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Abstract

Using triangular function approximations of the Gaussian, closed-form analyti-
cal representations of the Voigt function K (x, y) in terms of elementary functions
can be derived. The performance of the approximations is studied by compari-
son with more exact numerical algorithms for the closely related complex error
function, indicating serious problems for small y.
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1. Introduction

The convolution integral of a Lorentzian and Gaussian function is impor-
tant in many branches of physics and related fields. The integral does not have
a closed-form analytical solution, and computational approaches for the Voigt
function [I 2] have been discussed in well over a hundred papers. Whereas most
“state-of-the art” modern algorithms employ sophisticated numerical techniques
[e.g. Bl [, 5] to evaluate the closely related complex error function (also complex
probability function or plasma dispersion function, cf. e.g., [0l [7]), closed analyti-
cal approximations in terms of elementary functions have been proposed by sev-
eral authors. Whiting [8], Peyre and Principi [9], Kielkopf [10], Wertheim et al.
[11], Thompson et al. [12], Teodorescu et al. [I3], Titov and Haus [I4], Ida et al.
[15] and Liu et al. [I6] suggested linear combinations of Lorentzian and Gaus-
sian functions (sometimes called “pseudo-Voigt” functions, occasionally with a
correction term), Flores-Llamas et al. [I7] proposed a sum of the Lorentzian and
its derivatives, Melcher and Gerth [18] fitted the Voigt functions by generalized
Lorentz functions of the n-th degree, and Martin and Puerta [19, 20], Puerta
and Martin [2T), 22] used superpositions of two to four Lorentzians.
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Figure 1: Comparison of triangular functions used to approximate the Gaussian.

More recently, Jiménez-Mier [23] derived an approximation for the plasma
dispersion function in terms of logarithms utilizing a triangular function ap-
proximation for the Gaussian and claimed that this is “particularly good in
regions where the evaluation of the plasma dispersion function is difficult.” In
the “Atlas of Functions” Oldham et al. [24] present a slightly different triangular
approximation for the Gaussian that can also be used to approximate the Voigt
function.

In this note we provide an assessment of these two approximations for the
Voigt function. Additionally, we derive another approximation using a further
triangular representation of the Gaussian. In the following section we briefly
review the definitions, assumptions, and resulting approximations, and present
comparisons with an accurately evaluated Voigt function in section Our
conclusions are given in the final section [

2. Theory

The Voigt function (normalized to /7) is defined by

Ky = L [ T W
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where z is a measure of the distance to the center peak, and y is essentially the
ratio of the Lorentzian and Gaussian width.

A closed-form solution of the integral can be readily obtained using a simple
approximation for the Gauss function g(z) = exp (—2?). Jiménez-Mier [23]
suggested “a triangular function of the same width and area”
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In fact, this approximation drops by half at the right position z;/, = VIn?2
similar to the Gaussian, but because of the overestimation of the function value
at the origin, the half width value is overestimated as well. Likewise, the 1/e
width is too high, gjz(1) = 0.425 instead of g(1) = 1/e = 0.368. On the other
hand, the approximation given in the “Atlas of Functions” [24]

gaf(x) _ {1 - |.’I)‘/\/E |$| < ﬁ (3)

0 else

has the correct center peak value g,¢(0) = 1, but a wrong half width. Both ap-
proximations have the correct definite integral [ exp (—2?)dz = [ gapprox(z) dz =

VT
A triangular approximation with the right half width gy (vIn2) = 1/2 can

be easily constructed using the ansatz
a — blz| |z] < a/b
gw(x) = (4)
0 else.

Using the integral as a second condition leads to a quadratic expression for b
with two solutions
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The function values at the origin, g«(0) = a4, strongly deviate from one, and
the zeros are at the positions ay /by = 1.336 and a_/b_ = 2.209, i.e. there is a
short & fat and a tall & slim triangle, see Fig.

Now let 7 denote the extension of the triangular function. Then evaluation
of the integral in gives
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resulting in the Voigt function approximations

Kim(z,y) = ﬁ I(z,y,2VIn2) , (6)
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These approximations are clearly symmetric in  and should have the correct
normalization /7 because of the normalization of the triangular functions (see
next section). The peak value for z = 0 is given by
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Ky(0,y) = ?arctan@ + ?[ln(y2) — ln((%)2+y2)] (11)

in contrast to the exact value K(0,y) = e’ erfc(y) (the £+ subscript has been
omitted in the last equation). Since the logarithmic terms shown in the square
brackets approximately cancel each other out and arctan(z) = n/2 — 1/ for
x — oo all approximations tend to zero for very large .

