x Use @ ) ‘n  : (4.28)
UOW o oW

k=1 =1 =1
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Using (3.68) and (4.15) we have

0 1
Uprgs 1 0 O O
11 m; 1 .
@y _ E_@ Un2 O 1 0 OA; m=ij: (4.29)
QW ™ Ums 00 1 0

Equation (4.29) is used to compute explicitly the rst term an the right hand side
of (4.28). We obtain

xox @ U 11X x3
Nk ( k‘);jSL (@’mIJ = é_m Um; Nic ( k‘);jSL , (4.30)
k=1 =1 0 =1 =1
xoox @ EDNLE
NG (O e = S @i A (4.31)
k=1 =1 @ u)n mo o m; sl
x X @Ue.
e () = 0: (4.32)
e aE,
For the second term on the right hand side of (4.27) we compute
D E
@ (A, N
@\/M © ’eij k:l k @K' eij |
_ @e o )@ @-I- TSL® )(3 @ @T TSL® | (4 33)

n — + . n -
ew ., & @ Te L eW @x
Due to (2.11) and (2.14) the derivative of | is directly related to (4.26) and the

derivative of  to the eddy viscosity ;.

Corollary 4.3.2 Equations (4.23 (4.25), (4.26), (4.27), (4.28) and (4.33) epre-
sent the derivative of f,;ne; assuming a TSL approximation of the velocity and

temperature gradients.

We close this section considering a further important simptation. Equations (4.25)
and (4.33) above show that assuming both constant laminarsgosity and eddy vis-
cosity several terms in the derivative vanish and we can reggent the derivatives

explicitly.
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Corollary 4.3.3 Assuming a TSL approximation of velocity and temperature g
dients and that the viscosity . is constant, then we have

@fv (Wi : Wj) : ni TSL; =const _ . 1

0o 0o 0 o0 0
N1Uj; 2 N:EJ_Z?13 N1 3Nz 3Nis 0
N2U;; 2 Nf_z?23 sNi2 N2 3N 0 . (4.34)
N3Uj; 3 Nijs?zs TNz INz N 0
. . . . . \ L1
Eil) + Eg) + E:(SJ) E¢(1]) Eél) Eél) €ij ( )
e ;eij
and
@fv (Wi;Wj) : Ni TSL; =const _ e e i
0o o 0o o0 0
NiUi;g + Nfz);ls Ni 3Nz 5N 0
Natiz+ NiDos 2Nz Nz 1N 0 © (4.35)
N3uj; 3 + Nfe,);zs N1z INg N3 0
e e; 1)
e

Eii) + ES) + E:(%i) Ef;i) Eéi) Eéi)

e ;Eij

Here we have used the notation of Lemma 4.3.1 and

Ef) = Upe; NaUja+ N:I(.JZ?13 + Uge Nouj2+ Nijz?zs + Uge, Naujz+ N:EJ3?23 ;
Ei') = Upe NaUig+ Nilz);ls + Uge NoUiz + Nfz);zs + Uge, NaUiz+ Nf?,);zs ;
and
| 1dist(e) X X TS
Eg) - 271 uj;\ nk( k\)eij X
€8 o k=1
: 1dist(g;) X X
Eél) — é (QJ) ui;‘ n ( k);JSL ’
€& o k=1
and
(i) e e 12
e €j
Y 28T ke
3 - ] 1”2 l

e [6j 2
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as well as
i 1dist(e; . 1 1
Eg) = 5# n; i + NiUge, + §N12U2;eij + §N13U3;eij e Uj1
€ €
- 1dist(e; . 1 1
Eg,l) = > (_ 1) m; i NiUgpe + §N12U2;eij + §N13U3;eu T g Uiz
€ €
i 1dist(e; . 1 1
Eg) - = ( J) ms 2l + _N12U1;eij + N2U2;eij + _N23u3;eij €ij uj;2
2 oo 3 3
i 1dist(e; . 1 1
Eél) = _#m; 2l SN1oUge, + NoUze, + SNogUze + ¢ Uiz
2 oo 3 3
i 1dist(e; . 1 1
EE(;J) = _J ms 3l + _N13U1;eij + _N23U2;eij + N3u3;eij €ij uj;3
2 e ;eij 3 3
i 1dist(e; . 1 1
E((sl) = —#m; 3l 5N1sUre;, + SNogUoe + N3Uze, + ¢ Uis;
2 oo 3 3
where
e = _& & ( 1) :
' e ;ej

Proof: The rst row in the matrix of (4.34) is a consequence of the denition of f,
and the rows 23 and 4 follow from (4.25) and Lemma 4.3.1. An application of
(4.27), (4.28) together with (4.32) and (4.33) together wit (4.23) and (4.22) gives

D E
@0 in | o (DX ,_ ee (D)
@E), dist(ej) ;. < dist(g) i
and together with (4.24) and (4.21)
TSL .
@ ( )eij N - e ;gj (1 ))@ nz - e ;gj (1 )
@ E ), dist(ej) ; ., < dist(e)

which proves the last entry in the 5th row of (4.34) and (4.35)

For the rst entry in the 5th row we evaluate in a rst step using (4.23) and (4.24)

* +|
X a et o 1 g
i _ € 18j ().

S T = =8 —gbh, :
3 Use; @, n dist(e;) | 1 (4.36)
. * TSL +
e Eal L _ea 1o, (4.37)

1€ij @i ) dlst(aj ) i 1 - '

1



134 CHAPTER 4. TOTAL DERIVATIVE OF DISCRETIZATION

The representation ofE; 0) and E(i) are a consequence of (4.30), and the representa-
tion of EY) and E{” of (4.33) together with (4.22) and (4.21). The term&{™; E{™

and E(m), = i;j , are derived from (4.31) and
* +! 0 1 T
X @ ‘)Z..SL e e 1 Nluleu + N12UzeIJ + N13U3eIJ
RN U; ; - dist(’ IJ-) §N12U1eu * N2U2eu + 5NagUze, A
=1 J Gi) sNigUse, + $N2sUze, + NsUgg,
X ' @( )ZSL - e ej 1 Nluleu + N12U2e” + N13U3e” !
e @( u; ; = dist(’ ”') %N12ule” + Nzuze.J + 3Na3Uzye,
=1 Gi) NigUye, + 3Na2sUze, + NaUgzg,
TSL . E b 1s
@ (q)eu ’ _ e (1) @ EJ :
- . 2
@( u), dist(gj) | uj ;
TSL . E 0 u-‘ 1s
@ (q)eu ’ _ € gj ( l) @ UI; A
= i
au), distter) 1

The approximate derivatives (4.34) and (4.35) represent aigable expression which
can be used for the design of a preconditioner. The complgxito generate these
terms is acceptable and due to their explicit delineation thse operators can be
implemented straightforward.

4.3.2 Eigendecomposition of viscous ux Jacobian

For a stabilization of the solution method suggested in Chagr 5 an eigendecom-
position, in particular the eigenvalues of the simpli ed vcous ux Jacobians (4.34)
and (4.35) are of interest. These are given in the followindnéorem.

Theorem 4.3.4 The derivative matrices of the viscous ux Jacobian for &SL
and constant ¢ ; given by (4.34)and (4.35) have the following eigenvalues:

o 1 4 o (1)
e e — € € R P | .
’ ’ ’ ’ i - - - Ol A 1’ 11 - )
(15 20 3 4 5)i dist(e;) | 3 o
e 1 4 e (1)
e € & . Foa.0q. €8
) ) ) ) j - - Ol A -

Proof: From representation (4.34) the eigenvalues

( 1)j =0 and ( 5)j = distzaj) j
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are obvious. To determine the remaining eigenvalues systm34) can be reduced

to 0 1 0 1
Ny %le N33 1+ %ni %le %le
@ %le N2> 3No23 A=@ INp, 1+ %né 3N23 A
5Nz 3Nz N 3N13 INp; 1+ ing
Therefore we need to determine non-trivial solutions of thinear system
2 0 1 L 1 13
1+ §n% §N12 §N13
41 @ IN, 1+inZ INyp ASx=o0:
§N13 %N23 1+ %n%

Choosing ; =1 yields the linear system and its equivalent formulation

0 1
%ni %le %le ni N2 Nis

@iN, In3 INyAx=0 , @0 0 0 Ax=o0:
sN1s 3N23  3n3 0O 0 O

Two non trivial linear independent solutions of this systenare

x=( (np+n3);n;;n) and x=(n3 Ny Ny Ny): (4.38)
Choosing j = 4=3 yields the linear system and its equivalent formulation
1 0
in? 2 Ny %Nn nf 1 N Ny
@ ;le %n% % §N23 AX:O ) @ 0 n% NoN3 AX:O:
NG iNp fn2 4 0 0 o0
A non trivial solution of this system is given by
X =(Ng; N2 N3): (4.39)

The eigenvalues for (4.35) follow line by line from the compations above. This
proves the assertion.

4.4 Derivative of turbulence models

To create an overall implicit solution method we additiondl need the derivatives for
the turbulence models. It is our approach to solve the origat system of algebraic
equations (3.95)) in a loosely coupled way, which nally yids the system of still
time dependent equations (3.96). Being only interested irteady state solutions,
we nally ended up with (3.97).

As a consequence, only the derivatives of the algebraic etjaas representing the
turbulence modelsRy, with respect to the turbulence ow variablesW, are re-
quired. And vice versa, the derivatives of the algebraic egtions representing the
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mean ow equationsR yean are only required with respect towW . The latter were
already presented in the Sections 4.2 and 4.3.

Hence, the organization of this section is as follows. Firstie present the derivatives
of the Spalart-Allmaras model with respect to ;~and second the the derivatives
of the k! -model with respect tok and ! . Again as in Section 4.3, to shorten
the notation we neglect the edge (face) identi ere; for the normal, that is we
write Ng; = N =(Ng;Nz;n3)".

4.4.1 Derivative of Spalart-Allmaras model

We compute the derivatives for the Spalart-Allmaras modehithe chronology, rst
the convective, second the viscous part and nally the souecterms. The numerical
ux function (3.72) is expressed by

1. .
_JVij; Roel ("J ~|) .

Hoa (5 Wh) (51 W) in) = %[wmi;ni+~jmj;ni] ’

Therefore, straightforward é:omputations give

1< huini+ jVireel; m=i;
= é hJJ’nl J Vu,RoeJ m:J;
0; méi mé6i;|
To compute the derivative for the viscous contribution we wite down the discretized
form explicitly,

@'l SA
@m

( P, _ _
fTSL n = } Ley t e |51 dlst(e” ) (5 ~); - 0
I n€jj € k=1 dISt( ej ) ( I) ' €jj )

= l ( N |) lej + ~eij ; eij Oa

dist(e; ) Ley + fn;eij ~ 5 Ty <O

Since the laminar kinematic viscosity | introduced in (2.13) (see also (3.76)) does
not depend on ~we obtain

@I;eij
@m
Using the de nition (3.77) for -, we obtain
@ _ 3 m=ij;
@, 0 else

=0 for all m=21;:::;Neem: (4.40)

(4.41)

To compute the derivative off e, we de ne

fhey = ot (mW)P+ (5:W)°
1
g™ = o1 5 (W) (5:W)
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to conclude
!
@R _ 1@ 5, 5_1 @=W)’, @(:W)
@m 2@w ' 02 @m @m
1 2 @ (=, W) 2 @ (5, W)
= = ~ W) ——+ (W) ———=
2 W e, G e,
@i O
@m @m
where 8 1
. W) °; m="=1i
@ (‘“,W‘) < ( I( i . :
T:. (W) %5 m="=j;
m ) 0 meé °;
such that the derivative off,., may be given by
enom @ ;%"i‘. 0
@fe, _ bl ggenom om0 GO ggeomy gpn OF
= 5 = 5 = Ci— -
@m f denom f denom f denom
n;ejj n;ej n;€jj
Then we get for the derivative of the viscous part
@f 2N
@ g .
_ 1 < Lej T 7o T (=< ) @i:j h i e 0
= . @; @fey . .
dISt(aj)' ey T fn;eij g +(~j ~) fneIJ @J + - TIJ , Ty < 0;
and
@f ;N
@
1 < Lej + e + (~j ~I) e]ij yh i & 0;
= T IaraN. @e; @fe
dISt(QJ) . liej + fn;eij ~eij +(~j ) fne” @JJ + ~ e @jj ; ~eij <0

Finally, the derivatives of the discretized source terms (39a), (3.79b) and (3.79c)
are required. Note that the production and destruction terms only depend on the
variable ;. That is all other derivatives vanish,

@Pgn ;Wi Wi on (i)
@m

@Dea ~; Wi; Wi on (i)
@m

0; m6 i

= 0; mé6 i
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To shorten the notation, in the following we will list all required derivatives, without
denoting that all derivatives with respectm 6 i vanish,

» @ @ .

%{2 = 20t30t4 EXp Ct4 @I = 20t4ft2 @I’
% = 71 3+ Cs 3 2@ 3 5@ = 73@1 ’ Q’
@, (3+aq)? ' @, @ (°+q)e
@, . 1 4@ @, O
@ 1+ fy)2 @; @ @

1 ,@f, @

1+ )2 @ @

To compute the derivative ofS note that

@S .
@:O; i=1;:::; Neem:
|
Hence, in the cas&S c2S we have
_&_ 1 ., @l
@ 2g2 2 @

@
@5
S < ¢S we dene

S = S &S+ csS

and for the other cas

—denom

S = (cz 2¢62)S S:
to compute
—denom @nom —nom @denom
& _ S & > @
@1 §denom 2
Where —nom — —denom —
I I | |
The derivatives ofr;g and f,, are given by
1 & . =i
Qr = 2252 S @ ' 2ds 10
@ 0; else
@g @r 5(@r @r
— = —+ oro— — ;
@ @ e e |
@, _ 1+c, @ g 1+g, T 61L+rq)EE
@; ®+cg, @ 6 ¢+, (g°+ §,)?
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Finally, the derivat(ives oH‘ production and destruction carbe computed by
[

@Pg _ G, ST+ f)mZ+(1 f,)S; 5 O
@ &, (1 6)SZ; 5<0
@Den _ ;7 @ B 4 oof, B, &5 5 0
@ 201 s ~ <O
The di usion source term of the Spalart-Allmaras model reasl in discretized form
X3 & o6 ™2
Diga = — — ;
k=1 @x Di

An application of the chain rule yields

@Dix _ 26 @ *° @ @ .
@m @Q@x , @m @% p

Using formula (3.60) of the approximate gradient
@ e _ 1 X nk;eij

k=1

= = svol(ej ) —— (= + ~j);
@x p, voI(Di)J_2N 0 2
we get for its derivative
8 P Nkeij . -
@ @ °° 1 < g (i)svol(?j)T, m =i
= = = 5. svol(em ) —5™; m 2N (i);
@nm @x p,,  Vvol(Di): 0 olse

It is worthwhile to note that the derivative of Disa also gives contributions to o -
diagonal terms, which is not true for the production and destiction. This gives all
required terms for the derivative of the Spalart-Allmaras tirbulence model.

4.4.2 Derivative of k! -model

The computation of the derivative for the k! -model is far simpler compared to
the Spalart-Allmaras model. The ux function (3.73) given h De nition 3.5.2 is
straightforward 8i erentiated,

1
Ug ;N Ug;;n 0 0
@ (1) _ % 0; Ug; ;N <0 §
@ki; ') 0 Ug » N Ug u N 0; ’
0 0; Ug, ;N <0
0; Ug, ;N <0 0
@) _ % U ;N 5 Ug N O § _
@k;;!y) 0 0; Ug ;N <O '
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Following the presentation for the Spalart-Allmaras modelwe write down the dis-
cretized form of the viscous contribution explicitly,

0 ’ P, 1
Df~T(SIL- ;N = - @ (T)e” Tokr 8 =1 dist(e; ) (ki ki) A
vkt ) n?
( T)eij o 'K ei 3—1 dist(ej ) (! i i)
0 ' 1
_ 1 ( T)eij T ok |h e (kj kl) A
dist(e; ) (T)e, + !keij (D)

Since (T)e, dened in (3.78) does not depend onk;! ;) for all i = 1;:

Nelem

due to our de nition of temperature (2.4) and the equation ofstate (2. 3) we have

Hence, we obtain

D E
@figyn 1
0 @ki;!) _, dist(g; )
%} K % (ki ki)
I
! @r)e” ‘M)
and
D E
O@(j,.j) | diSt(QJ‘)
% ) @r)Eij (kJ ki)+
I
! r) (!j i)
where
!K & _ :_L 1. kK
@ty 2 N

@ _
aki;')

k

T k
)

k

T €ij k
(y o+




4.4. DERIVATIVE OF TURBULENCE MODELS 141

The derivative of the discretized source terms (3.80) is asstraightforward. Note
that with respect to the variables (;;! i), we can directly conclude that

(

@Pry  _ ES(Ws, &y !—zizg(u)Di g, m=i

@Km; ! m) (0; 0); m 6 i;
@Dy (ki) _ (' k) m=i

@Km: ! m) - (0; 0); m & i;
P

7gkmr‘l"m)) (0;0;;  m=1;:::; Neem

@De w1y _ 0;2! )); m=1i

@kmni'm) (0;0); m6 i

Finally, note that for the computation of the derivative of the production term the
limitation (3.81) needs to be incorporated, as well as the aling factor! s needs to
be included. The latter remark is also true for the viscous paof the derivative.

4.4.3 Structure of derivative for turbulence models

Let us close this section with an important remark. Both, thederivatives for the
Spalart-Allmaras model as well as for th&! -model are based on a compact stencil.
Hence, the nonzero entries in the (block) CSR matrix are det@ined by i and N (i),
and the derivative can be computed by loop over all edges (&8).

Corollary 4.4.1 Consider a 3D hexahedral structured mesh representiNgdegrees

. comp drR &P
of freedom. Then the memory requirements fo‘-ﬁfN—A and for < are

56 N Bytes and 224 NBytes

The proof follows line by line the proofs Lemma 4.1.6 and Lena.2 taking into

comp

account that the block size fordz%%mp is1l 1, and the block size for d{,f,” Lis2 2.

Since, in particular, it is often a severe issue to approxine a solution of the tur-
bulence ow equations in a robust and e cient way, it is one gal to care about
good agreement of the exact derivative and a preconditioneised to improve the
e ciency and robustness. To this end, within this these we hae only considered
compact discretization schemes for the convective part ohé equations. In par-
ticular, considering only a TSL approximation of the gradiets in the turbulence
ow equations, we have exact derivatives for the turbulenceow equations consid-
ering only compact stencils. This is a concession betweerbustness of the solution
method and accuracy of the discretization on the other hand.
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4.4.4 Derivative of eddy viscosity

To complete the derivative of the viscous terms for the meanow equations, it was
mentioned in Section 4.3 that the derivative of the eddy visisity . is required. The
derivative of  is a consequence of; due to (2.14). Note that both the Spalart-
Allmaras model and thek! -model do not depend on the eddy viscosity. Both
models are formulated without dependency of this deducedrfctions. Hence, we
only state the derivatives of these functions with respecbtthe mean ow variables.

Due to (3.66) we have

1 1n (0]
tey ~ é( gt o) = > t (W) s W)+ (Wt)j W,
and hence 8
3 @(wo,wi),
% = 1' @ (W)W ) . .
@wW 23 ey - M= _
' (0 me6 i,m 6 j:

Using (2.20) for the Spalart-Allmaras model we get

(
@ (W) s Wi) -~ fudu+ Sw & ~ O
oW 0, ~ <0

For the k! -model we get using (2.21)
@ (W) ;W) _ "ML k @

@wW Re | @W

Including these derivatives into the viscous part of the mea ow equations com-
pletes this contribution.

4.5 Derivative of boundary conditions

Since all boundary conditions are formulated as uxes ovehe boundary edges; pary ,
the derivatives can be computed in principle in the same way is done for the in-
ner uxes. Only the extrapolation of the boundary values negto be incorporated
into the formulation. Mathematically spoken, according tothe considerations of
Section 3.6 we assume that the boundary values are a functiah the variables
attached to the boundary element,

Wibdry = Wibdry Wi;Wj;j 2N (i)

S:bdry =  Tibdry Tis Jj 2N (i)

(Kibdry s Vibary) = Kibary KisKijan gy 5 Vibay i !ijen )
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Then, the derivative of the boundary ux is dierentiated generally, using the
derivatives for the inner ux functions, and an additional gplication of the chain

rule,
|

@_| 1st;Roe (Wi ; Wi; bary ; Ni: bdry) _ @.| 1st;Roe g—\\//\(v . (4 42)
@w @Wi; Wibay) — Sge- |

The rst term % is already discussed in Section 4.2.1 and represents noth-
i VVi; bdry

ing else than the inner ux derivative. Hence, as mentionedbeove the inner ux

derivative is therefore used to compute the derivative of #n boundary ux. All,

what is required for the boundary derivative, is the implematation of the matrix-

matrix product, which can also be avoided due to
@W_ I; k=i
@w O k6 i

and therefore

( _ _
1stR . . @_|lsl, Roe @_|15L Roe @Wbdr . .
@H 1550 (Wi; Wiy ; Ni bary ) _ oW T OWey, @W k=1

@_|lsl; Roe @Wbdry . .
@W @Wbdry @W ! k 6 I

Naturally, the same consideration holds true for the viscau ux,

@ty (Wi; Wibdry) s Miparyl - _ @y (Wi; Wiipary ) 5 Miibary | S—W ,
@Y @QW;; Wi bary ) @V@V$ '

and for the boundary conditions of the turbulence ow equabns,
!

@'I SA - @'l SA %
@m @~ :bary) %
aki;!i)
@ (1) _ @ (1) @km T ) _
@km;!'m) @((ki; ') ; (Kibdry ! i:bdry)) W ’
and
!
@‘f ViSA; rli;bdry [ — @fv;SA; n;; bdry i @& .
@'m @("i ; "'l;bdry) oy '
D E D = |
@ ﬁ;(k;! ys Ni; bdry @ fT/;(k;! ys Ni; bdry @@i;:']l: im))
@Km;! m) B Q((ki; i) 5 (Kibary ! i:bdry ) —dh@?(ﬁ : ir;b)dry )
Far eld boundary condition. To apply these formulae for certain boundary

conditions, consider for example, ux of the far eld bounday condition. Here the
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outer statesW; ;~ and (k; ;! ; ) do not depend on inner states. Hence, we obtain
for the derivative

@W—O; @20; @ky ;')

— = =0; =1;::7; Nelem;
QW O @n O @kt o MThEENe

and therefore, for example,

@A 1SERo® (Wi Wy 5 Nipary ) _ @*gt;\;oe; m = i;
QW 0; mé i

The last conclusion can also be applied straightforward tche viscous ux as well
as the uxes for the turbulence ow equations.

Slip wall boundary condition. For the slip wall boundary condition we compute
8
0 0 0
% 1 2n1 bdry 2n1;bdry n2;bdry 2n1;bdry n3;bdry 0
@Wbdry O 2, bdry N1;bdry 1 ZnS;bdry 2r]2;bdry N3:bdry Orx; k=1
@W % O 2’]3 bdry Ny, bdry 2n3;bdry n2;bdry 1 2n§;bdry 0
0 1

0
0; k6 i

Since slip wall boundaries correspond in our context only towiscid ows, we
neglect turbulence here.

No-slip wall boundary condition. To compute the derivative for the no-slip
wall boundary condition is more complicated. First of all nte, that we suggested
several variants to compute gradients for the viscous ux. ere we restrict ourselves
to (3.84a){ (3.84c) in combination with (3.85a){ (3.85c). The principle to extend
the derivative to other kind of gradients stays the same. Tafmulate the convective
uxes over the no-slip wall we used (3.82a){ (3.82c), and hem

0

@Wbdry

WA AR 0
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In particular, an application of (4.8), (4.9) together with (4.42) yields

@_llst;Roe
e —
@w
@ ni + @n ¢; ni @Wbdry
@W @Wbdry @VIV

@A Fggry Roe
+ (W (Wi;bdry W) + A| bdry @W(WI bdry Wi) )
@A :Qggry @ @Wbd
+ W.. W + A Roe W-. W ¥bdry
@Wbdry ( i; bdry ) i; bdry @W bary ( i; bdry |) @W
@fc; ni @fc; ni @Wbdry Ail;qggry Roe
= + + (Wi;bdry Wi) A| bdry
( @W @Wbdry @W @Vsl
+ A legry (W bd W ) + A Roe @Wbdry .
@Wbdry I;bary i; bdry @W '

To construct a suitable solution method, according to Seain 4.2.2, we may neglect

terms including g ' b"'yJ . Then we obtain an approximate derivative by

@ 1stRoe @t ; ni @ ni @Wbdry Roe Roe @Wbdry
2————— + AI bdry + AI bdry
@W @VIV @Wbdry @VIV @VIV
@ ¢; ni @fg;ni @Wbdry Roe )
@w ’ @Wohary @W 2 0 Abbdy 1k 52° 4'0

For the derivative of the viscous ux we additionally need toincorporate (3.85a){
(3.85c) as well as (3.83). As a consequence, the viscous epends onW;, Wi yary
and Wi, , where we have used the notation of (3.84a). Hence, di ereating (3.85a){
(3.85¢) the equations (4.19){(4.22) are replaced by

8 0 1
oL 3 (hib0y ) Uz 10 0 0
@ @u ™ | e @ U 0010 045 =,
@W @x .., > Uiz 0 0 1 0
' ' 0; me ip;
@ @T TSL
—_— = = 0; m=21;:::; Neem:
@VM @K €i; bdry
Hence, following line by line the proof of Lemma 4.3.1 we get
@DgTSL ‘N =
. » Hi; bdry
% bdy = 0; mé6i,

@W
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and
D E

@ = TSL ‘n
€ bary i; bdry

oW 0 . 1
1 N1Uin; 1 N£|2n1)3 N4 %le %N13 0
= ko k. % NaUin; 2 Nfznz)s N1z Nz 3Nz O &;
Pi; bry Pi:n 2 in _ (in) 1 1
N3Uin;3  Nizzz 3Nz 3N23 N3 O

where all terms need to be evaluated using the boundary noring, ,qr, . Due to the
incorporation of the normal derivative of the temperature @ obtain
D E
@ (q)TSL ;nei; oy

ei; bdry

@W

Using the notation of Corollary 4.3.3, note that due to the chice (3.82a) the
terms E{” and E{"*™ vanish. To complete the derivative for the no-slip wall
all these terms need to be incorporated into the terms preded in Section 4.3.

