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The collection and emission of electrons from a spherical body in the Space-Charge Limited (SCL)

regime are investigated. When a Virtual Cathode (VC) in the potential profile around the body is

present, the barrier in the effective potential energy of electrons is assumed to be located near the

position of the minimum of the VC potential, for both collected and emitted electrons. This

assumption is confirmed to be reasonable in the case of a double Yukawa potential profile and

allows the SCL cross-section for electron collection and the emitted electron’s trapped-passing

boundary to be written in a simple way. An expression for the collection current for Maxwellian

electrons is derived and is shown to recover the classical Orbital Motion Limited (OML) theory

when the VC vanishes. Using the same assumptions, an expression for the thermionic emission cur-

rent in the SCL regime is also obtained and comparisons with the OMLþ theory are made. Finally,

an expression for the dust electric charge in the SCL regime is derived and shown to give drasti-

cally different results when compared to the commonly used formula (obtained from a Yukawa

potential profile). Consequences in the framework of dust in tokamak plasmas are discussed.

Published by AIP Publishing. https://doi.org/10.1063/1.5032153

I. INTRODUCTION

Dust grains have been observed in tokamaks for several

decades. They are created through various processes in con-

nection with plasma-wall interactions and will be a critical

issue for future fusion devices such as ITER.1 In addition,

the large amounts of impurities released by a dust grain sub-

jected to a high erosion rate can lead to a reduced plasma

performance by means of radiative losses. Impurities can

also trigger plasma instabilities up to disruption.

When a small body, such as a dust grain or a probe is

immersed in a plasma, it collects and emits charged particles.

Due to higher electron mobility, the surface potential is usually

negative and the body is negatively charged. This is true as long

as the electron emission remains low. The two main electron

emission processes relevant for dust in tokamak plasmas are

secondary electron emission and thermionic emission (THE),2

the latter being the most important at high dust surface tempera-

ture. If the electron emission yield is high enough, a potential

well, or virtual cathode (VC), forms in the sheath around it. In

this so-called Space-Charge Limited (SCL) regime, the surface

potential is increased and the body can become positively

charged.3–5 The presence of a VC is not taken into account by

the Orbital Motion Limited (OML) theory,6–8 which is com-

monly used to model dust/plasma interactions.9–13

The VC acts as a potential barrier for electrons, repelling

the low-energy tail of their energy distribution function and

thereby reducing both collected and emitted electron fluxes.

The depth of the VC is of the order of the energy of the emit-

ted electrons, which is equal to the dust surface temperature

Td [in the case of Tungsten (W), Td � 0:01� 0:5 eV] if THE

is the dominant emission process. Typical tokamak Scrape-

Off Layer (SOL) plasma electrons usually have a higher tem-

perature (Te � Td), meaning that the VC is expected to have

a more important effect on emitted electrons than on primar-

ies. The electron flux reduction affects the dust floating

potential, electric charge, heating (therefore, lifetime), and

transport in the vacuum vessel. Thus, it is crucial to assess

electron collection and emission in the SCL regime.

Electron collection and emission by an electron emitting

surface have been extensively studied,4,14–17 especially in

the case of emissive probes.18 Yet, the emitting surface is

usually assumed to be planar, which might be acceptable for

millimeter probes in cold plasmas, but not in the case of dust

grains where the orbital motion of charged particles plays a

crucial role. Another model by Fruchtman et al. accounts for

the probe curvature but considers cold ions and emitted elec-

trons.19 In the case of dust grains, the electron emission

reduction in the presence of a VC has been studied in the so-

called OMLþ theory.20,21 An expression for the THE current

is proposed and shows good agreement with Particle In Cell

(PIC) simulations. It differs from the classical OML expres-

sion when the dust surface potential /d exceeds a critical
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value /�d. In order to use the OMLþ, it is required to solve a
priori the Poisson equation for various dust sizes and tem-

peratures in order to obtain tables of /�d that can be interpo-

lated at each time step in a dust transport code.9–13 It also

presents the limitation of considering the reduction of the

emitted electron flux only, while the primary electron current

is also expected to be significantly reduced in plasmas where

the background temperature is of the order of the dust tem-

perature. It was also recently demonstrated that an inverse

sheath structure can appear near planar surfaces with elec-

tron emission yields exceeding unity and when collisions are

important.22–24 Again, orbital motion effects are not taken

into account. Moreover, since a dust grain potential satisfies

the floating condition, its electron emission yield remains

below unity.

