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Introduction Higher Order Discontinuous Galerkin Finite Element methods
Outline
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@ Higher Order Discontinuous Galerkin Finite Element methods
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Introduction Higher Order Discontinuous Galerkin Finite Element methods

Higher order discretization methods

A discretization method is of order n if the discretization error behaves like
O(h™). This means:

@ Reducing the mesh size from h to h/2 (one global mesh refinement step),
the discretization error is reduced by a factor of 2".

Example:
! "SIPG p=1 ——
SIPGp=2 -
SIPGp=3 ---*
SIPG,p=4 8
0.01 |- SIPG,p=5 ——#--
DG discretization of
0.0001 | 4 4 . , .
- Poisson’s equation:
E 1e-06 *D 1
3 . The L2(Q)-error of the
teos | b DG(p), P = 1,...,5,
discretization behaves like
1e-10 | q O(hp+1)
1e-12 4

10 100 1000 10000 10000C
cells
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Introduction Higher Order Discontinuous Galerkin Finite Element methods

Discontinuous Galerkin Discretization

Basic properties:

finite element method with discontinuous trial and test functions
uses numerical flux functions

has a local and global conservation property

DG of 1st order is comparable to a basic finite volume method
higher order simply by increasing the polynomial degree p

higher order on unstructured and locally refined meshes

different polynomial degree in different parts of the domain

allows error estimation, hp-refinement
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Introduction Numerical analysis of DG methods
Topics in the numerical analysis of Discontinuous Galerkin methods
. which will be covered in this lecture:
@ Consistency

@ Coercivity and stability

@ Adjoint consistency
@ Order of convergence in the [2-norm
@ Order of convergence in specific target quantities J(-)

@ A priori error estimation
@ A posteriori error estimation

@ Derivation of indicators for local (isotropic) mesh refinement (h-refinement)
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Introduction Numerical analysis of DG methods
Topics in the numerical analysis of Discontinuous Galerkin methods
. which will be covered in this lecture:
@ Consistency

@ Coercivity and stability

@ Adjoint consistency
@ Order of convergence in the [2-norm
@ Order of convergence in specific target quantities J(-)

@ A priori error estimation
@ A posteriori error estimation

@ Derivation of indicators for local (isotropic) mesh refinement (h-refinement)

. which will not be covered in this lecture
@ Derivation of indicators for local anisotropic mesh refinement

@ Derivation of indicators for hp-refinement
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Introduction Numerical analysis of DG methods

The problem and its discretization

Primal problem: Consider a linear PDE of the form
Lu=1f inQ, Bu=g onT,

with f € L2(Q) and g € L?(T"), where L denotes a linear differential operator on
Q, and B denotes a linear differential (boundary) operator on the boundary T.
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Introduction Numerical analysis of DG methods

The problem and its discretization

Primal problem: Consider a linear PDE of the form
Lu=1f inQ, Bu=g onT,

with f € L2(Q) and g € L?(T"), where L denotes a linear differential operator on
Q, and B denotes a linear differential (boundary) operator on the boundary T.

Consider the finite element discretization: find u, € V}, such that
Lh(uh, Vh) = Fh(Vh) Vv, € V.

V), is a discrete function space and L, : V x V — R is a bilinear form.
Here V is a function space such that V}, C V and u € V, where u is the exact,
i.e. analytical, solution to the primal problem.
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Introduction Numerical analysis of DG methods

Consistency and Galerkin orthogonality

The discretization: find u, € V}, C V such that
Lp(up, vi) = Fa(va) Vv, € Vi,
is consistent if the exact solution u € V to the primal problem satisfies
Lp(u,v) = Fp(v) Vve V.

This answers the question: Do we solve the right equations?

Subtracting both equations for v, € V), C V we obtain
the Galerkin orthogonality:

Lh(u — Up, Vh) =0 Vv,€eV,.
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Introduction Numerical analysis of DG methods

Coercivity & Stability

Coercivity of Lj: Is there a constant v > 0, such that
Ln(vhy vi) = lvall®  Vvi € Vi,

where ||v|| is a norm (or seminorm) on V.
Continuity of F,: Is there a constant Cr > 0 such that

Fh(Vh) < CFH|Vh”| Vv, € V.
Then, for the solution up € V}, to the discrete problem

Lh(u/” Vh) = Fh(vh) VVh S Vh,

we obtain
Yunll* < La(un, un) = Fa(un) < Cellunll,
and thus stability: llunll < <.
If || - || is @ norm (and not only a semi-norm) on V then the discretization is
stable.
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Introduction Numerical analysis of DG methods

Convergence and order of convergence

@ Does the discrete solution up converge to the exact solution u?
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Introduction Numerical analysis of DG methods

Convergence and order of convergence

@ Does the discrete solution up converge to the exact solution u?

@ What is the order of convergence, i.e., given a solution u with ||u||.. < oo,
what is (the maximum) r such that

l[u = unll« < ch"[|uf]c.

o Here, || - ||« is an appropriate (global) norm to measure the error in, e.g.
1Al =1 M2,
e and || + ||+« is a norm on (possibly a subset of) V.
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Introduction Numerical analysis of DG methods

Convergence in specific target quantities J(-)

The target quantity J(u) may represent a physically relevant quantity
@ weighted mean value of the solution
@ weighted boundary integral of the solution or its normal derivative

@ aerodynamic force coefficients: drag, lift and moment coefficients
Given a solution u with ||u||.« < oo, what is (the maximum) s such that

[J(u) = J(un)| < ch®[lull.s.
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Introduction Numerical analysis of DG methods

A priori and a posteriori error estimates

A priori error estimates: e.g.

lu = uplle < ch[[u]n.
() = I(un)| < chellul]..
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Introduction Numerical analysis of DG methods

A priori and a posteriori error estimates

A priori error estimates: e.g.

lu = uplle < b,
() = I(un)| < chellul]..

A posteriori error estimates: e.g.

[J(u) = J(

)| < E(uh)a
J(un)| ~

up
Uh) E(Uh,Zh)
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Introduction Numerical analysis of DG methods

Adjoint-based error estimates and adjoint consistency

Error estimates in the L2-norm or in target quantities J() require the use of
duality arguments:

@ Define an appropriate adjoint problem connected to the primal problem and
the L2-norm or the target quantity.

@ Some analysis reveals that the discretization is of optimal order only if the
discretization is adjoint consistent.

In addition to consistency require adjoint consistency for optimality
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Consistency and adjoint consistency Definition of consistency and adjoint consistency

Outline

e Consistency and adjoint consistency
@ Definition of consistency and adjoint consistency
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Consistency and adjoint consistency Definition of consistency and adjoint consistency

Definition of consistency and adjoint consistency for linear problems
Primal problem: Lu=1f inQ, Bu=g onT,

Target quantity: J(u) = /jQ udx + /jr Cuds = (ja, u)a + (jr, Cu)r
Q r
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Consistency and adjoint consistency Definition of consistency and adjoint consistency

Definition of consistency and adjoint consistency for linear problems
Primal problem: Lu=1f inQ, Bu=g onT,

Target quantity: J(u) = /jQ udx + /jr Cuds = (ja, u)a + (jr, Cu)r
Q r

Compatibility condition: J(-) is compatible to the primal problem if
(Lu,z)q + (Bu, C*z)r = (u, L*2)q + (Cu, B*2)r.
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Consistency and adjoint consistency Definition of consistency and adjoint consistency

Definition of consistency and adjoint consistency for linear problems

Primal problem: Lu=1f inQ, Bu=g onT,

Target quantity: J(u) = /jQ udx + /jr Cuds = (ja, u)a + (jr, Cu)r
Q r

Compatibility condition: J(-) is compatible to the primal problem if
(Lu,z)q + (Bu, C*z)r = (u, L*2)q + (Cu, B*2)r.

