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Abstract

Manufacturing of composite structures with a high degree of dimensional accuracy remains a challenge in modern
fabrication. Residual stresses in fibre reinforced laminates which develop during the autoclav processing lead to a
variety of process induced deformations. Dimensional changes such as spring-in of angled structures and warpage of flat
sections are characteristic for composite manufacturing. This paper presents an engineering approch for a thermo-elastic
simulation of the spring-in effect on large airframe structures based on the FE method performed at the DLR Institute
of Composite Structures and Adaptive Systems. Due to the use of Ni36 as tooling material it was possible to blank
out the influence of varying CTE between tool and part which are responsible for warpage. Investigations on small
manufactured L-profiles with a flangelength of 50 mm deliver the necessary simulation parameters for the constitutive
model of the relevant airframe structure. For estimating the influence of different autoclav processes on the amount of
spring-in, investigations with different temperature profiles were conducted and will be presented.
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Nomenclature

∆θ spring-in angle [Deg]
θ reference-angle [Deg]
θ′ actual-angle [Deg]
R reference-radius [mm]
R′ actual-radius [mm]
t reference-thickness [mm]
t′ actual-thickness [mm]
αr radial CTE [ 1

K
]

αt tangential CTE [ 1

K
]

φr rad. chemical shrinkage [%]
φt tang. chemical shrinkage [%]
∆θth thermal fraction angle [Deg]
∆θch chemical fraction angle [Deg]
∆θglob global spring-in angle [Deg]
∆θloc local spring-in angle [Deg]

T̃ reference-temperature [K]
T actual-temperature [K]
Tprocess process-temperature [K]
p pressure [MPa]
p̃ reference-pressure [MPa]
pprocess process-pressure [MPa]
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∆Vchem chem. volume shrinkage [%]
αmchem

chem. matrix shrinkage [ 1

K
]

αmequ
equivalent matrix shrinkage [ 1

K
]

αmtherm
thermal matrix shrinkage [ 1

K
]

1. Introduction

Because of their superior mechanical properties and
high stiffness to weigth ratio, fiber reinforced composites
are increasingly used for primary aircraft structures. The
manufacturing process of composite parts often leads to
internal stresses which cause shape deformations of the
part after demoulding. Taking into consideration manu-
facturing rates of more than 30 aircraft per month eco-
nomic processes with a high degree of dimensional part
accuracy are mandatory. Poor dimensional control leads
to increasing assembly efforts and hence increasing costs.
The production of highly integral structures may on the
one hand reduce assembly costs but may on the other hand
require sophisticated manufacturing processes. The ability
to control dimensional accuracy demands further investi-
gations concerning analysis methods and strategies. The
prediction of material characteristics and thus the simula-
tion of process induced deformations depends on a variety
of parameters. Curing simulation requires consideration
of transient temperature fields taking into account inter-
nal heat generation from chemical reactions of the matrix
material. Thus it is the basis for the determination of the
degree of cure and hence the chemical schrinkage. Opti-
mization of process cycle (temperature levels, heating and



cooling rates) can affect residual stresses. Thereby it has
an influence on in-service predictions. Accurate simula-
tion techniques, with regard to mentioned parameters, are
mandatory for reliable manufacturing processes and hence
the reduction of validation and testing efforts. Process Pa-
rameters influence the transformation from liquid to solid
state of the matrix material significantly. Therefore scien-
tists combined curing , thermal and residual stress analy-
sis. Svanberg and Holmberg [1] developed a visco elastic
material model taking into acount relaxation of the ma-
trix in rubbery state and established a link to the thermal
analysis. Zhu and Geubelle [2] pursued a similar approach.
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Figure 1: Thermal issues in manufacturing

Chemical shrinkage in direct relation to the degree of
cure set up a link to residual stresses. Flores [3] compared
several models for this relations and evaluated their appli-
cability.

Darrow [4] and Sweeting [5] used linear static FE-ana-
lysis for the simulation of spring-in effects. Darrow com-
bined thermal and chemical shrinkage properties to imple-
ment an equivalent CTE. Sweeting used the original CTE
to model thermal expansion and prescribed strains to ac-
count for chemical shrinkage.

