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Very simple explicit analytical expressions are discussed, which are able to describe
the dispersion relations of longitudinal waves in strongly coupled plasma systems such as one-component plasma and weakly screened Yukawa fluids with a
very good accuracy. Applications to other systems with soft pairwise interactions
are briefly discussed. © 2017 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5002130

I. INTRODUCTION

Collective dynamics in strongly coupled plasmas is an important research topic with interdisciplinary relations (e.g. to collective motion in other condensed matter systems). It is particularly
relevant for complex (dusty) plasmas – systems of charged macroscopic particles immersed in a
plasma environment. The charge of these particles is typically very high (103 104 elementary
charges) and they usually form condensed liquid and solid phases due to strong electrical interactions. It is well understood that dispersion properties of strongly coupled plasmas significantly deviate
from those of ideal gaseous plasmas.1–3
There is a number of different theoretical approaches to describe waves in strongly coupled
systems that have been discussed in the context of complex plasmas. These include, for example, the
approaches of generalized hydrodynamics,4–6 multicomponent kinetic approach,7 and the quasilocalized charge approximation (QLCA).8–10 Comparison with direct numerical simulations documented
good performance of the QLCA model, at least for weakly and moderately screened systems
(one-component plasma and Yukawa fluids with interparticle separation equal to several screening
lengths or shorter).10–13 In this paper we demonstrate that the QLCA model can be reduced to a set
of two simple coupled explicit expressions, which allow to describe very accurately the longitudinal
dispersion relations in a wide parameter regime.
The QLCA model [also known as quasi-crystalline approximation (QCA)14,15 ] relates wave
dispersion relations to the interparticle interaction potential and the equilibrium radial distribution
function (RDF) g(r), characterizing structural properties of the system. It can be considered as either
a generalization of the random phase approximation or as a generalization of the phonon theory of
solids14 (this is why the term QCA is appropriate16 ). The radial distribution function in the fluid phase
can in principle be obtained from direct numerical simulations or from integral equations of liquid
state theory. For classical crystals with isotropic interactions, in addition to numerical sumulations,
a shortest-graph method has been recently applied,17,18 which can be further modified to include
anharmonicity effects.19 It turns out, however, that to describe the long-wavelength portions of the
dispersion curves a very accurate knowledge of g(r) is unnecessary. The main idea is that since in
the QLCA model the function g(r) appears under the integral, an appropriate model for g(r), even if
it does not describe very accurately the actual structural properties of the system, can nevertheless be
helpful in estimating the behaviour of dispersion curves.
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For sufficiently steep interactions (like for instance the Lennard-Jones potential) the radial distribution function can be effectively modelled by a delta function g(r) ' Aδ(r − r0 ), where r 0 is
roughly the mean interparticle separation and A is a properly adjusted weight.14 It was demonstrated
previously that this is a very useful approximation to describe wave dispersion of conventional atomic
liquids (e.g. such as Ar and Rb).20
The situation is, however, different for soft interactions occurring in the plasma-related context.
Here, due to a long-range character of the interaction potential, the function appearing under the
integral of the QLCA model is also long-ranged and a different motel for g(r) seems more appropriate.
Recently, it has been proposed21 to take the simplest possible model g(r) of the form
g(r) = θ(r − R),

(1)

where θ(x) is the Heaviside step function and R is again of the order of the mean interparticle
separation. Physically, this trial form seems reasonable, because the main contribution to the longwavelength dispersion corresponds to long length scales, where g(r) ' 1. The excluded volume effect
for r ≤ R allows to properly account for strong coupling. Previously, a similar RDF was employed
to analyse the main tendencies in the behaviour of specific heat of liquids and dense gases at low
temperatures.22 It was also used to calculate the dispersion relation of Coulomb bilayers and superlattices at strong coupling.23 The approach was demonstrated to be satisfactory even without precise
determination of R. However, the radius of the correlational hole R is generally not a free parameter
of the approximation. It was proposed21 to determine R from the condition that the model form (1)
delivers good accuracy for the excess internal energy and pressure (which can also be expressed
as integrals over g(r) for pairwise interactions24,25 ). This simple approximation demonstrated very
good accuracy when applied to weakly screened Yukawa systems.21 Here we go further and provide an explicit expression for the excluded hole radius R. We then demonstrate that an emerging
set of two simple coupled expressions allows us to describe very accurately the long-wavelength
dispersion relations of strongly coupled plasma fluids. To do this, detailed comparison between the
calculated dispersion relations and the benchmark results from previous numerical simulations is
performed.
II. METHODS

