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Abstract This paper presents a methodology for the simulation of smart structures with
piezoceramic patches by means of multibody dynamics. A theoretical back-
ground is mentioned adapting a modal multifield approach. Then a methodology
for the control design is proposed. The methodology includes the optimisation
of actuator placement, which is based on a modal representation of the elas-
ticity. An application example illustrates the implemented process chain. This
procedure constitutes a complex development environment for the simulation,
optimisation and control design of elastic structures with active materials.

1. Introduction

Adaptive or smart structures are mechatronic devices which allow vibration
properties and responses of mechanical systems to be modified; they are partic-
ularly used to improve the performance of lightweight structures. Among the
wide range of supposable physical effects and corresponding material com-
positions, thin piezoceramic patches integrated in the structures proved their
potential as electromechanical and mechanoelectrical transducers, which can
be simultaneously exploited as actuators and sensors to control the vibration
of the elastic structures, [1]. The piezoceramic patches apply additional me-
chanical forces as actuators and generate electrical charges as sensors. The
additional electrical and mechanical measures should be considered for simu-
lating the behaviour of flexible bodies equipped with the piezopatches.

Since the smart structures are mechatronic devices, their design involves
several engineering disciplines such as structural mechanics, electronics and
control engineering. The optimisation of such a complex system is a challeng-
ing task which may be supported advantageously by multibody system (MBS)
dynamics as a method of system dynamics. Moreover, the MBS approach en-
ables an efficient simulation of complex systems composed of elastic and rigid
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bodies with large overall motion such as vehicles which can be equipped with
piezopatches.

It is state-of-the-art of industrial MBS tools to incorporate the results of an
appropriate finite element analysis to obtain the mechanical data of flexible
bodies. This approach may not yet be applied to the data of smart structures.
Although the finite element modelling of piezoelectric devices on shell ele-
ments is a field of active research, [2, 3], it is not yet introduced in an indus-
trial finite element tool. Nevertheless, to enable the simulation of structures
with shell elements, the following technique uses only purely mechanical data
which are readily available.

Further, the multibody codes offer an excellent connection to computer
aided control engineering (CACE) tools. These tools are brought into action
during the controller design and simulation. The methods originating in con-
trol engineering and modal approach are then used to optimise the placement
of the piezoceramic patches.

2. Theory Outline

Current industrial multibody tools are capable of describing the displace-
ment field of elastic bodies based on their modal representation. A modal
analysis of an elastic body yields discrete mode matrices for every nodek, lo-
cated at the positionrk ∈ R3 which specify the displacementsΦu,k ∈ R3,p

and rotationsΨu,k ∈ R3,p as functions of allp observed modes.
In order to simulate elastic structures with piezoceramic transducers, their

electromechanical and mechanoelectrical behaviour have to be considered ad-
ditionally. The constitutive equation, needed to base this multifield formu-
lation, states the linearised relationship between the mechanical strainS and
stressT and the electromechanical displacementD and electrical field strength
E by defining appropriate material constantsc, e andε, [4]:
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The field equations are formulated by means of Jordain’s principle of virtual
power, [5]:

∫
δvT %a + δṠT (cS − eT E)︸ ︷︷ ︸

T

−δĖT (eS + εE)︸ ︷︷ ︸
D

dV =

∫
δvT fV dV +

∫
δvT fB − δϕ̇Qϕ dB .

(2)

The right hand side of equation (2) represents all external force and charge
loads acting on volumes or boundaries. The variablesv anda denote the abso-
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lute velocity and acceleration of a volume element;Qϕ andϕ are used to name
the applied charges and their electric potential. Furthermore, the dependent
variablesT andD are eliminated, pointing out the coupling of mechanical
and electrical fields by the material description in (1).

A floating frame of reference formulation, [6], enables the superimposition
of nonlinearly described, large overall motion, later on denoted by the sub-
scriptR, with linearised, small elastic deformationsuu. Based on the Ritz ap-
proximation, separatinguu(r, t) in only space dependent mode shapesΦ(r)
and time dependent variablesq(t), the strain tensorS can be evaluated by
applying the differential displacement-strain-operatorL:

uu(r, t) = Φu(r)zu(t) , S = (LΦu) zu = Buzu . (3)

The electric field vectorE is evaluated analogously by an approximation of
the scalar electric potential fieldϕ, defining the electric mode shapesΦϕ and
the patch electrode voltageszϕ and the negative gradient operation:

ϕ(r, t) = Φϕ(r)zϕ(t) , E = (−∇Φϕ) zϕ = Bϕzϕ . (4)

Further, the electromechanical coupling matrixKuϕ = KT
ϕu, the electric ca-

pacity matrixKϕϕ and the mechanical stiffness matrixKuu are presentable as
only volume dependent integrals:

Kuu =
∫

BT
u cBu dV ,

Kuϕ =
∫

BT
u eT Bϕ dV , (5)

Kϕϕ =
∫

BT
ϕ εBϕ dV .

