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A comparison between global and one-dimensional energy
balance models: Stability results
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Abstract. The stability of the equilibtia of Sellets’ [8] one
dimensional climate model can simply be determined from the
global net radiation imbalance. This is possible by using an
analogy between the steady state one-dimensional and time-
dependent zero-dimensional vetsion of enetgy balance climate
models. The following results are obtained: Two stable equi-
libria representing the “present day” and “ice-covered earth”
conditions are sepatated by an unstable steady state solution
which defines a boundary for initial situations to be attracted
by the related stable equilibsrium.

1. Introduction

This note deals with the stability of the equilibria of
Sellers’ [8] climate model. It is the intention to show that
global stability interpretations on this system can directly
be inferred from the basic steady state model version
without explicitly calculating the time dependence [5, 7]
or applying complex stability analyses [6]. This is made
possible by an analogy between the time-dependent zero-
dimensional and the steady state one-dimensional version
of energy balance models.

2. Analogy between steady state one-dimensionaland
time-dependent zero-dimensional energy balance
models

The time-dependent version of the zonally averaged and
vertically integrated (i.e. one-dimensional) equation of
the heat balance of the earth-atmosphere system is given
by:

aT d

ac—- cosp=a R(p, T) cosp + = F(p, T)cosp (2.1)
P

with the latitude ¢, the thermal inertia ¢ > 0, the earth’s

radius a, the zonally averaged meridional temperature

distribution T and two latitude and temperature depend-

ent quantities: the net-radiation R (in Wm~?) and the

Ein Vergleich zwischen globalen und eindimensionalen
Energiebilanz-Klimamodellen: Stabilitdtsergebnisse

Zusammenfassung. Die Stabilitit der Gleichgewichtslésungen
von Sellets’ eindimensionalem Klimamodell [8] 148t sich ein-
fach aus der unausgeglichenen globalen Strahlungsbilanz be-
stimmen. Dies wird dutrch eine Analogie zwischen stationirer
und zeitabhingiger Versioneines Energiebilanz-Klimamodells
erméglicht. Man erhilt folgende Ergebnisse: Zwei stabile
Gleichgewichtszustinde, die die heutigen Bedingungen und
die einer vollig eisbedeckten Erde darstellen, werden von
einer instabilen Losung getrennt. Diese stellt eine Grenze fiir
Anfangswette dat, die von den jeweiligen stabilen Gleichge-
wichtslésungen angezogen werden.

meridional transport of total energy F (in Wm-t). For
parameterizations of R and F see Appendix b.

Two types of nonlinear approximations for (2.1) will
be discussed in the following:

2) The neglect of energy storage together with inte-
gration over i = 1,..., 18 individual 10 °-latitude belts
([8], Eq. 2) yields a steady state and one-dimensional
discretized model equation:

0=Ri(T) - Ai 4+ Fi(T)-Li; —F(T)-Li (2.2)
with boundaty conditions

By =0 (2.3)

Fig- lm =0, (2-4)

where the area A; weighted net radiation R; of each belt
is balanced by the meridional energy fluxes in ocean and
atmosphere Fy, F; 1, (northward positive) through the
adjacent lateral boundaries 1i, l; 4 ;. Meridional tempera-
ture distributions consistent with (2.2), (2.3), (2.4) are
equilibrium solutions and denoted as T4. For those tem-
perature distributions which are only consistent with
(2.2) and (2.3) (i.e. Fig L,y # 0) one obtains

18
— Res (T) = Fyy- 1y = Z Riy(T) A; =
i=1
a2 (2.5)
o~ R (¢, T) cosp dp
-nif2
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where the negative residue Res (T) equals the global net
radiation imbalance (within the approximation of the
meridional discretization in latitude belts).

b) The global integration with the assumption of
latitude independent thermal inertia ¢ results in the
time-dependent zero-dimensional model equation

_ nf2
aT
G = R{p, T) cosp de (2.6)
~7f2
with the time-dependent global mean surface temperature
s'rf%
T (t) =

