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minimum phase, underactuated robot process of Invariance Control can be simplified, compared
with the general case.
Abstract The paper is organized as follows: The system class and the

) ] ] control design goal is defined in SectidnThen the main result
In this paper we extend earlier results on Invariance Control {8isting of an Invariance Control design method is presented
the special class of nonlinear control input affine systems wifh gactions. Finally we illustrate the proposed theory by an

relative degree two. A switching strategy for control param%i(periment with an underactuated robot in Section
ters and an easy to calculate invariance region together form an

intelligent switching Invariance Controller, achieving asymp,
totic stability for the controlled dynamics and positive invari-

ance of a prescribed bounded state space region. Experimétgis paper we consider nonlinear SISO-systems of the form
with an underactuated robot show the applicability of the pro-

System Class and Control Design Goal

posed theory. L1 = 22 @)
To =1 (2)
1 Introduction z2=f(z,2) +g(z,2)u (3)
Many important control systems have more degrees of frakith the system internal state € R"~* and the controlled
dom than actuators. Some examples are the Vertical Take 8ftex = [z1 22]”, a drift and control input vector field

and Landing (VTOL) plane, motor vehicles, marine vesself; g € C' with f,g : R" — R"~2. The control inputu is
combustion systems, and underactuated robots. Amongst @&umed to be unlimited.

isting nonlinear control methods some are suitable to cont§@ha that this class of system usually results from a normal

systems with reduced relative degree, e.g. passivity based 8, feedback linearization; thus the considered system class
trol [2, 14], backstepping4], etc. Output regulation has been,\ers many practically relevant nonlinear systems.
addressed byi[ 5]. Discontinuous feedback control algorithms

have been proposed by, [10]. The novel methodnvariance agsumption 1 There exists a differentiable, radially un-

Control, keeps a prescribed state space region positively |5 ,1deq functionb, («-1, =) defining an open and connected

variant and guarantees in addition asymptotic stability of the. . space regiofl = { (a1, 2) | ®o (21, z) < 0} with bound-
controlled dynamics. Choosing such an invariance region iy 55 'such that ' T

the right way enables a control designer to take pre-specifie o
i i i i i I,z

state space constraints into account, to achieve internal stabil?®o(z1, 2) flz,2) <0 Y(x,z) €GN {xs =0} (4)
ity, and to guarantee robustness with respect to system param- 0z
eter perturbations and control input limitations. Having dis-, . . .
cussed Invariance Control for a general class of control insll-fﬂ['s means that the zero-dynamlcs manifold of systﬁ)m(_?q)

: . . : with respect to an output functioh = z; = const, with
affine nonlinear systems in earlier work B] we now focus on c 0)-01. is supposed to be at least locally stable in the
the special class of nonlinear control input affine systems with [21(0); 0], PP y

relative degree two for the following two reasons: sense of Lyapunov.

1. Alot of underactuated systems belong to the class of mEae control design goal is as follows: Given a state space
chanical or mechatronic systems. In the case of a SIS®gion G C R", find a controlleru(zx, z) such that with
system feedback linearization leads to a double integratar(0), z(0)) € G we obtain for the controlled systeri){(3)
subsystem. Hence, in spite of considering a general asymptotic stability
time integrator subsystem it makes sense to focus on the . .

X . . lim x(t) =0 (5)
special case = 2, i.e. on a double integrator subsystem. t—o00
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and positive invariance @ decreasing condition along the zero-dynamics1(B8) w.r.t.
x1 = const, g = 0. Beyond these savings of analytic com-
(x(t),z(t) €G Vi€ [to,00). (6)  putation the zero-dynamics are often already well examined in
a preceding system analysis step, hence a first integral for the
zero-dynamics, which is part of the invariance function, is of-
ten known in advance.

A control method that is able to fulfill both goals is callkd
variance Control[7]; the regiong is called aninvariance re-
gion. Due to 6) subsystem)-(2) is calledcontrolled dynam-

icsand @) internal dynamics o :
© y 3.1 Switching Linear Controller

It is well known that the above formulatsg@miglobaltability

goal is not possible if systemi)-(3) is non-minimum phase The linear subsysteni)-(2) is controlled by the switched PD-
[15]. In this case only local results can be achieved. Therefdr@ntroller

we modify our control goal to: Find krge regionGg C R"

and a controllen(x, z) such that with(z(0), 2(0)) € ¢ the w(@y(t), ka(t), @) = kp(21(t) — 1) — ka(t) 22 (9)
two goals b) and 6) hold for controlled system1j-(3). In . . . o _ _

this case standard linear control methods achieve small regi¥fid! @ Piecewise constant switching velocity gain(t) > 0,

of attraction only. Existing nonlinear methods based on e§PIECewise constant switching desired valge), and a con-
backstepping4] or feedback passivatiori ] do not apply for S ant proportional gaik, > 0. The initial value fork, is de-
systems of the formi)-(3). Therefore the main contribution of10t€d bykg"* > 0.

