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ABSTRACT

This paper analyses the fuel consumption of interferometric radar missions employing
small satellite formations like, e.g., Cross-track Pendulum, Cartwheel, CarPe, or Trinodal
Pendulum. Individual analytic expressions are provided for each of the following
contributions: separation from a simultaneously injected master satellite, formation set-
up, orbit maintenance, formation maintenance, and distance maintenance. For this, a
general system of equations is derived describing the relative motion of the small satellites
in a co-rotating reference frame. The transformation into Keplerian elements is carried out.
To evaluate fuel consumption, three master satellites are assumed in different orbital
heights, which are typical for Earth observation missions. The size of the exemplarily
analysed formations is defined by remote sensing aspects and their respective fuel
requirements are estimated. Furthermore, a collision avoidance concept is introduced,
which includes a formation separation and formation set-up after a desired time period.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

One major topic in Earth observation is the derivation of
a highly accurate digital elevation model (DEM) on a global
scale [7,18,22]. Spaceborne synthetic aperture radar (SAR)
interferometry is a powerful and well-established remote
sensing technique that allows for the derivation of global
DEMs in short time periods with an excellent cost-benefit
ratio [15]. The generation of high-quality interferograms
requires the acquisition of two or more SAR images from
slightly different orbital positions (i.e. the satellites are
separated by different so-called baselines), if possible
simultaneously. This can be achieved with a constellation
or formation of receive-only satellites following a fully
active illuminating satellite [17,8,23]. Several formations
like, e.g. Cartwheel or Cross-Track Pendulum have been
proposed [10,11,17,19,21] and analysed in the last ~10
years mostly with respect to SAR performance [14].
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In this paper, we analyse such constellations with
respect to fuel consumption. Therefore, a general descrip-
tion of the motion of the small satellites is derived first
and its transformation into Keplerian elements. It is
assumed that the small satellites are injected into their
orbits together with the master satellite using the same
launcher. First, the satellites of the formation are
separated from the master satellite (here denoted as
distance acquisition) and then the formation is set up
(formation acquisition). Now, the formations are analysed
with respect to formation maintenance and orbit main-
tenance (including distance maintenance). The latter is
important to avoid a collision between the master
(illuminator) satellite and the formation. The term
‘formation’ refers to the small satellites and the term
‘master satellite’ to the illuminating satellite.

2. Microsatellite orbit parameter evaluation

For performing synthetic aperture radar (SAR) inter-
ferometry with small microsatellites there were two
proposals in 1998: Techsat 21 [5,20] and Cartwheel [17].
Techsat 21 is based on a close formation of three fully
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active SAR satellites. In contrast, the Cartwheel formation
uses a separate master satellite for radar signal transmis-
sion. The ground reflected signal is then simultaneously
recorded by three low-cost passive receiver satellites.
The averaged orbit of the master satellite is circular,
whereas the microsatellites have small deviations in their
respective Keplerian elements to build up their specific
formation. By changing the Keplerian elements, new
members for such formations joined in the meantime
the family of formation flying satellites, e.g. the Pendulum
or CarPe and the HELIX [14], the latter will be operation-
ally flown first by DLR [16]. The basic features of the
constellations used in the present paper are shortly
described in the following section.

In the frame of his considerations of the three body
problem, Hill [9] investigated the relative motion of small
bodies in relation to a centre body taking into account
simplified assumptions. The centre body is assumed with
no mass. Its orbit around the primary (here the Earth)
should be an unperturbed circular path. The orbits of the
second satellite (here microsatellite) should deviate from
the orbit of the master satellite by small modifications
only. In order to get a feeling of the relative motion of the
microsatellite, an unperturbed Keplerian orbit will be
assumed. Hill derived the equations of motion of this
relative motion (denoted as “Hill’'s equations”, later
rediscovered by the name “Clohessy-Wiltshire equations”
[3]) and found a solution of these equations by integration
with respect to the assumptions mentioned earlier.

However, it is not necessary to undertake the integra-
tion within the frame of an investigation of the relative
motion. The reason is simply the fact that both orbits are
known by definition. Therefore, it will only be necessary
to find the relative motion of the microsatellite in a co-
rotating co-ordinate system of the master satellite. By this
way, it will be possible to find a relation of the relative
motion of the microsatellite represented by modifications
of the Keplerian parameters of the master satellite. This
will allow for a parametrization of the relative motion,
which will ease the estimation of fuel requirements.

The co-rotating system of the centre body is defined by
the radial directi% vector rmo=: gy, the transversal
direction vector qyo=_: ¢, and the normal direction
vector rco x qeo=: g3 with C indicating the centre
body and r being the radius vector. The equatorial basic
system is defined by the orthogonal direction vectors p;, so a
transformation from the basic system into the co-rotating
system is given by p; = aio'?j- Here, the index j denotes the
Einstein summation convention. The transformation matrix
@ is well defined by the Keplerian inclination i, the right
ascension of the ascending node (2, and argument of latitude
u. The mean radius of the centre body is rc=const., its mean
eccentricity ec=0. Its other Keplerian elements are also
assumed to be constant. Therefore, with

re="rc Ico="Tclyy p;="Tcle g q;
with a-al=1anda-d, =0 forj=23 1)
the microsatellite will get the radius vector

N .

Ts=Tsa§ p;="Tsls @y q; 2)

Its Keplerian elements contained in the transformation
matrix ak; will show slight deviations of the elements of
the centre body. The relative position vector of the
microsatellite with respect to the co-rotating system of
the centre body will be
AT=Ts— rc=rsak,dy qj—rc q; 3)

The coefficients of the transformation matrix of the
microsatellite are related to the centre body by the relations

as=Tc

es=Ae, Ae<l1

is=ic+Ai, Ai<1°

Qszgc—‘rAQ, A2 <1°

Us =vs+ws = Uc+Au, Au<1° 4)

where vs denotes the true anomaly of the microsatellite and
ws is the argument of perigee. These values set into the
transformation matrix will lead to

Asjj = Agj+ Aac,-j (5)
with the approximations

Aaciy = Aiacs; sin(uc)+ Audacy —ALacr;

Adcy; ~ Aiacs; sin(uc) + Auacy +Af2acyq

Adacyz = Aiacss sin(uc) + Auacys

Adacy1 ~ Aiacsy cos(uc)—Auaci —ARacx

Aacy; ~ Alacs; cos(uc)—Auacip +ARaco;

Adacyz ~ Aiacss cos(uc)—Audcis

Aacsz ~ Aiacss sin(2¢)—AQacs;

Adc3p; ~ —Aiacs3 cos(2¢0)+ARacs

Aac33 ~ —Ai Sin(ic) (6)
Because of the small eccentricity es, the radius of the

microsatellite can be linearised

as(1—e?)