=0; m=1;:::; Nelem:

Symmetry boundary condition. The derivative of the symmetry boundary
condition follows the considerations of the slip wall bouraty condition. Here, one
has to di erentiate the same projection operator, which addionally needs to be
combined with pre-computed values such as gradients, whiobquires an additional
application the chain rule.



Chapter 5

Solution algorithms

This chapter is devoted to the design of a robust and reliablalgorithm to solve

the resulting large scale nonlinear systems of equations43) arising from the dis-

cretization of the boundary value problems formulated in S#ion 2.4. Considering
the remarks already made in the Introduction of this thesisthe challenges to ap-
proximate solutions to boundary value problems, for whichhte existence of solutions
is an open problem, are manifold.

In particular, it is not in the range of expectations to nd or to design a solution
method which always works. One needs to be humble and honesg do not expect
that such a method exists in general, neither for linear noof nonlinear problems,
and in particular not for algebraic systems of nonlinear e@tions arising from a
discretization of the RANS equations. Therefore, to be as x@ble as possible, within
this section it is the goal to derive a general solution methimlogy for nonlinear
equations. Then, in a next step, we will concretize the gersrmethod exploiting
certain features which come into play when considering theANS equations, such
that at least some major di culties, which are inherent to the given problems, may
be tackled. Moreover, one major theoretical result of thisestion is, that within
the general framework presented here, almost all solutionetihods suggested in
computational uid dynamics can be identi ed as specializaons choosing certain
simpli cations and parameters. An overview for the designfaa solution method is
given in Figure 5.1. Maybe the most important ingredient fola solution method is
the inclusion of multigrid components.

Unfortunately but to no surprise, it turns out that almost all of the di erent ingre-
dients we consider, depend on the choice of several paramet&s well as truncation
criteria. And, to be honest, for almost none of these paramets and truncation cri-
teria we have a mathematical analysis in hands to determinédse in an automatic
self-adapting fashion.

Hence, being aware of the possibility that there does not etia xed, suited algo-
rithm for nonlinear problems and a known parameter choice gther with suitable

147
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truncation criteria, it is a major goal of this work that seveal features of the
algorithms can be easily arranged with respect to great eRility. This idea is re-

alized based upon a private implementation of a linear alge package comprising
many well known algorithms from numerical linear algebra. Ris package repre-
sents the backbone of the software which has been developed ased to compute
the examples considered in Section 6. The design of this pagk is such, that in
a straightforward way using parameter choice strategies/|gorithms between full

implicit and explicit methods can be selected. Start up sttegies to nd a good
initial guess as well as stabilization strategies are inaed. This modular software
design puts the solution algorithms into a position such thathey can be easily
adapted and extended for di erent problems and examples.

5.1 Solution methods for nonlinear equations

To approximately solve the algebraic system of equations.@¥) we apply a nonlinear
multigrid method [96] called the Full Approximation SchemgFAS). The approach
in this thesis to realize multigrid components is based on éhaggregation of degrees
of freedom. This procedure is realized by the agglomeratiof control volumes. It is
the advantage of such a procedure that the coarse grid probiecan be constructed
directly from the nest grid level data. To this end, in a rst step, the construction
of coarse grid levels needs to be de ned. Second, the forntida of the nonlinear
multigrid together with projection and interpolation operators to transfer the data
from one grid level to the next are required. And, nally, an eective smoother needs
to be derived. Note that a robust and e cient nonlinear multigrid algorithm can
only be expected in case all these components are synchredizo each other. One
cannot expect a robust and reliable algorithm if these compents are developed
independently of each other. A general graphical overvieve ttonstruct a powerful
algorithm to solve a nonlinear operator equation is given ifrigure 5.1. It shows
the connection of several required ingredients. We start thi the construction of
coarse grid levels which are required for multigrid componts.

5.1.1 Determination of lines

The presence of a boundary layer in convection-di usion pbdems requires meshes
with high aspect ratio cells along the no-slip boundary. The are used for the
economic resolution of steep gradients. On the other handjdse cells are a major
factor contributing to the loss in e ectiveness of solutionmethods. One of the
possible reasons is that these high aspect ratio cells rasil a stiness of the
discrete system of governing ow equations. For analysis dfie e ects of such
sti ness see Pierce and Giles [73].
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Nonlinear multigrid : SolvesR (W) =0

Runge-Kutta smoother : ComputesW ") = w ™ + p 1R w1

Krylov subspace method : SolvesPrec Ph = Prec 'R

Linear Multigrid : SolvesPrecw = Pv

Smoother : lterates Ax = b

Requires: (Iterative) linear solver,
truncation crtiterion

Requires: Sequence of meshes, smoother

Requires: E cient preconditioner

Requires: Derivative ofR, Linear solver

Requires: Sequence of meshes, Smoother, Interpolation &vdjection operator

Figure 5.1: Algorithmical structure of nonlinear solutionmethod

To deal with the severe anisotropies it is our goal to develadgorithmical techniques
suited to identify sources of sti ness and to incorporate tis knowledge appropriately
into the solution algorithm. One key technology is the identcation of elements
in a given mesh representing an anisotropy. The aggregatiomh such elements and
their corresponding degrees of freedom is what we call a lin&n exact de nition
in our context is given below in Notation 5.1.2.

Grids given in an unstructured data format have no line infamation. This infor-
mation must be generated. To this end we exploit, that in gemal meshes for high
Reynolds number turbulent ows have a structured boundary dyer with strong
anisotropies. To detect these anisotropies, we formulate this section a so-called
line search algorithm. Similar line search algorithms haveeen suggested for ex-
ample by Mavriplis [56] and Eliasson,Weinerfelt, and Nord®m [16]. A line search
algorithm based on the geometry of the boundary surface cae found in Nielsen et
al. [66]. In the context of Discontinuous Galerkin methoddine search algorithms
based on an advection-di usion equation are establishedqJL

The line search algorithm presented here is based on a weigghtigraph method. To
this end recall the de nitions and notation of Section 3.1. ® formulate the algo-
rithm we introduce an edge weight based on the distance of thmrycenters (3.1).
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It is given by the inverse of the distance
w(e;) = (dist( &)) *: (5.1)

The ratio of maximum to average weight is used as an indicatioof the local
anisotropy in the mesh at each vertex.

In the next step the vertices are sorted according to the rati of the maximum to
the average weight. This is an important issue since it enses that lines originate
in areas of maximum grid stretching and end in isotropic regns.

To construct the lines the rst vertex in this ordered list is picked as the starting
point for a line. The line is built by adding to the original vatex the neighboring
vertex which is strongly connected to the current vertex, mvided this vertex does
not already belong to a line, and provided the ratio of maximen to minimum edge
weights is greater than the threshold parameter;, 1. The line terminates when
no additional vertex can be found.

Algorithm 5.1.1  The line search algorithm can be summarized as follows:

1) For each vertexv;, construct a list of edges; ;i 2 N (j) originating from the
vertex and determine the weight (5.1).

2) Compute the minimum weight, maximum weight, the averageight and the
ratio of both of them:

wmin(v) = min fw(e)g;  wmax(y) = max fw(e;)g
1 RO
wavg(v;) := NG w(ej); rat(vj) := wmax(vj)=wavg(y;):

3) Sort the verticesy; with respect torat(V;).
4) Construct the lines:

a) Set searchOppositeDirectiorr false.

b) Pick the rst vertex vi out of the sorted list, delete it from the list and
add it to the line. Mark v := vy.

c) If the ratio wmax(vy)=wmin(vy) line -
Find the neighbor vertex/,qjq corresponding towmax(vi), delete it
from the sorted list and add it to the line.
De ne Vi := Vpejg and go back to c).

d) else if the ratiowmax(vx)=wmin(vx) < jine and searchOppositeDirectiors
false:
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searchOppositeDirection= true

Go back to the rst elementw in the line (e.g. when a line starts in
a wake region, one has to search in both directions from theginal
element). Setvy = v.

Go to ¢).
e) else
Go to a).
Notation 5.1.2 Let M be a triangulation ofD. We assume than setsLq;:::;L,
of indices,L; = f1;:::; ['g, satisfying
L gM);  L\Li=;; 06 [faL= €M); rni=# L)

are given. Ifr; > 1, and the sequence of indices is a path
in the graph ¥ (M); @ ¥ (E(M)) , that is
hE i R Tl 2 @MEM)); =25

NT

such that the indices};:::; [ are pairwise distinct, we call the seL; a line. Oth-
erwise we sayL; is a point.

Algorithm 5.1.1 determinesn sets of points satisfying the postulated properties used
in Notation 5.1.2.

Note that Algorithm 5.1.1 is only one possibility to constriet sets of indices satis-
fying the properties postulated in Notation 5.1.2. For examle, in case the original
grid is structured and the indices of the no-slip boundary arexplicitly known, then
one can directly identify lines which originate on the no-g) boundary and propa-
gate as a ray into the far eld. The actual implementation of he nding of the sets
of points representing strong anisotropies is not that imptant. It is important
to identify sets of points representing directions of stram coupling and to include
this information into the solution algorithm. We will exploit these directions of
strongest coupling twice. On the one hand, our agglomeratidechnique and the
construction of coarse multigrid levels is based on it. Thiss topic of the next Sec-
tion 5.1.2. And second, we will incorporate the informatiornto the smoother used
in the nonlinear multigrid, described in Section 5.2.3.

5.1.2 Agglomeration techniques

The formulation of multigrid algorithms requires the formdation of coarse grid and
ne grid equations. Therefore, we give the the following denition.
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Figure 5.2: Four cells of a dual grid (left) and their agglomated cell (right)

De nition 5.1.3  Assume that
M =1fD;:i=1;:::Ngemd and MO%=fD?:i=1;:::N2mn0

are triangulations of the bounded domai® R™. M?is called re nement ofM if

such that
Ji= D?;:::;D?

is a triangulation of D;. We then write M M % An elementk 2 C(i) is called a
child of D;. Synonymously, we also denote the corresponding domBif, k 2 C(i),
as child ofD;.

An graphical example for such a re nement is given in Figure.8. Here we have

To formulate a multigrid algorithm we need to construct a segence of triangulations
M, =::: My

To do so we apply agglomeration techniques based on weightgghph algorithms
implemented in the library MGridGen [64]. To make this methd applicable for
large scale applications with meshes with extensive anisopic cells it was extended
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by a directional agglomeration strategy [55, 56, 49]. Regis of high grid stretching
are identi ed using Algorithm 5.1.1.

Along a line, a predetermined number of points is fused to omearse cell. To reduce
signi cantly the mesh induced sti ness on the agglomeratetheshes, two points are
usually fused. This procedure results in a sequence of caargid levels for which
the complexity between successive levels decreases by #ofaof 2. In regions of
the mesh where no line information is available { usually thésotropic part of the
mesh { MGridGen is applied yielding approximately a 4 : 1 in 2Cand 8: 1 in 3D
fusing of the cells.

Algorithm 5.1.4  The coarsening algorithm may be written in pseudo code as-fol
lows:

Search and construct lines on nest grid level using Algohtn 5.1.1
Construct a new pseudo mesh in which a line is represented bgoint
Construct required data of pseudo mesh for MGridGen
Agglomerate pseudo mesh using MGridGen

Unpack the lines and agglomerate by the relatién: 1

Remark 5.1.5 Since the coarsening algorithm fuses ne grid cells M °to a coarse
grid cell of M, it is trivial that M M Cis satis ed.

Note that we combine two kinds of coarsening strategies. Ohd one hand there is a
isotropic far eld within the mesh, and on the other hand we hae an anisotropic part

near the no-slip wall. So, for coarsening the far eld regiowe use the graph coars-
ening algorithm MGridGen. But this tool is not allowed to touch the anisotropic

part. Hence, in a rst step a pseudo mesh needs to be constradt which is given

to MGridGen. To this end the predetermined lines are in the pmido mesh repre-
sented as a point. Then this mesh is coarsened by MGridGen. &in the points

representing a line are unpacked in the coarse mesh. These abt yet coarsened.
However, along a line one can simply fuse two neighboringlselSo, the coarsening
ratio along the lines is 2:1, in the rest of the eld it is giverby the coarsening ratio

of the graph coarsening tool.

It should be noted that for agglomerating the isotropic partof the mesh any other
method than MGridGen may be used, such as an advancing fronlgarithm. The

important part is a special treatment of the anisotropic pat of the mesh.

Figures 5.3 and 5.4 present four coarse grid levels in the oary layer of an
airfoil. The red lines represent the original ne mesh. Thehick blue lines form the
agglomerated meshes. It can be seen that the methodology kped previously
yields exactly a directional 2 : 1 coarsening in the anisotpic part of the mesh.
Coarsening examples for the isotropic part of the mesh arevgn in Figures 5.5
{5.8.
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Figure 5.3: Directional coarsening strategy in anisotropisection of the mesh, left:
1st agglomerated mesh, right: 2nd agglomerated mesh
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Figure 5.4: Directional coarsening strategy in anisotropisection of the mesh, left:
3rd agglomerated mesh, right: 4th agglomerated mesh

lof dat_level 1w

Figure 5.5: Standard coarsening strategy in the isotropiestion of the mesh in the
far eld, left: 1st agglomerated mesh, right: 2nd agglometad mesh

5.1.3 Nonlinear multigrid

For a detailed description of multigrid methods we refer tolte textbook of Trotten-
berg et al. [96]. The nonlinear multigrid method consideredh this thesis is based
on the aggregation of degrees of freedom. This procedureaslized by the agglom-
eration of control volumes. The formulation of the nonlineamultigrid together
requires projection and interpolation operators to trangr the data from one grid
level to the next. And, nally, an e ective smoother needs tobe derived.

The fundamental idea of nonlinear multigrid is to smooth theerrors such that these
can be represented on coarser grids. Then, the errors on th@responding coarse
grid equation are smoothed and the coarse grid correctionseanterpolated back to



5.1. SOLUTION METHODS FOR NONLINEAR EQUATIONS 155

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

o
I
5
I

Figure 5.6: Standard coarsening strategy in the isotropiestion of the mesh in the
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Figure 5.8: Standard coarsening strategy in the isotropiestion of the mesh near
the airfoil, left: 3rd agglomerated mesh, right: 4th aggloerated mesh

the ne grid. To formulate the nonlinear Full Approximation Scheme we consider
the nonlinear equation

Ry, : R*FM: 1 R#Mu R, (Ww,) = fu,; (5.2)

and dene for2 Kk n a projection from a ne to the next coarser mesh and an
interpolation from a coarse to the next ner mesh:

M
PMkk 1 : R#Mk 1] R#Mk;
Iyl * 0 RFMD REMeoa

The operator Ry, represents for example the discretization of partial di een-
tial equation or of an integral equation on a given mesh. In sa of the integral
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equation (2.1a) or (2.45) respRy, represents furthermore a system of equations
with d > 1 degrees of freedom (see (3.10)) per control volume. Theretbperator
equation (5.2) is replaced by

Ry, : R¥Mi RO M Ry, (W,) = fu,: (5.3)
Assume that the solutionW , of (5.2) in the step" of the iteration can be repre-
sented by the correctionv &’1 and a given approximate solutiorU(\)l,
Wy, = U+ v
Then we obtain the defect equation on the gridM; given by

Ru, UL +V{  Rm, U =di; (5.4)

which needs to be solved fod m. Note that if U(h;l)l = Wy, is the solution of (5.3)
we conclude that the correction and the defect satisfy | = 0 and d{,’ = 0.
An approximation of this equation on the next coarse gridM; is

Rw, UL+ V.  Rm, U =di; (5.5)
where Ry, represents an approximation to the nonlinear operatoR )y, and the
other missing terms are given by an application of the proj&on operator,

) = M1 ().
UM2 - PleUMl’
) .= M1y, ().
Vv, = Pu,Vu
) .= M1yC) .
dy, = Pw,dy.:

Now, the equation (5.5) can be solved fov ﬁ;l)z such that
Rw, UL+ V() =d{)+Ru, U, ; (5.6)
to obtain for the defect equation (5.4) the correction
UG = 0l + v (5.7)

In general the coarse grid defect equation (5.5) is not sotvexactly but only approx-
imately. The nonlinear multigrid scheme is summarized in th following algorithm.

Algorithm 5.1.6  Assume that for a sequence of meshiels, ::: M; the oper-
ator equations

Rwm, Ul(\}l)k = fu,; k=1;::0n;
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and an approximate solutiorJ ﬁ;l)k together with a smoothe6= S U &’k; Rwm,:fm,

are given. HereS denotes a method which determines from the approximate solu
tion Uf\;l)k an update

Um =S U&)kiRMkika
Let us denote by

I'm:pre 2 No the number of presmoothing steps
I'm., 2 No the number of coarse grid smoothing steps

' M :post 2 No the number of postsmoothing steps
Then we de ne a2V =2V K;! m,pre;! Moy 3! mepost  Multigrid cycle by

a) Apply ! v, .ore SMoothing steps, that is compute
U, =s S UL Ruifw, = Suere UY R, fu,
b) Compute the right hand side of the coarse grid equation
fupn = PY< fu, Ru, UL,  +Ruy,, PM T}
c) Apply ! v,,, coarse grid smoothing steps, that is compute
Ul = S P Uni Runges s

d) Compute an update of the approximate solution

7D . _ 70 M 70 M, 770)
Uu, =Un. +t1Ius Uvn Pul,Ywm,

Mk+1

e) Apply ! v, post SMOOthing steps, that is compute

Uit = S winos U,(\Atl);RMk;ka

The 2V multigrid cycle formulated in Algorithm 5.1.6 may be viewedas a prototype
to formulate multigrid cycles in general. Famous cycling shtegies are so called -
cycles,W-cycles andF -cycles. These kind of cycles can either be de ned explictly
or recursively.

The nonlinear multigrid described by Algorithm 5.1.6 requies several components.
First of all, it needs a sequence of meshés, N Mi. The generation of
such a sequence was described in Section 5.1.2. Second, tnaittbn of suited
restriction and interpolation operators are required, whah is topic of Section 5.1.4.
And nally, a problem appropriate smoother needs to be consicted. This is topic
of Section 5.1.6.
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5.1.4 Construction of transfer operators

To derive projection Pl\“A”kk+1 and interpolation I,\“,l"kk+1 operators we need the de nition
of the ansatz space (3.4), together with thé&? scalar product for the domainD,
Z

;920 = ) f (x)g(x)dx:

Exploiting a triangulation M of D, we obtain for two functionsf;g 2 Spp (M) the
representation

Nem £ Nyiem
(F;9) 20y = (£:9) L 20m) = fi o,(X)g b, (x)dx = vol (Dj) fjg:

j=1  Di j=1

Since an orthonormal basis oc8p(M) is given by

( )
1 1
pﬁ Dll---,pm DN giem

and assuming thatM % is a re nement of M, we de ne a projection

P : Sm(MY! Sp(M); | (5.8a)
- ’\Xlem - l ' 1 .
Pf — f, pj Dj pj D - (5.8b)
- vol (D)) ey VOI(DY)

Hence, corresponding to the ansatz function (3.9) represeny f 2 Spy (M9 by
%em

j=1

f

f DY

the projection is computed explicitly by

0 1
Ngem  Nem 1 1
Pf = @ f pp—= 0 A Pp—— o,

- i=1 " vol(Dj) vol (Dj)
0 1

I\){Iem 1 %em A

PETIGH I i
0 1L2(M)

Nem 1 X

= voI(Di)@ vol DY f{A o (5.9)
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This consideration suggests to de ne the the projection opa&tor for Algorithm 5.1.6
by the linear mapping

P&A: L= vol DY ;:::;vol D?, | . (5.10)

vol (D) I

Corresponding to the projection (5.8) we de ne the interpation

Il Sp(M)! Sm(MY; | (5.11a)
e 1 ' 1
9L YPEmn L, Peey O

P
Then, for a functiong 2 Spy(M) represented byg = ,-N:e'fm g p; we compute
!

I\5%19[1’1 1 h){lem

lg = - m N g b D? D?
i=1 j=1 L2(MO)
0 1

%em 1 @I\bélem %emz

= PRITY 9 p; (X) po(X)dxA  po
i=1 vol (D7) =1 <1 DY

0 7 1

@t (9 polx)axA

= o) — (X)) po(x)dx 0
L8 WY g 200 ST
I\){Iem

= Oc(i) b,

i=1
This consideration suggests to de ne the the interpolatiooperator for Algorithm 5.1.6
by the linear mapping

II\’\//I|:+1 = (@i L)y (5.12)

,,,,, elem

By a direct computation it follows that the projection P and the interpolation |
are adjoint,

’\)(Iem
(PH Q) o) = vol (D;) (Pf), g
= 0 1
hb{lem @ % A
= VO|(DJ‘) — vol (D;) f; g
=1 vol (Dj) 200) '
'\>g|em

vol (D)) figeqy = (f;19) 2o :

i=1
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It is important to notice that this understanding of projection and interpolation
allows to generalize these operators directly for the geansatz space&p, de ned
in (3.4), a requirement to formulate multigrid for disconthuous Galerkin methods.
Naturally, then for all ansatz functions the integrals overthe subdomains need to
integrated which means a signi cant increase in complexityNevertheless, this can
be done in a preprocessing step.

Remark 5.1.7 In a discrete setting both the projection operator (5.10) ahthe
interpolation operator (5.12) can be represented using Sg& matrices.

For the formulation of Algorithm 5.1.6 we have not distingushed between the inter-
polation and projection operators in the image and pre-imagspace. To formulate
item b), we still need a projection in the image space. Themfe, we use the repre-
sentation

Nem

—_ 1 .
R(W)= . W(R)i DO

Then we compute similar to (5.9)

0
’\)QIem 1 x

@ RA - 5.13
_wvol(Dy)) b (5.13)
=1 j2C(i)

PR (W) =

Hence, (5.10) can be used to project the residuBl. In the case of general ansatz
spacesSp the inverse of the volumes need to be replaced by the inverddlee mass
matrix.

5.1.5 Coarse grid equations

Coarse grid equations are assembled using an aggregatiorthud. We explain our
procedure by considering Figure 5.2, representing an exalmmf a typical 2D dual
grid cell arising from a triangular mesh and its agglomera(bcoarse grid cell. We
use the notation of De nition 5.1.3. Assume thatDi( ) is the ith coarse grid cell on

[
(k 1) (k). (k 1) _ =Kk,
D! DY, D, '=D;":

j2ct D(i)
To keep up with the idea of aggregation of degrees of freedomdorrespondence

with the ansatz spaceSp, (M) de ned in (3.4), we need to translate this to coarse
grids. This is required to compute the residual on th&th agglomerated mesh.

Using the interpolation operator (5.12), in a rst step the oarse grid ow vari-
ablesw i(k) corresponding to grid levek and celli are prolongated to the nest grid

level,
Wj(l) - Wi(k); j 2 CO(): (5.14)
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The interpolation operator required for (5.14) can either b implemented directly
using (5.12). This is possible because of constructing ceagrid levels by agglomer-
ation. Otherwise, the operation required for (5.14) can beriplemented recursively,

WJ-(\ Ve=wi; j2c® Dby, “=kiin2

These operations can either be implemented directly, or, asentioned in Sec-
tion 5.1.4, using for example sparse matrices given by (5)12

1) — M M k).
W® =i gk w0

Considering generalizations to function spaceSp.(M) usage of sparse matrices
might be preferred.

Then the uxes for all edgesE(M;) and Epqy(M1) for the interpolated vari-
ablesW @ to the nest grid level M, are computed. The coarse grid residual
corresponding to control vqumeDi(k) on grid level k is evaluated by summing up
all the uxes on the edges corresponding to the ne grid cellepresenting the coarse
grid cell, X X

RW w® = fe ne);

| (e ne)!
j2c® (i) e2E(D M)
'

wherefe denotes the ux andn, the normalized normal vector for edge. Since all
ux terms corresponding to inner edges for ceIIDi(k) cancel out, this construction
yields, X
RM w® = (fe N): (5.15)
e2E(DM)
Therefore, formally only the outer uxes on the coarse gridadls need to be eval-
uated and summed up. Such an assembling strategy of coarsé grquations is
advantageous when compared to a discretization strategyes e.g. [20]). In par-
ticular, no problems with fusing boundary conditions and itroducing a geometry
on the agglomerates are encountered. Moreover, the geomyetif the nest grid
level M, is simply reused as well as the evaluations of the uxes.

The coarse grid equation (5.15) comprises all terms, whichcludes convective, vis-
cous and for the turbulent ow equation also source terms. Téconvective terms on
coarse grids are evaluated using the ux given in De nition 2.4. Gradients (3.58)
required for the viscous and source terms are computed foliog the same aggrega-
tion idea. Being aware of the fact that this procedure may lehto an inconsistency
with respect to viscous terms (see [54, 67, 95]) the viscoesrhs are weighted with a
factor of (1=2)% 1. This factor is then also consequently used in the constrion of
the derivative terms used in the coarse grid preconditionemd the coarse grid T.
Finally, the projection operator (5.10) can be implementeeither directly
w1 * DY w;
vol Dl(k) j2c (i) J
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or recursively,

. 1 X . .
w )= 5 vol D P wl P =20k
VO| DI ch()(l)
Again, this can be globally expressed using (5.10),
W = pilcs o pliliw @

For the implementation of the projection operator (5.13) nte that within our im-
plementation we have not included 1! in the de nition of the residual R. Hence,
it is implemented X
, e :
j2ct(

Comparing (5.13) and (5.16) we note that multiplication wih M ! is therefore
missing for all grid levels. This missing operation is corcéed by considering in the
next Section 5.1.6 by explicitly includingM . Note that this is not necessary in
case one de nes the residu® by including M 1 into the de nition.