The dust electric charge is usually calculated using a

formula obtained by assuming a monotonic Yukawa poten-

tial profile around the spherical body.25 As pointed out in

Ref. 20, this expression is no longer valid in the SCL regime,

when the body is positively charged regardless of the sign of

the surface potential. Thus, a new expression for the dust

charge in the SCL regime must be found.

In this paper, we propose new expressions for the elec-

tron collection and emission currents by a spherical body in

the SCL regime. We focus on the case where collisions in

the sheath can be neglected to avoid inverse sheath effects.

This paper is organized as follows: In Sec. II, the elec-

tron collection cross-section is determined and the expres-

sion for the current is derived. In Sec. III, an expression for

the THE current is proposed and compared with well-known

OML and OMLþ results. In Sec. IV, different methods for

estimating the location and depth of the VC available in the

literature are discussed. In Sec. V, an expression for the dust

electric charge in the SCL regime is proposed.

II. ELECTRON COLLECTION IN THE SPACE-CHARGE
LIMITED REGIME

A. Determination of the cross-section for collection

In the vicinity of an electrically charged spherical body,

another charged particle is subjected to several interactions,

primarily electromagnetic forces and collisions with other

plasma particles. It is commonly assumed that the particle

evolves in a central force field, meaning that the electric

force is dominant. In other words, we assume that the trajec-

tory of the particle in the sheath around the body is collision-

less, and magnetic field effects are neglected. Thus, the

results presented herein hold for rd � ke;i; qLe;i, where rd is

the radius of the body, ke;i is the electron (ion) mean free

path, and qLe;i is the electron (ion) Larmor radius. The term

“charged particle” can refer to both electrons and ions.

It follows from the conservation of the total energy and

angular momentum that the behavior of the charged particle

in a central force field is determined by the effective poten-

tial energy (normalized to the initial kinetic energy)

Ueffðq; rÞ ¼
q
r

� �2

þ 2UðrÞ
mv2

; (1)

where q, r, m, and v are the particle impact parameter, radial

position, mass, and velocity at infinity, respectively.26,27

UðrÞ ¼ ze/ðrÞ is the potential energy, where z is the particle

charge number, e is the elementary charge, and / is the elec-

tric potential. The particle motion is restricted to the area

where Ueffðq; rÞ � 1. Figure 1 shows a schematic view of

the problem.

Our goal is to find the critical impact parameter qcðvÞ
above which a particle of velocity v cannot be collected by

the body. The impact parameter qc is found by solving

Ueffðq; rdÞ ¼ 1. Then, the cross-section for collection will be

defined by r ¼ pq2
c .

In general, the problem is complicated because the equa-

tion Ueff ¼ 1 can have several solutions when the particle is

attracted to the body. The OML theory makes the assump-

tion that there are no barriers in Ueff and that / is monotonic.

In this case, the equation Ueffðq; rdÞ ¼ 1 (which is equivalent

to writing the conservation of energy and angular momentum

between the sheath entrance and the body surface) has a

unique solution corresponding to the OML critical impact

parameter qOML
c . It can be easily determined from the dust

radius rd and potential /d

qOML
c ðvÞ ¼

rd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ze/d

mv2

r
if v �

ffiffiffiffiffiffiffiffiffiffiffiffi
2ze/d

m

r

0 if v <

ffiffiffiffiffiffiffiffiffiffiffiffi
2ze/d

m

r
:

8>>>><
>>>>:

(2)

Note that the second line in Eq. (2) should be taken into

account only when z and /d are of the same sign. In this

case, the body repels the charged particle (because / is

monotonic) and there exists a critical kinetic energy below

which the body cannot be reached. It has been demonstrated

(in the case of a Yukawa potential) that the OML assump-

tions are justified when the condition rd � kD holds (kD is

the Debye length).27

In the SCL regime, the non-monotonicity of / may

induce the emergence of barriers in Ueff for incoming

particles, which makes the situation significantly more com-

plex. Barriers in Ueff is a well-known problem that has

FIG. 1. Schematic view of the parameters required to describe the behavior

of a charged particle in the central force field generated by a spherical body

(dust grain). At a given radial position r, the particle can be either attracted

or repelled depending on the sign of z/0ðrÞ.
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been extensively studied in the case of incoming ions in

monotonic potential profiles under the name of the absorp-
tion radius effect.7,26,28–30 In the case of a non-monotonic

potential profile, barriers are expected to emerge for both

electrons and positive ions. Figure 2 shows profiles of Ueff

for electrons computed with a double Yukawa potential [see

Eq. (5)].

