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Robust Adaptive Tracking Control based on State Feedback
Controller with Integrator Terms for Elastic Joint Robots with
Uncertain Parameters
Luc Le-Tien, and Alin Albu-Schäffer, Fellow, IEEE

Abstract—This paper addresses a robust adaptive control
scheme based on a cascaded structure with a full state feedback
controller with integrator terms as inner control loop and
computed torque as outer control loop for flexible joint robots.
Together with integrator effect, the adaptive control law can enhance position accuracy under uncertainties of the robot model,
especially, the high friction caused by Harmonic-Drive with high
gear ratio. In this paper the adaptive friction compensation is
designed based on the LuGre friction model, which exhibits
some advantages compared to the static friction model (e.g. no
chattering effect at zero motor velocity). Furthermore, structural
oscillations of the link side can be effectively damped by using
joint torque feedback in the state feedback controller. So, the
proposed adaptive control approach can simultaneously provide
high control performance both in terms of the dynamic behavior
and the position accuracy. Global asymptotic tracking is achieved
for the complete controlled system. The system stability is derived
using Lyapunov approaches and Barbalat’s lemma. Experimental
results validate practical efficiency of the approach.
Index Terms—Adaptive control, tracking control, state feedback control, cascaded control, flexible joint robots

I. INTRODUCTION
In order to increase the payload/weight ratio, elastic joint
robots use Harmonic-Drive R gears with high ratio (1:100 or
higher). But, high gear ratio causes high motor friction and
high robot elasticity, which are challenging problems for robot
control. In addition, the dynamics parameters of the robot
(especially, friction parameters) can vary with time or with
temperature, motivating the adaptive control development of
this paper.
Most tracking control of flexible joint robots was developed
based on the assumption that the link position is directly
measured and that its higher derivatives can be computed.
Different control strategies have been dealt in great detail
in the literature, e.g. singular perturbation [1], [2], feedback
input-output linearization [3], [4], cascaded control [5], [6],
backstepping [7], [8], and passivity-based approaches in [9],
[10], using either full or partial state feedback. A combination of a partial state feedback linearization technique and a
backstepping design method was introduced in [11] to reach
a global output tracking control. Furthermore, in [12], [13]
nonlinear observer based controllers were proposed for flexible
joint robots.
Instead of measuring robot joint positions, link torque
sensors can be alternatively used to feedback the link side state
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to eliminate link oscillations caused by high joint elasticity.
In [14] a set-point controller with full state feedback (motor
position, link side torque, their derivatives) was proposed
in order to reduce robot vibration and hence the transient
performance can be improved through feedback of the link
torques. This controller is very robust against uncertainties
of the robot dynamics parameters due to its simple structure,
but it does not fulfill high accuracy requirements. For tracking
control using link torque feedback, in [5] a cascaded controller
was developed which consists of two control loops, a motion
controller as outer control loop and a torque controller as
inner control loop, whereas the robust cascaded controller in
[15] uses a motion controller and a state feedback controller
with full state feedback (motor position, link side torque, their
derivatives) as outer and inner control loop respectively.
Furthermore, in order to consider uncertainties of the robot
parameters or varying parameters, some adaptive control
schemes were introduced in [7], [5]. Based on cascaded
analysis, in [16] a robust adaptive control scheme was introduced by using the sliding mode technique. In [17], [18] the
adaptive control scheme is extended including adaptive friction
compensation for flexible joint robots, which however takes
only static friction into account, without modeling dynamical
effects. The problem of adaptive friction compensation based
on a LuGre dynamic friction model was treated for rigid robot
in [19], [20], [21].
Most previous adaptive tracking control schemes can provide high position accuracy, but can hardly achieve a good
dynamic behavior. In order to retain both the advantages of
robust and adaptive controls, in this paper a robust adaptive
controller was proposed based on a cascaded scheme like
in [15], but the inner control loop is a robust full state
feedback controller with integrator terms (integrated motor
position, motor position, motor velocity, link torque, derivative
of the link torque) in order to increase position accuracy. This
approach includes adaptive friction compensation based on
the LuGre friction model. It can achieve a good transient
behavior and a high position accuracy, and simultaneously
tolerates time-varying parameters. In an analogous manner
to [15], [22] global asymptotic tracking is achieved. The
system stability is derived using Lyapunov approaches and
Barbalat’s lemma. The resulting robust adaptive controller is
experimentally verified and compared with the conventional
PID controller and the corresponding model based controller
for the DLR (German Aerospace Center) medical robot [23]
(see Figure 1), which is equipped with motor position sensors
and link torque sensors used for robot motion control.
The remainder of this paper is organized as follows. Section II introduces the dynamic robot model. In Sec. III the
cascaded control approach consisting of the computed torque
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B. LuGre Friction Model
For the friction torque a dynamic friction model (LuGre
friction model [25], [15]) is chosen as
τf = σ0 z + σ1 ż + fv θ̇
with the inner dynamics of the friction
(
ż = θ̇ − h|θ̇|z σ0 z
hz = fc + fl | τ | .
Figure 1. The DLR medical robots used in minimally invasive surgery.

controller and the state feedback controller with integrator
terms using model-based friction compensation is proposed for
flexible joint robots and the stability of the controlled system
is analyzed. Sec. IV introduces an extension of this control
structure to a robust adaptive control approach and presents its
stability analysis. Finally, the obtained performance is verified
by experiments reported in Sec. V.
II. MODELING THE ROBOT DYNAMICS
A. Robot Model

u = J θ̈ + τ + τf
τ = M (q)q̈ + C(q, q̇)q̇ + g(q).