To compute the time step size matrix T and the preconditioner P; in Algo-

rithm (5.20) on a coarse grid level, exactly the same proceduas in (5.15) is
applied. Since the convective terms of (2.1a) on coarse gligvels are only ap-
proximated by a rst order Roe scheme (3.18), we have agreemewith respect

to the order of approximation in the residual function and tle preconditioner. In
deviations for the preconditioner, the Roe matrix and both he laminar and eddy
viscosities are assumed to be constant [42, 47].

Using this multigrid approach, in particular, boundary coritions on the coarse grid
levels can be implemented in a straightforward manner. Thesimply arise from the
boundary conditions given on the nest mesh. Therefore, thparticular problems
of fusing boundary cells and di erent boundary conditionss completely avoided.
The multigrid operators described above are then includedto a FAS scheme, The
construction of a smoother is topic of Section 5.1.6.

In all the numerical examples considered in Chapter 6 we agpstandard cycling
strategies 2v, 3v, and 4w as described in [96]. Dealing wittomlinear problems we
do not solve on the coarsest grid level, but we only perform ansothing step.

5.1.6 Construction of a multigrid smoother

To derive a suitable smoother for Algorithm 5.1.6 to solve # discretized ow
equations (3.97a) and (3.97b), we consider the time depemtequations (3.96a)
and (3.96b). As already mentioned in the introduction, to ogrcome the sti ness of
the problems considered in this thesis a powerful method hiag the capability to

smooth a variety of error components is required. Hence, we dot follow the idea to



5.1. SOLUTION METHODS FOR NONLINEAR EQUATIONS 163

combine multigrid with a smoother of low operational cost. istead, contradicting
the idea of multigrid, we derive a smoother based on multi sgg¢ implicit Runge-
Kutta methods. Therefore, consider an s-stage diagonallynplicit Runge-Kutta
method given by the Butcher scheme

c|lA
bT

Table 5.1: Butcher scheme

where
oy o 1 0 . 1 0 01
A:=% 21 A : g; b:=% : g and c:=%)5£: (5.17)
L. .0 0
0
0 sis 1 ss s+l;s

In the following we skip the sub-indices "mean™ and "turb" shce we use the same
method for solving (3.96a) and (3.96b). Then, denoting theistrete evolution
at T, by W T, an application of this Butcher scheme to (3.96a) and (3.95lgives
the stages and next discrete evolution

ki = MR W+ 45 tky
k2 = M 1R WTn+ 21 tk1+ 22 tk2
: (5.18)
ks = M 'R W'+ ss 1 Ks 1+ s tks
WTn+1 - WTn + s+l's tks
To approximate a solution of the nonlinear system,;:::;ks we use Newton's

method truncated after only one iteration to approximate tle root of the function
gj(k)::k+M IR wir+ i1 tkj 1t i tk
Its derivative is given by

Lgdl((k) = 1+ 5 tM 1d—R WTn + o1 kgt gtk

dw
and the initial guess is assumed to b&©® = 0. Then an approximate root for

#
dg k© ' ©
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Using the approximate root (5.19), the implicit Runge-Kuta method (5.18), is
represented by the algorithm

) C#
ky = % M R wT'n
y .
ky = % MR W+ 5 tk;
y "
ks = % M IR W+ o1 tks g
Wt = W+ o tKe:
De ning the updates W © := W T» and
" #
W =wT gt dg k=7 dtm) M RWO )

it can be shown by induction that the Runge-Kutta scheme give above can be
reformulated equivalently by

W(O) = WTn " #
(0)
wd = wO@ ot do K7 M R wO
dk
(5.20)
" #
dgs k@
we = wo ot =+ MR WED
’ dk
WTn+1 - W(S)
Algorithm (5.20) indicates that for each stage the linear agation
da k© _
gdk hi = juy tM RWI D)
needs to be solved. This can be equivalently formulated by
1 dR (G 1 (4 Dy.
(0 M+ W hy = ja;RWO D) (5.21)

In a general context, Algorithm (5.20) may be interpreted as kind of Rosenbrock
method (see e.g. [24]). However, within this thesis we usegtkind of method quite
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di erently, namely to approximate steady state solutions 6 (3.96a) and (3.96b),
that is to approximately solve (3.97a) and (3.97Db).

Therefore, we are not interested in time accurate methods.his allows us to modify
the scheme using further acceleration techniques. Firsprfsteady state computa-
tions the time step tin (5.21) is replaced (see also for example [41]) by some loca
time step T :=diag(diag( t;)) 2 RNeaN NeaN  Here Ngq = 5 for the mean ow
equations andNgq = N; for the turbulence ow equations (see Section 2.2). As
local time step we choose an approximation to the spectral daus of the diagonal
blocks of &R 'more exact

dw
2

X @_|lst;Roe

ti := CFL vol(D;)4 svol(e; ) —
o @W
J2N (i)

I 13,
f (W . W) - * TSL; =const
+Cv @ \Y 1y YY) e A5 . CV:=8:

@w ’

Using (4.13) together with Theorem 3.2.9 and De nition 3.8 as well as Theo-
rem 4.3.4 we nd the explicit expressions,

0 |
X 1st;Roe . N - * TSL; =const
svol(g; ) @ @i @fy (Wi W) ine, R
2N ow @w
j2N (i)
= SVOI(QJ' ) ij: Roe + .Vi max —;——2— " °*
i 2N (i) dist(e; ) i 3 e e

As a further acceleration technique, to allow for over- and nderrelaxation, we
introduce a relaxation parameter’, such that (5.21) is replaced by

drR . .
(T)'M+" j— wio D h= , RWID): (5.22)
dw ’
To shorten the notation, we close this section by de ning thdinear operator for
stagej by
drR -
— 1 n .
Pi=( T) "M+" o WO
To formulate our nal smoother for the nonlinear multigrid, we give a generalization
of Newton's method using a so-called multistage implicit Ruge-Kutta smoother,
given by Algorithm 3.
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Algorithm 3  Implicit Runge-Kutta smoother

1: W@ := WTn

2 WD =wO 5 (P;) 'R WO

CH

4: WO =wO s+l;s(Ps) lR w

5: WTna = W)
Theorem 5.1.8 Assume that CFL!'1 ,s=1and" = 1= , =1. Then

Algorithm 3 is Newton's method.
Proof: With respect to the assumptions formulated we obtain

1
WTn+1 - WTn 3_\; WTn R WTn

Theorem 5.1.8 sheds light on the fact that the derived Algahim 3 represents only a
generalization of Newton's method. Though we are in a posi to formally apply

Newton's method, let us shortly summarize the shortcomingsf this method to

motivate the necessity of Algorithm 3 in our context.

Assuming a good initial gues$V T° is given, the functionR is smooth in a neigh-
borhood of W To, there exists a unique root oR and that we could easily solve the

linear systems
dR

dw
then no research with respect to solution algorithms to sodvthe RANS equa-
tions (2.1a) would be required. On the other hand, none of thequirements stated
above are satis ed in general, i.e.

hh=R W' ; n=0;L2:::; (5.23)

a) The function R is not smooth.
b) The function R maybe has no root.
c) Even if the function R has a root,W T is not a good initial guess in general.

d) The linear systems (5.23) cannot be solved straightforwa it is even unknown
if the matrices SWR W M) are regular.

These are already enough reasons to note that a straightfaaw implementation
of Newton's method within the context of the Reynolds averagf Navier-Stokes
equations has nothing to do with a realistic assessment. Aras a consequence, to
implement a solution algorithm with no user interaction is nach more a vision than
a real world evaluation.
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Moreover, it was not our intention to use Algorithm 3 as a solion method. In our
context Algorithm 3 is applied as the smootheS in the Full Approximation Scheme
multigrid described in Algorithm 5.1.6, which is also illugrated in Figure 5.1.

5.1.7 Globalization strategies

Though we are in a position to formally apply Newton's methodsee Theorem 5.1.8),
nothing has been said about the shortcomings of this metho@ne of the most se-
vere shortcoming of Newton's method is that the linearizatin and convergence
assertions and expectations are only true in a small neighth@od around the root.

In practice the word "small" is useless, that is, in generat is impossible to decide
during an iteration solving a nonlinear system of equatiorf ian iterate is a neigh-

borhood of the root. Hence, a strategy is required to nd a gabinitial guess or

vice versa a methodology is required to deal with an initialugess which is not in a
small neighborhood of the root.

Strategy 1: Damping of correction, CFL strategy
Instead of trying to apply directly Newton's method we can rplace the method by
the algorithm

drR 2

g WM+ RW™) -+ khok®

min'! (5.24a)
hn
w™t = W+ h.: (5.24b)

Heref ,0n2n, denotes a sequence of parameters 0. Algorithm 5.24 is called the
Levenberg-Marquardt algorithm. Exploiting that the minimization problem (5.24a)
is equivalent to

R(W?) =min!;

hn + 0 hn

dR

g (W1)

d

P —
the unigue de ned minimizer of (5.24a) can then be determink for example, by
solving the corresponding normal equation

[
dR ' dR _ drR T

— — - _ ny .
R L w RWN: (5.25)

The Levenberg-Marquardt yields the inequality

drR 2
o khnk? —h,+ R(W") + ,kh,k?
dw,
, #
. drR ] )
mr|1n CIWh+R(W) + ,khk

k R (WMK;
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and therefore we get

KR (W Mk

Hence, the parameter , is a damping of the correctiorh,,. It can be shown that the
Levenberg-Marquardt algorithm converges for su ciently arge ,. On the other
hand, if , is large, the corrections are small and convergence may bdbitar-
ily slow. Comparing (5.25) and (5.21) gives rise to a new inmgretation of the
term ( T) M. Though (5.21) neglects the additional multiplication by S—VF\*, T,
the operator ( T) 'M plays exactly the role of the stabilizing term ,I, and
the CFL-number is a weight for the corrections. This corresmdence allows us to
understand that in the initial phase of our solution schemenigeneral a small CFL
number is required. Moreover, it also tells us that in genefave cannot reach ar-
bitrary large CFL numbers. For the problems considered it isluring the iteration
process in general impossible to say when the iterate is in aighborhood of the
solution, and hence some kind of damping is required.

kh,k

For the Levenberg-Marquardt algorithm there exist methoddo choose ,. For
example, de ne

kR (WMK? k R (W"+ h,)k?
kR (WMK? R(Wn)+ Rp 2

"n(n) =

One can say that",( ,) describes the change of the actual residual compared to its
linearization. Hence, if",( ,) is small, it can be assumed that the trust region was
too large, and the updateh,, needs to be recomputed with a larger,. Otherwise
the step is accepted and,, might be reduced in the next step. Such a trust region
consideration might be superior compared to a simple CFL nuwer ramping,

CFL = min fCFLi,; f(n); CFLmaxQ; (5.26a)
1; n< 10
f(n) = N0 10 > 1. (5.26b)

Moreover, the author is not aware of any publication where advenberg-Marquardt
algorithm has been investigated for solving the discretideReynolds-averaged Navier-
Stokes equations. Naturally, when applying a Levenberg-Mguardt algorithm there

is a signi cant increase in the computational complexity, sice also the transposed
derivatives are included into the algorithm. On the other had the properties of
this algorithm might be better suited than those of Newton'smethod.

Strategy 2: Runge-Kutta smoother

Using an implicit strategy to compute updates the actual choe of the Runge-Kutta
smoother, that is the number of stages and the choice of theagfe coe cients is an
open problem. The multistage scheme can be interpreted as admission on the
two following facts:
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a) The linear systems (5.21) cannot be solved up to a certairc@racy, or even
if this is possible, the complexity to do this is in general starge, that the
computational time required is unacceptable. And note, wera not interested
in solving (5.21), but we are interested in solving the nomear problem (3.97).

b) Even if we had the exact solution of (5.21), we cannot expethat an un-
damped Newton method can be successful, in particular not the start-up
phase of the nonlinear iteration.

Hence, instead of a direct update the Runge-Kutta scheme ised as a further
damping strategy, such that in the rst stages the correctia is weighted with a
damping factor, and nally on the last stage the full correcion is used for the
update. It was shown in [44, 45] (see also Sections 7.2 and ard that this damping

is even necessary in a neighborhood of the solution and al®®er signi cant larger

CFL numbers than using only a one-stage scheme. With a signant increase in
the number of degrees of freedom it seems that such a dampisgmnore important.

Our conjecture is that it becomes more troublesome to solveithin only a certain

amount of complexity the linear systems (5.21) to get a reasable update for the
nonlinear iteration.

Strategy 3: Full multigrid

A further globalization strategy to nd a suited initial guess is the application of
full multigrid. Here, instead of directly starting the iterative nonlinear iteration on

the nest grid level, subsequently starting on the coarsegrid level an approximate
solution is computed and transferred to the next ner grid lgel. Hence, on the nest
grid level the iterative process does not start from, for exaple, free stream values,
but an interpolated approximate solution of the next coarselevel. This is a well

known procedure in the literature of multigrid and also welknown in computational

uid dynamics. Though this is a powerful tool, to the author's experience this start
up methodology is not used on a regular basis. If this obseti@n is true, the reasons
need to be found and clari cation about the potential and posible shortcomings of
this globalization strategy need to be investigated. For emple, maybe for large
scale applications the coarse grid quality is such that a dtée discretization is not

possible. Further research is required to improve full mulyrid such that it can be

used on regular basis for computational uid dynamics compgations.

Strategy 4: Treatment of turbulent ow equations

The treatment of the coupled system of equations (3.95) is apen problem. On the
one hand, one can argue that (3.95) represents a coupled gystof equations which
needs to be solved all at once. On the other hand, the behaviof the turbulent

ow equations during the iterative process is often signi antly di erent compared

to the mean ow equations. For example, the no-slip wall bowtary condition for

the ! equation of thek! -model (2.53) is not straightforward to implement. This
is pointed out in Section 3.6. For this reason one has argunisro treat these
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kinds of system of equations weakly coupled. There is not atiséactory answer
yet. From the global point of view, we want to mention that boundary conditions
for the turbulent ow equations are often ad hoc. Furthermoe, the initialization
of the turbulent ow variables is to the author's point of view inappropriate. A
remarkable reference for this observation is for examplegmumerical behavior of
the normalized residual for thek-equation. The initial guess is so bad, such that
the normalized residual increases after initialization seral orders of magnitude
before it starts to converge (see for example Figures 6.58f) and 6.63 (left)). So,
the possibility to treat the turbulent ow equations in prin ciple di erent than the
mean ow equations might also be viewed as a globalizationrategy. Section 6.11.2
presents in which way the weakly coupled algorithm can be exjted.

Strategy 5: There is no strategy

The discussed strategies 1{4 should not be misunderstoodlIl fese are attempts
to deal with the shortcomings of Newton's method. It can be asmed that this
method can in general not be directly applied to approximat@ solution of (3.97).
The investigation and understanding of Newton's method anthe methodologies to
gure out ways to overcome its shortcomings is a long term tap of mathematics. It
cannot be expected that for the solution of the Navier-Stolseand RANS equations,
which are also not well understood from a mathematics pointf wiew, there is an
easy way out. The idea that there exists something like a "bepractice"”, that is
a classi cation of problems for which the same or a similar pameter choice work,
must be handled with care. For example, it is well known for th RANS equations
that small perturbations of the in ow conditions or small veariations of the geometry
may lead to totally di erent solutions. One may view such a dsign point as a critical
point, for example the point of maximum lift. Often it is exadly such a design point
which is of major interest. Unfortunately, exactly for theg design points there is
a good chance that the "best practice" strategy may fail. Mdtematically spoken
the problem is ill-posed, since there is no continuous depincy of the solution
with respect to these in ow parameters and geometry variabins. This conclusion
makes it in particular important to improve numerical algoithms. On the other
hand, in case the problem is well posed and there exists a doabus dependency
of the solution with respect to the considered ow variatios, then there is a good
chance that a "best practice" strategy may work. Nevertheks, this discussion
motivates that research and further investigations are regred to develop a deep
understanding of the components of solution algorithms antheir interaction, to
signi cantly improve the reliability of computational ui d dynamics software, such
that it justi es industrial demands and can be used as a matteof course as a
valuable tool in a process chain.
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5.2 Linear solution methods

The linear equation (5.22) represents in general a large &aill-conditioned system
and cannot be solved directly. Matrix-free Krylov subspacenethods are therefore
a natural choice to approximate a solution of (5.22) within amall number of steps.

5.2.1 Krylov subspace methods

At the outset there exist several Krylov subspace methods. éaerally spoken, all
these methods are based on the same idea. They construct ataier Krylov sub-
space. In this subspace an approximate solution to the givdinear system is com-
puted. The quality of this approximation depends on this sufpace and the right
hand side of the linear system.

It is the author's opinion that in general not the particular choice of a Krylov
subspace method is important (see for example the textbook &aad [84] for
several such methods), but that the construction of a well sted preconditioner is
of major signi cance. Thus, instead of considering a varigtof Krylov subspace
methods we restrict ourselves to the Generalized Minimum RBiglual (GMRES)
method preconditioned from the left, that is we apply this m#hod to obtain

Prec; 'Pjx = ;.1 Prec; 'R(W U D) (5.27)
The GMRES algorithm applied to (5.27) with initial guessx© reads as follows.

Algorithm 5.2.1  Left preconditioned GMRES method applied to (5.27):

Solve (approximately)Prec;ro= j+jR W0 D P;x©
Compute = kroky; vy = irg
fork=1;:::;m

{ Solve (approximately)Prec;w = P;vy
{ fori=1;:::k

hix = hw;vji

wW:=w hiv

_ . _ 1
{ hgerx = kwky; Visr = Pt x

Solveyy :=argmin ke; Hpyk, by Given's-rotations

xM = xO + Vv vy,
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A preconditioner Prec; should satisfy the following conditions:

Prec; P, thatis Prec; should be a good approximation tdP;.

The storage requirement foiPrec; should be acceptable.

The systemPrec;w = r must be e ciently (approximately) solvable.

For the implementation of GMRES it is worthwhile to mention that the modi ed

Gram-Schmidt orthogonalization within the Arnoldi proces is often not stable, and
it cannot be assumed to be stable for the problems at hand. This in particular true

for ill-conditioned matrices [71, 40]. So, instead a GMRESith orthogonalization

based on Householder re ections might be a better choice [84Moreover, also
the reduction of the upper Hessenberg matri¥d,, is done on-the-y during the
algorithm as reported in [84].

5.2.2 Construction of preconditioner

From the equation forw of the GMRES Algorithm 5.2.1 above it is obvious that
we need to approximately solve the linear systems

Prec;w = Pjv: (5.28)
So, the preconditioner we are going to design consists of typarts:
a) the linear operatorPrec; itself,

b) an iterative solution method for approximately solving he linear systems (5.28)
required for GMRES.

Instead of taking the exact residualR for the Jacobian a simpli cation satisfy-
ingR R is considered to construct the preconditioner for (5.27). éte we consider
a compact stencil (see Notation 4.1.5) approximating the ¢éanded stencil, that is
we chooseR = R™  R. Considering compact discretization has for the deriva-
tive the major advantage that the stencil at pointi relies only on next neighbor
information. The associated Jacobiarﬁ‘%ﬂ has several properties of interest (see
Section 4.1), for example:

a) It is much less memory intensive than the exact derivativg%.

b) It can be constructed by a loop over all edges correspondio the design of
the residual evaluationR ¢°™MP,

c) Assuming thatR ~ R®™ holds, it can be assumed thagls ~ ®2
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To construct a preconditionerPrec; for the mean ow equationsR yean We use (4.13)
as approximation for the inviscid and (4.34) and (4.35) forhe viscous part. A
corresponding discretization is constructed by the assurtipns that Aiﬁ*oe = const,
e .y = const:and gradients are computed using a TSL approximation. We ergss
such a residual by
RSP (W) = ROMP (W):

prec JA ?Oej= const;; e ;e = const:

Using this notation and the corresponding approximate deratives we need to in-
clude the stabilizing terms such that the nal preconditiorer is given by

) ROIP
Preci:=( T) M+" , —— WU ; 5.29
J ( ) 1 dw ( )
The preconditioner Precj. sa for the Spalart-Allmaras turbulence model uses the
derivatives for inviscid, viscous and source terms in the wahey are presented
in Section 4.4.1. Hence, in case one uses TSL approximatidos the gradients
the Prec;. sa is the exact derivative of the considered discretization,eshoted by

d comp;SA ( )

—pee 00D 5.30
aW (5.30)
The preconditionerPrec;: . ) for the k! -turbulence model uses for the inviscid and
viscous part the derivatives stated in Section 4.4.2. The deatives of the source
terms need to be modi ed. The diagonal terms of the derivates of the destruction

terms are neglected, that is

@De) @De )
@k @}
are left out in the preconditioner. The necessity for this mai cation is discussed in

Section 7.4. Corresponding to (5.29) and (5.30) the precatidner for the k! -model
is given by

PI'ECJ';SA:( T) lM + " i

and

dRcomp;(k;! ) )

Precigey=( T) "M +" j =2 (k!1)0 Y (5.31)
dw

For completeness, we present a further preconditioner wdhown in the literature

of computational uid dynamics [116]. It is based on a furthesimpli cation of the

Jacobian and the major idea is to replace the operational cou This is realized

by approximating the local block systems by their spectraladius. Hence, instead

of (4.13) we approximate

X 1st;Roe 1
@~ - ARoe - K2 N (i); (5.32)

]
g @W 2 0 K6 ik 2N (i):
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Such an approximate derivative corresponds for example tosgalar dissipative or
van Leer ux. The spectral radius is given by j. roe denoted in De nition 3.2.3.
Furthermore, the viscous derivatives are also approximadeby their spectral radii,
that is (4.34) and (4.35) are replaced by

8
P @y (W wj)ni TOR Eeonst
@Ryisc;scalar % 2N (i) —eow ; =1
—_ A/ y.n:  TSL; =const ) 533
@V E %\/\yl)m : k2N (i); ( )
' 0; else

The spectral radii can be computed using Theorem 4.3.4 (sels@[47]). Obviously,
such a preconditioner does not require memory to save a whdieock CSR ma-
trix (see Section 4.1.1), but only scalar values. This idean also be carried over to
the turbulence ow equations. In particular, for these equtions we only take the
diagonal part of the derivative of the source terms. The sintipcations yield a much
more memory e cient method. On the other hand, estimating tke Jacobian by its
spectral radius can have rather serious detrimental e ectsn the convergence of an
implicit scheme, for example much slower convergence ratés particular, for mesh
re nement studies and more complex ow cases this statemerg con rmed in [48].
For later use we denote the preconditioner corresponding these simpli cations
by Prec jsca'ar. To justify that Prec jsca'ar and Prec; may be used as preconditioners
we assume that the following approximation properties hold

Prec fca'ar Prec; P;:

5.2.3 Iterative solution methods for linear equations

Another ingredient to include with a powerful preconditiorer is to approximate

e ciently a solution of the linear systems (5.28). The notaton Prec; in (5.28)

is now understood as surrogate for one of the possible linegperators designed
in Section 5.2.2. To approximately solve e ciently the linar system (5.28) linear
multigrid methods can be applied. lllustrated in Figure 5.1we need to de ne the
most inner two boxes.

To formulate a linear multigrid algorithm we consider the neation used in Sec-
tion 5.1.3 and de ne corresponding to (5.2)

A, = Prec; : R*Mx 1 R*Mk, Au, Xm, = bu,:

Algorithm 5.2.2  Assume that a sequence of meshds ::: Mj and the linear
equations

Akafvl)k = b\/lk
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and an approximate solutiorb(,\fk together with a smoothelS = S x(h;l)k;AMk; v,

are given. HereS denotes a method which determines from the approximate solu
tion x{,. an update

Ym =S xﬁ}l)k;AMk;bwk
Let us denote by
I'm:pre 2 No the number of presmoothing steps
I'M., 2 No the number of coarse grid smoothing steps
I'm:post 2 No the number of postsmoothing steps

Then we de ne a2V =2V K;! m,pre;! Meir 3! Mepost  Multigrid cycle by

a) Apply ! m,.pre SMOOthing steps, that is compute

x) =s S Xi i Awbw, = S x{) Ay, b,

K
b) Compute the right hand side of the coarse grid equation
By = PUs, Bu, Aw, X
c) Apply ! v,,, coarse grid smoothing steps, that is compute
Xy, = St P X Awiyy i By
d) Compute an update of the approximate solution
Xy = Xy + e x)
e) Apply ! v, post SMOOthing steps, that is compute

xG = gl gAY by,

The linear multigrid Algorithm 5.2.2 can be derived by an apfcation of the Full
Approximation Scheme Algorithm 5.1.6 to a linear equationn the following way.
Assuming that Ry, is a linear operator, we rewrite the coarse grid equation by
@) M 770)  _ pMy 70
Rv, Upm P Uu, = Pu, fw,  Rm Uy,

k+1 My+1
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Hence, substitutingV&’w =U ,(\Xkﬂ Pl\“A”kk+1 U,(Vl)k we get after application of! y, .,
smoothing steps

O ! D . .

VMk+1 = S'Mk+l V(M)k+1’RMk+1’ka+1 ,

which yields the correction
O _ 70 M 770) .
VMk+1 - UMk+1 PMkk+1UMk'
and the update for the ne grid iterate

—(+D) _ —0) M
UMk - UIVI|<+1 + IIVI|<+1

VAR
V Y I

These considerations give exactly the linear multigrid mébd Algorithm 5.2.2, and
it shows that for a linear operator Algorithm 5.1.6 is equivient to Algorithm 5.2.2.

