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Abstract
This paper introduces the polarimetric interferometric coherence set statistics taking into account the whole polarization
state space. The first part of this paper is devoted to the analysis of the inner structure of polarimetric interferometric
coherences – in form of coherence set geometry (the numerical range approach) and distribution (probability density
function) in the complex plane. The second part deals with the assessment of physical parameter estimation methods by
statistical inference using the coherence set statistics. In particular, the random volume over ground model with thermal
and temporal decorrelation sources is considered. The presented methods are of importance for validation of techniques
which utilize polarimetric interferometry and for understanding of the PolInSAR coherence properties.

1 Introduction
The interferometric SAR coherence is a parameter that is
sensitive both to the volumetric structure of the scatterers
in the resolution cell and to the temporal change processes.
SAR polarimetry makes it possible to distinguish differ-
ent kinds of scattering mechanisms in the same resolution
cell. SAR polarimetry combined with SAR interferometry
(PolInSAR) provides the possibility to observe the interfer-
ometric coherence at any arbitrary polarization state. The
PolInSAR coherence set includes all possible coherences
and, considered as a whole, can be related to the numer-
ical range of the whitened and reduced coherency matrix.
However, the observed PolInSAR coherence set is only one
of the many realizations of the true coherence set and needs
further statistical assessment in order to evaluate the confi-
dence in the coherences and the accuracy of the parameter
inversion techniques [1, 2].
This paper analyzes the coherence set geometry and statis-
tics for geophysical media with distributed scattering char-
acteristics. This implies a large number of scatterers, re-
flection symmetry (after terrain slope and squint angle cor-
rections) and similarity of polarimetric responses at base-
line ends. The last assumption is crucial for the coherence
set geometry analysis, but is not required for the coherence
set statistics.
In section 2, the PolInSAR coherence set is introduced.
In 2.1, it is demonstrated how to extract coherence set
geometry information from the numerical range. Coher-
ence set statistics (i.e. statistics of the coherences over the
whole polarization space, given the scattering covariance
matrix) are presented in 2.2. In section 3, the coherence

set of vegetation is examined. The vegetation is modeled
by the random volume over ground (RVoG) model [3] with
the additional thermal and temporal decorrelation sources
(TT–RVoG).

2 Polarimetric Interferometric
Coherence Set

The polarimetric interferometric scattering behavior can be
represented by the true covariance matrix Σ. However, this
matrix cannot be directly observed and it is estimated from
sample scattering vectors k1,2 by means of multi–looking
(〈. . .〉):

C = 〈kk†〉 =
[
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]
, with k =

[
k1

k2

]
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malized matrix Π,
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for the computation of PolInSAR coherences directly:

γ(ω) = fγ(C,ω) =
ω†C12ω√

ω†C11ωω†C22ω
≈ w†Πw.

(3)
The numerical range of Π, W(Π), provides the region of
coherences in the complex plane [4, 5]:

W(Π) = {x†Πx : x ∈ Cq, ‖x‖ = 1} (4)



where q is the dimensionality, i.e. the number of polariza-
tion channels. Similarly, we define the coherence set as the
numerical range of Π, but considering the distribution of
polarizations:

Γ(C) = {γ(ω) : ω ∈ Cq,ω ∼ F (ω)} (5)

≈ Γ(Π) = {ω†Πω : ω ∈ Cq,ω ∼ F (ω)}

where ω ∼ F (ω) expresses that ω follows the distribution
F (ω) of polarizations. The numerical range of a matrix is
a projection of this matrix on the complex plane, without
considerations about the density. Therefore, the numerical
range contains information only about the geometry (shape
and inner structure) of the coherence set, projected on the
complex plane. While the coherence set contains addi-
tionally the probabilities of the coherences in the complex
plane, and is suitable for statistical inference.

2.1 Coherence Set Geometry
Monostatic data with reflection symmetry results in the
following structure of the Π matrix [5]

Π =
[

γ11 ρ12 0
ρ21 γ22 0
0 0 γ33

]
= E ⊕ x = γ̃ I + E ′ ⊕ x′ (6)

where E is the 2 × 2 linearly co–polarized coherence el-
lipse matrix, x the cross–polarized coherence, and γ̃ =
1
3 traceΠ the center of the coherence set. In case of a
uniform distribution of polarizations F (ω), γ̃ is the max-
imum likelihood estimator of the mean coherence over all
polarizations. E ′ and x′ are given relative to the center
position γ̃. The whole coherence set shape is formed as
the convex hull over E and x, as shown on an example
in Fig. 1. The eigenvalues of E provide the foci f1, f2

of the ellipse, and the whole spectrum of Π is given by
{f1, f2, x}.

Figure 1: An example of a general coherence set geometry
for a monostatic acquisition with reflection symmetry.