Fernlund et al. [6] investigated effects of design and
process parameters on the two main kinds of deforma-
tion spring-in and warpage of angled thermoset laminates.
He named four parameters to which he assigned high po-
tential to affect the magnitude of shape deformations -
tool surface, part length, part thickness and cure cycle.
Svanberg [7] pursued an engineering approach using the
FE-Code ABAQUS to predict shape distortions for a cur-
ved composite C-Spar. It shows good accuracy of cure
induced shape deformations with regard to his assump-
tions and simplifications. However, it has already been
shown, that a fast engineerlike spring-in estimation based
on linear-static analysis with consideration of chemical
shrinkage is a reasonable approach. Drawbacks of this
combined analysis technique are:

• a sample test program for each material and process,

• the structure needs to be manufactured with the
same process as the sample test program,

• assumption that the whole structure is homogen-
eously cured.

In the current study the determination of the magni-
tude of matrix shrinkage was conducted based on carbon
fibre reinforced plastic L-profiles as shown in Figure 2.
This kind of structure was chosen, since it has already
been closely investigated. It is therefore well described in
literature and analytical formulas for verification exist.

Figure 2: CFRP L-profile test specimen

1.1. Phenomenon Spring-In

Main reason for spring-in on a composite L-profile is
the anisotropic material property. Chemical shrinkage as
well as thermal expansion in fibre direction are much lower
than in perpendicular direction. Assuming the radial ef-
fects much higher than tangential shrinkage will cause outer
fibres to move to smaller radii and inner fibers to move to
greater radii, as depicted in Figure 3. This leads to com-
pression in the outer fibres and tension in the inner fibres.
Assuming furthermore, that the fibres are sufficiently stiff,
a certain spring in angle ∆θ will be generated.

θ′

θ

RR′

t t′

actual

reference

Figure 3: Spring-in

The spring-in angle can be expressed as the difference
between the actual and the reference angle and it can be
divided into a thermal and a chemical fraction as shown
in Equation (1).

∆θ = θ′ − θ = ∆θth + ∆θch (1)

In accordance with [8] and [9] this circumstance leads to
the analytical equation for spring-in angle for an ortho-
tropic material.

∆θ = θ ·

[(

(αt − αr) · ∆T

1 + αr · ∆T

)

+

(

φt − φr

1 + φr

)]

(2)
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Herein ∆θ being the spring-in angle, θ the original struc-
ture angle (90◦ in the present study), αr, αt the radial and
tangential coefficient of thermal expansion (CTE), φr, φt

the radial and tangential chemical shrinkage and ∆T the
process temperature difference respectively.

In general it is possible to differentiate two kinds of
spring-in shape changes. On the one hand there are global
deformations of initially curved parts and on the other
hand there are shape changes in the cross section of the
part. Because of this circumstance the separation in global
and local spring-in effects as depicted in Figure 4 are use-
ful.

∆θlocactual

reference
θglob

∆θglob

θloc

Figure 4: Seperation of global and local spring-in deforma-
tions (∆θglob and ∆θloc) of a z-profile.

Regarding a typical aircraft spar, manufacturing in-
duced variation of the global spar radius is a typical ex-
ample of global spring-in. Shape deformations of the cross
section are typically referable to local spring-in.

1.2. Phenomenon warpage

Different CTEs (Coefficient of Thermal Expansion) of
tool and part as well as autoclav pressure are significant
parameters which are responsible for the evolution of war-
page on processes using singleside moulds. Due to pres-
sure and high temperature during modern autoclav pro-
cessing the transmission of shear stresses caused by tool
expansion is supported. According to Fernlund [6] this
leads to a through thickness stress gradient with tension at
the mouldside of the part. After completion of processing
these stresses relax which causes warpage of the flat part.
Figure 5 shows a constitutive scheme of this phenomenon.
Because of the use of Ni36 as toolmaterial, which has a
similar CTE as the composite part, and because of the
usage of a double sided mould in the RTM process it was
possible to blank out effects of warpage as far as possible
in the investigation of the spring-in. The present study
therefore concentrates on the spring-in phenomenon with
focus to the influence of different process-characteristics.
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Figure 5: Warpage of flat composite parts due to internal
stresses (CTEtool > CTEpart)

2. Determination of relevant Materialparameters

2.1. Preliminary remarks

Dealing with fibre-composite materials requires to know
the parameters of the single constituents. The laminate
of the L-profile in this study consists of HTS-fibers from
TOHO/TENAX and the RTM6 matrix system from HEX-
CEL. All data is taken from literature [10]-[16] The param-
eters of an uni-directional single ply are calculated using
ESAComp 3.4. As reference a laminate with a fibre vol-
ume fraction (FVF) of 60% is considered. All data are
listed in table 1.

