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Keywords: Descriptor systems, pole assignment, numeri- LetT', = {\{,...,\,} be a given symmetric set of
cal methods. values in the extended complex plane (some values could
be possibly infinite). We consider the followirdgscriptor

Abstract eigenvalue assignment probleBEAPS):

1. DEAP1: Given I',, determine the proportional-
By using a generalized Sylvester equation based derivative feedback paifF, K) with F, K ¢ R™*"
parametrization, threeminimum norm robust pole as- such that
signmentproblems for descriptor systems are formulated as
unconstrained minimization problems for suitably chosen A(A+ BF,E+ BK) =T,. 2
cost functions. The derived explicit expressions of the
gradients of the cost functions allow the efficient solution 2. DEAP2: Givenl', andv,3 € IR not both zero and
of the minimization problems by using powerful gradient v/B ¢ A(A, E) UT',,, determine the state feedback ma-
search based minimization techniques. We also discuss trix F' € R™*" such that
how requirements for a particular Jordan structure of the
closed-loop state matrix or for partial pole assignment can AA+9BF, E+(BF) =Ty (3)

be accommodated with the proposed approach. 3. DEAP3: Givenl',. with only finite values, determine the

state feedback matrik € R™*" such thatd + BF —
1 Introduction A\E is regular and

Pole assignment techniques to modify the dynamic response Af(A+BF.E) =T,.

of linear systems are among the most studied problems in N )

modern control theory. The complete theoretical solution ofNOte that the condition of regularity of the closed-loop pen-
this problem for standard systems has been followed by th&ilS is explicitly required only for DEAP3, because for both
development of many computational methods (see for exPEAP1 and DEAP2 the regularity is implicitly contained in
ample the collection of reprints in [13]). Sensitivity analy- (2) and (3). ) ) ) o

sis of the pole assignment problem (see [9] and references 1he DEAP1 appears in solving coprime factorizations
therein) moves one step forward the understanding of diffi-Problem of rational matrices [16], where also a general-
culties and practical limitations associated with the usage of2€d Schur method is described to solve this problem. The

solution methods. DEAP2 is a particular case of DEAP1 and arises also in the
We address the solution of the pole assignment problenfontext of solving coprime factorization problems [12]. This
for the following descriptor system problem can be solved by reducing it to a standard problem
in [12]. For particular choices of and 3, the DEAP2 re-
EXx(t) = Az(t) + Bu(t), (1) duces to DEAPs with pure proportional feedb&6k= 0) or

pure derivative feedbacky = 0). ForE = I,~v = 1 and
whereA, E € R™", B € R™™, and\x(t) = 4(t) fora 8 = 0, we obtain the formulation for standard eigenvalue
continuous-time system and:(¢) = x(¢t + 1) for adiscrete-  assignment problerflSEAP). DEAP3 has been extensively
time system. We assume that= rankF, the pencilA — studied in the literature (see e.g., [6] and cited references
AE is regular, i.e.det(A — AE) # 0, and the system (1) therein). The solution of DEAP3 involves basically the elim-
is controllable, i.e. rankA — AF,B) = nfor A € Cand ination of all impulsive modes by moving them to desired
ranK £ B] = n. In what follows we denote witih (A, E) finite positions. This has also important applications in solv-
the set of generalized eigenvalues of the pdirE’) and with  ing coprime and normalized coprime factorization problems
A (A, E) the subset of finite generalized eigenvalues. [16, 17].



In the multi-input case each of the DEAPs has a non- _Now we can try to solve the DEAP1 assuming tHadind
unique solution. Therefore it is reasonable to exploit the E are chosen such that(A, E) = T',,, andG and L are
non-uniqueness by imposing additional conditions. One asgiven parameter matrices. To solve the DEAP1, we need to
pect which is desirable from a practical point of view is to solve (5) forX andY and, providedX andY are invertible,
determine feedback matrices with small gains. Intuitively we compute the feedback matrices as
this must be advantageous since small feedback gains lead to o .
smaller control signals, and thus to less energy consumption. F=GX™, K=LX"". (6)

Small gains are also beneficial to reduce noise ampllflcauonTO enforce the invertibility of¢ andY’, the matricesl, £, &