(1)
(2)

Therein, q ∈ Rn and θ ∈ Rn are the link and motor angles,
respectively. τf ∈ Rn is the friction torque. The control input
is the motor torque u ∈ Rn . The motor inertia matrix J ∈
Rnxn is diagonal and positive definite. The transmission torque
between motor and link dynamics τ ∈ Rn is modeled as a
linear function of the motor and the link position
τ

=

K(θ − q)

(3)

and is measured by strain gauge based torque sensors. The
joint stiffness matrix K ∈ Rnxn is diagonal and positive
definite. Furthermore, M (q) ∈ Rnxn is the mass matrix,
C(q, q̇) ∈ Rnxn the centrifugal and Coriolis matrix, and
g(q) ∈ Rn the gravity vector of the rigid body model.
Finally, in order to facilitate the controller design and the
stability analysis, the following two properties are used
P.1: The mass matrix M (q) is symmetric and positive
definite M (q) = M T (q) and satisfies
λm ≤k M (q) k≤ λM

P.2:

(4)

with λm , λM being the maximum and minimum
eigenvalues respectively.
The matrix Ṁ (q) − 2C(q, q̇) is skew symmetric and
xT (Ṁ (q) − 2C(q, q̇))x = 0,

∀x, q, q̇ ∈ Rn .

In Addition, the following assumptions are made
A.1: The motor position θ and the link side torque τ
are directly measured and can be used for feedback
control.
A.2: The desired link position qd (t) ∈ C 4 is bounded.

(6)

Therein, τ is the measured link torque. σ0 and σ1 are stiffness
and damping coefficients of the LuGre friction model. hz describes effects of the static friction [25]. fc , fv and fl represent
the Coulomb, viscous and load dependent coefficients of the
friction torque, respectively.
To design an adaptive friction compensator we will reformulate the inner dynamics (6) by setting
ż = θ̇ − Ψz

(7)

with the positive definite and diagonal matrix
|θ̇1 |
|θ̇n |
, ..., σ0n
).
hz1
hzn
Now the friction model (5) can be rewritten by
Ψ = diag(σ01

τf = σ0 z − σ1 Ψz + σ2 θ̇

For a flexible joint robot with n rotary joints its simplified
dynamics [1], [24] is described by

(5)

(8)

(9)

with σ2 = σ1 + fv .
Furthermore, let us redefine the LuGre friction model (9)
as a friction model with two inner independent states z0 , z1
τf = Φ0 z0 − Φ1 Ψz1 + Φ2 θ̇,

(10)

and with two inner independent friction dynamics

ż0 = θ̇ − Ψz0
(11)
ż1 = θ̇ − Ψz1 .
All matrices Φ0 , Φ1 , Φ2 ∈ Rnxn are positive definite
and diagonal. For the adaptive friction compensation these
parameters and simultaneously the inner states z0 , z1 have
to be estimated online during trajectory tracking of the robot.
III. CASCADED CONTROL WITH KNOWN
DYNAMICS PARAMETERS
The new control law is designed based on the cascaded
structure, for which two control loops are used. The outer
control loop computes the desired values (e.g. the desired
motor position and the desired link torque) for the inner control
loop. In a different way from [15], in the inner control loop
a state feedback controller with integrator terms is used to
compute the desired motor torque, which should increase the
tracking position accuracy of the robot.
Now let us denote the desired motor position and the desired
link position as θd and qd , respectively. According to these
variables the desired link torque can be defined by
τd = K(θd − qd ).

(12)

Together with (3) this leads to the link torque error
eτ = τd − τ = K(eθ − eq ).

(13)

with eθ and eq being the position tracking errors of the motor
side and the link side

eθ = θd − θ
(14)
eq = qd − q.
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A. Motor Motion Control based on a State Feedback Controller with Integrator Terms
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position errors of the system converge to zero according to
Barbalat’s lemma (see more proof of stability in Sec. III.A).
Due to modeling errors and variable loads, the gravitational
and the frictional torque are subjected to uncertainties that
require that the applied control torque should be sufficiently
large to counteract them at the desired position. Therefore,
 ( s )
the threshold ε of the function S(ϕ) could be chosen so that
ε > KI−1 (supθ̇,τ ∈Rn |τfi | + supq∈Rn |gi (q)|) for i = 1..n. In
practice ε was chosen big enough so that the integral action
is always active for all time.