Adjoint problem: L*z=jo inQ, B*z=jr onT.
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Consistency and adjoint consistency Definition of consistency and adjoint consistency

Definition of consistency and adjoint consistency for linear problems
Primal problem: Lu=1f inQ, Bu=g onT,

Target quantity: J(u) = /jQ udx + /jr Cuds = (ja, u)a + (r, Cu)r
Q r

Compatibility condition: J(-) is compatible to the primal problem if
(Lu,z)q + (Bu, C*z)r = (u, L*2)q + (Cu, B*2)r.
Adjoint problem: L*z=jo inQ, B*z=jr onT.
Let the primal problem be discretized: Find uj, € V), such that
Lp(un, vh) = Fa(vh) Vvp € Vi,

and evaluate the discrete target quantity, Jn(up).
Consistency: The exact solution u to the primal problem satisfies:

Ly(u,v) = Fp(v) Vv eV, In(u) = J(u).

Adjoint consistency: The exact solution z to the adjoint problem satisfies:

Lp(w,z) = Jp(w) VYwe V.
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Consistency and adjoint consistency The consistency and adjoint consistency analysis

Outline

e Consistency and adjoint consistency

@ The consistency and adjoint consistency analysis
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Consistency and adjoint consistency The consistency and adjoint consistency analysis
Derivation of the adjoint problem
Given the primal problem
Lu=1f inQQ, Bu=g onT,

and the target quantity

J(u) = /_jQ udx + /jr Cuds = (jo, u)a + (r, Cu)r.
Q r

Find the operator C and the adjoint operators L*, B* and C* via the
compatibility condition

(Lu,z)q + (Bu, C*z)r = (u, L*2)q + (Cu, B*2)r.
Then the adjoint problem is given by
L*z=jq inQQ, B*z=j onT.
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Consistency and adjoint consistency The consistency and adjoint consistency analysis

Consistency analysis of the discrete primal problem

Rewrite the discrete problem: Find uj, € V), such that

Lh(uh, Vh) = Fh(vh) Vv, € V
in following element-based primal residual form: Find u, € Vj, such that
/ R(up)vp dx + Z/ r(up vhder/rr(uh)vhds: 0 Vv, € V.
weT Or\l r

The discretization is consistent
if the exact solution u to the primal problem satisfies

R(U):O in K/,ffeﬂv
r(u)y=0 on I\ T,k € Ty,
r(u)y=0 onTl.
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Consistency and adjoint consistency The consistency and adjoint consistency analysis

Adjoint consistency of element, interior face and boundary terms
Rewrite the discrete adjoint problem: find z, € V), such that
La(wh, zp) = Jp(wp) Vwy € Vp,

in following element-based adjoint residual form: find z, € V}, such that

/W;,R Zp dx—|—z

/ wp r* zh)ds—i—/wh rf(zp)ds =0 VYwy, € V.
weT Or\Il r

The discrete adjoint problem is a consistent discretization of the adjoint problem
if the exact solution z to the adjoint problem satisfies

R*(z)=0 in K,k € Tp,
r'(z)=0 on I\ T,k € Ty,
rf(z)=0 onT.

Then, the discretization Lj in combination with Jy, is adjoint consistent.
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DG discretization of the linear advection equation The linear advection equation and its adjoint equation

Outline

© DG discretization of the linear advection equation
@ The linear advection equation and its adjoint equation
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DG discretization of the linear advection equation The linear advection equation and its adjoint equation

The linear advection equation and its adjoint equation
Consider the linear advection equation

Lu:=V . (bu)+cu=Ff inQ, uv=g onl_={xeTl, b(x) n(x)<0}.

Ralf Hartmann and Tobias Leicht (DLR) Higher order and adaptive DG methods for compressible flowsl1. Dec. 2013 22 /74



DG discretization of the linear advection equation The linear advection equation and its adjoint equation

The linear advection equation and its adjoint equation
Consider the linear advection equation

Lu:=V-(bu)+cu=f inQ, u=g onl_={xel,b(x) n(x)<0}.

Multiply by z, integrate over 2 and integrate by parts
Jo (V- (bu)+ cu)zdx = — [, (bu) - Vzdx + [, cuzdx+ [ b-nuzds.
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DG discretization of the linear advection equation The linear advection equation and its adjoint equation

The linear advection equation and its adjoint equation
Consider the linear advection equation
Lu:=V-(bu)+cu=f inQ, u=g onl_={xel,b(x) n(x)<0}.
Multiply by z, integrate over 2 and integrate by parts
Jo (V- (bu)+ cu)zdx = — [, (bu) - Vzdx + [, cuzdx+ [ b-nuzds.
After splitting the boundary ' =T_ U, we obtain:
(V- (bu) +cu,z)q+ (u,=b-nz)r = (u,—b-Vz+cz)g+(ub-nz)
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DG discretization of the linear advection equation  The linear advection equation and its adjoint equation

The linear advection equation and its adjoint equation
Consider the linear advection equation

Lu:=V-(bu)+cu=f inQ, u=g onl_={xel,b(x) n(x)<0}.
Multiply by z, integrate over 2 and integrate by parts
Jo (V- (bu)+ cu)zdx = — [, (bu) - Vzdx + [, cuzdx+ [ b-nuzds.
After splitting the boundary ' =T_ U, we obtain:

(V- (bu) +cu,z)g+(u,=b-nz)y =(u,—b-Vz+cz)g+(ub-nz) .
Comparing with the compatibility condition

(Lu,z)q + (Bu, C*z)r = (u, L*z)q + (Cu, B*2)r,

we see that for Lu =V - (bu) 4 cu in Q and

Bu=u, Cu=0 onl_,
Bu =0, Cu=u on I,
the adjoint operators are given by L*z = —b - Vz 4 cz in Q and
B*z =0, C'z=-b-nz onl_,
B*z=b-nz, C'z=0 on .
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DG discretization of the linear advection equation The linear advection equation and its adjoint equation

The linear advection equation and its adjoint equation
Primal problem:

Lu:=V - (bu)+cu="f inQ, u=g onl_.
For the operators Lu =V - (bu) 4 cu in Q and

Bu = u, Cu=0 onl_,
Bu =0, Cu=u on I,

the adjoint operators are given by L*z = —b - Vz 4 cz in Q and

B*z =0, C'z=-b-nz onl_,
B*z=b-nz, C'z=0 on ;.
In particular,

J(u):/jgudx+/jrCuds:/jQudx+/ Jruds,
Q r Q r

is compatible and the continuous adjoint problem is given by
—b-Vz4+cz=jg inQ, b-nz=j onl,.