A comparison of (2) with the classical equation of motion of unconstrained
flexible multibody systems, e.g. in [6], yields the following:
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(6)
and further, the sensor equation can be written as follows:

Qϕ = KT
uϕzu + Kϕϕzϕ . (7)

The mass matrixM on the left hand side of (6) is formulated as3 × 3 block
matrix to specify the inertia coupling between translational, angular and elastic
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motion acceleration termsaR, αR andz̈u. Further,ha, hα andhu summarise
all time and state dependent inertia, damping and external forces. The added
productKuϕzϕ demonstrates the use of the piezopatches as structural actua-
tors. The sensor equation (7) is needed to calculate the electric quantities, e.g.
the electric chargesQϕ, if the piezoelements are used as sensors or are parts
of arbitrary electric circuits.

3. Control of Smart Structures

The controller design problem for the control of the vibration is connected
with the selection of the patches. The proposed controller design methodology
is based on the modal description of the elastic body and the placement of the
patches results from the controller gains.

The supposed goal for the controller design is to control vibration of one
node of the elastic structure.

3.1 Transformation to the State Space Form

The transformation of the description of the elastic body with piezoelements
to a state space form needed for the controller design results in a multi-input
multi-output (MIMO) system:

ẋ = Ax + Bu ,
y = Cx + Du ,

(8)

wherex is the state,u the input andy the output vector andA, B, C, D the
system matrices as follows:

A =
(

O I
−M−1

uu Kuu −M−1
uu Duu

)
, C =

(
KT

uϕ O
)
,

B =
(

O
−M−1

uu Kuϕ

)
, D =

(
KT

ϕϕ

)
.

(9)

The matricesMuu, Kuu, Kuϕ andKϕϕ are defined in (5) and (6), matrixDuu

represents the structural damping of the elastic body, matrixI is the identity
matrix and matrixO is the zero matrix. The number of inputsr and outputsm
in (8) corresponds to the number of piezoelements and the number of statesn
is the double of the elastic degrees of freedom.

3.2 Controller Design

Traditional state feedback LQR control is proposed to be applied for the
controller design of the MIMO system (8). In the first phase it is supposed that
every shell element of the elastic structure is equipped with one piezopatch on
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every side. Every piezopatch serves simultaneously as an actuator and a sen-
sor. The output vectory includes output charges of the piezopatches instead
of states, which are needed for the LQR design. However, one can construct
a state estimatêx such that the control law retains similar closed-loop proper-
ties, [4].

The first step in the control design process is the selection of parameters of
the weighting matrixQ in the LQR design cost function:

J =
∫ ∞

0

(
xT Qx + uT Ru

)
dt . (10)

Dependent on the design goal, theQ matrix is proposed to have the block
structure:

Q = kQ

(
Q11 O
O O

)
, (11)

wherekQ is a scalar parameter andQ11 is a diagonal matrix. The elements
ϕu,k,i,j of modal matrixΦu,k identify the contribution of the eigenmodesi on
the motion of the selected noder in the directionj. This information about
the system is used for the definition of theQ11 matrix, which has diagonal
elements, e.g. for the z-direction:

qii = (ϕu,k,i,zωi)
h , 1 ≤ i ≤ p , (12)

wherep is the number of modelled eigenmodes,ωi denotes the corresponding
eigenfrequency of thei-th eigenmode andh is the power factor. The expression
xiqiixi from (10) corresponds forh = 2 to the local potential energy of the
eigenmodei, [7].

3.3 Selection of Patches

An important feature is the efficient selection of the piezoelectric patches,
which will be used for the controller of the flexible body. In the previous paper,
[8], a design-by-simulation method was applied to select the important patches.
Instead of that a new selection criterion is applied, which is directly based on
the feedback gainK of the LQR controller:

u = −Kx . (13)

The matrixK is ar-by-n matrix, wherer is the number of inputs andn is
the number of states of the controlled system. Since the inputs represent the
voltages applied on the piezopatches, the most important patches should have
the largest normζi of the corresponding column vector in the matrixK, e.g.
2-Norm:

ζi =




n∑

j=1

|ki,j |2



1/2

, 1 ≤ i ≤ r . (14)
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In the last step, after selection of the reduced set of patches, a new LQR and
observer design should be performed and the parameterkQ from (11) should
be tuned in order to exploit the patches as efficiently as possible, i.e. the con-
troller should use the whole linear range of the piezoelement for the expected
disturbances.

4. Simulation Environment

In order to implement the theory outlined above in a multibody computa-
tional environment, a developer version of the multibody simulation tool SIM-
PACK has been chosen, [9]. The process chain begins with a finite element
analysis of the considered elastic structure. The standard FE-SIMPACK inter-
face FEMBS uses the results of a modal analysis in order to create the modal
multibody representation of a flexible structure. But because the electric data
are not yet available in industrial finite element tools, the capacity and cou-
pling matrices were additionally calculated based on the purely mechanical
mode shape information. The developer version of SIMPACK is extended to
deal with the electromechanical and mechanoelectrical coupling terms, which
are indicated in equations (6) and (7).