= T escos(ug) ~ 1y (1—Aecos(vs)), @)

Ts
where as is the semi-major axis of the microsatellite. In
order to guarantee the identical Keplerian period for both
satellites, as=rs has to be assumed. Then

Ar= X?] +.V?2 +Z?3
~ re(Adg a—Aecos(vs)ac, @) q;- ®)

Introducing the coefficients al, of the transformation
matrix of the centre body including the condition in
Eq. (1) the coefficients of the relative position vector of the
microsatellite in the co-rotating system of the centre body
will be

X = —1cAecos(vs)

y =rc(AQcos(ic)+Au)

z =rc(Aisin(uc)—ARsin(ic)cos(uc)) 9)
The true anomaly vs will be approximated by the first

two terms of the equation of centre

vs = Ms+2Aesin(Ms)+ - - - 10)
Then
cos(vs) ~ cos(Ms)—2Aesin® (Ms)+ - - - 11)

and it will remain for the first coefficient of the relative
position vector

x=—rcAecos(Ms)+ - - - (12)
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The mean anomaly of the microsatellite differs from
the mean anomaly of the centre body by AM, which must
be sufficient to ensure safe operation

Ms = Mc+AM (13)
The mean anomaly will be computed from
Mc = Mco +nc(t—to) (14)

with n¢ being the mean Keplerian motion of the centre
body. The first coefficient will get the form (the argument
270° was chosen in order to eliminate the negative sign in
the equation)

x=rcAesin[Mco+AM+270°+nc(t—tg)| + - - - (15)

and the second coefficient will be

y=rc{ARcos(ic)+ AM+Aw+2Aecos[Mco+AM+270°
+nc(t—to)l}+ - -- (16)

By applying the following with abbreviations with rc = ac,

Ai = aCAe,-

o = Mco+AM;+270°

Ay; = ac(AM; + Aw + A2; cos(ic))

Uco =Mco+wc

B;sin(f;) = ac [Ai;sin(uco)—AL; sin(ic)cos(uco)]

B;cos(f3;) = ac [Ai;cos(uco) + AL2; sin(ic)sin(uco)] 17)

to these equations, one will obtain the usual form of the
relative position vector

Xi :A,—Sin[nc(t—to)+oc,-]+ ce
yi = 2A;cos[nc(t—to)+ o]+ Ayi+ - - -
zy=Bisin[nc(t—to)+ ;] + - - (18)
In these equations the index i refers to the ith satellite
of a formation as considered in the following sections of
this paper. It may be assumed that the master satellite
will be set at the origin of the above defined co-rotating
co-ordinate system with a well-defined offset in along
track. The Keplerian elements of the master satellite
are known as well as the relative Keplerian elements
of the microsatellites. On the other hand, from the
parameters of the relative motion the Keplerian elements
of the microsatellites will be obtained, which is one great

Table 1
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advantage of the above derivation. From expressions (17)
follows
Aei = ﬁ
am
AM,‘ = O(i—MMO—27OO
Upo = Mmo + wm

. B
Ai; = afl cos(umo—p;)
M

AR2;sin(iy) = f—i sin(upo—f;)
M

Ay;

Aw; = a —AM;—AR; cos(iy). (19

As seen from these formulae, the so-called inclination
and eccentricity vectors are not required in the case of
remote sensing satellites as considered in this paper for
any inclination with sin(i)#0.

3. Satellite parameters and formations

For the following analyses, three different heights of
the master satellite above the Earth’s surface are assumed:
500, 650, and 800 km. This covers roughly the range in
which most of the Earth remote sensing satellites are
operated. For demonstrating effects of the master satel-
lite’s mass, two values are assumed: 1000 and 4000 kg.
The cross sections analysed are 2 m? (e.g. TerraSAR-X like
satellite) and 20 m? (e.g. DAICHI like satellite, formerly
known as ALOS).

3.1. Microsatellites

All single microsatellites are assumed with a satellite
mass of 130 kg and a cross section of 2 m?. It is assumed
that any formation will orbit at almost the same semi-
major axis, inclination, and eccentricity like the master
satellite. The orbits of the microsatellites will be described
by the relative position vector presented in the formulae
of Section 2. From Eq. (18) it is clearly visible that any
motion along the x-axis implies a coupling of the y-axis,
while the horizontal cross-track motion of the satellite is
completely decoupled. In literature, many formations may

Example of formations and their respective parameters as formulated in (18). The Trinodal Pendulum™ is the same as the Trinodal Pendulum, but with
additional small eccentricity offsets to avoid a collision between the satellites. In the HELIX formation it is assumed that the first satellite is placed at the
centre of the co-rotating co-ordinate system; another solution would be a symmetrically distribution of the two satellite around the centre. In this table, k

means a freely selectable offset or constant, non-zero for the CarPe case.

Name of formation A; a B; B Ayi
Cartwheel A1=Ay=A3 0;=1120°+k B;=0 Pi=arbit. Ay;=0
Cross-track Pendulum A;=0 o;=arbit. B1=B,=B3 Bi=i120°+k Ayi#Ayj with i#j
Trinodal Pendulum Ai=0 o;=arbit. B;=arbit. $1=90° or 270°; f,=0°; Ayi# Ayj with i#j
P3=90° or 270°
Trinodal Pendulum®  A;=As=small o1=90°, ap=arbit., «3=270° B;=arbit. £1=90° or 270°; f,=0°; Ay1#Ay3
Ay=0 f3=90° or 270° Ay,=0
Ay12#0
CarPe A1=A=0; A3=Kk- oy =arbit., a3=0 Bi=By=k-,/(1/2); Bs=0 f1=90°; f,=270°; f3=arbit. Ay;## Ay,; Ay;=arbit.
NED)
HELIX A:=0 oq=arbit.; o= + 180° B:=0 p1=arbit. f2=90° Ayi=arbit. Ay,=arbit.
A,=arbit. B,=arbit.
TechSAT 21 A1=Az=A; %=i120°+k Ai=B; Bi=oii Ay;i=0
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Fig. 1. The effective baseline B¢ for cross-track interferometry between
the two satellite positions S; and S,. The lines of sight as seen from
satellite positions S; and S, are assumed to be parallel in case of small
distances between the satellites.

be described by these formulae and their names and
parameters are given in Table 1, [6,10,14,16,17]. Note that
all the formations described in this Table consist in this
specific case of three satellites (exception: Helix consist-
ing of two satellites), which of course can be adapted to
more satellites for specific mission goals.

