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This paper describes pre- and postprocessing aigorithms used to incorporate the fast
Fourier transform (FFT) into the solution of finite difference approximations to multi-dimen-
sional Poisson’s equation on a staggered grid where the boundary is located midway between
two grid points. All frequently occurring boundary conditions {Neumann. Dirichlet, or cyclic}
are considered including the combination of staggered Neumann boundary condition on one
side with nonstaggered Dirichlet boundary condition on the other side. Experiences from
implementing these algorithms in vectorized coding in Fortran subroutines are reporied.

1. INTRODUCTION

In many applications of computational physics the solution of a sequence of
multi-dimensional Poisson or Helmholtz equations is required. An exampie is
Poisson’s equation for the pressure in simulations of imcompressible fluid flows
which has to be solved every time-step. Since the solution time required for the
Poisson equation can represent a significant portion of the total computation iims,
efficient algorithms are required for this purpose.

For finite difference approximations of fluid flow equations, staggered grids have
been found to be well suited. In such a grid the finite difference approximation to
Poisson’s equation implies that the boundary is located midway between two
adjacent grid points. Typically, either Dirichlet (specified solution), Newmann
(specified normal derivative of the solution), or cyclic (periodic solution) boundary
conditions are prescribed.

Two known fast, direct solution algorithms for Poisson’s equation on staggered
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TABLE I

Availability of Pre- and Postprocessing for FFT of Transforms for Different
Combinations of Boundary Conditions at i=1 and i=n

Ati=n
D N DS NS
Ati=1 D 7.6 5,6 .= *
N 5,6 7.6 . _
DS — — 5,6 *
NS * — * 4.6

Note. In addition to [6, 7] for cyclic boundary conditions, from Ref. [4] Wilhelmson and Ericksen,
[5] Swarztrauber (1977), [6] Swarztrauber (1986), [7] Cooley, Lewis, and Welch, [*] this paper, [—]
not available.

grids are the Buneman variant of cyclic odd—even reduction [1-3] and the eigen-
function expansion method that employs the fast Fourier transform (FFT) [4, 57.
An asymptotic operation count for these two methods applied to three-dimensional
problems [4] demonstrates the superiority of the latter method in higher dimen-
sions.

The Fourier transform algorithm presented in [4] applied only to the Poisson
equation with staggered Neumann boundary conditions. Corresponding Fourier
transform algorithms for nonstaggered boundary conditions are given in [5-7].
These transforms employ pre- and postprocessing algorithms to convert the
nonperiodic transforms into a periodic form which can be handled by available
FFT software. “Symmetric FFTs” which avoid such pre- and postprocessings have
been described by Swartztrauber [6]. They are available for transforms which arise
for nonstaggered boundary conditions and either Neumann or Dirichlet boundary
conditions on both sides of a staggered grid.

The purpose of this paper is to complete the set of pre- and postprocessing
algorithms for efficient evaluation of the Fourier transforms required for boundary
conditions on a staggered grid. Also, the often used combination of nonstaggered
Dirichlet boundary condition on one side with staggered Neumann boundary con-
dition on the other side is considered. Table I gives an overview on the availability
of fast Fourier transform algorithms for various boundary condition combinations.

In Section 2, we state the precise problem, the eigenfunction expansion method
and the related Fourier transforms for all common boundary conditions. In
Section 3, we deduce pre- and postprocessing algorithms to incorporate fast Fourier
transforms into the eigenfunction expansion method for those combinations of
boundary conditions not treated previously. Section 4 describes software implemen-
tations of these algorithms and related experiences.
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2. SorLuUTION OF PoIssoN’s EQUATION BY EIGENFUNCTION
ExPANSION METHOD AND RELATED FOURIER TRANSFORMS

We assume that the discretized Poisson (or Helmholtz) equation can be written
as

Xy =2x;+x,, —Ax; =y, i=1,2, .1 (1}

in which for multi-dimensional problems x; and y; are vectors and 4 2 nonnegative
definite matrix. Further we assume that either of the following boundary conditions
{gleﬁned, e.g., at i=1) applies:

Dirichlet, D: x,=0,

Neumann, N: x, —x,=0,

Dirichlet-staggered, DS: x, +x,=0,

Neumann-staggered, NS: x, —x,=0,

cyclic, C: xg=x,, X, =X,.
Inhomogeneous boundary values can be incorporated into v, and v,