2.2 Coherence Set Statistics
To analyze the distribution of PolInSAR coherences in the
complex plane, it will prove useful to derive the marginal
probability of the complex coherence with respect to the
polarization state. But prior to this, one needs to define
the joint distribution of the complex coherence and the
transmit/receive polarizations. The state of the wave po-
larization can be described by the orientation and elliptic-
ity angles Ψ, χ of the polarization ellipse (0 ≤ Ψ ≤ π,
−π

4 ≤ χ ≤ π
4 ), which provide the spherical coordinates

of polarization state on the unitary wave Poincaré sphere.
The state of the scattering polarization is then given by the
combination of the transmit and receive wave polarization
angles (ψ = [ Ψr χr Ψt χt ]T ), which determine the scatter-
ing polarization vector ω = ω(ψ) .
Using the Bayes’ theorem, the joint probability density
function (PDF) of the sample coherence (γ = deiφ) and
the polarization angles vector ψξ, which determines the
true coherence ξ = Deiβ = fξ(Σ,ω(ψξ)), can be ex-
pressed by

p(γ,ψξ|Σ, L) = p(γ|ψξ,Σ, L) p(ψξ). (7)

This PDF can be interpreted as the joint probability of the
sample and the true coherence, γ and ξ(ψξ), for a single
polarization.
The conditional probability density for the coherence,
given the true coherence, has been derived in [6]:

p(γ|ψξ,Σ, L) = p(γ|ξ(ψξ), L) =
(1−D2)L

πΓ(L)Γ(L− 1)

d(1− d2)L−2
[
Γ2(L)2F1(L,L; 1/2, d2D2 cos2(φ− β))

+ 2Γ2(L + 1/2)dD cos(φ− β)

2F1(L + 1/2, L + 1/2; 3/2; d2D2 cos2(φ− β))]
]

(8)

where L is the effective number of looks (ENL), Γ is the
Gamma function, and 2F1 is the Gauss’s Hypergeometric
function. This PDF is the “usual” single–pol coherence
PDF.
The density of scattering polarizations is determined by
the assumption of joint uniform distribution of polarization
angles in their domains.
The marginal probability of the complex coherence, which
represents the coherence density over all polarizations, is
obtained by integrating (7) over the polarization space:

p(γ|Σ, L) =
∫∫∫∫

p(γ|ξ(ψξ), L)p(ψξ)dψξ. (9)

With similar reasoning one can derive the expression for
the a–posteriori PDF of the true coherence, given the sam-
ple covariance matrix and assuming (in the absence of bet-
ter knowledge) a uniform prior distribution:

p(ξ|C, L) =
∫∫∫∫ [∫∫

p(γ(ψγ)|ξ′, L)dξ′
]−1

p(γ(ψγ)|ξ, L)p(ψγ)dψγ (10)



Figure 2: Coherence set probability density function with
confidence regions at confidence levels αi, i ∈ {1, 2, 3, 4}.

where the outer integral is taken over the scattering po-
larization state domain, and the inner, representing the
marginal data PDF, is taken over the complex coherence
domain, i.e. over the amplitude and phase of the unitary
disc in the complex coherence plane.
No analytical forms for the integrals (9) and (10) can be
given at the moment and they need to be solved numer-
ically. For the example coherence set from Fig. 1, the
marginal PDF with respect to polarization states is pre-
sented in Fig. 2, using 9 looks. On the right side, the
confidence regions are visualized for the given distribution
corresponding to confidence levels αi = 1 − erf(i/

√
2),

for i ∈ {1, 2, 3, 4}, where erf() is the error function (i.e.
1− αi ∈ {68.27%, 95.45%, 99.73%, 99.994%}).

3 Vegetation Model Assessment

3.1 TT–RVoG Coherence Model
In order to examine the coherence set variance on more
realistic examples, the classical RVoG [3] coherence model
with thermal and temporal decorrelation sources (TT–
RVoG) is considered:

γ(ω) = γtherm(ω)

(
cg(ω)γgr + (1− cg(ω))γvolγtemp

)
(11)

where cg(ω) = m(ω)

m(ω)+1 is the relative ground contribution,
and m is the ground–to–volume ratio. The decorrelation
sources are given by

γtherm =
1

1 + 1
SNR(ω)

, γgr = eiφ0 , (12)

γvol = eiφ0

∫ hV

0

eikzzf(z)dz, f(z) =
e

2σz
cos θ0∫ hV

0
e

2σz′
cos θ0 dz′

,

(13)
γtemp = γBrown = e−σ2

Bt/2, σ2
B = s2

Bk2

[time unit] . (14)

These are the thermal, ground, volume, and temporal
decorrelations. SNR is the signal–to–noise ratio, φ0 the
ground phase, kz the vertical wavenumber, hV the vegeta-
tion height, σ the extinction due to wave propagation in the
vegetation, θ0 the incidence angle, and k the wavenumber.
The temporal decorrelation is assumed to be due to Brow-
nian motion of volume particles, where σ2

B is the variance

Figure 3: The true coherence set and the PDF (49 looks)
for the RVoG scenario. The color represents the ground–
to–volume ratio m from -41dB (red) to 2.8dB (violet).