The value of the parameters will be triggered by the
size of the formation, i.e. the relative positions between
the satellites, which may be defined by the effective
baseline Bes. This effective baseline (cf. Fig. 1) must
always be considered in conjunction with the radar
wavelength, and assumed lengths in the order of several
kilometres for interferometric observations in L-Band.

From Table 1, it is easy to calculate the required
Keplerian elements of the microsatellites and their
respective deviations from the master satellite using
formulae (19). To build up any formation based on these
deviations, fuel and manoeuvres will be required. This
will be derived in the next Section.

4. Orbit mechanical background

The analysis of the fuel consumption is split into five
parts: separation of a formation of satellites from the
master satellite immediately after injection, set-up of the
formation, orbit maintenance, formation maintenance,
and distance maintenance. The formation shall orbit in
front of or behind the master satellite within a certain
distance range. Keeping the formation within this range is
denoted distance maintenance. As the master satellite
will be independently controlled, this motion has to be
analysed first. Then, the distance maintenance of the
formation can be evaluated. For the fuel consumption of
formation maintenance, the formations have to be
analysed individually. The fuel mass My required to allow
for the velocity increment of a rocket or satellite with

initial mass My will be calculated from
My = M, (1 —e*<AV/CE>) (20)

with the velocity increment AV and the exhaust velocity
ce. In the following, an exhaust velocity of c,=2800 m/s is
assumed for the on-board liquid hot gas thrusters’
systems.

The analytical investigation includes secular second-
order values of the first three zonal coefficients J,, J3, and
J4 of the Earth’s gravitational field, first-order periodic
variations due to J,, secular variations due to air drag with
respect to maximum and minimum solar flux estimations,
secular variations in inclination due to Sun and Moon
averaged attraction. Minor effects like, e.g. different solar
radiation effects due to the shadowing of the Earth are not
considered.

The mathematical formulae applied for the estimation
of the required velocity increments are presented in the
following sections.

4.1. Separation between the formation and the master
satellite

There are three different possibilities for separating the
three satellites from the simultaneously injected master
satellite: separation based on anomalistic motion [12],
separation based on very small velocity increments [13],
and separation based on changes in semi-major axis.

4.1.1. Orbit position separation based on anomalistic motion

The separation of two satellites moving on the same
position in the same orbit can be achieved by the following
strategy (as indicated in Fig. 2): both satellites are moving
on a (near) circular orbit with mean semi-major axis @; and
mean anomalistic period Py, =27/f;, with mean anom-
alistic mean motion 7i;q = Mg+ M10s, Where ;g = + /1/ay is
the Keplerian mean motion, y=398600.4415 x 10° m?/s?
being the geocentric gravitational constant, and M, the
secular drift of the mean epoch anomaly. After the

Fig. 2. Two satellites separated by the angle y will be put into a close
configuration (or vice versa) by a manoeuvre of the second satellite in
the position S, by means of an elliptical transfer orbit (E;; outside, Ex
inside the orbit of the master satellite S; with radius a,). The procedure
demonstrated in this figure is sometimes also known as “phasing orbit”.
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manoeuvre the satellites should be separated along the
same orbit by the central angle 7. In position S5, the second
satellite will be injected into an elliptic orbit with mean
semi-major axis d, and mean eccentricity &, and mean
anomalistic period Py, =27/My,, so that N anomalistic
periods Py, are matching M anomalistic periods Py,:

_ 1
Py = M(NP‘” +0At) 21)

with ¢, positioning the second satellite in front of the
prime satellite (6.=—1) or behind (g.=+1). Assuming a
circular motion of the uninfluenced satellite with its
circular velocity V. the time interval will be calculated to be
v Ax

At=-
Mg Vc

(22)

where y is the separation angle and Ax the distance of
position change along the orbit.

As a second condition the perigee/apogee radius will
be used in the form

+1 if T)az > T)a]

Fi=0;(1+0.8;)=0a; and “e:{ 1 ifPyp <Py
_ 2 A

(23)
From the last two equations, a, and e, will be
calculated by an iteration process. Achieving position S;
on the first orbit, a manoeuvre with same size as in
position S, but in opposite direction has to be performed
in order to reach orbit 1 in S;. This manoeuvre will be
calculated by the difference in velocity between orbit 1
and orbit 2: in the apogee of orbit 2 if P,; < Py, and in the
perigee of orbit 2 if P, > P,. The velocity on orbit 2 in the
moment of the manoeuvre will be

Vo=, /%(1 +0.83) 24)

Finally the amount in velocity increment in tangential
direction for the two required manoeuvres will be

AV =2(V,—V;) ,where V; = \/% (25)

If AV <0, the manoeuvre takes place in the apogee of
orbit 2 and the impulse has to be directed opposite to the
flight direction of the satellite on its orbit.

A tradeoff between time span and required fuel
consumption can be found in systematic tables varying
the integer numbers N and M [12]. As an example, a shift
of the second satellite by Ax=50 km behind the prime
satellite after 61 anomalistic periods of both satellites
should be achieved in the TerraSAR-X case (nominal
orbital data: sunsynchronous orbit, reproducible after
11 days and 167 draconic periods, semi-major axis
a,;=6883.507 km, mean eccentricity e;=0.0, inclination
i1=97.445789°, circular velocity V;=7.6096 km/s). The
anomalistic period for the first satellite is P;;=94.790 min
and for the second satellite, P,,=94.788 min. The transfer
orbit will have a semi-major axis of a,=6883.420 km with
an eccentricity of e;=0.0000126. The complete transfer
time will last t=96.367841 h with a velocity increment
(2-impulse procedure) of AV=0.09585 m/s, corresponding
to a fuel mass of 4.45¢g for the small satellite with
m=130 kg and a hot gas engine (c,=2800 m/s).

