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Abstract— In this paper we introduce a friction observer for
robots with joint torque sensing (in particular for the DLR
medical robot) in order to increase the positioning accuracy
and the performance of torque control. The observer output
corresponds to the low-pass filtered friction torque. It is
used for friction compensation in conjunction with a MIMO
controller designed for flexible joint arms. A passivity analysis
is done for this friction compensation, allowing a Lyapunov
based convergence analysis in the context of the nonlinear
robot dynamics. For the complete controlled system, global
asymptotic stability can be shown. Experimental results validate
the practical efficiency of the approach.

Index Terms— Friction compensation, friction observer, fle-
xible joint robots

I. INTRODUCTION

For robots with high gear ratio aiming at low own weight

and high payload, as the DLR medical robot (Fig. 1, [1]),

the effects of joint friction can strongly influence the system

performance. On the other hand, for medical applications

such as minimal invasive surgery or bone cutting and milling

for prosthetics, the accuracy of the system plays a central

role, motivating the friction compensation development of

this paper.

Friction compensation is a very basic problem in motion

control and therefore there exists a huge amount of literature

on this topic, out of which only a small fraction can be

cited here. The approaches include model-based friction

compensation [2], [3], adaptive controllers [4], [5], sliding

mode control [6], classical integrator action and disturbance

observers [7]. Since the parameters of friction strongly

vary with temperature and with time, model-based friction

compensation is quite inaccurate. Adaptive and sliding mode

Fig. 1. The torque controlled DLR medical robot arm

techniques adapt to parameter variations, are however sen-

sitive to unmodelled dynamics. On the other hand, standard

linear techniques such as integrators or disturbance observers

are typically used in industrial robotics applications and

show good practical performance. Their analysis, however, is

usually based on linear techniques and does not really apply

to the strongly nonlinear robotic systems. For integrators, on-

ly local convergence results have being achieved in robotics

[8].

The approach proposed in this paper is based on a friction

observer inspired by the momentum-based fault and collision

detection algorithms developed in [9], [10]. The observer

is shown to provide a low pass filtered disturbance torque,

which is further used for friction compensation. Although for

the linear case this observer can be shown to be equivalent to

other disturbance observer techniques or to integrator based

controllers, we are interested here in the development and

analysis of an observer which works in conjunction with a

passivity-based MIMO controller acting on the full nonlinear

robotic system. The presented approach has the advantage to

enable a passivity analysis, which allows in turn the treatment

of the controller in a Lyapunov framework leading to global

asymptotic results. Since in the DLR medical robot the joint

torque is measured after the gearbox, one can distinguish

between external loads acting on the link side of the robot

and the internal friction disturbance acting mostly on the

actuator. Hence, the same observer technique can be used

to independently determine the two different disturbance

torques. Detection/reaction to collision forces on the link

side was presented in [10], while observation/compensation

of friction on the motor side is the topic of the current paper.

The paper is organized as follows. Section II introduces

the main idea on the simple case of one actuator, but the

presentation and analysis are done so that the results can

be directly applied to the whole multi-dof robot. Section III

introduces the robot model, while Sec. IV summarizes the

controller and the convergence analysis results from [14],

obtained for ideal friction compensation. Combining these

results, Sec. V discusses the stability of the systems with the

new friction compensation. Finally, the obtained performance

is verified by experimental tests reported in Sec. VI.

II. OBSERVER DESIGN IDEA AND PASSIVITY ANALYSIS

Consider a robot with a passive controller as described in

Fig. 2. The robot model can be further subdivided into the
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nonlinear robot dynamics1 and the passive actuator block,

Passive Block 1  Passive Block 2 

Controller 

(-) 
mu  

mθ
&  

amτ  

fmτ̂  

Actuator 
dynamics 

Robot Dynamics 
(Multi–body) 

fmτ

(+) 

q 

cmu

Passive Block 3 

Friction 
Observer 

mθ
&  

Fig. 2. Overview of the system as interconnection of passive blocks. For
a more detailed representation of the passive structure of the plant see also
Fig. 6.

which is linear except for the friction disturbance. In this

section we will address only a single actuator in order to

introduce the design idea. The actuator dynamics is described

by

um = Jmθ̈m + τam + τfm. (1)

Therein, um is the motor torque, θm is the motor position,

Jm is the motor inertia, and τam and τfm are the joint torque

(including visco-elasticity effects of the transmissions2) and

the friction torque, respectively. Obviously the subsystem is

passive, with the storage function

Sθ =
1

2
Jmθ̇2

m (2)

and its derivative

Ṡθ = θ̇mum − θ̇mτam − θ̇mτfm. (3)

On the right hand side, the first term is the power supplied

by the controller, the second term is the power transmitted to

the links. The last term is the power dissipated due to friction

and is of course always negative semi-definite. In particular,

we consider for the analysis in this paper the following

standard friction model containing Coulomb friction τfm,c

and viscous friction τfm,v

τfm = τfm,c + τfm,v = fcsign(θ̇m) + fv θ̇m, (4)

with fc and fv being the Coulomb and viscous coefficient,

respectively.