Figure 2. S(ϕ) function.

Let Λ be a positive definite and diagonal matrix, and define

vθ = θ̇d + Λeθ
(15)
sθ = vθ − θ̇ = ėθ + Λeθ .
In this inner control loop, in order to ensure that the
link position q converges to the desired link position qd , a
state feedback controller with integrator terms consisting of
full states (integrated motor position, motor position, motor
velocity, link torque, derivative of the link torque) is proposed
as
u = J v̇θ + KI S(ϕ(t)) + KP eθ + KD ėθ
+ KT K −1 eτ + KS K −1 ėτ + τd + τf (16)

Z t
ϕ if |ϕ| ≤ ε
, ϕ(t) =
with S(ϕ) =
sθ dt (17)
0 if |ϕ| > ε
0
where ε is a positive constant. Obviously, S(ϕ) is a bounded
function.
Figure 2 depicts the definition of the bounded function
S(ϕ). In the following, we assume that the initial sθ (t = 0) =
0. Then, the time derivative of S(ϕ) becomes

∂S ∂ϕ
sθ (t) if |ϕ(t)| ≤ ε
Ṡ(ϕ(t)) =
(18)
=
0
if |ϕ(t)| > ε.
∂ϕ ∂t
Furthermore, all gain matrices KI , KP , KD , KT and
KS ∈ Rnxn are positive definite and diagonal. The friction
compensation term τf is computed by using the LuGre friction
model (5).
By inserting the control law (16) into (1) and then using
the definition (13), one gets the closed-loop motor dynamics
J ṡθ + KI S(ϕ) + KP eθ + KD ėθ
+ A(eθ − eq ) + KS (ėθ − ėq ) = 0. (19)
with A being positive definite and diagonal matrix and
A = KT + K.

(20)

The equation (19) will be used for stability analysis in
Sec. III-C.
In order to use the control law (16), the desired link torque
as well as the desired motor position and their derivatives have
to be computed in the next section.
Remark 1: The design of controllers for robot manipulators
has to deal with the problem of bounded torques in the
externally applied control torque signals, because motors can
provide finite torques only. Since the integral term generates
energy in the system, the bounded function S(ϕ) in (17)
is required to bound control torques and guaranty energy
dissipation for the controlled system. As consequence the

B. Computed Torque Control
Further let us define

vq = q̇d + Λeq
sq = vq − q̇ = ėq + Λeq .

(21)

In this outer control loop the desired link torque and
the desired motor position are computed. Their appropriate
derivatives can be obtained through numerical differentiation.
Therefore, the desired link torque τd for the control law (16)
can be generated based on using the rigid body dynamics [26]
and is given by
τd = M (q)v̇q + C(q, q̇)vq + g(q) + Kq sq ,

(22)

where the matrix Kq is positive definite and diagonal. It is
noticed that this additional control damping term enables to
enhance system control performance in terms of the dynamic
behavior.
Hence, the desired motor position is determined from the
definition (12)
θd = qd + K −1 [M (q)v̇q + C(q, q̇)vq + g(q) + Kq sq ]. (23)
Simultaneously, for this proposed desired link torque one
can obtain the closed-loop link dynamics by inserting (22)
and (2) into (13)
eτ = τd − τ = M (q)ṡq + (C(q, q̇) + Kq )sq .

(24)

Remark 2: According to (3) the link position can be determined from the measured motor position and the measured
link torque by q = θ − K −1 τ .
Remark 3: The motor velocity and the derivative of the link
torque can be approximated by the first numerical difference.
With the high sampling rate (3 kHz for the DLR medical
robots), this approximation is accurate enough for motion
control purposes. Then it follows q̇ = θ̇ − K −1 τ̇ .
Remark 4: According to the control law (16) the derivative
of the desired link torque τ̇d and the desired motor velocity θ̇d (as well as the motor acceleration θ̈d ) are needed.
Deriving (22), (23) uses the link acceleration q̈, which can
be computed by using the link dynamics (2) instead of numeric differentiation. Therefore, the control law (16) is only
depended on the measured motor position, the measured link
(3)
torque and their fist derivatives, θ̇d (qd , q̇d , q̈d , qd , θ, θ̇, τ, τ̇ ),
(3)
(3) (4)
τ̇d (qd , q̇d , q̈d , qd , θ, θ̇, τ, τ̇ ), θ̈d (qd , q̇d , q̈d , qd , qd , θ, θ̇, τ, τ̇ ).
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C. Stability Analysis
Theorem 1: Consider the robot dynamic system (1) and (2)
satisfying assumption that the robot parameters are known.
With the motion controller (16) and the joint torque controller (22) the system achieves global asymptotic convergence {limt→∞ eθ = 0, limt→∞ ėθ = 0, limt→∞ eq =
0, limt→∞ ėq = 0} whenever the following condition is
satisfied