The Yukawa systems considered here are characterized by the repulsive interaction potential of
the form V (r) = (Q2 /r) exp( r/λ), where Q is the particle charge, λ is the screening length, and r is
the distance between a pair of particles. The phase state of the system is conventionally described by
the two dimensionless parameters,26 which are the coupling parameter Γ = Q2 /aT, and the screening
parameter κ = a/λ. Here T is the system temperature (in energy units), n is the particle density,
and a = (4πn/3) 1/3 is the Wigner-Seitz radius (three-dimensional systems are considered here).
When κ → 0 the one-component plasma (OCP) limit is recovered, however neutralizing background
should be added to keep thermodynamic quantities finite. Yukawa systems are normally referred
to as strongly coupled when Γ  1. The Yukawa potential is considered as a reasonable starting
point to model interactions in complex (dusty) plasmas and colloidal dispersions,2,27 although in
many cases the actual interactions (in particular, their long-range asymptotes) are much more complex.2,28 The effects of the long-range asymptote of the interaction (deviations from the pure Yukawa
shape) on the dispersion relations of the longitudinal waves in complex plasmas have been recently
discussed.15
For the Yukawa interaction potential and RDF model of Eq. (1), the generic expressions for the
QLCA dispersion relations (containing rather complex integrals10,11 ) can be integrated analytically.
The resulting dispersion relation of the longitudinal mode is21
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where ω is the frequency, q = ka is the reduced wave number, ωp = 4πQ2 n/m is the plasma frequency
scale, m is the particle mass, and R is expressed in units of a. In the limit where correlations are absent,
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R → 0, the conventional dust-acoustic wave dispersion relation30 is recovered
ω2 =

ωp2 q2
κ 2 + q2

.

(3)

In the strongly coupled fluid regime we need to evaluate the appropriate radius of the correlational
hole, R. As pointed out above, a reasonable approach is to require that the system excess energy and
pressure are reproduced accurately when the approximation (1) is substituted in the corresponding
integral equations. The difference between the energy and pressure routes is very subtle for weakly
screened Yukawa systems,21 and we use the energy route here, which proves to be somewhat more
simple. For soft interactions considered here, it is well known that the thermodynamic quantities
such as internal energy, pressure, or compressibility are dominated by the static contribution in the
regime of strong coupling.31 For Yukawa systems this static contribution is very well accounted for
by the ion sphere model (ISM), provided κ is not very large.32,33 The excess internal energy of the
ISM model is
κ(κ + 1)Γ
.
(4)
uex =
(κ + 1) + (κ − 1)e2κ
On the other hand, the integral energy equation, for the model RDF of Eq. (1), yields
uex =

3Γ
(1 + Rκ) e−Rκ .
2κ 2

(5)

In equating (4) and (5) we use the fact that R ' 1, so that we can substitute (1 + Rκ) with (1 + κ)
in Eq. (5). In doing so we get a particularly simple explicit expression for the excluded volume
radius R,
#
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1
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.
(6)
R(κ) ' 1 + ln
−
κ
κ2
κ3
Roughly, this yields R(κ) ' 1 + κ/10 for the regime of weak screening considered. Note that the size
of the correlational hole turns out to be virtually independent of Γ. This indicates that in the regime
of strong coupling wave dispersion relations (in properly normalized units) are practically insensitive
to the exact coupling strength. The set of equations (2) and (6) represents a very simple practical tool
to describe the dispersion relations of the longitudinal waves in strongly coupled Yukawa systems.
Below, we demonstrate the high accuracy of this approximation at long wavelengths by comparing
it with the results from benchmark numerical simulations.
III. RESULTS AND DISCUSSION

We start with the OCP limit, corresponding to the unscreened Coulomb interaction between the
particles. The dispersion relation of the longitudinal plasmon mode follows directly from Eq. (2) by
taking the limit κ → 0:
!
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An approximate equation (6) yields R = 1 in this limit. A somewhat more accurate
analysis, which
√
takes into account specifics of the OCP, results in a very close value of R = 6/5 ' 1.09545.21 The
plasmon dispersion relations calculated with the help of Eq. (7) are plotted in Fig. 1 for the two
strongly coupled state points. The symbols correspond to the results derived from MD simulations.29
The agreement is very good.
The accuracy documented in Fig. 1 is not expected to hold at weaker coupling. This is because
the original QLCA model is itself not designed for this regime8 and hence lacks accuracy. In particular, it cannot describe the transition from the positive to negative dispersion34,35 at Γ ' 10. Here
positive/negative dispersion refers to the positive/negative sign of dω/dq at q → 0 (note, that in this
sense the dispersion is always negative within the QLCA model). Useful modifications which allow
to capture the onset of negative dispersion at moderate coupling have been recently discussed.36
Next, we compare the results of calculation using Eqs. (2) and (6) with the results obtained
for the dispersion of Yukawa fluids using molecular dynamics simulations.12,13 This comparison is
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FIG. 1. Dispersion of the longitudinal (plasmon) mode of the strongly coupled OCP. The coupling parameter is Γ = 110.4
(a) and Γ = 152.4 (b). Symbols correspond to the results from MD simulations.29 The curves are plotted using Eq. (7) with
two different values of the parameter R (R = 1.1-solid; R = 1.0-dashed).