A. Friction observer

The structure of the friction observer (Fig. 3) is inspired

by the momentum-based collision detection algorithms de-

veloped in [9], [10], where it is used for detecting external

disturbance torques acting on the rigid robot dynamics.

Here the algorithm is adapted to the much simpler, linear

actuator dynamics, for which the friction torque constitutes

the disturbance. The observer dynamics is given by

um = Jm
¨̂
θm + τam + τ̂fm (5)

τ̂fm = −LJm(θ̇m −
˙̂
θm), (6)

1The robot dynamics includes the rigid body dynamics and elastic
transmission elements related to the gear-box and/or the torque sensor.

2See also Fig. 6.

with L > 0, and where τ̂fm and
˙̂
θm are the estimation of the

friction and the observer state, respectively. By combining (1)

with (5) and (6), one obtains

τ̂fm =
1

L−1s + 1
τfm, (7)

where s is the Laplace operator. The estimated friction

corresponds thus to the actual friction passed through a first

order filter. The friction compensation is obtained by adding

the estimated friction to the control torque.

um = ucm + τ̂fm, (8)

with ucm being the torque generated by the controller.

We note that the observer has a very simple structure due to

the measurement of both motor position (with numerically

differentiated velocity) and elastic joint torque. Therefore

the information about the nonlinear rigid body model is not

required for the observer.
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Fig. 3. Friction observer and compensation structure for the multi-dof case.

B. Passivity analysis

Assume that one has a controller, which provides asympto-

tic stability for the system without friction. The question is

whether the above introduced friction compensation ensures

the stability and the convergence of the controlled system

with friction. For linear systems, the stability of various

versions of disturbance observers has been well studied [11],

[12], [13] and it can be easily shown that the observer

corresponds to an integral action driving the steady state

error to zero. For example, a PD controller combined with

this friction observer would lead to a PID-like controller.

However, in our case we will consider the actuator as part

of a more complex MIMO controller in a nonlinear robotic

system, as described in the next section. Therefore, we

cannot apply linear methods and we will instead analyze the

passivity properties of the friction compensation. If it turns

out to be passive, the observer can be easily incorporated

into a Lyapunov stability analysis of the robot with a passive

controller.

With the friction compensation (8), eq. (3) becomes

Ṡθ = θ̇mucm − θ̇mτam + θ̇m(τ̂fm − τfm) (9)

and we want to check if θ̇m(τ̂fm − τfm) is still negative,

i.e., is dissipating energy, while being able to avoid steady

state errors usually caused by Coulomb friction.

Due to the linearity of the filtering operation, the friction

estimation will contain a component corresponding to the
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Coulomb friction and one corresponding to the viscous

friction

τ̂fm = τ̂fm,c + τ̂fm,v, (10)

with

τ̂fm,c =
1

L−1s + 1
τfm,c (11)

τ̂fm,v =
1

L−1s + 1
τfm,v. (12)

In the following, the notation

τ̂fm,v
∆
= fvνm (13)

will be used, where

νm =
s

L−1s + 1
θm (14)

is the filtered motor velocity.

As can be easily recognized also in Fig. 4, for the Coulomb

friction compensation one has the property

θ̇m(τ̂fm,c − τfm,c) ≤ 0. (15)

Indeed, the absolute value of τ̂fm,c is always smaller than

the absolute value3 of τfm,c and the difference always has

the opposed sign of θ̇m. Therefore, this term is always

dissipative.

For the passivity analysis of the case including also viscous

friction compensation, one has to add to the storage function

(2) the energy corresponding to the filter state, leading to

S1θ =
1

2
Jmθ̇2

m +
1

2
fvL−1ν2

m. (16)

The derivative of this storage function for the considered

friction model becomes

Ṡ1θ = θ̇mucm − θ̇mτam + Pfric, (17)

where the power Pfric dissipated by the friction and the

friction compensation is obtained using (14)

Pfric = −θ̇m(τfm,c − τ̂fm,c) − fv θ̇2

m − fvν2

m ≤ 0, (18)

which is negative, as desired.