this paper is to solve the local stabilizing control problem with this section we present a switching algorithm #di(t) and

the invariance regiog as alarge region of attraction without £, () that achieves asymptotic stability for the linear subsystem
the need of a control Lyapunov-function (clf) for the overa|l1)-(2). In Section3.2we show that the freedom of changing

system ()-(3). the transient behavior of the linear subsystéja(2) by switch-
ing the control parametd;(¢) and the desired valug (¢) can
3 Invariance Control be used to solve the invariance problesh (

First necessary and sufficient conditions for a state space 1€ parameter switching algorithm fof () andk,(t) is pre-
gion to be positively invariant are given. We consider regio$&nted as a hybrid automaton with state transitions: tad

G defined implicitly by actions aat The basic functionality of Algorithni is as fol-
= ) @ b} S O 7 i M
G ={(z, 2)| (z,z2) } ) Algorithm 1: tranl tratI;Q
where® ¢ Clis referred to as thvariance functior{8]. The actd 1 o
boundary ofG is given bydg = {(x, z)| ®(z, z) = 0}. With
this representation a necessary and sufficient conditiog for W trans
be positively invariant is that the time derivative®falong the actd ran
trajectory of systeml()-(3) must not increase on the boundary| act3
9g, i.e. actl: o3 = zq, kg = ki tranl: (z,z) € 9G
- 0 act2: kg = kim0 tran2: (z,z) € 0G Axy >0
- act3: xi(t) = 1, kg = k" | tran3: xp =0
e=Ve |0 +Ve |\1lu<0, VY(x,z)€0G, (8) actd: z¥ =0, kg = ki tran4: (x,2) €
f g ' ! X

where theV-operator is used as the total derivatilgl(x, z),

resulting in a row vector. In case®[0 1 g7]7 # 0 we can lows: in the initial state of the controllémi the initial settings
always find appropriate values fare R so that theénvariance z7(t) < 0 andk’" are specified. In the controller stap-
condition(8) holds. Points where the control input vector fielgroach we haver;(t) =0, ks=k:", hence the linear subsys-
[01 gT]7 of the overall system1)-(3) lies in the tangent spacetem converges asymptotically towards the origis 0. In the

of G and where in addition the terRi®[z5 0 fT]T is positive controller statevait , the damping of the linear subsystem is
are callecescape pointf7] as there, no value aof can keep the increased by switching,(¢) to a higher valué:**. Moreover
state(x, z) insideG. Thus not every region is suitable to beci(¢) is set temporarily to the actual valueof(t). Therefore
controlled positively invariant. after a short transient behavior to the new desired valie)
ttgg convergence of the linear subsystem is stopped at the actual
gositionx’{ and due to a special choice @fthe internal state
z runs along a stable trajectofy; = z7(t), 2(t)) of the zero

In [8], design methods for Invariance Regions are presen
for the case of a generaltime integrator subsystem. In thes

ﬁ]ppg?g;g;O;gnhai’rg?gggr?efsug?tfg f:lglrmgz tllmlesgif_re%sjnamics until the transition condition trars fulfilled and the
9 g ray Y .controller changes back into the stafproach .

der differential equations. A major simplification of the invari-
ance region design process can be achieved when considefiagvill be explained in detail later on it is important for keeping
the case of relative degree two as in this case we only nee@ mvariant to constrain the transient behavior of the controlled
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linear subsystem to aperiodic behavior. This is achieved tBpresents a Lyapunov-function for the controlled overall sys-

demanding tem (1)-(3) in the regiony. Assumption2 completes the list
kq(t)? — 4k, >0 (10) of restrictive system assumptions together with Assumption

o However these assumptions are still much easier to fulfill than

for the switching paramete (t). global Lyapunov-function assumptions.

Therefore the linear subsystef){(2) controlled by @) has two

real eigenvalues;, \» with a minimum eigenvalua™*. We Proposition 2 Consider the linear subsysteifi)-(2) con-

now state a proposition on the transient behavior of the camlled by (9) with the switching parameterk,(t) and x7(¢)

trolled linear subsystem, which is an important intermediatietermined by Algorithmi such that(10) holds. Under As-

result for the following main theorem. sumptionl and 2 the controlled linear subsystem is asymptoti-

cally stable.