Table 1 – Material properties of HTS/RTM6 unidirectional
single ply

Properties Value Unit
E11 143960 MPa
E22 = E33 5955 MPa
G12 = G13 2485 MPa
G23 2235 MPa
ν12 = ν13 0.26 −

ν23 0.33 −

Density ρ 1512 kg/m3

Since the CTE of the constituents turned out to be
the most unreliable data, a numerical study investigating
their influence on the spring-in behaviour was conducted.
It could be shown, that the CTE of the matrix domi-
nates the mechanical behaviour of the laminate. In the
present study this parameter is used to equalize measure-
ment and simulation results. In the following this parame-
ter is named equivalent CTE and is defined as sum of ther-
mal and chemical shrinkage related to the process temper-
ature difference (derivation of Equation (3) can be found
in the appendix).

αmequ
= αmtherm

+ αmchem
= αmtherm

+
∆Vchem

3 · ∆T
(3)
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Four different processes were investigated. All leading
to a temperature difference of ∆T = 160K coming from
180◦C highest process temperature and 20◦C room tem-
perature.

P1 (nominal) - gelation 130◦C / curing 180◦C

P2 (max shrink) - gel. / cure 180◦C

P3 (mid shrink) - long gel. 130◦C / cure 180◦C

P4 (low shrink) - long gel. 110◦C / cure 180◦C

P1 is a nominal industrial process. P2 is the process with
the highest shrinkage, since a fast gelation at high temper-
ature prevents a shrinkage compensation by liquid resin.
Processes P3 and P4 have a lower shrinkage due to their
long gelation time at lower temperatures.

This is caused by the slow change from liquid to solid
state allowing the compensation of the shrinkage by liquid
resin. As assumption the process P4 is considered as a
process without chemical shrinkage which means, that the
equivalent CTE will have a thermal term only. The value
of the thermal term will be equal for the remaining three
processes. Hence the difference will be the fraction coming
from the chemical shrinkage.

2.2. L-profile FE-model

To predict the spring-in properly it is mandatory to
account for the thickness effect as it is described in section
1.1. Hence the L-profile was modelled with solid (HEX8)
elements using MSC/Patran (see Fig. 6). The test struc-
tures were made from a 2mm laminate with 8 NCF (Non-

Crimp Fabric) single plies (t = 0.125mm) and a symmetri-
cal lay-up of [4×±(45◦)]. The inner radius of the L-profile
is 5mm.

3d

2d

Figure 6: CFRP L-profile FE-modelling

In the FE model each single ply needs to be modelled
with at least three elements over its thickness. With this
requirement and in order to avoid elements with bad as-
pect ratios an extremely fine mesh is required leading to
an enormeous number of DoF (Degrees of Freedom) even
for comparably small structures like the L-profile. There-
fore the capability of a hybrid modelling was investigated.

In this case the thickness effect is accounted for by using
HEX8 elements (3D-orthotropic material) only locally in
the zone of the radius. The remainders of the structure are
modelled with QUAD4 shell elements (2D-orthotropic ma-
terial) as can be seen in Fig. 6. This leads to the reduction
of the DoF enabling the analysis of large, thin-walled com-
posite structures. The interface between solid and shell el-
ements is modeled with stiff bar elements to prevent warp-
ing at the free edges of the solid area while shrinkage in
transversal direction is not constrained. Combined 2D-3D
analysis yields almost identical spring-in results as for 3D-
3D. In this study each structure was analyzed under two
different conditions. First, iso-static mounting to obtain
free internal stresses and the corresponding deformations.
Second, in-service mounting conditions to calculate stress
in superimposed condition of internal and mounting loads.

2.3. L-profile FE Analysis and Results

In the analyses the matrix CTE was adjusted such,
that the spring-in angles are equal to the experimentally
gained ones for a FVF = 60%. All other FVF from 55% to
70% were conducted to check the reliability of the method.
In Fig. 7 there are shown measured and analyzed spring-
in angles related to the norm process P1 and a FVF =
60%. As previously defined the process P4 shall be a zero-
chemical shrinkage process. Based on this the chemical
volume shrinkage for the processes P2 - P4 varies between
0.68% ≤ ∆Vchem ≤ 3.25%. The corresponding shrinkage
parameters namely the equivalent CTEs in fiber direction
and perpendicular direction vary between
0.08 · 10−6K−1 ≤ α11 ≤ 0.630 · 10−6K−1 and
36.80 · 10−6K−1 ≤ α22, α33 ≤ 63.27 · 10−6K−1 .