The largest solution to the equation Ueffðq; rÞ ¼ 1 corre-

sponds to the actual critical impact parameter. Barriers,

located at rM (which depends on the particle velocity v), are

found by solving Ueff ¼ 1 and dUeff=dr ¼ 0, which is equiv-

alent to

r3
M

dU

dr
ðrMÞ ¼ mv2q2

�; (3)

where q� is named the transitional impact parameter and is

defined by

q�ðvÞ ¼ rM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ze/ðrMÞ

mv2

r
: (4)

It is obvious that knowledge of the full potential profile

is required to find the barrier. In the following, we study the

special case of a double Yukawa profile:

/ðrÞ ¼ ð/d þ /0Þ
rd

r
exp n

rd � r

k

� �

�/0

rd

r
exp

rd � r

k

� �
; (5)

where /0, k, and n are parameters.31 It was shown that this

expression can fit accurately results from the exact Orbital

Motion (OM) theory.32 Note that k is the characteristic

screening length of the second term in Eq. (5), which is the

one that decays the slowest (since we use n > 1). Hence, k
should correspond to the plasma Debye length. Two

examples of double Yukawa profiles are plotted in Fig. 3 for

k ¼ 2rd; n ¼ 2; e/d=Te ¼ �1; e/0=Te ¼ 10 (a) and e/d=Te

¼ 0:5; e/0=Te ¼ 5 (b). In the following, T designates the

temperature of the plasma species, with a subscript e (i) for

electrons (ions) when required.

The position of the barrier, rM, is found by solving Eq.

(3), which is equivalent to (after some straightforward alge-

bra) solving the transcendental equation

1þ /d

/0

� �
1� n

rM

k

� �
exp n

rd � rM

k

� �

� 1� rM

k

� �
exp

rd � rM

k

� �
¼ rM

rd

mv2

ze/0

: (6)

On the other hand, the location of the minimum of /
(due to the VC), named rmin, is found by solving /0ðrminÞ
¼ 0, i.e.,

1þ /d

/0

� �
1þ n

rmin

k

� �
exp n

rd � rmin

k

� �

¼ 1þ rmin

k

� �
exp

rd � rmin

k

� �
: (7)

A fundamental difference between rM and rmin is that

the latter is a constant defined by the potential profile, while

the first depends on the velocity of the charged particle v.

The important assumption we bring here is that, in the case

of electrons (z¼ –1), we can approximate the location of the

barrier in the effective potential energy by the VC itself, i.e.,

rM � rmin. If verified, the currents can be calculated for the

known location and depth of the VC. The exact values of rM

for electrons were calculated for various shapes of the double

Yukawa profile, varying /d; /0, k, and n. The two extreme

cases, corresponding to the largest deviation between rM and

rmin, are plotted in Fig. 4.

For all the cases tested, the ratio rM=rmin remains in the

range of 0:5� 3. Keeping in mind that electrons are

Maxwellian distributed, the most probable velocity will be

vth

ffiffiffi
2
p

(vth ¼
ffiffiffiffiffiffiffiffiffi
T=m

p
is the thermal velocity), where rM=rmin

is very close to unity. Thus, we conclude that this approxi-

mation is reasonable.

We now define the so-called VC impact parameter qVC

in the same way as q� but replacing rM with rmin, i.e.,

qVCðvÞ ¼ rmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ze/min

mv2

r
; (8)

where /min ¼ /ðrminÞ. Figures 3(c) and 3(d) show q� and

qVC for electrons (z¼ –1) plotted versus the particle velocity

normalized to vth for the potential profiles plotted in Figs.