3Note that the Coulomb friction represents a step input signal to the first
order filter.
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Fig. 4. Coulomb friction compensation still ensures energy dissipation.

C. Limitation of the approach

While the friction observer will always provide a filtered

friction signal, the friction compensation will not be passive

for any friction profile. This can be seen in Fig. 5 for

the case of stiction (Stribeck effect). The filtered friction

becomes temporarily higher than the real friction, leading

therefore to an overcompensation of friction and thus to

energy generation. This might result in limit cycles for

the system. A possible solution is to monitor the energy

corresponding to friction and friction compensation over a

period of time t − t0

Efric(t) = S1θ(t) − S1θ(t0) −

∫ t

t0

θ̇m(ucm − τam)dt, (19)

and to switch off or scale down the friction compensation if

the energy exceeds a certain positive threshold.

III. MODELLING OF THE MEDICAL ROBOT

The DLR medical robot in Fig. 1 has n = 7 rotary joints

that exhibit considerable elasticity. Apart from the first joint,

the following three joint pairs are coupled with differential

gears. The following dynamic model was introduced in [14]

um = Jmθ̈m + TT τa + τfm (20)

τa = M(q)q̈ + C(q, q̇)q̇ + g(q) (21)

with

τa = τ + DK−1τ̇ (22)

τ = K(Tθm − q). (23)

Therein, q ∈ Rn and θm ∈ Rn are the link and motor angles,

respectively. The elastic torque vector τ ∈ Rn is determined

by a the linear relationship τ = K(Tθm−q) and is measured

by strain gauge based torque sensors, while the total joint

torque vector is denoted by τa. The joint stiffness matrix

K ∈ Rnxn and the joint damping matrix D ∈ Rnxn are
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Fig. 5. Stiction compensation does not ensure energy dissipation.
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symmetric and positive definite and have following structure:

P =




P1 ... 0
P2

... P4

...

0 ... P6


 (24)

P1 ∈ R, Pi ∈ R2x2,

with i = {2, 4, 6}, P = {K, D}.

The motor inertia matrix Jm ∈ Rnxn is diagonal as well.

M(q) ∈ Rnxn is the mass matrix, C(q, q̇) ∈ Rnxn the

centrifugal and Coriolis vector, and g(q) ∈ Rn the gravity

vector of the rigid body model. The control input is the motor

torque um ∈ Rn. τfm ∈ Rn is the friction torque [3], [14].

Due to the coupling of the joints through the differential gear,

one has to distinguish between motor coordinates, denoted

by the subscript m, and coordinates after the gearbox (or,

on the link side), written without subscripts. For example,

the motor position as well as the motor inertia are given in

motor coordinates, while the joint torque is measured after

the gear, in link coordinates. Due to the differential gears,

the transformations between motor and link coordinates for

positions and torques are given by
{

θ = Tθm

τam = TT τa
(25)

with

T =




1 ... 0
T

... T
...

0 ... T


 , ∀ T =

[
1

2

1

2

− 1

2

1

2

]
. (26)

Finally, for the convergence analysis, the following stan-

dard property of the gravity vector is used:

∃α > 0 | ‖g(q1) − g(q2)‖ ≤ α‖q1 − q2‖ ∀q1, q2. (27)

To better highlight the relation between the robot model and
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Fig. 6. Passive representation of a linear, 1 dof flexible joint.

the 1 dof analysis from Sec. II and in particular to Fig. 2,

the passive representation of a single linear flexible joint is

given in Fig. 6.

IV. CONVERGENCE ANALYSIS OF THE MIMO

CONTROLLER WITH EXACT FRICTION COMPENSATION

The controller structure and the asymptotic stability results

obtained in [14] will be summarized here for the case of exact

friction compensation.

For the controller design, the actuator dynamics (20) is

rewritten in terms of link coordinates (after the gearbox) as

u = Jθ̈ + τa + τf . (28)

The following tensor transformations have been used




u = T−T um

θ = Tθm

J = T−T JmT−1

τf = T−T τfm.

(29)

Notice that J ∈ Rnxn, the motor inertia matrix written in

link coordinates, is positive definite and symmetric, but in

general not diagonal. The transformed robot dynamics is

u = Jθ̈ + τa + τf (30)

τa = M(q)q̈ + C(q, q̇)q̇ + g(q) (31)

with

τa = τ + DK−1τ̇ (32)

τ = K(θ − q). (33)

In these equations, the stiffness and damping matrices K and

D of the coupled joints are not diagonal, due to the coupling

of the joints, as described in [14]. The following linear state

feedback controller4 is used for the medical robot

u = uc + τf (34)

with

uc = KP θ̃ − KD θ̇ − KT K−1τ − KSK−1τ̇

+(K + KT )K−1g(qd), (35)

where θ̃ = θd−θ. The matrices KC , with C ∈ {P,D, T, S},

are diagonal and positive definite and have the same structure

as in (24).