Ralf Hartmann and Tobias Leicht (DLR) Higher order and adaptive DG methods for compressible flowsl1. Dec. 2013

23/ 74



DG discretization of the linear advection equation The DG discretization

Outline

© DG discretization of the linear advection equation

@ The DG discretization
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DG discretization of the linear advection equation The DG discretization

Derivation of the DG discretization
Consider the linear advection equation:

Lu:=V-(bu)+cu="f inQ, u=g onl_.

Multiply by a test function v, integrate over x

/K(V-(bu)+cu)vdx:/fvdx,

K

and integrate by parts

—/(bu)ondx—ﬁ—/cuvdx—l—/ b~nuvds:/fvdx.
K K 0K K

Sum over all k € 7, and replace u by g on I'_ by g:

_/Q(bu).v\,dx-s-/ncuvdx—i-Z/

b-nuvds+/ b-nuvds
weTh Or\l r.

:/fvdx—/ b -ngvds.
Q
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DG discretization of the linear advection equation The DG discretization

Derivation of the DG discretization

—/(bu)-Vvdx+/cuvdx+Z/ b-nuvds+/ b-nuvds
Q Q OR\T r

KET)
:/fvdxf/ b -ngvds.
Q
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DG discretization of the linear advection equation The DG discretization

Derivation of the DG discretization

Z/ b-nuvds+/ b-nuvds
r\I r,

KET) 9

—/(bu)-Vvdx+/cuvdx+
Q Q

:/fvdxf/ b -ngvds.
Q _

Replace u and v by uy € Vf and v, € VJ where

VP = {vi € L%(Q) : vi|s o Fi € Qp(R) if # is the unit square, and
Vh|k © Fie € Pp(R) if & is the unit triangle, k € 75},
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DG discretization of the linear advection equation The DG discretization

Derivation of the DG discretization

Z/ b-nuvds+/ b-nuvds
Or\l r,

KET)
:/fvdxf/ b -ngvds.
Q _

—/(bu)-Vvdx+/cuvdx+
Q Q

Replace u and v by uy € Vf and v, € VJ where

VP = {vi € L%(Q) : vi|s o Fi € Qp(R) if # is the unit square, and
Vh|k © Fie € Pp(R) if & is the unit triangle, k € 75},

and replace b-nuon Ok by a

numerical flux function h(u;f, u; ,n)
where u,f and u, are the interior and ex-
terior traces of uy on Ok.
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DG discretization of the linear advection equation The DG discretization

Derivation of the DG discretization

Then, the DG discretization is given by: find us € V/ such that
Lh(uh, Vh) = Fh(Vh) Vv, € Vf,

with
Lh(uh,vh):—/(buh) thhdx—l—/cuhvhdx—i— Z/ uh,uh7 n)v,ds
Q

weT; Or\l
+/ b-nu} vyds,
My

Fh(vh):/fvhdxf/ b-ngv,ds.
Q

The numerical flux function h(u;, u, ,n) will be specified later.
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DG discretization of the linear advection equation The DG discretization

Consistency

Integrating
/(buh) thhdx—i-/ cupvy dx + Z/ uh,uh, n)v,ds
Q ez, JOR\T
+ b-nu,fvhds:/fvhdx— b-ngv,ds
r. Q r_

back by parts gives

/Vh buh)vhdx—i—/cuhvhdx—l— Z

/\r /A7uh,uh, n)—b- nuh)vhds
keT; V08

f/ bonu;rvhds:/fvhdxf/ b-ngv,ds.
Q r
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DG discretization of the linear advection equation The DG discretization

Consistency

/Vh.(buh)vhdx+/cuhvhdx+2/ (E(uh,uh, n)—b- nuh)vhds
Q Q e, Jomr

—/ b~nu;fvhds:/fvhdx—/ b - ngv,ds.
Q _

Thus, we obtain the primal residual form: find u, € Vif’ such that

Z/ up vhdx—i—z

/ uh vhds+/rr(uh)vhds:0 Vv, € Vlf,
Or\I r

KETy KET)
with
R(up) = f — Vi - (bup) — cup in K,k € Th,
r(up) = b-nul — h(u}, uy;,n) on 0k \ T,k € Th,
rr(up) =b-n(uf —g) onl_,
rr(un) =0 onl.
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DG discretization of the linear advection equation The DG discretization

Consistency
R(up) =f = V- (bup) — cup in k,k € Tp,
r(uh):b~nu;rfiA1(u,T,uh_,n) on 9\ T,k € T,
rr(up) =b-n(u —g) onTl_,
rr(up) =0 on .

R(u) =0 and rr(u) = 0 for the exact solution to
V-(bu)+cu="f inQ, u=g onl_.
Furthermore, r(u) = 0 if and only if h(u, u,n) =b-nu.

Definition: A numerical flux function h is said to be consistent if

h(v,v,n)=b-nv.
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DG discretization of the linear advection equation The DG discretization
Global conservation property

Setting ¢ = 0 and v = 1 in the variational formulation we obtain

KET)

Rewriting in terms of interior edges e € ['7 we obtain

eclz

Hence, the discretization is conservative, i.e.

b-ngds+ b-nu,fds:/fdx,
r_ r. Q

~

if and only if the numerical flux function h is conservative, i.e.
h(uf,up ,n) = —h(u, , uf, —n).
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Z/ Uh7uha )+h(uh,uh,— ds—|—/ b-ngds+ b'"U;J,rdS:/Qfdx.
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DG discretization of the linear advection equation The DG discretization

Numerical flux functions for the linear advection equation
The mean value flux (or central flux):

o 1
B (U, up ,n) = b - n{up}, where {u,} = > (uf + uy ).
The upwind flux:
B (0 ) = b-nu,, for (b-n)(x) <0, i.e. x € Ok_,
WATh TR T beng),  for (ben)(x) >0, Qe x € Oky,

where Ok_ and Ok are the inflow and outflow boundaries of element «:
Ok_ = {x € 9k, b(x) - n(x) < 0},
Okt = {x € Ok,b(x) - n(x) > 0} =k \ Ok_.
The generic flux:
By (uff, uy,n) = b -n{up} + bo [up], where [up] = uf — uj, .
@ represents the mean value flux for by = 0
@ represents the upwind flux for by = Z|b - n|
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DG discretization of the linear advection equation The DG discretization
Coercivity

Let Ly(-,-) be given by
Lp(up, vi) = — / (bup) - Vv, dx +/ cupvy dx
Q Q

+ Z/ /Aibo(uh*,uh_,n)vhds+/ b nuvsds,
weT, Or\I M

where hy, represents
@ the mean value flux for by = 0
o the upwind flux for by = 1|b - n|
Then for all v, € V} we have

1
i) = ol + 3 [ ol s+ 5 [ Ibenlvids = 1w,

ecrz V¢
where we assume that c(x) + 2V - b(x) > 0 and set ¢§(x) = c(x) + 2V - b(x).
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DG discretization of the linear advection equation The DG discretization

Stability

We have coercivity of Ly(-,-)

Lo(vi vi) = vl + 3 / bo [vi? ds + = / b -n| vZds = [[[val|3,.

eclz

and continuity of F(+)
F(vn) < Celllvallle,

Thereby,
Ivalllz, = La(va vin) = F(vi) < Celllvallls

[[[valll, < CrF

and we have control over all terms in

valli3, = llcovall? + Z/bo[vh]de /|b n[v2ds < C2.