3(a) and 3(b), respectively. Both impact parameters are actu-

ally very close in the interval of velocity where they are both

below the OML critical impact parameter qOML
c . When a bar-

rier exists in Ueff, particles with qðvÞ � q�ðvÞ cannot be col-

lected, so the critical impact parameter for collection departs

from the OML one and saturates at q�ðvÞ when qOML
c ðvÞ

� q�ðvÞ. Thus, the critical impact parameter for collection in

the SCL regime is

FIG. 2. Effective potential energy Ueff of incoming electrons (z¼ –1) versus

the distance r for q ¼ rd=2 and different particle velocities. The largest solu-

tion of the equation Ueff ¼ 1 corresponds to the distance of the closest

approach, since particles are not allowed to exist in the region Ueff > 1. A

double Yukawa potential, Eq. (5), is used, with e/d=Te ¼ �1; e/0=Te ¼ 10;
k=rd ¼ 2 and n¼ 2.
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qcðvÞ ¼

rd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ze/d

mv2

r
if rd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ze/d

mv2

r
� q�ðvÞ

q� if rd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ze/d

mv2

r
> q�ðvÞ

0 if v �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ze/ðrMÞ

m

r
:

8>>>>>>>>><
>>>>>>>>>:

(9)

Since q� and qVC are actually close [see Figs. 3(c) and

3(d)], we can approximate qc in the SCL regime by substitut-

ing q� by qVC in Eq. (9). We find

qSCL
c ðvÞ ¼

rd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ze/d

mv2

r
if v > vm

rmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ze/min

mv2

r
if vc < v � vm

0 if v � vc;

8>>>>>>><
>>>>>>>:

(10)

where

vc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ze/min

m

r
and vm ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ze

m

v/d � /min

v� 1

� �s
; (11)

and v ¼ ðrd=rminÞ2. Again, the last lines in Eqs. (9) and (10)

should be taken into account only when z and /ðrMÞ (or

/min) are of the same sign (i.e., for ions). This impact param-

eter can be understood as follows: (i) if v � vc, the incoming

electron does not have a sufficient kinetic energy to over-

come the VC and cannot be collected; (ii) if vc < v � vm, a

barrier in the effective potential energy exists but particles

have a sufficiently high kinetic energy to pass the VC and

are collected; (iii) if v > vm, particles have such a high

kinetic energy that they do not see the VC and the critical

impact parameter is identical to the OML one.

We note that when /min ! /d; vm ! vc, which leads to

the disappearance of the second line in Eq. (10). In this case,

we recover the classic OML impact parameter.

The final cross-section for collection is r ¼ pq2
c . The

slight overestimation of the cross-section obtained with qVC

instead of q� is due to the fact that rM < rmin in this regime

of velocities. The error in the interval vc � v � vm corre-

sponds to the area where q� � q � qVC; q
OML
c in Figs. 3(c)

and 3(d) and reaches �30% in this case.

In all calculations performed in the case of ions using

the double Yukawa profile, we found the barrier to be

located inside the grain, rM< rd, meaning that the exact

cross-section for collection is equal to rOML with Eq. (2). In

this case, the ion current collected by the dust grain is given

FIG. 3. Double Yukawa potential pro-

file for k ¼ 2rd , n¼ 2, e/d=Te ¼ �1;
e/0=Te ¼ 10 (a) and e/d=Te ¼ 0:5;
e/0=Te ¼ 5 (b). The VCs are located

at rmin � 1:5rd (a) and rmin � 2rd (b).

OML critical impact parameter, transi-

tional impact parameter, and qVC

against the particle velocity normal-

ized to the thermal velocity, in the case

of electrons (c) and (d). (c) and (d) cor-

respond to the potential profiles plotted

in (a) and (b), respectively.

FIG. 4. Ratio of the location of the barrier in Ueff from Eq. (6) to the location

of the VC from Eq. (7) against the particle velocity v. rM=rmin remains in the

range 0:5� 3. We used e/d=Te ¼ �1.
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by the well-known OML expression. In the following, we

will focus on electrons and approximate the exact critical

impact parameter qc with qSCL
c since the VC is easier to com-

pute than the barrier in the effective potential.