4.1.2. Orbit position separation using very small velocity
increments

For estimations of small orbital variations the third
Keplerian law will be used in the classical form
P=2mn/n=2n(a?/n)"?=2nalV,, where n is the Keplerian
mean motion and V¢ the circular velocity. Then a small
variation in the semi-major axis will cause the variation in
Keplerian period AP ~ 31Aa [Vc. For small orbital changes
caused by a velocity increment applied in transversal
direction using the formula

Aa=aAt (26)
the semi-major axis will be changed by [13]

2a P
AGN—WAVTZ—EAVT. (27)

Therefore a relation between the variation in period
corresponds to a variation in transversal direction
AP~ —3 PAVy/Vc. The deviation Ax along a circular orbit
in the time interval At can be calculated from Ax=V At. If
the time interval is assumed a Keplerian period, the shift
along the orbit can be calculated from
Ay = VAP~ - O

c

AVr. (28

Considering the relative motion of a changed orbit by
the velocity increment AV; with respect to an unchanged
orbit, the relative time interval At, corresponding to a
relative drift Ax, holds the relation Axp/P=Ax,/At,. This
leads to the orbital shift within the time interval At,
caused by the velocity increment AVr

Ax; ~ —3At; AV (29)

From this estimation the time interval needed for the
relative transfer of the length 4x, caused by the velocity
increment AVr can be estimated

AX;
3AVr

However, in this case three small manoeuvres will be
required in order to perform the location separation: at
the beginning in order to get a slightly modified orbit of
the master orbit with respect to the unchanged master
orbit, a midterm manoeuvre in order to change the flight
direction and to go back to the master orbit, and a stop
manoeuvre to fix the satellite on the master orbit in the
required distance Ax from the master satellite are
required. This is shown in Fig. 3.

As an example, for the same manoeuvre as described in
Section 4.1.1 with Ax=50km and a transfer time of
t=96.367841 h, neglecting the midterm manoeuvre, the
velocity increment for the two manoeuvres 1 and 3 will be
together AV;=0.096082 m/s corresponding to a fuel
consumption of 4.46 g for a 130 kg small satellite.

Aty ~ — 30)

4.1.3. Orbit position separation using any changes in semi-
major axis

In order to estimate a small relative shift of a satellite
along its orbit by a true anomaly interval Av a circular
orbit will be assumed. In this case the true anomaly
interval will be replaced by the corresponding interval
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in mean anomaly Av ~ AM=M;—M, (i=1,2) with M=My+n
(t—to), Mi=Mo+ni(t;—to).

As presented in Fig. 4 the following procedure takes
place: let a be the semi-major axis of the master orbit
and n the (Keplerian) mean motion along this orbit.
A small change Aa in semi-major axis using a tangential
manoeuvre according to formula (26) will put the satellite
after circularization (via 2 impulses) to an orbit with a
slightly different semi-major axis a,,=a + Aa, where the
higher orbit is chosen to get a location behind the master
position, the lower orbit to get a location before the
master. The mean motion of the second orbit will be
n;=(u/a?)!/2. Starting with the same mean anomaly Mg
after a time interval At=t—ty along the two orbits the
mean anomalies M and M; will be reached. The desired
position difference Av between the master and the second

Fig. 3. Two satellites separated by the relative angle y will be put into
the requested relative position by three small manoeuvres along two
elliptic orbital arcs: way from position S, to position S; or vice versa.

Fig. 4. Small position shift along an orbit with four impulses.

Table 2
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position corresponds to

Av~ AM = M;—M = (n;—n)(ti—to) = (n;—n)At 31

Therefore, after the time interval At=Ao/|n;—n| the
requested position will be achieved. The second pair of
manoeuvres will be executed in order to place the satellite
back to the master orbit, however, by distance Av to the
master. The time duration for the whole manoeuvre cycle
depends on the velocity increments AVy in order to
change the semi-major axis by the value Aa (according to
formula (26)). On the other hand, if a change Aa in
semi-major axis is selected, the corresponding velocity
increment will be calculated and the time interval At will
be obtained. A factor 10 in Aa will lead approximately to a
factor 10! in time.

Again, with the example parameters of Ax=50 km and
the transfer time of t=96.367841 h, the corresponding
angle will be Av=0.4161816° and the Keplerian mean
motion n=1.105489 x 10~3/s. The semi-major axis will be
6883.420087 km with a change of Aa=-0.086913 km.
With the formulae mentioned earlier we obtain a velocity
increment of AV=0.096 m/s, corresponding to a fuel mass
of 446 g.

Note: as seen from the examples mentioned earlier, the
method described in Section 4.1.1 is a slightly less fuel
demanding solution and as an asset it is generally
applicable, while the other two methods are approxima-
tions. Furthermore, the first method requires two impulses
while the ‘small velocity increment’ (Section 4.1.2) method
requires three impulses and the semi-major axis change
(Section 4.1.3), four impulses.

4.2. Set-up of formation

For the set-up of the formations, different manoeuvres
must be executed: ascending node separation, inclination
separation, eccentricity change, and change in the argu-
ment of perigee. For each formation the demands are
different and summed up in Table 2.

4.2.1. Semi-major axis manoeuvre
The velocity increment needed for the changes in

semi-major axis a with value Aa can be computed with

sufficient accuracy for small changes from the rough

formula

&Aa

AV=2.

(32)

Kind of manoeuvre depending on formation for formation set-up (S) and for formation maintenance (M). Note, for the Trinodal Pendulum forces onto the

ascending node are the same for all satellites and are negligible.

Manoeuvre Cross-Track Pendulum Cartwheel CarPe Trinodal Pendulum®
Ascending Node S, M S, M S

Inclination S, M

Arg. Perigee S S, M S

Eccentricity S S, M S

Semi-major axis M M M M

Anomaly S, M S, M S, M M
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with the circular velocity Vi All fuel masses in this
paper are calculated according to (20).