eclz

with by = 0 for the mean value flux and by = %|b - n| for the upwind flux
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DG discretization of the linear advection equation The DG discretization

A priori error estimate

Theorem: Let u € HPT1(Q) be the exact solution to the linear advection
equation. Furthermore, let uj, € V,f be the solution to

Lh(uh, Vh) = F(Vh), Vvh S \N/I?7

where  Ly(u,v) = —/ (bu) - thdx—i—/ cuv dx
Q Q

+Z (b'"{u}+b0[u])VdS+/ b-nuvds,

weTh Or\T r

F(v):/fvdxf/ b-ngvds.
Q

Then, for by = %|b -n|, i.e. when using the upwind flux, we have

llu = unllly < CHP*Y2|ul oo g,

and for by = 0, i.e. when using the mean value flux, we have

[l = unllley < CHPluliersia. |

where [[[V]|[2, = [lcov]® + Yeer, J, bo[vIds + 4 J; [b-n| v2ds.
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DG discretization of the linear advection equation The DG discretization

Adjoint consistency
Given the (compatible) target quantity J(u) and its discretization Jy(up),

J(U):/jQ udx+/ Jr uds, Jh(uh):J(uh):/ Quhdx+/ ruhdS
Q r, Q r.

then the discrete adjoint problem: find z, € Vif’ such that
Ly(Wh, zn) = Jn(wh),

rewrites in adjoint residual form: find z, € V/} such that

/WhR Zp dX—|—Z

/ wh r*(zn) dS+/WhrF(zh)ds:0 VYwy, € V),
Or\l r

k€T
with R*(zp) =ja+b-Vhzy— czp in K,k € Tp,
r*(zp) = —b - n|z] on I\ T,k € Ty,
r(zw) =jr —b-nz’ on Iy,

The adjoint residuals vanish for the exact solution z to the adjoint equation
—b-Vz4+cz=jo5 inQQ, b-nz=j onl,.

= discretization Lj(up, vi) in combination with J,(u,) is adjoint consistency.
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DG discretization of the linear advection equation The DG discretization

A priori error estimates for target functionals J(-)

Corollary: Let uy € V) be the solution to the DG discretization with upwind
flux. Assume that u € HP*1(Q) and z € HP™1(Q). Then, there is a constant
C > 0 such that

|J(U) - Jh(Uh)| < Ch2p+1|U|HP+1(Q)|Z|HP+1(Q) Yu e Hp+1(Q). (1)

Proof: See (Houston and Siili, 2001; Harriman et al., 2003).

Compare with
l[u = unll]sy < CHPTY?|u| s ),

and note the order doubling in (1) due to adjoint consistency.
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DG discretizations of Poisson’s equation Poisson’s equation and its adjoint equation

Outline

@ DG discretizations of Poisson’s equation
@ Poisson's equation and its adjoint equation
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DG discretizations of Poisson’s equation Poisson’s equation and its adjoint equation

The continuous adjoint problem to Poisson’s equation
For T p Uy =T and 'p # () consider the Dirichlet-Neumann problem

—Au=1f inQQ, u=gp onlp, n-Vu=gy only.
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DG discretizations of Poisson’s equation Poisson’s equation and its adjoint equation

The continuous adjoint problem to Poisson’s equation
For T p Uy =T and 'p # () consider the Dirichlet-Neumann problem

—Au=1f inQQ, u=gp onlp, n-Vu=gy only.
Multiply left hand side by z and integrate by parts twice
(-Au,z)g = (Vu,Vz)g—(n-Vu,z)r = (u,—Az)g+ (u,n-Vz)r — (n-Vu,z)r.
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DG discretizations of Poisson’s equation Poisson’s equation and its adjoint equation

The continuous adjoint problem to Poisson’s equation
For T p Uy =T and 'p # () consider the Dirichlet-Neumann problem

—Au=1f inQQ, u=gp onlp, n-Vu=gy only.
Multiply left hand side by z and integrate by parts twice
(-Au,z)g = (Vu,Vz)g—(n-Vu,z)r = (u,—Az)g+ (u,n-Vz)r — (n-Vu,z)r.
After splitting the boundary terms according to ' = 'p U 'y and shuffling terms
(-Au, 2)o+(u, —n-V2)r,+(n-Vu, 2)r, = (v, —Az)o+(n-Vu,—2)r,+(u,n-V2)r,.
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DG discretizations of Poisson’s equation Poisson’s equation and its adjoint equation

The continuous adjoint problem to Poisson’s equation
For T p Uy =T and 'p # () consider the Dirichlet-Neumann problem

—Au=1f inQQ, u=gp onlp, n-Vu=gy only.
Multiply left hand side by z and integrate by parts twice
(-Au,z)g = (Vu,Vz)g—(n-Vu,z)r = (u,—Az)g+ (u,n-Vz)r — (n-Vu,z)r.
After splitting the boundary terms according to ' = 'p U 'y and shuffling terms
(-Au, 2)o+(u, —n-V2)r,+(n-Vu, 2)r, = (v, —Az)o+(n-Vu,—2)r,+(u,n-V2)r,.
Comparing with the compatibility condition
(Lu,z)q + (Bu, C*z)r = (u, L*2)q + (Cu, B*2)r.

we see that for Lu = —Au in Q and

Bu = u, Cu=n-Vu onp,

Bu=n-Vu, Cu=u on My,
the adjoint operators are given by L*z = —Az on Q and

B*z = —2z, C'z=-n-Vz on Ip,

B*z=n-Vz, C'z=z on y.
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DG discretizations of Poisson’s equation Poisson’s equation and its adjoint equation

The continuous adjoint problem to Poisson’s equation
Primal problem:

—Au=1f inQ, u=gp onlp, n-Vu=gy only,
For the operators Lu = —Auw in  and

Bu = u, Cu=n-Vu on p,
Bu=n-Vu, Cu=u on Iy,

the adjoint operators are given by L*z = —Az on £ and
B*z = —z, C*z=-n-Vz onp,
B*z=n-Vz, C'z=z on IMy.
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DG discretizations of Poisson’s equation Poisson’s equation and its adjoint equation

The continuous adjoint problem to Poisson’s equation
Primal problem:

—Au=1f inQ, u=gp onlp, n-Vu=gy only,
For the operators Lu = —Auw in  and
Bu = u, Cu=n-Vu on p,
Bu=n-Vu, Cu=u on Iy,
the adjoint operators are given by L*z = —Az on Q and
B*z = —z, C*z=-n-Vz onp,
B*z=n-Vz, C'z=z on IMy.

In particular, J(u) :/jguder/jr Cuds
Q r

:/jguder/ an~Vuds+/ Jn uds,
Q ) Y

is compatible and the continuous adjoint problem is given by

—Az=jg inQ, —z=jp onlp, n-Vz=jy only.
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DG discretizations of Poisson’s equation The DG discretization

Outline

@ DG discretizations of Poisson’s equation

@ The DG discretization
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DG discretizations of Poisson’s equation The DG discretization

Derivation of the DG discretization

For T p Uy =T and 'p # () consider the Dirichlet-Neumann problem
—Au=f inQcCR? u=gp onlp, n-Vu=gy only,

where f € L?(Q), gp € L?>(Tp) and gy € L?(Ty).
Rewrite this as a first-order system:

oc=Vu, —-V-o=f inQ, u=gp onlp, n-Vu=gy only.