Poisson’s equation (1} is to be solved by the eigenfunction expansion

method [5]: Let ¢] be the ith component of the jth eigenvector and 4,<0 the
corresponding eigenvalue satisfying

¢>';71~—2¢’,.+¢)§H=i/¢§, (2

i=1,2,..1 j=1,2,.,n with the same homogencous boundary conditions
associated with Eq. (1). Then, solution of Eq. (1) can be obtained in three steps:

1. (Analysis) Determine j;, j=1, 2, .., n, from the inverse (which exists due to
orthogonality of the ¢/) of

2. Solve

GI—A)T=F,  j=1,2, (4)

for x; (1 is the unit matrix).

3

3. (Synthesis) Compute the solution x; from

A

n
)(l.z z ﬂfj’ i= 1, 2, ey AL {

j=1

If any eigenvalue, say 4,, is zero and det(4) =0 then 7, has to satisfy a consistency
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condition (¥, =0 if j, is a scalar) and an arbitrary additional equation has to be
provided to determine X, uniquely.

The eigenfunctions ¢ are composed of sine and cosine expressions. Hence Eq. (5)
is basically a Fourier transform. The details of ¢/ are given implicitly below.

The efficiency of this algorithm results from the ability to calculate the coefficients
in steps | and 3 using the fast Fourier transform and thereby reducing an
apparently n> calculation to order n log n operations.

Higher dimensional Poisson equations may be readily solved by the same
algorithm with the simple modification that additional transforms in steps 1 and 3
must be made to separate the equations with respect to the additional dimensions.

For Fourier synthesis the “backward” transforms which satisfy the boundary con-
ditions identically (including nonstaggered boundary conditions for completeness)
are for i=1, 2, ..., n:

1 At 2ij . 2ijm 1 .
C-C: x;==x,+ Y (fzj cosiiﬁ-xz,+1 sm——)+3.{',,(-1)’, (6a)
1 A
when » is even, and

1 _ (n—11/2 _ 2UT[ B X 21.]7[
xXp=5 %+ Y (xzjcos—n—erZH, sin—= ), (6b)
2 &

when # is odd; and for other boundary conditions:

D-D:  x =,—§ % sin L (7)

N-N r,=%fl+:§: ¥ c ("—In)(ﬁj;l)"—% T~ 1)} (8)

DN =j§jj1 %,sin i ;11) z (9)

N-D: X, = 2”: X; cos (l—l)gij—l)n’ (10)
iy’ 2

DS-DS: x,:j:l X, sin (—21——2’:)—]5, (11)

NS-NS: xl:é:l X, cos E;}—;—_—I)-E, (12)

DS-NS: x;= i X; sin(—‘z——l%ig_—l)—z; (13)
i=1

NS-DS: x,= Z X, cos (—2’_—1)(21;1—)—” (14)

4n
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" H2j-1)= -

D-NS:  x;= - Sin ——————; {15}
X; ,—; X sin === (155

s Q21— 1)x ,

NS-D: =) ¥ co§——m————, (16
X; jgl X; cos ) (16)

The “forward” transforms for Fourier analysis are consequences of the
orthogonality of the trigonometric functions:

2 ~
C-C: X, =- X, {17a)
1 i X
n.
i=1
u 2ifn
Ty== 3 x,-cos——j—, (176}
i=1 n
_ 2 2 . 2
Kooy = Zx,-sm%, =1,2,.,m (17¢)
i=1

where m=n/2 — 1 when n is even and m = (n — 1)/2 when # is odd, and, when # is
even

Y n )
.%,,z;; Y x{—1) (17d}

i=1

For the other boundary conditions, Fourier analysis gives X,, j=1,2,..,n as
follows:

2 n ijTC
DD: %= 5 (18)
; n+1!§lx,snn+1 {18)
1 2
N-N szjxl+j
= )1 1 _
o 272l -z ‘
D-N: fj=~(——1)’+‘x,,+—2x,»smii———'1; 20}
n n = "
. - 22! (i—10Y—-1)m N
N-D: Xy=—x Z:l X; 008 —————; 120
20 Q- |
DS-DS: %=2 3 xsin AT, (22)

