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A method of computing X-ray photo-emission spectra in the wide range of energy losses and different sighting
angles is presented. Photo-emission spectra for layers of finite thickness are investigated. Angular and energy
spectra are analyzed using the invariant imbedding principle. They are computed using the small-angle
approximation and the exact numerical solution of the multiple photo-electron scattering problem in solids.
The presented methods of X-ray photo emission spectra analysis are compared regarding their efficiencies.
The comparison of the exact numerical solution to those based on the straight line approximation and the
small angle approximation reveals an error of the straight line approximation of about 50%. Numerical
solutions are compared with the experimental data and Monte-Carlo simulations.

I. INTRODUCTION

X-ray photo-electron spectroscopy (XPS) is one of the
most effective tools for surface analysis1,2. XPS analysis
is based on the estimation of the area under the peak,
which is due to elastically scattered electrons with a spe-
cific characteristic energy. The area under the peak is
related to the amount of a certain element in the near-
surface layer. The thickness of this layer is approxi-
mately equal to the inelastic mean free path (IMFP).
This method is called “peak shape analysis”, which uses
an appropriate software for XPS spectra processing to
identify the quantitative composition of the sample3. A
common approach for data processing is based on the
straight line approximation (SLA) in which multiple elas-
tic scattering processes4,5 are neglected. In contrast to
the SLA, the small-angle approximation (SAA) takes into
account multiple elastic scattering events which change
significantly the electron movement direction and that
small angle scattering events are more probable than
those corresponding to larger angles.

More accurate sample depth profiling method using
PES spectra measured in the energy loss range of about
100 eV or more can be designed. Tougaard2,6,7 showed
that different surface morphology compositions of the
multilayer system produce the same elastic peak inten-
sities but with different energy losses in the rest of the
spectral range. In these cases a common methodology for
peak shape analysis based on the SLA can lead to sig-
nificant errors. However, this phenomenon demonstrated
in2,6,7 is qualitatively correct and has to be considered.

The SLA approach1–5 is widely used mainly due to
its simplicity. In general, the SLA should be considered
as a technique providing qualitative but not quantita-
tive results, because the inelastic cross section and the
elastic cross section are of the same order. Usually the

influence of elastic scattering on the XPS signal is taken
into account by using the transport approximation1,2,8

or the Monte-Carlo (MC) method1,2. As stated in9, the
transport approximation leads to a significant error while
MC simulations are time-consuming. Under such circum-
stances it is not efficient to solve the inverse problem us-
ing the fitting procedure based on these techniques. The
same problems arise in satellite remote sensing of the
atmosphere for the retrieval of atmospheric constituents
from reflected spectra. A method for solving the radia-
tive transfer problem relies on the discrete ordinate for-
malism10,11. On the other hand, approximate methods
based on analytical approaches are less time-consuming.
The small-angle approximation belongs to this category
and was proposed by Goudsmit and Saunderson12,13 for
computing transmission functions for electrons scattered
in solids. In this paper, we apply this technique to the
photo-electron transport problem, and show that it leads
to smaller errors than the SLA. The transport approx-
imation is used in the radiative electron transfer prob-
lem when the particle’s path length exceeds the trans-
port range ltr

14. The results obtained using the SLA
and the SAA will be compared with the exact numerical
solution of the boundary value problem for the transport
equation.

We consider the multiple inelastic scattering process
based on the Landau’s theory15. In order to describe
PES it is necessary to consider the sample as a multi-
layer system described by different energy loss laws in
surface and bulk layers. The retrieval of inelastic dif-
ferential cross sections in the bulk ωinB (∆) and surface
layers ωinS (∆) is the most important part of the XPS
energy loss spectrum reconstruction. The most effective
method of the differential inverse inelastic mean free path
(DIIMFP) and differential surface excitation parameter
(DSEP) retrieval which is an an ill-posed problem by
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nature19 is based on the reflection electron energy loss
spectroscopy (REELS) 16–18.

In20,21 so-called intrinsic plasmon excitations are in-
troduced. They are considered as additional non-local
processes of inelastic photo-electron energy losses and are
related only to the photo-ionization process. In this pa-
per only DIIMFP and DSEP (shown in Fig. 2) retrieved
from the REELS experimental data are used for PES
calculations. The intrinsic excitation processes are not
included in the model.