Multiply the first and second equation by test functions 7 and v, respectively,
integrate over k € 7p, and integrate by parts

/0~de:f/uV~de+/ un-Tds,
K K Ok
/0'~Vvdx:/fvdx+/ o -nvds.

K K Ok
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DG discretizations of Poisson’s equation The DG discretization
Derivation of the DG discretization

Sum over all elements x € 7,
a-de:—/uV-de+ / un-Tds,
/S'Z Q Z Ok

KET)
/U~Vvdx:/fvdx+
Q Q

Z / o-nvds,
KETH O

Replace u and o by discrete functions uj, € Vf and o, € £ = [V/F]? and by

numerical flux functions I, and &, on interfaces Ox N Ok’ between elements

/Uh~Tth:—/Uhvh~Tth+Z/ pn-Thds VThEZZ,
Q Q et Jon

/O’h-vhvthZ/fvth-f—Z/ 6y -nvyds VVhEVlf.
Q Q oK

r€Th

0p = 0(up) = 0(u), uy ) and &4 = 6(up, Vup) = 6(u), u, , Vui, Vu, ) will be
specified later.
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DG discretizations of Poisson’s equation The DG discretization
The primal flux formulation

/O'h-Tth:—/Uhvh'Tth+Z/ ﬁhn-ThdS Vrhe):‘,:,
Q Q oK

KET)

/o’hovhvhdx:/fvhdquZ/ &h-nvyds Vvy € VP.
Q Q A

r€Th
Replace 7 by Vv, and perform second integration by parts in the first equation:
/ o Vyvpdx = / Vau-Vyvdx + Z / (flh — uh)n -Vyvds.
Q Q neT, ) On

Eliminate o by substituting this into the second equation gives
the primal flux formulation: find u, € V} such that

/thh.vhvhdfo/ &h.nvhderZ/ (ﬁhfuh)n.vhvhds:/fvhdx,
Q weTh Ok weTh Ok Q

for all vy € V.
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DG discretizations of Poisson’s equation The DG discretization
Consistency and conservation property

The discretization

/thh.thhdfo/ &h.nvhds+2/ (ﬁhfuh)n.vhvhdS:/fvhdx,
Q ok Ok Q

KET wk€Ty

is consistent if and only if the numerical flux functions & and & are consistent,

i(v) =v, &(v,Vv)=Vy, on I\ T,k € Ty,
o(v) = gp, 6(v,Vv)=Vy, on Ip,
i(v) =v, 6(v,Vv)-n=gy, on My,

whenever v is a smooth function satisfying v =gp on 'p and n- Vv = gy on Iy.

It is conservative if and only if the numerical flux function
6 =6(ut,u",VuT,Vu™) is conservative, i.e.,
6(ut,u”,Vut,Vu ) =6(u,ut,Vu,Vut),

(also call “& is single-valued").
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DG discretizations of Poisson’s equation The DG discretization

Adjoint consistency

For the (compatible) target quantity

J(u):/jgudx+/ an-Vuds+/ Jn uds,
Q o

My

and its discretization

Jh(Uh):/jQUth+/ jDa'h'nds+/ Jn Upds,
Q o

Y

the DG discretization of Poisson’s equation is adjoint consistent if and only if
the numerical fluxes & and & are single-valued, i.e.,

6(ut,u”,Vu",Vu")=6(u",u",Vu,Vu'), o(utu)=o(u,ut).
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DG discretizations of Poisson’s equation

The DG discretization

Derivation of various DG discretization methods

/thh'VthdX*Z/ 6',,~nvhds+z
Q ok

KET) wk€Th

/ (lflhfuh)rl'VthdS:/thdX,
Ok Q

where the numerical fluxes @i, and &, are given by

onlzg onlp on My
p G iy &h Iy &
BO | {un} +nt - [us] {Vhun} 2up — gp Vhup up  gNm
NIPG | fup} +nt - [us]  {Vaur} — 8'P(up) | 2un—gp  Viaup—8P(up) | up  gun
SIPG fun} {Vhun} — 8P (up) &p Vhup — 8P (up) | up  gun
BR2 Lun} EVhun} — 8°2(un) &p Vhup — 8272 (up) | up  gun

where {up} = (v + up,), [un] = ujfnf +uyn—.
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DG discretizations of Poisson’s equation

Derivation of various DG discretization methods

/thh'VthdX*Z/ 6',,~nvhds+z
Q ok

r€T)

KETH

The DG discretization

/ (ﬁhfuh)n-thhds:/fvhdx,
Ok Q

where the numerical fluxes @i, and &, are given by

onlzg onlp on My
p G iy &h Iy &
BO | {un} +nt - [us] {Vhun} 2up — gp Vhup up  gNm
NIPG | fup} +nt - [us]  {Vaur} — 8'P(up) | 2un—gp  Viaup—8P(up) | up  gun
SIPG fun} {Vhun} — 8P (up) &p Vhup — 8P (up) | up  gym
BR2 Lun} EVhun} — 8°2(un) &p Vhup — 8272 (up) | up  gun

where {up} = (v + up,), [un] = ujfnf +uyn—.

@ Discretization is consistent if &(v) = v and &(v, Vv) = Vv for smooth v

@ Discretization is adjoint consistent if &I, and & single-valued
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DG discretizations of Poisson’s equation

The DG discretization

Derivation of various DG discretization methods

onlz onlp only
oy o oy, o op oh
BO | fun} +n* - [us] {Vhun} 2uy — gp Vhup u,  gnm
NIPG | fup} +nt - [us]  {Vaur} — 8P(up) | 2un—gp  Vaup — P (up) | up  gun
SIPG Lun} {Vhun} — 8 (up) &p Vhup — 8P (up) | up  gun
BR2 Lund {Vhun} — 82 (un) &p Vhup — 627 (up) | up  gun

@ Discretization is consistent if &(v) = v and &(v, Vv) = Vv for smooth v

@ Discretization is adjoint consistent if &, and & single-valued
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DG discretizations of Poisson’s equation The DG discretization

Derivation of various DG discretization methods

onlz onlp only
oy o oy, o op oh
BO | fun} +n* - [us] {Vhun} 2uy — gp Vhup u,  gnm
NIPG | fup} +nt - [us]  {Vaur} — 8P(up) | 2un—gp  Vaup — P (up) | up  gun
SIPG Lun} {Vhun} — 8 (up) &p Vhup — 8P (up) | up  gun
BR2 Lund {Vhun} — 82 (un) &p Vhup — 627 (up) | up  gun

@ Discretization is consistent if &(v) = v and &(v, Vv) = Vv for smooth v

@ Discretization is adjoint consistent if &, and & single-valued

Assume that §P(v) = 6"%(v) = 6P (v) = 82"%(v) = 0 for smooth functions v

and 8P (up), 6°2(up) single-valued
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DG discretizations of Poisson’s equation The DG discretization