By substituting (34-35) into (30) one obtains the dynamics

of the closed loop system containing the actuator and the

controller:

Jθ̈ = KP θ̃ − KD θ̇ − (KT + K)K−1τ (36)

−(KS + D)K−1τ̇ + (K + KT )K−1g(qd)

The following Lyapunov function was used for stability

analysis

V1(θ, θ̇, q, q̇) =
1

2
θ̇T K(K + KT )−1Jθ̇ (37)

+
1

2
q̇T M(q)q̇ +

1

2
(θ̃ − q̃)T K(θ̃ − q̃)

+
1

2
θ̃T K(K + KT )−1KP θ̃

+Ug(q) − Ug(qq) + q̃T g(qd)

with q̃ = qd − q. Ug(q) is the potential energy of the

gravity field. This Lyapunov function contains the kinetic

energy of the motors and links, and the potential energy of

the joint springs, of the gravity field, and of the controller

4Due to the fourth-order dynamics of flexible joint robots, a complete

state is given by the motor position θ and velocity θ̇, as well as by the
torque τ and its derivative τ̇ .
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springs. Moreover, note that the kinetic energy contains the

motor inertia scaled down by the torque feedback gain. This

corresponds to the interpretation of the torque feedback as a

shaping of the motor inertia [15].
In [14] it has been shown that the Lyapunov function is

positive definite if the following condition is fulfilled

αI < K(K + KT + KP )−1KP . (38)

Loosely speaking, this condition requires that the controlled

robot can sustain itself in the gravity field.
The derivative of the Lyapunov function along the system

trajectories is:

V̇1 = −θ̇T K(K + KT )−1(KD + KS + D)θ̇ − q̇T Dq̇

+q̇Dθ̇ + θ̇T K(K + KT )−1(KS + D)q̇ (39)

In [14] it was shown that V̇1 is negative definite for large

enough KD. Using LaSalle invariance principle, it can be

shown that the robot converges to the maximal invariant

set [θ = θd, θ̇ = 0, q = qd, q̇ = 0]. This implies global

asymptotic stability.

V. STABILITY OF THE MIMO CONTROLLED SYSTEM

WITH FRICTION OBSERVER

Based on the passivity of the friction compensation, it is

straightforward to show the stability of any system containing

a passive plant, a passive controller and the friction compen-

sation, and for which asymptotic stability can be shown in

absence of friction (or, equivalently, assuming exact friction

compensation). The interesting point with the presented state

feedback controller is that while the position and velocity

feedback terms have a simple passivity based interpretation

(as spring and damper), the torque feedback itself does not

represent a passive controller component. However, as shown

e.g. in [15], the torque feedback can be interpreted as scaling

of the actuator dynamics. This can be also easily recognized

when multiplying (36) by K(K+KT )−1 or by looking at the

Lyapunov function (37), in which the motor inertia and the

potential energy of the controller spring are scaled down by

the same factor. When considering the friction together with

the friction compensation from (8), the closed-loop actuator

dynamics becomes

Jθ̈ = KP θ̃ − KD θ̇ − (K + KT )K−1τ (40)

−(KS + D)K−1τ̇ + (K + KT )K−1g(qd)

+τ̂f − τf .

If one analyzes a Lyapunov function V2 = V1, with the new

actuator dynamics (40), one has

V̇2 = V̇1 + V̇12 (41)

with

V̇12 = θ̇T K(K + KT )−1(τ̂f − τf ). (42)

Property (15) is valid only at the level of each actuator

at which the friction is really acting, but not in the link

coordinates. Therefore one needs first to express (42) in

motor coordinates, as

V̇12 = θ̇T
mA(τ̂fm − τfm)

= θ̇T
mA[(τ̂fm,c − τfm,c) + fvνm − fv θ̇m] (43)

with

A = TT K(K + KT )−1T−T . (44)

In order to apply (15), the condition has to be found, for

which A ∈ Rnxn is diagonal and positive definite. Obviously

this is the case if

KT = βK, β > 0. (45)

One can also show (by imposing that the 2×2 coupled sub-

matrices of A have zero off-diagonal terms and solving the

resulting equations) that (45) is also a necessary condition.