Hence V̇ is semi-negative definite, when V̇2 is semi-negative
definite. Furthermore, by simplifying V̇2 in (28) using (13) and
the property (P.2) one obtains
V̇2 (eθ , ėθ , eq , ėq ) = − eθ T ΛKA−1 KP eθ
− ėTθ KA−1 (KD + KS )ėθ + eθ T ΛKA−1 KS ėq
+ ėTθ KA−1 KS ėq − eq T ΛKq Λeq − ėTq Kq ėq

eθ
 ė 
ėTq ] H  θ 
eq
ėq


Kq >

1
KA−1 KS2 (ΛKP−1 + (KD + KS )−1 ).
4

Proof: For stability analysis the following Lyapunov function candidate is chosen
1 T
1
sθ KA−1 Jsθ + (eθ − eq )T K(eθ − eq )
2
2
1 T
1 T
+ sq M (q)sq + eθ KA−1 (KP + ΛKD + ΛKS )eθ
2
2
(26)
1
T
+ eq Kq Λeq + S(ϕ)T KA−1 KI S(ϕ)
2
Z

V (x) =

t

(eθ − eq )T KΛ(eθ − eq )dt

+
0

R

R

with x = {S(ϕ), eθ , eθ , ėθ , eq , eq , ėq }. It is noticed that all
the gain matrices as well the stiffness matrix and parameter
matrix A are diagonal and positive definite. Hence, the function V is positive definite. Furthermore, because of the boundedness of the gain matrices and the mass matrix M (q) from
property (P.1), V is also bounded by αkxk2 ≤ V ≤ βkxk2 .
Then, the derivative of the function V along the trajectory,
using equations (19) and (24), leads to
1
V̇ = sθ T KA−1 J ṡθ + (eθ − eq )T K(ėθ − ėq ) + sq T Ṁ (q)sq
2
+ sq T M (q)ṡq + eθ T KA−1 (KP + ΛKD + ΛKS )ėθ
+ 2eq T Kq Λėq + Ṡ(ϕ)T KA−1 KI S(ϕ)
+ (eθ − eq )T KΛ(eθ − eq ) ≡ V̇1 + V̇2
with
V̇1
V̇2

= −sθ T KA−1 KI S(ϕ) + Ṡ(ϕ)T KA−1 KI S(ϕ) (27)
= sθ T KA−1 [−KP eθ − KD ėθ − A(eθ − eq )
1
−KS (ėθ − ėq )] + sq T Ṁ (q)sq + sq T [eτ
2
−(C(q, q̇) + Kq )sq ] + (eθ − eq )T K(ėθ − ėq ) (28)
+eθ T KA−1 (KP + ΛKD + ΛKS )ėθ
+2eq T Kq Λėq + (eθ − eq )T KΛ(eθ − eq ).

Using the properties of the bounded function S(ϕ) in (17),
(18) obviously results in

−sθ T KA−1 KI S(ϕ) + sθ T KA−1 KI S(ϕ)


if |ϕ| ≤ ε
V̇1 =
0


if |ϕ| > ε.
=0

∀ ϕ(t).

:= − [ eθ T ėTθ eq T

(25)

(29)

with the symmetric Hessian matrix

−1

(30)

0

0

− 21 ΛKA−1 KS

0

KA−1 (KD +KS )

0

− 21 KA−1 KS

0

0

ΛKq Λ

0

− 21 ΛKA−1 KS

− 12 KA−1 KS

0

Kq

ΛKA



H= 

KP



.

nxn

The zero matrix is denoted by 0 ∈ R . This Hessian matrix
H can be divided by


H11 H12
H=
(31)
T
H12
H22
with H11 , H12 and H22 ∈ R2nx2n being sub-matrices. Now,
V̇2 is negative definite, when H is positive definite. From
the lemma ”positive definite symmetric matrix” [28], the
following two inequality conditions should be fulfilled
H11
H22

>
>

0
T
H12
(H11 )−1 H12 .

(32)
(33)

Condition (32) is always fulfilled with positive definite
matrices Λ, K, A, KP , KD and KS . Further, the Schur
complement of the matrix H is given by
Hs

T
= H22 − H12
(H11 )−1 H12


ΛKq Λ
0
=
.
−1
2
0
Kq − 14 KA−1 KS
+(KD +KS )−1 )
(ΛKP

Obviously, condition (33) is fulfilled when Hs is positive
definite, or, equivalently, the condition (25) is fulfilled. Then
V̇2 (eθ , ėθ , eq , ėq ) is negative semi-definite with the condition
(25) and therefore {V̇ ≤ 0|∀ x}.
The equilibrium x = 0 is stable in the sense of Lyapunov,
because {V > 0|∀ x 6= 0}, {V̇ ≤ 0|∀ x} and {V̇ < 0|∀ x 6=
0}. S(ϕ), eθ , ėθ , eq and ėq are bounded and belong to L2 ,
and from (15), (19) , (21) and (24) one has
ëθ
ëq

= −Λėθ − J −1 (KI S(ϕ) + KP eθ + KD ėθ
+A(eθ − eq ) + KS (ėθ − ėq ))
= −Λėq + M (q)−1 (K(ėθ − ėq )
−(C(q, q̇) + Kq )(ėq + Λeq )).