A second aspect important in pole assignment is to aChieV%ndL must fulfill some conditions: 1) the peﬁﬁ—)\E G
a small condition number for the eigenvector matrices of the)\L is ob ble: 2\ (A E ﬂA-Z ) — 0. Th ’
closed-loop system pencil. This is the goalrobust pole ) Is observable; 2)(4, E) (4, E) = 0. These con-

assignments formulated for both standard and descriptord'tIOnS t?r?et;?erv(\;lt)g thet_controlle;blllty of paavél_— I/I\E" B) .
systems [7, 2, 15, 6]. Both these aspects are decisive foyoure thatt an satisfying (5) are generically invert-

the overall sensitivity of assigned eigenvalues, because, a'?le‘ Note that by choosing the p4id, I) in a Weierstrass

was shown in the standard systems case [9], high feedbac?<anomcaI form then the resultm@_’ andY’ play the role of
he closed-loop eigenvector matrices for the closed-loop sys-

gains or high condition numbers lead to increased sensitivit)} .
of the closed-loop eigenvalues. It appears thus that the simult-ern pair(A + BF, B + BK).
taneous minimization of the feedback norm and condition of

eigenvector matrix is a desirable general goal for solving the2-2 DEAP2

DEAP'_ o For the solution of the DEAP2 an entirely similar
In this paper we address the problem of determining theyarametrization can be employed as for DEAP1. Assuming

minimum norm state feedback which solves the DEAP andj 5nd E are chosen such thai(A, E) = T, andG is a

simultaneously minimizes the sensitivity of the closed-loop iyen parameter matrix, the feedbaEks computed as

eigenvalues. The solutions of formulated DEAPSs are baseg

on Sylvester systems based parametrizations and are done by F=Gx! @)

minimizing suitable cost functions expressing the require- B

ments for low norm feedback and well conditioned eigen-andX satifies the Sylvester system

vectors. For the efficient solution of the minimization prob- ~

lems powerful unconstrained minimization methods based AX — Y4+WBG =0

on gradient search techniques can be employed. For this pur- EX-YE+pBG = 0

pose, we derived explicit expressions of the gradients of thel.he controllability of the paifA — AE, B) and the choice

cost functions. We discuss several functional and numerical ; ~ ~ i L=~

features of the proposed approach, as generality, flexibility_Of A, E andG such that: 1) the~pa~(rA — AE, (v = AB)G)

(e.g., to assign a desired eigenstructure or to perform a palS observable; 2\(4, E) N A(A4, E) = 0, ensure thatX

tial pole assignment), numerical stability, computational ef_satlsfymg (8) is generically |n\(ert|ble. L . .
ficiency. Numerical examples illustrate some of the features We also present an alternative parametrization which relies

of the proposed approach to solve DEAPS on converting the DEAP2 by means of a conformal mapping
' (see also [12]) to a DEAP witliy nonsingular and’,, with

only finite values. By straightforward manipulation we get

8

2 Parametrization of solutions the equivalent Sylvester system
2.1 DEAP1 (YA+BE)X =Y (yA+ BE) + (v* + 8%)BG = 0
(BA—7vE)X —Y(BA—E) =0

Our parametrization is based on a straightforward Sylvester
equation based formulation. Let assume thaand K" are By assumptiony/( is not an eigenvalue of the paiA, E)
matrices which solve the DEAP1. It follows, that there must and also not an eigenvalue to be assigned. Thus, by solving

exist invertible matrice andY such that the second equation faf and replacing” in the first one we
~ ~ obtain N
Y YA+ BF)X =4, Y Y(E+BK)X=E, (4) A X —E.XA, +B.G=0 9)

where the matriced and E are such thad (4, E) = I, I ~ Where

we define7 := F X andL := K X, then (4) can be rewritten A, = ~yA+BE,

as a Sylvester system of matrix equations E. = [BA—~E,

p B: = (P+5)B

AX-YA+BG = 0 (5) A, = (BA—~E) Y (vA+ BE)
EX-YE+BL = 0

Observe that computing’ as in (7) with X satisfying (9)
which must be satisfied by andY'. is in fact a parametrization for a standard problem with



nonsingular and’, ,, := A(/L) having only finite values. equations, or alternatively the generalized Sylvester equation
Note thatA,, results by applying the conformal mapping= for Xy B
(vz+ B)/(Bz — v) to A. However,A, can be also directly AX, - EXA.+BG; =0
formed after applying the conformal mappingItq to get
Fz.n-

With the transformed data we have reduced the original
DEAP2 to the computation af’ such that

which results after replacing; = E X in the first equation.
Note that if A,. is in a Jordan form theX; plays the role

of the closed-loop eigenvector matrix corresponding to the
assigned finite eigenvalues.