Derivation of various DG discretization methods

onlz onlp only
oy o oy, o op oh
BO | fun} +n* - [us] {Vhun} 2uy — gp Vhup u,  gnm
NIPG | fup} +nt - [us]  {Vaur} — 8P(up) | 2un—gp  Vaup — P (up) | up  gun
SIPG Lun} {Vhun} — 8 (up) &p Vhup — 8P (up) | up  gun
BR2 Lund {Vhun} — 82 (un) &p Vhup — 627 (up) | up  gun

@ Discretization is consistent if &(v) = v and &(v, Vv) = Vv for smooth v

@ Discretization is adjoint consistent if &, and & single-valued

Assume that §P(v) = 6"%(v) = 6P (v) = 82"%(v) = 0 for smooth functions v
and 8P (up), 6°2(up) single-valued

method of Baumann-Oden BO consistent | adjoint inconsistent
non-sym. interior penalty Galerkin | NIPG | consistent | adjoint inconsistent
symmetric interior penalty Galerkin | SIPG | consistent adjoint consistent

2nd scheme of Bassi & Rebay BR2 | consistent adjoint consistent
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DG discretizations of Poisson’s equation The DG discretization

Baumann-Oden, symmetric and non-symmetric interior penalty
Choose the interior penalty term:

0 (up) = 0[un] on Tz, 5irp(uh) =d0(up—gp)n onTlp
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DG discretizations of Poisson’s equation The DG discretization

Baumann-Oden, symmetric and non-symmetric interior penalty
Choose the interior penalty term:

0 (up) = S[un] on Tz, 6irp(uh) =d0(up—gp)n onTlp
Find up € V{ such that

Ly(un, vi) = Fn(ve) Yvy € VP, where
Lh(u7 V) :/QV/,U . VhV dx
T /rzurD (01u] - {Vavh — {Vau} - [v]) ds +/r ) 5[] - [vlds,

Fh(v):/ fvdx + fgpn-Vvds + 5gDvds+/ gnvds,

zur

with
method of Baumann-Oden BO =1 6=0
non-sym. interior penalty Galerkin  NIPG  6=1 6>0
symmetric interior penalty Galerkin SIPG 6=-1 6>0
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DG discretizations of Poisson’s equation The DG discretization

2nd method of Bassi & Rebay

Choose the penalization term:
6br2(uh) = 5Fr2(uh) = _CBRz{{I-zD(Uh)}} foreclzUTlp,

where the so-called local lifting operator including Dirichlet bc's is given by:
L;, (w) € X} is the solution to

/QLZD(W)'TdXZ/(W*gD)anS Vr e Xf, forecTlp
e

/QLZD(W)'TdXZ/[[W]]'{{T}}dS vr € X}, onecCTlz,

and Lg (w) is defined to be zero for e C I'y.
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DG discretizations of Poisson’s equation The DG discretization

Coercivity and stability
@ Method of Baumann-Oden (BO):
Ln(vh, vi) = [[Vavalliz)  Yva € VR

But Lx(vh, va) =0 for v, € VP and v, £ 0, i.e. BO is unstable.
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DG discretizations of Poisson’s equation The DG discretization

Coercivity and stability
@ Method of Baumann-Oden (BO):
Ly(vh, vh) = ||Vth||%z(Q) Vv, € V).
But Lx(vh, va) =0 for v, € VP and v, £ 0, i.e. BO is unstable.
@ (Non-)Symmetric interior penalty Galerkin (NIPG and SIPG) with § = Clpp—::
Ln(vi va) > Alllvalll}  Yva € V.

NIPG stable for Cp > 0 and SIPG stable for Gp > C% > 0.
For C2 see (Shahbazi, 2005; Hillewaert, 2013).
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DG discretizations of Poisson’s equation The DG discretization

Coercivity and stability
@ Method of Baumann-Oden (BO):
Ly(vh, vh) = ||Vth||%z(Q) Vv, € V).
But Lx(vh, va) =0 for v, € VP and v, £ 0, i.e. BO is unstable.
@ (Non-)Symmetric interior penalty Galerkin (NIPG and SIPG) with § = Clpp—::
Ln(vi va) > Alllvalll}  Yva € V.

NIPG stable for Cp > 0 and SIPG stable for Gp > C% > 0.
For C2 see (Shahbazi, 2005; Hillewaert, 2013).

@ 2nd method of Bassi & Rebay (BR2):
Lu(vn vi) = Ilvalllze Yva € V.

BR2 stable for Cgr, > C%:, where C3, is the number of faces of an element
(G = 3 on triangles, C%:, = 4 on quadrilaterals).

Ralf Hartmann and Tobias Leicht (DLR) Higher order and adaptive DG methods for compressible flowsl1. Dec. 2013 51/ 74



DG discretizations of Poisson’s equation The DG discretization

A priori error estimate in DG-norm for NIPG and SIPG

Lemma 4.12: Let u € HPT(Q) be the exact solution to Poisson’s equation.

Furthermore, let u, € V,f be the solution to
Lh(u;” Vh) = Fh(Vh) Vv, € V,f,

for NIPG (6 = 1) and for SIPG(6 = —1), with 6 = G2, Cp > C2. Then

[llla = unllls < CHPlulor oy |

where ||| - [||? is the norm as defined in

11 = 191y + |

rzulrp

5 t(n-{Vv})? ds+/ S[v]? ds.

rzulrp

Thereby, the discretization error of the NIPG and SIPG method in the H'-norm

behaves like O(hP).
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DG discretizations of Poisson’s equation The DG discretization

Example: Model problem
Consider Q = (0,1)? and Poisson’s equation with forcing function f such that

u(x) = sin(3mx1) sin(37mx).

Dirichlet boundary conditions are based on the exact solution v.

Ralf Hartmann and Tobias Leicht (DLR) Higher order and adaptive DG methods for compressible flowsl1. Dec. 2013 53 /74



DG discretizations of Poisson’s equation The DG discretization

Example: Model problem
Consider Q = (0,1)? and Poisson’s equation with forcing function f such that

u(x) = sin(3mx1) sin(37mx).

Dirichlet boundary conditions are based on the exact solution v.

1

0.01 - T

0.0001 - m_ ] The Hl-error of the
5 NIPG and SIPG
L | {  methods

with p=1,...,5,
sl | behaves like O(h?)
1e-10 i

10 100 1000 10000 10000C
cells

Ralf Hartmann and Tobias Leicht (DLR) Higher order and adaptive DG methods for compressible flowsl1. Dec. 2013 53 /74



DG discretizations of Poisson’s equation The DG discretization

A priori error estimate in DG-norm for NIPG and SIPG

Lemma 4.12: Let u € HP*1(Q) be the exact solution to Poisson’s equation.
Furthermore, let u, € V,f be the solution to

Lp(up, vi) = Fp(vy) Vv, € V,f,
Then, for NIPG (6 = 1):

lu— unlliz@@) < ChP|u|perr(q),
and for SIPG (0 = —1):

lu = unlliz@) < CHPHuloa(ay

Due to adjoint consistency, the discretization error in L2 of the SIPG method,
O(hP*1), is one order higher than that of the NIPG method, O(hP).
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DG discretizations of Poisson’s equation The DG discretization

Example: Model problem

1
i i i "SIPGp=1 ——
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cells

The L[2-error of the SIPG method
with p=1,...,5, behaves like
O(hP+1)
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DG discretizations of Poisson’s equation

Example: Model problem
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The L[2-error of the SIPG method
with p=1,...,5, behaves like
O(hP+1)
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The DG discretization
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DG discretizations of Poisson’s equation The DG discretization

Example: Model problem, computational effort
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DG discretizations of Poisson’s equation A priori error estimates for target functionals J(+)

Outline

@ DG discretizations of Poisson’s equation

@ A priori error estimates for target functionals J(-)
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DG discretizations of Poisson’s equation A priori error estimates for target functionals J(+)

A priori error estimates for target functionals J(-)
Given an adjoint consistent discretization (e.g. SIPG): Find u, € V/ such that

Ly(up, vi) = Fa(vs) vy € VP.
Note, that Ly is continuous (cf. Appendix A.4.2):
Lo(w,v) < Callwll VI Yw,v e V.
Furthermore, we have following a priori error estimate:
|u— upllls < ChP|u|ppiiq) Vu € HPTL(Q).
and following approximation estimate for the L?-projection Py
l[lv—Ppvlls < ChP|v|ppii(q) Vv € HPPH(Q).