The boundary value problem for the photo-electron
transport equation is solved by using the invariant imbed-
ding technique9,14,24. The description of sequential XPS
spectra, as given in9, requires the solution of a set of
equations for the reflection R (z,∆,Ω0,Ω), transmission
T (z,∆,Ω0,Ω) and photo-electron emission flux density
Q (z,∆,Ω0,Ω) functions, where z is the layer thickness,
∆ = E0 − E is the electron energy loss, Ω0 = (µ0, ϕ0),
Ω = (µ, ϕ) are the incident and sighting angles, respec-
tively. The solution of these equations will be found nu-
merically by using the small-angle approximation9,24.

II. BASIC THEORY: EQUATIONS FOR Qk AND Rk

FUNCTIONS

Let us introduce the functions Qk/Rk which are the
photo-electron flux density function and the reflection
function of particles that have experienced exactly k in-
elastic scattering events, respectively. Then, in a wide
range of energy losses, the functions Q and R are ex-
panded into series of Qk and Rk functions, respectively,
as follows:

Q (z,∆,Ω0,Ω) = Q0 (z,Ω0,Ω) δ (∆)

+
∞∑
k=1

[
Qk (z,Ω0,Ω)xkin (∆)

] (1)

and

R (z,∆,Ω0,Ω) = R0 (z,Ω0,Ω) δ (∆)

+
∞∑
k=1

[
Rk (z,Ω0,Ω)xkin (∆)

]
, (2)

with

x1
in (∆) = xin (∆) ,

xk+1
in (∆) =

∆∫
0

xkin (∆− ε)xin (ε) dε.
(3)

Here, the Qk and Rk functions refer to the k-fold
inelastically scattered particles. If the differential sin-
gle scattering inelastic cross section xin (∆) (DIIMFP or
DSEP) stands for the energy spectrum which is observed
after the single inelastic scattering event, then the k-fold
convolution xkin (∆) identifies the energy losses spectrum
after k successive inelastic scattering events.

The main advantage of the invariant imbedding
method consists in the fact that we can obtain equations
for the expansion coefficients Qk, Rk and Tk avoiding
the computations of the path length distribution func-
tion (PLDF).

Below the following notations are used: n is the atomic
density, ωel (µ

′, µ, ϕ′) and σel are the differential cross
section and the total cross section of elastic scatter-
ing, respectively, ωin (E0,∆) and σin are the differen-
tial cross section and the total cross section of inelastic
scattering, respectively, σx→e is the total cross section
of photo-ionization, xin (E0,∆) = ωin (E0,∆) /σin is the
normalized differential inverse inelastic mean free path
(NDIIMFP), xel (µ

′, µ, ϕ′) = ωel (µ
′, µ, ϕ′) /σel is the

normalized differential elastic cross section, µ = cos (θ),
θ is the polar angle and ϕ is the azimuthal angle.

The normalization conditions for xin and xel are given
by

E0∫
0

xin (E0,∆) d∆ = 1,

2π∫
0

1∫
−1

xel (µ0, µ
′, ϕ′) dµ′dϕ′ = 1,

(4)

respectively. Also, we introduce the single scattering
albedo and the photo-ionization albedo, respectively as
follows:

λ =
σel

σin + σel
; λγ =

σx→e
σin + σel

.

The angular distribution of photo-electrons f (µ0, µ, ϕ)
produced by an excited atom is expanded in a series of
Legendre polynomials

f (µ0, µ, ϕ) =
1

4π

3∑
i=0

βiPi (θ), (5)

where Pi is the Legendre polynomial. Then, the photo-
electron-emitting source27,28 is

F (µ0, µ, ϕ) = σx→ef (µ0, µ, ϕ) (6)

Here σx→e is the photo-ionization cross section.
The equations for the emitted photo-electron flux den-

sity have been derived in9. To obtain the equation for
Qk (z, µ0, µ, ϕ), we add a layer of thickness dz above
the layer of thickness z and consider the corresponding
changes of Qk. The thickness dz is chosen small enough
to neglect multiple scattering in this layer. The final dif-
ferential equation is given by

∂
∂τQk (τ, µ0, µ, ϕ) + 1

µQk (τ, µ0, µ, ϕ)

− (1−λ)
µ Qk−1 (τ, µ0, µ, ϕ) = δk0λγf (µ0, µ, ϕ)

+λγf ⊗Rk + λQk ⊗ xelλQk ⊗ xel ⊗R0

+λ
k−1∑
m=0

Qk−m ⊗ xel ⊗Rm,

(7)

where τ = (σel + σin)nz, and
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Qk ⊗ xel =
2π∫
0

1∫
0

Qk (τ, µ0, µ
′, ϕ′ − ϕ) · xel (µ′, µ, ϕ′) dµ

′

µ′ dϕ
′ (8)

A detailed derivation of (7) can be found in9.
The electron density function Q0 identifies photo-

electrons which escape into the vacuum without being
scattered inelastically. They produce the elastic peak
with the corresponding characteristic energy. Applying
the SLA to Eq. (7) leads to

∂
∂τQk (τ, µ0, µ, ϕ) + 1−λ

µ Qk (τ, µ0, µ, ϕ) =

= δk0λγf (µ0, µ, ϕ) +

+ (1− δk0) (1−λ)
µ Qk−1 (τ, µ0, µ, ϕ) .