shown in Fig. 2 for four state points, located near the fluid-solid (freezing) curve. In all cases the
agreement is impressive in the range q . 3, especially taking into account the level of simplifications
involved.
In the long-wavelength limit (q → 0), Eq. (2) provides the QLCA elastic longitudinal sound
velocity:

exp(−κR) 
13 2 2
1 3 3
κ R + 10
κ R ,
(8)
cL2 =
1 + κR + 30
2
κ
where the velocity is expressed in units of ωp a (to get the sound velocity in units of thermal velocity,
√
√
3T = T/m, one should multiply cL by the factor 3Γ). We plot the resulting QLCA sound velocity for Yukawa systems at the fluid-solid phase transition (Yukawa melts) in Figure 3. The curve is

FIG. 2. Dispersion of the longitudinal waves in Yukawa fluids near the fluid-solid phase transition (the values of κ and
Γ are indicated in the top left corners of Figs. (a)-(d)). Symbols with error bars correspond to the results from numerical
simulations.12,13 Solid curves are calculated using Eqs. (2) and (6) from this paper. The corresponding values of R appear in
the bottom right corners (note, that to a good accuracy R ' 1 + κ/10).
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FIG. 3. Sound velocity of Yukawa
systems at the melting temperature (Yukawa melts). The sound velocity, normalized
√
by the thermal velocity 3T = T /m, is plotted as a function of the screening parameter κ. The symbols correspond to the
thermodynamic definition of the adiabatic sound velocity.37 The solid curve corresponds to the elastic sound velocity calculated
from Eq. (8). Note that the sound velocity diverges in the OCP limit (κ → 0).

obtained using Eq. (8) with the coupling parameters at melting tabulated previously.26 The symbols
correspond to the conventional thermodynamic approach37,38 to the adiabatic sound velocity in fluids.
It is observed, that the QLCA elastic sound velocity cL slightly overestimates the thermodynamic
sound velocity cTh . This observation is not surprising37,39 and the reason for this overestimation is
well understood. For systems with soft pairwise interactions in the strongly coupling regime, the
thermodynamic sound velocity is to a good accuracy related to the longitudinal (cL ) and transverse
2 ' c2 − 4 c2 .39–41 Since normally c  c in this regime, the QLCA lon(cT ) elastic velocities via cTh
L
T
L
3 T
gitudinal elastic sound velocity cL is close, but slightly above the thermodynamic sound velocity cTh .
As the potential steepness increases (the regime not considered here), the difference between cL and
cTh will also increase. It has been shown recently that in the limit of hard-sphere-like interactions,
QLCA becomes grossly inaccurate and should not be applied.42,43 In particular, this happens when
the ratio of potential-to-kinetic energy drops below unity even for dense fluids in the vicinity of the
fluid-solid phase transition.44 In this regime fluids exhibit strong correlations in the absence of strong
coupling (extreme example corresponds to hard-sphere fluids where potential interactions are absent
at all).43 The conventional plasma fluids considered here are normal in this sense: Strong correlations
are always related to strong coupling.
In the short-wavelength limit (q →∞), Eq. (2) tends to the QLCA Einstein frequency,
Ω2E =

ωp2

e−Rκ (1 + Rκ),
(9)
3
which is the oscillation frequency of a single particle in the fixed environment of other particles,
characterized by a given RDF. Combining Eqs. (9) and (5) we immediately arrive at
!2
ΩE
2κ 2 uex
=
.
ωp
9Γ
This represents the exact relation between the Einstein frequency and reduced excess energy in
the special case of the Yukawa interaction potential. Thus, the approach is virtually exact in the
short-wavelength limit.
At intermediate wavelengths (i.e. at 3 . q .∞) the deviations between QLCA calculations with
exact and model RDF are significant.21 This regime is, however, of rather limited interest from the
practical point of view.
IV. CONCLUSION

The main results from this study are as follows. Simple approximation for the radial distribution
function has been used to derive analytical expressions for the wave dispersion in strongly coupled
plasma fluids within the framework of the QLCA model. The performance of this approximation
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has been tested against the benchmark results from previous numerical simulations and a very good
agreement has been documented at long wavelengths (the approximation is also virtually exact in the
short-wavelength limit). This agreement is unlikely related to the particular form of the interaction
(Yukawa and Coulomb) considered here. Rather, the approach is expected to provide accurate and
reliable results also for other related soft pairwise interactions. A recent supporting example is given
by the two-dimensional one-component-plasma with logarithmic interactions, where the approach
works extremely well.45 Thus, a new simple and accurate tool to describe collective dynamics in soft
interacting particle systems, without accurate knowledge of structural details, emerges.
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