-mf2

T(p, t) cosp dp

In order to establish an analogy between the cases a)
and b) it is necessary to realize that for equilibrium so-
lutions T4 of (2.2) the energy fluxes vanish at the poles
(2.3, 2.4); i.e. an equilibrium T is obtained, for Res (T)
= 0 in (2.5) disappears. This residue Res(T) can be
calculated in a unique way after parameterizing the
radiation balance Ry(T) and the meridional energy flux
Fi(T) as a nonlinear function of the zonally averaged
surface temperature (for details see [2, 8]) and prescribing
the starting temperature T; (for the area between 90N
and 80N).
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Fig. 1. Continuous monotone increasing relation between the

starting temperature T* and global (mean sutface) temperatu-

reT. Upper indices denote the equilibrium solutions.
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A bijective functional relationship (continuous mono-
tone increasing) exists between the starting temperature
T, and related global mean temperature T which is
numerically established (Fig. 1). In the neighbourhood
of the starting temperature T% increments of 0.005 K
have been applied. Therefore, it is an obvious implication
of the steady state one-dimensional model’s iteration
method that the global net radiation imbalance can be
seen as a function of the global mean temperature alone,
i.e. Res = Res(T). Thus, comparison of (2.5) and (2.6)
reveals that the residue of a meridional temperature dis-
tribution T is directly proportional to the temperature
tendency of the zero-dimensional representation of the
model.

The next section will show how the stabilities of the
equilibrium solutions in Sellers’ climate model and their
physical interpretation can be directly deduced using the
above-mentioned analogy.

3. Stability results in Sellers’ (1969) climate model and
their physical interpretation

In Fig. 2 the function Res (T) is plotted for three values
of the relative intensity u of the solar constant. For the
“present day’ value of the solar constant (g = 1.00) the
model shows the three well-known [6] equilibrium so-
lutions (Res = 0) with global mean temperatures T? =
175K, T2 = 267K, T? = 288.5K and the related starting
temperatures at the N-pole T = 161K, T? = 229K,
T?% = 255.5K, respectively (see Fig. 1). T! = 175K
characterizes an “ice-covered” earth. Itis a globally stable
equilibrium solution because the residua in its neigh-
bourhood lead to temperature tendencies towards this
situation, i.e. an initial temperature distribution with T
= T? yields a residuum Res = 0 which is equivalent to
dT|ét = 0 (see section 2). T3 = 288.5K represents the
“present day” climate state which is another stable
equilibrium because the neighbouring temperature ten-
dencies are directed towards it (T' = T® leads to Res = 0
and thus ¢T[dt = 0). T2 = 267K, however, is an unstable
equilibrium. Any residuum in its neighbourhood results
in a global temperature tendency which is repelling the
globally averaged state variable T from this sit-
uation. The subsequent direction of the globally averaged
temperature flow tends (i) towards the “ice-covered”
earth T! for starting conditions which result in T < T%,
and (ii) towards the “present day” situation T3 for initial
values equivalent to T > T2 (as indicated by the arrows
in Fig. 2, for u = 1.00). Thus, T? represents a climate
which cannot evolve from any initial conditions with a
global mean temperature T # T2 Therefote the unstable
steady state T2 can hardly be interpreted as an “ice-age”
climate (as done by Crafoord and Killén [1]; instead, T2
must be seen as the boundary for initial values T between
the attractive basins of the stable equilibrium solutions
T1 and T®, respectively.
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The two other graphs of Fig. 2 can analogously be
interpreted, They are distinguished from one anather by
the incoming solar radiation being gradually decreased
by 3%, (s = 0.97) and 5% (a = 0.95) of the “present
day™ value, The “width™ of the attractive basin of equi-
librium T* appears to depend strongly on the relative
intensity p of solar ingolution, For g = 0.97 this basin
vanishes, T ? being a double solution of Scllers’ model
and for g < 0.97, T! remaing the only equilibrium, As
our steady state one-dimensional climate system appears
to be an analogy of the dme-dependent globally inte-
grared version (see section 2), this seructural inseability
occuering at g = (.97 coincides with Fraedrich®s [3]
anlysis of a zero-dimensional energy balance model.