(9)

The solution of equation (7) in the small-angle ap-
proximation is obtained by using the spherical harmonic
method24. As the differential elastic scattering cross-
section is strongly forward peaked, the integral terms
in (7) can be simplified as follows:

∂
∂τQ

m,l
k +

(1−λxl
el)

µ Qm,lk =

= λγδk0F
l + (1− δk0) (1−λ)

µ Qm,lk−1.
(10)

Equation (7) and the simplified equations (9-10) are
first order linear differential equations. The solution
of (7) in conjunction with (10) can be expressed as

Qk =
∞∑
l=0

l∑
m=0

2l+1
2 Pl (µ0)Pl (µ) ·

·Qm,lk cos [m (ϕ− ϕ0)] ,

(11)

where

Qm,lk = µ
λγF

m,l

1− λxm,lel

[
1− λ

1− λxm,lel

]k
·

·

[
1− exp

(
−1− λxm,lel

µ τ

)
·
k∑

n=0

(
1− λxm,lel

µ
τ

)n
1

n!

]
.

(12)
Here, xlel are the expansion coefficients of the normalized
elastic cross section in terms of Legendre polynomials,
while F l are the expansion coefficients of the differen-
tial cross section of photoelectric ionization in terms of
Legendre polynomials.

In the SAA (11), the changes of the electron movement
direction from downward to upward and vice versa are
neglected due to the fact that xel (π) /xel (0) � 1. To
obtain the exact solution, we have to take into account
the reflection processes (the 2nd and the 4th terms in
Eq. (7)) and to use the equation for the reflection func-
tion R (τ,∆, µ0, µ, ϕ)24. The functions Rk (τ, µ0, µ, ϕ) for
the flux of reflected electrons after k inelastic scattering
events are given by
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FIG. 1. (Color online) REELS spectra for Al with the initial
electron energy E0 = 1180 eV. Measurements are taken from
16 while calculations are performed using Eqs. (2) and (13).

∂
∂τRk (τ, µ0, µ, ϕ) +

(
1
µ0

+ 1
µ

)
Rk (τ, µ0, µ, ϕ)

= λxel + λxel ⊗Rk + λRk ⊗ xel
+λR0 ⊗ xel ⊗Rk + λRk ⊗ xel ⊗R0

+λ
k−1∑
j=1

Rk−j ⊗ xel ⊗Rj

+ (1− λ)
(

1
µ0

+ 1
µ

)
Rk−1 (τ, µ0, µ, ϕ) .

(13)

Eqs. (7) and (13) can be solved numerically using
the Backward Differential Formula – BDF29. The BDF
method converts equation (7) into the algebraic Riccati
equation if k = 0, or into the Lyapunov equation if k > 0.
Equation (13) is reduced to a system of linear equations.

The inaccuracy of Qk determined by Eqs. (7) and (13)
is caused by uncertainties in the differential elastic scat-
tering cross section ωel (µ0, µ, ϕ) and the single scattering
albedo λ. Nowadays a lot of reliable information on the
elastic cross sections ωel (µ0, µ, ϕ)30 is available. Much
effort has been put into the improvement of the database
for total cross sections of inelastic scattering31,32. How-
ever, the retrieval of the DIIMFP and the DSEP is still a
challenging task 16,17,25,26. In modern methods of cross
section reconstruction16,17, the inelastic cross sections are
represented as a superposition of surface excitations and
bulk excitations with appropriate weights. This is shown
in Fig. 2.

For fitting we use the experimental REELS dataset
which is shown in Fig. 1. The retrieved DIIMFP for
Al is shown in Fig. 2. Calculations were performed using
Eq. (2) with coefficients Rk being the solution of Eq. (13).
The DIIMFP data are used for PES spectrum calcula-
tions as shown in Fig. 3. The coefficients Qk for the sur-
face and bulk layers are calculated via the numerical solu-
tion of Eq. (7). Calculations of PES and REELS spectra
are performed with the 2-layer model which has been de-
scribed in detail in33. No intrinsic excitation processes
are taken into account for XPS spectra calculations.
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FIG. 2. (Color online) Retrieved NDIIMFP and NDSEP for
(a) Al and (b) Si.
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FIG. 3. (Color online) PES spectra of (a) Al and (b) Si excited
with AlKα radiation. The measurements are taken from34,
while the Q-functions (1) are computed using Qk, which is
the exact numerical solution of Eq. (7).

