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Fig. 1. Forest model parameterization: Ground (g) and volume (v) layers and
the modeled vertical structure of the forest (ground topography z0, forest height
hv , and the canopy fill factor r h ).

provides the list of symbols used in the main sections of this
paper and their brief descriptions.

II. MODEL

The considered simplified forest model, consisting of a sin-
gle homogeneous canopy layer above the ground, is shown
in Fig. 1. The ground layer (g) consists of all scattering
contributions whose phase delays correspond to the absolute
ground height z0. This includes the direct surface scattering
at the ground level, the double-bounce scattering between the
ground and the tree trunks and branches, and the diffuse volume
scattering from a thin layer of understory. The volume layer (v),
representing the forest canopy, extends over a fraction rh of the
total forest height and is characterized by volumetric scattering.
In this section, a general polarimetric and interferometric model
is developed and presented, starting with the characterization of
the vegetation.

A. Vegetation Characterization

A simplified volumetric vegetation layer can be character-
ized by a cloud of scattering particles whose electromagnetic
properties are governed by the joint probability density func-
tion (pdf) of their positions, shapes, sizes, dielectric constants,
and orientations. The single-particle scattering properties are
assumed to be independent of position and orientation. The
general scattering matrix in the lexicographic polarization basis
p̂h, p̂v is given by

Shv =
�

Shh Shv

Svh Svv

�
(1)

where Srt are the scattering coefficients and the indexes denote
the combination of transmit (t) and receive (r ) polarizations in
terms of horizontal (h) and vertical (v) polarizations.

Under the hypothesis that particles have an axis of symmetry
in the polarization plane, one may give the representative
particle backscattering matrix in the eigenpolarization basis p̂a,
p̂b after rotation by the polarization angle � as

Sab = R T
S(ψ)ShvR S(ψ) (2)

=
�

Saa 0
0 Sbb

�
=

Saa + Sbb

2

�
1 + � ∗ 0

0 1 − � ∗

�
(3)

where T is the transposition operator, ∗ is the complex conjugate
operator,

R S(ψ) =
�

cos � sin �
− sin � cos �

�
(4)

Fig. 2. Particle orientation in the polarization plane: Mean orientation �� and
the orientation of an individual particle � = �� + Δ� .

is the rotation matrix for the polarization orientation angle
change, and

� =
�

Saa − Sbb

Saa + Sbb

� ∗

(5)

is the particle scattering anisotropy, which describes the scat-
tering properties of an average particle, as perceived by the
radar, independently of polarization orientation and scattered
power.

The particle scattering anisotropy characterizes the effective
shape of the average particle in dependence of the particle
and background permittivities and tilt angle distribution (see
Appendix A). If the permittivities are significantly distinctive,
one can make the following predictions about the effective par-
ticle shapes, assuming simple spheroidal particles: As |� | → 0,
the average effective particle shape approaches an isotropic
sphere/disk, whereas, for |� | → 1, the effective shape tends
toward a dipole. If the phases of the scattering coefficients Saa

and Sbb are similar, then � is a function only of their moduli.
Then, in the line-of-sight (LOS) direction, the particle axis of
symmetry tends to be horizontal if Re � > 0 and vertical if
Re � < 0, with respect to the polarization basis of the particle
scattering amplitude matrix. The interpretation of � becomes
more complex when the phases of Saa and Sbb diverge.

The particle orientation angles � in the polarization plane
(with reference to the horizontal axis, as shown in Fig. 2)
are assumed to follow a unimodal circular distribution pψ(� )
and to be independent from other vegetation characteristics.
Under the central limit theorem condition, given a large number
of scatterers, the orientations of these scatterers are normally
distributed and follow the circular normal distribution (also
known as the von Misesdistribution) [30] which is the circular
analog of the Gaussian distribution

pψ(� | ��, � ) =
eκ cos

�
2(ψ− �ψ)