2n ’

i=1

58175 1-9
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i 2i—1)}j—)n

1 .
NS-NS: % ==Y, x;cos 5 (23)
Ji=1 -
d=n for j=1,
n
== fi > 1;
5 or j
22 . Qi-1D)2j—-D=n (
NS 522 %y sin B V@O 24)
DS-NS: X, nigl X, sin v
2 2i-1)2j—~1)=n
DS ¥.=2Y y.cog— 2. (25
NS-DS: y I’lig', X; COs 4n )
4 2 Ci2j—Un
— . Y., = X — (26
DNS: %=5,57 2 ¥ )
4 (2i—)(2i—1)=
NS-D: = Y X, oS et (27)
"2n+1,2 In+1
The eigenvalues A, required for Eq. (4) are
c-C: 4,=0 (28a)
Doy =iy = —4sin =, (28b)

for j=1,2,..,n/2—1 when nis even, j=1,2, .., (n— 1)/2 when n is odd, and, when
n is even,

A= —4: (28¢)

D-D: },=—4sin’ 2(’111 o (29)

N-N: A= —4sin’ (2](;_1_)1’)‘ (30)

DN or N-D: 4= —4sin’ %—1—)2, (31)
DS-DS: 1,=—4 sinzgi (32)
NS-NS: 4=-4 sinzg—%%—)ﬁ, (33)
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(21 )

DS-NS or NS-DS: 4, = —4 sin“£—j—zn—j—7—[_ (34)
, _ L (2= . \

D-NS or NS-D:  4;= —4sin Yoty T 1,2, .., 0 (35)

Note that 1, =0 for cases C-C, N-N, and NS-NS. Also note that the transform
pairs for cases DS-DS and D-N are identical except for scaling.

For efficient evaluation of the real periodic transform (C-C) fast Fourier trans-
form subroutines are available in practically all computer libraries. We make use of
thé subroutine package FFTPAK developed by Swarztrauber on the basis of the
autosort algorithm credited to Stockham [87]. This package contains routines for
cases C-C, D-D, N-N, D-N, and N-D. There are no restrictions on the number of
data n; however, the usual considerations apply, namely, that all the routines ars
more efficient when » is a product of many small prime numbers.

3. PRE- AND POSTPROCESSING ALGORITHMS FOR FOURIER TRANSFORMS
ASSOCIATED WITH STAGGERED BOUNDARY CONDITIONS

The transform pair, Eqgs. (6) and (17), for real periodic data can be evaluated
efficiently by existing FFT algorithms. Hence, if one expresses the other transforms
in terms of the real periodic transform pair then they can be evaluated efficiently
employing the same FFT algorithms. The generic expression implies the necessary
pre- and postprocessing of the data before and after calling the FFT subroutine.
The pre- and postprocessing steps for Fourier analysis are the inverses of those
required for Fourier synthesis. For symmetric transform pairs (as for DS-NS) the
pre- and postprocessing algorithms for analysis and for syathesis are identical
except for scaling.

In Section 3.1 we deduce the generic expression and the resuitant pre- and
postprocessing algorithms for case DS-NS and in Section 3.2 likewise for case
D-NS. For all other cases, the algorithms are either known from previous
publications, see Table I, or can be adapted to such existing algorithms. These
adaptions are discussed in Section 3.3.

3.1. Case DS-NS. Dirichlet-Neumann Boundary Conditions on a Staggered Grid

Subsequently, the algorithm is deduced for fast evaluation of synthesis, Eq. {13},
first for even n: Starting from

n2--1 ; ; n2 : -
'V oo i D@+ N e el DK
X;= Z Xoji1 sm——4—’-2-——+ Y iy Sip ——————.
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after replacing

. (2i—1)4jx1 . (2i—1) 7 2i—1 i—1)  —
sm( i- D%+ )nzsm( ! )Jncos( ! )nicos (21 )Jnsin(ZI Dz