Let z € V be the solution to the adjoint problem. Due to adjoint consistency we
have Ly(w,z) = Jy(w) for all w € V. Thus, for |J(u) — Jn(up)| = |Jn(e)| we have

[Jn(e)] = [Ln(e, 2)| = [Ln(u — un, z = Ppz)| < Clllu = usll[ ][]z = PFz]|
< Chp|u|Hp+1(Q) Chp|z‘Hp+1(Q) = Ch2p|U‘Hp+1(Q)|Z|HP+1(Q) Yu e HP+1(Q),

i.e., the error |J(u) — Ju(un)| is of order O(h?P).
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DG discretizations of Poisson’s equation A priori error estimates for target functionals J(+)

A priori error estimates for target functionals J(-)

Same situation as before. But now consider a discretization which in combination
with the discretized target functional Jx(-) is adjoint inconsistent.

Then the solution z to the adjoint problem does not satisfy

Lp(w, z) = Jp(w) Yw e V.

Ralf Hartmann and Tobias Leicht (DLR) Higher order and adaptive DG methods for compressible flowsl1. Dec. 2013 59 / 74



DG discretizations of Poisson’s equation A priori error estimates for target functionals J(+)

A priori error estimates for target functionals J(-)

Same situation as before. But now consider a discretization which in combination
with the discretized target functional Jx(-) is adjoint inconsistent.

Then the solution z to the adjoint problem does not satisfy

Lp(w, z) = Jp(w) Yw e V.

Instead define the solution ¢ to following mesh-dependent adjoint problem:
Lh(W, 1/}) = Jh(W) Yw e V.
1) is mesh-dependent and not smooth. We obtain

[Jn(e)l = ILn(e, ) = |Ln(u — un, > — PRp)| < CllJu — unll] |l — PRl
< Chp|u|,t-/p+1(Q)7

i.e., the error |J(u) — Ju(up)| is of order O(hP).
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DG discretizations of Poisson’s equation A priori error estimates for target functionals J(+)

A priori error estimates for target functionals J(-)
Target quantity which is compatible with Poisson’s equation:

J(u):/jguder/ an~Vuds+/ Jn uds,

@ SIPG discretization in combination with

Jh(uh):/jgzuth—F/ _jDa'h~rldS—|-/ Jn Upds
Q

p v
:/jQ Uth+/ Jo (thh—(sirp(uh)) -nds+/ Jn upds
Q o Fn
= Jen) [ o () nds = () ~ [ o (un ~ g0) ds
) I

is adjoint consistent. Thereby, |J(u) — Jy(up)| is of order O(h?P).
@ SIPG discretization with J(up) is adjoint inconsistent. Thereby, O(hP).
@ NIPG discretization is adjoint inconsistent. Thereby, O(h).
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DG discretizations of Poisson’s equation A priori error estimates for target functionals J(+)

Example 1: Model problem with SIPG

Dirichlet problem of Poisson's equation on (0,1)2. Consider the target quantity

h(u) = /jg udx, with  jo(x) = sin(mxy)sin(mx2) on Q
Q
This target quantity is compatible with the model problem.
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DG discretizations of Poisson’s equation A priori error estimates for target functionals J(+)

Example 1: Model problem with NIPG

Dirichlet problem of Poisson's equation on (0,1)2. Consider the target quantity

Jl(u):/jgudx, on Q
Q

with  jo(x) = sin(mxy) sin(7x2)

J(u)-J(u_h)

Ralf Hartmann and Tobias Leicht (DLR)

This target quantity is compatible with the model problem.
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NIPG discretization of
Poisson’s equation:

The error |Ji(u) — J1(up)]
of the DG(p), p=1,...,5,
discretization

is of O(hP*1) for odd p
and of O(hP) for even p

adjoint inconsistent
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J(u)-J(u_h)

DG discretizations of Poisson’s equation A priori error estimates for target functionals J(+)

Example 2: Model problem with SIPG but adjoint inconsistent

Dirichlet problem of Poisson's equation on (0,1)2. Consider the target quantity

J(u) = /an -Vjuds, with jp=1 onlp=T
r
This target quantity is also compatible with the model problem.
1F 4
R e | SIPG discretization of
00001 | o =2, | Poisson's equation:
TI s X
1008 | b {1 The error |Ja(u) — Jo(up)]
of the DG(p), p=1,...,3,
teos 1 discretization is of O(hP)
et 1 adjoint inconsistent
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cells
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u_h)

J(u)-tJi

DG discretizations of Poisson’s equation

A priori error estimates for target functionals J(+)

Example 2: Model problem with SIPG and adjoint consistent

Dirichlet problem of Poisson’s equation on (0,1)?. Consider

Jo.n(un) = /an - Vpupds 7/ 0(up — gp)jpds with jp=1 onlp=T
r Mo

which is a consistent discretization of J(u).
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cells

SIPG discretization of
Poisson’s equation:

The error | Jr(u) — Jo,n(up)|
of the DG(p), p=1,...,3,
discretization

behaves like O(h(P+1)

adjoint consistent

of even higher order than
the expected O(h?P)
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DG discretizations of Poisson’s equation A priori error estimates for target functionals J(+)

Example 2: Smoothness of the discrete adjoint solution

The exact solution to the adjoint problem
—Az=0 inQQ, —z=jp onlp

with jp = 1 is given by z = —1 on Q.

Using the SIPG discretization in combination with Jx(up) and Jo p(up):

2_hfor J_2, adjoint inconsistent

discrete adjoint solution z,
connected to J(up)
adjoint inconsistent
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Example 2: Smoothness of the discrete adjoint solution
The exact solution to the adjoint problem
—Az=0 inQQ, —z=jp onlp
with jp = 1 is given by z = —1 on Q.
Using the SIPG discretization in combination with Jx(up) and Jo p(up):

2_hfor J_2, adjoint inconsistent 2_hfor tiide J_2, adjoint consistent

-1.01
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-0.995
-0.99

22, 9000 ooo
Shikoanomae

-0.985

discrete adjoint solution z, discrete adjoint solution zj
connected to J(up) connected to J p(up)
adjoint inconsistent adjoint consistent
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DG discretizations of Poisson’s equation A priori error estimates for target functionals J(+)

Example 3: Another Dirichlet problem

Consider Q = (0,1) x (0.1,1) and Poisson’s equation with forcing function f such
that
u(x) = (14 x1)?sin(2mxix0).