Figure 7: Comparison of measured and calculated spring-in
results

The results coming from Equation (3) by using the
gained shrinkage data of a uni-directional single ply leads
to approx. 25% lower spring-in results as experimentally
measured. Even by using the pure thermal CTE for P4 the
results do not lead to comparable values. The experimen-
tally measured values of the spring-in however correspond
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to data gained by Darrow [4]. The spring-in results gained
by using the hybrid FE modelling are in very good agree-
ment with the fully 3D modelled L-profile. It therefore is
considered to be suitable for the analysis of a large, thin-
walled composite structure.

In terms of stresses the process P2 resembles the pro-
cess with the highest chemical shrinkage and hence high-
est eigenstresses. Under iso-static mounting conditions the
matrix has a tension load of ≈ 68MPa and it follows triv-
ially that the fibers have a compression load of the same
magnitude. In fixed configuration the stresses are rang-
ing from −158MPa in the fibers of the outer radius and
≈ 66MPa in the matrix of all layers. Here the gained
results need some more discussion. Especially the mag-
nitude of tensile strength in the matrix system needs to
be investigated more thoroughly. As a remark it shall be
mentioned, that the induced stresses in the nominal pro-
cess P1 are about half of the before described P2.

3. Analysis of Curved Airframe Structure

3.1. Preliminary Remarks

For a spring-in analysis of a large, thin-walled structure
is becomes obvious, that a full solid modelling is not man-
ageable in terms of model sizes and hence computational
effort. Therefore the approach of hybrid modeling is trans-
ferred from L-profile level to a larger airframe structure.
All material properties determined within the L-profile in-
vestigations are used for this large scale application which
is, stiffness and shrinkage properties as outlined in pre-
vious paragraphs. As a measure of the analysis results
the computed spring-in of the global radius of a curved Z-
profile as shown in Fig. 8 was compared to experimentally
gained data.

3.2. FE-Model of Curved Airframe Structure

A Z-shaped generic frame structure as depicted in Fig.
8 with a global curvature radius of ≈ 2m, a length of
≈ 2.5m and a variable profile height between 90mm and
120mm was subject of the investigations. The same ma-
terial properties as for the L-profile were used and the
profile is manufactured according to process P1, the norm
process.

The web is composed of 8 uni-directional single plies
with a thickness of t = 0.25mm and a [2 × (±45)]S lay-
up with a total thickness of 2.0mm. 13 plies are foreseen
alternatively in the inner and outer chord with a lay-up of
[(+45/ − 45/0)S/0/(+45/ − 45/0)S ] and a total thickness
of 3.25mm.

Figure 8: Curved frame Z-profile

In order to determine the free eigenstresses and the
global spring-in the Z-profile was iso-statically fixed at one
free end. Therewith avoiding that the web can change its
global orienation and additional stresses are induced (see
Fig. 9 left). The fixation in in-service position is such, that
the outer chord can move along the circumferential line of
the global radius but all other movements are prevented
as can be seen on the right picture of Fig. 9.

Figure 9: Mounting of Z-frame for spring-in analysis

As earlier mentioned the pure 3D modelling leads to a
very high number of DoFs already for comparably small
structures. Therefore three different model types were
analysed and evaluted:

1. Model created from shell elements: Assuming that
global spring-in is driven by shrinkage of the web,
representing the transversal shrinkage and thereby
forcing the belts to move to other radii which causes
the spring-in effect.

2. Hybrid model with solid elements between web and
inner chord: Assuming the same effect as in 1. and
by consideration of the spring-in in the radius be-
tween web and inner chord.

3. Hybrid model with solid elements between web and
both chords: Assuming the same effect as in 1. and
by consideration of the spring-in in both radii be-
tween web and chords.

3.3. Z-profile Analysis and Results

In this section the analysis results in terms of spring-
in of the global profile radius and stresses will be dealt
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with. The principle behaviour of the investigated structure
wrt. to its lay-up in the inner and outer chords is shortly
discussed.

Figure 10 shows the Z-profile with a slightly decreased
global radius together with some torsion of the profile.
This mode will occur with unidirectional layers in either
both chords or only in the outer chord. In case of uni-
directional layers in the inner chord this kind of profile
would ”spring-out” due to different CTEs between inner
and outer chord. The inner chord with its low CTE and
high stiffness would remain almost unchanged whereas the
outer chord with its high CTE would open the curved
structure.