�

�I 0(� )
, � ∈ [0, ∞] (6)

where � is the degree of concentration [analogous of the inverse
of the standard deviation (SDEV)], �� ∈ [−(�/ 2), (�/ 2)] is the
mean orientation angle, and I 0(� ) is the modified Bessel func-
tion of order 0. For the sake of interpretation, the normalized
degree of orientation randomness � is introduced by

� = I 0(� )e−κ, � ∈ [0, 1]. (7)
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Fig. 4. Normalized volume coherency matrix elements (|t12|, t 22, t 33) as functions of the degree of orientation randomness � and the particle scattering
anisotropy |� |. The blue point, the red line, and the green point correspond to the parameter ranges of the Freeman–Durden, the Freeman II, and the
Yamaguchi models, respectively. (a) |t12| = (|E{ (Shh + Svv )(Shh � Svv )∗}| )/ (E{| Shh + Svv |2} ). (b) t22 = (E{| Shh � Svv |2} )/ (E{| Shh + Svv |2} ).
(c) t33 = (E{ 4|Shv |2} )/ (E{| Shh + Svv |2} ).

gc are obtained using trigonometric and integral identities
[30, Def. 9.6.19, p. 376]

g =

π/2


−π/2

pψ(� ) cos 4� d� =
I 2(� )
I 0(� )

(15)

gc =

π/2


−π/2

pψ(� ) cos 2� d� =
I 1(� )
I 0(� )

(16)

where I n are modified Bessel functions of nth order.
Equation (14) represents the most general form of direct

volume backscattering from a simple homogeneous layer using
a circular unimodal orientation angle distribution. In the reflec-
tion symmetric form (neglecting �� ), the polarimetric properties
of this component are determined by three real-valued param-
eters: the magnitude and phase of particle scattering anisotropy
and the degree of orientation randomness. For an overview, the
magnitudes of the normalized coherency matrix elements are
plotted in Fig. 4 using the parameterization space of the degree
of orientation randomness � ∈ [0, 1] and the particle scattering
anisotropy magnitude |� | ∈ [0, 1]. For comparison, the param-
eter ranges for the volume components of the Freeman–Durden
decomposition [7], the Freeman II decomposition [8], and the
additional orientation-sensitive Yamaguchi decomposition [9]
are represented by the blue point, the red curve, and the green
point, respectively.

To rotate the whole coherency matrix T into a reflection
symmetric form requires the normal vector of the ground terrain
to be in the plane of the volume eigenpolarizations so that
both surface and volume share a common eigenpolarization
basis (same azimuthal orientation). If this assumption is valid,
one might also be able to estimate the terrain slopes under
vegetation based on polarimetry only, as it is done for bare
surfaces, for instance, in [4].

C. Polarimetric Interferometry

The expectation value of the SB PolInSAR coherency
matrix [18] under polarimetric stationarity [31] and reciprocity

conditions is given by

T 6 = E
�

k 6k †
6

�
=

�
T �
� † T

�
, k 6 =

�
k 1
k 2

�
(17)

where k 1 and k 2 are the scattering vectors describing the same
scene but from slightly different incidence angles and possi-
bly different times. The wave interferometric properties are
characterized (after appropriate preprocessing) by the vertical
wavenumber

kz = 2k0
B⊥

R0 sin � 0
(18)

where k0, B⊥, R0, and � 0 are the wavenumber, the effective
(perpendicular) baseline, the slant range distance, and the in-
cidence angle, respectively. The main PolInSAR observable is
the complex coherence, which can be computed by

	 (� ) = |	 |eiφ =
� †� �
� †T �

(19)

where � is a polarization projection vector determined by the
choice of transmit and receive polarizations.