3. Results

The range of y values encountered in atmospheric spectroscopy and related
areas spans many orders of magnitude [25]. Letchworth and Benner [26] found
y values as small as 2- 1078, and Wells [27] stated that the range of 107% < y <
125 for Earth “atmospheric radiance transmittance calculations ... was much
greater than anticipated”. According to Tepper-Garcia [28] the y values span
the range of 1078 to 1073 for quasar absorption lines, whereas Lynas-Gray [29]
expects y < 1 for stellar absorption lines and considered 1077 < y < 102.

In Fig. |2 (left) the Voigt function approximations are compared to a ref-
erence given by the Weideman [5] rational approximation (“a-expansion” with
32 terms) for some y. Whereas the approximations appear to be fine for large
y, clear discrepancies show up for small y < 1 and intermediate z. For the
two approximations based on deviations are evident at the origin even
for y = 1. This is clearly confirmed in the plot of the relative deviations
AK (z,y)/Kret(2,y) = |Kapprox — Kret|/Kref shown in the right column. Near
the origin, the [Jiménez-Mier| approximations performs slightly better, whereas
in the near wings the “Atlas of Functions Voigt” has smaller residuals, and the
“correct width” approximations are significantly worse for all y. Relative
deviations of some 10~ for y = 10 might be acceptable for some applications.
However, for large y there are “easier” ways to evaluate the Voigt function:
asymptotically the Voigt function approaches the Lorentz function (exploited
by several algorithms, e.g. Wells [27], Imai et al. [30]), and for y > 15 a sim-
ple rational approximation with a numerator linear in z? and a denominator
polynomial quadratic in z? is better than 10~* relative accuracy [3].

The significant accuracy problems of the approximations are also evident
in the contour plots of Fig. An accuracy better than 10™%, considered as
appropriate for atmospheric spectroscopy in Schreier [25], is only attained in
the Lorentz regime y > 100. Even for “moderate” values of y the relative
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Figure 2: Comparisons for y = 10 (top), y = 1, y = 0.1, and y = 0.01 (bottom). Note
the different ranges of the x axis. Furthermore a linear K axis is used for the large y cases,
whereas a logarithmic axis is used for small y.
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Figure 3: Contour plot of relative differences of the “Atlas of Functions” Voigt approximation

(top left), the Jimenez-Mier approximation (top right) and the “correct width” approximations
(bottom). The black lines indicate the 10~% and 102 error levels. Reddish colors indicate

discrepancies larger than 1072,
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Figure 4: Comparisons for Voigt function values for z = 0 (left) and x = 2,5 = VIn2 (right).

deviations are in the percent range or worse. And for y < 1 and small |z|
deviations are clearly unacceptable.

The problems of the approximations for small y-values are further confirmed
in Fig. 4l The overestimation of the center value (x = 0) of the |Jiménez-Mier
triangular is translated into an over-estimation of K(0,y) for small y < 1,
whereas the “Atlas of Functions” Voigt appears to be correct except for y in
the order of 10~!. For the approximation the deviations of the center value
are even larger and tend to ay for y — 0. On the other hand, for the Voigt
function at the half width distance from the line center (z; /o ~ (y—|— VY2 + 4) /2,
[8]) both approximations tend to the correct value K(z/2,y) = 0.5 for y — 0,
whereas the |[Jiménez-Mier| and “Atlas of Functions” approximations obviously
deviate from the correct value.

For large values of y the definite integrals of the approximations are very
close to /7, but for y < 1072 small discrepancies of about 10~* compared to
the integral of the Weideman—Voigt can be observed.

In view of the six function calls required for each x,y (four calls if the log-
arithms are combined), these approximations are also likely to be less efficient
(Exploiting the arctan addition theorems is tempting, but would require some
care). In fact, evaluation of molecular cross sections for some dozen levels in a
US Standard atmosphere were about a factor 4 to 5 slower with the “triangu-
lar Voigt approximation” compared to the [Humlicek-Weideman combination of
rational approximations [25].

4. Conclusions

Several closed-form representations of the Voigt function based on triangular
approximations of the Gauss functions have been studied. In contrast to the
statement given by Jiménez-Mier [23] this kind of approximation fails to give a
useful approach to evaluate the Voigt function accurately except for very large
values of the Lorentz to Gauss width ratio y. Our timing benchmarks also



indicated that these approximations are not competitive from a computational
efficiency point.

The objective of this note has not been a comprehensive assessment of all
Voigt function approximations based on closed-form expressions in terms of
elementary functions. These kinds of approximations might be useful in certain
applications. Moreover, Klim [3T] demonstrated that some approximations, e.g.
by Kielkopf [I0], can be relatively accurate even for small y. Nevertheless,
our experience [25] indicates that there are numerous accurate approximations
suitable for a wide range of applications. In particular, rational approximations
such as Humlicek [3] and Weideman [5] are easy to implement and can be very
efficient.
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