A(Az + BzF> Ez) = Fz,nv (10)

with E, invertible. From the assumptions on the system ma-3 Solution of robust DEAPs

trices and ony and3, we get Consider first the solution of DEAP1. If the pair, )

rank[ A, — zE, B, =n, VzeC. is in a Weierstrass form theX andY play the roles of
’ the eigenvector matrices for the closed-loop system pair
Thus (10) is a SEAP for the controllable pair (A+BF, E+BK). Inlightofthe sensitivity results in [9] for
(E;'A,,E;'B,) and the setl’,,, and has always a standard systems it meaningful to exploit the non-uniqueness
solution £ which is the solution of the original DEAP2 as ©Of the DEAP1 for multi-input systems by minimizing addi-
well. Note that if A, is in a Jordan form therX plays the  tionally the sensitivity of the closed-loop eigenvalues and the
role of the closed-loop eigenvector matrix for the standardnorm of the feedback matrix. This leads tennimum norm

system paif E;1A,, E;'B,). robustDEAP for which we propose a solution method com-
The equation (9) can be rewritten as a Sylvester system Obining unconstrained optimization techniques with the para-
matrix equations metric Sylvester equation based approach.

As a measure of the sensitivity of closed-loop eigenval-
ues, we use the condition numbets(X) and kp(Y) of
X andY with respect to the Frobenius norm. For com-
putational convenience, instead of minimizing (X) :=
Note thatX is the same matrix in both (8) and (11), Bdtin | X[ F|I X~ #, the minimization of the sum|X|% +

AX-YA,+B,G = 0

EX-Y =0 (11)

(8) is different from that in (11). | X ~1||% can be alternatively performed, since the two opti-
mization problems are mathematically equivalent [2]. Thus,
2.3 DEAP3 for the simultaneous minimization of the norm of the state

feedback matrice$’ and K and of the two condition num-
For the parametrization of this problem we choose the matriyq g kr(X) and kp(Y) we can use the following perfor-

cesA, E € R™" in the particular forms mance index
~ A 0 ~ I, 0 J = a X 2 2 —12
_| A _ = = +I XY+ Y%+ IV
e e O R e )| (X1 1 1+ 1)
By using the parametrization approach for DEAP1 withk- + 2 (”F”F +IKIIE) (16)
0, we get from (5) . o
where0 < a < 1is a weighting factor. Forx = 0 J de-
AX “YA+BG = 0, fines a pure norm minimization proplem, while for= 1 we
EX _VE _ 0 (13)  get a pure robust DEAP. Intermediary valuesholead to a

combination of both aspects. With a similar interpretation of
PartitionX, Y and the giver; columnwise in accordance MmatricesX andY” the same criterio with K = 0 can be
with the structure ofd in the form employed to solve the robust DEAP2 or robust DEAPS3.
The main advantage of the Sylvester equation based
X=[X1X2], Y=[1Y:], G=[GyGz]. (14) parametrization is that it allows a straightforward derivation
of analytic expressions of gradients of the performance crite-
Then we obtain from (13) the system of matrix equations  rion .J with respect to the free parameté¥sand L. We have
the following result for the DEAP1:

AX, — »+BGy = 0

EX; — Y1 = 0 (15) Proposition 1 Let (F, K') be the pair of state feedback ma-
AXy —Ys + BGs =0 trices computed as in (6), assigning the desired eigenvalues
EX, = 0 I, for given (A, E) and (G, L). Then, the gradients of

) . with respect ta7 and L are given by
If we take X as an orthogonal basis matrix for the nullspace

of E, thenY5 results accordingly from the third equation of Vol = (1-a)FX T4+ BTU

(15). Thus we have to solve only the first two of the above ViJ = (1-a)KX T+ BTV a7



whereU andV satisfy the Sylvester system whereU satisfies the Sylvester system

ATU+ ETV = S I
UAT 4 VET — _T (18) ATU+ETV = S[ H
for N L (24)
S = (1-a)(FTF+KTK)X~" UAZ+V = T[ 0 ]
ta(-X + X TXx1x-T)
T = of-Y+Y Ty-ty-T) with S andT as in Proposition 2.