4. Conclusion

Some of the results described above have been derived by
Ghil [8] afeer quite 2 comples mathematical analysis of
Sellers” [8] model. Realizing Ghil’s assumption of sym-
metric hemispheres (which also explains some minor
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quantitative differences), his figures (2a) and (6) can
now he interpreted in the light of our results by showing
an analogy between steady state one-dimensional and
time-dependent zevo-dimensional energy balance mo-
dels, In this sense, out note describes an approach which
gives further insight into the global stability of Sellers”
one-dimensional climate model {15 analysed by Ghil [6])
and which is linked with the structoral analysis of a zero-
dimensional climate aystem [3, 4].

Appendix

a) Dafinition of fndices in the steady stave owe dimentions!
gl

The globe is divided in 18 latitude belts, each of them
10 " wide. The separating latitnde circles (poles included)
are numbered from north to south (i = 1, .., 19). Each
latitude belt has the same index as ite northern boundary.
The index of a latitude dependent suantity corresponds
with that of the helt or circle the quantiey is defined on
{see appendix b; further details in [2]).
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b) Parameterization of net radiation and energy fluxes

Net radiation and flux of total energy (see 2.2) are para-
meterized in the following way. For further details and
values of the different constants see [2] and [8].

Ri= Q- (1 —a)—L ®1)
where

if Ty — 92 < 283.16K
if Ty — pZs = 283.16K
if bi — d - (Tl — ?Zi)
>0.85

oTi* [l — m - tanh (T4 - 19-10-19)]

by — d - 283.16K
l 0.85

[bl—d (Ti——yzi)

a) =

L=

The meridional flux of total energy has three compo-
nents: the fluxes of sensible and latent heat within the
atmosphere (Ciyy and Leiy,) and of sensible heat in the
ocean (Siy,), each of which is parameterized separately.

C
Cig = — (Mg [Vig - Ti —
d 1 B2)
== AY * I{j'TIH " {]Ti+1]
LCiyy =L (4p)its - [Vign - 01 —
1 B3)
=yt King WV + (49))114]
S L C A
it = — LI_Y s lw t Ow ( Z)1+1 (B4)
¢« Py - Kigg© - (AT)igq
where
e < 8
Vig = — 8un * [(@D + [TT] g
&
SE = E * i
&
(A = o L/ (RAT) - €igy * (AT )iny
Cipq == 3—1 . [1 — 0.5 EL[‘(RlTi‘Z) " (AT)HI]
o — 2+ 10 ATE=TH](r4+T3—T%)

(AT)ip= Ti — Tiny

List of symbols:

1) Constants

Cp,/Cor heat capacity of air at constant pressure and
D pacit; P
of water
d albedo coefficient
g accclerat%on of gravity
L evaporation enthalpy of water
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m atmospheric attenuation coefficient

p mean sea level air pressure

R gas constant of dry air

14T1 constant temperature difference for parame-
terization of meridional transport velocity
(see [2])

Ay width of latitude belt

p adiabatic lapse rate

e gas constant ratio of air and water vapor

A, p, v, T* coefficients of Magnus® formula

ow density of water

7 Stefan-Boltzmann constant

11) Quaatities defined on latitude circles

a meridional exchange coefficient

c,C, S, F fluxes of water vapor, sensible heat in the
atmosphere and in the ocean, total energy
respectively

e saturation vapor pressure

KW, KH, KOeddy diffusivities of latent heat, sensible heat
in atmosphere and ocean respectively

LIl length of latitude circle, ocean covered por-
tion of 1

Ap, Az pressure depth of troposphere, ocean depth

AT temperature difference between adjacent lati-
tude belts

v meridional transport velocity

III) Quantities defined within latitude belts

area and mean surface elevation of latitude
belt

albedo coefficient

saturation vapor pressure

longwave emission, insolation, net radiation
sea level temperature

planetary albedo
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