Figure 10: Deformed shape of Z-profile after manufacturing

The before mentioned three different model types of
generic frame structure with different considerations of the
relevant spring-in zones were investigated at first. It be-
came obvious, against expectations, that the global spring-
in is driven by the local spring-in in the radii between web
and chords. This holds especially true, if there are longi-
tudinal layers foreseen in the chords, which provide a high
stiffness and low shrinkage in profile longitudinal direc-
tion. In the case there are no longitudinal layers foreseen
in a chord it may be possible to save a 3D modelling in
this zone but it depends very much on the design of the
structure and the chosen material. However, all results
that will be presented hereafter are gained from a model
considering all local thickness effects.

In Table 2 there are listed the global spring-in radii,
that where analyzed with the different process parameters,
as well as the global spring-in radius of the manufactured
part using process P1. It can be seen, that the data fit
quite well with the measured ones. Furthermore, it be-
comes obvious that the difference between the processes
P1 (nominal) and P2 (fast) is smaller than comparing P1

with P3 and P4. In case of the last-mentioned a more sig-
nificant decrease of spring-in can be noticed compared to
P1. Processes P3 and P4 seem to be advantageous from
quality point of view but these processes require 1.5 to
2 times longer process times, which on the other hand is
disadvantageous in the sense of the achievement of high
manufacturing rates.

Table 2 – Spring-in of global radius of curved airframe struc-
ture

Process Global
Radius

Difference to
norm process

produced (P1) 1963.5 mm 0.0 mm
P1 1964.5 mm 1.0 mm
P2 1963.0 mm -0.5 mm
P3 1967.1 mm 3.6 mm
P4 1968.9 mm 5.4 mm

In the following Table 3 all stresses gained from the iso-
static configuration are listed for processes P1 and P2 for
comparison. Hereby the stresses are evaluated in fiber and
matrix direction and distinguished between chords and
frames. It can be found that the stresses in the matrix
material correspond to the values that were determined
during the L-profile investigations. In most parts of the
Z-profile the same can also be noticed for the fiber com-
pression loads. In the radii between web and chords the
stresses are slightly increased and in ±45◦ fibers of the
inner chord a distinctive raise in the stresses becomes ob-
vious. This is due to the specific deformation caused by
the profile shape and of course due to the anisotropic ma-
terial. Comparing the magnitude of stresses between the
two processes it is noticable, that the stresses of P2 are
about twice as high as for the norm process. In the spe-
cific case of P1 and P2 the process times were equal. This
underlines the high dependency of internal stresses from
the way of curing.

Table 3 – Induced residual stresses in fiber and matrix

Stresses P1 P2
[MPa] Min Max Min Max

Fiber
Chords -63 33 -125 65

Frame -33 53 -65 102

Matrix 30 34 58 70

All stresses that were analysed with the structure moun-
ted in its in-service position show only marginal changes
in the order of ±3N/mm2. The changes of the stresses are
once again very much dependent on the design of the struc-
ture and also on its mounting conditions. This becomes
obvious when comparing the calculated low values of the
generic frame structure with the results of the L-profile
which are decisively larger.

It should be mentioned that the calculated matrix stress-
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es even for the norm process P1 are extremely close to typ-
ical failure loads of epoxy resins. This topic needs more
detailed investigations to allow save design under consid-
eration of manufacturing issues. One way of investigating
the severity, could be the monitoring of micro cracks after
demoulding.

4. Summary & Outlook

A way is presented which allows for the determination
of spring-in deformations and eigenstresses of large, thin-
walled CFRP structures based on linear-static FE sim-
ulations. Furthermore this approach allows for the pre-
diction of stresses inside the structures in mounted posi-
tion including prior determined eigenstresses. All analyses
within this study are linear static and were performed us-
ing MSC/Nastran.

All mechanical properties of the single laminate con-
stituents were extracted from literature and the proper-
ties of the unidirectional single plies were analysed using
ESAComp3.4. Thermal and chemical shrinkage were de-
termined by comparing test results on CFRP L-profiles
with analysis results based 3D FE models representing
each single layer of the structure. Test results gained from
the process with low chemical shrinkage were used to deter-
mine the thermo-elastic contribution to the spring-in. For
the remaining three tests the contribution of the chemical
shrinkage was determined. The L-profile was reanalysed
for a number of different fibre-volume fractions for vali-
dation reasons. The outcome in terms of displacements
showed very good agreement with the test results. Con-
cerning eigenstresses, comparably high values were found
for the matrix material.