Evidently, ëq and ëθ are bounded as well because all variables
in the right hand side of the about two equations are bounded.
This yields that the derivative of V̇ is bounded, according to
Barbalat’s lemma [26] the function V̇ is uniformly continuous,
and V̇ → 0 as t → ∞. This means that the system errors converge to the zero equilibrium asymptotically, {limt→∞ eθ =
0, limt→∞ ėθ = 0, limt→∞ eq = 0, limt→∞ ėq = 0}, or,
equivalently, {θ → θd , q → qd }. This completes the proof of
the theorem 1.
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IV. ADAPTIVE CONTROL WITH UNKNOWN
DYNAMICS PARAMETERS
In practice, all parameters can be unknown in both link
and motor dynamics including friction. In order to improve
the position accuracy while keeping the cascaded control
structure with the state feedback controller with integrator
terms, in this section the cascaded control structure is extended
to an adaptive control approach including adaptive friction
compensation.
A. Adaptive Motor Motion Control
In order to achieve better position accuracy we propose a
new adaptive control law with adaptive friction compensation
u = Jbv̂˙ θ + KI S(ϕ̂) + KP êθ + KD ê˙ θ
+ KT K −1 êτ + KS K −1 ê˙ τ + τ̂d + τ̂f (34)

elements. Hence, let us define the new vectors γ
eθ , γ̃0 , γ̃1 , γ̃2 ∈
Rn and new matrices Yθ , Y0 , Y1 , Y2 ∈ Rnxn

γ
eθ = [Je11 , ..., Jenn ]T , Yθ (v̇θ ) = diag(v̂˙ θ1 , ..., v̂˙ θn )



γ̃0 = [Φ̃011 , ..., Φ̃0nn ]T , Y0 (ẑ0 ) = diag(ẑ01 , ..., ẑ0n )
(42)

γ̃ = [Φ̃111 , ..., Φ̃1nn ]T , Y1 (ẑ1 ) = diag(ẑ11 , ..., ẑ1n )

 1
γ̃2 = [Φ̃211 , ..., Φ̃2nn ]T , Y2 (vθ ) = diag(v̂θ1 , ..., v̂θn ).
The closed loop equation (41) is now rewritten
J ŝ˙ θ + KI S(ϕ̂) + KP êθ + KD ê˙ θ + A(êθ − eq )
+KS (ê˙ θ − ėq ) − Φ0 z̃0 + Φ1 Ψz̃1 + Φ2 (ê˙ θ + Λêθ )
= Yθ (v̂˙ θ )e
γθ + Y0 (ẑ0 )γ̃0 − Y1 (ẑ1 )Ψγ̃1 + Y2 (v̂θ )γ̃2 . (43)
B. Adaptive Computed Torque Control
For unknown parameters the adaptive control law of the
desired link torque τ̂d is chosen by
τ̂d

(

˙
êθ = θ̂d − θ,
v̂θ = θ̂d + Λêθ
with
ŝθ = ê˙ θ + Λêθ ,
êτ = τ̂d − τ

Z t
ϕ̂ if |ϕ̂| ≤ ε
, ϕ̂(t) =
ŝθ dt
and S(ϕ̂) =
0 if |ϕ̂| > ε
0

(35)

(36)

b θ̂d , τ̂d and τ̂f are the estimate of the motor inerwhere J,
tia, the desired motor position, the desired link torque and
the friction torque respectively. The estimates of the desired
motor position, the desired link torque are computed in next
subsection. For the adaptive friction compensation the estimate
of the friction torque is chosen by
τ̂f = Φ̂0 ẑ0 − Φ̂1 Ψẑ1 + Φ̂2 v̂θ .

(37)

Hereby, ẑ0 , ẑ1 and Φ̂0 , Φ̂1 , Φ̂2 are the estimates of the inner
states and the friction parameters respectively. The observed
friction dynamics can be given by using the observers [27]

ẑ˙0 = θ̇ − Ψẑ0 + ŝθ
(38)
ẑ˙1 = θ̇ − Ψẑ1 − ŝθ .
By setting z̃0 = z0 − ẑ0 , z̃1 = z1 − ẑ1 and together with
the friction dynamics (11) the closed loop friction dynamics
result in

z̃˙0 = −Ψz̃0 − ŝθ
(39)
z̃˙1 = −Ψz̃1 + ŝθ .
Furthermore, the relation between the desired motor position
and the desired link torque is defined by
τ̂d = K(θ̂d − qd ).