We now turn to the task to design a smoother for the linear muigrid method. Here
we consider straightforward iterative solution methods,dr example:

(Block) Jacobi,
(Block) Gauss-Seidel,
symmetric (Block) Gauss-Seidel.

However, Prec; is in general neither symmetric nor it can be assumed to be lalo
diagonal dominant. So, in particular for high Reynolds numér viscous ows, where
meshes with large anisotropies in the boundary layer are n@ged, problem adapted
iterative methods are necessary. Exploiting line informain acting in the direction
of strong coupling, these iterative solution methods may b&gni cantly improved.
To construct such information was topic of Section 5.1.1.

Using the Notation 5.1.2, along the lineL; the corresponding (block) tridiagonal
matrix Tri |, 2 RMNea) (Neal) of Ay = (A;j), Aj 2 RNea Nea s given by

Tri |, = : (5.34)

In caser; = 1 the matrix Tri ., simplies to a diagonal block. Exploiting (5.34)
possible iterative solution methods to approximate a solign of

AMkX =b
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are relaxed Block line Jacobi (5.35) and Block line Gauss4i8el (5.36) method:

0 1
(k+1) (k) o1 X (k)
X, = @ 'o)xp T @y, AL X A, (5.35)
0 j2L1;u50L 026G
(k+1) (k) S X (k+1)
xpo o= @ x| @ AL X,
j2Lasnbi 1j2L
X
AL X OA (5.36)
j2f 1;:uNgnfLqy;lig
where we iterate over all LinesL;, i = 1;:::;n. In case line information is not

h){lem
¥ = @ )X+ (Ay) b A (5:37)
j=1;j6i |
Xl ’\){Iem )
x® D = 1 1 )x® s A Y b Ay x Y A x (5.38)
j=1 j=i+l

De nition 5.2.3  In case we apply for (5.36) and (5.38) a forward sweep folladve
by a backward sweep, we call these methods Block symmetnie Gauss-Seidel and
Block symmetric Gauss-Seidel, respectively.

Remark 5.2.4 Let us comment on some implementation details for (5.35) { (88):

a) Naturally, within the multigrid context we do not considethese methods as
iterative solvers but as smootherS applied in Algorithm 5.2.2 using an early
stopping criterion.

b) For all methods we choose as initial gues&) = 0.

c) Only (5.35) and (5.36) need to be implemented, (5.37) and.38) follow by
specialization, that is neglecting line information.

d) The tridiagonal blocksTri |, and diagonal blocksA;; are not inverted, but
only the block LU-decomposition ofri |, and the LU-decomposition of\;; are
computed exploiting pivot techniques. Then the correspamgl linear systems
are solved.

e) A symmetric line sweep is done as follows: First we applyetsweep over all
lines. In a parallel environment we then exchange the appimate solution
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between the partitions. Then we proceed with the sweep ovérramaining
points, which is again followed by communication of the agpimate solution.
To close the symmetric sweep we do everything in the oppositeanner. At
the beginning, we sweep over all points which do not corresgdo a line in the
reverse manner followed by communication of the approximasolution, then
the lines follow in opposite ordering closed by communiaagi the approximate
solution. Actually, the algorithm is line Gauss-Seidel oplat the level between
partitions. We try to overcome this de ciency by communicang between the
domains several times.

f) Implementation of multi-coloring algorithms has not bee considered so far
and is part of future work.

g) The coarsening strategy described in Section 5.1.2 enssithat lines required
to set up the tridiagonal systems (5.34) are retained on eaahultigrid level.
Of course, if on some multigrid level a line degenerates ingopoint, this line
is cleared from the set of lines and treated as a usual point the following
coarsening steps. With this strategy, arbitrary coarse mtigrid levels can be
constructed. In a parallel environment multigrid levels @& formed within each
partition.

Finally, (5.35) { (5.38) need to be combined with a suitabletepping criterion. Here
we suggest:
8

_ kb Av x®ka s
stop AMkux ; 05 KiMaXiter ( ) =S true; K  maXer; (5.39)
false else
In case we want to stop with a xed number of iterations we chase (k) = 1

in (5.39).

5.3 Hierarchy of multigrid smoothers

Algorithms approximating solutions of the Reynolds averagfd Navier-Stokes equa-
tions (2.1a) and (2.45) should follow the goal to reduce theser interaction with
the software to a minimum. On the other hand the literature albbut computational
uid dynamics is full of suggestions of di erent solution agorithms and the authors
often claim that the new developed algorithm is superior wit respect to some cer-
tain property. Here, it is not our goal to develop a new solutin algorithm, which
is in our context a smoother for the nonlinear multigrid. Butit is our goal to show
that almost all suggestions found in the literature are vaants of the algorithms
suggested so far.
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5.3.1 Low cost smoothers

To obtain several low cost solution methodologies suggest| the literature about
computational uid dynamics we now suggest the following sipli cation: The

number of steps in the Krylov subspace method is reduced torae Then, by a view
on Algorithm 5.2.1, only the rst preconditioning step is ldt, i.e. Algorithm 5.2.1
reduces to approximate the solution of

Precihj = j. 3R W0 D (5.40)
and as a consequence Algorithm 3 simpli es to
wO = wn
w® = w®  ,pPrec,'R WO
: (5.41)
we = w@ o, Prec,2’R WE D
wnt = we

The Runge-Kutta iteration (5.41) depends on the constructin of Prec and the
iterative linear solution method, e.g. (5.35) { (5.38). A futher, self-evident alter-
native of algorithm (5.41) is the freezing of the preconditiner Prec on the rst
stage, that is

wO =wn
w® = w@ o prec;'R WO
: (5.42)
we = wO o, Prec,'lR W&
wrt = W
Assuming that the operatorPrec;,j = 1;:::;s, do not change signi cantly over one

Runge-Kutta iteration and that the construction of Prec; together with the com-

putation of the block LU-decomposition ofTri |, is a time consuming approach,
this simple frozen Runge-Kutta iteration may yield an e cient alternative com-

pared with algorithm (5.41). Example 1 in Section 6.3 is dedated a corresponding
investigation.

Several variants of the general formulations (5.41) and @&2) correspond to well
known suggested solution techniques given in the literater

Theorem 5.3.1 Consider Algorithm (5.41) or (5.42) as smootherS for Algo-
rithm 5.1.6 and Prec; is constructed as described in Section 5.2.2. Approximagel
solving the linear systems (5.40) by application of Algohin 5.2.2 withn = 1 to-
gether with a symmetric (line) Gauss-Seidel method and clsomy

fsop AmX® bk N; 1 ; N> 1;
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we get exactly a solution algorithm denoted as RK/Implicitnsoother or rst order
preconditioned Runge-Kutta method suggested for exampig[80, 93, 44].

Proof: Choosingn = 1 reduces Algorithm 5.2.2 to a single grid iteration. The
choice offgop Am,;X®;b;k;N; 1, means that the iterative solver is truncated

literature. Then the theorem follows by a straightforward omparison of the meth-
ods.

Theorem 5.3.2 Consider Algorithm (5.41) or (5.42) as smootherS for Algo-
rithm 5.1.6 and Prec; is constructed as described in Section 5.2.2. Approximagel
solving the linear systems (5.40) by application of Algohin 5.2.2 withn = 1 to-
gether with a line Jacobi method and choosirfg,, Awm,;x®;b;k;1; 1, we get
exactly a solution algorithm denoted as line implicit metlosuggested for example
in [74, 57, 16, 43].

Proof: Choosingn = 1 reduces Algorithm 5.2.2 to a single grid iteration. The
choice offgop Awm, ;X% ;b;k;1; 1, means that the line Jacobi method (5.35) is
stopped after the rst iteration. Considering as initial guessx©@ = 0, the approxi-
mate solution is obtained by

xY =T h

Then the theorem follows by a straightforward comparison dhe methods.

Theorem 5.3.3 Consider Algorithm (5.41) or (5.42) as smootherS for Algo-
rithm 5.1.6 and Prec; is constructed as described in Section 5.2.2. Approximael
solving the linear systems (5.40) by application of Algohin 5.2.2 withn = 1
together with a Jacobi method and choosirg, Awm,;x®;b;k;1; 1, we get ex-
actly a solution algorithm denoted as point implicit methoduggested for example
in [73, 63, 42].

Proof: Choosingn = 1 reduces Algorithm 5.2.2 to a single grid iteration. The
choice off sop Am,;X®;b;k;1; 1, means that the Jacobi method (5.35) is stopped
after the rst iteration. Considering as initial guessx© = 0, the approximate so-
lution is obtained by

x = (Ay) 'h:

Then the theorem follows by a straightforward comparison dhe methods.
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Theorem 5.3.4 Consider Algorithm (5.41) or (5.42) as smootherS for Algo-
rithm 5.1.6 and Precjsc'“"ar is constructed as described in Section 5.2.2. Approxi-
mately solving the linear systems (5.40) by application otfgorithm 5.2.2 withn =1
together with a symmetric Gauss-Seidel method and choosiihg stopping criterion
by fsop Am,;x®;b;k;1; 1, we get exactly a solution algorithm denoted as LU-
SGS method suggested for example in [116].

Proof: Choosingn = 1 reduces Algorithm 5.2.2 to a single grid iteration. The
choice off sop Am,;x®;b;k;1; 1, means that the symmetric Gauss-Seidel method
is stopped after the rst iteration, that is one forward and ;e backward sweep.
Then the theorem follows by a straightforward comparison dhe methods.

Theorem 5.3.5 Consider Algorithm (5.41) or (5.42) as smootherS for Algo-
rithm 5.1.6 and Prec; or Prec®® is constructed as described in Section 5.2.2
with j; = 0. Approximately solving the linear systems (5.40) by appditton of Al-
gorithm 5.2.2 withn = 1 together with a Jacobi method and choosing the stopping
criterion by fgop A x®;b;k;1; 1 we get exactly a solution algorithm denoted

as explicit Runge-Kutta accelerated by local time steppifigdl].

Proof: Choosingn = 1 reduces Algorithm 5.2.2 to a single grid iteration. Ex-
ploiting that ; = 0 and one Jacobi iteration with initial guessx© = 0, the
approximate solution of equation (5.40) is given by

hj= T™M 'R wi D

Then the theorem follows by a straightforward comparison dhe methods.

This direct comparison of the di erent methods gives rise tdheir capability to
solve (3.97) for high Reynolds number viscous ows on anisopic meshes. And, in
general there is no justi cation for the simpli cations dore in the methods above.
Hence, though these methods are proposed throughout theeliature of computa-
tional uid dynamics, with respect to the signi cant increase in mesh sizes and
complexity of ow physics we predict the methods mentionedni Theorems 5.3.2 {
5.3.5 only limited potential. In [45] and Sections 7.2 and 3.analytical reasons are
given. Examples considered in Chapter 6 give further inditian for this statement.

5.3.2 The solution algorithm: A castle in a sand pit

Having discussed the possible variants of possible smoathfor the nonlinear multi-
grid, let us come back to the global view given in Figure 5.1. ®\summarize several
variants which can be chosen.
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1) Nonlinear multigrid

a) Agglomeration

Overall coarsening ratio
Semi / directional coarsening strategy
Advancing front or weighted graph algorithm

b) Projection
c) Interpolation

2) Runge-Kutta smoother

a) Number of stages
b) Stage coe cients
c) CFL number

3) Krylov subspace method

a) Full Orthogonalization Method, Generalized Minimum Reslual Method,
Biconjugate Gradient Stabilized Algorithm, Conjugate gralient for the
normal equations,: : :

b) Number of iterations, residual based truncation criteon
4) Linear Preconditioner

a) Construction of preconditioning matrix

Approximate Jacobian
De ation based preconditioner
Polynomial preconditioner

b) Truncation criterion for approximate linear solve
5) Linear Multigrid

a) Agglomeration multigrid

Overall coarsening ratio
Semi / directional coarsening strategy
Advancing front or weighted graph algorithm

b) Algebraic multigrid
c) Smoother
Gauss-Seidel type smoother



5.3. HIERARCHY OF MULTIGRID SMOOTHERS 183

ILU decomposition
d) Projection
e) Interpolation

It is out of the scope of this thesis to investigate and comparall the variants of
algorithms which can be set up by a combination of all these drent algorithms
and parameters. Moreover, note that all these subitems in geral lead to a further
parameter choice as well as subvariants.

Coming back to the topic about requirements for a modern sofare package solving
the RANS equations (2.1a) or (2.45) it is impossible to giveemeral recommenda-
tions. Here, we have shown that certain parameter choicesld methods of totally
di erent character. We can choose between Newton's methodihich is represented
in general by some kind of regularized Newton method, and diqit Runge-Kutta
methods with local time stepping.

Since there is no clear recommendation at this point in timeg modern computer
code should be implemented such that all these variants ofgalrithms need to
be easily constructed. That is the code design should be incbua way that a
powerful linear algebra package represents the main inftascture of the code. This
infrastructure is then used to combine the di erent matrix \ector operations, also
including the variants of linear solution algorithms, suclthat a exible application
of all these possibilities is feasible. From both a practitpoint of view and scienti ¢
point of view it is future work to reduce the number of varians and parameters.
Otherwise it is impossible to o er a software reducing the & interaction to a
minimum.

It is the strong belief of the author of this thesis, that with an increase of the
complexity of the simulations going hand in hand with a signtant increase of
the mesh size and degrees of freedom, simpli cations of thecothers in the sense
that they are not close to some regularized Newton method anet suitable to nd
approximate solutions of the RANS equations.
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Chapter 6

Examples

Within this thesis we have touched two major problems of comypational uid dy-
namics. The rst, and major issue of this thesis is the devgbonent and investigation
of a suitable solution method for the RANS equations and casponding boundary
value problems. In the Introduction we mentioned that in ourunderstanding this
wording comprises both the discretization strategy and a cesponding solution
method for the resulting set of algebraic equations. Beforemonstrating several
examples to show the potential of the suggested solution nhetds, note that within
this thesis we do not suggest one certain solution method. Was the intention
to construct a powerful algorithm to solve sti, possibly il-conditioned nonlinear
operator equations in general (see for example Figure 5.1). our context this op-
erator equation arises from a discretization of the Reynaddaveraged Navier-Stokes
equations together with a boundary value problem formulatéin Section 2.4.

The second topic going hand in hand with the discretizationtsategy is accuracy, in

particular the assessment of accuracy toward the incompsgisle limit. Such a topic

is of importance to nd a closed representation of equation® model compressible
ow phenomena.

Since strict mathematical analysis and proofs with respedb both accuracy as-
sessment of the discretization schemes and convergencettier solution algorithms
are missing, and moreover an overall solution theory doestrexist for the analytic

equations of interest, it is the goal to nd a representativeset of examples with
varying ow complexity. We follow this idea considering exenples illustrating dif-

ferent representative ow phenomena. These examples corgw ows around an
airfoil at transonic in ow Mach numbers developing shockspws around wings and
wing{body con gurations at di erent in ow Mach numbers and ows around wing{

body con gurations at high angle of attack at low in ow Mach number. The last
examples develop large separations as well as global incoessible together with
strong locally compressible e ects. The simulation of suclows often represents a
particular challenge for a solution algorithm.

We close this introduction of this section with one importahremark. During the

185
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development of solution algorithms it gured out that unles an algorithm does not
work reliably and robust for a large variety of parameters fobasic ow cases under
systematic increase of degrees of freedom, that is a systéimanesh re nement, it
is not worthwhile to consider the method for large scale 3D ws. The 3D examples
were in general considerably more di cult compared to the snulation of 2D ows.

6.1

Choice of suitable solution algorithm

Mentioned in Section 5.3.2, our general point of view on theonstruction of a solu-
tion algorithm has not considered the construction of seval components. There-

fore,

let us shortly summarize the actual choice of severaf these components,

which have not been stated so far:

a)

The nonlinear multigrid Algorithm 5.1.6:

{ The agglomeration strategy is determined in Section 5.1.2.
{ The projection is determined by (5.9), or equivalently (5.Q).
{ The interpolation is determined by (5.12).

b) We need to determine the coe cients for (5.17). In all our omputations we

c)

chose for both the mean ow and the turbulence ow equationstte three
stage scheme 0

1 0 1

00 0
A=@% 1 0A; b=@0A: (6.1)

021 1

The choice (6.1) corresponds to recommendations given fotaeple in [93,
91, 94].

Within this thesis we do not investigate the in uence of tle relaxation param-
eter ! ; introduced in (5.35) { (5.38). We only considered the choick, = 1.

d) Within this thesis we furthermore do not consider the smabing techniques

described in Theorem 5.3.2, 5.3.3, 5.3.4 and 5.3.5. In [45]da[90] it was
shown both by example and analysis that these simpli catiosyield to severe
stability problems of the algorithm in particular when meshre nement studies
are considered. In Section 7.2 such an analysis together lwitorresponding
results and examples are given.

e) As smoother for Algorithm 5.1.6 we either consider Algahm 3 or the method

described in Theorem 5.3.1.
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To determine the CFL number for iterate n, we follow (5.26). Treating the
equations loosely coupled, we allow for di erent CLF numberfor the mean
and turbulent ow equations,

CFLmean (n) = mln f CFL"'”t fmean(n); CFLmean;man (6.28)

CFI—turb (n) = min f CI:I—init fturb (n); CI:I—turb ;maxg ; (62b)
1; n< 10
fmean(n) = fumw(n) = n 1. n 10 (6.2¢)

The parameters CFlyit , CFLmean:max» CFLwrb:max @nd — are given in the de-
scription of the examples.

Treating the mean and turbulence ow equations loosely epled allows for
another important ingredient. In our implementation the mdtigrid algorithm
for the turbulence ow equations does not work so reliably ahe ciently com-
pared with the mean ow equations. Therefore, we allow for dog more non-
linear iterations on the turbulence ow equations. For the Palart-Allmaras
model, in all test cases we used a relation of 1 : 5 steps betwélee mean ow
and turbulent ow equations, that is, for one multigrid cycle of the mean ow
equations we performed ve for the turbulent equation. For e k! -model an
investigation with respect to this parameter choice is donm Section 6.11.2.
For this model an adequate choice seems to be a signi cant se¥ problem
compared with the Spalart-Allmaras model.

For 3D test cases it was often necessary to have a good iaitjuess. Therefore,
we applied full multigrid. On coarse meshes our strategy wae apply 50
iterations (see for example Figure 6.8) on each level.

i) All test cases are computed fully turbulent that is withou transition and in

a parallel environment. The number of domains used is givers anformation
in the tables describing the parameters of the test cases.

j) For several examples work units are shown. To compute theork units, we

multiply the total CPU time for one computation with the numb er of domains
used.

k) The application of GMRES Algorithm 5.27 was always done wh the initial

guessx©® = 0. Though the exact construction ofé’—vﬁl is available (see Chap-
ter 4), its construction and application is a rather time cosuming process.
Hence, for large scale applications we have replaced it colesing a symmetric
nite di erence to evaluate the matrix vector product,

drR 1 " HRYY -
W(W)h F(R(W-l- h) R (W h)) :
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Now, nding a suitable " is in general not straightforward and a further open
problem. Some choice fot may be found in the textbook of Blazek and by
Nishikawa et al. [6, 68] or in [65]. For the examples given hethe, simple
choice" = 10 © worked well.

") The threshold parameter required for the line search Algadhm 5.1.1 was in
general chosen by parameter;,e = 10. For an investigation of this parameter
we refer to [43].

These principal parameter choices represent the basic ptiaal guideline followed.
In general it is observed that for a new test case an adaptatioof the left-over
parameters was necessary. In the examples considered in fiblowing sections, we
investigate for several test cases the in uence of some oktparameters, to get an
idea of their impact to the solution algorithm. Note, e ciency of the algorithms
is for sure an important property. But the main focus is to ben a position to
actually solve the boundary value problems formulated in $8on 2.4. This task is
already hard enough. And a method, which does not have the mottial to solve
these problems, is ine cient by construction.

6.2 Characteristic values

One important measure to evaluate the power and potential afonsidered solution
algorithms is the history of residuals. For the mean ow equ#ns we consider the
density residual, which is evaluated by

v v
v v

e 2 o e m 2

density residualf) := t (Ryimean (WTr))" ¢ (Rjimean (W1 )",

N L o))
For the one-equation Spalart-Allmaras model we denote thesidual by,
U U
’\)QIem N ~Tn 2 ’\)QIem ) - 2
turbulent residual(n) := t Ry (11)” ¢ Ry (2 )7,
o oItz T (oIl )2

and for the two-equationk! -model we evaluate both corresponding residuals

Vv v
ﬁ e (Rj turb sk (KTn; ! T“))zj e (R (Ka 311 ))°
o (vol( ;))? =1 (vol( ))? ;

k  residual(n)

v v
ﬁ e (R b (K5 ! T”))zj e (Riwnby (kai!1))*
- (vol( )2 =1 (vol( ;))*

I residual(n)
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A computation is truncated and the result is accepted as soas
density residualf) < 10 #: (6.3)

The example considered in Section 6.8 presents the necgsiir such a strict resid-
ual. Moreover, it is also a good indicator that an early stoppg of the iteration
after a residual reduction of only about 10', i = 2;:::6, which is often observed in
applications, in general leads to questionable results. Ha stopping introduces a
further error component one cannot control.

Using free stream variables to normalize the residuals ofdhurbulence ow equa-
tions, one may not observe such a decrease of the residual. iSTfs because the
free stream is often not a good initial guess, and hence in thdtial phase of the
iteration an increase of the residual for these equationsadserved. As an example
we refer to Figures 6.58, 6.59 (left) and 6.63 (left), wherédn¢ initial increase of the
residual of thek-equation of several orders of magnitude can be observed tbe
initial iterations, before it starts to converge.

To investigate the examples we additionally use several irredynamics well estab-
lished scalar values and distributions. Scalar values arbd

a) drag coe cient Cp,
b) lift coe cient C,.
These can be further subclassi ed by
Co = Cpp+ Cpy; CL=Cyp + Cpy;

where the subindexp denotes the contribution of forces corresponding to pressyv
the contribution corresponding to the viscous portion. Usig polar coordinates

g( ) = (0;cos; O;sin; 0);
h( ) := (0; sin; 0;cos; 0);

where is the angle of attack, these are de ned by

z
CLp (W) = Zuz HEc (W) inids(y);h( )
1 Y1 Z@D
Cw W) = — 2 H,(W);nidsiy)h() ;
1 Ug @D
and
5 z
Cop (W) = 5 e (W) ;nids(y);o( ) ;
1 Ug Z@D
CD;v (W) = 2

Dh‘v (W) ;nids(y);a( )
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Evaluating these boundary integrals numerically in exacyl the way used for the
discretization, these values are consistently determinedRelated to the evaluation
of the force coe cients is the determination of surface presire distribution C, and
surface skin frictionCs

D E
PW (X)) = Hc(W(x);n(X)i;0;n(x);0) ; x2@b;
Cp(W(x)) := > (PW(X) p1); x2@D;
1 U1 D E
Cr (W(x)) = 12uz My (W (X)) ;n(x)i;(0;t(x);0) ; x2 @D;
1

which is implemented in a straightforward and consistent waby evaluation of the
boundary ux. Note that t = t(x) denotes a vector in the tangential space, which
is not directly given. In the implementation considered thetangential vector is
determined by

t(x) = Fi)kf(x); tx)=(Cu)(x) h(u)(x);n(x)in(x); x2 @D:

For the assessment of inviscid ows we furthermore de ne theotal pressure

=( 1

P (W) = PW()) 1+2( DM ;
1 =( 1

Pot:zx = P1 1"‘5( 1HM? ;

and the total pressure loss

Ptot ;1 Ptot (W (X)) =1 Ptot (W (X)) .
ptot;l ptot;l -

Total pressure loss\V (x)) :=

The valuep; is given in Section 2.3 and pressuneis determined by the equation of
state (2.3). For inviscid incompressible ow the total presure loss vanishes. Hence,
this distribution is an in indicator for the accuracy of the rumerical scheme.

6.3 Example 1. CASE 9, RAE 2822

The rst example considered is a classical well known test sa from the litera-
ture (see e.g. [13]) denoted by CASE 9. The relevant physicadnditions are:

Geometry: RAE 2822 airfoil
Reynolds number:Re=6:5 1¢°
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Coarse | Medium Fine
Mesh size 320 64| 640 128| 1280 256
No. of quadrilaterals 20480 81920 327680
CFLinit 10 10 10
5 5 5
CFL mean:max 1000 1000 1000
CFL turb :max 1000 1000 1000
Multigrid cycle (mean, turb) | 4w, 4w | 4w, 4w 4w, 4w
Number of domains 4 8 24
Work units: V1 1455 19056 207168
Work units: V2 1482 18240 193178
Work units: V3 840 10872 117528
Work units: V4 777 10200 107976

Table 6.1: Mesh data and parameters for the test case CASE 9AR2822

In ow Mach number: M; =0:73
Angle of attack: AoA =2.79 .

Turbulence is modeled using the Spalart-Allmaras model &2). We perform the
computations on a sequence of C-type structured meshes ddsad in Table 6.1. A
plot of the nest mesh in a neighborhood of the airfoil is give in Figure 6.1 (left).

The outer boundary of the domain is located 20 chord lengthsvay from the airfoil.

This test case represents a basic ow case which exhibits aoshk at the upper surface
of the airfoil. This can be observed in the g distribution in Figure 6.3 (left).

To approximate a solution of the corresponding set of algedic equations (3.97),
we apply the algorithm corresponding to Theorem 5.3.1 toge¢r with a variation

in the stopping criterion and either (5.41) or (5.42). In dedil, we investigate the
four following variants:

V1: Algorithm (5.41) is applied together with algorithm (536) using 5 sym-
metric sweeps.

V2: Algorithm (5.41) is applied together with algorithm (536) using 3 sym-
metric sweeps.

V3: Algorithm (5.42) is applied together with algorithm (536) using 5 sym-
metric sweeps.