Proposition 1 Consider the linear subsysterfi)-(2) con-
trolled by the switching linear controllef9). We assume with- Proof:  Consider the quadratic positive definite Lyapunov-

out loss of generality:; (0) < 0. If the initial statex:(0) fulfills  like function V' = 1/2 (piz? 4 pox3) with two constants
the condition p1 > 0,ps > 0. The time derivativel’ along the trajec-
, tory x(t) of the linear subsysteml)-(2) controlled by )
z1(0) X" > 25(0) > 0, (11) while the controller statepproach is active calculates as
V = x129 (p1 — paky)—p2kix3. Choosing, = pok,, yields

kq(t) andx? (t) are switched as determined by Algoritirand
kq(t) fulfills the aperiodic constrainf10), thenzy(t) > 0 for
all timest > 0.

V = —p2kx3. We will next show that with each passing
through the statevait , the functionV” is non-increasing: Let
t; denote the time when the sta@proach becomes pas-
sive andt;., the time when it becomes active again. Due
Proof: Without loss of generality we assume < A2. AS tg Assumption2 the timet;,; — ¢; is finite. Both possi-
both eigenvalues are real, we obtain by standard calculus gje actions a& and acs which may occur during the passive

real solutionzy(t) = cidieM’ + coh9e?" with two real time of stateapproach are so that the inequality conditions
constantsc; = (—x2(0) +21(0)A2) /(A2 — A1) and ez = 0> 2y (¢t > ;) > @y (t = t;) and0 < @yt > t;) < @t = t;)
(2(0) = 21(0)A1) / (A2 = A1) hold, henceV (t;41) < V(t;). Therefore, with each passing

Stateapproach: ~ The switching velocity gain is, = k. through the statevait the Lyapunov-like functionV does
With constraint (1) for z(0) we obtainc, < 0 and—cs > c;. not increase. Due to Assumptiéhthe controller statap-
From this we can concludg \; > 0 and hencers(t) > 0in proach remains active at least as long as the system state

the case; < 0. If ¢; > 0 the relation—cy )y < ¢\, follows (.w(t)7z(t)) is !ogated in the regior, guaranteeing a minimum
from —cy > c1, yielding —codoe??t < ;)\ et and hence time of stay within the controller statgpproach . Hence after

each switching tapproach a minimum time of convergence
l’z(t) > 0. . . -
_ o . _ of the linear subsystem follows, assuring a minimum amount
Statewait:  The switching desired value is; (1) = =1(f) |AV™"| > 4||z||,y > 0 of decrease of’ during the active
and the switching velocity gaif,(t) is calculated so thaB time of approach. As shown e.g. i this is enough argument

holds. Ifzo = 0 we again switchej(t) = z1(¢) (tram3, acB), to prove asymptotic stability of the switched linear subsystem.
resulting inxz; (t) = const, xz2(t) = 0 until the system changesg

back to the statapproach . Thus we have:;(¢) > 0 during
the active time of the stateait . B 32 Main Theorem

Assumption 2 There exists a n-dimensionally expanded opérPnsider the invariance function
reglonx C G with the property that | _ O(w, z) = Bo(1,2) + v 2 - (12)
i) every phase curve of all zero dynamics corresponding to
an output functiomh = x; with rangingz; € [21(0);0] Assumption () assures that with the switching linear controller
enters in finite time¢\ dx, described in SectioB.1for the linear subsysteni)-(2) no es-

cape points exist.
i) the subsetNog is invariant for trajectories of syste(i)- ] .
(3) controlled by(9) with the initial setting of the switch- I order to compensate the influence of the control inpoh
ing parameters,(t) = k7 anda* (t) = 0. the internal dynamics3j we calculate a positive* by the con-
¢ straint optimization problem
The above point) can always be fulfilled since by Assump-

tion 1 the zero-dynamics are at least locally stable. Pijnt ~v* = O max Wg(ag z)

is needed to assure that the statez) of system {)-(3) with ©F Z

active controller statapproach remains inG\dg for a finite W.rt (i) ®o(z1,2) +ya2 =0 (13)
time so that a dwell time argument assures asymptotic stabil- . 0P¢ (21, 2)

ity of the switched linear subsystem. It is remarkable that (@) y=9 Tg(w’ z)|
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with a constan® > 1. As @ is radially unbounded by defini-
tion, there always exists a solution feft.