The pursued way of modelling leads to very large FE
models. Therefore a simplification which combines 2D and
3D modelling was introduced. Those parts, where the
transversal CTE leads to spring-in, are modelled conven-
tionally using solid elements. All remaining parts, which
are mainly flat, are modelled using shell elements. The
application to the L-profile showed reasonable agreement
and therefore this modelling technique was transferred to
the simulation of a generic frame structure.

Studies with different modelling of the Z-profile showed
that an adequate consideration of the radii between belts
and web by 3D modelling are mandatory for reliable de-
formation predictions on large, thin-walled structures.

• Interdisciplinary simulation

In conjunction with the present work there are further
aspects which have to be implemented into the simula-
tion process. First there is the establishment of curing-
simulation to determine the degree of cure and chemical
shrinkage. An inhomogeneous field of temperature leads to
an inhomogeneous field of cure and therefore highly nonlin-
ear relations between deformations and stress-distribution.

Regarding the mentioned relations, investigations to en-
able such sophisticated simulation processes were conduc-
ted at the DLR. Reducing process time with regard to
allowable stresses and deformations will be a big gain of
an interdisciplinary simulation approach.

• Tool-part interaction

Another action item which is pursued at the DLR Insti-
tute of Composite Structures and Adaptive Systems is
the enhancement of the presented simulation technique
for singlesided mould manufacturing. For such processes
warpage effects, which were blinded out in this study, must
be considered as vital. Due to deformations of flanges
as depicted in Figure 5 the simulation technique must be
adjusted. With regard to curvature of flanges a full 3D
analysis will be essential. Wang et al. [17] investigated
the applicability of different element types with the result
that a single layer of regular solid elements is suitable for
the determintation of spring-in deformations.

• Aircraft-structures as usecase

Beside the already mentioned shape-changes, which de-
velop during the manufacturing process, another type of
deformations caused by in-service loads require the en-
hancement of simulation techniques to enlarge its usage.
Figure 11 points out a simple example for the result of poor
dimensional control during the manufacturing process.

∆θ
θ

Figure 11: Wavy panel due to spring-in deformations of the
stringers

To prevent surface waviness of stiffened panel struc-
tures it is essential to have good dimensional accuracy of
stringers. Concerning high quality demands, as they are
requested for laminar flows, for example, it is not sufficient
to predict manufacturing deformations. In-service loads,
like aerodynamical pressure on a wing surface, have a sig-
nificant effect on the surface shape. Because of this fact
investigations for combining CFD (Computational Fluid

Dynamics) and FEM simulation are intended at the DLR.
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Appendix

Volume-shrinkage as function of temperature

Nomenclature

V actual-volume [m3]

Ṽ reference-volume [m3]

ã, b̃, c̃ reference-lengths [m]
a, b, c actual-lengths [m]
ǫi strain in i-direction [%]
λi elongation in i-direction [%]
εV volume-shrinkage [%]

εV =
∆V

Ṽ
=

V − Ṽ

Ṽ
=

V

Ṽ
− 1 (4)

Ṽ = ã · b̃ · c̃ und V = a · b · c (5)

a = λa · ã with λi = εi + 1 (6)

εV =
abc

ãb̃c̃
− 1 =

λaλbλcãb̃c̃ − ãb̃c̃

ãb̃c̃
= λaλbλc − 1 (7)

εV = (εa + 1)(εb + 1)(εc + 1) − 1 (8)

εV = εaεbεc + εaεb + εaεc + εbεc + εa + εb + εc (9)

Assumption: isotropic material: εa = εb = εc = ε

εV = ε3 + 3ε2 + 3ε = 3ε · (1 + ε +
1

3
ε2) (10)

Equation 10 allows to express the volume shrinkage of
isotropic material as a function of one-dimensional strain.
Within typical amounts of volume shrinkage in the range
of 1% ≤ εV ≤ 5% it is possible to reduce equation 10 to
ε ≈

εV

3
. For regarding chemical shrinkage as a function of

temperature the following transformation is necessary.

εtherm = αtherm · ∆T =
εV

3
→ αtherm =

εV

3∆T
(11)
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