(40)

Together with (3) it follows êτ = K(êθ − eq ). Then, inserting
the control law (34) into the motor dynamics (1) and using
(10), (37), (20) lead to the new closed loop equation
J ŝ˙ θ + KI S(ϕ̂) + KP êθ + KD ê˙ θ + A(êθ − eq )
+ KS (ê˙ θ − ėq ) − Φ̃0 ẑ0 − Φ0 z̃0 + Φ̃1 Ψẑ1
+ Φ1 Ψz̃1 + Φ2 ŝθ − Φ̃2 v̂θ = Jev̂˙ θ .

(41)

with Φ̃0 = Φ0 − Φ̂0 , Φ̃1 = Φ1 − Φ̂1 , Φ̃2 = Φ2 − Φ̂2 , and
b
Je = J − J.
e Φ̃0 , Φ̃1 , Φ̃2 being
Because of the parameter matrices J,
diagonal, they can be rewritten as vectors of their diagonal

c(q)v̇q + C(q,
b q̇)vq + gb(q) + Kq sq
= M
= Yq (q, q̇, vq , v̇q )b
γq + Kq sq

(44)

c(q), C(q,
b q̇) and gb(q) are estimated parameters.
where M
Inserting (44) and (2) into (35) leads to the closed-loop rigid
body dynamics êτ = τ̂d − τ or
êτ = −Yq (q, q̇, vq , v̇q )e
γq + M (q)ṡq + (C(q, q̇) + Kq )sq (45)
where γq , γ
bq are the dynamics parameters of the rigid body
model and their estimates respectively, and γ
eq = γq − γ
bq .
C. Stability Analysis
Theorem 2: For the robot dynamic system (1) and
(2) with the adaptive control laws (34), (37), (40) and
(44), the controlled system is uniformly stable, and the
tracking errors are uniformly bounded and converge to
zero {limt→∞ êθ → 0, limt→∞ ê˙ θ → 0, limt→∞ eq →
0, limt→∞ ėq → 0, limt→∞ z̃0 → 0, limt→∞ z̃1 → 0}
whenever condition (25) is fulfilled and the robot parameters
are updated by
 ˙
γ
bθ = Γθ Yθ (v̂˙ θ )A−1 K ŝθ




b˙q = Γq Yq (q, q̇, vq , v̇q )A−1 Ksq
 γ
(46)
γ̂˙ 0 = Γ0 Y0 (ẑ0 )A−1 K ŝθ


−1
˙

γ̂
=
−Γ
ΨY
(ẑ
)A
K
ŝ
1
1 1
θ

 1
γ̂˙ 2 = Γ2 Y2 (v̂θ )A−1 K ŝθ
with matrices Γθ , Γq , Γ0 , Γ1 , Γ2 being positive definite and
diagonal.
Proof: For stability analysis a new candidate Lyapunov
function is selected based on the Lyapunov function V in (26)
and additional terms for the adaptive friction approach
1
1
Va = ŝTθ KA−1 J ŝθ + (êθ − eq )T K(êθ − eq )
2
2
1 T
1 T
+ sq M (q)sq + êθ KA−1 (KP + ΛKD + ΛKS )êθ
2
2
1
T
+ eq Kq Λeq + S(ϕ̂)T KA−1 KI S(ϕ̂)
2
Z t
(47)
1 T −1
+
(êθ − eq )T KΛ(êθ − eq )dt + γ
eq Γq γ
eq
2
0
1 T −1
1 T
1
+ γ
eθ Γθ γ
eθ + z̃0 KA−1 Φ0 z̃0 + z̃1T KA−1 Φ1 Ψz̃1
2
2
2
1 T −1
1 T −1
1 T −1
+ γ̃0 Γ0 γ̃0 + γ̃1 Γ1 γ̃1 + γ̃2 Γ2 γ̃2 .
2
2
2

6

This Lyapunov function Va is always positive definite with
positive definite matrices KI , KP , KD , KT , KS , Kq and Γθ ,
Γq , Γ0 , Γ1 , Γ2 ∈ Rnxn . The derivative of the Lyapunov
function Va along the system trajectories is given by