4.2.2. Eccentricity manoeuvre
For near circular orbits the velocity increment

AVr= + %Ae (33)

will be required to change the eccentricity by a value of
Ae. The thrust has to be applied in tangential direction at
the perigee or apogee of the orbit. The eccentricity
interval will be obtained assuming a secular change in
eccentricity from the expression Ae=é; At with és being
the secular change of the eccentricity.

4.2.3. Inclination and ascending node manoeuvre
The orbits of the Cross-Track Pendulum will be
separated by different inclinations. The secular drift of
the ascending node [1] is given by the equation
2
Qs(; =— %ﬁq]z % COSio+
Po

4
+ ;—Sﬁog cosio{ﬁ [—5+12 1—e3+9(1—23)
Do

- <35 +364/1-82+5(1 —Eg)coszfoﬂ
~5Ja[5-301-€})] (3-7cos%o ) } +... (34)

with the mean Keplerian motion 71y = ,u/ﬁo3. The orbital
elements used in this expression are mean epoch values.
Due to different inclinations in the Cross-Track Pendulum,
the nodal drifts will result in different values even if all
other orbital parameters have always the same
value. Therefore, the ascending nodes of two orbits will
separate by

A(AR) =[25(t2)—21(t2)]—[22(t1)— 21 (t1)] (35)

If this value will exceed a tolerance value +(AAlg), a
manoeuvre has to be performed in order to reduce the
error deviation. A maximum performance in nodal shift
will be performed at the northern or southern turn of the
orbit, i.e. if the argument of latitude has the value of 90° or
270°. In this case, the manoeuvre by the angle y will
produce the required maximum nodal shift AQq.x
defined by

€oS(AR2max) sin(iz) = cos(y)sin(iy)
SIN(A€2max) sin(iz) = sin(y)
cos(iz) = cos(y)cos(ir) (36)

Here, i; is the inclination of the satellite orbit before
manoeuvre and i, after the manoeuvre. Therefore, a node
manoeuvre will also cause the need for an inclination
manoeuvre. For a given nodal shift AQ and initial
inclination i;, the last formula allows to calculate the
correction angle y and the inclination i, at the end of the
correction cycle. Then the inclination Ai=i,—i; is also
known. The cycle period Tg will be calculated by

To= 202 (37)
Q5—Q¢|

For the node correction, the corresponding velocity
increment will be in the order of

AVg = Vev/2/T—cos(y) = 2Vcsin (%) (38)

and the inclination correction by the inclination incre-
ment Ai requires

AV, = Vo2 /1—cos(AiQ) = 2V sin <§> 39)

For small angles, these formulae will be reduced to

AVg~Vey and AR~ and AV, =~ VcAi

sin(i)

(40)

This second independent manoeuvre in order to

correct the inclination has to be performed during the

nodal crossing. If Qg is the desired node of the orbit,
during the mission as initial node the value

Q0 =201 + A2 41

will be used. In this equation the sign has to be selected in
such a way, that the relative motion of the node is always
inside of the interval Qe[Qg—AQ, Qo1+AQ]. After the
correction cycle T, the manoeuvre will be performed in
order to move the node to the other end of the nodal
interval. For the correction of the inclination a similar
procedure might be applied: select half an interval and
bring the inclination at the end of the tolerance interval.
However, the variation in the inclination is not easy to
predict because of the uncertainties in prediction of the true
perturbations. Therefore, it is recommended to apply the
whole inclination correction at the end of the nodal shift.
Based on this assumption, the estimation of the fuel
consumption will be obtained.

4.2.4. Perigee manoeuvre

Assuming a change in the line of apsides without change
of any other orbital elements and for given change angle Aw
in argument of perigee, the true anomaly v; of the satellite
in orbit 1 to perform the manoeuvre can be calculated from

coson) = + sin(Aw) _ . v/ 1+ cos(Aw)
Ve V2(1—cos(Aw)) V2
= cos <A7w) tan(v;) = tan (A7w> (42)

The corresponding true anomaly along orbit 2 will be
vy=v1—Aw and vy=—v=Aw[2 or v;=—vy=Aw/[2+180°.
The corresponding orbital radius and radial velocity will
be calculated from

. a(l—e?)  a(1—e?)
" 14ecos(v;) 14ecos(vy)

O B T

ri=e ad _ez)sm(“l)

. [T

iy=e, /—a(l _ez)sm(‘)Z) 43)

The radius and velocity vectors will be computed,
usin&the radial and the transversal direction vectors rg
and g, from

[ NN

M= r=rrp
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N N / 1—e2)
r=r r0+7lua1’(‘ € do
\/um(l—ez)?o

r
._The velocity increment vector is given by AT=
ro— r; and the radial variation is calculated from
1 =—7,. The rotational angle between the velocity
vectors on orbit 1 and orbit 2 will be calculated from

—1 +(ua(l—e?)/r?)

N

Ip=rTTo+

cos = 44
G0)= 2" uati e 44)
Finally the velocity increment will be

AV, =V1v/2/T=cos(y,,) = 2V; sin (%) (45)

For all these calculations, examples are shown in Fig. 5.

As seen from Fig. 5, the variation due to orbital height
is in the order of a few percent for changes of the
semi-major axis, and almost negligible for changes in
eccentricity and/or changes in the perigee. Of course, for
formation analyses these differences have to be taken into
account.

4.3. Orbit maintenance

The variation in the semi-major axis due to air drag is
estimated by

—appZA
D,D'um

as

V3 (46)
with c¢p being the air drag coefficient (here assumed as
cp=2.2), satellite mass m, the gravitational constant y,
cross section A, and the solar activity depending air
density p at the height of the satellite. V is the satellite’s
velocity with respect to the inherent air. This velocity is
usually unknown and will be replaced by the satellite
velocity with respect to the Earth’s centre. The semi-
major axis correction manoeuvre and its fuel consump-
tion are calculated according to (20) and (32). As an
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example, the fuel requirement for keeping a microsatellite
at its orbital height for one year is shown in Fig. 6.