4n n 4n n 4n
we form
_ 2= (2i-D)n
a;=x, [sm T + cos i
i 2i—1 . (2i—1
F X1 cos( ! )n—sm( iD= (36}
| 4n 4n
and obtain
n2—1r ) 2_1 .
ai:fl + Z ('?2/+)?2j+1) Sln(l——lﬂ
oL n
o _ 20— 1) jm - . )
F(Xy 41— Xy) COS (_——n_)]_J — X, (1) (37)
This can be rewritten as
1 owEiro 2 _ . 24m] 1 ;
a,=§a1+ Zl [azjcos—;—+a2j+lsm—n—}%—ian(—l), (38)
where
a,=2x,, a,= —2x,. (39a)
_ _ o . Jn ,
ay =Xy 11— X)) cos%—(xzj—f-,xgj+l)51n%, (39b)
- - - T _ .. Jm
a2j+1:(x2j+x2j+1)COS;+(x2j+l—x2j) Sm—n—’
j=1,2 .21, (39¢)

2

Hence, if we preprocess X; by computing @, from Eq. (39), then the real periodic
transform Eq. (38) can be used to compute a;. But Eq. (36) can be rewritten as

L [ Gimh @izl
R 4n 4n

1 2i—OYn . (2i—-D= .
5 a,,H_,-[cos I —sin ™ , i=12,.,n (40)

Thus, once the a, are determined from Eq. (38), they can be postprocessed by
Eqg. (40) to compute the x;.
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For odd n, the generic expression, replacing Eq. (37), is

a,=X,+ Ul—im [(«‘?zj‘*-{’m .) sin (2~ —1—){7—1
i=1
+(Xy 41— X5) CO8 Qz_—”_l)_j_n_]’ (41}
which can be rewritten as
a,:%él_{_l,;i": [52,-0053?+é2j”singg§], (42
2 P ?

where 4, is as defined in Eq. (39a), and the a,, a,;,, are as given in Egs. {39b},
(39¢), for j=1,2, .., (n—1)/2. From these relations the pre- and postprocessing
steps are easily deduced.

Note that only a real transform of length # is required. The same algorithm is
used to perform Fourier analysis by computing X, from given values of (2/n) x..

3.2. Case D-NS, Mixed Nonstaggered Dirichlet with Staggered Neumann Boundary
Conditions

The general concept of the previous and similar pre- and postprocessing
algorithms is to halve the number of data to be transformed by making use of the
symmetry properties of the data. The transforms for D-NS boundary conditions,
Egs. (15, 26}, is intrinsically related to a sine transform for an odd number (274 1}
of data which excludes the possibility of halving the number of data. Therefore, we
embed two sequences x; and y; of length # into one vector g, of length 27 + 1 such
that the transforms can be reduced to that for real periodic data. Thus, the
following algorithm requires that transforms are to be evaiuated for pairs of data
vectors.

Equation (15) for two transforms

"o i2j-)m
x,——gl X, sin i1
j=
no i2j— )=
}I:Z ‘JSln 7/2+l :I,’Z’ s Hy

can be rewritten by combining the two vectors into one vector a;, of length Zn 4 1:

a;=Xx,sin ZnIZ 7 + 3, COS PP (43
= i X;sin i(zj—l)nsin m
—jzl'j 2n+1 7 2+t
(27— 1 .
+ ¥.sin 1% )z i {44

. COS .
4 M+l 2+
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sin o cos f= [sin(o— )+

132
Using sin a sin = [cos(a — ) —cos(a+ f)]/2 and
sin(a + f)]/2, we obtain
no 2ij—1)=n _ 2ijn
a,-—j; X [cos R PR
[ 2i(j-1)n= 2ijm
+yj[31 Ml +sm2 7
oot . 2if L 2ijm
=x1+j§1 [(\’j+1 X)) cos 5 14—(1,——% 1) m2n+1]
° o8 2inm 4§ sin 2inn (45
O T T J
This takes the form of the standard transform for an odd number (2rn+ 1) of real
periodic data,
1_ ol 2ijm _ . 2ijm
a,:ial +j§l (azj cosm+ 2+ SN Y ) =1,2,...2n+1, (46)
if
dln {rxﬂ (72171—1 .}-'na
j=12,.,n—1 (47)

Hence, for synthesis we preprocess X, and F, by computing &, from Eq. (47), then
the real periodic synthesis Eq. (46) can be evaluated using a FFT library routine to

obtain a;. Equation (43) can be inverted to determine the x;, y; by postprocessing:
(48a)

. i
x;={a;+a, i),/[z sin Ml ],
i=1,2,..1 (48b)