With obvious replacements we obtain immediately the

For each of DEAPS, each function and gradient evaluation
analogous result for DEAP2.

involves the solution of two Sylvester systems (e.g., (5) and
Proposition 2 Let F be the state feedback matrix computed its dual (18) for DEAP1). An efficient algorithm to solve
as in (7), assigning the desired eigenva|lIe$ for gi\/en these equations is available [5]. In the next section we de-
(v, ) and (]{7 E)_ Then, the gradient of with respect to  Scribe a transformation based approach by which gradient
G is given by computations can be substantially speeded up.
o T Having explicit analytical expressions for the function and
Vol = (1 -a)FX™" + B (U + BV) (19) its gradient it is easy to employ any gradient based technique

wherelU andV’ satisfy the Sylvester system to_mir_limize J. However, since the di_mension of the mini-
mization problemnm could be potentially large, a particu-
ATU+ETV = S (20) larly well suited class of methods to solve our problems is
UAT +VET = -T the class of unconstrained descent methods, as for instance,

the limited memory BFGS method [8] used in conjunction

for . : )
with a line search procedure with guaranteed decrease as
S = Q-a)FTFX Tra(-X+XTX1XxT) that described in [11]. The guaranteed decrease feature of
T = a(-Y+Yy Ty ly-T), these methods ensures that for- 0 the condition numbers

For the alternative formulation of the DEAP2 we have the ’?F(X) andsp (Y) progressively decregse_ and t.hus the solu-
following result; tions X andY of (5), (11) or (13) remain invertible at each

iteration once invertible solutions have been determined at

Proposition 3 Let I’ be the state feedback matrix computed the first iteration.

asin (7), assigning the desired eigenvaliigs, for givenA, A word of caution is necessary when using gradient tech-

andG. Then, the gradient of with respect ta~ is given by  niques to solve DEAPs by minimizing. Since the min-

imization problems has possibly many local minima, it is

Vo = (1-a)FX T + BZTUT (21) likely thatrihe computed psolutio?: is a}I/ocaI minimum. By

whereU satisfies the Sylvester system solving the problem repeatedly with different initializations,

we can choose that solution which produces the lowest value

ATu+ETV = 8§ ; :
o z (22)  of the cost function. Note however, that in most of cases the
UA; +V = T global minimum leads to condition numbers of transforma-
with S andT as in Proposition 2. tion matricesX andY which have the same order of mag-

) ) . nitude as those corresponding to any of local minima. Thus
The solution of robust DEAP3 has been considered in [6].there is practically no difference for solving a robust eigen-
where only the minimization of the condition number®f  yajye assignment problem if the global minimum or one of

has been pursued. Alternatively, the condition numbers Ofigca| minima is employed to compute the feedback.
both X andY can be minimized simultaneously. For the

DEAP3 we have the following result:

Proposition 4 For X satisfying (13), lef” = GX ! be the
state feedback matrix assigning the desired finite eigenvalueg satisfactory eigenvalue assignment algorithm must fulfill
I, for given(A4, E) of the form (12) and~. LetG be parti-  several functional and numerical requirements to serve as
tioned columnwise a& = [G; G2 ] in accordance withA  basis for a numerically robust software implementation. In
in (12). Then, the gradients of with respect ta’; andG>  what follows we discuss several algorithmic features of the
are given by Sylvester equation approach and we point out how apparent
limitations of this method can be overcome.

4 Algorithmic features

Ve, = (1—a)FXT { IOT ] + BTU
0 4.1 Functional features
_ _ -T 23 ) . .
Va,/ = (1-a)FX LH_T} (23) A satisfactory computational algorithm must be general and

flexible, and must be able to exploit all structural aspects of

0
T Ty —1yv-T
+aB (Y -YYTY ){]n_r} the underlying problem. We will examine these aspects in



detail in case of the eigenvalue assignment method based cemd only if the following set of inequalities is satisfied
the Sylvester equation approach.