The differential inelastic scattering cross sections
xin (∆) are approximated by

TABLE I. Fitting parameters for NDIIMFP and NDSEP.

Al Si

NDIIMFP NDSEP NDIIMFP NDSEP

εpl, eV 15.3 9.9 16.8 10.8

b, eV 4.7 5.8 10.3 9.5

Jion 1, eV 75.9 100.5

Jion 2, eV 121.9 150.5

xin (∆) =
Npl∑
i=1

λpl i · Apl i∆
β(

∆2 − ε2
pl i

)2

+ b4−αi ∆α


+
Nion∑
j=1

[
λion j ·

Aion j
∆2+a

η (∆− Jion j)
]
,

(14)

with

Npl∑
i=1

λpl i +

Nion∑
j=1

λion j = 1

Here, η is the Heaviside step function, εpl is the energy of
the plasmon, Jion is the ionization energy, b is the plas-
mon damping parameter, λpl and λion are the probabili-
ties of the plasmon excitation and the ionization, respec-
tively, while α and β are the fitting parameters. Their
values for Al and Si are shown in Table I.

The coefficients Qk are calculated for the bulk sample
(τB → ∞) and for the surface layer of thickness τS . In
Fig. 3, PES spectra for Si and Al calculated using Eqs. (1)
and (7) are compared with the experimental data given
in the XPS handbook34. The consistency between PES
spectra and measurements allows us to apply the same
strategy for shown PES calculation in the case of layers
of finite thickness.

III. PES SPECTRA FOR FINITE THICKNESS LAYER

The angular distributions Q0 (τ, µ0, µ, ϕ) are calcu-
lated using the SLA (9), the SAA (11), the numerical
solution of Eqs. (1), (7) and Monte-Carlo simulations.
The results corresponding to the single-layer model are
shown in Fig. 4. From this figure it is apparent that the
error of the SLA is decreasing when the layer thickness
τ is increasing.

The following phenomenon is illustrated in Fig. 5. The
X-ray beam strikes the surface normally, and the sighting
angles of photo-electrons are 54.7◦ (so called “the magic
angle”) and 25◦, respectively. For the ”magic angle” scat-
tering geometry, both SLA and SAA lead to satisfactory
results with an error less than 10% for elastic peaks for 1
nm layer, and an error of about 3% for the semi-infinite
layer for the whole energy range. However, for the 25◦-
scattering angle geometry, the SLA leads to significant
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FIG. 4. (Color online) The angular distribution of the XPS peak intensity (Q0) for layers of different thickness. (a) Si 2s1/2,
θ0 = 25o and z = 1 nm, (b) Si 2s1/2, θ0 = 25o and z = 3 nm, (c) Si 2p3/2, θ0 = 25o and z = 1 nm, and (d) Si 2p3/2, θ0 = 25o

and z = 3 nm. MC stands for Monte Carlo simulations (4 · 108 particles are used), while NS stands for ”numerical solution”.

errors. The error for the silicone case can be up to 15%
in the elastic peaks for a layer thickness of 1 nm, and
of about 30% in the whole energy range for the semi-
infinite layer. This fact should be taken into account in
angular resolved XPS experiments. PES spectra com-
puted by using the SLA and the SAA are closer when
the layer thickness decreases. There are regions in the
energy spectra where results of the SLA and the SAA
differ from the exact numerical solution even for τ < 1.

IV. CONCLUSIONS

It has been shown that the SAA 12,13,35 can be used to-
gether with MC-simulations and the SLA to analyze PES
spectra. In contrast to the transport approximation1,2,
SAA is well-suited for layers of finite thickness.

The approach based on the numerical solution of
Eqs. (7) and (13) is the most accurate and efficient.
Equations (7) and (13) have been derived by using the
invariant imbedding method.

The invariant imbedding method offers the possibility
to derive appropriate equations for the coefficients Qk,
Rk and Tk avoiding the computations of the path length
distribution function (PLDF).

In20–23 there is a controversy regarding the photo-
electron energy losses due to so-called intrinsic plasmon
excitations. Essentially, it is stated that the intrinsic
plasmon excitations are related to some electron photo-
ionization effects. In this paper, computations of PES
spectra for Al and Si (Fig. 3) have been performed with-
out intrinsic plasmon excitations.
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