An additional need for orbit maintenance manoeuvres
will occur in case of deviations ABp in the ballistic
coefficient

A
Bp=c¢p a (47)
as a consequence of different atmosphere flowing towards
the different satellites. Based on the orbital decay ds, the
secular change in semi-major axis during the time interval
At follows from Aa= as;At. Assuming a deviation ABp in
the ballistic coefficients of 2 satellites of the formation
system and allowing the variation Aa in semi-major axis, a

10.00

Fuel consumption [kg]

0.01 i
600 700
Orbit Height above Equator [km]

Fig. 6. Fuel consumption for orbit keeping for one year operation time
vs. orbit height above the equator for a microsatellite with 130 kg and a
cross section of 2 m? The solid line represents solar maximum activity
and the dashed line solar minimum activity. (Some rough values for the
air density p[g/km?] from [2]: H=500 km: pin=0.3916; pmax=2.042,
H=650km: pmin=0.0342, pmax=0.3700, H=800 km: pnin=0.007069,
Pmax=0.08059).

Change of Periges [deg)
0.4 0.6

okl o PR -
0.2 0.4 0.8

Inclination / Right Ase. Change [107deq]

-
0.6

Fig. 5. Left plot: fuel consumption for a change in the semi-major axis (upper abscissa and upper lines: solid (500 km), dotted (650 km), and dashed
(800 km)) and for a change in the eccentricity (lower abscissa and lower lines: solid (500 km), dotted (650 km), and dashed (800 km)). Right plot: fuel
consumption for a change in perigee (upper abscissa and upper lines: solid (500 km), dotted (650 km), and dashed (800 km)) and for inclination or right
ascension of the ascending node (dotted-dashed line, lower abscissa). The satellite’s mass is assumed to be 130 kg.
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relative along track error interval AL [13]

_ 3(Aay?
" 4pa’ABp

has to be taken into account. On the other hand, if AL is the
allowed tolerance interval for an along track error, the
corresponding allowed tolerance deviation Aa in semi-
major axis follows from

2
Aa= MAL% (49)

Assuming a circular satellite motion, this formula
allows the estimation of fuel requirement for the orbit
manoeuvre in order to keep the orbital behaviour of the
satellite within the allowed tolerance AL. The cycle time
Taiong for the manoeuvre cycle is given by [13]

4 AL a AL
Talong = a \/3PABD = 4\/H3PABD (50)
An estimation for the allowed variation in the ballistic
coefficient follows for an allowed variation in semi-major
axis Aa and the desired cycle time Tyjong from

2Aa
P Talong\/ na

(48)

ABp = (©2))

4.4. Formation maintenance

To maintain the different formations, individual
manoeuvres must be applied as depicted in Table 2. The
respective manoeuvres follow from the formulae given in
Sections 4.2. and 4.3.

4.5. Distance maintenance

The distance between the formation and the master
satellite will vary due to different ballistic coefficients.
This will be adjusted by semi-major axis manoeuvres as
described in Section 4.3 and will be performed with the
orbit maintenance manoeuvres.

5. Collision avoidance strategy

If a small satellite does not function it might be desired
to separate satellites for a certain time span and rebuild
the formation after some days. Therefore, the orbit
position separation based on anomalistic motion as
described in Section 4.1.1 is a low-cost solution with
respect to fuel consumption. Here, the satellites are
injected into elliptic orbits, which separate quite quickly
each satellite from another. These orbits are chosen such
that the satellites will be at the same position after some
pre-defined time or, if desired, the satellites are separated
by a certain distance. The mal-functioning satellite might
then be analysed, and the formation reconfigured if the
erroneous behaviour is found. As an example for the
TerraSAR-X as master satellite, which is the most sensitive
case, the satellites shall be separated by 50 km with two
manoeuvres with this strategy. The first satellite should
perform N=60 anomalistic periods and the second
satellite M=61 anomalistic periods. The second satellite

will be injected into an orbit with a=6878.218 km with
an eccentricity of e=0.007692 applying the velocity
increment of AV=—5.855 m/s. The total transfer will last
95.479 h and requires a fuel mass of Am=0.272 kg. Now,
the satellites are separated and can be brought together
with the same amount of fuel within approx. four days.

6. Results

To gain a feeling for fuel consumption for the different
formations at different heights, the fuel requirements for
five exemplary formations are calculated: The Cartwheel
and some different Pendulum formations, e.g. the Trinodal
Pendulum®. The latter will hold a small eccentricity offset
corresponding to a vertical separation at the northern/
southern turns of 50 m. This separation will be kept
constant by means of orbital manoeuvres. The Cartwheel
will have a wheel size of 5 km, that means a- Ae will be
2500 m for a single satellite. For comparison, the Trinodal
Pendulum* will consist of a separation of 5km at the
equator of two satellites with the third satellite being
placed in the middle. Here, these 5 km are seen more as
an example to compare both formations—radar con-
straints and interferometric applications may change
this value to different values. The formations are assumed
to orbit at 500, 650, and 800 km to point out the effects of
atmospheric drag. In each case an average distance
between the small satellites formations reference point
and the master of 50 km will be assumed. The formations
shall be kept stable for a total lifetime of 2 years and are
assumed to be operated during solar maximum activity.
Of course, in the calculations the formation acquisition is
included, assuming that the microsatellites are launched
together with the illuminating spacecraft. The results are
summarized in the following Tables.

A deviation of the ballistic coefficient between the
satellites within a formation is assumed to be 1%. The
nodal crossing reference longitude was assumed to be
within a margin of + 1 km.

The results should be compared in a qualitative sense,
not in the last detail in a quantitative sense.

The single formations numerically investigated are
kept and maintained with the following restrictions:

Cartwheel formation acquisition (see Fig. 7, left picture):
correction of semi-major axis in order to maintain the
mean draconic period (H=500 km: Aa=0.004 km; H=650 km
and H=800 km: Aa=0.002 km), separation of satellite rela-
tive position by + 5.3 km, argument of perigee manoeuvre
in order to get a relative separation of the apsidal lines
by +120°.

Cartwheel formation maintenance: It will be assumed
that formation maintenance manoeuvres will be required
by a relative difference on the ballistic coefficient of 10%
induced by small differences in the influence of the air
drag on the three satellites. In addition, an along track
error of 100 m shall be tolerated. If in addition an inertial
stabilization with respect to the long-term motion of the
apsidal lines is required, an additional fuel amount in the
range of up to about 6 kg for the 2 years lifetime will be
required for each of the microsatellites [4] (Table 3).
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Fig. 7. Schematic representation of the Cartwheel configuration (left figure) and the Trinodal Pendulum* configuration (right figure).