J J
Ya=Y degtn, j=1,....m (25)
i=1 i=1

Generality

Generality means that an eigenvalue assignment algorithm ig/here (25) holds with equality when= m. Thus, for the
able to assign an arbitrary set of eigenvalues and ideally, issignment of a desired Jordan structure for the closed-loop
can also assign a desired eigenstructure for the closed-loogtate matrix4A + BF the choice of correspondin@ must
system. Although the first requirement seems to be triv-reflect this structure in accordance with the conditions (25).
ial, even well-known methods implemented in commercial The second aspect of overlapping open-loop and closed-
software are not able to fulfill this requirement. For exam- loop eigenvalues can be easily solved with the help of a pre-
ple, the robust pole assignment method of [7] can not assigiminary state-feedback. In case of DEAP1 we can always
poles with multiplicities greater than rank &f and the im-  use as gractical solution two randomly generated matri-
proved version of this approach has the same limitation [15].ces F, and K, and solve the DEAP1 for the modified pair
The Sylvester approach has no such limitations, although fo{ A + BFy — A\(E + BKj), B). If (Fy, K1) is the solution of
a complete generality two aspects must be additionally adthis problem, thetdF, K) = (F, + F1, Ko + K1) solves the
dressed: the assignment of a given eigenstructure for theriginal problem. A similar approach can be used also for
closed-loop eigenvalues and the assignment of eigenvaluatie DEAP2 and DEAP3. An alternative, numerically more
which possibly coincide with those of the original system.  robust solution to this aspect is discussed in the next para-
An arbitrary set of eigenvalues can be assigned with thegraph.
Sylvester equation based approach by suitably choosing the The use of a preliminary feedback can accommodate also
matrix pair(4, E') used in DEAP1 and DEAP1 or the matri- the case of non-regular paifsl, E'). For a controllable pair
cesA, and A, used in the conformally transformed DEAP2 (A — AE, B) with de{A — AE) = 0, there always exists
and DEAP3, respectively. For example, assumelthaton-  a feedback paifFy, K) such that the modified paitd +
tainsp distinct eigenvalued, ..., \,, and each eigenvalue BFy, E+ BK)) is regular. Fopractical purposes, randomly
\; has multiplicity k;. Assume further that the last eigen- generated preliminary feedback matridgsand K, can be
value )\, = cc. For the DEAP1 and DEAP2 we can choose used. This approach is applicable for DEAP1 and DEAPS3,

the pair(g’ E) in a Weierstrass canonical form but not for DEAP2 because the regularity of [Xa’ih B) isa
necessary condition for the existence of a solution.

T, (A1) — AT 0 0
. : . : : Flexibility
A—)\E = : . : :
0 iy (Ap1) = AT 0 One apparent limitation of the Sylvester equation based ap-
0 0 I — \Jy, (0) proach is the need that the closed-loop and open-loop spec-

tra do not overlap. This condition guarantees the existence

whereJi.(\) denotes a Jordan block for the eigenvaluef  of a unique solution to the generalized Sylvester equations
orderk. For a complex eigenvalug belonging to a multiple  (5), (11) and (13) and is thus necessary when using Sylvester
pair of complex conjugated eigenvalues, \;), a2k; x 2k;  equation solvers as those proposed in [4]. Although tech-
real Jordan block can be used instead of kwe k; complex  nical, this condition prevents the Sylvester equation based
Jordan blocks [3, pag. 365]. If radk = m > 1, better con-  approach to perform partial eigenvalue assignmerite., to
ditioned transformation matrice¥ andY can be obtained keep unmodified some of the open-loop eigenvalues. Since
by employing several Jordan blocks of lower dimensions forthe partial eigenvalue assignment is a very useful feature,
each multiple eigenvalue. Thus for eaghof multiplicity  especially in the case of stabilizing high order systems, we
k;, up tom Jordan blocks with dimensions at mds$t] +1  show how this feature can be accommodated within the
can be used, whetg denotes the integer part. For the trans- Sylvester equation based approach and thus substantially in-
formed DEAP2 and the DEAP3 the matricds and A, can creasing its flexibility.
be chosen with a similar Jordan structure. It is easy to see that the performance indexs invari-