link 2

Theorem 1 Consider systerfi)-(3) controlled by the switched link 1
PD-controller (9) with velocity gaink,(t) and desired value
x3(t) as piecewise constant switching parameters. The initial "~ encoder

state is assumed to be located insid)G. If ky(t) andzi(t)
are determined by Algorithm, if (10) holds and ifz7(¢) and
kinv are chosen such that each time the trajectaeyt), z(t)) y
hits 0G the invariance condition

. ) Figure 1: Schematic dR2D1
O(x, 2, kq(t) = k", 1 =21 (t)) <0, V(x,2) € 0G

is fulfilled, then The relevant physical parameters RED1 are estimated in
) L . . ) standard units td; = 0.3, I,; = 0.154, l.o = 0.084,
i) the state space regidf is positively invariant I, = 0.130, I, = 0.108, my = 7.31, my = 6.18, a; = 2.3,

ii) the controlled linear subsystem is asymptotically stable@2 = 0.085, by = 0.101, andb, = 0.005. As there is one
control input only, but two degrees of freedom, just one joint

Proof: i) The time derivativeb along the trajectory of systemmay be position controlled, while the second one remains un-
(1)-(2) controlled by 0) follows with our choice of an invari- controlled and causes internal dynamics. Here, the control goal
ance function12) and with~* from (13) to is to stabilize asymptotically the unactuated joint artglet a
desired positiordd. Therefore an output functiop = 6, is
b— 9% {9«“2} n <@ g+ 7*) «  (14) defined with the desired valug’ = 65. With 0, — 04 and
Aar,2) | F 0z 02 — 0 the internal dynamics approach the zero-dynamics,
. . hich mostly include unstable trajectories as shown in Eig.
with v defined by §). Due to (L3) we have w ) .
b ye 3 ThereforeR2D1with y = 65 belongs to the class of nonlinear
0P non-minimum phase systems.
—Og+7*>0,V(:B7z)€(')g. P y
0z
This and the fact thaty > 0 due to Propositiori allows to

conclude that whenever the system state hits thé@et{z> > The dynamic equations &2D1are given by
0}, there exists a suitable velocity gaiff*”(t) andz}(t) so

4.1 Dynamics and Control Goal

that the invariance conditiom) holds. M(0)0 +n(6.0) +g"(6) +7(0) =, (16)
i) Asymptotic stability follows directly from Propositioh m Wwith the joint anglesd = [6; 6,]", the motor torque
T = [r 0]T, the Coriolis and centrifugal torque = [n; ny]7,
the gravitational torqug* = [g7 ¢3]7 %, the inertia ma-
Remark 1 It is possible to compute a set of parameted§ix M = [mg], i,j € {1,2} and the frictional torque
k* = (ki > 0,k > 0) such that r = [ry m2]T. The dynamic parameters dff) are
max (I)(CL‘, z, k*) <0 (15) mi1 = A+ 2B cos by ny = —B(é%—i—Qélég) sin 0o
(,z)€0G - .
mia = Moo + B cos by ny =B 9% sin 05

holds andg is positively invariant with constant, = k7, m
kq = Kk, i.e. without switching. However, the numerical com- ] ]
putation ofk may be difficult in case the optimization problem 7; = a; sign [6;] + b;0; g5 = —Dsinasin (6, + 62) ,
(15) is not convex. Moreover this constant gain approach may . ) .
result in significantly higher gains than with the switching conVith sign [0] =0 and A = ml2, +ms (if +1%) + I + I,
trol law with the attendant problems of high energy consumf?. = 2llez, € = go (maler +mali), D = gomslez. Solv-

ther + mal), D= gomy ol
tion and additional stability problems in case of measuremefi@ (16) for 6 and substituting = [&]" = [0, 61 02 0]

noise, delay time or unmodelled dynamics. transforms {6) into the standard SISO-form
E=F&)+g€r 17

4 Experiments with R2D1 with drift £ = [f;] and control input vector fieldg = [g;],i €

The theory developed in the preceding sections is now appli{eld o4

to control the underactuated SCARA-type roB#D1 shown The output function is defined dg¢) = &3 with the desired

in Fig. 1. The first joint is actuated by a direct-drive motoralue&d = 64. In order to feedback linearize systefi’) to

Wh”e the second jOint ?S u.naCtu‘_"‘ted- The mOVing plane is in- INote that the gravitational torque is marked by an asteriskdistinguish
clined versus the gravitational field by an angle= —7 /6. it from the control input vector fielg(z, z).