V4: Algorithm (5.42) is applied together with algorithm (536) using 3 sym-
metric sweeps.
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RAE 2822, Mesh: 1280 x 256 CASE 9, RAE 2822
: Algorithm Variation: V4

———— density residual, 320 x 64
——F—— turbulent residual, 320 x 64
——&—— density residual, 640 x 128
——~A—— turbulent residual, 640 x 128
——w— density residual, 1280 x 256
———— turbulent residual, 1280 x 256

TR Ll | IR B R | Ll |
200 300 400 500 600
MG-Cycles (4w, 4w)

K I AW
0 100

Figure 6.1: Left: Mesh of RAE 2822, 1280 256, right: Convergence history CASE
9, RAE 2822

Remark 6.3.1 Freezing the preconditioner means not only that the blockaspe
matrix is just constructed on the rst stage, but also the bi& LU-decomposition
required in (5.36) to evaluateTri Lil is only computed on the rst stage.

The relaxation parameter in (5.29) and (5.30) is chosen by = 1=2. Table 6.1
summarizes further chosen algorithmic parameters as wel avork units required
until the iteration was stopped by the convergence criterio (6.3).

The results obtained suggest that for this test case the nureb of sweeps, either 3
or 5, has only minor impact on the total computational time. Bit a view on the work

units shows that these can be reduced by about a factor of twashen comparing

variant V1 with V3 and V2 with V4. A loss of robustness or any dher drawback

of (5.42) compared with (5.41) was not observed.

The convergence histories of the drag and lift coe cients @& shown in Figure 6.2 (left).
The work units are given in Table 6.1, and a plot of work unitswer number of mesh
points is shown in Figure 6.2 (right). It can be observed thatve have a scaling that
is roughly in betweenO(N) and O(N?).

Figure 6.3 shows the @ and C; distributions compared with experimental data
given in [13], which are in good agreement. Unfortunatelyrying to increase the
depth of the multigrid cycle, in particular for the nest computational mesh, failed.
These observations are indicators that further research imultigrid, and in partic-
ular the construction of coarse grid levels is required. Neftheless, in a rst step
a much better understanding for the interaction of all theseseveral algorithmical
components is needed.

Remark 6.3.2 Freezing the preconditioner on the rst stage seems to be apmo-
priate approach to save computational time for an overall m®e cient method.
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CASE 9, RAE 2822

0.018 Algorithm Variation: V4

0.0175

[=)
@
2,017

&} ——5— C-drag, 320 x 64
—&—— C-lift, 320 x 64
—4A—— C-drag, 640 x 128 —
I —A—— C-lift, 640 x 128
0.0165 ——=7—— C-drag, 1280 x 256
H ——w—— C-drag, 1280 x 256
0.016 [INETRTI ARTETTIN RERTEE W 1

L1 L1 - L1
200 300 400 500

MG-Cycles (4w, 4w)

0 100
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600

0.8

0.7!

©

C-lift

0.78

0.77

Work units
=

10°

CASE 9, RAE2822

—=8—— Computation: V1
—=4A—— Computation: V2
——— Computation: V3
—<S—— Computation: V4
O(N)
- - - - 0N

|
0.002
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193

Figure 6.2: Left: Convergence history for lift coe cient ard drag coe cient, right:

Work units for RAE 2822

C, distibution, CASE 9

1280 x 256
o Exp.

o
N
| SEEN RARSRARS REESN RREN RRRE REES RENS RRES RERD REES REES REES |

0.01

0.005

-0.005

C, distibution, CASE 9

1280 x 256
o Exp.
| 1 1 1 1
0.2 0.4 0.6 0.8 1
x/c

Figure 6.3: Left: Gy distribution for CASE 9, RAE 2822, right: C; distribution

6.4 Example 2: MDA30P30N

To con rm the observation and conclusion of Section 6.3 we wsider the high-lift
con guration MDA30P30N. Compared to Section 6.3 this examp represents other
ow e ects. It is a multi-element airfoil at high angle of attack characterized by
incompressible and strong local compressible e ects andyrens of large separation.
The meshes were generated by the SOLAR hybrid mesh generae8]. To this end
they are unstructured but consist of purely quadrilateral ements. A plot of the
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Coarse Medium Fine
No. of points 119510 240955 485832
lift coe cient 4.089312 4.122349 4.136353
drag coe cient 5.213078e-02 5.129756e-02 5.080194e-02
CFLinit 10 10 10
5 5 5
CFL mean:max 1000 1000 1000
CFL turb :max 1000 1000 1000
Multigrid cycle (mean, turb) 4w, 3v 4w, 3v 4w, 3v
Number of domains 24 24 24
Work units: V1 74328 158136 423192
Work units: V3 40824 84528 269760

Table 6.2: Data for the test case MDA30P30N

nest mesh is given in Figure 6.4 (left). The physical paranters of the test case
are as follows (see [37]):

Geometry: MDA30P30N airfoll
Reynolds number:Re=9:0 1¢°
In ow Mach number: M; =0:2

Angle of attack: AoA = 16.0 .

Turbulence is modeled using the Spalart-Allmaras model &2). Though represent-
ing a high lift test case vortex correction was not used. Insad the far eld boundary
is located 100 chord lengths away from the airfoil. The chaoof the parameter set-
tings, the number of points as well as computed lift and dragoe cients are given
in Table 6.2. The relaxation parameter in (5.29) and (5.30)sichosen by' = 1=2.
Due to the negligible e ect on the number of sweeps in the tot@omputational time
observed in the example of Section 6.3, only a xed number ofveeps, namely 5
together with either (5.41) or (5.42) is investigated. A comarison of the work units
given in Table 6.2 con rms the observation that freezing thereconditioner on the
rst Runge-Kutta stage gives roughly a speed-up of a factomto while an impact
on the robustness of the solution method cannot be observed.

Convergence of the residual and the force coe cients is shawn Figure 6.4 (right)
and Figure 6.5 (left). Work units are plotted in in Figure 6.5(right). Linear scala-
bility O(N) of the algorithm shown is observed both for frozen and nomeizen pre-
conditioner. With increasing mesh density the approximatdéinear scaling ofO(N)
deteriorates.

Finally, a plot of the Cp and C; distributions and comparison with experimental
data available from [37] is given in Figure 6.6. These are irogd agreement.
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Figure 6.4: Left: Fine mesh of MDA30P30N, right: Convergeschistory

500000 MDA30P30N
400000 [

——&—— Algorithm Variation: V1
——w—— Algorithm Variation: V3

300000 |~
r O(N)

200000 [~
8L

SWork un

S

S

S
T

L | L L TR AT SN ERY N NN S VAN R RATR AT
0.0015 0,002( ") 0.0025 0.003
N©

Figure 6.5: Left: Convergence history for lift and drag coecient, right: Work units
for MDA30P30N

Remark 6.4.1 Having settled one major contributing factor to the total coputa-
tional time, namely the construction of the preconditionePrec, we now consider
the frozen variant (5.42) as standard. This puts us into theogition to consider 3D
test cases, which require inherently much more computateresources.

6.5 Example 3: DPW lIl, Case 2, Wing 1

As an initial 3D test case we consider ow over a wing origingl considered at the
third Drag Prediction Workshop.
Data describing the meshes and parameters are given in Talle3. A plot of the
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Figure 6.6: Left: Gy distribution for MDA30P30N, right: C ¢ distribution

Figure 6.7: Fine mesh of DPW Ill Wing 1

nest surface mesh is given in Figure 6.7. The relevant physl conditions of the
ow are

Geometry: Drag Prediction Workshop 1ll, Case 2, Wing 1
Reynolds number: Re=5:0 10°

In ow Mach number: M; =0:76

Angle of attack: AcA =0.5 .

Turbulence is modeled using the Spalart-Allmaras model &). We use this test
case to investigate the in uence of the relaxation paramete' introduced in (5.29)
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Coarse Medium Fine
No. of points 2174364 5288507 10150588
No. of Tetrahedra 6710084 10672069 15052013
No. of Prisms 1976700 6784770 14931077
No. of Pyramids 0 0 115
No. of surface triangles 162314 297914 454484
No. of surface quadrilaterals 2820 6090 11240

drag coe cient(p)

1.494445e-02 1.466697e-0?

» 1.470134e-02

drag coe cient(v)

6.063326e-03 6.101706e-03

drag coe cient

2.10077e-02

2.076867e-02 2.080831e-02

>
3 6.106965e-03
D
I

lift coe cient 4.730909e-01 4.765350e-01 4.783592e-01
CFLinit 10 10 10
1.5 1.5 1.5
CFL mean:max 1000 1000 1000
CFLturb :max 1000 1000 1000
Multigrid cycle (mean, turb) 4w, 3v 4w, 3v 4w, 3v
Number of domains 96 120 180
Work units: V3, " = 715968 1513200 2916000
Work units: V3, " =7=10 614016 1299240 2627280

Table 6.3: Mesh data for the test case DPW IlI: Case 2, Wing 1

and (5.30). In general, from our experience for large scal® 3ws, over-relaxation
is not stable. For the wing ow the relaxation parameter cou be reduced on all
three meshes considered froth=11to " = % Work units given in Table 6.3 show
that the computational time can be reduced by 10% { 15% by theeduction of".
The reason is that the number of multigrid cycles required tdit the truncation
criterion (6.3) using over-relaxation could be reduced bybsmut 10% on all three
meshes. The convergence history is shown in Figure 6.8 for 7=10 (right) and

for " =1 (left).

Remark 6.5.1 From this investigation we conclude that the over-relaxat param-
eter " used in (5.29) and (5.30) has impact on the convergence. Oh&el that the
gain in e ciency choosing " < 1 for this and many other 3D ow cases is negligible
compared to the in uence of other parameters (e.g. multigidi cycle), we conclude
that choosing” < 1 is not worthwhile to consider. In particular not when one
considers the induced instabilities to the algorithm in p#icular for 3D test cases.
Hence, for all following 3D test cases we choose 1.

To approximate a good initial guess, a full multigrid approah has been followed.
This is indicated by the minus numbering in the plots of Figue 6.8. Starting on the
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coarsest considered level, an initial guess for the next nenesh is approximated.
In particular for 3D ows it turned out that full multigrid is often a necessary
approach for the nding of a good initial guess, stabilizingsigni cantly the whole
solution algorithm.

The convergence history of the force coe cients given in Fige 6.9 (left) shows
that on all three meshes roughly 50 multigrid cycles are re@ed to reach stable lift
and drag coe cients. Figure 6.9 (right) shows the required wrk units. A plot of
Cp and C; distribution at the 55% span location is given in Figure 6.10

Figure 6.8: Convergence history for DPW llI, Case 2, Wing 1 ah" = 1 (left)
and" = 5 (right)

Figure 6.9: Left: Convergence history for DPW Ill of lift anddrag coe cient, right:
Work units for DPW IlI, Wing 1
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Figure 6.10: Computed @ (left) and Cs (right) distribution for coarse and ne
mesh at the 55% span location

6.6 Example 4: Transonic turbulent ow over a
common research model

Hybrid meshes Hexahedral meshes
Level | No. of Tetrahedra | No. of Prisms| No. of Hexahedrons No. of points
L1 2555904 425984 638976 660177
L2 8626176 1437696 2156544 2204089
L3 20766720 3301376 5111808 5196193
L4 69728256 11261952 17252352 17441905
L5 166133760 26411008 40894464 41231169

Table 6.4: Mesh data for DPW5 CRM

As a further test case we consider a sequence of meshes reptesy a wing body
con guration. We use this test case for several investigatns. This test case was
considered at the fth AIAA Drag Prediction Workshop. The considered original
meshes are block-structured. A sequence of hybrid mesheseangenerated from the
pure hexahedral meshes. A detailed description of the meshman be found in [110].
A plot of the L4 surface mesh is given in Figure 6.14 (left). He we use meshes
described in Table 6.4. For the sequence of meshes we seatdoe the angle of
attack such that a target lift coe cient of C_ = 0:5 is reached. The target lift com-
putation was stopped as soon as the lift coe cient is in the iterval [0:4999 0:5001].
The relevant physical conditions are:

Geometry: Wing-body con guration, fth AIAA Drag Predicti on Workshop
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Reynolds number.Re=5:0 1¢°
In ow Mach number: M; =0:85
Target C,. = 0:5.

Turbulence is modeled using the Spalart-Allmaras model &2). The algorithm pa-
rameters are given in Tables 6.5, 6.6 and 6.7. We consider éeinly the convergence
histories for the nal angle of attack.

6.6.1 In uence of choice of gradients

Level L1 L2 L3
drag coe cient(p) 1:4164 10 2 | 1:3391 10 2 | 1:3253 10 2
drag coe cient(v) 1:0789 10 2 | 1:0968 10 ° | 1:1024 10 ?
drag coe cient 2:4953 10 ° | 2:4359 10 2 | 2214277 10 ?
AO0A 2.27 2.1484 2.12
CFLinit 3 3 3
1.1 1.1 1.1
CFL mean;max 1000 1000 1000
CFL turb :max 1000 1000 1000
Multigrid cycle (mean, turb) 4w, 3v 4w, 3v 4w, 3v
Number of domains 24 48 72

Table 6.5: DPW5 CRM: Parameters and computed forces for helxadral meshes
for target lift coe cient C_ = 0:5 using TSL gradients (3.64)

First of all, we investigate the accuracy of the discretizabn with respect to the dif-
ferent gradient approximations (3.64) and (3.63) requiretbr the viscous and source
terms. Using gradient approximation (3.64) gives agreemienf the discretization
and the derivative terms used in the preconditioner. On thetber hand, compar-
ing results given for hexahedral meshes L1, L2 and L3 shownHigure 6.11, it is
observed that the convergence histories of (3.64) and (3)&&e similar. However,
when comparing the results for gradient approximations (84) in Table 6.5 with re-
sults given in [50] we notice that the drag coe cient and ang of attack are slightly
too low.

This test case demonstrates that the systematic error intuced using TSL gra-
dients (3.64) (see Lemma 3.4.8) can have impact on the detenad approximate

solution yielding deviations in drag and lift coe cients. Hence, using such approx-
imations should be handled with care.

Therefore, at least for the mean ow equations we always useaglient approxi-
mation (3.63). Then the determined angle of attack and dragoe cient given in
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Figure 6.11: DPW5 CRM, left: Convergence history using (349 in the discretiza-
tion, right: Convergence history using (3.63) in the discteation

Tables 6.6 and 6.7 for both the hexahedral and hybrid meshesean good agree-
ment with results shown in [50]. A plot of the G distribution for the hexahedral
L1 and L3 meshes is shown in Figure 6.13 (right).

6.6.2 Assessment of low cost smoother

Level L1 L2 L3 L4 L5
drag coe cient (p) 1:4655 10 7 | 1:3673 10 Z | 1:3483 10 2 | 1:3365 10 “ | 1:3330 10 ?
drag coe cient (v) 1:0677 10 2 | 1:1134 10 ? | 1:1302 10 Z | 1:1431 10 ? | 1:1478 10 ?

drag coe cient 2:5332 10 2 | 2:4807 10 2 | 2:4785 10 ? | 2:4796 10 2 | 2:4808 10 2

AO0A 2.364 2.193 2.158 2.133 2.1245

CFL it 3 3 3 2 2

1.1 1.1 1.1 1.05 1.05

CFL mean ;max 1000 1000 1000 250 50

CFL turb :max 1000 1000 1000 250 50
Multigrid cycle (mean, turb) 4w, 3v 4w, 3v 4w, 3v 3v, 2v 3v, 2v
No. of domains 24 48 72 192 384

Table 6.6: DPW5 CRM: Parameters and computed forces for helxadral meshes
for target lift coe cient C_ =0:5

So far, for all test cases considered we used a simpli ed "loswst smoother" de-
scribed in Theorem 5.3.1. Turning now to mesh re nement studs for 3D ow
simulations, it is the intention to show that these simpli cations may yield a signif-
icant loss in robustness of the solution methods.

Noted in Tables 6.6 and 6.7 for the hybrid L5 mesh it was necesyg to reduce the
CFL number to 250, and for the hexahedral L4 and L5 mesh we had teduce the
CFL number to 250 and 50 resp. Additionally, let us comment othe convergence
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Level L1 L2 L3 L4 L5
drag coe cient(p) 1:6112 10 ? | 1:4335 10 2 | 1:3792 10 Z | 1:3531 10 ? | 1:3421 10 ?
drag coe cient(v) 1:0333 10 2 | 1:0830 10 ? | 1:0964 10 2 | 1:1236 10 2 | 1:1330 10 2

drag coe cient 2:6445 10 7 | 2:5165 10 ? | 2:4756 10 2 | 2:4767 10 2 | 2:4751 10 ?

AOA 2.314 2.1892 2.168 2.1355 2.127

CFL init 3 3 3 3 2

1.1 1.1 1.1 1.1 1.05

CFL mean ;max 1000 1000 200 1000 250

CFL wurb :max 1000 1000 50 1000 250

Mult. cycle (mean, turb) 4w, 3v 4w, 3v 4w, 3v 4w, 3v 3v, 2v
Number of domains 24 48 72 192 384

Table 6.7: DPW5 CRM: Parameters and computed forces for hyior meshes for
target lift coecient C_ =0:5

Figure 6.12: DPW5 CRM, left: Convergence history for hybrismeshes, right: Work
units for variation of methods and grids

history shown for the hexahedral L5 mesh given in Figure 6.1&ft). Unfortunately,
only after about 4000 multigrid cycles it was possible to imease the CFL number
manually up to 50. So, the process of this computation canndite interpreted as
reliable. And, additionally, an approach to nd a maximum CH. number is re-
quired. It can be doubted that such a method exists in genergsee Section 5.1.7
for a more detailed discussion). An even better way out is tond a way to remove
the strong sensitivity with respect to the nal CFL number. Moreover, the reduc-
tion of the CFL numbers explain the loss of scaling of the algthms indicated in
Figure 6.12 (right), where the complexity of di erent varidions of the algorithms
are considered.

Quite obviously, the complexity of the algorithm varies in letweenO(N ) and O(N ?)
except for the hybrid L5 mesh, shown in Figure 6.12 (right). & this mesh both a
reduction of the CFL number and a reduction of the multigrid gcle were necessary
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Figure 6.13: DPW5 CRM, left: Convergence history for L5 hexXeedral mesh,
right: Computed Cp distribution for hexahedral L1 and L3 mesh at the 50.2%
span location

to converge this test case 14 orders of magnitude. This exjpla the tremendous
increase in complexity for the L5 mesh. Furthermore, it is aerved that for this

test case the loss of robustness is more severe for the hedadlemeshes. This
observation, in particular the loss of robustness of multrgd, goes along with other
results presented in the literature (see [69]). Neverthalg, at least it was possible
to converge both sequences of meshes given in Table 6.4 to Inva& accuracy using
an agglomeration multigrid together with a smoother desdied in Theorem 5.3.1.

We conclude, considering mesh re nement studies in 3D ina&ng systematically
the number of degrees of freedom yielding more accurate smas, in general may
lead to both a loss of scalability and robustness of the algthrm suggested in The-
orem 5.3.1.

We use this test case to show, that one possible way to overcethe loss in robust-
ness is to avoid simpli cations of the smoother.

6.6.3 Assessment of Newton kind smoother

Instead of considering a severe simpli cation of the smoogh, we now apply directly
the Implicit Runge-Kutta smoother given by Algorithm 3. For simplicity we denote
this smoother as Newton-GMRES, though being aware of the fabat it represents
some kind of damped or regularized Newton method. We truncatthe GMRES
Algorithm 5.2.1 after 20 iterations. To determine (6.2a) ad (6.2b) we chose

NI W

CFLinit =3; CFLmeanmax = 1000;  CFLyb;max = 1000;
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The convergence history is shown in Figure 6.14 (right). Her, eliminating the
simpli cation introduced by Theorem 5.3.1 it is possible toreach higher levels of
CFL numbers indicating an improvement of the robustness ohe overall solution
strategy.

It is not unexpected that simpli cations in a solution algorithm moving it further
away from Newton's method can have rather serious detrimeait e ects on the
convergence and robustness. These e ects may often only heserved with respect
to mesh re nement studies for 3D test cases. Hence, this is aitable example
demonstrating such an e ect. Being aware of such a behaviar is necessary to
have these kinds of Newton algorithms available in a computeode approximating
solutions of the RANS equations. It can be assumed that withreincrease of mesh
size, that is an increase of the number of degrees of freedosnch behavior is
reproducible for many other examples.

Figure 6.14: Left: Hexahedral L4 mesh of DPW5 CRM Right: Corergence history
of using Algorithm 3 as smoother

6.7 Example 5: High-lift Prediction Workshop
ll, Case 2a

To con rm the necessity of regularized Newton kind algoritins, we consider a test
case from the second High-lift Prediction Workshop. High R@olds number turbu-
lent ows at low Mach number and high angle of attack are of paicular importance.
An aircraft in landing con guration is a typical example of sich a simulation sce-
nario. For compressible ow solvers the simulation of suchows is a challenge in
itself. On the one hand often large regions of separationsdmortices can be ob-
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served, on the other hand the mixture of compressible and immpressible e ects
make the simulation of such ows even harder. The relevant giical conditions are

Geometry: Case 2a, High-lift Prediction Workshop |1
Reynolds number:Re=1:35 1¢°

In ow Mach number: M; =0:175

Angle of attack: AcA=7.0 .

Turbulence is modeled using the Spalart-Allmaras model &2). The number of
degrees of freedom are about T0 1C°. It is often observed that for these ow
simulations it is very hard to obtain a converged (machine &crate) result [83, 82].

Figure 6.15: Left: Surface mesh, right: Convergence hisyor

To conclude that there does not exist a steady state seemsagitto be short sighted.
We give here an example where at least within in our code framerk, only a
smoother based on Newton's method was able to nd the steadyage solution.

Figure 6.15 (left) shows the surface mesh, and Figure 6.15gfwt) the convergence
histories for two di erent solution algorithms. The rst or der preconditioned Runge-
Kutta smoother (see Theorem 5.3.1) made the simpli cationtat the number of
Krylov steps is zero. Hence, algorithm (5.41) is used to apptimate the steady state
solution. The corresponding convergence history shown ingare 6.15 (right) is the
one with the lled symbols. The consequence of this simpliation of the nonlinear
multigrid smoother is that convergence could not be obtairnk though trying several
parameter choices such as dierent CFL numbers. Finally, wenust admit that
within our implementation it was not possible to reach a madhe accurate solution
using algorithm (5.41).
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Working with a method where the number of Krylov steps was sdb 20, that is

the nonlinear multigrid smoother Algorithm 3 is used, withait major issues and a
CFL number of 250 a fully converged solution could be obtaide This is shown
in Figure 6.15 (right). The corresponding convergence haty is the one with the

non- lled symbols. Hence, this example presents again thenportance to have the
full scope of methods to solve nonlinear problems available

6.8 Example 6: 3D three element high lift wing-
body con guration

No. of points 10733766
No. of Tetrahedra 11590308

No. of Prisms 17128338
No. of Pyramids 1523

No. of surface triangles 628690
No. of surface quadrilaterals] 23933

CFLinit 10

1.5

CI:l—mean;max 250

CI:|—turb ;max 50
Multigrid cycle (mean, turb) | 3v, 2v

Number of domains 192

Table 6.8: 3D three element wing-body con guration: Mesh da and parameters

One may argue that the necessity to obtain fully converged salt is more from
theoretical nature than a practical one. On the other handtiis obvious that a none
converged solution has an unknown error component with an known impact on
the relevant physical data. To demonstrate, in which way sican error component
can in uence data of interest, is the goal of this example.

We consider a 3D high lift con guration. The computational gid available as well
as the parameter setting are described in Table 6.8. The meslas generated with
CENTAUR [29]. A visualization from the top and front of the canputational mesh
is given in Figure 6.16. The relevant physical conditions ar

Geometry: 3D high lift wing-body con guration
Reynolds number:Re = 15:495 10°

In ow Mach number: M; =0:1816
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Angle of attack: AoA =24.0 .

Turbulence is modeled using the Spalart-Allmaras model &2). At the 50% span
location a plot of the Gy and C; distributions is given in Figure 6.17 and the
convergence history is shown in Figure 6.18.

Figure 6.16: Mesh of high lift 3D three element wing-body coguration in front
view (left) and top view (right)

Figure 6.17: Computed ¢ (left) and Cjs (right) distribution of high lift 3D three
element wing-body con guration at the 50% span location

In the convergence history shown in Figure 6.18 there is suastial slowdown of
the residual decrease after an initial drop of the residualf @about 6 orders of mag-
nitude. It takes about 1000 multigrid cycles until the residial drops again with its
asymptotic convergence rate. Though it is unknown what caas this behavior of
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Figure 6.18: Convergence history for high lift 3D three eleemt wing-body con g-
uration

Figure 6.19: Computed ¢ distribution (left) of high lift 3D three element wing-
body con guration at the 97% span location and di erence of gnear wing tip for
di erent residual reductions

the solution algorithm, it can be assumed that certain ow fatures described by
equations (2.1a) and (2.18) have not developed after the fial drop of the residual
of about 6 orders of magnitude. As a con rmation of this assuption a plot of
the Cs distribution at the 97% span location is given in Figure 6.19left). Here
the C; distribution before the slowdown (residual drop of about 6ralers), after the
slowdown (residual drop of about 7 orders) and for the nal dation (residual drop
of about 14 orders) is shown. Whereas the ;Qistribution after the slowdown and
for the nal solution do not show major di erences, there is asigni cant di erence
between the nal solution and the approximate solution befie the slowdown. As
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can be seen by Figure 6.19 (right) the size of the separation the ap at the wing
tip is smaller for the nal solution when compared with the aproximate solution
after a residual reduction of about 6 orders. As soon as the ahconvergence rate is
reached, the di erence between the approximate solution dnnal solution seems
to be negligible. Hence, it can be assumed that for this experent an adequate ap-
proximate solution is given for a residual reduction of abdw orders of magnitude.
However, this conclusion can only be made because we havevidedge about the
full convergence history and nal solution. It is clear thatpremature stopping of the
iteration may yield ow predictions signi cantly di ering from the nal solution of
boundary value problems corresponding to equations (2.1ahd (2.18) with respect
to the discretization considered in this thesis.