Although the Sylvester equation based approach can bant to an orthogonal system similarity transformation, that
used for eigenstructure assignment, still there are some subtis, if /" and K are the optimal feedback matrices for the de-
limitations with respect to the admissible closed-loop eigen-scriptor pair(A — AE,B) thenF = FZ andK = KZ
structure. This can be seen even in the case of standard syare the optimal feedback matrices for the transformed pair
tems(E = I), where the eigenstructure assignment prob-(A — \E, B) := (QTAZ — \QTEZ, Q™ B), whereQ and
lem can be equivalently formulated as the assignment of & are orthogonal matrices. Thus, if we want to keep unmod-
set of invariant polynomialg, ¥, ..., ¥, for the closed ified the generalized eigenvalues of péit, E) lying in a
loop state matrixd + BF. Letq; < ¢2 < ... < ¢, bethe  "good” regionC, of C and to modify only those lying in its
controllability indices of the controllable paid, B). Then  complementC, = C\ C, (the "bad” region), then we can
the eigenstructure assignment problem has a solution [14] ifirst reducg A, E) to an orderedjeneralized real Schur form



(GRSF) to obtain the triple Concerning the accuracy of the results, in a robust pole
assignment problem it is expected that the optiiak rea-

OTEZ — Eyn Er } sonably well-conditioned, thus the last computational step is
| 0 Ea guaranteed very accurate. The main source of errors is the
" A A solution of the Sylvester system, and thus the separation of
QTAZ = 011 A12 } ; (26)  spectra of the pairgA, F) and(A4, E) is the essential factor
- 22 here. However, a good separation can be always achieved
o™B = By } by an initial eigenvalue shifting with a preliminary feedback
| By |’ (see also subsection 4.1). Thus, for most practical problems

we can expect that the computed results corresponding to an
whereA (A1, Ei1) C €, andA(Agz, Fa2) C C,. With this  optimal solution are very accurate.
separation, we can perform a partial pole assignment by solv-
ing for the optimal solutionf, and K, the DEAP1 for the o
reduced descriptor paijtda; — A\Es22, Bo). The overall op- Efficiency
timal feedback matrices result & = [ 0 F, |27 and
K =[0 K, ]ZT. A similar approach is possible for the
DEAP2 and DEAP3.

The overall efficiency of the algorithms heavily depends on
the costs of function and gradient evaluations. Each function
and gradient evaluation involves the solution of two gener-
alized Sylvester equations sharing the same coefficient ma-
Structure exploitation trices (e.g., (5) and (18)). The standard procedure to solve
) . . ) ) these equations is the well-known generalized Schur method
The Sylvester equation approach in conjunction with the[5] implemented in [4]. This approach can be efficiently

optimization based search for a minimum norm and We”'employed in our case provided the péit, E) is reduced

conditioned feedback exploits the intrinsic freedom of theﬁrst to a GRSF using an orthogonal sin{ilarity transforma-
multi-input DEAP to address additional requirements, as fory; o o assuming further that in the DEAP1 or DEAP2 the
example the conditioning aspect of the problem. Note thatpair (4, E) is in a Weierstrass form (a particular GRSF) or

most of pole assignment algorithms do not e_xpl0|t this struc-that in the transformed DEAP2 and DEAP3 the matrides
tural feature of the problem and even algorithms for robust_ "~ . ) .
or A, are in Jordan forms, respectively. The reduction of

pole aSS|gn_m.en_t anress only partially this aspect by |gnor(A7E), performed only once, requires abaiin® opera-
ing norm minimization. Moreover, these methods have also,; . : .
L . ; tions and can be seamlessly combined with the reordering of

restrictions with respect to the allocation of the closed-loop . . :
the GRSF to accommodate with the partial pole assignment

eigenstructure. In a larger context, the Sylvester equat'o.r}equirement. The solution of the minimization problem for

basec_i approach prpwdes a unified framework to solve ValhEAP1 can be performed to obtain the optimal solutiéhs
ous eigenvalue assignment problems for standard, descriptor

and even periodic systems [18]. In light of discussions onangK for the ;ransfor;ned d.escriptor pa(uil - )‘.E’ B) =
generality and flexibility, this approach has the potential to (¢" 42 — Q" EZ, Q" B) with the pair(4, E) in GRSF
become the standard way to solve all classes of eigenvaludnd(4; E) in Weierstrass form. The solution of the original
assignment problems. DEAP1results ag’ = F'Z7 andK = KZ™. For the trans-
formed problem, the function and gradient evaluations can be
. performed very efficiently since now we have to solve only
4.2 Numerical features reduced Sylvester equations with the coefficient matrices in