2) Controller 2: a proposed cascaded controller with known
dynamics parameters using the state feedback controller
with integrator terms and LuGre-based friction compensation from section III,
3)
Controller
3: a proposed robust adaptive controller with
V̇a = ŝTθ KA−1 J ŝ˙ θ + (êθ − eq )T K(ê˙ θ − ėq )
unknown dynamics parameters based on the cascaded
1
control structure from section IV.
+ sq T Ṁ (q)sq + sq T M (q)ṡq
2
All
experiments
are implemented with joints 1-2-3 of the
+ êTθ KA−1 (KP + ΛKD + ΛKS )ê˙ θ + 2eq T Kq Λėq
DLR
medical
robot.
As an example, the tables I, II and III
(48)
represent the identified friction parameters, the control design
+ Ṡ(ϕ̂)T KA−1 KI S(ϕ̂) + (êθ − eq )T KΛ(êθ − eq )
parameters and the adaptive parameters of the joints 1-2-3,
T
T
−γ
b˙q Γ−1
eq − γ
b˙θ Γ−1
eθ + z̃0T KA−1 Φ0 z̃˙0
q γ
θ γ
respectively.
T
˙ T −1 T
˙ T −1 T
In the proposed control laws the motor velocities and the
+ z̃1T KA−1 Φ1 z̃˙1 − γ̂˙ 0T Γ−1
0 γ̃0 − γ̂1 Γ1 γ̃1 − γ̂2 Γ2 γ̃2 .
derivative of the link torques (as well as the link velociBy inserting (35), (43), (45) into (48) and utilizing (29), (30)
ties indirectly computed from them) are derived from the
one obtains
measured motor positions and link torques, and then filtered
˙
with cutoff frequencies fdθ = [200, 200, 200] Hz and fdτ =
V̇a = V̂2 − ŝTθ KA−1 Φ2 ŝθ − z̃0T KA−1 Φ0 Ψz̃0
[100, 100, 100] Hz, respectively.
T
− z̃1T KA−1 Φ1 Ψz̃1 + [ŝTθ KA−1 Yθ (v̂˙ θ ) − γ
e˙θ Γ−1
γθ
θ ]e
At first, the control performance in terms of the dynamic
T −1
T
−1
(49)
˙
behavior
of controller 2 from section III is validated by
+ [sq KA Yq (q, q̇, vq , v̇q ) − γ
eq Γq ]e
γq
comparing
step response results of joint 1 with controller 1. It
−1
+ [ ŝTθ KA−1 Y0 (ẑ0 ) − γ̂˙ 0T Γ0 ] γ̃0 − [ ŝTθ KA−1 Y1 (ẑ1 )Ψ
can be seen in figure 3 that the proposed controller 2 (the red
T
−1
curve) can superiorly damp oscillations of the link torques.
+ γ̂˙ 1T Γ−1
Y2 (v̂θ ) − γ̂˙ 2T Γ−1
1 ] γ̃1 + [ ŝθ KA
2 ] γ̃2 .
Furthermore, the robustness of controller 2 is validated
˙
Analogous to (30), V̂2 = V̇2 (êθ , ê˙ θ , eq , ėq ) is negative semi- against uncertainties of the desired link torques τd (dependent
definite with the condition (25). For negative definiteness on the link dynamics parameters) and the desired friction
of the function V̇a we choose the update law (46) for the torques τf for friction compensation in the control law (16).
dynamics and friction parameters. This leads to
By using a periodic trajectory as in figure 4.a, figures 5 and
6 show the motor position errors and measured link torques
˙
T
−1
V̇a = V̂ − ŝθ KA Φ2 ŝθ
when the desired link torque τ̂d is varied from 40% to 100%
− z̃0T KA−1 Φ0 Ψz̃0 − z̃1T KA−1 Φ1 Ψz̃1 . (50) of its identified value τd and when the desired friction torque
τ̂f is varied from 0% to 100% of its identified value τf ,
Obviously, this function V̇a is negative semi-definite, because
respectively. It can be seen that the controlled system with the
all the friction parameters Ψ, Φ0 , Φ1 , Φ2 are positive definite.
controller 2 is very robust and keeps stability against these
Similar to Sec. III, according to Barbalat’s lemma it
disturbances. Based on this robustness the adaptive controller
leads to {limt→∞ êθ → 0, limt→∞ ê˙ θ → 0, limt→∞ eq →
3 was developed in order to increase position accuracy and
0, limt→∞ ėq → 0, limt→∞ z̃0 → 0, limt→∞ z̃1 → 0}, or,
reduce the effects of the parameter uncertainties, especially,
equivalently, {θ → θ̂d , q → qd , ẑ0 → z0 , ẑ1 → z1 } as t → ∞.
the high friction effects.
This completes the proof of the theorem 2.
Next, the control performance in terms of the position
tracking accuracy (as well as the dynamic behavior) of the
Table I
proposed controllers is validated. For fast convergence of the
IDENTIFIED FRICTION PARAMETERS OF THE JOINTS 1-2-3.
estimated parameters in case of the adaptive controller 3, the
Joint
fc
fl
fv
σ0
σ1
initial values of the estimated parameters are set to 100%
(Nm)
(Nms/rad)
(Nm/rad)
(Nms/rad)
of the identified value. Figure 7 shows the adapted friction
1
2.451
0.1263
9.2123
278.8535
28.29
parameters of the motors 2-3 when they follows the periodic
2
10.51
0.1525
14.556
5033.382
317.6
3
10.35
0.1432
15.484
5423.556
286.5
trajectory in figure 4.a. Furthermore, in figure 8 one can see
that the adaptive controller 3 (the red curve) with a RMSE
value (Root Mean Square Error) < 0.006 deg clearly achieves
Table II
the best position accuracy in comparison with the controller
CONTROLLER PARAMETERS FOR THE JOINTS 1-2-3.
1 and 2. Moreover, figure 9 shows the measured link torques
to validate the control performance in terms of the dynamic
Joint
kI
kP
kD
kT k−1
kS k−1
kq
λ
1
1619.0
8443
167
1.590
0.0068798
5
10
behavior. It can be seen that controller 1 (PID) causes stronger
2
1048.4
7268
301
2.966
0.0182072
5
10
oscillations and thus achieves worse dynamic behavior than
3