29 = mglfz + I gT = g2 — C'sin o sin 01
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normal form, the invertible coordinate transformatian z) = 10
¥(¢) andits inversg = ¥~ (x, z) with

&3 Z1 . T p
W &4 ol z2+x2 G2/ 9a(21) 2 ¥
&1 z1 olo___2 Yy a8
§2—E64G2/94(&3) Z2 pi [l

is used to transformi(’) to a global normal form. Applying the
state feedback linearizing control law= (u — b(&))a(€&)~*
with a(¢) = Lgth(E) andb(¢) = L}h(é), we obtain the
cascade

Homoclinic
orbit

L1 = X (18)
To=1u (29)
21 = g3(z, 2) (20)
2o = qu(x, 2) (21)

with Qi(maz) = Lf-\I]i|\II_1(m,z) ) i€ {374}

The above feedback linearization is valid onlgifong inertial
couplingholds [L3], i.e. my2 # 0. With the present system
configuration this yield$s| < 166°.

Note that the normal form coordinatesstill all have a mean-

ingful physical interpretation since; = ¢ = 6> and
zo = 01 — 62G2/34(02) represents the momentum acting on
the second joint divided by the term. Z2 (b) 21

The coordinate transformatiori)(is such thatL,¥; = 0,
i € {3,4}. Therefore the control input does not affect the
internal dynamics in normal form coordinates, z), i.e. (18)-
(21) is in cascaded form. As a consequence the optimization ) ] )

(13) is not necessary anymore asnay be set to any positive the shape of the invariance region were chosep as1and
number. See also related work ] for normal forms of un- |7/ = 0.5. The sign of the desired value is toggled between

Figure 2: (a) Phase plot of zero-dynamics far= = /2. (b)
Boundarydg, for p = py = 1.

deractuated mechanical systems. +£75° (see the red line in Fig).
_ _ _ Note that ifz> < 0 due to the negative desired valge< 0 the
4.2 Invariance Region Design parametery must also be negative. As can be seen in Bi@)

As shown in Fig2 there exist stable and unstable phase—cuerEahse controlled state- converges asymptotically towards the de-

of the zero-dynamics separated by a homoclinic orbit. We o ired value while the internal dynamiesremain stable. As

tain a suitable functiof® by the implicit solution for the phase tsh(;)\r,\én |Icr>]rgl?n?/a$2;r;[tr] snsg\ll;tcg;::?s Ir_‘;ﬁg?gfﬁecn?grirtogf ;,vtﬁ;l?s
curves of the zero-dynamics B2D1with i € (0; 7) as a free 9 P j

parameter measuring the distance between the unstable Qg i-xl(t) andk(t) as shown in the last two plots of Fig (b).

librium point P, and the stable phase curve. See Eida) en the system trajectory hits the boundargof.e. ¢ = 0,

for two examples of phase curves with two different values g‘ne dﬂ%??aefgé (t)n?gsgg (EJ)airkeiﬁxlt&hee%tsgr?:rgfé?ﬁfis_fgn
andps. For constant; = x7(t) we choose the boundafig, J Y

such that it coincides with a stable phase curve of the Zeb?e_seen at the point marked witlh) in Fig. 3 (b). As shown in
dynamics. The whole boundag, is put together from stable[ 1] robustness with respect to uncertain physical parameters

phase curves for a constanandz, = 0, see also Fig2 (b) for C?r(]i)bi %Ch\ﬁ\]/:i ?%edggsr:)ilﬁgein_desvﬂﬂgs t?eoalr%sotSr?Sof
a 3D-vision 0fog,. Numerical calculations have shown, that erturBatié)ns Moreover the metf?od can sasil be made robust
suitable regiory fulfilling ( 2) is the surrounding of the line be-P i y

tween the stable and the unstable equilibrium péinand P, w.r.t. time discrete |mplementat|or_1 by !ntroducmg a distance
. . to the boundarypG such that the invariance control detects
i.e. the surrounding of(z2 = 0) A (—z1 —7 < 21 < —21)}.

the state-entering into a small boundary-layer, fe> —0.1
instead of® = 0. See alsdhttp://www.invariance-
control.de for a movie of this experiment and further in-

4.3 Discussion of Experimental Results . :
formation on Invariance-Control.

The controller gains were set tg = 180, ki = 2%/ + 1.
The sampling time wadT = 1ms. Parameters determining
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