B. Electron collection current

The electron current density is obtained by integrating

the collection cross-section with the velocity distribution

function fe of the species

Je ¼
e

4pr2
d

ð
vfeðvÞrðvÞd3v; (12)

where d3v ¼ 4pv2dv and fe is commonly assumed to be a

Maxwellian

feðvÞ ¼ ne
me

2pTe

� �3=2

exp �mev2

2Te

� �
; (13)

where ne is the background electron density. When substitut-

ing r ¼ pqSCL2

c in Eq. (12) and normalizing to the random

current J0 ¼ 1
4

en
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8T=pm

p
, we obtain, using the change of

variable v ¼ u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Te=me

p
Je

J0
e

¼ 2

v

ðum

uc

u3 þ u
e/min

Te

� �
e�u2

du

þ2

ð1
um

u3 þ u
e/d

Te

� �
e�u2

du; (14)

where

uc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� e/min

Te

s
(15)

and

um ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1� v
eðv/d � /minÞ

Te

� �s
: (16)

After integration, we obtain the final expression for the

electron current in the SCL regime

Je

J0
e

¼ 1

v
exp

e/min

Te

� �
1þ ðv� 1Þe~u
� �

; (17)

where

~u ¼ v
1� v

eð/min � /dÞ
Te

: (18)

This expression is also valid when the VC vanishes, in

which case the OML expression is recovered. Indeed, the dis-

appearance of the VC is obtained by rmin ¼ rd and /min ¼ /d

if /d � 0, and by rmin !1 and /min ¼ 0 if /d > 0.

Moreover, this more general expression allows us to

extend the validity domain of the theory to larger collectors,

since the assumption rd � kD made in the OML that ensures

the negligible role of barriers in Ueff can be dropped.

However, the collisionless and unmagnetized plasma assump-

tions still require rd � ke;i; qLe;i. Hence, the maximum body

size that can be used depends on the plasma background tem-

perature, density, and the magnetic field (if present).

III. THERMIONIC EMISSION IN THE SPACE-CHARGE
LIMITED REGIME

A. Generalities on thermionic emission from a
spherical dust grain

When heated up to high temperatures, dust grains and

emissive probes18 emit electrons through the THE effect.

The THE current density from an uncharged body is given

by the Richardson-Dushman formula33

J0
th ¼ e

4pmeT2
d

h3
exp �Wf

Td

� �
; (19)

where Td is the body surface temperature, h is the Planck

constant, and Wf is the material work function. In the OML

framework, the sheath potential profile is assumed to be

monotonic. In this case, the current is given by Eq. (19)

when /d � 0, since all emitted electrons are repelled from

the body and escape the sheath. When /d > 0, part of the

emitted electrons (corresponding to the low energy tail of

their distribution function) is attracted back, forming a return

current that effectively reduces electron emission. Electrons

that manage to escape the sheath are named passing elec-

trons, while those that return to the body are named trapped.

The THE current accounting for the potential drop is

obtained by integrating the velocity distribution function of

THE electrons, named fth, over the passing electron population

Jth ¼ e

ð
pas:

vfthðvÞd2v; (20)

where d2v ¼ 2pvdv. In the following, we assume the THE

electrons to follow a Maxwellian distribution associated with

the temperature Td. The velocity vector distribution function

is written as

fthðvÞ ¼ v
me

h

� �3

exp �mev2

2Td
�Wf

Td

� �
: (21)

This distribution ensures that Eq. (19) is recovered when

integrated over the whole velocity space.

B. OML case

The distinction between trapped and passing electrons is

named Trapped-Passing Boundary (TPB) and is given by the

energy conservation. In the OML case (monotonic potential

profile), the TPB is, when /d > 0,34

v2
r þ v2

h ¼
2e

me
/d: (22)

The OML TPB is a circle shown in the velocity space in

Fig. 5, where the trapped population is located inside the dot-

ted area.