6.9 Investigations for the incompressible limit

It is not only the goal of this Section to investigate the modcations presented
in Section 3.3, but, additionally, to investigate the accuacy of the di erent dis-
cretization schemes. Unfortunately, analytic solutionsra not available for any of
the examples considered. In this regard, there is no objeatiargument for evaluat-
ing the accuracy of the di erent discretization strategies Therefore, at the outset,
we are not in a position to conclude that one discretizationtiategy yields a more
accurate result than another one. Naturally, when possiblere evaluate accuracy
with respect to experience and expectations.

On the other hand, to give some objective guidance, we extrajate from the com-
puted data a data point corresponding to an in nitely ne mes together with an
approximate order of the method. For this purpose we solve ¢hfollowing system
of equations

1
(nDOF;)=dim

fi(ch; ;! )= K& CicompK : i=1:;2,3: (6.4)

Here, dim denotes the space dimension, and the terms (hDOF) =M

to the mesh size; that is, we assume that the mesh size behaliks

corresponds

h 1=(hpoF)=dim. (6.5)

and nDOF denotes the number of degrees of freedom. For a methof order! in
the asymptotic regime the estimate

holds true. For the unknownsc, ; and! we reformulate estimate (6.6) as the
system of three equations (6.4). Having three values of, i = 1;2;3, for a given
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sequence of three meshes satisfying that the mesh sizes behas
h  1=(nDOF;)*dim.

we need to solve for a root of system (6.4) to determine the #e unknowns. This
analysis was done for the NACA 0012 airfoil test case, and ftire transonic turbu-
lent ow over the Common Research Model. The computed ressltfor the extrap-
olated force coe cient ¢; as well as the corresponding order of convergenceand
constant on an in nite mesh can be found in the Tables 6.10 and 6.12.

Before for these test cases an analysis based on (6.4) is ganied, a short consid-
eration about the expected order of convergendeis required. Note the following
facts:

a) The order of the discretization of the convective terms caonly be shown to
be of second order under special circumstances, for exampléartesian mesh.

b) Gradients used to discretize the viscous terms are in geakeonly exact for
linear functions on Cartesian meshes (see Lemma 3.4.4).

c) In general, the geometries of all considered test casevéaorners and edges.
Hence, the surface boundary of all geometries cannot be repented by a
di erentiable function.

d) Smoothness assumptions of solutions for the boundary ual problems formu-
lated in Section 2.4 are in general not possible.

These are reasons to conclude that with respect to mesh rement studies the
formal discretization order of two cannot be expected to bebserved for solutions
or values based on solutions. That is, with respect to the disete solution and
corresponding values such as lift and drag coe cients we onkexpect convergence
of order one. More examples considering the accuracy towarthe incompressible
limit can be found in the article [46]. In this article in particular a turbulent at
plate case is presented, which exhibits quite exactly comgence of order one. Itis
assumed that this is due to the stagnation point singularity

In the following Sections 6.9.1 { 6.9.4 we give examples foné extension of the
discretization to the incompressible limit presented in $#ion 3.3. We start with a
basic inviscid ow case to investigate the behavior for in @ Mach numbers down
to Ma; = 10 4. Then, we show that the extension of the discretization to t&
incompressible limit is applicable to 3D transonic ow case As example we re-use
the test case of Section 6.6. And then, in Sections 6.9.3 an®@ we investigate
the technique for 3D high-lift ows. In particular the NASA Trap wing is discussed
in detail.
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6.9.1 Example 7: Inviscid ow over NACA 0012 airfoil

We consider a inviscid ow over the NACA 00012 airfoil. We pdorm the compu-

tations on a sequence of C-type structured meshes of dimemsil60 32 320 64

and 640 128. The computed drag and lift coe cients are given in Table5.9. As

expected the non-modi ed scheme shows for all meshes a sigamt loss in accu-

racy starting at about a Mach number ofMa = 0:01. Lower in ow Mach numbers
increase this loss in accuracy. Both the modi cation of Tur&l (see 3.51) and the
one of Rossow and Swanson (see Section 3.3.4) x this probleand consistent
drag and lift coe cients are obtained also for the consider in ow Mach numbers

belowMa = 0:01.

Figures 6.20, 6.21 and 6.22 show the distributions for the aw Mach number 10 “.
Though, as expected, the quality of results improve with higer mesh densities for
the non-modi ed scheme, even on the nest mesh of size 640128 the results are
not acceptable and comparable to the modi ed schemes. Themoodi ed scheme
shows in particular a poor behavior on the trailing edge. Wit respect to G{
distribution the modi ed schemes show comparable resultsA closer look at the
total pressure loss shows advantageous behavior of the Re#Swanson scheme.

Figures 6.23, 6.24 and 6.25 show the results for Mach numbér 1, Figures 6.26, 6.27
and 6.28 for Mach number 10? and Figures 6.29, 6.30 and 6.31 for Mach num-
ber 10 1. It is of no surprise that with increasing the in ow Mach numker the
results of the non-modi ed scheme improve. A closer look ahé total pressure loss
for Ma = 10 ! even shows that the non-modi ed scheme exhibits better rels
compared to the Turkel modi cation. This is con rmed by the result forMa =0:3
given in Figures 6.32, 6.33 and 6.34. However, the Rossowéson scheme also
shows forMa = 0:3 comparable results to the non-modi ed scheme for all mesh
densities.

Having evaluated the accuracy with respect to expectationye now use the extrap-
olation method explained in Section 6.9. Using (6.4), we cqmte the asymptotic
values for the in ow Mach numbersMa; = 0:3;Ma; =10 ? and Ma; = 10 “.
The asymptotic values are given in Table 6.10. These valuds, particular those
for I, do not show a clear behavior. There is a discrepancy betwethe lift and
the drag coe cient. As expected, none of the results show thdesign order of the
scheme. The results for the non-modi ed scheme aMa = 10 # are so poor, that
the system of equations (6.4) could not be solved. The modation of Turkel shows
for the lift coe cient at all Mach numbers a convergence ordeof about 1:1 and for
the drag coe cient of about 1:85. The scheme of Rossow/Swanson shows for the lift
coe cient a convergence order of about F and for the drag coe cient of about 1:9.
Nevertheless, the variety in the results shows that the gimesequence of meshes was
probably not suited to determine asymptotic values; that isthe assumptions for
the estimate (6.6) are possibly not satis ed.
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Mesh size Ma1 Drag coe cient Lift coe cient
Turkel Ro.-Sw. No mod. Turkel Ro.-Sw. | No mod.
0:3 6:012 10 4 | 5:930 10 4 | 7:262 10 4 0:24481 | 0:24745 | 0:25022
160 32 0:1 5:921 10 4 | 5:882 10 4 | 1:424 10 8 0:23374 | 0:23632 | 0:24034
0:01 5:915 10 4 | 5:884 10 4 | 9:337 10 3 0:23250 | 0:23511 | 0:23460
0:001 5:915 10 4 | 5:884 10 4 | 4:920 10 2 0:23250 | 0:23511 | 0:17185
0:0001 5:915 10 4 | 5:884 10 * | 3:519 10 ! 0:23249 | 0:23511 | 0:11856
Turkel Ro.-Sw. No mod. Turkel Ro.-Sw. | No mod.
0:3 3:476 10 4 | 3:195 10 4 | 3:071 10 *4 0:24631 | 0:24792 | 0:25061
320 64 0:1 3:307 10 4 | 3:035 10 4 | 4:819 10 * 0:23510 | 0:23671 | 0:24097
0:01 3:290 10 4 | 3:011 10 4 | 3:146 10 3 0:23384 | 0:23549 | 0:23990
0:001 3:290 10 4 | 3:010 10 4 | 1:391 10 2 0:23383 | 0:23548 | 0:20077
0:0001 3:290 10 4 | 3:010 10 4 | 7:996 10 2 0:23382 | 0:23548 | 0:07954
Turkel Ro.-Sw. No mod. Turkel Ro.-Sw. | No mod.
0:3 2:781 10 4 | 2:476 10 4 | 1:913 10 * 0:24697 | 0:24819 | 0:25085
610 128 0:1 2:580 10 4 | 2:274 10 4 | 2:174 10 * 0:23572 | 0:23696 | 0:24119
0:01 2:559 10 4 | 2:243 10 4 | 1.250 10 8 0:23445 | 0:23572 | 0:24101
0:001 2:559 10 4 | 2:241 10 “ | 6:448 10 3 0:23444 | 0:23571 | 0:20084
0:0001 2:558 10 4 | 2:241 10 4 | 3:361 10 2 0:23444 | 0:23571 | 0:05032

Table 6.9: NACA 0012: Force coe cients for di erent Mach nunbers

Ma; =0:3 Ma; =0:01 Ma; =0:0001
drag coe . | lift coe. drag coe. | lift coe. drag coe. | lift coe.
Turkel

i | 25186 10 * | 0:24749 | 2:2769 10 # | 0:23496 | 2:2749 10 * | 0:23498
1:0156 0:42129 0:95834 0:31373 0:9508 0:27451
! 1:8675 1:18442 1:8444 1:13535 1:8424 1:10109
Rossow / Swanson
i | 222196 10 * | 0:248554| 1:9628 10 * | 0:236073 | 1:9601 10 * | 0:236088
1:3938 0:033598 1:3289 0:021228 1:3220 0:018296
! 1:9275 0:799701 1:9034 0:724366 1:9020 0:685891
No modi cation

ci | 1:4709 10 4 | 0:251234] 4:1302 10 # | 0:24130 no sol. 0:036803
1:6008 0:020188 13:.086 10217439 no sol. 0:923016
! 1:8557 0:70044 1:7072 2:25543 no sol. 0:417258

Table 6.10: Asymptotic force coe cients for NACA 0012 airfdl
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Figure 6.20: Mesh: 160 32,Ma; =0:0001: Computed G (left) and total pressure
loss (right)

Figure 6.21: Mesh: 320 64,Ma; =0:0001: Computed G (left) and total pressure
loss (right)

Figure 6.22: Mesh: 640 128, Ma; = 0:0001: Computed ¢ (left) and total
pressure loss (right)
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Figure 6.23: Mesh: 160 32,Ma; =0:001: Computed ( (left) and total pressure
loss (right)

Figure 6.24: Mesh: 320 64,Ma; =0:001: Computed ( (left) and total pressure
loss (right)

Figure 6.25: Mesh: 640 128,Ma; =0:001: Computed  (left) and total pressure
loss (right)
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Figure 6.26: Mesh: 160 32,Ma; =0:01: Computed ( (left) and total pressure
loss (right)

Figure 6.27: Mesh: 320 64,Ma; = 0:01: Computed ( (left) and total pressure
loss (right)

Figure 6.28: Mesh: 640 128,Ma; = 0:01: Computed G (left) and total pressure
loss (right)
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Figure 6.29: Mesh: 160 32,Ma; = 0:1: Computed G (left) and total pressure
loss (right)

Figure 6.30: Mesh: 320 64,Ma; = 0:1: Computed G (left) and total pressure
loss (right)

Figure 6.31: Mesh: 640 128,Ma; =0:1: Computed G (left) and total pressure
loss (right)
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Figure 6.32: Mesh: 160 32,Ma; = 0:3: Computed G (left) and total pressure
loss (right)

Figure 6.33: Mesh: 320 64,Ma; = 0:3: Computed Gy (left) and total pressure
loss (right)

Figure 6.34: Mesh: 640 128,Ma; =0:3: Computed G (left) and total pressure
loss (right)
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6.9.2 Example 8: Transonic turbulent ow over a Common
Research Model

To show the applicability of the di erent discretization schemes for transonic ows
we reconsider the test case of Section 6.6. Instead of coesidg the target lift,

for this investigation we consider a xed angle of attack of .2 . For all ow cases
a residual reduction of 14 orders of magnitude was obtainedll three considered
discretization techniques show no problem with respect toonvergence. A plot
of the nest grid level used for the investigations with respct to the low Mach
modi cations and the convergence histories are shown in kige 6.35.

The lift and drag coe cients for the schemes are given in Tald 6.11. Application
and solution of (6.4) gave the asymptotic values in Table 621 For this transonic
test case larger discrepancies in results can only be obsehfor grid Level L1.
The other grid levels as well as the extrapolated asymptotigvalues are in good
agreement.

Figure 6.35: Left: Plot of hexahedral L4 mesh of NASA CRM,; rigt: Convergence
histories for hexahedral L4 mesh

6.9.3 Example 9: 3D high lift wing-body con guration

Since we are interested in ows which exhibit both incompregble and compressible
regions, we now reconsider the 3D high-lift ow from Sectio.8. It is our goal to
show that the low Mach modi cation of Rossow/Swanson is appdable to these
kind of ows. To the author's experience, it is often these @ cases which are of
interest in practice but where the traditional low Mach modication fails. A plot
of the surface mesh can be found in Figure 6.36 (left).

The convergence history presented in Figure 6.36 (right) etvs that using the low
Mach modi cation of Rossow/Swanson causes no convergencelgems, and ro-
bustness of the scheme as well as the observed convergente age comparable
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Mesh drag coe cit_ent drag coe cient drag coe cient
(no modi cation) (mod. Turkel) (mod. Rossow/Swanson)
L1 2:442831 10 ° 2:425625 10 2 2:484298 10 2
L2 2:499070 10 2 2:495923 10 2 2:506497 10 2
L3 2:517880 10 2 2:516215 10 2 2:521016 10 2
L4 2:534337 10 ? 2:533301 10 2 2:535941 10 ?
lift coe cient lift coe cient lift coe cient
(no modi cation) (mod. Turkel) (mod. Rossow/Swanson)
L1 4:844779 10 1 4:792998 10 ! 4:911367 10 1
L2 5.025033 10 1! 5.020096 10 ! 5:026062 10 1!
L3 5.070862 10 1! 5.068201 10 1! 5.071321 10 1t
L4 5:106439 10 * 5:104293 10 ! 5:108746 10 *

Table 6.11: Computed drag and lift coe cient of DPW5 Common Research model

No modi cation Turkel Rossow / Swanson

drag coe.

lift coe .

drag coe.

lift coe .

drag coe.

lift coe .

C1

2:5558 10 ?
0.537838
1.407716

5:1407 10 1!
62.55723
1.7656

2:5534 10 ?
0.9511
1.522156

5:1364 10 T
103.60422
1.86811

2:5687 10 2
0.057378
0.929182

5:1508 10 T
26.85162
1.57627

Table 6.12: Asymptotic force coe cients for NASA CRM of 5th Drag Prediction
Workshop

to the non-modi ed scheme. The residuals of the scheme of kal stalled after
about 6 orders of magnitude. Also, an adaptation of the CFL maber or several
other parameters of the solution scheme were not able to piibh this failure of

convergence. Moreover, the convergence plots of lift andagy coe cient shown in

Figure 6.37 exhibit di erent values. This is clearly an indtator that for such a
complex ow the discrete solution obtained is not in the asymtotic range. The

di erence in the Cp and C; distributions given in Figure 6.38 con rms this indi-

cation. Nevertheless, this example demonstrates the immex robustness of the
Rossow/Swanson scheme compared to the original Turkel some

Referring to the conclusion made in Section 6.8, we emphasiagain the neces-
sity for for fully converged solutions. Hence, the non conkged solution of the
Turkel scheme needs to be handled with care and the improvedhustness of the
Rossow/Swanson scheme clearly has its advantages.

6.9.4 Example 10: NASA TRAP Wing

As a nal example to investigate the extension of the discrétation scheme to the
incompressible limit, we examine the NASA Trap Wing consided at the rst
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Figure 6.36: 3D high lift wing-body con guration: View on the mesh (left), con-
vergence history (right)

Figure 6.37: 3D high lift wing-body con guration: Convergeace history of drag
coe cient (left) and of lift coe cient (right)

Figure 6.38: 3D high lift wing-body con guration: Cp{distribution (left) and C ¢
distribution at the 97% span location with non-modi ed and nodi ed dissipation
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AIAA High-Lift prediction workshop [83]. For the numerical computations, we
used a sequence of three meshes. The meshes were generaied U&rid and are
marked as UH6 in Table 2 of [83]. Rough data of these meshesiigeg in Table 6.13.
A surface plot of the nest mesh used is given in Figure 6.40ight). The physical

Mesh No. of points | No. of elements
Coarse (C) 3727008 10169092
Medium (M) | 11047965 38017477
Fine (F) 32445391 127443165

Table 6.13: NASA TRAP Wing: Mesh data

parameters of the test case are as follows:

Geometry: NASA TRAP Wing
Reynolds number:Re=4:3 1¢f

In ow Mach number: M; =0:2

Computations were done for the angles of attack 1328, 32, 34and 37. Note
that for all numerical experiments a residual reduction of 4 orders of magnitude
was possible, even for the fully separated ow at 3@ngle of attack. None of the
computed solutions showed dependency on the initial conaihs, and a standard
procedure using full multigrid for the start-up phase was stcessful in all compu-
tations. Also, though tried for a given discretization on a iyen mesh, multiple
solutions were not obtained as reported by Kamenetskiy et 4B3]. Figure 6.39
shows some of the convergence histories only on the nest me®nsidered, in par-
ticular for the highest angle of attacks 34and 37 as well as for the 2&ase. For the
coarser meshes convergence of the computations was in gaingraightforward, and
on all meshes a CFL number between 100 and 1000 could be redche

The determined force coe cients of lift and drag are given inTable 6.14. A plot of
the C_( ) branch is given in Figure 6.41, and comparisons with meagments are
done. It can be directly observed that for the given grids, tat is a given resolution,
the behavior of the non-modi ed scheme and the modi ed scheefor high angles
of attack is totally di erent. The non-modi ed discretizat ion predicts a maximum
lift between 34and 37, whereas the modi ed scheme exhibits the maximum lift
between 32and 34. In particular, the medium mesh shows for the modi ed scheme
an unexpected behavior, which does not correspond to the wés for the coarse and
the ne mesh. The di erences for all other angles of attack foboth discretizations
are minor.

Cp distributions are shown at the 50% and 98% wing section and ropared with
experimental data. For the angle of attack 13hese distributions are given in Fig-
ures 6.42, 6.43 and 6.44, for the angle of attack #8 Figures 6.45, 6.46 and 6.47,
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Figure 6.39: Convergence histories for NASA TRAP Wing

no diss. mod.

diss. mod. Ros.-Swan.

AOA

Mesh

drag coe .

lift coe .

drag coe.

lift coe .

13

3:285988 10 *
3:270158 10 1
3:288310 10 *

1:973706
2:010587
2:028653

3:253006 10 *
3:275418 10 1
3:275920 10 1

1:989436
2:022306
2:027132

28

6:689967 10 *
6:819167 10 *
6:892306 10 *

2:812827
2:899304
2:931708

6:663658 10 *
6:843836 10 ?
6:871403 10 *

2:823602
2:909559
2:928343

32

7:598812 10 1
7:770928 10 1
7:791266 10 1

2:939004
3:036963
3:064850

7:498742 10 1
7:305732 10 1
7:720406 10 1

2:876154
2:488504
3:036663

34

8:028974 10 1
8:124077 10 1
8:146982 10 1

2:933732
3:046266
3:091051

7:564492 10 1
6:588863 10 *
7:689900 10 ?

2:234626
1:644493
2:196198

37

TZOMZOTNZZONZOnNS0O

8:387106 10 *
8:260612 10 1
8:351719 10 *

2:078015
1:943235
1:895830

8:042444 10 1
7:927863 10 1
8:251337 10 1

1:871872
1:657968
1:844026

Table 6.14: Computed drag and lift coe cients for NASA Trap Wing

for the angle of attack 34in Figures 6.48, 6.49 and 6.50, and for the angle of attack
37 in Figures 6.51, 6.52 and 6.53.

For the 13 and 28cases the @-distribution at the 50% looks similar for all mesh
sizes. For the 98% wing section an assertion is not straightivard, and the results
are di cult to compare. Obviously, the di erences on the man wing and the ap
are larger when compared with the slat. Due to the o set to thexperimental data,
an assertion with respect to accuracy cannot be done. In patilar, on the nest
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mesh considered there is again good agreement for the RogSevanson modi ed
and the non-modi ed schemes.

The situation changes dramatically when considering the 3zase. Already observed
in the lift coe cient (see Figure 6.41), the non-modi ed scheme predicts a signif-
icantly di erent lift than the Rossow/Swanson modi ed scheme. This goes along
with the observation that for all meshes the computed f distribution looks di er-
ent on the slat, the main wing and on the ap. Moreover, the normodi ed scheme
represents signi cantly better the experimental data thanthe Rossow/Swanson
modi ed scheme. The dierences in the computed ow elds arefurther illus-
trated in Figure 6.54. In the left gure the streamlines of the velocity eld for the
non-modi ed scheme are given. The prediction of the ow eldis smooth with-
out large separations. This situation is totally di erent when compared with the
ow eld computed with the Rossow/Swanson modi ed scheme. Idre, the velocity
streamlines predict a huge separation over the wing. Agaimote that both g-
ures represent fully converged solutions on the given gridthey are di erent with
respect to the discretization of the arti cial viscosity tems.

For the 37 cases, in particular on the nest mesh, both schemes prediabout the
same (p-distribution. Also, as shown in Figure 6.55, the streamlies of the ow
for the non-modi ed scheme and the modi ed one are in good aggment, and both
discrete solutions predict a large ow separation over the wg. Though the ow is
fully separated, the obtained steady-state solution stikhows quite good agreement
with the experimental data. Due to the complexity of the ow and since it can be
assumed to be fully separated and unsteady, such an agreetmaight be accidental.
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Figure 6.40: NASA TRAP Wing: View on the mesh

Figure 6.41: NASA TRAP Wing: Representation ofC, ( ) branch without dissipa-
tion modi cation (left) and with dissipation modi cation( right)
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Figure 6.42: NASA TRAP Wing, coarse mesh: g{distribution at the 50%(left)
and 98%(right) wing position and angle of attack 13

Figure 6.43: NASA TRAP Wing, medium mesh: @{distribution at the 50%(left)
and 98%(right) wing position and angle of attack 13

Figure 6.44. NASA TRAP Wing, ne mesh: Gp{distribution at the 50%(left) and
98%(right) wing position and angle of attack 13
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Figure 6.45: NASA TRAP Wing, coarse mesh: g{distribution at the 50%(left)
and 98%(right) wing position and angle of attack 28

Figure 6.46: NASA TRAP Wing, medium mesh: @{distribution at the 50%(left)
and 98%(right) wing position and angle of attack 28

Figure 6.47: NASA TRAP Wing, ne mesh: Gp{distribution at the 50%(left) and
98%(right) wing position and angle of attack 28
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Figure 6.48: NASA TRAP Wing, coarse mesh: g{distribution at the 50%(left)
and 98%(right) wing position and angle of attack 34

Figure 6.49: NASA TRAP Wing, medium mesh: @{distribution at the 50%(left)
and 98%(right) wing position and angle of attack 34

Figure 6.50: NASA TRAP Wing, ne mesh: Gp{distribution at the 50%(left) and
98%(right) wing position and angle of attack 34
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Figure 6.51: NASA TRAP Wing, coarse mesh: g{distribution at the 50%(left)
and 98%(right) wing position and angle of attack 37

Figure 6.52: NASA TRAP Wing, medium mesh: @{distribution at the 50%(left)
and 98%(right) wing position and angle of attack 37

Figure 6.53: NASA TRAP Wing, ne mesh: Gp{distribution at the 50%(left) and
98%(right) wing position and angle of attack 37
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Figure 6.54: NASA TRAP Wing: Streamlines of xz-velocity at he 50% wing posi-
tion and angle of attack 34

Figure 6.55: NASA TRAP Wing: Streamlines of xz-velocity at he 50% wing posi-
tion and angle of attack 37

6.10 Example 11: Laminar ow over NACA0012
airfoll

So far, for all examples shown we have not yet exploited thelifialgorithmical

potential suggested in Figure 5.1. This example is dedicateo this topic. It

corresponds to the exterior viscous ow problem formulatedh Section 2.4. The
relevant physical conditions are

Geometry: NACA 0012 airfoil
Reynolds number:Re = 5000



230 CHAPTER 6. EXAMPLES
In ow Mach number: M; =0:5
Angle of attack: AocA =0.0 .

The mesh used is a C-type structured mesh of size 512256. For a detailed
analysis of this test case we refer to [90]. In this referredtiele this example is
investigated for the additional angles of attack 1.0, 2.0 and 3.0 up to a mesh
size of 4096 2048. It is out of the scope of this thesis to repeat such retall

But it has turned out, that for thee development of robust andreliable solution

algorithms, these test cases are of major importance. On tlome hand these test
cases do not show additional complexity since turbulence m®t modeled. On the
other hand, due to the large separations at the trailing edgef the airfoil (see [90] for
more details), in the context of this article only regularied Newton-kind smoothers
such as Algorithm 3 were able to nd a steady state solution fothe nest mesh

sizes considered. Smoothers like the LU-SGS method (see dieen 5.3.4) were
not even able to nd a steady state, already on rather coarse @shes. We refer to
Section 7.3.1 and [45] where analytical reasons for such beilor are discussed.

In this thesis, to approximate a steady state solution for ta mesh of size 512 256,
we apply the nonlinear multigrid Algorithm 5.1.6 with smooter (5.42). Instead
of prescribing the number of steps to approximately solve @&0), we choose as
truncation criterion (5.39) in combination with

"(k) = 10 *; (6.7)
maXer = 50:

It is the goal of this example to demonstrate the potential ofinear multigrid Algo-
rithm 5.2.2 together with a residual based truncation criteon.