Considering all possible combinations of transmit and re-
ceive polarizations provides a range of coherences, called the
coherence set

Γ =
�

	 (� ) | � ∈ C3�
. (20)

In analogy to the polarimetric model of T in (9), the inter-
ferometric behavior of the main scattering contributions from
a layer of random volume vegetation over the ground can be
modeled by a linear combination of polarimetric interferomet-
ric cross-correlation matrices

� = f g � g + f v � v. (21)

Under the assumption of polarization independence of all
decorrelation sources, (21) can be expressed by

� = f gT g 	 g + f vT v 	 v (22)

where 	 g and 	 v are the interferometric complex coherence
terms associated with the ground and volume layers.
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Fig. 7. Basic workflow of the parameter retrieval inside the complex coherence plane (neglecting � sys for the sake of simplicity of representation). (a) Initial
coherence set. (b) Estimation of the linear structure and the ground phase. (c) Estimation of the ground-to-volume ratio and the volume layer coherence.
(d) Estimation of the temporal decorrelation and the structural parameters from the true volume coherence.

multidimensional nonlinear optimization problem with local
minima and possibly nonphysical solutions. The set of con-
straints c is provided to enforce physically reasonable solutions.
It proved useful to include into d, next to the elements of the
PolInSAR coherency matrix, several coherence values with dis-
tinctive polarizations to enhance the sensitivity of the parameter
retrieval method to structural parameters.

While the problem formulation is straightforward, finding a
solution is an art in itself. Using brute-force optimization might
lead to undesirable results, and a physically refined approach
is recommended. A possible multistage parameter retrieval
framework for an MB data set, as outlined in Fig. 7, is presented
in the following.

Initial Processing:

i) SAR image preprocessing: data generation, calibration,
coregistration, range spectral filtering, flat earth removal,
topography removal, and multilooking operation;

ii) estimation of the reflection symmetric and polarimetric
stationary form [31];

iii) estimation of thermal decorrelation and possibly other
system decorrelation sources, as, for example, the coher-
ence bias [36] in the case of low number of looks.

Parameter Retrieval:

1) Determine the linear structures of the PolInSAR coher-
ence sets.

Independently, for every baseline:
a) Fit a line Li through the PolInSAR coherence set Γ, in

analogy to the three-stage inversion process[22].
b) Determine the ground phase 
 0i .

2) Determine the degree of orientation randomness in
the data.

For all baselines, simultaneously:
a) Find � 
, � 
, f 


g , f 

v , � 
, � 


22, and � 

33 which minimize

(35), neglecting for the moment the structural param-
eters and only enforcing all 	 gi , 	 vi to be on the
lines Li.

b) Keep only � = � 
 for future computation.
3) Determine the structural parameters and temporal decor-

relation, together with other remaining parameters.
a) Find common hv , � , and rh, as well as � , f g , f v,

� , � 22, � 33, and the baseline-dependent 	 resi which
approximate the linear structure of the coherences and
the polarimetric coherency matrix.

Fig. 8. Ambiguity space of the (left) coherence-based PolInSAR RVoG and
the (right) proposed polarimetric model-based PolInSAR parameter inversion
approaches.

4) If the retrieved parameters are physically not meaningful,
either restart using different initialization or mark this
pixel as noninverted and continue.

For step 1a), we propose to use the eigenvalues of the
contraction matrix �

� = T − 1
2 � T − 1

2 (36)

to estimate the linear structure of the coherences. The line
function is estimated in polar coordinates.

Step 1b) is very important as errors in determining all
ground phases correctly will result in erroneous parameter
retrieval. The used criteria for identifying the ground phase [22]
are the following: 1) polarimetric ordering of coherences and
2) maximal phase distance between the ground and the volume
coherence. Other criteria are possible.

Step 2) has been introduced to make the procedure more
robust. Theoretically, after step 2), the structural parameters
can directly be retrieved from 	 vi . However, the full parameter
inversion in step 3) (except � ) provides the possibility of further
fine adjustment using the information from all baselines.

The Nelder–Mead simplex method [37] is used for the opti-
mization problems in steps 2a) and 3a), which does not guar-
antee the optimal solution but which, even with repeated trials,
is computationally effective. The usage of a more sophisticated
optimization method, like simulated annealing or genetic algo-
rithms, would provide better results, but the computation cost
will be increased in this case.

Fig. 8 visualizes the advantage to combine the common
coherence-based RVoG PolInSAR parameter inversion method
with a polarimetric model. It enables us to estimate the exact
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