We focus on discussing numerical properties like the numerGRSF. This involves aboat” operations for the solution of
ical stability and computational efficiency of the Sylvester €ach Sylvester system by using the algorithm of [5]. Thus

equation based eigenvalue assignment algorithms, and wibe overall cost to evaluate the function and its gradient is

. . _ 3 : 63 :
address shortly the implementation aspects of this approacfPoutl0n” operations, from whiclén” operations amounts
in robust numerical software. to form the free term$ andT in (18).

Numerical stability Implementation aspects

For DEAP1 the computation of the optimal solutiéhand The Sylvester equation based approach is very simple to im-
K for the computed optimal parameter matriggsand L plement. For a FORTRAN implementation, all necessary
involves the solution of two systems of linear equations: thesoftware to perform the linear algebra computations is avail-
Sylvester system (5) to computeandY’, and the linear sys- able in LAPACK 3.0 [1]. Here routines to compute the GRSF
F G . of a matrix pair, to solve Sylvester and dual Sylvester sys-
tem K|X7| 1L to compute the feedback matrices tems, as well as systems of linear equations are provided. For
and K. Thus the Sylvester equation based approach can beptimization, efficient unconstrained minimization routines
considered to be practically numerically stable. This is alsoare available in MINPACK-2 (the successor of MINPACK-1

true for solving DEAP2 and DEAP3. [10]), offering a convenient reverse communication interface



which allows an easy implementation of function and gradi- o I[F K]ll2 | k2(X) | ka(Y)
ent computations. 1 1.35 3.75 1.57
For testing purposes, prototype MATLAB functions have 0.1 0.58 3.97 3.18
been implemented by the author to solve all three DEAPs. 0.01 0.33 4.25 6.52
The corresponding functions rely on an efficiemex 0.001 0.21 5.06 16.98
function to solve Sylvester systems developed within the 0.0001 0.13 9.86 57.07
NICONET project. For optimization, théminunc uncon- 0 0.014 445 | 1.88107

strained minimization function available in the Optimization

Toolbox 2.0 of MATLAB has been employed. Table 1: Results for DEAP1L

5 Numerical examples For reference purpose we give the feedback matrices com-
puted witha = 1 for the pure robust DEAP1.:
Consider the system from [6] with the matrices

0.0713 —0.2135 —0.1447 0.6371 —0.1770 ]
0110 00 0 o0 0 F=|-0.0708 0.1770 0.4130 0.3929 0.0373
0 0156 0 0 155 0 0 —0.2483 —0.2858  0.0012 —0.3999  0.9293 |
A= 1'33 8 8 1'388 » B= 8 1'87 _1011 0.0705 0.1758 —0.5965 —0.2388 —0.0443 ]
0 010l 0 0 0 —25 0 K =] 0.1425 0.0033 —0.0111 —0.4988 0.3255
’ ’ 0.3163 0.0623 —0.2114  0.4182 —0.1678 |
0 001720 The robustness of the solution can be easily checked by com-
0 00 '0 0 puting the eigenvalues of the p&id + BF, £+ BK) for the
E—|_-0800 0 0 matricest’ and K truncated to the displayed four digits. The
o 0 00 0 0 resulting closed-loop eigenvalues are:
0 00 0 1 {—1.999997, —0.999998, —0.50004, 00, 00}