The OML THE current JOML
th is obtained by integrating

in the velocity space outside of the TPB

063701-5 Autricque et al. Phys. Plasmas 25, 063701 (2018)



JOML
th

J0
th

¼ 1

p

ð
u2

rþu2
h�e/d=Td

u2e�u2

d2u: (23)

This integral can be calculated by switching to polar

coordinates in the velocity space. We obtain the well-known

expression for positively charged spherical bodies34

JOML
th

J0
th

¼ 1þ e/d

Td

� �
exp � e/d

Td

� �
: (24)

C. SCL case

In the SCL regime, the emitted electrons can experience

potential barriers in the effective potential energy, identically

to collected electrons. The TPB in the SCL regime is not eas-

ily defined. Similarly to Sec. II A and Ref. 20, we assume

that the barrier in the effective potential energy due to the

presence of the VC is located at the minimum of the VC, i.e.,

rmin. This means that the SCL TPB can be approximated by

v2
r þ ð1� vÞv2

h ¼ v2
p; (25)

where we introduce vp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2eð/d � /minÞ=me

p
. In the veloc-

ity space, this contour is an ellipse elongated along the vh

axis and is represented in Fig. 5. The emission current is

obtained by integrating outside of the TPB. We use the fol-

lowing change of variables:

vr ¼ u

ffiffiffiffiffiffiffiffi
2Td

me

r
cos a;

vh ¼ u

ffiffiffiffiffiffiffiffi
2Td

me

r
sin affiffiffiffiffiffiffiffiffiffiffi
1� v
p :

(26)

After integration by parts, Eq. (20) becomes

JSCL
th

J0
th

¼ 1� K1ffiffiffiffiffiffiffiffiffiffiffi
1� v
p þ 1ffiffiffiffiffiffiffiffiffiffiffi

1� v
p K2u2

p þ K3

	 

e�u2

p ; (27)

where up ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eð/d � /minÞ=Td

p
and

K1 ¼
2

p

ðp=2

0

da

1þ v
1� v

sin2a
;

K2 ¼
2

p

ðp=2

0

exp �u2
p

v
1� v

sin2a
� �

da;

K3 ¼
2

p

ðp=2

0

1

1þ v
1� v

sin2a
exp �u2

p

v
1� v

sin2a
� �

da:

(28)

One can find that

K1 ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� v
p

;

K2 ¼ exp �
u2

p

2

v
1� v

 !
I0

u2
p

2

v
1� v

 !
;

K3 ¼ g up; up

ffiffiffiffiffiffiffiffiffiffiffi
v

1� v

r !
;

(29)

where I0 is the modified Bessel function of the first kind and

g is a function defined as

gðx; yÞ ¼ 2

p
1

y

ðy

0

1

1þ t=xð Þ2
e�t2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� t=yð Þ2
q dt: (30)

Since the typical VC depth is of the order of the dust

surface temperature, we expect up � 1. In this case, gðup; yÞ
can be approximated by f ðyÞ ¼ expð�y2=2ÞI0ðy2=2Þ, as can

be seen in Fig. 6. On this ground, the THE current can be

expressed as

FIG. 5. Integration domains for the determination of the THE currents,

delimited by the TPBs for the OML and SCL cases.

FIG. 6. f and g functions. gðup; 	Þ can be approximated with f for up � 1.
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JSCL
th

J0
th

¼ 1ffiffiffiffiffiffiffiffiffiffiffi
1� v
p 1þ u2

p

	 

e�u2

p exp �
u2

p

2

v
1� v

 !
I0

u2
p

2

v
1� v

 !
:

(31)

We observe that, since I0ð0Þ ¼ 1, Eq. (31) recovers the

expression proposed in the OMLþ theory for v� 1, i.e.,

when the VC is far from the grain. The expression from Eq.

(31) is compared with exact calculations of Eq. (27) in Fig.

7(a), where JSCL
th is plotted for e/d=Te ¼ 0; Td=Te ¼ 0:2 and

v ¼ 1=4 as a function of the VC depth /min.

The agreement is nearly perfect for large /min because

up � 1. As /min ! 0, Eq. (31) leads to overestimations and

the current calculated can exceed the saturation value. We

conclude that the THE current in the SCL regime can be rea-

sonably estimated by Eq. (31) with a forced saturation at J0
th

when Eq. (31) gives JSCL
th > J0

th.