Figure 4: The true coherence set and the PDF (49 looks)
for the TT–RVoG scenario. Additionally, the coherence set
of the pure RVoG and RVoG with thermal decorrelation is
presented on the left figure.

per time unit, related to s2
B which is the range variance of

the vegetation particles in the direction of propagation.

3.2 Modeled Scenario
The example scenario is simulated as a random volume
of needle–like particles over a relatively smooth ground,
without under–storeys or slopes. Vegetation height is
hv = 20m, vegetation density causes an extinction of
σ = 0.3dB/m, the acquisition system geometry is de-
scribed by the vertical wavenumber of kz = 0.15/rad. The
ground–to–volume intensity ratio varies between -41dB
and 2dB. The SNR varies for all polarizations between
9dB and 15dB. The time span between acquisitions is 1
day (24 hours). The temporal decorrelation of the volume
is assumed to follow the distribution for Brownian motion,
with a particle motion standard deviation of 0.002m per
hour (0.26mm/min).

3.3 Observations
Figs. 3 and 4 show the coherence set and the a–priori PDFs
(49 looks) for the RVoG and the TT–RVoG scenarios. Fig.
5 demonstrates the behavior of the coherence set under
varying thermal or temporal decorrelations. The thermal
decorrelation destroys the line structure, since it is not only
a factor, but also a function of polarization. With increas-
ing temporal decorrelation, the observed coherence corre-
sponding to the volume decreases. Simultaneously, the rel-
ative ground contribution in the total coherence increases,



Figure 5: Influence of thermal and temporal decorrelation
on the RVoG coherence set. Left: The disintegration of
the line structure with lower (polarization dependent) SNR
values. The mean SNR for the different scenarios varies
from top to bottom: ∞dB (only RVoG decorrelation),
15dB, 10dB, 5dB, 0dB, -5dB. Right: Temporal decorre-
lation due to Brownian motion of the volume scatterers as
a function of time. SDEV of scatterer movements in the
line of sight: 2mm/hour. From top to bottom: 0h (only
RVoG), 1 day, 2 days, 5 days, 10 days, 20 days.

and the coherences with high ground–to–volume ratio in-
crease even in their magnitude. With the given decorrela-
tion rate, the volume decorrelates completely after about
20 days, while scatter response from the ground increases
its coherence. In case of total temporal decorrelation of
the volume, the total coherence is given by γthermγgrcg .
In this case the coherence shape corresponds to the pure
ground, simply decreased in magnitude by the factor cg

because of the present totally uncorrelated volume.
Fig. 6 presents two sample coherence sets with 49 and 100
looks and the obtained a–posteriori PDFs with confidence
regions. As can be seen, the confidence regions of the
sample realizations enclose the true coherence set, which
is expected, since the sample distributions follow the true
one.

3.4 Discussion
The next objective is to apply the coherence set geometry
and statistics approaches to the analysis of real data. When
dealing with real data, one has to assure a high degree of
homogeneity of the scene. Also, to note is the increased
amount of samples required for the same ENL. Frequently,
the data is oversampled and, moreover, even a small het-
erogeneity leads to a decreased ENL.
The presented study can be extended to accurate statistical
error analysis of parameter estimation methods. It is also
a first step towards statistical enhancement of PolInSAR
parameter inversion techniques, with the goal of fitting es-
timated coherence set samples to modeled coherence set
geometries and densities. In the near future, a comparison
of real data with the models, which are assumed to approx-
imate the environment, could be possible and beneficial.
An additional goal is the development of statistical tests for
determining (accepting or rejecting) the appropriate model
for parameter inversion for a given real scene.

Figure 6: From top to bottom: sample coherence sets, a–
posteriori PDFs, and a–posteriori confidence regions for
the TT–RVoG scenario with 49 (left) and 100 (right) looks.

4 Conclusion
In this paper we discussed methods for analysis of the
PolInSAR coherence. Two approaches have been utilized
to combine the full polarization space and the interfero-
metric coherence. The numerical range concept provides
the possibility to analyze the geometry of the coherences,
projected onto the complex plane. Coherence set statistics
have been examined on the example of a vegetation coher-
ence model. The presented methods can prove useful for
validation of PolInSAR applications which intend to use
the whole polarization state and coherence space.
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