This system is not regular since @dt— A\F) = 0 butcanbe  gnd thus are accurate to 5 decimal digits.
made regular with a preliminary state feedback. We assigned Tg solve the DEAP2 the pencil— \E must be regular. To
the closed-loop eigenvalue &4 = {-0.5,—1,—2,00,00}  ensure this, we use inste&tla new matrix£ which is equal
using all three Sylvester equation based approaches fopp £ excepting the elemeiit, 4) which is set to 1. The modi-
DEAP1, DEAP2 and DEAP3. To solve DEAP2 a necessaryfieq pair(4, E) is regular and its generalized eigenvalues are
condition is the regularity of the pencil — AE. Thisis 14 o 1.5 c0,00}. To assign the same eigenvalues as in the
while, in this case we used a modified system. The exampleg eyious example, we see that the infinite eigenvalues coin-
illustrate not only the ability of the new approach to compute ¢ije An initial feedback has been used to perturb the infinite
well-conditioned (sometimes almost orthogonal) eigenvectoryigenvalues to allow the application of the Sylvester equation
matrices, but also the ability of this approach to solve thepagaq approach. We chose= 1 and = 1 and we used
DEAP1 and DEAP3 even for non-regular systems or t0 S0Véine narametrization based on (8) with the same matrix pair
DEAP2 in case when infinite eigenvalues are present in botr‘(g E) as for DEAP1. For the same valuesmfs in Table
the open-loop and closed-loop systems. 1 we obtained the results in Table 2.

For the solution of DEAP1 we chose

N N a | [Flz2 | s2(X) | ma(Y)

A =diag—0.5,—1,-2,1,1), E =diag1,1,1,0,0) 1 057 | 421 | 659
0.1 041 | 4.00 | 6.70

and solved the minimization problem fdifor several values 0.01 | 0.31 | 4.87 7.21
of a. For the resulting optimal solutions we computed in 0.001 | 0.22 | 9.35 9.83
each case the 2-norm condition numbes§X) andxs(X), 0.0001| 0.24 | 10.51 | 10.25
and the 2-norm of the compound feedback mafdx K |. 0 0.24 | 10.51 | 10.25

The results are given in Table 1:

It is easy to observe that for decreasing values.dhe
norms of feedback matrices decrease, but the condition num-
pe_rs qf eigenvector matrices increase. For_ pure norm min- o 4bock matrix computed with = 1 for the pure
imization, a very small norm has been achieved but with a )

. . ) . robust DEAP2 is
very ill-conditioned transformation matriX. Each solution
for o in the rangd10~2, 1] is practically acceptable. —0.030119 —0.01914 —0.11327 0.41749 0.13902
F= | 0.034855 0.02796 0.16545 0.06424 0.20172
seehttp://www.win.tue.nl/niconet/niconet.html 0.038725 —0.00246 —0.01460 0.35707 —0.00433

Table 2: Results for DEAP2




To check the robustness of the solution we compute theDEAP as a minimum norm robust pole assignment prob-
eigenvalues of the pa{td + BF, E + BF) for F' truncated lem. By using a convenient parametrization, a solution of the
to the displayed four digits. The resulting closed-loop eigen-DEAP is sought by minimizing a special cost function ex-
values are: pressing the weighted requirements for minimum Frobenius-
norm of the feedback matrix and the minimum sensitivity of
the closed-loop eigenvalues. The derived explicit expressions
for the gradients of cost functions allow the use of standard
gradient search based minimization techniques. The efficient
evaluation of the cost functions and gradients is of paramount
A, = diag(—0.5, -1, —2) importance for the usefulness of the proposed approach. Us-
ing transformation techniques in conjunction with the solu-
and solved the minimization problem fdrfor the same val-  jon of reduced generalized Sylvester equations is the main
ues ofa as above. The results are given in Table 3. Thejngredient to achieve this goal. Further, it allows to address
same tendencies for decreasing normsgoénd increasing  with practically no extra costs the partial pole assignment
ill-conditioning with decreasing: values can be observed as problem too. We believe that the proposed robust pole as-
in case of solving DEAP1. Because of increased parametsignment approach is a viable way to solve large DEAPs in

ric freedom, the proportional-derivative feedback achievesihe perspective of the requirements formulated by recent sen-
smaller norms for the same ranges of the condition num-itvity analysis results [9].

bers. This example also illustrate that small feedback gains
alone is not sufficient for a robust numerical solution of the

{-1.999993, —0.50001, —0.999998, 00, o0}

and thus are accurate to 5 decimal digits.
For the solution of DEAP3 we chose
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