1110.7

7714

330

3.461

0.0083539

5

10

V. EXPERIMENTS
In order to validate the control performances, the results of
experiments are compared with
1) Controller 1: a PID controller with LuGre-based friction
compensation,

Table III
ADAPTIVE PARAMETERS FOR THE JOINTS 1-2-3.
Joint
1
2
3

Γθ
2
2
2

Γq
2
2
2

Γ0
1000
1000
1000

Γ1
1000
1000
1000

Γ2
1000
1000
1000

7

0.1

4

τ2 (N m)

eθ2 (deg)

0.05
0
−0.05
−0.1
13

14

15

16

17

τ3 (N m)

0.05
0
−0.05

13

14

−6
−8
−10

15

16

−12
13

17

13.5

time (s)

14

time (s)

4

0.1

τ2 (N m)

eθ2 (deg)

0.15

0.05
0

13

40

0

14

15

16

17

−2

τ̂f 13= 70%τf 13.5

18

14

τ̂f = 30%τf
−4

τ̂f = 0%τf

0.15

τ3 (N m)

0.1
0.05
0
−0.05

13

−6

−8

−10
14

15

16

time (s)

Controller 1
Controller 2

2

τ̂f = 100%τf

−0.05

−0.1

τ1 (N m)

14

−0.1

eθ3 (deg)

In this paper we proposed a robust cascaded control approach based on using a state feedback control scheme with
integrator terms. Further, the method is extended to an adaptive
control approach for the case of unknown dynamics parameters
in order to enhance the tracking accuracy of flexible joint
robot. The control parameters can be simply obtained through
the pole placement method in the considered analytical framework. Global asymptotic convergence of the controllers has
been proven. Experimental results with the DLR medical robot
validate the effectiveness of the proposed controllers in the
presence of unknown robot parameters.

20

0

τ̂d = 100%τd
τ̂d−213
= 80%τd 13.5
τ̂d = 60%τd
τ̂d−4= 40%τd

Figure 5. Tracking motor position errors and measured link torques of the
proposed controller 2 during the periodic trajectory when the desired link
torque varies.

VI. CONCLUSIONS

30

2

0.1

eθ3 (deg)

the proposed controllers 2 and 3, because its feedback is
restricted to motor state variables only, without using link side
information such as link position or link torque.
In the next experiment, a point to point trajectory in figure
4.b is chosen in order to show the position tracking accuracy
of the robot. Figure 10 shows the motor position accuracy of
joints 2-3. It can be seen that the best performance is clearly
obtained by the proposed adaptive controller 3 from Sec. IV
(the red curve). Whereas controllers 1 and 2 have a steady
state error because of the coarsely modeled friction torque
and rigid body dynamics, the position error of the adaptive
controller 3 quickly converges to zero because of the effects
of the integrator and the adaptive compensation.

17

18

13

13.5

14

time (s)

Figure 6. Tracking motor position errors and measured link torques of the
proposed controller 2 during the periodic trajectory when the desired friction
torque varies.
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Figure 3. Measured link torque after a step of joint 1 with controller 1 and
controller 2.
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25
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20
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time (s)

0
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1

2
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3
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time (s)

Figure 4. Desired link position for joints 2-3: a) a periodic trajectory; b) a
point to point trajectory.
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[9] C. Ott, A. Albu-Schäffer, A. Kugi, G. Hirzinger, ”On the passivitybased
impedance control of flexible joint robots”, IEEE Trans. on Rob., Vol.
24, pp. 416-429, 2008.
[10] C.-I. Morarescu, B. Brogliato, ”Passivity-based switching control of
flexible-joint complementarity mechanical systems”, Automatica, Vol. 46,
Issue 1, pp. 160-166, 2010.
[11] K. Melhem, W. Wang, ”Global output tracking control of flexible joint
robots via factorization of the manipulator mass matrix”, IEEE Trans. on
Rob., Vol. 25, Iss.2, pp. 428-437, 2009.
[12] S. Ibrir, ”Nonlinear observer design with robustness of transient behavior: Application to a flexible-joint robot”, in Proc. IEEE Int. Conf. on
Cont. Appl. Part of 2010 IEEE Multi-Conf. on Syst. and Cont., Yokohama,
Japan, pp. 1385-1390, 2010.
[13] J. Lee, T. J. Hal, J. S. Yeon, S. Lee, J. H. Park, ”Robust Nonlinear
Observer for Flexible Joint Robot Manipulators with Only Motor Position
Measurement”, in Proc. Int. Conf. on Cont., Autom. and Syst., Seoul,
Korea, pp. 17-20, 2007.
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