1
Jvlz(ai—a2n+l—i)/[2 cos 271+1]’ l

This completes the Fourier synthesis, Eq. (15)
For Fourier analysis, Eq. (26), the above algorithm is to be inverted. Thus, we

(49a)

start by preprocessing
in in 4 cos in
a;=Xx;si ', COS ———,
R PR LR
in in
—~ ¥ =1,2,..,n, 49b
(49c¢)

Aoy 1= X; SIN
"+ 1 H 2’1+1

aZn+l:0'
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The resultant a; are supplied to a FFT routine for real periodic analysis to
determine

b} 2n+1
a,=-— a,, {508
R T
2 Zn+1 ZUTL.
dy = a 50b
Y 2n+1 ; T 2n+ 1 (00
N et .
- - 2ijn . <
a- =12, .1 (50¢)
A z ,_i 1417 J !
Finally, postprocessing gives the required modes,
- - - - . c
X =3 X1 =X+ ay. j=12..n—1, {51a)
fn-;aln-kl’ .f[:‘72]+1_}_~1+1’ j-——n—l,n—?., ey L (5”3?

This completes Fourier analysis for D-NS boundary conditions.

Note that a real periodic transform of length 2n + 1 is required. Hence, it is essen-
tial for this algorithm to have a library routine which allows us to compute such
transforms for an odd number of data. In order to be efficient, (2r+ 1) must be
highly composite. For example, (2n+1) factors into primes 3 and 5 if
ne{l,2,4,7,12,13,22,37,40, 62,67, 112, ...}. Thus, the requirements on n for
efficient transforms are more stringent in this case than for other transforms.

3.3. Other Boundary Conditions

As has been shown above, the pre- and postprocessing algorithms are simple to
deduce once the given transform is expressed in the form of the real periodic trans-
form. Thus for the other transforms it suffices to give these expressions. For
DS-DS, Eq. (22) can be rewritten as

_ nf[ jn N g b jr jn) (52
a,=- sin=—+ cos — X, _;lcos——sin— |} |, (52
72 2n 2n, "/ Zn 2n, 5
n2-—1 oy
- Zym . Lym
a;=x;+ Z (~’521+1_x2,)C05——+(Yziﬂ“'r-‘le)sm——‘l,
! bl no
x,(—1Y, j=1,2,.,n(x,=0) {53y
if n is even. and
(n—1)2 ZUTI ]7.[
a,=x,+ Z [(xz,-+l v,,)cos—;1—+(\q,+l+h,)SlnT] 1541
i=1

if n is odd.
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For inversion of Eq. (52) we note

| . JT JT\ i LA
.J=;|i<sm—2;+cos;2—’—l>aj+<sm;);—co>z1- an-jA' (55)

7/

The resultant pre- and postprocessing algorithms are identical (up to scaling) to the
algorithm for the efficient calculation of sine quarter-wave transforms developed by
Swarztrauber [5] for D-N boundary conditions. A symmetric FFT for this case
which avoids pre- and postprocessing is described in [6].

For NS-NS, Eq. (23) can be rewritten as

jn jn
a;  =d;i X4 (cos—+smﬂ>
- Jn jr
+dn+1j"n+1~./(smﬁ“cosﬁ) (56)

_ m2—1 2_]7[ .
Q=X+ Z (x2i+x2i+1)cos_n—+( Xo;— X3;4 1) SID——

i=1

+Yn(—l)j5 j=0, l,..., n—1.

so that
. . (57)
fjH:[(smjz—n—l-cos{,—?;)d“
jn Jr\ _ /
+<cosﬂ—sm 2n>a,,+1ﬁ,]/(2dj+1), (58)

from which we obtain the pre- and postprocessing algorithms as given by
Wilhelmson and Ericksen [4]. (In [4], however, the normalization d; is deleted
from Eq. (23) and included in Eq. (12} instead.) Again, a symmetric FFT for this
case is described in [6].

For NS-DS and NS-D we obtain the algorithms as for DS-NS and D-NS due
to the mirror symmetry of these by replacing x,, %, with x, ., ,, (—=1Y*'%,
respectively.