Therefore, we performed two iterations. In the rst test we sed as linear solver
a single grid iteration, and in the second test we applied aV4 linear multigrid
cycle. Figures 6.56 (left) and 6.56 (right) show the conveegce histories. In Fig-
ure 6.56 (left) one observes that for the xed truncation cterion (6.7) the conver-
gence history of the outer nonlinear residual is (almost) dependent of the inner
linear solution method. This observation suggests that irekd a residual based trun-
cation criterion is advantageous compared to a xed numberfdterations. Possible
de ciencies of the inner linear solution method are compeated. To illustrate con-
vergence of the inner single grid and linear multigrid itetgon, Figure 6.56 (right)
shows a representative section of the inner linear residsalObviously, as expected
the single grid iteration is algorithmically much less e cient. The 4V multigrid cy-
cle requires much less iterations until the truncation crigrion of 10 *? is satis ed.
For a xed number of inner iterations, say for example 10, frm Figure 6.56 (right)
one can also conclude that the linear multigrid cycle redusehe linear residual by
about 5 { 6 orders of magnitude, whereas the single grid itetian only performs a
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reduction of about 2 { 3 orders of magnitude. Such a large dirence in the resid-
uals may lead to a totally di erent update for the outer nonlinear loop and also a
di erent behavior of the outer nonlinear multigrid Algorit hm 5.1.6.

Figure 6.56: Left: Convergence history of nonlinear residly right: Convergence
history of linear residual

Though the inclusion of linear multigrid as well as a residudased truncation crite-
ria show algorithmical improvements, it is important that within our implementa-
tion these additional features yield a signi cant increasé the total computational
time. Hence, these techniques have not yet been applied taoda scale 3D simula-
tions. It is of major importance and future work to improve tre e ciency of such
algorithmical features.

6.11 Application of k! -model

This section, and the examples considered in Subsectiond 61, 6.11.2, 6.11.3,
6.11.4 and 6.11.5 deal with the application of implicit metbds to the two equa-
tion k! -model (2.22) presented in Section 2.2.2. Within the commiip of compu-
tational uid dynamics it seems to be accepted point of viewthat it is in general
possible to approximate solutions of the corresponding extor turbulent ow prob-
lem formulated in Section 2.4 modeling turbulence by k! -model.

Considering an unstructured nite volume code it was the exgrience in the author's
implementation of this model, that it was not straightforward at all to construct
a robust and reliable solution method for this turbulence mael taking care of the
following demands:

a) Implement the model free of direct limiters for the variatesk and! .
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b) Avoid a reformulation of several parts of the model.

Note that often codes used in computational uid dynamics h& hard limitations

for k and ! to ensure positivity of the variables. The necessity of pdaiity is a

direct consequence of (2.54). In general, the implementattis do not work without
such limitations. Neglecting those limitations often as awlden the computation
ends with "Not a number". Let us shortly discuss the reasonsf the demands
formulated above. Using such limitations has several majairawbacks:

a) Iterations do not converge to steady state, since arti @lly values fork and!
are manipulated. Mathematically, the degree of freedom, wehe the limiter
acts, is then a side condition and it would be required to reme it from the
degrees of freedom.

b) Even, in case the iteration converges to a steady state, @mally has to check
that the limiter is not active. Otherwise one has maybe conderably changed
the outcome of the model.

c) The values the limitations are based on are often ad hoc vas experienced
by the behavior of certain examples. Hence, it can be assumitt there is
no generality in their construction. Therefore these techques may only work
for a few similar examples.

d) One rarely nds information about the technical details ¢ the limitation.
Reproducibility of results is therefore often either hard oeven impossible.

e) Limitation may change both the solution and the analytichformulation of
the model. Hence, the introduction of these techniques mayelalso viewed
as turbulence modeling.

For example, in the framework of discontinuous Galerkin ces [4, 28] the origi-
nal k! -model has been reformulated in an analytical way. Hence, taally these
authors have changed the original set of equations already ds analytic founda-
tion. Unfortunately, the authors leave it open if these modcations are active for
steady state solutions, and if they are, they leave it open mwhich way these limiters
in uence the prediction quality of the original model.

Though a turbulence model is only a model, and modi cations ight be allowed, one
has to admit that nally one solves for a di erent set of equatons and comparisons
to the original formulation are not straightforward or evenimpossible. To avoid all
such problems, within our framework the only limitation imgemented is mentioned
in (2.24). And such limitation is mentioned also by other auhors, for example [60,
62], and Section 6.11.1 gives an example for the necessitytha$ limitation.

To deal with the problem of positivity of k and! we simply introduced a damping
of the updates. For example, Algorithm (5.42) gives for theariablesk; and! ;, i =
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kK = k@ kg (6.8)
N (6.8b)
where ( kj; !;) denotes the symbol forith entry of vector one obtains evaluat-

ing j.+1Prec 'R (WJ). The direct application of (6.8) often yield negative vales
in particular for k. Most often this was observed for the high-lift test cases. here-
fore, we replaced (6.8) by

Algorithm 4  Update for k! -model

1: procedure Loop over all mesh points to update k and !
2: for i =1;:::; Ngem do

3: s, =1

4: forn=1;2;:::do

5; new = kO 5 K
6: if k' > 0 then

7. kD) = kpew

8: break

9: else

10: Sh+1 = 57"

11: for i =1;:::;Ngem do

12: Sy =

13: forn=1;2;:::do

14: prew =1 O g1,
15: if 1" > 0 then
16: ! i(j) = | new

17: break

18: else

19: Sh+1 = %]

Naturally, Algorithm 4 represents some kind of damped Newtomethod introduc-
ing a further e ect of regularization. The undesired side eect is, that the updates
may become arbitrary small yielding an overall convergena®rruption. However,
for none of the considered test cases stall of convergencs baen observed so far.
Compared with many others methods tried to ensure positiwtof k and ! Algo-
rithm 4 was within the author's implementation always supeor. The simplicity is
a further argument for Algorithm 4. But application of Algorithm 4 cannot guaran-
tee convergence. Hence, future work needs to focus on othexdmanisms to ensure
positivity of k and ! without reformulating the k! -model itself.

Nevertheless, compared to exterior turbulent ow problemn combination with the
Spalart-Allmaras model it turned out that a combination with a k! -model yield
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to much harder problems to set up a reliable and robust solah method. The
implementation of the model together with the solution algathm must be viewed as
proprietary, and far away from being usable for large scalagblems. It seems that
the sti ness inherent in this set of equations together witlthe unresolved analytical
background in which way to choose proper boundary values,dhunderstanding for
these equations is at a very primitive level. And, nally, snce the error introduced
by the turbulence model cannot be assessed, it is an intenesft question if it is well
worth the e ort to try to develop suitable algorithms to approximately solve for
this set of equations.

However, in the following examples it is our goal to demonstte that in principal the
solution methodology suggested in this thesis is at leastfsome basic ow problems
possible to deal with this kind of equations. For all the exaples considered in the
following we apply Algorithm (5.42) in combination with (5.36).

6.11.1 Example 12: CASE 10, RAE 2822

We consider turbulent ow over the RAE 2822 airfoil. The rele@ant physical con-
ditions are:

Geometry: RAE 2822 airfoll
Reynolds number:Re=6:2 1¢°
In ow Mach number: M; =0:75
Angle of attack: AoA =2.81 .

Turbulence is modeled using thé&! -model (2.52). For the computation the mesh
of size 320 64 from Section 6.3 is used.

To demonstrate the necessity of the production limiter (24), we visualize the
eddy viscosity in the neighborhood of the airfoil. For all tle results shown machine
accurate results could be obtained on the given mesh. The #engence history is
given in Figure 6.58. The results are given in Figure 6.57. Wout production
limiter the k! -model in Pry. .y shows an excess of eddy viscosity in a region
where the shock interacts with the outer region of the boundg layer. This e ect
is eliminated by using in the termPr,.. )y the production limiter (2.24). Hence,
the production limiter (2.24) in the k! -model is not introduced for a possible better
numerical behavior, but it has a severe impact on a correspding solution and it
is therefore an important part of the model itself, that is pat of the analytical
description of the model. And the ow prediction reacts sengve with respect to
this reformulation.
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Figure 6.57: Eddy viscosity in the neighborhood of the airfowithout (left) and
with (right) production limiter

Figure 6.58: Convergence history

6.11.2 Example 13: CASE 9, RAE 2822

We reconsider the example of Section 6.3, now in combinatievith the k! -model.
Again, the relevant physical conditions are:

Geometry: RAE 2822 airfoil
Reynolds number:Re=6:5 1¢°
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In ow Mach number: M; =0:73
Angle of attack: AoA =2.79 .

Turbulence is modeled using thek! -model (2.52). We use again the mesh of
size 320 64. This test case demonstrates the in uence of the balancestiveen
the mean ow equations (2.1a) and the turbulent ow equatiors (2.22). Solving the
nonlinear algebraic system of equations (3.97) weakly cdad, we show that it is
in particular the turbulent ow equations, which rule the overall convergence rate.
This serves as an indicator for the sti ness introduced by tis equation into the full
set of equations. Figure 6.59 (left) shows the convergencehavior comparing a
ratio of 1 : 5 compared to 1 : 50. That is, in the rst computation we performed 1
nonlinear multigrid cycle for the mean ow equations compard to 5 for the tur-
bulent ow equations and in the second case we performed 50 Itngrid cycles.
For the strategy 1 : 50 the convergence rate is signi cantlymproved. However,
compared to the computation with the Spalart-Allmaras modeshown in Figure 6.1
the dramatic loss in algorithmical performance cannot be evseen. On the other
hand, it is hard to assess if there is an improvement in the ao@cy of the results.
Though turbulence modeling and the assessment of turbulemenodels is not topic
of this thesis, to the author's opinion the discussion is wthwhile if an increase in
the complexity of a turbulence model and the introduced stiness into the system
of equations is justi ed in case one cannot obtain signi canbetter results.

Figure 6.59: Left: Comparison of convergence historiesgint: Cp{distribution

This example demonstrates that compared to the solution miebd for the mean ow
equations the multigrid cycle for the turbulent ow equations for the k! -model is
much less e cient. Solving the equations in weakly coupledahion we may exploit
the possibility to increase arti cially the computational e ort for the turbulent ow

equations. Nevertheless, though treating the turbulent @ equations implicitly a
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much more e ective solution method is required to come to coparable results to
the Spalart-Allmaras model. For this turbulence model a rédual reduction of 14
orders of magnitude was possible in about 100 multigrid cyd (see Section 6.3),
which reduces the computational time signi cantly. To nd much more e ective
solution methods for two equatiork! models for unstructured grid solvers is future
work. Finally Figure 6.59 (right) shows the determined @{distribution, which is in
agreement with the measurements. Note, the computation wasne fully turbulent.

6.11.3 Example 14: MDA30P30N

To demonstrate the applicability of thek! -model to a high-lift ow, we reconsider
the test case of Section 6.4. Here we only show the computation the nest
mesh described in Table 6.2. Again, the physical parameteo$ the test case are as
follows (see [37]):

Geometry: MDA30P30N airfoll
Reynolds number:Re=9:0 1¢f
In ow Mach number: M; =0:2

Angle of attack: AoA = 16.0 .

Turbulence is modeled using thé&! -model (2.52). Though it is possible to reduce
the residual 14 orders of magnitude, which is shown in Figufe60 (left), for the k! -
model is takes several more iterations and computationalie when compared with
the Spalart-Allmaras model to obtain a solution (see Figuré.4. The convergence
history for lift and drag coe cients is given in Figure 6.60 (ight).

For the k! -model the Gy distribution presented in Figure 6.61 (right) shows good
agreement with experimental data. A plot of the eddy viscosi is given in Fig-
ure 6.61 (right). One can observe that the maximum value is &tined as expected
behind the airfoil. Finally, for additional assessment oftte results velocity pro les
are plotted for the Spalart-Allmaras model and thek! -model and compared with
experimental data in Figure 6.62. The results signed with SGAR are computed
on the nest mesh described in Table 6.2. Additionally, to giean idea of possible
mesh e ects, an additional Spalart-Allmaras model resultdr a structured mesh is
plotted. Again, both models the Spalart-Allmaras and thek! -model give similar
results. Nevertheless, the velocity pro les downstream arnot well predicted by
both models.

6.11.4 Example 15: Transonic turbulent ow over a Com-
mon Research Model

To illustrate the applicability of implicit algorithms in ¢ ombination with the k! -
model for 3D con gurations we show a result for the Common Rearch model of
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Figure 6.60: Left: Convergence history of residuals, righConvergence histories of
drag and lift coe cients

Figure 6.61: Left: Gy distribution for MDA30P30N, Right: Plot of eddy viscosity

the fth AIAA Drag Prediction workshop already considered n Section 6.4. Due
to the complexity to solve for these kinds of equations we fest ourselves to the
hybrid L3 mesh described in Table 6.4. The physical parameteof the test case
are as follows:

Geometry: Wing-body con guration, fth AIAA Drag Predicti on Workshop
Reynolds number:Re=5:0 1¢°
In ow Mach number: M; = 0:85

Angle of attack: AcA =2.2 .
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Figure 6.62: Left: Velocity pro les for MDA30P30N

Turbulence is modeled using th&! -model (2.52). Figure 6.63 (right) visualizes the
surface mesh and Figure 6.63 (left) the convergence histor{Jsing consequently
implicit solution algorithms a fully converged solution isobtained.

Figure 6.63: Left: Convergence history, Right: Surface ntesf DPW5
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6.11.5 Example 16: NASA TRAP Wing

As a nal example in this thesis, we show the application of b k! -model to the
NASA TRAP Wing. This test case was already considered in Seéch 6.9.4. To
show the application of thek! -model we restricted ourselves to the medium mesh
described in Table 6.13 and only the 28ase. The physical parameters of the test
case are as follows:

Geometry: NASA TRAP Wing
Reynolds number:Re=4:3 1¢f
In ow Mach number: M; =0:2
Angle of attack: AoA =28.0 .

Turbulence is modeled using th&! -model (2.52). This example is used to demon-
strate that the suggested implementation of th&! -model together with an implicit
solution method has the potential to nd fully converged saltions even for 3D high-
lift con gurations, which exhibit in general large regionsof separation and represent
a particular challenge for a solution algorithm.

Figure 6.64 (left) shows the convergence history of the rdsials, and Figure 6.64 (right)
the corresponding convergence of lift and drag coe cientsBelow, Figure 6.65 (left)
illustrates the Cp distribution on the surface of the wing-body con guration,and
Figure 6.65 (right) shows the determined eddy viscosity inhie symmetry plane.

Figure 6.64: Left: Convergence history of residuals, rightConvergence histories of
drag and lift coe cients
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Figure 6.65: Left: Gy distribution on the surface, right: Plot of eddy viscosity

6.12 Summary of numerical examples

It was the goal of this section to demonstrate that the methosl developed and
suggested in this thesis can be applied to a variety of dient ows and fully
converged solutions can be obtained. Moreover, it was thei@ntion to demonstrate
that the methods are successful even in the case when systaoaly the number
of degrees of freedom are increased.

Nevertheless, it is important to emphasize that an increas# the number of degrees
of freedom together with an increase of the complexity of tr@mulated ow, requires
an signi cant additional e ort in the solution methods. On the one hand, this is
observed by the fact that in general low cost smoothers sugged in Section 5.3.1 did
not have within the author's implementation the potential to nd fully converged
solutions. Examples for this fact are given in this Section.60n the other hand,
the regularized Newton schemes suggested show a tremendadditional e ort per
iteration.

This scenario ends in a very di cult situation. Fully converged solutions may only
be obtained for regularized Newton kind schemes. But the cqutational time per
iteration might not be acceptable, in particular not when oe considers the situation
that not only one or a few results are required for demonstran purposes such as
in this thesis, but in an industrial environment plenty of sich results are needed.

Hence, a signi cant algorithmical speed up is required. Thiis due to the fact
that the author of this thesis has serious doubts that signcant speed up can be
expected from the evolution of computer technology in futw. In particular the
investigation in Section 7.1 in Chapter 7 raise serious dotshthat such a signi cant
speed up required can be obtained by modern hardware clugteiThe investigations
in Section 7.1 give evidence that in the sense of strong sogli that is the use of
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more resources for a xed problem size, a saturation of speaf is reached rather
early. Then the increase in speed up does not legitimate thecrease in cost.

With respect to weak scaling, that is an increase in the numbef degrees of freedom
together with a usage of more resources, the examples coesadl in this section

gave evidence that algorithmical requirements are not yeeady to deal with such

an increase in the number of degrees of freedom. Then, the nsecaling of the

mathematical algorithms is one key issue.



Chapter 7

Assessment of algorithms

The assessment of a solution algorithm for nonlinear equatis is a di cult task,
in particular if almost none theoretical results are availele. As pointed out in the
Introduction, for the governing equations of interest in tls thesis, the compressible
RANS equations and the corresponding boundary value prolots formulated in
Section 2.4, there is a severe lack of theoretical understing. Even when we
assume that a unigue solution exists, we do not have any clubaut smoothness
of the solution. But in general smoothness is an assumptiorquired to prove
convergence of a solution algorithm, and furthermore to pve convergence rates.

Based on the hierarchy of smoothers presented in Section 8 have a certain
idea of the potential of the smoothers. Based on the examplgisown, in particular
in Section 6.7 and Section 6.6.3 it is clear that simpli cabns of smoothers have
severe impact on the obtained solution algorithm based on ¢hnonlinear multigrid
Algorithm 5.1.6. Nevertheless, even if we have some heuigsineasure for the
smoother, it is open in which way it actually acts in the multgrid algorithm. Here,
the interaction with the construction of coarse grid and trasfer operators plays in
important role. And the understanding of these interactios is limited.

Due to the fact that our understanding of the solutions algathms is very restricted
and mainly based on heuristic considerations, it is of majamportance to have
analysis tools available yielding deeper insight into thedhavior of the algorithms.
It is the goal of Section 7.2 to develop and apply such a methdd some of the
examples considered in Chapter 6.

A second topic, which has not been touched in this thesis sa fés the parallel scal-
ability of the suggested algorithms on modern high perforrmee computer clusters.
Therefore, note that the key element of the solution algofitms is the application
of one of the methods (5.35) { (5.38). The topic of parallel atability is of major
importance as it can be assumed that future cluster hardwaiie constructed using
multicore architectures. Hence, computational speed up thirespect to computer
hardware can only be expected and obtained in case one can lekpmulticore
architectures. Section 7.1 is dedicated to this topic.

243
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7.1 Scalability investigations

For several examples in Chapter 6 we have shown the necessitymplicit smoothers
for the nonlinear multigrid given by Algorithm 5.1.6. No mater if the smoother
is some regularized Newton method described by Algorithm 3 by some low cost
variant (5.41) or (5.42), the key element is the applicatiorof the iterations (5.35)
{ (5.38). In Section 6.3 it was identi ed that the most expens/e operation is the
construction of the preconditioner. Freezing the operatoon the rst stage saved
about half of the computational time. A further severe questn is the behavior
of a solution algorithm, which is based on the the iteration$5.35) { (5.38), with

respect to parallelization. Such question has at least twadets:

a) Since we do not use multi-coloring algorithms, applicain of algorithm (5.36)
is line Gauss-Seidel only at the level between partitions.iéng the number of
degrees of freedom and increasing the number of partitioregorithm (5.36)
is getting closer and closer to algorithm (5.35) and even &).

b) Application of one of (5.35) { (5.38) requires after eachteération a commu-
nication. Again, xing the number of degrees of freedom andcreasing the
number of partitions increases signi cantly the communicion requirements.
And moreover, the block sparse matrices become small on eadmain. Such
imbalance between computational complexity on each domagoing hand in
hand with an increase in communication may e ect the overak ciency.

The following investigation has the goal to get an idea for #arelationship of algo-
rithmical e ciency and parallel scalability.

To this end the test case of Section 6.6 for the L2 hybrid mesk considered. A
rough description of the mesh is given in Table 6.4. The physil parameters of the
test case are as follows:

Geometry: Wing-body con guration, fth AIAA Drag Predicti on Workshop
Reynolds number.Re=5:0 1¢°

In ow Mach number: M; =0:85

Angle of attack: A0A =2.2 .

Turbulence is modeled using the Spalart-Allmaras model &2). Hence, the number
of degrees of freedom are @204089. However, in the plots we show we neglect the
constant factor 6 representing the degrees of freedom perdeo

The computational mesh was partitioned using the so-calleéiZoltan” library [15].
The number of partitions considered are

3 2" n=0;1::::9
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The computations we done on the €A*S’E-Cluster of the Institute of Aerody-
namics and Flow Technology of the German Aerospace Centeralile 7.1 gives an
overview of the number of partitions, the average number ofedjrees of freedom
per partition, the number of computational nodes together wh the number of
computational cores.

n | No. of partitions | av. NDOF / partition | CPU nodes| CPU kernels
0 3 733333 1 3

1 6 366666 1 6
2 12 183333 1 12
3 24 91666 1 24
4 48 45833 2 48
5 96 22916 4 96
6 192 11458 8 192
7 384 5729 16 384
8 768 2864 32 768
9 1536 1432 64 1536

Table 7.1: Number of partitions and average number of degieef freedom

The investigated solution algorithm is the one of Theorem 3.1 together with (5.42).
The algorithm was stopped as soon as (6.3) is satis ed. In dsl, the dierent
settings are:
M1 { Algorithm 5.1.6 using a 4v cycle
{ Runge-Kutta scheme (6.1)

{ Smoother of Theorem 5.3.1 together with 3 symmetric sweepk (6.36)
and!, =1

Final CFL number: 1000

M2 Algorithm 5.1.6 using a 4v cycle

Runge-Kutta scheme (6.1)

Lt T et Y et WY e |

Smoother of Theorem 5.3.1 together with 3 symmetric sweepft (6.38)
and!, =1

Final CFL number: 1000

M3 Algorithm 5.1.6 using a 4v cycle
Runge-Kutta scheme (6.1)
Smoother of Theorem 5.3.1 together with 6 sweeps of (5.35)dah, =1

Final CFL number: 1000

Tt U e W s B e BN )
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M4  { Algorithm 5.1.6 using a single grid iteration
{ Runge-Kutta scheme (6.1)

{ Smoother of Theorem 5.3.1 together with 6 symmetric sweepk (6.36)
and!, =1

Final CFL number: 200

M5 Algorithm 5.1.6 using a single grid iteration

Runge-Kutta scheme (6.1)

Lt T et T e Y et}

Smoother of Theorem 5.3.1 together with 6 symmetric sweept (6.38)
and!, =1

{ Final CFL number: 200

Table 7.2 shows on the left the number of iterations requiretb hit the truncation
criterion (6.3). For this investigation this is only of mina interest. The numbers
of interest are on the right. These represent the total compational time. Ta-
ble 7.3 gives additionally the average computational time gy iteration. It can be

n [ML|M2[M3| M4 | M5 || M1 | M2 | M3 | M4 | M5
3 | 192|349 408 | 3195| 4617| 48.1| 83.5| 106.5| 185.7| 199.3
6 | 192|344 408| 3367| 4758|| 25.2| 43.4| 55.8 | 108.2| 109.4
12 | 190| 339| 415| 3319| 4691| 14.3| 24.5| 325 | 58.8 | 61.2
24 | 193|334 416| 3289| 4621 8.98| 14.9| 20.1 | 35.5 | 37.9
48 | 201|334|418|3335| 4606/ 4.99| 7.89| 10.7 | 19.4 | 20.0
96 | 200|331 | 425| 3237| 4575|| 2.59| 4.04| 5.72 | 10.1 | 9.85
192 | 211| 330| 435| 3355| 4308 1.54| 2.20| 3.25 | 6.28 | 5.49
384 | 214|327 430 3436| 4270|| 1.02| 1.42| 2.09 | 4.48 | 3.98
768 | 222 | 328| 439 | 3575| 4272 1.03| 1.32| 2.05 | 5.14 | 4.31
1536|232 | || | | | |l 1.16] | | | |

Table 7.2: Left: No. of iterations, Right: Computational time ( 1000 sec.)

directly observed by computational time that while for a moérate number of par-
titions, that is up to 96 or 192 partitions the speed up due to arallelization might
be acceptable. This corresponds to about 20000 degrees eeflom per domain.
Using more domains we observe a signi cant loss in the parllle ciency. This
observation is emphasized using a logarithmic plot indicetg the parallel e ciency.
Figure 7.1 (left) shows the obtained speed up, and Figure 7(tight) the paral-
lel e ciency. These logarithmic plots present that the pardlel e ciency already
for less than 50000 degrees of freedom per domain is only abab1=2, for less
than about 3000 degrees of freedom per domain it is less thanl@. Hence, the
implementation of the algorithms has severe scalability pblems. Denoting the
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n | ML | M2 | M3 | M4 | M5
3 | 250.7| 240.0] 261.0] 58.1] 43.2
6 |131.1| 126.0| 136.8| 32.2| 23.0
12 | 753 | 72.1 | 78.4 | 17.7| 13.1
24 | 46.5 | 44.7 | 48.3 | 10.8| 8.20
48 | 24.8 | 23.6 | 25.7 | 5.83| 4.34
96 | 13.0 | 12.2 | 135 | 3.11| 2.25
192 | 7.27 | 6.67 | 7.48 | 1.87| 1.28
384 | 4.76 | 4.34 | 4.87 | 1.30| 0.93
768 | 4.64 | 4.03 | 467 | 1.43| 1.01
1536| 5.01 | | | | |

Table 7.3: Average computational time for one iteration inec.

247

parallel e ciency by pe the required resources to obtain the same result behave
like pie Hence, the potential speed up using further resources hakigh price. Such

Figure 7.1: Left: Speed up, Right: Parallel e ciency

consideration shows that besides the algorithmical chafiges to solve the RANS
equations there are additional challenges due to a reasot@lexploitation of com-
putational resources. And this e ect occurring for strong salability might not be

solved straightforward.