Dirichlet boundary conditions are based on the exact solution v.

Consider the target quantity J3(up) and its adjoint consistent discretization
J3,n(Un):

S(up) = /J'D“'thhdS,
r

J3,h(uh) = J3(uh)fﬁ5(uhfgp)jod5.

and choose jp € L3(I) to be given by

exp (4— %((xl — l)2— l)*2) for x € (O,%) x (0.1,1),
) e Z(oa- 212 forxe (3,1) x (0.1,1),
Jp(x) =9 1 forx € (1,3) x (0.1,1),
0 elsewhere on [
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DG discretizations of Poisson’s equation A priori error estimates for target functionals J(+)

Example 3: Another Dirichlet problem

Using the SIPG discretization in combination with J3(us) and Js p(up):

0.0001

J(u)-d(u_h)
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The error |J3(u) — J3(up)]
of the DG(p), p=1,...,3,
discretization behaves like O(hP)

adjoint inconsistent
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J(u)-d(u_h)

DG discretizations of Poisson’s equation A priori error estimates for target functionals J(+)

Example 3: Another Dirichlet problem

Using the SIPG discretization in combination with J3(us) and Js p(up):

The error |J3(u) — J3(up)] The error |J3(u) — J3,n(un)|

of the DG(p), p=1,...,3, of the DG(p), p=1,...,3,
discretization behaves like O(hP) discretization behaves like O(h%")
adjoint inconsistent adjoint consistent

Ralf Hartmann and Tobias Leicht (DLR) Higher order and adaptive DG methods for compressible flowsl1. Dec. 2013 67 / 74



DG discretizations of Poisson’s equation A priori error estimates for target functionals J(+)

Example 3: Smoothness of the discrete adjoint solution

Using the SIPG discretization in combination with J3(up) and Js p(up):

2_h for J_3, adjoint inconsistent

SRR R ies et eehse s
R ittt rs
e e
e
R R Tt
SRR 2T o2
Rzt ey
0 3 TR 2%

discrete adjoint solution z,
connected to J3(up)
adjoint inconsistent
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DG discretizations of Poisson’s equation

Example 3: Smoothness of the discrete adjoint solution

A priori error estimates for target functionals J(+)

Using the SIPG discretization in combination with J3(up) and Js p(up):

2_h for J_3, adjoint inconsistent
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W
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2_hfor tiide J_3, adjoint consistent

discrete adjoint solution z,
connected to J3(up)
adjoint inconsistent
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discrete adjoint solution zj,
connected to J3 p(up)
adjoint consistent
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@ Summary
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Adjoint consistency: Questions covered today

@ What is adjoint consistency?
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Adjoint consistency: Questions covered today

@ What is adjoint consistency?
For an adjoint consistent discretization the discrete adjoint problem is a
consistent discretization of the continuous adjoint problem.
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Adjoint consistency: Questions covered today

@ What is adjoint consistency?
For an adjoint consistent discretization the discrete adjoint problem is a
consistent discretization of the continuous adjoint problem.

@ Take the adjoint of the discretized primal equations or
discretize the continuous adjoint equations?
For an adjoint consistent discretization both approaches might lead to the
same.

@ What is the effect of adjoint consistency?
Smooth adjoint solution. Improved order of convergence in L? and J(-).

@ Can one derive an adjoint consistent discretization for any target quantity?
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Adjoint consistency: Questions covered today

@ What is adjoint consistency?
For an adjoint consistent discretization the discrete adjoint problem is a
consistent discretization of the continuous adjoint problem.

@ Take the adjoint of the discretized primal equations or
discretize the continuous adjoint equations?
For an adjoint consistent discretization both approaches might lead to the
same.

@ What is the effect of adjoint consistency?
Smooth adjoint solution. Improved order of convergence in L? and J(-).

@ Can one derive an adjoint consistent discretization for any target quantity?
No, only for target quantities which are compatible with the equations.
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Summary and outlook ~ Summary
Adjoint consistency: Questions covered today

@ So, what is a compatible target quantity?
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Adjoint consistency: Questions covered today

@ So, what is a compatible target quantity? Compatibility condition

(Lu,Z)Q + (BU, C*Z)F = (Ua L*Z)Q + (CU, B*Z)Fa

J(U):/jQUdX+/jr Cuds
Q r
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@ So, what is a compatible target quantity? Compatibility condition

(Lu,Z)Q + (BU, C*Z)F = (Ua L*Z)Q + (CU, B*Z)Fa

J(U):/jQUdX+/jr Cuds
Q r

e For the linear advection equation:

J(u):/jgudx—i—/ Jruds.
Q r.
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Adjoint consistency: Questions covered today

@ So, what is a compatible target quantity? Compatibility condition

(LU7Z)Q + (BU, C*Z)F = (Ua L*Z)Q + (CU, B*Z)Fa
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@ Given a discretization and a (compatible) target quantity. Does any
discretization of the target quantity give an adjoint consistent discretization?
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Adjoint consistency: Questions covered today
@ So, what is a compatible target quantity? Compatibility condition

(LU7Z)Q + (BU, C*Z)F = (Ua L*Z)Q + (CU, B*Z)Fa

J(u):/jguder/jr Cuds
Q r

e For the linear advection equation:

J(u):/jgudx—i—/ Jruds.
Q r.

e For Poisson’s equation

J(U):/fQUdX+/ an~Vuds+/ Jjn uds.
Q I-D FN

@ Given a discretization and a (compatible) target quantity. Does any
discretization of the target quantity give an adjoint consistent discretization?
No. There may be arbitrarily many different consistent discretizations of the
target quantity but only one may give an adjoint consistent discretization.
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@ Outlook
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Summary and outlook Outlook

Questions covered in next lecture

Adjoint consistency:
@ What is a compatible target quantity ...?

o ...for the compressible Euler equations?
The pressure-induced drag, lift and moment coefficients.
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Summary and outlook Outlook

Questions covered in next lecture

Adjoint consistency:
@ What is a compatible target quantity ...?

o ...for the compressible Euler equations?
The pressure-induced drag, lift and moment coefficients.

o ...the compressible Navier-Stokes equations?
The total drag, lift and moment coefficients.

@ Given a consistent DG discretization with adjoint consistent (interior) faces
terms (like SIPG, BR2). For adjoint consistency: Is it possible to provide a
discretization of the target quantity for any discretization of boundary terms?
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Summary and outlook Outlook

Questions covered in next lecture

Error estimation and adaptivity for a compressible flow around an airfoil:

@ | want to computed accurate drag, lift and moment coefficients.
Where should | refine the mesh?

@ How accurate are the drag and lift values | computed?

@ | want a good resolution of the overall flow field (including e.g. vortical

structures).
Where should | refine the mesh?
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Summary and outlook Outlook

Questions covered in next lecture

Error estimation and adaptivity for a compressible flow around an airfoil:

@ | want to computed accurate drag, lift and moment coefficients.
Where should | refine the mesh?

@ How accurate are the drag and lift values | computed?

@ | want a good resolution of the overall flow field (including e.g. vortical

structures).
Where should | refine the mesh?

To be continued...
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