The outlined control approach is implemented in MATLAB/Simulink. The
final system is then simulated in two packages; SIMPACK and MATLAB/Si-
mulink are connected via an inter-process communication interface, [10].

5. Control of a metal sheet

A metal sheet from Figure 1 equipped with piezoelements to control the
vibration is presented as an example in order to demonstrate the feasibility of
the proposed methodology for the modelling of piezoelements in multibody
systems. The displacements on the four corners are constrained to be zero.

Figure 1. Simulation model of the metal sheet
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5.1 Model Description and Simulation Scenario

The model of an elastic metal sheet the size of 1 m× 1.3 m and width
0.9·10−3 m is studied. The model considers 14 eigenvalues ranging from 2
to 20 Hz. The structural damping is set at 0.01. The piezoelements, which
are 0.4 mm in width, are attached on both sides of 140 finite elements visu-
alised by the mesh in Figure 1. Such piezoelements provide approximately
linear behaviour up to the voltage of 400 V. If higher voltages are applied, the
piezoelements behave nonlinearly and expose hysteresis effects.

The elastic metal sheet is excited at the time 0.1 s with a force impact at the
center position. The force impact is characterised by the amplitude of 20 N
and length 0.01 s. The goal is to minimise the acceleration at the center of the
metal sheet.

5.2 Controller Design for the Metal Sheet

The proposed control approach has been applied to design a controller for
the metal sheet. In its initial version the model has 280 piezopatches, which
serve as actuators and as sensors, i.e. the system has 280 inputs and 280 out-
puts. Since the model contains 14 modes, the state space model has 28 states.
According to the matrixΦu,k the modes 1, 4, 7, 11 and 14 (see Table 1) con-
tribute to the motion in thez-direction (perpendicular to the metal sheet). The
other elements inz-direction of the matrixΦu,k for the center of the sheet are
zero. Since the system is symmetric w.r.t. two main axes and the patches are
located on both sides of the metal sheet (collocated patches), the final number
of patches will be a multiple of eight. The contribution of the patches to the
control of the sheet’s center point is illustrated in Figure 2. According to the
results presented in Figure 2, the most important patches are selected, see Fig-
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Figure 2. Mesh with piezopatches, grayscaled according to their importance for control
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Figure 3. Patches selected for control

ure 3. Because of feasibility, the final configuration has 24 patches, 12 patches
on each side of the plate.

The Simulink block diagram of the control loop including the state estimator
is presented in Figure 4. In order to drive the piezoelements within their linear
range, the saturation block is proposed.

Real States

1
Acceleration

Center

x’ = Ax+Bu
 y = Cx+Du

State Estimator

Saturation
400 V

Voltage

Charge

States

Acceleration middle

SIMPACK
Metal Sheet with Piezos

Ksel* u

Controller
 Switch

28

28

28 Real States

Comfort

28
Control Voltage

28
Control Voltage

28
Control Voltage

28 Charge

56 28

28
Estimated States

28

Figure 4. Simulink block diagram of the control loop

Table 1. Eigenfrequencies of the metal sheet

Modei 1 4 7 11 14
Frequencyfi [Hz] 1.136 3.613 7.825 14.24 19.82
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5.3 Simulation Results

A comparison of the accelerations in the center of the metal sheet is pre-
sented in Figure 5. The thin, light grey line shows the response of the sheet
without any controller. The only existing damping is structural damping. The
thick line represents the controlled systems from the Figure 4, which contains
a state estimator and LQR feedback controller. The power spectral density of
the output acceleration is compared in Figure 6.
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Figure 5. Acceleration in the center of the metal sheet

The corresponding voltages applied to the piezopatches are presented in Fig-
ure 7. The controller would remain within the linear range of the piezoelements
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Figure 6. Power spectral density of the acceleration in the center of the metal sheet
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Figure 7. Voltage applied to the patches

except for the maximum values during the force impact, in which the saturation
block limits the voltage to 400 V.

6. Conclusions and Open Problems

The presented methodology extends the classical modal description of elas-
tic bodies in multibody systems with the effects of piezoelectricity and pro-
vides a tool which enables the development of design concepts with smart
structures. In this way, the mechatronic approach may be evaluated from the
very beginning of the design phase. Anyway, the performance appraisal of
adaptive elements and their feasibility must be evaluated taking risks, costs,
weights, complexity etc. into account. This evaluation is a challenging task
which the outlined methodology is intended to support.

The presented controller design is based on the modal description of the
elasticity; the finite element discretisation determines the size of the patches.
The selection of the patches depends on the controller parameters in order to
use the patches as efficiently as possible.

The feasibility of the proposed methodology is demonstrated by a simple
example, a metal sheet. The simulation results indicate visible improvement
of the response of the metal sheet to the force impact.

Future work will be focused on the extension of the methodology to con-
trol more than one node and on more complicated examples with large overall
motion.
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