The new expression for the THE current is then com-

pared with the OMLþ theory. Identically to OMLþ, we

assume that the VC appears when /d exceeds the critical

value /�d which depends on Td=Te and rd=kD. Once the VC

is formed, we use reasonable values for its depth, i.e.,

/min ¼ /�d (see Fig. 2 from Ref. 20) and vary the VC posi-

tion v. The currents are plotted in Fig. 7(b) for rd ¼ kD and

Td=Te ¼ 0:2, corresponding to e/�d=Te ¼ �0:125 according

to OMLþ. It is confirmed that the new expression for the

THE current in the SCL regime recovers the OMLþ when

the VC is located far from the grain (v� 1). When v � 1,

the THE current is reduced. This can be understood using

the SCL TPB: electrons are passing if v2 � v2
p þ vv2

h, mean-

ing that there are less passing electrons as v! 1.

IV. DESCRIPTION OF THE VIRTUAL CATHODE

Describing the VC is easier than the barriers in the

effective potential energy, yet it is still not straightforward.

To be perfectly accurate, one should solve the Poisson equa-

tion in the OM framework, as was done in Ref. 32. Since we

are looking for a fast and simple way to estimate the currents

in the SCL regime, we need a direct expression for rmin and

/min. In the following, we will use results from Ref. 32 that

allow an estimate of the VC parameters within 15% accuracy

when compared with exact calculations made with the OM

theory. The transcendental equation for /min is

~/
2

minð1þ bÞ ¼ ~nth

4

rd

kD

� �2

1� erf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�d~/min

q� �


 expð~/minÞ � expð�b~/minÞ
	
þH expðd~/minÞ



; (32)

where ~/min ¼ e/min=Te; b ¼ Te=Ti; d ¼ Te=Td ,

H�1 ¼ ð1þ d~/minÞ
~/minð1þ bÞ

erf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�d~/min

q
� 1

� �

�
expðd~/minÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�d~/min=p

q
~/minð1þ bÞ

; (33)

and

~nth ¼
J0

th

2J0
e

exp � e/d

Td

� �
: (34)

Then, the VC position is obtained with

v ¼ H

~nth

: (35)

Another argument states that the depth of the VC is of the

order of the energy of emitted electrons that is, in the case of

THE, the dust temperature Td.
35 Finally, the OMLþ theory

allows the estimation of the dust critical potential /�d above

which the VC appears.20 In Figs. 8(a) and 8(b) are plotted the

VC parameters using OM results against the dust potential for

a W dust grain with rd¼ 1 lm and Td¼ 4500 K and for two

different electron temperatures (0.5 and 2 eV). In both cases,

e/�d=Te � �0:125 according to OMLþ. This value differs

from the estimations made in the figure, where the VC appears

at e/d=Te < �2, according to the OM theory. Due to lack of

any conclusive argument on which values to use, we opt for

the OM results since more physics is included.

This link between /d and /min allows the determination

of the dependence of the OML and SCL currents on /d, for a

given set of plasma parameters. This presents an improve-

ment to the OMLþ theory, where Poisson’s equation had to

be solved a priori for the value /�d to be known.

In Figs. 8(c) and 8(d) are plotted the OML and SCL cur-

rents against the normalized body potential. We observe that

FIG. 7. (a) THE current from Eq. (27)

(solid line) and Eq. (31) (dashed line).

(b) THE currents from OML (dotted

line), OMLþ with e/�d=Te ¼ �0:125

(dashed line), Eq. (31) with v ¼ 0:05

(solid line) and v ¼ 0:8 (dashed-dotted

line).
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JSCL
th starts decreasing as the VC appears and soon becomes

significantly lower than JOML
th , though having the same quali-

tative behavior. This result differs significantly from what

one would obtain using the OMLþ. Indeed, the OMLþ esti-

mates the VC depth to be lower, resulting in a THE current

closer to the OML value (as in Fig. 7).

The primary electron current is also lower in the SCL than

in the OML, because the VC acts as a filter that cuts off the low

velocity tail of the distribution function. Yet the discrepancy is

significant only when Te is of the order of (or lower than) Td,

i.e., in Fig. 8(c). In Fig. 8(d), for Te¼ 2 eV, primary electrons

have, for the most part, enough energy to pass the well (because

Te � Td), and the SCL current is very close to the OML result.

The much lower electron temperature used in Fig. 8(c) induces

a much lower electron current onto the spherical body because

most of the impinging electrons bounce back on the VC.