Table 3

Total fuel requirement in [kg] for the Cartwheel formations including orbit keeping, formation keeping, and all maintenance manoeuvres for 2 years for
solar maximum activity. Decrease in drag becomes apparent in the fuel requirement for higher orbital altitudes (orbit maintenance). The same effect is

visible in the other formations.

Cartwheel Formation Orbit Orbit Formation Formation Total fuel
satellite acquisition maintenance acquisition maintenance requirement

500 km Sat1 0.0045 5.762 0.006423 0.587 6.360
Sat2 0.0045 5.762 0.029474 0.587 6.383
Sat3 0.0045 5.762 0.029484 0.587 6.383

650 km Sat1 0.0045 0.609 0.006219 0.116 0.736
Sat2 0.0045 0.609 0.029041 0.116 0.759
Sat3 0.0045 0.609 0.029054 0.116 0.759

800 km Sat1 0.0044 0.270 0.006025 0.022 0.302
Sat2 0.0044 0.270 0.027649 0.022 0.324
Sat3 0.0044 0.270 0.027650 0.022 0.324

Cross-track Pendulum formation acquisition: Microsatel-
lite 1 will get the (sunsynchronous) injection inclination,
microsatellite 2 a deviation by about Ai=0.018° for all
altitudes, microsatellite 3 a deviation by about Ai=—0.018°
for all altitudes. Accordingly the draconic period of
satellites 2 and 3 will be modified with respect to the
master satellite. This can be balanced by increasing the
semi-major axis, in case of the H=500km orbit
by the value Aa=6m. This small value will not be
respected during formation acquisition. The orbital
planes of the other two satellites are separated by a
small shift in right ascension of the ascending node by
AQ=+0.021°.

Cross-track Pendulum formation maintenance: Similar to
the Cartwheel considerations an error in the ballistic
coefficient of about 10% will be taken into account.
Therefore similar values for the fuel amount during the
two years satellite lifetime have to be expected. However,
for microsatellite 1 due to the modified inclination
additional manoeuvres have to be foreseen. Due to the
very small orbital eccentricities no variation in the apsidal
lines is investigated in this context (Table 4).

CarPe formation acquisition: Similar to the procedure of
the Cross-track Pendulum Formation the orbital planes of
two microsatellites are separated by a small shift in
right ascension of the ascending node by AQ= +0.021°.
However the other satellite (in the example microsatellite
3) will get a modified eccentricity (not an inclination
change as in the previous case) in order to minimize a
collision risk and allow interferometric observation.

CarPe formation maintenance: Similarly to the
Cartwheel considerations an error in the ballistic coeffi-
cient of about 10% will be taken into account. Therefore
similar values for the fuel amount during the two years
satellite lifetime has to be expected. However for micro-
satellite 3 due to the modified eccentricity additional very
small manoeuvres have to be foreseen (Table 5).

Trinodal Pendulum acquisition: The first of the three
microsatellites is assumed to fly on an orbit with identical
semi-major axis, eccentricity and inclination as the
master satellite. The other two microsatellites move on
orbital planes separated by a change in the right ascension
of ascending node (example for H=500 km orbit:
AQ:=0.021°, AQ,=-0.021°), whereas all other orbital
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Table 4
Total fuel requirement in [kg] for the Cross-track Pendulum formations including orbit keeping, formation keeping, and all maintenance manoeuvres for
2 years for solar maximum activity.

Cross-track Formation Orbit Orbit Formation Formation Total fuel
Pendulum satellite acquisition maintenance acquisition maintenance requirement
500 km Sat1 0.0045 5.762 0.0 5.307 11.074
Sat2 0.0045 5.762 0.349 5.894 12.010
Sat3 0.0045 5.762 0.349 5.894 12.010
650 km Sat1 0.0045 0.609 0.0 4.856 5.470
Sat2 0.0045 0.609 0.438 4.972 6.024
Sat3 0.0045 0.609 0.438 4.972 6.024
800 km Sat1 0.0044 0.270 0.0 4.449 4,723
Sat2 0.0044 0.270 0.335 4.474 5.083
Sat3 0.0044 0.270 0.335 4474 5.083
Table 5

Total fuel requirement in [kg] for the CarPe formations including orbit keeping, formation keeping, and all maintenance manoeuvres for 2 years for solar
maximum activity.

CarPe Formation Orbit Orbit Formation Formation Total fuel
satellite acquisition maintenance acquisition maintenance requirement
500 km Sat1 0.0045 5.762 0.124 0.587 6.478
Sat2 0.0045 5.762 0.124 0.587 6.478
Sat3 0.0045 5.762 0.016 0.593 6.378
650 km Sat1 0.0045 0.609 0.123 0.116 0.853
Sat2 0.0045 0.609 0.123 0.116 0.853
Sat3 0.0045 0.609 0.015 0.117 0.745
800 km Sat1 0.0044 0.270 0.122 0.022 0.418
Sat2 0.0044 0.270 0.122 0.022 0.418
Sat3 0.0044 0.270 0.015 0.022 0.311
Table 6

Total fuel requirement in [kg] for the Trinodal Pendulum formations including orbit keeping, formation keeping, and all maintenance manoeuvres for
2 years for solar maximum activity.

Trinodal Formation Orbit Orbit Formation Formation Total fuel

Pendulum satellite acquisition maintenance acquisition maintenance requirement

500 km Sat1 0.0045 5.762 0.128 0.587 6.482
Sat2 0.0045 5.762 0.000 0.587 6.354
Sat3 0.0045 5.762 0.128 0.587 6.482

650 km Sat1 0.0045 0.609 0.125 0.117 0.856
Sat2 0.0045 0.609 0.000 0.117 0.731
Sat3 0.0045 0.609 0.125 0.117 0.856

800 km Sat1 0.0044 0.270 0.121 0.022 0.417
Sat2 0.0044 0.270 0.000 0.022 0.296
Sat3 0.0044 0.270 0.121 0.022 0.417

Table 7

Total fuel requirement for the Trinodal Pendulum* formations including orbit keeping, formation keeping, and all maintenance manoeuvres for 2 years for
solar maximum activity. The vertical separation at the northern/southern turns is assumed to be 50 m.