Of course, this is only one initial investigation with respet to strong scalability. But
it can be assumed that similar e ects are observed for othexkamples. Future work
may focus to identify the major e ects contributing to the loss in parallel e ciency.
Nevertheless, as long as there are operations inside theaaithm which cannot
be (e ciently) parallelized, the author of this thesis assumes that the qualitative
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behavior of any such algorithms will look like Figure 7.1. Bumaybe it is possible
to carry the e ect over to a smaller number of degrees of freeth.

This investigation shows that investment in computationalhardware does not nec-
essarily lead to speed up in computational time. Instead, ker suited implemen-
tations of the algorithms are required for multicore archiectures.

7.2 Computer aided analysis

We now turn to the topic to evaluate at least some of the smoo#rs suggested in
literature about computational uid dynamics to approximate steady state solutions
of the turbulent compressible RANS equations. In Chapter 5e@vhave demonstrated
that all these smoothers for the FAS multigrid method given ¥ Algorithm 5.1.6 are

based on multistage Runge-Kutta methods. In Theorems 5.3{15.3.5 an overview
of these methods was given. Demonstrated in Section 6.3 theim e ort of these

methods is the construction of the block sparse matrix togeeér with the block

LU-decomposition required in (5.36) to evaluatdri Lil.

So far, the development of these smoothers is based on selvéeuristics and a
deeper understanding of the power as well as the de ciencissmissing. Often it
is not even clear for which range of CFL numbers the methods mavork, neither
the interplay of several parameters is clear. To design both robust and e cient

solution method a deeper theoretical understanding is nessary. In this section it
is the goal to develop an analysis tool, which might give mornasight in at least
some of the properties of such smoothers.

To understand the properties of Algorithm (5.42) we perfornan eigenvalue analysis.
With this objective we replace (3.96) by its linearized cousrpart. Therefore, we
assume thatW?Y is a solution of (3.97), that is it satisesR WY = 0. Then, for
some small disturbanc&kW k <" of WY we approximate

WY+ W (t
w@ _ d W - worwiew
dt dt

drR
M RW +— WYW
dw
dR
= M AW (t); A= — WY

dw
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Then algorithm (5.42) reads

wO =wn
w® = wO . Prec, "*Paw ©
: (7.1)
W n+l W (s)-
and can be expressed by a polynomial expression,
w"t = g Prec "PA W
xS o
®(2) = 1+ (Y2 g a0 ini (7.2)
j=1
Here the expressiorPrec, "®PAW () j = 0;:::;s 1, indicates, that the linear
system _
Prec ;h = AW @)

are solved only approximately by the application of one of th iterative solution
methods (5.35) { (5.38) in combination with the stopping ctierion (5.39). Then,
denoting by ; the eigenvalues and by; the corresponding normalized eigenvectors
of the linear operatorPrec %®PA we have

Prec %A =V V 1 =diag( i); Vi =(vvaii);
and hence the representation
W= V() VW™

To show that algorithm (7.1) converges to the unique limit, ti is necessary and
su cient (see [84, Chapter 4]) that the spectral radius ofPrec “@PA satis es

g Prec Y@PA = (g () < L (7.3)

Hence, we are left with the task to nd a method determining a @itable approxi-
mation to the spectrum ofPrec @PPA

To compute approximations to the eigenvalues @@ @PA we exploit the GMRES
method (see Algorithm 5.2.1) and its close connection to th&rnoldi process. We
apply this method to the linear equation

Prec ¥PAh = R W + W/ : (7.4)

which is given by the inner loop of Algorithm 5.2.1:
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Algorithm 7.2.1  Arnoldi method:
Computerg = j.+1Prec "PR W + WV

= krokz, Z, = lI’o

{w = Prec Az,
{ fori=1;:::]
hij = hw;zi
w:=w hiz

{ hji1j = kwky; zj4q = iy

)1 i j+1:1§ m
Application of m steps of the Arnoldi process gives the decomposition
Prec “@PAZ = ZyHm + Ny mZm+1 € em :=(0;0;:::;0;1) ; (7.5)
whereHn, := (hij)1 ij m is an upper Hessenberg matrix,
ZoZm=1In and Z.Zm+ =0:
Multiplying equation (7.5) from the left by Z, gives
Z.Prec Y@PAZ S, = S,diag( P)j=1mm Sm i=(S1;::7;Sm); (7.6)

where we have assumed that

.....

is an eigendecomposition oH,. Therefore, if the GMRES method with inner
Arnoldi iteration truncates after a nite humber of steps with the exact solution,
the following equation holds:

Prec Y@PAZ S, = ZmSmdiag( i) =1 m (7.7)

Under this assumption we conclude thaZ,S,, are eigenvectors oPrec @PA
and ; are the corresponding eigenvalues. If the terfiy,.1.mzZm+1 €, in (7.5) does

Prec Y@PAZ .5 iZmS = Nmstm KZmi1€nS K= hnamiensj:  (7.8)
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The right hand side of (7.8) gives a computable a posteriorirr@r bound for the
approximation quality of the Ritz pairs ( j;Zms;) in the Krylov subspace
n 0
span z;;Prec “@PAz::::: Prec @A " 121 =spanfzi;:::;zZmg

when compared with the corresponding exact eigenpairs. i aur numerical exper-
iments we plotted only the eigenvalues satisfyingm+1.m j€,Sjj < 0:1. Note that in
general no assumption can be made which eigenpairs are apjraated. Typically,
the outliers in spectrum of the operator are well approximagd, while eigenvalues in
the bulk of the spectrum are harder to approximate. To evalua the matrix vector
products Ah inside the GMRES method we use the symmetric nite di erence

Ah FfR (W+"h) RMW "h)g; "=10 (7.9)
To transform the spectrum we restrict ourselves to the one afje scheme
A= 1 ; b= 1 ;

the three stage scheme given by (6.1) and the ve stage schemﬂermined by

0
1 0
0:0695 1
A= 0 01602
0 0 02898 1
0 0 05060 1

For a motivation of these coe cients we refer to [93]. The coeients of these
schemes determine the coe cients of the polynomial (7.2). éhce, at least for the
algorithm (7.1) formulated for the linearized problem we aa only expect conver-
gence if the modi ed spectrum satis es (7.3). Moreover, thee modi ed eigenvalues
govern the asymptotic convergence. Numerical examples @&lwill demonstrate the
good correlation between the approximate spectrum and th@wevergence behavior
for the nonlinear equations.

7.3 Numerical results

To show the applicability of our developed method we invegiate the correspon-
dence between the spectrum @f Prec Y@PPA in (7.2) approximated by the eigen-
values ofH, and the algorithm (5.42) to solve the nonlinear problem. Tohis end
we perform ve steps:

a) Compute a steady state solution. The criterion is that thenormalized density
residual is reduced 14 orders of magnitude. This correspantb (6.3).
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b) Determine an approximate spectrum of the linearized opator at the steady
state solution by computation of the eigenvalues of the uppeHessenberg
matrix constructed using Arnoldi's method given by Algoritm 7.2.1.

c) Transform the spectrum by the polynomial describing the Ryorithm (7.1),
that is evaluate the polynomial corresponding to either th@ne, the three or
the ve stage scheme.

d) Determine the largest absolute value of the approximateigenvalues of the
operatorg, Prec 13PPA

e) Starting from the steady state solution, apply the Algotihm (5.42) to observe
the correspondence to the approximate spectrum.

Note that multigrid does not play a role. The developed invegation method
only comprises single grid iterations. Hence, algorithm (&2) is interpreted as a
(single grid) iterative method in this context. Since the aalysis developed does not
comprise multigrid, the numerical experiments were also de without multigrid.

7.3.1 Laminar ow around NACAO0012 airfoil

Recall the example of Section 6.10. We consider laminar owaund a NACA
00012 airfoil. The relevant physical conditions are

Geometry: NACA 0012 airfoil
Reynolds number:Re = 5000

In ow Mach number: M; =0:5
Angle of attack: AA =1.0 .

The nomenclature of the di erent methods compared is takendm Theorems 5.3.1 {
5.3.5. This basic test case demonstrates the wide range ophagability of the devel-
oped method as well as its accuracy in predicting the behaviof a solution method-
ology. Table 7.4 gives an overview of the methods considerasl well as the largest
absolute value of the approximate eigenvalues of the opesatq, Prec 2PPA .

In case this value is 1 we expect divergence, otherwise convergence. Note that
all predictions behave as expected. The smaller the CFL nurab and the larger
the number of iterations are, the smaller is the computed lgest absolute value.
Moreover, all our predictions correspond to the numericaldhavior of the nonlinear
algorithm (5.42) even in case the values are very close to h pgarticular the behav-
ior of the line implicit method is interesting. For a CFL number of 10 the maximum
absolute value is 10001793147 and close to 1. And indeed, it takes about 5000 it-
erations (see Figure 7.3 (right)) until the iteration destilizes. For a CFL number
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of 5 the method is stable, shown by Figure 7.3 (right) and indated by a maximum
absolute value of ®979751065.

Besides the prediction accuracy of the developed method $hiest case shows clearly
on a quantitative level that strongly simpli ed methods areexpected to work only
with a very limited CFL number. This also holds true in case tk iterative linear
solution method is too simpli ed. Both additional features

1) Gauss-Seidel instead of Jacobi and
2) using lines along directions of strong coupling

have a positive e ect of the overall behavior. This is obseed in both numerical
experiments as well as the predicted behavior. Figure 7.4fl) gives an indication
of the e ects of lines, the number of sweeps as well as the symmc Gauss-Seidel
sweep to the approximate spectrum. As expected Figure 7.4ft) shows that the
stronger the solution algorithm is formulated, the more clstered are the eigenvalues
and an improved convergence behavior can be assumed.

Figure 7.2: Left: Approximate spectrum for the point impligt method and the
three stage scheme, Right: Convergence histories for thepéipation of the point
implicit method and di erent CFL numbers.

7.3.2 Turbulent ow around DPW5 CRM

Recall the example of Section 6.6. To show the applicabiliyf the method to large
scale 3D problems, we apply the method to the wing-body conugation considered
at the fth AIAA drag prediction workshop. The mesh is the hexahedral L5 mesh
with 41231169 number of points (see Table 6.4 and [110]. Thelavant physical
conditions are
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Figure 7.3: Left: Approximate spectrum for the line implici method and the three
stage scheme, right: Convergence histories for the applica of the line implicit
method and di erent CFL numbers.

Figure 7.4: Left: Approximate spectrum for the line Jacobi ad the symmetric line
Gauss-Seidel method with the three stage scheme, right: Appimate spectrum
for the DPW5 CRM test case for di erent multistage schemes.

Geometry: Wing-body con guration, fth AIAA Drag Predicti on Workshop
Reynolds number.Re=5:0 1¢°

In ow Mach number: M; =0:85

Angle of attack: AoA = 2.1245 . (corresponding to target G = 0:5, see
Table 6.6)
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Here we compare di erent CFL numbers and the one with the thee with the ve
stage scheme. A plot of the dierent eigenvalue distributios is given in Fig-
ure 7.4 (right). Table 7.4 shows that for this test case a resttion of the CFL
number is necessary, and that a multistage scheme allows fogher CFL numbers.

Hence, the application of a multistage Runge-Kutta schemean be interpreted as
a stabilization and globalization strategy of Newton's mdtod. This has already
been discussed in Section 5.1.7. The analysis tool develbgé/es now additionally
a quantitative assertion. Moreover, this analysis also cams that a reduction of

the CFL number to 50 for the L5 mesh was necessary to obtain aesidy state
solution (see Section 6.6).

7.4 Considerations for the k! -model

In Section 5.2.2 it is reported that the derivatives of the d&truction terms

@Dg k1) @De ;1 )
ak M Ta

are neglected for the construction of the preconditioner. drgive a hint that within
our implementation and solution strategy this is necessaryve consider again the
example of Section 6.3 for a C-type structured mesh of size 806. A fully converged
solution was computed satisfying the truncation criterion6.3).

(7.10)

Let us denote this converged state byV Y. Using this fully converged state/V Y the
preconditioner Prec. .y given by (5.31) is evaluated twice for two di erent CFL
numbers.

a) CFL = 1000, the derivatives of the destruction terms givenin (7.10) are
included.

b) CFL = 150, the derivatives of the destruction terms givenn (7.10) are in-
cluded.

c) CFL = 1000, the derivatives of the destruction terms givenin (7.10) are
excluded.

d) CFL = 150, the derivatives of the destruction terms givenn (7.10) are ex-
cluded.

Then, using Arnoldi's method given by Algorithm 7.2.1 togeher with the method
described in Section 7.2 to determine approximate eigenuak, an approximate
spectrum ofPrec. «. y for the four di erent evaluations described above are com-
puted. The result is plotted in Figure 7.5.

In Figure 7.5 it is shown that the inclusion of the destructia terms leads to eigen-
values which are in the left half plane. In other words, the gTtrum has negative
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| Test case | NACAO0012 airfolil |
Method CFL / No. of sweeps J max ] Numerical experiment
2= 0:9977475838 Convergence
5= 1:0014868760 Divergence
Point. impl. 10= 1:0118749482 Divergence
100= 1:0319916012 Divergence
1000= 1:0349037529 Divergence
5= 0:9979751065 Convergence
Line impl. 10= 1:0001793147 D?vergence
100= 1:0138678647 Divergence
1006= 1:0176708058 Divergence
1000=3 1:0851919018 Divergence
10005 1:0335387144 Divergence
Jacobi 1000=25 1:0187050259 D@vergence
100=3 1:0651620607 Divergence
1005 1:0118067193 Divergence
100=25 1:0095959280 Divergence
1006-1 0:9984234337 Convergence
Symm. GS. 1000=3 0:9959707382 Convergence
1006-5 0:9935652402 Convergence
1000-1 1:0176708058 Divergence
Line Jacobi 1006-3 1:0035661412 Divergence
10006-5 0:9897471389 Convergence
1000-1 0:9948666248 Convergence
Symm. line GS 1006-3 0:9816747477 Convergence
10006-5 0:9761967171 Convergence
| Test case | DPW5 CRM
One stage scheme 10005 7:0094725506 D?vergence
and Symm. line GS 100=5 4:4221723489 D!vergence
' 50=5 3:3905148561 Divergence
Three stage scheme 10005 12:1781670588 D?vergence
and Symm. line GS 100=5 2:2273552776 Divergence
' 50=5 0:9972351764 Convergence
Five stage scheme 1000-5 7:0336605534 Divergence
and Symm. line GS 100=5 0:9934794335 Convergence
50=5 0:9969464849 Convergence

Table 7.4: Variation of solution methods and their e ects orthe algorithmic be-
havior.

parts for both CFL numbers 150 and 1000. As a consequence, amf the consid-
ered iterative methods (5.35) { (5.38) was possible to comge. Hence, no suitable
update could be obtained.

Neglecting the derivatives of the destruction terms (7.10)n the preconditioner
Precj. ) given by (5.31) the eigenvalues in the left half space vanisiiHowever,
the zoom of Figure 7.5 in a neighborhood of the origin shown Kigure 7.6 indicates
that for a CFL number of 1000 there are at least two approximat eigenvalues in
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Figure 7.5: Approximate spectrumPrec;. . ) for di erent CFL numbers and in-
clusion and exclusion of the derivatives of the destructioterms (7.10)

the left half space. Hence, for CFL = 1000 we again observe digence of the
iterative methods (5.35) { (5.38). Reducing the CFL numbera 150 the approximate
eigenvalues are all located in the right half space and theeitative methods (5.35)
{ (5.38) converge to an approximate solution yielding an ovall stable solution
method for this test case.

This investigation has at least two conclusions. Using a futlerivative for the k! -
model one possibly obtains matrices which do allow for the plcation of the iter-
ative solvers (5.35) { (5.38). Hence, further possibly unde&ed modi cations of the
derivative are required. Second, even with modi cations # maximum achievable
CFL number is severely restricted, already for a basic ow @ on a coarse mesh.

Naturally, instead of trying to solve the corresponding liear systems by (5.35) {
(5.38) we can replace these methods for example by some Kwiubspace method
such as GMRES. Such straightforward implementation was ceitlered, but with-
out success yet. As mentioned in Section 5.2.1 a suitable poaditioner is required.
Since (5.35) { (5.38) disqualify as preconditioners, the oetruction of a suitable
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Figure 7.6: Approximate spectrumPrec;. . ) for di erent CFL numbers and in-
clusion and exclusion of the derivatives of the destructioterms (7.10) in a neigh-
borhood of the origin

preconditioner is open. Considered in Section 6.10, for tue work it seems worth-
while to consider in particular fork! -type models linear multigrid components with
suitable smoothers. Maybe such an approach circumvents tpeoblems inherent to
these equations.



Chapter 8

Conclusion and Summary

To close this thesis we review the questions mentioned in theatroduction.

a) Accuracy : Starting from a full description of the discretization stategy. Are
there methods and possibilities to evaluate the accuracy tie approximate
solution?

b) Combination of multigrid with implicit smoother : What are the main
ingredients to construct a reliable algorithm to nd approXxmate solutions of
the RANS equations for high Reynolds number turbulent ows?

c) Application to the incompressible limit . Are there possibilities to extend
the discretization and solution strategy to the incompressle limit to get a
closed formulation for the simulation of incompressible @hcompressible ows,
that is to solve the compressible equations for low in ow Mdcnumbers?

d) Analysis to assess the methods : Besides heuristic arguments, are there
possibilities to assess the developed methods?

Let us start with a discussion with respect to our ndings abat Accuracy . This
investigation goes hand in hand with respect to thé\pplication to the incom-
pressible limit . Hence, we unify the answer with respect to these apects. In
the framework of an unstructured nite volume code designedo discretize and
to nd approximate solutions of the compressible Reynoldaveraged Navier-Stokes
equations, di erent strategies are implemented to extendhie scheme to the incom-
pressible limit. It has been shown that for several test case¢hese schemes are
successful.

Part of the work was to demonstrate that the low Mach modi ed shemes work for
transonic ow cases with comparable accuracy and robustre$o the non-modi ed
schemes. Second, it was the goal of this work to show, esplgitor high-lift test
cases representing ows with large incompressible e ect®w in ow Mach number,

259
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and exhibiting strong local compressible e ects, that thedw Mach modi ed schemes
can be applied successfully.

In particular, the second point lls the gap in the literature that in general low
Mach modi ed schemes for compressible ows are formulatedut they are gen-
erally only applied to examples which are globally incompssible. The author's
suspicion about this fact, going along with the author's exgrience, is that the
original modi ed scheme of Turkel works well for globally iscompressible ows but
shows signi cant robustness problems for these kinds of neid problems. Within
our implementation, we did not nd suitable parameter setthgs to get fully con-
verged solutions for several test cases including high liéon gurations. It should
be mentioned that within the family of low Mach modi cations (3.51) we only
considered one special choice of parameters. Perhaps, othettings improve this
situation.

On the other hand, based on the work of Rossow and Swanson, wecessfully
implemented another low Mach modi cation to extend a comprssible code towards
the incompressible limit. This modi cation worked with conparable robustness to
the non-modi ed scheme. In particular, for several high lif ows we achieved fully

converged solutions.

One open point to all the considered schemes is the introdimh of the entropy

X. It is a necessary feature for robustness in computing a tge number of ows.

Neglecting the entropy X within our implementation, no solution can be obtained

in general for a large number of ow cases. In addition, the dice is ad hoc, and it
cannot really be justi ed. Even other choices like a Harterswitch do not circumvent

the problem inherent to the introduction of an entropy X. It can be assumed that
further signi cant improvements of the discretization strategies considered in this
thesis can be achieved. Of course, the ultimate objective tig avoid ad hoc xes

and to develop a theoretical foundation to avoid zero arti @l viscosity.

In general, one major conclusion of this thesis is, that acacy of the discretization
schemes is hard to assess. To evaluate accuracy we followedhis thesis two
di erent ways. On the one hand, we investigate single data pats like pressure
distributions or skin-friction distributions and compare these data with expected
outcome. On the other hand, from given force coe cients on aegjuence of meshes,
extrapolation was used to determine possible values for imitely ne meshes and to
compute a corresponding order of convergence. Often, botrethods do not agree
in the predicted trends. This observation suggests that mees used were not suited
to compute mesh converged solutions.

The accuracy investigations also reveal the following. Taiglge a solution, it is only
of minor interest, and even perhaps misleading, if single @apoints of a solution
are investigated. Future work needs to focus on global comgence criteria. That
is, we need to nd suitable metrics and norms (e.g. Sobolev nmos) to embed the
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discrete solution into an adequate function space. The hope that within such a
mathematical setting appropriate convergence criteria cebe formulated in a much
stricter sense.

From the results obtained, we assume that the following colusions can be stated.
For globally incompressible ow at very low in ow Mach numbes around the NACA
0012 airfoil, the scheme of Rossow/Swanson outperformed athers. For all the
other test cases, which are around an in ow Mach number of:®{ 0:3, no clear
accuracy improvements were found. In particular, for the NAA TRAP wing con-
sidered at several angles of attack, no clear assertion cae made, especially for
the point at maximum lift, which seems to be somewhere in theegion between
32and 36. It cannot be excluded that for this test case meshes of sigrantly
higher density (an increase in number of degrees of freedoare required to get
a representative statement. For an even more thorough disssion about accuracy
considerations we refer to [46]. The results obtained for ¢éhtransonic test cases
were in the range of expectations. Experimental data such &, distributions
could be simulated for basic airfoil test cases, wing and vgrbody ows. It was
demonstrated that TSL gradients may have signi cant in uerce on lift and drag
coe cients. Nevertheless, though results were obtained fanesh re nement studies,
an assessment of the accuracy is hard to obtain.

Second, we report about the necessity of tt@ombination of multigrid with im-

plicit smoother . For an agglomerated FAS multigrid scheme, we have presedte
an implicit smoothing method derived by a general multistag diagonal implicit
Runge-Kutta scheme. It has been shown that this smoother cqamses almost all
well known smoothing techniques suggested in the literaterabout computational
uid dynamics. Techniques ranging from explicit local timestepping to regular-
ized Newton methods can be derived using certain parametenaices. We have
given evidence for several test cases that regularized Newtmethods are in gen-
eral necessary to obtain fully converged solutions. In pacular, with respect to
mesh re nement studies, there is strong requirement for intigit smoothers.

We have applied the algorithm successfully to di erent kind of grids and grid fam-
ilies. For all considered test cases, machine accuracy abble reached. Moreover,
for all test cases an algorithmical scaling betwee®@(N) and O(N ?) was observed
when taking CPU times into account. With respect to mesh re ement studies a
loss of linear scalability of the algorithm was often obseed. It is mentioned that,

in the author's opinion, loss of scalability is no surpriserad expected. So far there
exist no strict proofs that any methodology considered to e the RANS equations
may Yyield a scalable algorithm. Moreover, when good algdnitnical scalability of

about O(N) is observed, this can also simply mean that the meshes catesied were
not ne enough in the sense that not all relevant ow featureswvere resolved.

To improve algorithmical scalability, the de ciencies wit respect to a limited num-
ber of coarse multigrid levels must be overcome. Here, two ygamight be succesful.
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On the one hand, the agglomeration strategy discussed in 8en 5.1.2 needs further
improvement such that a stable discretization on coarse gis is possible. On the
other hand, maybe it is possible to improve the transfer opators presented in Sec-
tion 5.1.4. In any case, to the author's point of view, therexasts a straighforward

idea for signi cant improvements.

With respect to computational scalability and parallelizdion, that is basicly the
domain decomposition, it was shown in Section 7.1 that theiie strong demand for
improvements. Though the algorithmical necessity of imptit smoothers to approx-
imately solve the RANS equations is obvious, the approachrfa suitable parallel
implementation is open. With respect to future exploitatims of possibly massive
parallel computer architectures, an approach for signi aat better computational
scalability is required. Since the main e ort of the algoribm comes from the ap-
plication of block sparse matrices, it might be worthwhile @ investigate and try to
improve these implementations.

To give an answer to the question for a\nalysis to assess the methods we have
followed di erent strategies. First of all, in Section 5.3 w discussed the connection
of several well known smoothing techniques in computatiohaiid dynamics. Such
discussion gives a good overview of simpli cations inhereto each of the meth-
ods. For an even better understanding, an analysis tool baksen an approximate
eigenvalue spectrum is suggested in Section 7.2 .

Based on the linearized RANS equations, a method is developt® evaluate several
di erent solution methods proposed in the literature aboutcomputational uid
dynamics. The method is based on Arnoldi's algorithm. It isxploited to determine
an approximation of the spectrum to the original operator inthe corresponding
Krylov subspace. Though several assumptions are made, th@mples considered in
Section 7.3 show a good correlation between the predictedhiagior of the solution
method and its behavior in the numerical experiment. Insteh of considering a
simpli ed model problem like the classical Fourier analysi the method can be
used to directly investigate the problem of interest.

However, so far the method has several de ciencies. First all it is used here only
in the context of an a posteriori method. In particular, it isused to investigate and
compare di erent solution methods. For the problems conseted in this thesis and
the parameter settings used, it turns out that crude simplications to the derivative
yield a weak preconditioner such that only small CFL numbergan be reached,
already for a basic laminar ow problem on a rather coarse mies Within the
iterative solution procedure, additional features such asymmetric sweeps, including
lines and Gauss-Seidel instead of a Jacobi iteration, areigfal techniques to allow
for high CFL numbers. The application of a multistage schemastead of a one-
stage scheme seems to be bene cial if one does not want to pabtmuch e ort in
solving the linearized systems. In particular, this analys may be used to optimize
stage coe cients for certain kind of problems in future work
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Several future applications for this analysis tool may be osidered. First of all, it
would be interesting to include the e ect of multigrid to the analysis. Second, as
already considered in the last example, the design of optineid stage coe cients for
certain simulations could be considered. An overall goal gtit be the introduction
of the tool in the daily process of engineer's work to give glance and better
understanding of convergence and robustness problems fomplex ow problems.
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