These results are of importance for both dust grains and

emissive probes. While the focus of this work is on spherical

dust grains, expressions for cylindrical and planar collectors

can easily be derived.

V. DUST ELECTRIC CHARGE IN THE THICK SHEATH
REGIME

The dust particle electric charge Qd is among the most

important dust parameters since it dictates particle transport

in the plasma via the Lorentz forces, as well as others (ion

and electron drag, thermal, etc.). The charge is related to the

electric potential through Gauss’s law

Qd ¼ �0

þ
Sd

r/:dS; (36)

where Sd is the dust surface area. This expression simplifies

to Qd ¼ �4pr2
d�0/

0ðrdÞ in our case. Using a Yukawa poten-

tial profile, one obtains25

Qd ¼ 4p�0rd/d 1þ rd

kD

� �
: (37)

In the thick sheath regime (i.e., when rd � kD), Eq. (37)

becomes the equation mainly used in OML-based dust trans-

port codes, QOML
d ¼ 4p�0rd/d. As pointed out in Ref. 20, in

the SCL regime, Qd can no longer be obtained from this clas-

sical expression since the dust electric charge can be positive

even whilst the dust potential is negative. Hence, there is a

need for a new expression for Qd.

Using the double Yukawa profile in Eq. (5), along with

/ðrminÞ ¼ /min and /0ðrminÞ ¼ 0, we find

/0ðrdÞ ¼ �
/d

rd
1þ n

rd

k

� �

þ/min

rd
1þ n

rmin

k

� �
exp

rmin � rd

k

� �
: (38)

FIG. 8. (a) and (b) VC depth and location from OM radial model approximation and (c) and (d) OML and SCL electron and THE currents and OML ion cur-

rent against the dust potential. The dust is made of W with radius rd¼ 1 lm and temperature Td¼ 4500 K. Background plasma parameters are n0 ¼ 1020 m�3

and Te ¼ Ti ¼ 0:5 eV (left) and Te ¼ Ti ¼ 2 eV (right).
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This expression can be conveniently simplified if we

place ourselves in the thick sheath regime, rd; rmin � k=n. In

this case

QSCL
d ¼ 4p�0rd/d 1� /min

/d

exp
rmin � rd

k

� �� �
: (39)

The calculated charge QSCL
d is plotted in Fig. 9 along

with the OML result for a W dust grain with rd ¼ 0:1 lm,

Td¼ 6000 K and e/d=Te ¼ �0:01. We used Eqs. (32) and

(35) to estimate the values of rmin and /min and assimilated k
to the Debye length kD.

As expected, the charge sign is changed from the OML

result. Moreover, the presence of the VC induces a much

higher electric field at the dust surface, leading to a charge

more than two times higher in the SCL regime. This could

drastically alter the dust transport in tokamak vacuum ves-

sels, since the electric force is directly proportional to Qd,

while the ion and electron drag forces are proportional to Q2
d.

VI. CONCLUSION

New expressions for the collection and emission of elec-

trons by a spherical body in the SCL regime have been

derived. They are based on the assumption that the barrier in

the effective potential energy is located close to the VC.

These expressions can be applied to any type of strongly

emissive spherical body immersed in a weakly or non-

magnetized and collisionless plasma. The thick sheath

assumption made in the OML theory is no longer required

for using the new expressions.

In the SCL regime, the current collection is significantly

reduced when the primary electron temperature is of the

order of (or lower than) the body temperature. The emission

current is always strongly reduced due to the presence of the

VC because the average energy of the emitted electrons is of

the order of the VC depth.

The association of the current expressions presented

in this paper and the equations for the VC parameters from

Sec. IV form important progress in comparison with the

OMLþ theory since it is less numerically demanding and the

correction to the electron collection current is accounted for.

The determination of the VC parameters (location and

depth) remains an important challenge even though some

estimates are available.

An expression for the dust electric charge is proposed

and can be used when the thick sheath regime applies, which

is the case for small grains and/or hot plasmas (since

kD /
ffiffiffiffiffi
Te

p
). It leads to changes in the dust charge sign and

magnitude that are carried forward to the electric and plasma

drag forces a dust grain experiences when transported in a

tokamak plasma.

Comparison with experimental data/PIC simulations is

planned for future works.
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