Therefore one can conclude that, for preserving passivity,

KT might differ from K only by a positive factor. Now A

has the form A = (β + 1)I . Similarly to Sec. II.B, consider

the Lyapunov function including the filtered energy

V = V1 +
1

2
νT

mL−1Afvνm. (46)

Its derivative is

V̇ = V̇1 +
∑

i

aiPfrici ≤ 0 (47)

with ai being the diagonal elements of A. Therefore, accor-

ding to Sec. II, V̇ ≤ 0 and the system is stable.

In order to analyze the convergence of the system one has

to find the equilibrium points obtained from the system

equations for [θ̇ = 0, q̇ = 0, νm = 0]T . The equilibrium

equations are

KP θ̃ − (K + KT )(θ − q) + (K + KT )K−1g(qd)

+T−T (τ̂fm,c − τfm,c) = 0 (48)

K(θ − q) = g(q) (49)

Note that at steady state τ̂fm,c − τfm,c = 0 holds and

therefore the equilibrium equations are the same as for

exact friction compensation. This is not surprising, since the

friction compensation provides exact friction compensation

at steady state. According to LaSalle invariance principle, the

system converges to the largest invariant set, which is given

by the unique point [θ = θd, θ̇ = 0, q = qd, q̇ = 0, νm =
0, τfm,c = τ̂fm,c]. The system is therefore global asympto-

tically stable under the same conditions as in Sec. IV.

Remark: The main lesson learned from this analysis is

that there is a substantial qualitative difference between a

controller which is passive by itself (like our PD term), and

a controller which is itself not passive, but can be shown to

provide a passive subsystem together with (part of) the plant

dynamics, as for the torque feedback in our case. The first

will lead to stability for any passive plant, also for passive,

but un-modelled dynamics, e.g. friction. This very convenient

robustness property of all passive controllers gets largely lost

for passivity-based controllers. We have seen that a torque

feedback with general, non-diagonal KT is not passive any

more with respect to friction. The same situation is often

encountered in literature, e.g. for passivity based tracking

controllers [16]. Maybe a clear terminological distinction

has to be done between passive controllers and passivity-

based controllers. It needs to be carefully analyzed to which

extent the robustness property really applies to a certain

passivity-based controller.
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VI. EXPERIMENTS

In this section two experimental results for the MIMO

controller with and without friction compensation are pre-

sented. Some of the relevant parameters of the robot used in

the experiments, including the coefficients needed in model-

based friction compensation, are listed in Table I. In the

first experiment, the robot follows a periodic trajectory (see

Fig. 7) in order to show the behavior in terms of tracking

errors. Figure 8 and 9 show, respectively, the friction torques

and the position errors for a controller without friction com-

pensation, with a model-based friction compensation, and

with a compensation using the proposed friction observer.

The best performance is uniformly obtained by the controller

using the friction observer. While the errors at joints 1, 4, 5,

6, and 7 are all below 0.01deg, the errors at joints 2 and 3

are slightly worse due to a small backlash in this prototype.

For the point to point motion task shown in Fig. 10, the

model based compensation cannot be used due to limit cycles

around the end point. The cases with and without friction

observer are shown in Fig. 11 and Fig. 12. For the joints 1

and 4 to 7, the position error with friction observer is again

much lower. For joints 2 and 3, errors between the measured

and model torque still cause some steady state error.

It can be concluded that the friction observer considerably

contributes to the reduction of the positioning errors.

VII. CONCLUSIONS

We proposed in this paper a friction observer and fric-

tion compensation method that can be used together with

passivity-based controllers in order to enhance the robot

accuracy. The friction compensation, though similar to an

integral action from the point of view of performance in free

motion, has several advantages. First, it avoids saturation or

overflow of the integrator in case of external disturbance

torques (e.g. unexpected contacts). Second, only friction is

compensated, instead of the sum of friction and external

disturbance, so that it can be used also by impedance control

in contact with the environment. Third, the design of the

friction observer can be done independently of the MIMO

controller design, whereas when adding an integrator all

gains of the controllers have to be changed for good perfor-

mance. Finally, our approach preserves the global asymptotic

stability of the original MIMO controller even in the presence

of friction. Experimental results validate the approach for the

DLR medical robot.
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Fig. 7. Periodic trajectory: Position and velocity profiles.
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Fig. 8. Friction compensation torques from model and from observer.
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Fig. 9. Tracking errors for periodic trajectory.
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Fig. 10. Point to point trajectory: Position and velocity profiles.
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Fig. 11. Friction compensation torques from observer.
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Fig. 12. Position errors for point to point trajectory.
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