Trinodal Formation Orbit Orbit Formation Formation Total fuel
Pendulum™ satellite acquisition maintenance acquisition maintenance requirement
500 km Sat1 0.0045 5.762 0.128 0.638 6.533

Sat2 0.0045 5.762 0.000 0.587 6.354

Sat3 0.0045 5.762 0.128 0.638 6.533
650 km Sat1 0.0045 0.609 0.125 0.168 0.907

Sat2 0.0045 0.609 0.000 0.117 0.731

Sat3 0.0045 0.609 0.125 0.168 0.907
800 km Sat1 0.0044 0.270 0.121 0.073 0.468

Sat2 0.0044 0.270 0.000 0.022 0.296

Sat3 0.0044 0.270 0.121 0.073 0.468
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elements are unchanged. By this way, no deviation in the
draconic period must be taken into account.

Trinodal Pendulum maintenance: Similarly to the Cart-
wheel considerations an error in the ballistic coefficient of
about 10% will be taken into account. Therefore similar
values for the fuel amount during the two years satellite
lifetime have to be expected (Table 6).

Trinodal Pendulum™ acquisition (see Fig. 7, right picture):
The first of the three microsatellites is assumed to fly on an
orbit with identical semi-major axis, eccentricity, and
inclination as the master satellite. The other two micro-
satellites move on orbital planes separated by a change in
the right ascension of ascending node (example for
H=500 km orbit: AQ,=0.021°, AQ;=—0.021°). In addition
these two satellites will get a change in eccentricity
(example for H=500 km orbit: e;=e3=0.000036)

Trinodal Pendulum™ maintenance: As in the Cartwheel
considerations, an error in the ballistic coefficient of about
10% will be taken into account. Therefore similar values
for fuel consumption during the two years satellite
lifetime have to be expected. The change in eccentricity
causes a small change in draconic period. This is
considered by assuming a small change in the error of
the ballistic coefficient by 10.1%. Similarly, a small change
in the secular drift of the right ascension of the ascending
node (cf. formula (34)) has to be taken into account. This
value varies the fuel amount for formation acquisition.
However, this value is so small that it cannot be reflected
in Table 7. But during formation control this effect will be
included among other higher-order perturbations not
considered here. All these additional perturbations have
a negligible impact on the qualitative fuel estimations in
this paper.

Note: In all examples the fuel amount for orbit
maintenance is represented by its highest value. According

Fig. 8. Artists view of the formation flight of TerraSAR-X and TanDEM-X
on a HELIX orbit.

Table 8

to Fig. 6 the amount for the low 500 km orbit is essentially
higher than for the upper orbits. This is caused by
the strong air drag in this low altitude and therefore
an essential design driver for selection of a suitable
constellation flight.

7. Discussion

Assuming an orbit injection of the small satellites
together with the master satellite, the present study
considers fuel consumption for the orbit positioning of the
small satellites in an average distance of 50 km with
respect to the master satellite (orbit acquisition), the
orbit maintenance, the formation acquisition, and the
formation maintenance, each for a two years time span.
Independent of the formation, in any case the orbit
maintenance is the most demanding factor for fuel need
during the satellites planned lifetime. Formation acquisi-
tion and formation maintenance require more or less the
identical fuel amount for any constellation. It can be seen
that the fuel demand depends on orbit height, which is
induced by drag and driven by solar activity. For a lifetime
of two years, fuel consumption is not the limiting factor
for any formation. Therefore, for a satellite formation
design other constraints shall be taken into account like
required distances between the satellites (depending on
requested applications), which might require, e.g. auton-
omous control, allowing for a smaller formation at a lower
orbital height. Other constraints might be, e.g. in case of
SAR interferometry, overlapping Doppler spectra. Here,
the along track distance between two data recording
satellites should be as small as possible, leading to
formations with small or constant along track distances
like, e.g., the Trinodal Pendulum. Only in case of a very
long lasting satellite operation with small satellites,
orbit height might be a design driver to reduce fuel
consumption.

Another constraint for satellites flying in close forma-
tion is avoiding any collision. Here, autonomous control
with proper control manoeuvres might reduce this
possibility. Another strategy might be an implementation
of the proposed separation manoeuvres, which might be
executed if, e.g., the distance between two satellites is
smaller than a given threshold. The distance might be
measured by GPS onboard each satellite and its signals
might then be exchanged via an inter-satellite link. Three
different methods are proposed, which separate one
satellite from the formation and reunite it after a given
time. The fuel requirement is the same for all methods
while the number of manoeuvres is changing from 2 to 4,
leaving it to the user to choose the best for his purpose.

Orbital data for the TerraSAR-X (TSX)/TanDEM-X (TDX) formation flight on a HELIX orbit. The values A, and B, represent snapshots of the formation and

are being adjusted during the mission according to the required geometry.

TSX A1=0m Ae;=0.0 o1=0°
TDX A>=300 m Ae;=0.000044 0,=180°
TSX £1=90° Up1o=0° Ai;=0°

TDX B2=90° Air=0

Mpo=—90° AM;=180° B;=0m
wp=—90° AM,=0° B>=400 m
AQ,=0° Ay;=0m Aw1=0°
AQ,=0°.00335° Ay,=0m Aw,=0.0004°
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An example for the technical realisation of a formation
flight as an application of the formulae presented in this
paper is the TanDEM-X mission [15,16,18]. This mission
employs two formation flying radar satellites to acquire a
global digital elevation model (DEM) with unprecedented
accuracy. The first satellite (TerraSAR-X) was launched on
June 15, 2007 into an 11 days sunsynchronous dusk-
dawn repeat orbit with a semi-major axis ay=6883.5 km
(actual data, corresponding to a mean orbital height of
505 km) and an inclination iy=97.444°. The second
satellite followed on June 21, 2010, and has been
successfully injected into a HELIX orbit with respect to
TerraSAR-X. The orbits are visualized in Fig. 7 on the right:
TerraSAR-X can be assumed as satellite 2, whereas the
second TanDEM-X satellite either as satellite 1 or satellite
3, respectively. An artist’s visualisation of the formation
flight of the two satellites together with the observation
scheme is shown in Fig. 8. According to Table 1 the data
summarized in Table 8 are chosen in order to select a
suitable HELIX orbit. The parameter values A, and B, will
slightly be adjusted during the three years mission time in
order to optimize the DEM performance on a global scale.
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