4. SOFTWARE AND PERFORMANCE

The Fourier transforms described in the previous section have been indepen-
dently implemented by the two authors in two sets of Fortran subroutines
TRANX/Y (by U.S.) and VSFFT (by R.S.). The routines perform the transforms on
three-dimensional arrays x; = x, ; ». The most inner loops are those over k and are
vectorizable, therefore. To maintain the vectorization, a portion of the scalar FFT
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package FFTPAK [8] has been recoded (by R.S.) into a vectorizable real periodic
FFT package VRFFTPK. It uses a pre- and postprocessing algorithm to convert
the real transforms to complex ones. The packages VSFFT and VRFFTPK have
been used as the basis for a vectorized three-dimensional Poisson (or Helmholtz)
equation solver, HS3CRT, that has been written in the style of a similar two-dimen-
sional solver in the Poisson package FISHPAK [97].

TRANX/Y has been tested on a CRAY-1 computer for a three-dimensional
vector v;=x,, , i=12,.,n j=12,.,J, k=1,2,..K with J=K=64 and
n==62,63, or 64 whichever case i1s the most suitable one for efficient FFT. The
maximum relative error measured by comparing a random number data vecior
which is transformed and then inversely transformed with the original vector is less
than 2-107'* in all cases (machine accuracy approximately 10~ '). The com-
putation times for Fourier synthesis and analysis (i.c., for 2 transforms} are given in
Table I1. For comparison, a vectorized algorithm which computes the transforms
without FFT takes about 2.8s computation time for these vector sizes. The
symmetric FFTs described by Swarztrauber [6] should give even faster transforms
for several cases (see Table 1) but software implementations are not available. No
comparable algorithms exist for cases DS-NS, D-NS, and its mirror symmietric
variants.

The dependence of computation time on the value of n for case D-NS is given in
Table I1L. 1t shows, as expected, that it is important to select n such that 2z + 1
factors in at least a few prime numbers.

In a preliminary stage of coding, TRANX/Y employed a subroutine FFTS9 by
Temperton (personal communication, 1979). This routine is available both in
CRAY assembler language (CAL) and in Fortran. it allows us to perform real
periodic Fourier transforms on data which need not be stored with a unit increment
in main storage {non-unit “stride”). This allows us to eliminate copving the data
from one format into another: this simple operation takes about 30% of the com-

TABLE II

Computing Times in Seconds on a CRAY-1 for Fourier Synthesis and Analysis of a
Three-Dimensional Array of Size #nxJ x K Transformed in One Direction

Ati=n
D N DS NS
Ati=| D 0.190 0.206 — 0.322
N 0.206 — — -—
DS — — 0.199 0.193
NS 0.320 — 0.194 0.15€¢

Note. With n=63 (D-D), n =62 {D-NS, and NS-D), or n=64 (otherwise}, J = K =64, {or various
boundary conditions using TRANX (—: not coded). For periodic boundary conditions the computing
time is 0.178 s.
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TABLE III

Factorization of (2n + 1) and Computing Time/Second
on a CRAY-1 versus » for D-NS. J=K=64

n (2n+1) CPU time
52 IxS5x7 0.367
53 107 2.487
54 109 2.578
55 3x37 0914
56 113 2.765
57 5x23 0.674
58 Ix3x13 0.501
59 7x 17 0.727
60 Ix11 0.698
61 I x4l 1.100
62 S5x5x%x5 0.32t
63 127 3.470
64 3Ix43 1.200

putation time for cyclic boundary conditions. Morcover the CAL version is about
40% faster than VRFFT while the Fortran-version is about 5% slower. However,
the main shortcoming of FFT99 is its restriction to even values of »; so it cannot be
used for case D-NS or NS-D. As has been pointed out by a reviewer, Temper-
ton [ 10] has developed a version FFT77 which allows for odd », non-unit stride
and is about 30% faster than FFT99, but this version was not available to us.

The three-dimensional Poisson solver based on FFT using the routine
TRANX/Y is about twice as fast as a coding based on cyclic reduction for staggered
boundary conditions [ 1, 2]. TRANX/Y has been implemented in a fluid dynamics
code in which Poisson’s equation in terrain following coordinates—due to variable
coefficients—is solved by iteratively employing the Poisson solver for a nontrans-
formed grid [11]. In the iteration for D-NS the faster algorithms for DS-NS and
for D-N may be applied alternately. This is an efficient approach if #» does not
allow for high factorization of 2n + 1.
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